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Abstract

In this paper, we develop new statistical theory for probabilistic principal
component analysis models in high dimensions. The focus is the estimation
of the noise variance, which is an important and unresolved issue when the
number of variables is large in comparison with the sample size. We first
unveil the reasons of a widely observed downward bias of the maximum like-
lihood estimator of the variance when the data dimension is high. We then
propose a bias-corrected estimator using random matrix theory and establish
its asymptotic normality. The superiority of the new (bias-corrected) esti-
mator over existing alternatives is first checked by Monte-Carlo experiments
with various combinations of (p,n) (dimension and sample size). In order

to demonstrate further potential benefits from the results of the paper to



general probability PCA analysis, we provide evidence of net improvements
in two popular procedures (Ulfarsson and Solo, 2008; Bai and Ng, 2002) for
determining the number of principal components when the respective vari-
ance estimator proposed by these authors is replaced by the bias-corrected
estimator. The new estimator is also used to derive new asymptotics for the

related goodness-of-fit statistic under the high-dimensional scheme.

Keywords. Probabilistic principal component analysis, high-dimensional

data, noise variance estimator, random matrix theory, goodness-of-fit.

1 Introduction

Principal component analysis (PCA) is a very popular technique in multivariate
analysis for dimensionality reduction and feature extraction. Due to dramatic
development in data-collection technology, high-dimensional data are nowadays
common in many fields. Natural high-dimensional data, such as images, signal
processing, documents and biological data often reside in a low-dimensional sub-
space or low-dimensional manifold (Ding et al., 2011). In financial econometrics,
it is commonly believed that the variations in a large number of economic vari-
ables can be modeled by a small number of reference variables (Stock and Watson,
1989; Forni et al., 2000; Bai and Ng, 2002; Bai, 2003). Consequently, PCA is a

recommended tool for analysis of such high-dimensional data.

There is an underlying probabilistic model behind PCA, called probabilistic

principal component analysis (PPCA), defined as follows. The observation vectors



{xi}1<i<n are p-dimensional and satisfy the equation
x;i=Af;+e,+p, i=1,... n (1)

Here, f; is a m-dimensional principal components with m < p, A is a p X m
matrix of loadings, and p represents the general mean and (e;) are a sequence of
independent Gaussian errors with covariance matrix ¥ = ¢*I,. The parameter o2
is the noise variance we are interested in. The components (f;) are also Gaussian

and unobserved.

To ensure the identification of the model, constraints have to be introduced on
the parameters. There are several possibilities for the choice of such constraints, see
e.g. Table 1 in Bai and Li (2012). A traditional choice is the following (Anderson,
2003, Chapter 14):

o Ef, =0 and Efif] =1I;

e The matrix I' := A’A is diagonal with distinct diagonal elements.

Therefore, the population covariance matrix (PCM) of {x;} is
¥ =AA + 0L (2)

Finding a reliable estimator of o2 is a nontrivial issue for high-dimensional data

which we now pursue.

The PPCA model (1) can be viewed as a special instance of the approximate
factor model (Chamberlain and Rothschild, 1983) when the noise covariance ¥

is a general diagonal matrix. (The model is also called a strict factor model in
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statistical literature, see Anderson (2003)). For related recent papers on inference
of large approximate (or dynamic) factor models, we refer to Bai (2003), Forni

et al. (2000) and Doz et al. (2012).

Let x be the sample mean and define the sample covariance matrix

n

> o(xi —x)(x — %)’ (3)

=1

1
S, =
n—1

Let A\p1 > Ap2 > --- > A, be the eigenvalues of S,,. The maximum likelihood

estimator of the noise variance is

. 1
5 = .Z Ani- (4)

In the classic setting where the dimension p is relatively small compared to
the sample size n (low-dimensional setting), the consistency of 2 is established
in Anderson and Rubin (1956). Moreover, it is asymptotically normal with the

standard /n-convergence rate, as n — 0o,

62— 0?) 2y N(0,57), st = 22 (5)

p—m

Actually, Anderson and Amemiya (1988) provides a general CLT for m.l.e. in an
approximate factor model that encompasses the present PPCA model. For the
reader’s convenience, we provide in Subsection 6.5 a detailed deviation of (5) from

this general CLT.

The situation is, however radically different when p is large compared to the
sample size n. Recent advances in high-dimensional statistics indicate that in

such high-dimensional situation, the above asymptotic result is no more valid and



indeed, it has been widely observed in the literature that 2 seriously underesti-

mates the true noise variance o2

. Basically, when p becomes large, the sample
principal eigenvalues and principal components are no longer consistent estimates
of their population counterparts (Baik and Silverstein, 2006b; Johnstone and Lu,
2009; Kritchman and Nadler, 2008b). Many estimation methods developed in low-

dimensional setting have been shown to perform poorly even for moderately large

p and n (Cragg and Donald, 1997).

As all meaningful inference procedures in the model will unavoidably use some

estimator of the noise variance o2

, such a severe bias needs to be corrected for
high-dimensional data. There are several estimators proposed to deal with the
high-dimensional situation. Kritchman and Nadler (2008a) proposes an estimator
by solving a system of implicit equations; Ulfarsson and Solo (2008) introduces an
estimator using the median of the sample eigenvalues {\,}; and Johnstone and
Lu (2009) uses the median of the sample variances. However, these estimators are

assessed by Monte-Carlo experiments only and their theoretical properties have

not been investigated.

The main aim of this paper is to provide a new estimator of the noise variance
for which a rigorous asymptotic theory can be established in the high-dimensional
setting. First, by using recent advances in random matrix theory, we found a CLT
for the m.l.e. 32 in the high-dimensional setting (Theorem 1 in Section 2). Next,
using this identification and random matrix theory, we propose a new estimator
o2 for the noise variance by correcting this bias. The asymptotic normality of the

new estimator is thus established with explicit asymptotic mean and variance.

Although the asymptotic Gaussian distribution of the bias-corrected estima-



tor 02 is established under the high-dimensional setting p — oo, n — oo and
p/n — ¢ > 0, if we set ¢ = 0, i.e. the dimension p is infinitely smaller than
n, this Gaussian limit coincides with the classical low-dimensional limit given in
(5). In this sense, the new asymptotic theory extends in a continuous manner the
classical low-dimensional result to the high-dimensional situation. Finite sample
properties of the bias-corrected estimator 52 have been checked via Monte-Carlo
experiments in comparison with the above-mentioned three existing estimators. In
terms of mean squared errors and in all the tested scenarios, o2 outperforms very
significantly two of them, and is slightly preferable than the third one, see Table
3.

In order to demonstrate further potential benefits achievable by the implemen-
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tation of the bias-corrected estimator o=, we develop three applications. Two of
these applications concern an important inference problem in PPCA, namely, the
determination of the number of principal components (PCs). This problem in-
volves the noise variance estimation and many methods for choosing PCs have
been proposed in the literature. We consider two benchmark procedures from
different fields. The first one is proposed in Ulfarsson and Solo (2008) that em-
ploys PPCA to signal processing and proposes the Stein’s unbiased risk estimator
(SURE) to find the number of PCs. The second one is from Bai and Ng (2002)
which develops six criteria with penalty on both p and n to identify the number of
factors in the approximate factor model. The approximate factor model allows the
errors (e;) be correlated. PPCA can be considered as a simplified instance of this
model and indeed, Bai and Ng (2002) applies also their criteria to PPCA. Notice
that the determination criteria in Bai and Ng (2002) are popular and widely cited

in the literature. Furthermore, both the procedures in Ulfarsson and Solo (2008)



and Bai and Ng (2002) implement a specific estimator of the noise variance o%. By
substituting the bias-corrected estimator &2 for their estimators, we demonstrate
by extensive simulation that these procedures are uniformly and significantly im-

proved.

The third application of the bias-corrected estimator 52 concerns the goodness-
of-fit test for the PPCA model. The LR test statistic as well as their classical (low-
dimensional) chi-squared asymptotics are well-known since the work of Amemiya
and Anderson (1990). These results are again challenged by high-dimensional data
and the classical chi-squared limit is no more valid. Following an approach devised
in Bai et al. (2009), we propose a correction to this goodness-of-fit test statistic
involving our new estimator 52 of noise variance to cope with the high-dimensional

effects and establish its asymptotic normality.

The remaining sections are organized as follows. In Section 2, we present the

2
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main results of the paper. In Section 3, our new estimator o2 is substituted for
an estimator from the authors of the SURE criterion and it is shown that this
substitution improves greatly the SURE criterion. Similarly, in Section 4, the
estimator 62 is applied to the criteria proposed by Bai and Ng (2002) to determine

the number of PCs and again an improvement of these criteria is obtained. In

Section 5, we develop the corrected likelihood ratio test for the goodness-of-fit of

2

*

a PPCA model in the high-dimensional framework using the new estimator o

Technical proofs are gathered together in Section 6. Section 7 concludes.



2 Main results

The PPCA model (1) is a spiked population model (Johnstone, 2001) since the

eigenvalues of PCM X are

spec(X) = (91,...,alj,...,gK,...,ozK/,O,...,0)—1—02(1,...,1)
n e p-m P
= 02(0/{,...,a}‘,...,a},...,a’;{,l,---,1), (6)
ni ng p—m

where (q;) are non-null eigenvalues of AA’ with multiplicity numbers (n;) satisfying
ny+--+ngx = m and the notation o = «;/0*+1 is used. To develop a meaningful
asymptotic theory in the high-dimensional context, we assume that p and n are
related so that when n — oo, ¢, = p/(n —1) = ¢ > 0, that is, p can be large
compared to the sample size n and for the asymptotic theory, p and n tend to

infinity proportionally. Define the function

and set s =0and s; =ny+---+n; for 1 <i< K. Theset J; ={s;1+1,...,8}
is then the indexes among {1,...,p} associated to «; counting the multiplicities.
Following Baik and Silverstein (2006a), assumed that o > -+ > o, > 1+./c, i.e
all the eigenvalues a; are greater than o2,/c. It is then known that, for the spiked

sample eigenvalues A\, , of S,,, 1 <k < m, almost surely if k£ € J,,

o2

Mk — 02¢(a)) = a; + 0 + o’c <1 + —> . (7)
Q;

Moreover, the remaining sample eigenvalues { A, x }m<k<p, called noise eigenvalues,

will converge to a continuous distribution with support interval [a(c), b(c)] where

a(c) = 0%(1 — /c)? and b(c) = 0(1 ++/c)?. In particular, for all 1 <i < L with a
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prefixed range L and almost surely, A, ,,,+; — b(c) . It is worth noticing that in (7),
if we let ¢ — 0, we recover the low-dimensional limits A, — a; + o? (population

spike eigenvalues) and A, — o (population noise eigenvalues) discussed earlier.

In a further step, CLT for the spiked eigenvalues is established in Bai and Yao
(2008) (see also Paul (2007)): the n;-dimensional vector

{Vn(nk = 0*d(ez)) .k € Ji} (8)

converges to a well-determined n;-dimensional limiting distribution. Moreover,
this limiting distribution is Gaussian if and only if the corresponding population

spike eigenvalue «; is simple, i.e. n; = 1.

As explained in the Introduction, when the dimension p is large compared to
the sample size n, the m.l.e. 32 in (4) has a negative bias. In order to identify this
bias, we first establish a central limit theorem for 52 under the high-dimensional

scheme.

Theorem 1. Consider the PPCA model (1) with population covariance matriz
> = AN+ 0?1, where both the principal components and the noise are Gaussian.

Assume that p — 0o, n — 0o and ¢, = p/(n — 1) — ¢ > 0. Then, we have

(= m) G2 _ g2y 4 b2 2, A0, 1),

o2v/2¢
where b(o®) = /% (m +o2>", a%)

Therefore, for high-dimensional data, the m.l.e. 72 has an asymptotic bias
—b(c?) (after normalization). This bias is a complex function of the noise variance

and the m non-null eigenvalues of the loading matrix AA’. Notice that the above
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CLT is still valid if &, = (p — m)/n is substituted for ¢. Now if indeed p < n, i.e.
the dimension p is infinitely smaller than the sample size n, so that ¢, ~ 0 and
b(0?) ~ 0, and hence

%(32—02)%(0 ) ~ \/U; n(62 — o) 25 N(0,1) .
This is nothing but the CLT (5) for % known under the classical low-dimensional
scheme. In a sense, Theorem 1 constitutes a natural and continuous extension of

the classical CLT to the high-dimensional context.

The previous theory recommends to correct the negative bias of 2. However,
the bias b(c?) depends on the number m and the values «; of the spikes. These
parameters are likely unknown in real-data applications and they need to be esti-
mated. In the literature, consistent estimators of m have been proposed, e.g. in
Bai and Ng (2002), Kritchman and Nadler (2008a), Onatski (2009) and Passemier
and Yao (2012). For the values of the spikes «;, it is easy to see that it can be
estimated by inverting the function ¢ in (7) at the corresponding eigenvalues A, ;.
Moreover, by applying the delta-method to (8), we can obtain the asymptotic
distribution of this estimator, see Bai and Ding (2012).

As the bias depends on ¢? which we want to estimate, a natural correction is

to use the plug-in estimator

2¢,,. 9)

p—m
This estimator will be hereafter referred as the bias-corrected estimator. Notice
that here the number of factors m can be replaced by any consistent estimate as
discussed above without affecting the limiting distribution of the estimator. The

following CLT is an easy consequence of Theorem 1.
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Theorem 2. We assume the same conditions as in Theorem 1. Then, we have

P 3 - o) BN,

0%/ 2¢,

Compared to the m.l.e. 52 in Theorem 1, the bias-corrected estimator 52 has

no more a bias after normalization by 05\_/;”7, and it should be a much better

estimator than &2.

2.1 Monte-Carlo experiments

We first check by simulation the effect of bias-correction obtained in 72 and its

asymptotic normality. Independent Gaussian samples of size n are considered in

three different settings:

e Model 1: spec(X) = (25,16,9,0,...,0) +0%(1,...,1), 0? =4, c = 1;
e Model 2: spec(X) = (4,3,0,...,0) +0%(1,...,1), 02 =2, c=0.2;

e Model 3: spec(X) = (12,10,8,8,0,...,0) + 0%(1,...,1), 02 =3, ¢ = 1.5.

In Table 1, we compare the empirical bias of 2 (i.e. the empirical mean of
02 — 0% = zﬁ Y i1 Ani — 0°) over 1000 replications with the theoretical one
—0%y/2cb(0?)/(p — m) in different settings. In all the three models, the empirical
and theoretical bias are close each other. As expected, their difference vanishes

when p and n increase. The table also shows that this bias is quite significant even

for large dimension and sample size such as (p,n) = (1500, 1000).
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Table 1: Comparison between the empirical and the theoretical bias in various
settings.
Settings Empirical bias Theoretical bias |Difference|
p=100 n =100 -0.1556 -0.1589 0.0023
Model 1 p=400 n =400 -0.0379 -0.0388 0.0009
p=3800 n =800 -0.0189 -0.0193 0.0004
p =20 n =100 -0.0654 -0.0704 0.0050
Model 2 p =80 n =400 -0.0150 -0.0162 0.0012
p=200 n=1000 -0.0064 -0.0063 0.0001
p=150 n =100 -0.0801 -0.0795 0.0006
Model 3 p=600 n =400 -0.0400 -0.0397 0.0003
p=1500 n = 1000 -0.0157 -0.0159 0.0002

Figure 1 presents the histograms from 1000 replications of
(p B m) (6_\2 . 0_2) + b(0'2)
02y/2c¢,,
of the three models above, with sample size n = 100 and dimensions p = ¢ X n,
The sampling

compared to the density of the standard Gaussian distribution.

distribution is almost normal.

To assess the quality of the bias-corrected estimator 52, we conduct some simu-
lation experiments using the same settings. Table 2 compares the empirical means,
mean absolute deviations (MAD) and the mean squared errors (MSE) of 5% and 52
over 1000 replications. The improvement of 52 over 52 is very significant in term
of MAD in all the tested cases (the difference in term of MSE is less remarkable

because the squares become quite small numbers).
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Model 1 (p=n=100) Model 2 (p=20,n=100)

s PN 3 Ny

03
1
I
5
]
03
7\‘

3 3
3 3
T
4 2 0 2 4 4 2 o 2 4

Model 3 (p=150,0=100)

02
——3
T

(c)
Figure 1: Histogram of % (6%2—0?)+b(0?) compared with the density of a standard Gaussian

distribution.
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Next, we compare our bias-corrected estimator to three existing estimators in

the literature. For the reader’s convenience, we recall their definitions:

1. The estimator 0%y of Kritchman and Nadler (2008a): it is defined as the

solution of the following non-linear system of m + 1 equations involving the

m + 1 unknowns py, ..., pm and Ogy:
1 - .
1P SRS S L) ETA
p i=m-+1 j=1

~ ~ ~2 ~2 p—m
Pj — Pj <)‘n,j + OkN — OkN

)+Mﬁhza j=1,...,m.

We use the computing code available on the authors’ web-page to carry out

the simulation.

2. The estimator o3¢ of Ulfarsson and Solo (2008): it is defined as the ratio

9 median( A, mi1s - Anp)
g =
US )
Mp/n1

where m,; is the median of the Marc¢enko-Pastur distribution F,; (more

details on this distribution is given in Subsection 6.1).

. ~2
3. The estimator 07 .4iun

of Johnstone and Lu (2009): it is defined as the median

of the p sample variances

1
~2 . 2 .
O median — median (ﬁ Z'xijv 1< J =< p) :
i=1

Clearly for this estimator, the data {z;;} are assumed centered.

Table 3 gives the ratios of the empirical MSEs of these estimators over the

2

-

2

*

empirical MSE of the bias-corrected estimator 2. The performances of o2 and

14



Table 2: Empirical mean, MAD and MSE of 2 and &2 in various settings.

Settings
o2 MAD MSE | &2 MAD MSE
Mod. ) n o?
100 100 3.8464 0.1536 0.0032 | 3.9979 0.0021  0.0035
1 400 400 4 | 3.9616 0.0384 0.0002 | 4.0000 < 107°  0.0002
800 800 3.9809 0.0191  0.0001 | 4.0002 0.0002  0.0001
20 100 1.9340 0.0660 0.0043 | 2.0012 0.0012  0.0047
2 80 400 2 | 1.9841 0.0159 0.0003 | 2.0001 0.0001  0.0003
200 1000 1.9939 0.0061 < 107° | 2.0002 0.0002 < 107°
150 100 2.8400 0.1600 0.0011 | 2.9926 0.0074  0.0013
3 600 400 3 | 29605 0.0395 0.0001 | 2.9999 0.0001  0.0001
1500 1000 2.9839 0.0161 <107° | 29998 0.0002 < 107°

0%y are similar and 62 being slightly better. The estimator o7 shows slightly

02, But 2

is, however reminded that the theoretic properties of 0%y, 05g and

median

better than the m.l.e. 2. The estimator 2

median

unknown and so far there have been checked via simulations only.

3 Application to the SURE criterion

82

is better than o3¢ and the m.le.

and o4 performs poorly compared to 02 and 0%y. The reader

median

Ulfarsson and Solo (2008) proposes to use Stein’s unbiased risk estimator, SURE,
to choose the number of PCs. This criterion uses the noise variance estimator 67 4
defined in Section 2. It aims at minimizing the Euclidean distance between the

underlying estimator of the population mean g and its true value. The proposed
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Table 3: Comparison between three existing estimators and the proposed one in
MSE(5%y) MSE (%) and MSE(&fnedian).

terms of ratios of MSE:

MSE (52) " MSE (32) MSE (33)
Settings AQ Y AQ
Mod. b 0 o OkN 9US  9median
100 100 1.01  4.40 1.47
1 400 400 4 | 1.00 6.50 1.59
800 800 1.00 4.00 1.62
20 100 1.04 1.85 1.67
2 80 400 2 1.00 2.67 1.52
200 1000 1.00 10.10 1.53
150 100 1.07  7.08 1.26
3 600 400 3 | 1.00 7.00 1.52
1500 1000 0.96 10.10 1.60

16



SURE criterion for m number of PCs (to be minimized) is

1
R, = (p- m)UUS+0U Z)\_ 2UUS(1_1/n)m

1 —1/n)o} 1
—2514(1—1/n) ZA— / Us ZA— C,  (10)
j=1 "7 j=1

where
4(1 1/n o2 — o} 2(1 — 1/n)a?
o us Z Z )\ US . USm<m _ 1)
7j=1i=m+1
2(1 - 1/n)57 S Ois
- -1y (1-22).
n jzl )‘j

Recall that 674 is also related to m. From Section 2, we have known that o7
is not as good as our bias-corrected estimator. To examine further this differ-
ence, we replace o7,¢ with 52 in (10), referred then as SURE*, to see whether the

performance of SURE can be improved.

Then simulation experiments are conducted to compare SURE with SURE*.
The setup follows the paper Ulfarsson and Solo (2008) and the data are simu-
lated according to (1) with the parameters p = 64,p/n = [2/3,1/2,2/5],m =
[5,10,15,20] and 0? = 1. The loading matrix is set to A = FD'2 where F is
constructed by generating a p X m matrix of Gaussian random variables and then

orthogonalizing the resulting matrix, and

D = diag()\l, )\2, ey >\m—17 )\m)

= diag((m+1)*>,m*...,3*, \n), An=15.

All simulations were repeated 1500 times. Table 4 shows the percentage of

correct selection of PCs for SURE and SURE*. It can be seen that SURE* largely
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Table 4: Comparison between SURE and SURE* in terms of percentage of correct

selection of PCs.

m p/n=2/3 p/n=1/2 p/n=2/5
SURE* 1.000 1.000 1.000

’ SURE 0.408 0.621 0.807
SURE* 0.990 1.000 0.998

1 SURE 0.512 0.739 0.858
SURE* 0.904 0.978 0.989

1 SURE 0.598 0.783 0.911
SURE* 0.908 0.966 0.990

2 SURE 0.617 0.810 0.899

outperforms SURE in all of the tested cases, most of times by a wide margin. All
the percentages of correct selection of SURE* are larger than 90% and in 4 out of 12
cases, the detection rate is 100%. Therefore, by implementing our bias-corrected
estimator of the noise variance instead of the one provided by its authors, the

criterion SURE has a much better performance.

4 Application to determination criteria of Bai

and Ng (2002)

In econometrics, the assumption of additive white noise is reasonable for asset
returns with low frequencies (e.g., monthly returns of stocks) (Ma, 2013). Bai and

Ng (2002) proposes six criteria to estimate the number of PCs (or factors) under
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the framework of large cross-sections (N) and large time dimensions (7"). These
criteria penalize both dimensions N and T and outperform the usual AIC and
BIC, which are functions of N or T alone, under the assumption that both N and
T grow to infinity. Notice that the dimension-sample-size pair is denoted here as

(N, T) instead of (p,n). These six criteria are as follows:

~ N+T NT
PCy(m) = V(m, F™) + mogy (L) In ( ) ;

NT

~

PCyalm) = Vi, F7) i (S ) G
PCs(m) = V(m, F™) + mo2y (1%?2”) :
NT
10,1 (m) = In <V(m, Fm)> +m (NN+TT) 1 ( NN+TT> :
IC)(m) =1n (V(m, Fm)> +m (NN+TT) In Cp;
ICy3(m) =1n (V(m,ﬁ’m)> +m (1%%§T> : (11)

where G2y is a consistent estimate of (NT)~' SN, Zle E(e;;)?, V(m, F™) =
(NT)"' N &/é;, and C%, = min{N, T'}. Notice that the difference between the
PC, and the IC, criteria is that the first family uses the V' function while the
second family uses its logarithm. In applications, g4y is replaced by V (mo, F Moy,
where mg is a predetermined maximum value of m. We can see that the cal-
culations of 62y and V(m, F™) have no explicit formula and are based on the
estimation of the residuals (&;). It is worth mentioning that 53y is indeed the es-
timator of the noise variance if the underlying model is the PPCA model. Now we
substitute the proposed bias-corrected estimator 2 for empirical 63y and update
in accordance the statistic V(m, F™). The modified criteria using 62 are denoted

as PCy, PCly, PCly 1C%, 1C, and 1C%,.

ply P2 p3) ply
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Simulation experiments are conducted to check whether the performance of the
three PC), criteria is improved by the bias-corrected estimator. The results of three
IC,, criteria are not presented here since they are very similar in our context to
the results of the PC), criteria. As in Bai and Ng (2002), the data are generated

from the model:
Xit = Z NijFy + \/§€z‘t; (12)
j=1

where the PCs, the loadings and the errors (e;;) are N(0, 1) variates, the common
component of X;; has variance m and the idiosyncratic component has variance
6. Notice that the noise variance here is 0% = 6 and A = ();;). Typically, a PC
corresponding to «; is detectable when «; > (1 + \/¥> 0, see (7). We conduct
extensive simulation by reproducing all the configuration of N and 7" used in Bai
and Ng (2002). In particular, the last five rows of each table below correspond to

small dimensions (either N or 7' is small).

Tables 5-8 report the empirical means of the estimator of the number of PCs
over 1000 replications, for m = 1,3 and 5 respectively, with standard errors in
parentheses. When a standard error is actually zero, no standard error is thus
indicated. For all cases, the predetermined maximum number my of PCs is set to
8. When the true number of PCs is 1 (Table 5), the criteria PCy can correctly
detect the number almost surely and the corresponding standard errors are all
zeros. In comparison, there are 11 cases where the criteria PC), lose efficiency
in finding the true number of PCs with a non-zero standard error. In the small
dimensions situation (last five rows), all PC» and PC,, fail when the value of IV is
10: they all report the maximum value mg. But the criteria PC; outperform PC),

in the last three cases in terms of mean and standard error. In Table 6, although
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the criteria PC’; have some determination errors in a few cases, these errors are
much smaller than the corresponding ones from the initial criteria PC,. For the
last three cases of small dimensions, the results of criteria PC; are also much
better than that of PC,. In Table 7, the common component and idiosyncratic
component have the same variance 5 which is large and it can be verified that in
this setting, some of the 5 PC eigenvalues a; do not satisfy the detection condition
a; > (1 + \/¥> 0. Consequently, the criteria PC} are no longer uniformly better
than PC,. In Table 8, when the variance of idiosyncratic component is smaller
than that of the common component, the criteria PCj have again an overall better
performance than the criteria PC),. In conclusion, except some cases in Table 7,
these criteria proposed in Bai and Ng (2002) can have a better performance using

the bias-corrected estimator proposed in this paper for PPCA models.

5 Application to the goodness-of-fit test of a PPCA
model
As a third application of the bias-corrected estimator 52, we consider the following
goodness-of-fit test for the PPCA model (1). The null hypothesis is then
Ho: X =AA +°L,

where the number of PCs m is specified. Following Anderson and Rubin (1956),
the likelihood ratio test (LRT) statistic is

T, = —nlL",
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Table 5: Comparison between PC,, PCp,, PChy and PCyy, PCpy, PCy3 in terms

of the mean estimation numbers of PCs for m = 1,6 = 1.

N T PCy PC?, PCly PCpy PCpo PCps3
100 40 1.00 1.00 1.00 1.17(0.37)  1.01(0.10)  3.78(0.75)
100 60 1.00 1.00 1.00 1.00 1.00 3.63(0.76)
200 60 1.00 1.00 1.00 1.00 1.00 1.00
500 60 1.00 1.00 1.00 1.00 1.00 1.00
1000 60 1.00 1.00 1.00 1.00 1.00 1.00
2000 60 1.00 1.00 1.00 1.00 1.00 1.00
100 100 1.00 1.00 1.00 1.00 1.00 5.36(0.80)
200 100 1.00 1.00 1.00 1.00 1.00 1.00
500 100 1.00 1.00 1.00 1.00 1.00 1.00
1000 100 1.00 1.00 1.00 1.00 1.00 1.00
2000 100 1.00 1.00 1.00 1.00 1.00 1.00
40 100 1.00 1.00 1.00 1.79(0.72)  1.19(0.40)  4.91(0.90)
60 100 1.00 1.00 1.00 1.01(0.08) 1.00 4.30(0.85)
60 200 1.00 1.00 1.00 1.00 1.00 1.02(0.16)
60 500 1.00 1.00 1.00 1.00 1.00 1.00
60 1000 1.00 1.00 1.00 1.00 1.00 1.00
60 2000 1.00 1.00 1.00 1.00 1.00 1.00
4000 60 1.00 1.00 1.00 1.00 1.00 1.00
4000 100 1.00 1.00 1.00 1.00 1.00 1.00
8000 60 1.00 1.00 1.00 1.00 1.00 1.00
8000 100 1.00 1.00 1.00 1.00 1.00 1.00
60 4000 1.00 1.00 1.00 1.00 1.00 1.00
100 4000 1.00 1.00 1.00 1.00 1.00 1.00
60 8000 1.00 1.00 1.00 1.00 1.00 1.00
100 8000 1.00 1.00 1.00 1.00 1.00 1.00
10 50 8.00 8.00 8.00 8.00 8.00 8.00
10 100 8.00 8.00 8.00 8.00 8.00 8.00
20 100 | 1.01(0.15)  1.01(0.12)  1.08(0.53) | 6.96(0.88)  6.35(0.98)  7.84(0.40)
100 10 1.08(0.73)  1.03(0.50)  1.15(1.01) 8.00 8.00 8.00
100 20 1.00(0.03)  1.00(0.03)  1.00(0.03) | 5.88(0.76)  5.12(0.77)  7.35(0.63)
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Table 6: Comparison between P

*

pl>

PCy, PCry and PCyy, PCha, PCp3 in terms

of the mean estimation numbers of PCs for m = 3,6 = 3.

N T PCy PC?, PCly PCpy PCp2 PCps3
100 40 2.98(0.15)  2.95(0.22)  3.00(0.06) 3.00 3.00 3.90
100 60 3.00(0.03)  3.00(0.04) 3.00 3.01(0.08) 3.00 4.37(0.64)
200 60 3.00 3.00 3.00 3.00 3.00 4.18(0.63)
500 60 3.00 3.00 3.00 3.00 3.00 3.00
1000 60 3.00 3.00 3.00 3.00 3.00 3.00
2000 60 3.00 3.00 3.00 3.00 3.00 3.00
100 100 3.00 3.00 3.00 3.00 3.00 5.62(0.72)
200 100 3.00 3.00 3.00 3.00 3.00 3.00
500 100 3.00 3.00 3.00 3.00 3.00 3.00
1000 100 3.00 3.00 3.00 3.00 3.00 3.00
2000 60 3.00 3.00 3.00 3.00 3.00 3.00
40 100 | 2.99(0.10)  2.98(0.14) 3.00 3.07(0.26)  3.01(0.07)  5.04(0.72)
60 100 3.00 3.00(0.03) 3.00 3.00 3.00 4.65(0.69)
60 200 3.00 3.00 3.00 3.00 3.00 3.00
60 500 3.00 3.00 3.00 3.00 3.00 3.00
60 1000 3.00 3.00 3.00 3.00 3.00 3.00
60 2000 3.00 3.00 3.00 3.00 3.00 3.00
4000 60 3.00 3.00 3.00 3.00 3.00 3.00
4000 100 3.00 3.00 3.00 3.00 3.00 3.00
8000 60 3.00 3.00 3.00 3.00 3.00 3.00
8000 100 3.00 3.00 3.00 3.00 3.00 3.00
60 4000 3.00 3.00 3.00 3.00 3.00 3.00
100 4000 3.00 3.00 3.00 3.00 3.00 3.00
60 8000 3.00 3.00 3.00 3.00 3.00 3.00
100 8000 3.00 3.00 3.00 3.00 3.00 3.00

10 50 8.00 8.00 8.00 8.00 8.00 8.00

10 100 8.00 8.00 8.00 8.00 8.00 8.00
20 100 | 2.89(0.32)  2.85(0.37)  2.95(0.27) | 6.55(0.74)  5.96(0.77)  7.62(0.55)
100 10 2.57(1.35)  2.43(1.19)  2.77(1.54) 8.00 8.00 8.00
100 20 2.46(0.63)  2.37(0.65)  2.65(0.52) | 6.15(0.69)  5.46(0.68)  7.49(0.59)
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Table 7: Comparison between PC,, PCp,, PCpy and PCyy, PCpy, PCy3 in terms

pl>

of the mean estimation numbers of PCs for m = 5,6 = 5.

N T PC}y PC?, PCly PCypy PCp2 PCps3
100 40 3.83(0.77)  3.49(0.77) 4.51(0.58) 5.00(0.07)  4.98(0.15)  5.36(0.51)
100 60 4.66(0.50)  4.36(0.61) 4.98(0.13) 5.00(0.03)  5.00(0.06)  5.27(0.45)
200 60 4.95(0.22)  4.90(0.30) 4.99(0.08) 5.00 5.00 5.00
500 60 5.00(0.04)  5.00(0.07) 5.00(0.03) 5.00 5.00 5.00
1000 60 5.00(0.04)  5.00(0.04) 5.00 5.00 5.00 5.00
2000 60 5.00(0.03)  5.00(0.03) 5.00(0.03) 5.00 5.00 5.00
100 100 4.(0.12) 4.90(0.30) 5.00 5.00 5.00 6.18(0.63)
200 100 5.00 5.00 5.00 5.00 5.00 5.00
500 100 5.00 5.00 5.00 5.00 5.00 5.00
1000 100 5.00 5.00 5.00 5.00 5.00 5.00
2000 60 5.00 5.00 5.00 5.00 5.00 5.00
40 100 | 4.25(0.68)  3.92(0.75) 4.77(0.44) 4.98(0.04)  5.66(0.14)  5.66(0.57)
60 100 | 4.76(0.44)  4.47(0.60) 4.76(0.10) 5.00(0.03)  4.99(0.08)  5.46(0.56)
60 200 | 4.97(0.17)  4.94(0.24) 5.00 5.00 5.00 5.00
60 500 | 5.00(0.05)  5.00(0.06) 5.00(0.04) 5.00 5.00 5.00
60 1000 | 5.00(0.03)  5.00(0.03) 5.00 5.00 5.00 5.00
60 2000 5.00 5.00 5.00 5.00 5.00 5.00
4000 60 5.00 5.00 5.00 5.00 5.00 5.00
4000 100 5.00 5.00 5.00 5.00 5.00 5.00
8000 60 5.00 5.00 5.00 5.00 5.00 5.00
8000 100 5.00 5.00 5.00 5.00 5.00 5.00
60 4000 5.00 5.00 5.00 5.00 5.00 5.000
100 4000 5.00 5.00 5.00 5.00 5.00 5.00
60 8000 5.00 5.00 5.00 5.00 5.00 5.00
100 8000 5.00 5.00 5.00 5.00 5.00 5.00

10 50 8.00 8.00 8.00 8.00 8.00 8.00

10 100 8.00 8.00 8.00 8.00 8.00 8.00
20 100 | 3.64(0.91)  3.38(0.94) 4.08(0.79) 6.65(0.64)  6.12(0.64)  7.63(0.51)
100 10 3.10(2.01)  2.83(1.86) 3.53(2.27) 8.00 8.00 8.00
100 20 2.18(0.92)  1.93(0.92)  2.65(0.0.90) | 6.56(0.62)  5.97(0.62)  7.66(0.50)
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Table 8: Comparison between PC,, PCp,, PCpy and PCyy, PCpy, PCy3 in terms

of the mean estimation numbers of PCs for m = 5,6 = 3.

N T PC?y PC3, PC2y PCp1 PCpo PCps3
100 40 4.91(0.30)  4.81(0.41)  4.99(0.11) | 5.00(0.03) 5.00 5.59(0.57)
100 60 5.00(0.04)  4.99(0.11) 5.00 5.00 5.00 5.58(0.57)
200 60 5.00 5.00 5.00 5.00 5.00 5.00
500 60 5.00 5.00 5.00 5.00 5.00 5.00
1000 60 5.00 5.00 5.00 5.00 5.00 5.00
2000 60 5.00 5.00 5.00 5.00 5.00 5.00
100 100 5.00 5.00 5.00 5.00 5.00 6.84(0.65)
200 100 5.00 5.00 5.00 5.00 5.00 5.00
500 100 5.00 5.00 5.00 5.00 5.00 5.00
1000 100 5.00 5.00 5.00 5.00 5.00 5.00
2000 100 5.00 5.00 5.00 5.00 5.00 5.00
40 100 | 4.97(0.17)  4.92(0.27)  5.00(0.04) | 5.02(0.12) 5.00 6.22(0.66)
60 100 | 5.00(0.04)  4.99(0.08) 5.00 5.00 5.00 6.03(0.64)
60 200 5.00 5.00 5.00 5.00 5.00 6.03(0.03)
60 500 5.00 5.00 5.00 5.00 5.00 5.00
60 1000 5.00 5.00 5.00 5.00 5.00 5.00
60 2000 5.00 5.00 5.00 5.00 5.00 5.00
4000 60 5.00 5.00 5.00 5.00 5.00 5.00
4000 100 5.00 5.00 5.00 5.00 5.00 5.00
8000 60 5.00 5.00 5.00 5.00 5.00 5.00
8000 100 5.00 5.00 5.00 5.00 5.00 5.00
60 4000 5.00 5.00 5.00 5.00 5.00 5.00
100 4000 5.00 5.00 5.00 5.00 5.00 5.00
60 8000 5.00 5.00 5.00 5.00 5.00 5.00
100 8000 5.00 5.00 5.00 5.00 5.00 5.00

10 50 8.00 8.00 8.00 8.00 8.00 8.00

10 100 8.00 8.00 8.00 8.00 8.00 8.00
20 100 | 4.74(0.51)  4.62(0.57)  4.92(0.45) | 7.11(0.63)  6.65(0.64)  7.85(0.37)
100 10 4.59(1.99)  4.35(1.91)  4.88(2.09) 8.00 8.00 8.00
100 20 3.86(0.79)  3.69(0.81)  4.13(0.73) | 6.74(0.63)  6.19(0.62)  7.77(0.43)
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where
P A
L= Z log %,
j=m+1
and 02 is the m.l.e.(4) of the variance. Keeping p fixed while letting n — oo,
the classical low-dimensional theory states that 7;, converges to X2> where ¢ =
p(p+1)/2+m(m—1)/2—pm —1, see Anderson and Rubin (1956). However, this
classical approximation is again useless in the large-dimensional setting. Indeed,
it will be shown below that this criterion leads to a high false-positive rate. In
particular, the test becomes biased since the size will be much higher than the

nominal level (see Table 9).

In a way similar to Section 2, we now construct a corrected version of 7, using
Proposition 1 and calculus done in Bai et al. (2009) and Zheng (2012). As we
consider the logarithm of the eigenvalues of the sample covariance matrix, we will

assume in the sequel that p < n and ¢ < 1 to avoid null eigenvalues.

Theorem 3. Assume the same conditions as in Theorem 1 and in addition ¢ < 1.

Then, we have

v(e)"F {L* —m(c) — phlcy) —n+ (p—m)log(8)} —» N(0,1),

where
log (1 — 1
m(c) = w , h(c,) = € log(l—¢,)—1,
Cp
= Yloglteo’el),  B=1-Comia®Y o),
i=1 i=1

o(e) = _210g<1—c)+%c(%—2) |
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Note that the above statistic depends on the unknown variance o and the spike
eigenvalues («;). First of all, as explained in Section 2, consistent estimates of («;)
are available. By using these estimates and substituting bias-corrected estimate 72
for o2, we obtain consistent estimates v(c,), 7 and B\ of v(c), n and B, respectively.

Therefore, to test Hg, it is natural to use the statistic

A, = (e) 2 (L* —m(c,) — ph(e,) — 71+ (p — m) log(B)) -

Since A,, is asymptotically standard normal, the critical region {A,, > ¢} where
Jo is the ath upper quantile of the standard normal, will have an asymptotic size
«. This test will be hereafter referred as the corrected likelihood ratio test (CLRT

in short).

5.1 Monte-Carlo experiments

We consider again Models 1 and 2 described in Section 2, and a new one (Model 4):

e Model 1: spec(X) = (25,16,9,0,...,0) +0%(1,...,1), 0> =4, ¢ = 0.9;
e Model 2: spec(X) = (4,3,0,...,0) +0%(1,...,1), 02 =2, c=0.2;

e Model 4: spec(X) = (8,7,0,...,0) + c*(1,...,1), 0* = 1, varying c.

Table 9 gives the empirical sizes of the classical likelihood ratio test (LRT)
and the new corrected likelihood ratio test (CLRT) above. For the LRT, we use
the correction proposed by Bartlett (1950), that is replacing T,, = —nL* by T, =
—(n—(2p+11)/6—2m/3)L*. The computations are done under 10000 independent

replications and the nominal test level is 0.05.
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Table 9: Comparison of the empirical size of the classical likelihood ratio test

(LRT) and the corrected likelihood ratio test (CLRT) in various settings.

Settings Empirical size of CLRT Empirical size of LRT
p=90 n=100 0.0497 0.9995
Model 1 p =180 n =200 0.0491 1
p="720 n =800 0.0496 1
p=20 n=100 0.0324 0.0294
Model 2 p=80 n =400 0.0507 0.0390
p =200 n =1000 0.0541 0.0552
p= n = 500 0.0108 0.0483
p=10 n =500 0.0190 0.0465
Model 4
p=50 n=>500 0.0424 0.0445
p =100 n =500 0.0459 0.0461
p =200 n =500 0.0491 0.2212
p =250 n =500 0.0492 0.7395
p =300 n =500 0.0509 0.9994

The empirical sizes of the new CLRT are very close to the nominal one, except
when the ratio p/n is very small (less than 0.1). On the contrary, the empirical
sizes of the classical LRT are much higher than the nominal level especially when ¢
is not too small, and the test will always reject the null hypothesis when p becomes
large. In particular when p/n > %, the LRT test tends to reject automatically the

null.
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6 Proofs

Before giving the proofs, we first recall some important results from the random

matrix theory which laid the foundation for the proofs of the main results of the

paper.

6.1 Useful results from random matrix theory

Random matrix theory has become a powerful tool to address new inference prob-
lems in high-dimensional data. For general background and references, we refer to

review papers Johnstone (2007) and Johnstone and Titterington (2009).

Let H be a probability measure on Rt and ¢ > 0 a constant. We define the

map

5) = gern(s) = ¢ [ - dH() (13)

1+ts

in the set C* = {2z € C: Sz > 0}. The map g is a one-to-one mapping from C*
onto itself (see Bai and Silverstein (2010), Chapter 6), and the inverse map m = g~*
satisfies all the requirements of the Stieltjes transform of a probability measure on
[0,00). We call this measure F, ;;. Next, a companion measure [, g is introduced
by the equation cF.g = (c—1)dy + F,y (note that in this equation, measures
can be signed). The measure F, y is referred as the generalized Marcenko-Pastur

distribution with index (¢, H).

Let F,, = % Y1 0x,, be the empirical spectral distribution (ESD) of the sam-

ple covariance matrix S,, defined in (3) with the {\,;} denoting its eigenvalues.
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Then, it is well-known that under suitable moment conditions, F}, converges to the
Marcenko-Pastur distribution of index (¢, d,2), simply denoted as F, ,2, with the

following density function

sz V/{b(e) —aH{z —a(0)} . ale) <z <b(e),

0, otherwise.

De,o2 (l‘) -

The distribution has an additional mass (1 — 1/¢) at the origin if ¢ > 1.

The ESD H,, of X is

o, =2

m 1 &
(502—|—— (Sai o2

and H, — d,2. Define the normalized empirical process

Golf) = p / J@)[Fu— Fo)(da), | € A,

where A is the set of analytic functions f : U4 — C, with & an open set of C
such that [11)(c)a(c),b(c)] C U. We will need the following CLT which is a
combination of Theorem 1.1 of Bai and Silverstein (2004) and a recent addition

proposed in Zheng et al. (2014).

Proposition 1. We assume the same conditions as in Theorem 1. Then, for any
functions fi,..., fr € A, the random vector (G,(f1),...,Gn(fx)) converges to a
k-dimensional Gaussian vector with mean vector

fila(e) + £ (b(e)) 1 % fi(z)
m{f;) = 4 ) 4cot — (z — 02 — c0?)?

dr, 7=1,...k,

and covariance function

v(fj fi) = 5 jil ji f; 21 fz 222)2))2 dm(z)dm(zs), 4,0 =1,...,k,(14)
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where m(z) is the Stieltjes transform of F,,» = (1 —¢)éo + cF,52. The contours

Ci and Cy are non overlapping and both contain the support of I, 2.

An important and subtle point here is that the centering term in G, (f) in the
above CLT is defined with respect to the Marcéenko-Pastur distribution F,, g,
with “current” index (c,, H,) instead of the limiting distribution F, ,» with index
(c,0?). In contrast, the limiting mean function m(f;) and covariance function

v(f;, fi) depend on the limiting distribution F, ,2 only.

6.2 Proof of Theorem 1

We have

(p—m>b'\2 = S )\n,i_ Y >\n,i'

m m 4

PIREEEIDY (ozi + Cg ) +o?m(1+ ) as. (15)

)

For the first term, we have
p

S -
i=1

= P

S

/ 2dFy(z)
/

= Gn(:c)+p/:chcn,Hn(;z:).

zd(F, — Fo, m,)(x) —|—p/a:chmHn (x)

By Proposition 1, the first term is asymptotically normal
p
Gu(2) = > Ani —p / 2 dF., . (z) = N(m(z),v(z)),
i=1
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with asymptotic mean
m(z) = 0, (16)
and asymptotic variance
v(r) = 2co. (17)

The derivation of these two formula are given in the Section 6. Furthermore, by

Lemma 1 of Bai et al. (2010),

/xchmHn(as) = /th =0’ + - ZO‘Z‘

So we have

p

Z Api — po? — ZO"" 2y N(0,2c0). (18)

=1 =1

By (15) and (18) and using Slutsky’s lemma, we obtain

(p = m)(@* = 0%) + co” (m+022 ) 2y N(0,2¢0%).

6.3 Proof of Theorem 2

We have

_ _ /\2
P"m 32— = L2 -0 +0() 2

o2y o\/2¢, o?
{22 62— o)+ boh) | + 1 ()~ o))

Since 52 o2, by continuity, the second expression tends to 0 in probability and

the conclusion follows from Theorem 1.
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6.4 Proof of Theorem 3

We have
P
* /\n,i
L= )l
1=m-+1
- -y 1ng’_2
=m-+1 i=m-+1
I & Ay
_ 1 n,i
(p—m)log <p_m Z 02>
i=m+1 i=m+1
L
: L_@_m)log( )
p—m
where we have defined a two-dimensional vector (Ly, Ly) = (3°F_, ,; log ;;, A AULZ)

CLT when o2 = 1. To start with, we consider the case 0? = 1. We have

Ll = / lOg Z lOg >\n 7

= p/log(x) d(Fn - FcnaHn)<m> +p/10g( dFCn H’n Zlog )\’VZ’L

Similarly, we have

m

Ly = p/xd(Fn —F, u,)(z) —i—p/mchmHn(x) = A

i=1
By Proposition 1, we find that
Jlog(z) d(F, — Fe, m,)(2) D ma(c) vi(e)  wvia(c)
[z d(F, — F., u,)(x) mo(c) vi2(c)  wa(c)

with ma(c) = 0 and ve(c) = 2¢ and



vi(c) = —2log(1l—c), (21)

v12(c) = 2c (22)

Formulae of my and vy have been established in the proof of Theorem 1 and the

others are derived in next subsection.

In Theorem 1, with 02 = 1, we found that

and

Z Ani a5 (oz,- + &i) +m(1+c).
=1 i

i=1 =

For the last term of Ly, by (7), we have
log A — log(d(c; + 1)) =log ((a; + 1)(1 + ca; ') aus.

Furthermore, by Wang et al. (2013), we have

/1og(:c) dF., m, () = }oé log(ai + 1) + hlea) + 0 (1) ’

p
where

cp — 1

Cn

hen) = / log(2)dF,. 5, (x) = log(1 — ¢) — 1. (23)

can be calculated using the density of the Maréenko-Pastur law (see 6.4). Sum-

marising, we have obtained that

Ly —my(c) — phicy) +n(e, @) 25 N (0,01(c)),
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where h(c,) = % log(1 —¢,) — 1 and n(c,a) = Y7 log(1 + co?a;'). Similarly,
we have
Ly = (p = m) + ple,a) = N (0, v2(c))

where p(c,a) = c(m + 37" a; ).

Using (19) and Slutsky’s lemma,

Ly my(c) + ph(cn) — n(c, o) vi(c)  v12(c)

D
— N ,
L, p—m—p(c,a) vi2(cn) va(cy)

with h(c,) = %log(l —cn) — 1, nle,a) = 37 log(1 + co?a; ') and p(c,a) =
c(m+ 3L a7 ).

CLT with general o2. When o2 = 1,
spec(X) = (a1 + 1,...,am + 1,1,...,1),
whereas in the general case

spec(B) = (ay+0% ... ap +02 0% ..., 0%

:J%%+Lmﬁ%+LmJ)
ag g

Thus, if we consider \;/0?, we will find the same CLT by replacing the (;)i<i<m
by a;/c?. Furthermore, we divide Ly by p — m to find

Ly D N my <C> + ph(Cn) - U(Ca a/UQ) (pffnp pzfn
2 i
Lo 1 — deals) 2o —2log(1 - ¢)

with n(c,a/0?) = > log(1 + cchai_l), ple,afo?) = ¢(m + o> ", a;l) and
h(c,) = %log(l —¢p) — 1.
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Asymptotic distribution of L*. We have L* = g(Ly, Lo/(p—m)), with g(z,y) =

x — (p—m)log(y). We will apply the multivariate delta-method on (24) with the

m

function g. We have 7g(x,y) = ( ,—%) and

L* 25 N(Br — (p — m)1og(Bs), V9 (Br, Ba) cov(Lu, La/(p — m)) 7 9(Br, B2)'),

with 81 = my(c) + ph(c,) —n(c,a/0?) and By = 1 — % After some standard

calculation, we finally find

£ 2 () () =1 (e 55) = (0 = m) os(), ~21oe(1 - )+ 5. (5 —2) )

6.5 Complementary proofs
Proof of (5)

The general theory of the m.l.e. for the PPCA model (1) in the classical setting has
been developed in Anderson and Amemiya (1988) with in particular the following

result.

Proposition 2. Let © = (0ij)1<ij<p = ¥ — ANTTA)TIA If (07)1<ij<p i
nonsingular, if A and ¥ are identified by the condition that A'WA is diagonal and
the diagonal elements are different and ordered, if S, — AN + W in probability
and if \/n(S, — ) has a limiting distribution, then /(A — A) and \/n(¥ — ©)
have a limiting distribution. The covariance of \/n(¥; — ¥y;) and \/ﬁ(lfljj - ;)
in the limiting distribution is 2W5W3.69 (1 <4,j < p), where () = (67)7".

To prove the CLT (5), by Proposition 2, we know that the inverse of the
Fisher information matrix is Z=' (411, . . ., ) = (2075407,67)i5. We have to change
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the parametrization: in our case, we have 9;; = -+ = 9,,. Let g : R — RP,

a > (a,...,a). The information matrix in this new parametrization becomes
Z(o?) = J'I(g(c?))J,

where J is the Jacobian matrix of g. As

1
Z(g(c?)) = T‘g(egj)iﬁ
we have
1 &,
2y
Z(o”) 555 > 6z,
ij=1
and

O=(0); = T—-ANT'A) A
= o*(I, - A(A’A)'A).

By hypothesis, we have A’A = diag(d3,...,d2,). Consider the Singular Value
Decomposition of A, A = UDV, where U is a p x p matrix such that UU" = 1,,,
V is a m X m matrix such that V'V =1,,, and D is a p x m diagonal matrix with
dy,...,d,, as diagonal elements. As A’A is diagonal, V =1, so A = UD. By

elementary calculus, one can find that

AAN'A)TA = diag(1,...,1,0,...,0),
N——

——
m p—m
SO
O = o*diag(0,...,0,1,...,1).
N——
m p—m

Finally,

1 p—m
I 2y . 4 —



and the asymptotic variance of 52 is

Proof of (16)

By Proposition 1, for g(z) = z, by using the variable change * = 02(1 + ¢ —
2\/ccosh), 0 <0 <7, we have

b(c)
glalc)) +9(b(c)) _ i/ v de,j=1,...,k
4 2m a(c) \/400'4—<I—0'2—CO'2)2

m(g)

2 2 ™
= %—'—) g/(1+c—2\/50086’)d9
T

Proof of (17)

Let s(z) be the Stieltjes transform of (1 — ¢)1j ) + ¢Fis,. One can show that

m(z) = iﬁ (i> :

o2

Then, in Proposition 1, we have

o(fs, fi) = W %ff ))d§<z1)d§(z2),j,zz1,...,k. (24)

For g(x) = x, we have

v(g) = 2n2f§]§ ”1; )2 ds(z1) ds(z)
N 27r27{7{ s(21) Zizz ) 7 ds(z1) ds(z)
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where —515 § ¢ Gy ds(71) ds(z2) = 2¢ s calculated in Bai et al. (2009) (it

)—s(22))?

corresponds to v(z1, 22), Section 5, proof of (3.4)).

Proof of (20)

By Proposition 1, for ¢ = 1 and g(x) = log(z), by using the variable change
r=14c—2yccosh, 0 <6 <, we have

_gla(e) +g(b(e)) 1 [ x _
m(g) = 1 _27/(1(0) \/40_(:[_1_0)2@3,]—1,...,]{:

log(1 — I
_ M__/ log(1 + ¢ — 2\/ccos 0) df
2 21 Jy
log(1 — I -
— LC)__/ log |1 — v/ce|? df
2 4 Jo
_ log(l-¢
_ T

where f;ﬂ log |1 — \/ce?|?df = 0 is calculated in Bai and Silverstein (2010).

Proof of (21)

= x, we have

/—\

By Proposition 1 and (24), for 02 =1 and g(z

R & ke ds(=1) ds(=)

(21)9
N 27r2j{]{ = Zl)_ 2)2)) 5(z1)ds(22)

where the last integral is calculated in Bai and Silverstein (2010).
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Proof of (23)

F,, s, is the Marcenko-Pastur distribution of index ¢,,. By using the variable change

r=1+¢c, —2/c,cos0,0 <0 <7, we have

blen) Yoo 10
[ og(@dE. o (2) = /()lg V() — )@ — alen)) de

2mxe,

1 log(1 -+ ¢, — 2./ cos f
/ og(1+c Cn €05 )4cn sin? 6 do
0

2mey, 1+c¢, —2y/cycos
L[ 2sin? :
= _/ sin log |1 — \/cp,e|*> df
27 Jo 1+c¢, —2y/c,cos0
c

n— 1
- log(l - Cn) - ]-7

n

where the last integral is calculated in Bai and Silverstein (2010).

Proof of (22)

In the normal case with 0? = 1, Zheng (2012) gives the following equivalent ex-

pression of (14):

1
W)=l s R RGP e

where xk = 2 in the real case and h = \/c in our case. We take f;(z) = log(x) and

fi(x) = z, so we need to calculate

wmmm——mh—fﬁmly+fu”m”““>®%

r—1+ 272 (& —1&)?

We follow the calculations done in Zheng (2012): when [¢| = 1, |1 + /c€|* =
(1 + V&)1 + ve€™), so log(|1 + V/e&]?) = 5 (log(1 + v/e€)* + log(1 + /e ™)?).
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Consequently,

log(]1 + v/c&11?) 1 log(1 + \/c&1)? log(1 + /c&1)?
d¢, = = d d
]iﬂ 1 (& —réy)? o ]{gﬂ 1 (& —1&)? St 2 ﬁﬂ 1 (& —ré)? 2
1

2
_ 1 2 1
2 7Iéﬁll—1 log(1 + v/eti) ((51 —1&y)? " (1- 7“5152)2) dés
(1 e
= 0+Z7T<(r£2)21+£)

ré2
Ve
réa(rés +/c)

= ur
Thus,

_ 1 Ve
v(log(z),z) = il 1|1+\/_$2| & (6 +\/—)
1

= — c+c -1 —\/_
- - |§1(1+ +e(E+€ ))§(5+\/E)d5

1 Ve(l+c) c c
- 2t At e e
= 2(1+c—(1+c)+c+1—1)

= 2c.

7 Conclusions

In this paper, we propose a bias-corrected estimator of the noise variance for PPCA
models in the high-dimensional framework. The main appeal of our estimator
is that it is developed under the assumption that p/n — ¢ > 0 as p,n — o0
and is thus appropriate for a wide range of large-dimensional datasets. Extensive
Monte-Carlo experiments demonstrated the superiority of the proposed estimator

over several existing estimators (notice however no theoretical justification has
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been proposed in the literature for these estimators). Moreover, by implementing
the proposed estimator of the noise variance within two well-known determination
algorithms for the number of principal components, we demonstrate that significant
improvement can be obtained. In an additional application and using this new
estimator, we construct the asymptotic theory of the goodness-of-fit test for high-
dimensional PPCA models. The overall manage from the paper is that in a high-

2

dimensional PPCA model, when an estimator of the noise variance ¢° is needed,

the bias-corrected estimator o2 from the paper should be recommended.

References

Y. Amemiya and T. W. Anderson. Asymptotic chi-square tests for a large class of
factor analysis models. Ann. Statist., 18(3):1453-1463, 1990.

T. W. Anderson. An introduction to multivariate statistical analysis. Wiley Series
in Probability and Statistics. Wiley-Interscience [John Wiley & Sons]|, Hoboken,
NJ, third edition, 2003.

T. W. Anderson and Y. Amemiya. The asymptotic normal distribution of estima-
tors in factor analysis under general conditions. Ann. Statist., 16(2):759-771,
1988.

T. W. Anderson and H. Rubin. Statistical inference in factor analysis. In Proceed-
ings of the Third Berkeley Symposium on Mathematical Statistics and Probabil-
ity, 1954—-1955, vol. V, pages 111-150, Berkeley and Los Angeles, 1956. Univer-

sity of California Press.

42



J. Bai. Inference theory for factor models of large dimensions. FEconometrica, 71:

135-171, 2003.

J. Bai and K. Li. Statistical analysis of factor models of high dimension. Ann.

Statist., 40:436-465, 2012.

J. Bai and S. Ng. Determining the number of factors in approximate factor models.

Econometrica, 70(1):191-221, 2002.

Z. Bai and X. Ding. Estimation of spiked eigenvalues in spiked models. Random

Matrices Theory Appl., 1(2):1150011, 21, 2012. ISSN 2010-3263.

Z. Bai and J. W. Silverstein. CLT for linear spectral statistics of large-dimensional

sample covariance matrices. Ann. Probab., 32:553—605, 2004.

Z. Bai and J. W. Silverstein. Spectral analysis of large dimensional random matri-

ces. Springer Series in Statistics. Springer, New York, second edition, 2010.

Z. Bai and J. Yao. Central limit theorems for eigenvalues in a spiked population

model. Ann. Inst. Henri Poincaré Probab. Stat., 44(3):447-474, 2008.

Z. Bai, D. Jiang, J. Yao, and S. Zheng. Corrections to LRT on large-dimensional
covariance matrix by RMT. Ann. Statist., 37(6B):3822-3840, 20009.

Z. Bai, J. Chen, and J. Yao. On estimation of the population spectral distribution
from a high-dimensional sample covariance matrix. Aust. N. Z. J. Stat., 52(4):

423-437, 2010.

J. Baik and J. W. Silverstein. Eigenvalues of large sample covariance matrices of

spiked population models. J. Multivariate Anal., 97(6):1382-1408, 2006a.

43



J. Baik and J. W. Silverstein. Eigenvalues of large sample covariance matrices of
spiked population models. Journal of Multivariate Analysis, 97(6):1382-1408,
2006b.

M. S. Bartlett. Test of significance in factor analysis. Brit. Jour. Psych., 3:97-104,
1950.

G. Chamberlain and M. Rothschild. Arbitrage, factor structure, and mean-variance

analysis on large asset markets. Econometrica, 51(5):1281-1304, 1983.

J. G. Cragg and S. G. Donald. Inferring the rank of a matrix. Journal of econo-
metrics, 76(1):223-250, 1997.

X. Ding, L. He, and L. Carin. Bayesian robust principal component analysis. Image

Processing, IEEE Transactions on, 20(12):3419-3430, 2011.

C. Doz, D. Giannone, and L. Reichlin. A quasi-maximum likelihood approach for

large, approximate dynamic factor models. Review of economics and statistics,

94(4):1014-1024, 2012.

M. Forni, M. Hallin, M. Lippi, and L. Reichlin. Reference cycles: the NBER
methodology revisited. Number 2400. Citeseer, 2000.

I. M. Johnstone. On the distribution of the largest eigenvalue in principal compo-

nents analysis. Ann. Statist., 29(2):295-327, 2001.

I. M. Johnstone. High dimensional statistical inference and random matrices. In
International Congress of Mathematicians. Vol. I, pages 307-333. Eur. Math.
Soc., Ziirich, 2007.

44



[. M Johnstone and A. Y. Lu. On consistency and sparsity for principal components
analysis in high dimensions. Journal of the American Statistical Association, 104

(486), 2009.

I. M. Johnstone and D. M. Titterington. Statistical challenges of high-dimensional
data. Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 367(1906):
42374253, 2009. ISSN 1364-503X.

S. Kritchman and B. Nadler. Determining the number of components in a factor

model from limited noisy data. Chem. Int. Lab. Syst., 94, 2008a.

S. Kritchman and B. Nadler. Determining the number of components in a fac-
tor model from limited noisy data. Chemometrics and Intelligent Laboratory

Systems, 94(1):19-32, 2008b.

Z. Ma. Sparse principal component analysis and iterative thresholding. The Annals

of Statistics, 41(2):772-801, 2013.

A. Onatski. Testing hypotheses about the number of factors in large factor models.

Econometrica, 77(5):1447-1479, 2009.

D. Passemier and J. Yao. On determining the number of spikes in a high-
dimensional spiked population model. Random Matrices: Theory and Appli-
cations, 1(1):1150002, 2012.

D. Paul. Asymptotics of sample eigenstructure for a large dimensional spiked

covariance model. Statist. Sinica, 17(4):1617-1642, 2007.

J. H. Stock and M. W. Watson. New indexes of coincident and leading economic

45



indicators. In NBER Macroeconomics Annual 1989, Volume 4, pages 351-409.
Mit Press, 1989.

M. O. Ulfarsson and V. Solo. Dimension estimation in noisy PCA with SURE and
random matrix theory. IEEE Trans. Signal Process., 56(12):5804-5816, 2008.

Q. Wang, J. W. Silverstein, and J. Yao. A note on the CLT of the LSS for sample
covariance matrix from a spiked population model. arXiv:1304.6164 [math.PR],

2013.

S. Zheng. Central limit theorems for linear spectral statistics of large dimensional

f-matrices. Ann. Inst. Henri Poincaré Probab. Stat., 48(2):444-476, 2012.

S. Zheng, Z. Bai, and J. Yao. Substitution principle for CLT of linear spectral
statistics of high-dimensional sample covariance matrices with applications to

hypothesis testing. arXiw:1404.6633, 2014.

46



