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464 R. A. TOUPIN AND M. LAX 

where the rl' are the position vectors to the space lattice 
sites, the primed sum denoting omission of the term 
r=O. The R""(p) are defined by the following sum over 
the points bf of the reciprocal lattice, 

RI"(p)=-(V/r) L 'Po(RN47rr)R II'R I ' (B3) 
I 

with V equal to the volume of the unit cell, and the 
vector R l '" is defined by R l"'= (p-27rb l"'). The functions 
'Pm are defined by 

'Pm (x) = f'" ume-UXdu. (B4) 
1 

They satisfy the recurrence relations 

In particular, we use the result (B12h in the form 

(B13) 

Multiplying (Bll) by y/ and summing as indicated, we 
get, using (B12)1 and (BlO),9 

(B14) 

Let us denote the quantities A,.. •. uy,..ay.b by the symbols 
.1uab, so that (B14) reads Xj=.1P. Now, multiply 
(Bll) by Yl'a, a~l, and sum on a. Then, using (B13), 
we obtain, 

y,..j= L .1ulay,..a/(Xl_xa). 
""'1 

(B1S) 

'Pm (X) = 'Po (X) + (m/x) 'Pm-I (X) 

d'Pm/dX = - 'Pm-I. 

(BS) Now, differentiate (B14) and obtain, 

(B6) 

The value of any 'Pm may, by use of the above recur
rence relations, be deduced from tabulated functions and 

'Po(x)=e"'/x (B7) 

'P_l(x)=-Ei(-x) (B8) 

'P-l(X) = (7r/x)1[1-erf(x1)]. (B9) 

The sum, R""+S"", is independent of the value of the 
parameter r which is chosen So as to make the two sums 
converge equally rapidly. The proper choice of r for 
the three cubic lattices is listed in a table given in 
reference 8. For the simple cubic lattice, one may take 
r=t. The derivatives of an eigenvalue branch were de
termined as follows: Consider for the moment the 
general case of a symmetric tensor field A,...(p) whose 
rectangular cartesian components in some region R of 
p space are assumed to be continuously differentiable 
functions of the coordinates p,... Let A a denote the eigen
values and y,..a the corresponding eigenvectors of A,..., 

A,...y.a=Xay,..Gi y,..ay,..b=oab. (B10) 

In R let at least one of the eigenvalues, say Xl, be every
where distinct (nondegenerate) i then it is easily shown 
that Aj=:;OXl/OP,.. and Yl'o .l=:;oy//Op. exist. That is, 
in a region where the elements of the tensor are differ
entiable functions, a distinct eigenvalue and the com
ponents of the corresponding eigenvector of the tensor 
are differentiable functions. Then differentiating the 
eigenvalue equation for the distinct eigenvalue AI, 
we get, 

(Bll) 

From the orthonormality conditions on the eigen
vectors, it follows that 

Yl'./J/=Oi Ly,..ay.a=ol'" (B12) 
a 

A,U/=AI' •. UTy/y.l+2A,.. •. uy/y •. Tl. (B16) 

Substituting from (B1S), this becomes 

A. uT
l =.1uTll+ 2 L .1ula.1ula/ (XI-A a) (B17) 

a"'l 

where we have set .1uT ab=A,.. •. UTy,..ay.b. 
The conditions under which we have derived the 

above result hold for the dipole tensor field J-.(p) in a 
region containing the point (O,7r,7r). At this point Al is 
distinct and we have the further simplifying features: 
(1) J-.(p) is diagonal, hence each ya has but a single non
vanishing component i (2) each of the .1,..ab vanishes; 
(3) .1,...u is zero unless p.=P. For the case at hand, we 
then have the simple result, 

A.,...l=O p.~p 

X.,../=Xll.,..1' (p.=1, 2, and 3). 
(B18) 

Furthermore, the second derivatives p. = 2, 3 are equal. 
The derivatives A,.. •• UT of the components AI" of J-. can 

be obtained in rapidly convergent form by differentiat
ing the Ewald formulas (B1)-(B3). This process yields 
the formulas, 

A,.. •. UT=SI'"CTT+RI' •. CTT 
S,.. •. CTT= -4rr! L'r,..r.rUrT'PJ('lI"'T1'2) exp(ip· r) 

+ 27rT! L'rCTrT0I'.'Pl(7rTr2) exp(ip· r), (B19) 

RI'"CTT = - V /(r)L 'Po (R2/47rr) [O,..uOVT+O.OO,..,] 
+ V / (27rr2)L 'PI (R2/47rr)[ouTR,..R.+O,..TR.Ru 

+oVTR,..Ru+o.uR,..R.+o,..uR.R, ] 
- V/(4rrS)L'P2(R2/47rr)R,..R.RuRT. 

This general result was then used to obtain the two 
distinct numbers All.ll=-2.8 and An.ss=O.2S at the 
point (O,7r,7r). The derivatives of the eigenvalue branch 
Al(P) at that point were then known with the aid of the 
result (B18). 

9 T. Y. Thomas, J. Math. and Phys. 23, 167 (1944). 
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