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EXPONENTIAL CONVERGENCE TO EQUILIBRIUM FOR THE
HOMOGENEOUS LANDAU EQUATION WITH HARD POTENTIALS

KLEBER CARRAPATOSO

ABSTRACT. This paper deals with the long time behaviour of solutions to the spatially homo-
geneous Landau equation with hard potentials . We prove an exponential in time convergence
towards the equilibrium with the optimal rate given by the spectral gap of the associated
linearized operator. This result improves the polynomial in time convergence obtained by
Desvillettes and Villani [5]. Our approach is based on new decay estimates for the semigroup
generated by the linearized Landau operator in weighted (polynomial or stretched exponen-
tial) LP-spaces, using a method develloped by Gualdani, Mischler and Mouhot [7].

1. INTRODUCTION AND MAIN RESULTS

This work deals with the asymptotic behaviour of solutions to the spatially homogeneous
Landau equation for hard potentials. It is well known that these solutions converge towards the
Maxwellian equilibrium when time goes to infinity and we are interested in quantitative rates
of convergence.

On the one hand, in the case of Maxwellian molecules, Villani [15] and Desvillettes-Villani [5]
prove a linear functional inequality betwenn the entropy and entropy dissipation by constructive
methods, from which one deduces an exponential convergence (with quantitave rate) of the
solution to the Landau equation towards the Maxwellian equilibrium in relative entropy, which in
turn implies an exponential convergence in L!-distance (thanks to the Csiszar-Kullback-Pinsker
inequality). This kind of linear functional inequality entropy-entropy dissipation is known as
Cercignani’s Conjecture in Boltzmann and Landau theory, for more details and a review of
results we refer to [3].

On the other hand, in the case of hard potentials, Desvillettes-Villani [5] proves a functional
inequality for entropy-entropy dissipation that is not linear, from which one obtains a polynomial
convergence of solutions towards the equilibrium, again in relative entropy, which implies the
same type of convergence in L'-distance.

Before going further on details of existing results and on the contributions of the present
work, we shall introduce in a precise manner the problem addressed here. In kinetic theory, the
Landau equation is a model in plasma physics that describes the evolution of the density in the
phase space of all positions and velocities of particles. Assuming that the density function does
not depend on the position, we obtain the spatially homogeneous Landau equation in the form

of = QUf.[)
(1.1) {ft—o = fo

where f = f(t,v) > 0 is the density of particles with velocity v at time ¢, v € R3 and t € R™.
The Landau operator @ is a bilinear operator given by

(12) Qo 1) =0 [ a0 =) l0.0,f =~ 10,0.) v,
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2 KLEBER CARRAPATOSO

where here and below we shall use the convention of implicit summation over repeated indices
and we use the shorthand g. = g(v«), 0jg« = O0u,,9(v+), f = f(v) and 9; f = 0, f(v).

The matrix a is nonnegative, symmetric and depends on the interaction between particles. If
two particles interact with a potential proportional to 1/r°, where r denotes their distance, a is
given by (see for instance [16])

V; U5
(1.3) aij(v) = o7+ (%‘ - W) ’

with v = (s — 4)/s. We usually call hard potentials if v € (0, 1], Maxwellian molecules if v = 0,
soft potentials if v € (—3,0) and Coulombian potential if v = —3. Through this paper we shall
only consider the case of hard potentials v € (0, 1].

The Landau equation conserves mass, momentum and energy, indeed, at least formally, for
any test function ¢ we have (see e.g. [14])

1
[ aneao=3 [ ase-urr

from which we deduce

(1.4) t/mﬁﬁﬂw:o for  p(v) = 1,0, v’

Oif  Oifs
A

) (05 — Djips) dv dv.

Moreover, the entropy H(f) = f flog f is nonincreasing, indeed, at least formally, since a;; is
nonnegative we have the following inequality for D(F') the entropy dissipation,

d
D(f): =~ H(f)
(1.5) 1 Of  Ouf\ (O:f Opf
.- cag(v—v.) (== = 57 ) (25— =) dvde, > 0.
2A3xR3ffaj(v v>(f f*)<f f*) o=
It follows that any equilibrium is a Maxwellian distribution
. p _v—ul?
/pr,u,T(’U) = We 2T ,

for some p > 0, u € R3 and T > 0. This is the Landau version of the famous Boltzmann’s H-
theorem (for more details we refer to [5, 15] again), from which the solution f(t, ) of the Landau
equation is expected to converge towards the Maxwellian ji,, ., 7, when ¢ — +o0o, where py is
the density of the gas, u; the mean velocity and T the temperature, defined by

o= [ 10 =3 [orw. 1= 5 [o=ul s

and these quantities are defined by the initial datum fy thanks to the conservation properties
of the Landau operator (1.4).
We may only consider the case of initial datum fy satisfying

. v)dv = vfo(v)dv = v|? fo(v) dv =
(1.6 [ p@a=1 [ on@ar =0, [ plnea=s

the general case being reduced to (1.6) by a simple change of coordinates (see [5]). Then, we shall

denote p(v) = (27r)73/267‘”|2/2 the standard Gaussian distribution in R®, which corresponds to
the Maxwellian with p =1, u =0 and T = 1, i.e. the Maxwellian with same mass, momentum
and energy of Fy (1.6).

We linearize the Landau equation around p, with the perturbation

f=np+h,
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hence the equation satisfied by h = h(t,v) takes the form

(1.7) Oth = Lh + Q(h, h),

with initial datum hg defined by hg = fo — u, and where the linearized Landau operator L is
given by

(1.8) £h = Q(u,h) + Q(h, p).

Furthermore, from the conservations properties (1.4), we observe that the null space of £ has

dimension 5 and is given by (see e.g. [2, 8, 1, 11, 13])
(1.9) N (L) = Span{p, vi s, vap, vapu, [v]? 1}

1.1. Known results. We present here existing results concerning spectral gap estimates for
the linearized operator and convergence to equilibrium for the nonlinear equation.

For any weight function m = m(v) (m : R* — RT) we define the weighted Lebesgue space
LP(m), for p € [1, +00], associated to the norm

1fllomy = mfllze,
and the weighted Sobolev spaces W*P(m) for s € N, associated to the norm
1/p
”f”WS’P(m) = Z ||(9af||1£p(m) ) ifp € [17 +OO)7
| <s
[ £llwsico(m) = Sup 10% f1l oo (m)-

We denote by D the Dirichlet form associated to —L on L%/flm),

D(h) := (—=Lh, h) p2(,-1/2) = /(—Eh)hu‘l,

and we say that h € AN(L)*, where NV(£) denotes the nullspace of £, if f is of the form
h = h — IIh, where II denotes the projection onto the null space.

We can now state the existing results on the spectral gap of £. The spectral gap inequality
for the linearized Landau operator for hard potentials v € (0, 1],

(1.10) D(h) > Ao |kl 212y, VR EN(L)F,

was proven by Baranger-Mouhot [1], for some contructive constant Ao > 0.
In the case of hard and soft potentials v € (—3, 1], Mouhot [11] proved the following result

(111) D) 2 20 (s sy + DAl apcrsavaan o YhEN(D®.

Furthermore, Guo [8], by nonconstructive arguments, and later Mouhot-Strain [13], by con-
structive arguments, proved a spectral gap inequality for an anisotropic norm for the linearized
Landau operator (in all cases: hard, soft and Coulombien potentials) v € [—3,1],

(1.12) D(h) > Xolhll}, VheN(L),
with the anisotropic norm || - ||« defined by
HhHi = ||<’U>’Y/2vah||12(#—1/2) + ||<'U>(’Y+2)/2(I - PU)Vh||%2(#—1/2) + ||<’U>(’Y+2)/2h||22(#*1/2)

where P, denotes the projection onto the wv-direction, more precisely P,g = (ﬁ . g) ﬁ We

also have from [8], the reverse inequality

(1.13) D(h) < G| fIZ, YheN(L),
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which, toghether with (1.12), imply a spectral gap for £ in L?(p~'/2) if and only if v + 2 > 0.
Summarizing the results (1.10), (1.11) and (1.12) , for v € [0,1] there is a constructive
constant A\g > 0 (spectral gap) such that

(1.14) Vit >0, Vhe L}(u %), €k = TIh|[ 2172y < €2 |h = TIR|| 12(-1/2),

where II denotes the projection onto A(£), the null space of £ given by (1.9). Hence we have an
exponential decay to equilibrium for the linearized equation d;h = Lh on the space L? (/fl/ ).

Another approach is to study directly the nonlinear equation, establishing functional inequal-
ities between the entropy and entropy dissipation functionals. The following entropy dissipation
inequality for the (nonlinear) Landau operator for Maxwellian molecules v = 0

(1.15) D(f) = 8o H(f|n), Vf € Lig:(R):={fe L' (R);ps=1,up=0,Tf=1};

for some explicit constant dy, was proven by Desvillettes-Villani [5] and Villani [15]. Here
H(f|p) := [ flog(f/p) denotes the relative entropy of f with respect to y, and this inequality
implies an exponential decay to the equilibrium p. Taking f = p + h, they also deduce a
degenerated spectral gap inequality for the linearized Landau operator for v = 0,

(1.16) D(h) > b0 [Vhl[72(,-1/2) YhEN(L)™.

In the case of hard potentials v € (0, 1], Desvillettes-Villani [5] proved the following entropy-
entropy dissipation inequality, for some explicit 61,2 > 0,

(1.17) D(f) = min {6 H(flp), 52 H(fl0) 772} Vf € Lo, (R?),

which implies a polynomial decay to equilibrium in relative entropy (see theorem 3.2 for more
details).

As we can see above, the result (1.17) tell us that the solution to the Landau equation
converges to the equilibrium in polynomial time. Furthermore, from the exponential decay for
the linearized equation (1.14), we might expect that the solution to the nonlinear equation also
decays exponentially in time if it lies in some neighborhood of the equilibrium in which the linear
part is dominant. One could then expect to prove an exponential convergence to equilibrium
combining these to results: for small times one uses the polynomial decay, then for large times,
when the solution enters in the appropriated neighborhood of the equilibrium (in L?(p~'/?)-
norm), one uses the exponential decay. However these two theories, linear and nonlinear, are
not compatible in the sense that the spectral gap for the linearized operator holds in L?(p~/?)
and the Cauchy theory [4] for the nonlinear Landau equation is constructed in L!-spaces with
polynomial weight, which means that in order to apply the strategy above, starting from some
initial datum in weighted L'-space, one would need the appearance of the LQ(N_l/ %)-norm of
the solution in positive time to be able to use (1.14), and this is not known to be true (one does
not know even if the L? (/fl/ 2)-norm is propagated). Hence, in order to be able to ”connect” the
linearized theory with the nonlinear one, we need to enlarge the functional space of semigroup
decay estimates generated by the linearized operator L.

Our goal in this paper is to prove an (optimal) exponential in time convergence of solutions
to the Landau equation towards the equilibrium and our strategy is based on:

(1) New decay estimates for the semigroup generated by the linearized Landau operator £
in various LP-spaces with polynomial and streched exponential weight, using a method
developped in [7].

(2) The well-known Cauchy theory for the nonlinear equation develloped in [4, 5]: the appear-
ance and uniform propagation of L'- moments, smoothing effetc and the polynomial in time
convergence to equilibrium.
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(3) The strategy of connecting the linearized theory with the nonlinear one, roughly presented
in the above paragraph.

1.2. Statement of the main result. Let us state our main result, which proves a sharp
exponential decay to equilibrium for the spatially homogeneaous Landau equation with hard
potentials.

First of all we define the notion of weak solutions that we shall use.

Definition 1.1 (Weak solutions [4]). Let v € (0,1] and consider a nonnegative initial data
fo € Li. We say that f is a weak solution of the Cauchy problem (1.1) if the following conditions
are fulfilled:

(i) f =0, f€C([0,00); D) N L>([0,00); L3) N Lj([0,00); La 1 );

(i) for any t > 0
[k < [ e

(iii) f verifies (1.1) in the distributional sense: for any ¢ € C2°([0, 00) x R3), for any ¢ > 0,

[ 10t - [ fapto) //f )ouio(r //Q Je(r),

where the last integral in the right-hand side is defined by

Jaune=5 [[as-v)@ue+ 0500 1.8+ [0~ 000 - 210 .1

It is proven in [4] that if fo € L3 45 for some ¢ > 0, then there exists a global weak solution.

Our main theorem reads:

Theorem 1.2 (Exponential decay to equilibrium). Let v € (0,1] and a nonnegative fy €
LY((0)2*+9) for some & > 0, satisfying (1.6). Then, for any weak solution (fi)i>o to the spatially
homogeneous Landau equation (1.1) with initial datum fo, there exists a constant C > 0 such
that

vVt >0, Ifi = pllpr < Ce™!
where o > 0 is the spectral gap (1.14) of the linearized operator £ on L?(u~'/?).

As mentioned above, in the case of hard potentials v € (0, 1], a polynomial decay to equilib-
rium was proven by Desvillettes and Villani [5] and in the case of maxwellian molecules v = 0
an exponential decay to equilibrium was proven by Villani [15] and also by Desvillettes and
Villani [5]. The proof of theorem 1.2 relies on coupling the polynomial decay from [5] for small
times and the exponential decay for the linearized operator in weighted LP-spaces from theorem
2.2 for large times, when the linearized dynamics is dominant. This method was first used by
Mouhot [12] where is proved the exponential decay to equilibrium for the spatially homoge-
neous Boltzmann equation for hard potentials with cut-off. Later, the same approach was used
by Gualdani, Mischler and Mouhot [7] to prove the exponential decay to the equilibrium for the
inhomogeneous Boltzmann equation for hard spheres on the torus.

1.3. Organization of the paper. We start Section 2 presenting some properties of the lin-
earized equation and then we state and prove the ”spectral gap/semigroup decay” extension
theorem (Theorem 2.13), which is a key ingredient of the proof of the main theorem. Finally, in
Section 3, we prove estimates for the (nonlinear) Landau operator and then prove theorem 1.2.

Acknowledgements. We would like to thank Stéphane Mischler and Clément Mouhot for
enlightened discussions and their encouragement.
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2. THE LINEARIZED EQUATION

We define (see e.g. [4, 14, 15]) in 3-dimension the following quantities

(2.1) bi(z) = 0jai(2) = =227 z;, c(2) = Dija,5(2) = =2(y+ 3) |2]".
Hence, we can rewrite the Landau operator (1.2) in the following way
(2.2) Q(g, f) = (aij * 9)0i; f — (c* g)f = dil(ai; * 9)0; f — (bi * g) f].

We also denote
(2.3) aij(v) = ay; * pu, bi(v) =bixp, c(v)=cxp.
Furthermore we have the following results concerning a;; (v).

Lemma 2.1. The following properties hold:

(a) The matriz a(v) has a simple eigenvalue ¢1(v) > 0 associated with the eigenvector v and a
double eigenvalue l2(v) > 0 associated with the eigenspace v. Moreover,

b - [ (1 (& %)) (o — w) dw
ﬂg(v):/R3 (1—%

When |v| — 400 we have

v w

ol |wl

2
) lw|" 2 p(v — w) dw.

by (v) ~ 2]
la(v) ~ o] F2.
If v € (0,1] there exists £y > 0 such that, for all v € R3, min{l;(v),l2(v)} > £.
(b) The function a;; is smooth, for any multi-index 3 € N3
|0%a5(v)| < Cplv)r 217
and ) )
aij(v)€i&; = L1(V)|Pog|” + L2(0) (I — Py)EL7,
aij (v)vivy = 41 (v)[v]?,

where P, is the projection on v, i.e.
v\ v
Pv§ = (6 : _) T
vl /) ]

a;i(v) =2 [ — v |72 pu(vs) do, and bi(v) = —£1(v) v;.

(¢c) We have

Proof. We just give the proof of item (c) since (a) comes from [2, Propositions 2.3 and 2.4,
Corollary 2.5] and (b) is [8, Lemma 3].
Hence, for item (c¢) we write
3

a;;(v) = Z/ ai; (U — ) p(vy) dvs.

i=1 /R
Using (1.3) we obtain that

2

3
“i
()= o (1= £ ) b
i=1
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and then
aii(v) = 2/ [v — v T2 () dv,.
RS

Moreover, we compute

Bi(0) = (B )(0) = (o y)(0) = = [ a0 =)o () o,

and using that a;;(z)z; = 0 we obtain
bi(0) = [ aii(v = vJous n(w.) do
R3
= —/ @i (V) (V) = Vaj) (v — vs) dus
R3
=— (/2 aij (v )p(v — v*)dv*) v; = —a;(v)v; = —l1(v) v;.
R‘

O

Using the form (2.2) of the operator @), we decompose the linearized Landau operator £
defined in (1.8) as £ = Ag + By, where we define

Aof = Q(f, ) = (aij * f)oijp — (c* fu,
Bof := Q(u, f) = (aij * )0 f — (c+ p) f.
Consider a smooth nonnegative function y € C°(R3) such that 0 < y(v) < 1, x(v) = 1 for
|v] <1 and x(v) = 0 for |v] > 2. For any R > 1 we define xg(v) := x(R 'v) and in the

sequel we shall consider the function Myg, for some constant M > 0. Then, we make the final
decomposition of the operator £ as L = A + B with

(25) .AZ: A0+MXR, B .= Bo—MXR,

(2.4)

where M and R will be chosen later (see lemma 2.6).

Let us now make our assumptions on the weight functions m = m(v). We define the polyno-
mial weight, for all p € [1,+00),

(2.6) m = (v)*,  with k > max{y(1 —1/p),y+2} +3(1 — 1/p)
and the abcissa
@7) am,p :=2[(y+3)(1 —1/p) — k], if v =0,

' Up = —00, if v € (0,1].

Moreover, we define the exponential weight, for p € [1, +00),

s ) r >0, if s € (0,2),
(2.8) m =exp (r(v)®), with { O<r<%, if s =2,
and we define the abcissa, for all cases,
(29) am7p = —QQ.

We are able know to state the following result that extends to various weighted LP-spaces the
exponential decay for the semigroup associated to £ known to hold on L?(p~'/?) as presented
in (1.14).
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Theorem 2.2. Let v € [0,1], p € [1,2], a weight function m = m(v) satisfying (2.6) or (2.8)
and their respectives abscissa am,p gwen by (2.7) or (2.9). Consider the linearized Landau
operator (1.8), then for any positive A < min{ o, |am p| — 0} there exists Cx > 0 such that

(2.10) vVt >0, VheL(m), |et“h — A Lo (m) < Cx e M|h — IR £ (m),

where 11 is the projection onto the null space of L, and Ao > 0 is the spectral gap of L in
L2 (= Y?) given by (1.14).

Remark 2.3. As we can see in the defition of a,, , in (2.7) and (2.9), we conclude that:
(1) If v € [0,1] and m is the streched exponential weight (2.8) or if v € (0, 1] and m is the
polynomial weight (2.6), then A = Ao since a,,,, := —oc0.
(2) If v = 0 and m = (v)* is the polynomial weight (2.6), then A\ = X if k is big enough
such that a, , := 2[(y+3)(1—1/p) —k] < —Ao, otherwise A = 2[k— (y+3)(1—1/p)] —0.

This theorem extends the exponential semigroup decay to weighted LP spaces using a method
developped by Gualdani, Mischler and Mouhot [7] (see theorem 2.13 below) for Boltzmann and
Fokker-Planck equations (see also Mischler and Mouhot [10] for other results on Fokker-Planck
equations).

2.1. Hypodissipativity properties. In this subsection we shall investigate the hypodissipa-
tivity in LP(m) spaces of the operator B defined in (2.5) in order to prove assumption (i) of
theorem 2.13. Before proving the desired result in lemma 2.6, we give the following lemma that
will be useful in the sequel.

Lemma 2.4. Let Jo(v) := [ps [v — w|*pu(w) dw, for 0 < a < 3, and denote My(p) := [ |v]*p.
Then it holds:

(a) Jo(v) =1.

(b) Jo(v) < |0|*+ My(p), for 0 < a < 1.

(¢) Ja(v) < [0]* + Ma(p)*/?, for1 < a <2

(d) Ja(v) = [v|* + Ma(u).

(€) Jo(v) < |v|* 4 10%74|v]*/2 + My(p)2/*, for 2 < a < 3.

Remark 2.5. As we will see in the proof of lemma 2.6, the important point here is that, for all
0 < a < 3, the dominant part of the upper bound of J, has coefficient 1.

Proof. Ttems (a) and (d) are evident. For (b) we see that |[v — w|® < |v|* + |w|® and it implies
Jo(v) < 0| + My (p). To prove item (c) we use a/2 < 1 and Jensen’s inequality to write

a/2
a/2
aat0) = ([ lo = wlu(w)) = (o + M) < o+ Mol
R
Finally, item (e) can be proven in the same way as (d). Firstly, for @ = 4 explicit computation

gives Jy(v) = |v|* + 10[v|*> + My(p). Then, from «/4 < 1 and Jensen’s inequality we obtain

a/4
aate) < ([ o= ultutau)) = (ol + 2000 + M)
R3
< |,U|a + loa/4|v|a/2 +M4('u>a/4.
O
With the help of the result above, we are able to state the hypodissipativity result for .

Lemma 2.6. Let v € [0,1], p € [1,+00) and consider a weight function m = m(v) satisfying
(2.6) or (2.8) with the corresponding definitions of the abcissa (2.7) or (2.9), respectively. Then,
for any a > am,p we can choose M and R large enough such that the operator B—a is dissipative
in LP(m).
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Proof. We split the proof into four steps.

Step 1. Let us denote ®'(2) = |z[P~!sign(z) and consider the equation
Of =Bf=DBof - Mxrf.
For all 1 < p < 400, we have

d _
s = 111558 { [ @02 (e}

(2.11) 1A {/(Bof)q>’(f)mp_/(MXRf)rb’(f)mp}

with, from (2.4) and (2.2),

[@an@eymr = [agourogyme -~ [em|sp

Let us denote h = m?f, for some 6 to be chosen later. For the first term, using ®'(f) =
®'(h)m=?®=1) | we have

Tl = /&ijaz—j(hmfe) (I)/(h) mp+9(1fp)
= —/8j (hm79)81 (C_Lij(p/(h)mije(lip))

= / 9;(hm=)a;;0; (@’(h)mp”(l*p)) - / 9;(hm=9)b; @' (h)mp*o(1=P)
=: Ty + Tho.
We also have

8, (hm=°)d; (@'(h)mp+9<1—P>)
= (p — 1)3;h;h mP=0) |pP=2 4 w@maqup) mp(1-0)-1
p
O(p—1
= A0 oy =~ 0l — 0 — 1))umym 0 i,
then, since a;; is simmetric , it follows
T11 = —(p — 1)/dij6ih6jh mp(l_e) |h|p_2

+ 6‘[]9 — 9(]9 — 1)] /dij(?imajm mp(l_‘g)_2 |h|p
Performing an integration by parts, we obtain

Tll = —(p — 1)/&w81hajh mp(lie) |h|;0*2
1 61(p,6) / B,0imm? (=01 [P

(2.12)

+ 61 (p, 6‘) / dijaijm mp(l—@)—l |h|p

+ 62(]?, 6‘) / dijaimajm mp(l_e)_Q |h|p
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where

(2.13)  01(p,0) :==1-20(1—1/p),  b2(p,0) :=51(p,0)[p(1 —0) — 1] +0[p — O(p — 1)].

For th term T35 we have
Tia = [ (b~ )by @' (w017

= _/8jh(1)/(h)l_)j mp(lfﬁ)_|_9/hq)/(h)l_)jajmmp(179)fl

(2.14) /

= _5 /aj(|h|p)l_7j mP(=9) 4 G/I_)j@jmmp(l_‘g)_l |h|P
1 _

= E/Emp(l_e) |h|p+/bj8jmmp(1_9)_l |R|P.

Gathering (2.12) and (2.14) one obtains

(2.15) / (Bof)® (g)m? = —(p — 1) / 03;0:(m” £)3;(m® f) m?=20 | fIp=2 + / o (0) P | fIP,

with

_ Oiym _O;m O;m
Pm,p,0 ‘= 51(p,9) (aij ;n )—|—52(p,9) <aij m . )

+ (14 61(p,0)) (132- 8;1”1) + (% - 1> Z,

(2.16) "

where 0, and dy are defined by (2.13).
Let us now split the proof into two steps, corresponding to the polynomial weight (2.6) and
to the streched exponential weight (2.8).

Step 2. Polynomial weight. Consider m = (v)* defined in (2.6). On the one hand, we have

8im B . _9 &m 8jm 1.2, —4
m = kvl<v> ’ m m =k it <v> ,
O 53 k)= o (k2 (o)~

Hence, from the definitions (2.1)-(2.3) and lemma 2.1 we obtain

_ Oym

(2.17) ai; 2T = (§i5ai5) k(v) 2 + (@ijvivg) k(k — 2)(v) 4

= Qg k(v) 2+ £ (v) k(k = 2)]v]*(v)7?,

where we recall that the eigenvalue ¢1(v) > 0 is defined in lemma 2.1. Moreover, arguing exactly
as above we obtain

_ 3Zm 8 _ _ _
(2.18) iy 2 O (ayv,) K200) ™ = 2 (0) 2o )
and also, using the fact that b;(v) = —¢;(v)v; from lemma 2.1,
(2.19) b Oim _ —l1(v)v; ki (v) 2 = —L1(v) k|o|* (v) 2.
m

On the other hand, from item (c¢) of lemma 2.1 and definitions (2.1)-(2.3) we obtain that
(2.20) ai; = 2Jy42(v) and €= —2(y+3)Jy(v),
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where J, is defined in lemma 2.4. It follows from (2.16)—(2.20) that
Pmp0 (V) = 01(p,0) 2k T 42(0) (v) % + 01.(p, 0) k(k — 2) £1(v) [o]* (v) ™
+02(p, 0) k* (1.(v) [v]* () ™" = [1 + 61(p, 0)] k €1 (v) |v]*(v) =2

+2(v+3) <1 - %) 7, (v).

Since £1(v) ~ 2(v)Y and Ju(v) ~ (v)* when |[v] — 400 by lemmas 2.1 and 2.4, the dominant
terms in (2.21) are the first, fourth and fifth one, all of order (v)7.
For p € (1,+00) we choose 8 = p/[2(p — 1)], then §1(p,0) = 0, da2(p, ) = p*/[4(p — 1)] and

2
p 2 2/ \—4 2/ \—2 1
m =—k/ -kl 2 3) (1 == Jy(v).
Prm.p,0(V) =0 1(v) [v]*(v) 1(v) [0 {0) 7% +2(7 + 3) < p) (V)
Using lemma 2.4 to bound J.,, we obtain that ¢, p9(v) < @ p.e(v) where
Pmpo(v) o~ =2kW)7 +2(y +3)(1 = 1/p)(v)".

|[v| =400

(2.21)

Hence it yields, since k > (y+ 3)(1 — 1/p) from (2.6),

Pmpo(v) ~  =2[k—(y+3)(1-1/p)] ——— k. <0, ify=0,
(2.22) v]=oo [v]=+o0 ,
Prmpo(v) ~  =2k—(y+3)(1—-1/p)(v)Y —— -0, ifye(0,1].
|[v] =400 |[v] =400

If p =1, for all 6, we have ;(1,0) = 1 and 02(1, ) = 0 which gives
Pm.1.0(0) = 2k 12(0)(0) 72 + k(k = 2)A)|v[* (v) ™ = 2861 (V) |v]* (v) 72,
and the dominant terms are the first and last one, both of order (v)?. Using lemma 2.4 to bound
Jy+2, we have ¢, 1,0(v) < @ 1,0(v) where

@m1,6(v) 2k(v)Y — 4k{v)? = —2k(v)".

~Y
|[v| =400

Then we obtain, since k > 0 from (2.6),

Pma0(v) ~ -2k —— =2k, ify=0,
(2.23) v —+o0 o] —+o00
. Pma6(v) o~ —2k(v)? —— —oo, ify€ (0,1].
|[v| =400 |[v] =400

Step 3. Exponential weight. We consider now m = exp(r(v)®) given by (2.8). In this case we
have

0; Oym 0,
gim _ Tsvi<v>s_2, gimgym _ r2szvivj<v>2s_4,
m m
dyym s—2¢ _ as—4 2.2 \2s—4
=rs(V)’%0; + rs(s — 2)v0,(V)° T + r¥s%vv;(v) .
m

It follows from last equation that
0

(2.24) Gy S = (03355) 1 (0)° 2 + (@iguivg) rs(s — 2) () + (@igvioy) 125 (0)

=, rs(0)* 72 + L (v) rs(s — 2)|v2 () ™ + £y (v) 2 8% |)? (v) 251,

where we used lemma 2.1,

_ &m a;m _ s— s

@iy —— == = (ayviv;) r*s*(v) t=b(v) 8o ()

(2.25)

and also, using the fact that b;(v) = —£;(v)v; ,

(2.26) b 2 iy (wor rsus (02 = —4 (o) rsfol (o).
m
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Gathering togheter (2.16), (2.24), (2.25) and (2.26), and thanks to lemma 2.1, it yields

Pm.p0(v) = 61(p,0) 2rsJy12(0)(0)* 7% + 81.(p, 0) r3(s — 2)61 (v) v]* (v)*~*
+01(p, 0) 12201 (v) 0] *(0)** 7" + 8a(p, 0) 5> 1 (v)[o]* () >

(2.27)
2 s—2 _ l v
— [+ 61(p, 0)] sty (v)[v]*(v)* ™" +2(7 +3) (1 p> Jy(v)

where we recall that J, is given in lemma 2.4.
Let us choose 8 = 0 for all cases p € [1,+00). Then §1(p,0) =1, d2(p,0) =p — 1 and

mp0(0) = 25Ty ea(0) (01 +r(s — 21 (0) o ()" + prs2t (v) o] ()2~
orsty ) {) 2 + 20y + 3) (1 - %) 7, (),

and we recall that £1(v) ~ 2(v)Y and J,(v) ~ (v)* when |v| = +00 by lemmas 2.1 and 2.4.
If 0 < s < 2, the dominant terms in (2.28) is the fourth one, of order (v)?**. Then we obtain
the asymptotic behaviour

(2.28)

(2.29) Ompov) & —4rs{(v)*TT ——— —0
|[v] =400 |[v] =400

since s +v > 0. If s = 2, the dominant terms in (2.28) are the first, third and fourth one, all
of order (v)?*2. Hence, using lemma 2.4 to bound J,;2 and lemma 2.1, we have @, ,o(v) <
©®m,p,0(v) where the asymptotic behaviour of ¢ is given by

(2.30) Pmpo(v) ~  Ar(2pr—1) <v>”+2 —_— —0
|[v] =400 |[v| =400

since r < 1/(2p) from (2.8).

Remark 2.7. We could also, for p € (1,+00), chose 8 = p/[2(p—1)] as we did for the polynomial
weight. This would not change anything for 0 < s < 2, however for the case s = 2 we would

obtain -
2p“r
mpo(V) &= —4r | (v)7 T2
enpol) = (2 -0) 0

which goes to —oo when |v] — 400 if r < 2(p — 1)/p?, modifiyng then the conditions on r

defined in (2.8). Using these two computations, a more general condition on r defined in (2.8)
1 2(17—1)}

in the case s = 2 would be r < max{z, 2

Step 4. Finally, gathering steps 1, 2 and 3, for any p € [1,+00), for any a > Gy, p, thanks to
the asymptotic behaviour (2.22)-(2.23)-(2.29)-(2.30), we can choose M and R large enough such
that o p.0(v) — Mxgr(v) < a for all v € R3. Tt follows that the operator B—a = By — Mxr —a
is dissipative in L?(m) for all a > @y, p, and we have, for all f € LP(m),

(2.31) [88t) fllLom) < €I f |l Lo (m)-
Indeed, from (2.11) and (2.15) we obtain

d
sy < == 1) [ )2, m 1772 4 [ (= Mo 1P

< / (Gmps — Myxr)m?|f]?

< a/m”lfl”

which yields (2.31).
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2.2. Regularization properties. We are now interested in regularization properties of the op-
erator A and the iterated convolutions of ASg to prove assumptions (i¢) and (i4i) of theorem 2.13.
Let us recall the operator A defined in (2.5),

Ag = Aog + Mxrg = (aij x g)0ijp — (¢ * g)u + MxRg,

for M and R large enough chosen before.
Thanks to the function xg, for any g € [1,+00), p > ¢ and any weight function mg, we have

(2.32) M xRyl La(me) < Clixrmom™ | poa/-o 19l Lo m) < CllgllLem),

from which we deduce that Mxg € Z(LP(m), LI(my)).
Let us now focus on regularization estimates for the operator Ay. First of all we give the
following result, which will be useful in the sequel.

Lemma 2.8. Let v € [0,1] and 3 € N? be a multindex such that |8| < 2. Then
10(aij * 9)(0)] S 02 10pgl|L1((wyr2y  and 195 (aij * 9) ()] S ()2 gl rgupra-i

Proof. First of all, we write 0g(a;; * g) = a;; * d3g and then

(a1 +029)0)] < [ Jass(v = v.)|0pg.] dov.
For v € [0,1] we have |a;;(v — v.)| < |[v — v, [772 < C(v)72(v,)7 2, which yields
[(aij * 959)(v)| < (v)" 21059 1 ((wy=+2)-
Finally, writing ds(ai; * g) = dga,j * g and using that
0500 — 0] S Jo — 0 [7H210 S (210, e

from lemma 2.1 and because v + 2 — || > 0, it follows

@pas * )| S [ (0872100772 Bl o (0)7F gl gys2-1
which finishes the proof. |
Lemma 2.9. Let v € [0,1] and p € [1,+0o0]. Then we have
(2-33) [Aogllzemy < Cou (Ilgll 22 ((wyr+2) + gl 1)) -

As a consequence, Ay € B(LP(m), L*((v)7*2)) and also Ay € B(LP(m)).
Proof. For the first inequality, we write
HAOQHLP(m) < [[(aij * 9)3iju||Lp(m) + (e * Q)M\Lp(m)-
For the first term, using lemma 2.8, we compute
1035 00580y < C N9l gy [ (0027 03su0) P () o
<Cy Hg”p(@)wz)'
Arguing in the same way, we also obtain
(e Dl < C Nl ey [0l ) o
<Gy Hg”p(@)w)v

which completes the proof of the first inequality of the lemma.
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Then we compute, for some o > 0 and using Holder’s inequality,

(p—1)/p
91l L1 (wyr+2) < </<v>“’p/(p‘”) 19/l Lo (o) r+2+0)

< Cliglle(qwyr+2+ey,
if o > 3(1 — 1/p). This implies that || Aog|rrm) < CullgllLem) since & > v+ 2+ 3(1 — 1/p)
when m = (v)¥ satisfies (2.6) or m = e™(")" satisfies (2.8). O

Corollary 2.10. Let p € [2,+0c]. Then A € B(LP(m), L*(u=/?)) and for any a > a,.,, we
have
IASE ()| (Le (), L2(u-1/2)) < Cae®

Proof. From lemma 2.9 and equation (2.32) it follows that A € ZB(LP(m), L?>(u~'/?)) for all
€ [2,+00]. Then we compute using lemma 2.6,

IASE() fll L2 u-172) < Al s(wr(my.z2u-172)) 1SBE) Flrimy < Ce™ | fllo(m),
which concludes the proof. O

Let us denote mg = "™’ with r € (0,1/4), then L2(u~'/2) C L%(my) for any 1 < ¢ < 2.
Lemma 2.11. There exists C > 0 such that for all 1 <p < 2,

(2:34) IS8 fl2tme) < Ct3GT3) [ fllpogmg), Y20,
As a consequence, for all 1 < p < 2 and m satisfying (2.6) or (2.8), for any a’ > a we have
(2.35) 1(AS)2 (8) fll2gu-1r2) < Ce™ (| lLogmys V> 0.

Proof of Lemma 2.11. Consider the equation 9, f = Bf. Then from (2.11) and (2.15) we have

1d
3 oy = = [ @00 )50 ) + [ (om0 = M

From lemma 2.1 there exists £y > 0 such that a;;&;£; > €o|¢|>. We obtain

(2.36) 3 By < ~to [ 19m0n)P + [ (om0 = Mt ?
The weight function mg satisfies (2.8), then Lemma 2.6 holds, more precisely

(2.37) 1S5(t) fllLoime) < €l flLemey, V>0

6/5, 14/5

with g = mof we obtain

Applying Nash’s inequality in 3-dimension: ||g||3. < 1]|Vgll}2 gl

e mof 13 mofI;1? < / IV (mo f)2

Putting togheter last inequality with (2.38), it follows

(2.38) 2dt||f||L2<mo < —C A I A+ all 113 2m)-
Les us denote z(t) := || f(¢ )||L2(m0 and y(t) := || f(t)|| L1 (my), then we have the following inequal-
ity @(t) < —Cha(t)>/3y(t)~*3 + 2ax(t). From (2.37) we have y(t) < yo and then

i(t) < —Cha() 3y % + 2aa(t).
If z9 < Cyp by (2.37) we have z(t) < Ce™yq. If z is such that zg > [C1/4alyo then z(t) <
C(yg **t)=3/2, and we obtain

-
IS8 fllL2(moy < Ct™3e™ [[f]l L1 omo)-



EXPONENTIAL CONVERGENCE FOR THE LANDAU EQUATION 15

Using Riesz-Thorin interpolation theorem to Sg(t) which acts from L? — L? with estimate
(2.37) and from L' — L? with the estimate above, we obtain (2.34).

Let us prove now (2.35). From lemma 2.9 and equation (2.32) we have the following estimates,
for any p € [1, 4+00],

(2.39) IAgl 2 (u-1/2) S 119122 (mo)s I A9l e (me) S 119l L (m)-
Hence, by (2.39) and (2.34), for 1 < p < 2, it follows

3(1_1) 4,
(2.40) IASEM fll 2172y S ISBEOF 20me) S 13 E7E) € | £l Lomey-

Computing the convolution of AS;(t) we have
t
CAS8) 2O gz S | LASB( ~ 9 ASa(5)f 204172 d
t
S [ 1Ss(t ~ ) AS5(6) 1200 s
0

SA%—@J

t
< / (t— 8)*‘5(;*5)6““_5) 1S5(s) flle(m) ds
0

SA%—@J

1(7_3) ,
t2(3-3)e NIl Lo m)

1

(=80 | AS5(5) fl] oo s

[N

1

(=809 ¢4 | £ oy ds

[N

a

€ K HfHLp(m)a

where we have used sucessively (2.39), (2.34), (2.39), lemma 2.6 and the fact that (2 — %) >0
for 1 < p < 2. Hence for all t > 0 we have [|(AS5)* ()|l z(1e(m),12(u-1/2)) S et for any a’ > a
(where a > a, p is fixed in lemma 2.6).

S
S

O

2.3. Abstract theorem. We shall present in this subsection an abstract theorem from [7, 10],
which will be used to prove theorem 2.2.

Let us introduce some notation before state the theorem. Consider two Banach spaces (X, || -
lx) and (Y,|| - |ly). We denote by ZB(X,Y) the space of bounded linear operators from X
to Y and by || - [|s(x,y) its operator norm. Moreover we write €' (X,Y’) the space of closed
unbounded linear operators from X to Y with dense domain. When X =Y we simply denote
B(X)=AB(X,X) and €(X) =% (X, X).

Given a Banach space X and a operator A : X — X, we denote Sy (t) or e** the semigroup
generated by A. We also denote NV (A) its null space, dom(A) its domain, 3(A) its spectrum and
R(A) its range. Recall that for any z in the resolvent set p(A) := C\ X(A), the operator A — z
is invertible, moreover the resolvent operator (A —z)~! € %(X) and its range equals dom(A).
An eigenvalue € € X(A) is isolated if

SA)N{z€C; |z=¢& <r}={& forsomer > 0.
Then for an isolated eigenvalue { we define the associated spectral projector Il ¢ € Z(X) by
(2.41) I ¢ = —L (A—2)"tdz with0 <7 <.
2 |z—&|=r"

If moreover the algebraic eigenspace R(Il; ¢) is finite dimensional, we say that & is a discrete
eigenvalue and write £ € X4(A).
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Definition 2.12. Let X;, X5 and X3 be Banach spaces and S; € L'(R,, %B(X1, X2)), Sz €
LY (R, B(X2, X3)). We define the convolution Sz x S; € LY (R, (X1, X3)) by

t
YVt >0, Sy xS (t) :== / Sa(8)S1(t — ) ds.
0

If X = Xo= X5 and S =81 = S, we define S = S and &* = S« S*™~ 1 for all n > 2.
We can now state a the following theorem from [7, Theorem 2.13].

Theorem 2.13. Let E and £ be Banach spaces such that E C & is dense with continuous
embedding. Consider the operators L € €(E), L € €(E) with L = L|g and a € R. Assume that

(1) L generates a semigroup e’ on E, L — a is hypodissipative on R(Id — 11, ,) and
S(L)N A :={&,. .., C Ea(L) (dinstinct discrete eigenvalues)

(2) There are A,B € €(E) such that L = A+ B, with the corresponding restrictions A and B
on E, some n € N* and some constant C, > 0 such that
(i) B — a is hypodissipative on E;
(ii)) A€ B(E) and A € B(E);
(iii) we have
1(ASE)" ()l e, 1) < Cae™.

Then L is hypodissipative on £ and we have

k
(2.42) Vit >0, Sc(t) = Sc(t)eg, < Ot et,
J=1 B(E)

where C!, > 0 is an explicit constant depending on the constants from the assumptions.

This theorem permets us to enlarge the space of the spectral estimates of a given operator.
More precisely, the knowledge of the spectral information in the "small space” (1) permet us
to extend this information to a ”big space” (2.42). Hence, the strategy to prove theorem 2.2 is
to consider E = L?(u~'/?), in which space the spectral gap is known to hold (assumption (1)),
and prove assumptions (2i), (2ii) and (2iii) with € = LP(m) to obtain spectral gap estimates in
& applying theorem 2.13.

2.4. Proof of theorem 2.2. With the results of subsections 2.1 and 2.2 and theorem 2.13 we
are able to prove the spectral gap for the linearized Landau operator.

Let E = L?(u~'/?), in which space we already know the spectral gap (1.14), and £ = LP(m),
for any p € [1,2] and m satisfying (2.6) or (2.8). We consider the decomposition £ = A+ B
as in (2.5). For any a > an, p, the operator B — a is hypodissipative in £ from lemma 2.6
(assumption (i) of theorem 2.13); A € #(€) and A € A(F) from lemma 2.9 and equation (2.32)
(assumption (i7) of theorem 2.13). Hence we only need to prove assumption (ii7) to conclude
applying theorem 2.13.

We split the proof in different cases.

Case p = 2. First of all, in this case we have E C &£. Moreover, ASp(t) € #(E,E) with
exponential decay rate from corollary 2.10, which proves assumption (7ii) with n = 1.

Case p € [1,2). Here E C £ and from lemma 2.11 we have (ASp)*?(t) € #(&, F) with expo-
nential decay rate, which gives assumption (ii¢) with n = 2.
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3. PROOF OF THE MAIN RESULT
Recall the Landau operator (2.2)
Q(g,h) = (ai; * g)0ijh — (¢ g)h.
We shall prove some estimates for the nonlinear operator ) before proving the theorem 1.2.
Proposition 3.1. Lety € [0,1] and p € [1,400]. Then
1Q(g: )| Le(m) S gllr((oyr+2) 1055l Lo vy v+2) + N gl L2 oy 1] Lo (o))
Proof. We write
1Q(g, )l Loy < [l(ai; * 9)0ijhll o m) + [l (¢ * g)Rl| Lo (m)-
Thanks to lemma 2.8
(@i * 9)0ijhl Lom) S 19l L1 ((wyr+2) 1055l Lo (m o) r+2)
Moreover, by lemma 2.8 one obtains, since ¢ = 0;ja;; and |(c * g)(v)| < C{v)[|gl L1 ((v))

(e * @)hllrm) S 1gllLr(wyn) 1Bl Lo (mw) s

and the proof is complete.
O

The proof of theorem 1.2 relies on known results by Desvillettes and Villani [4, 5] corcerning
the polynomial decay rate to equilibrium, togheter with the spectral estimates from theorem 2.2
and some estimates on the nonlinear operator from 3.1. We follow the strategy of [12].

Let us first summarize the results on the Cauchy theory for the Landau equation with hard
potentials from [4, Theorems 3, 6 and 7] and [5, Theorem 8], with a improvement of [6] concerning
the smoothness effect.

Theorem 3.2. Consider v € (0,1].
(1) Let fo € L*({(v)**°) for some 6 > 0 and consider a weak solution f to (1.1), then:
(a) for all to > 0, all integer k > 0 and all 0 > 0, there exists Cy, > 0 such that

sup [| £ (¢, )|k (wyo) < Cto-
t>to
(b) for all ty >0, f € C>([to, +00); S(R?)).

(2) Let f be any weak solution of (1.1) with initial datum fo € L'({(v)?) satisfying the decay of
energy, then for all to > 0 and all 8 > 0, there is a constant Cy, > 0 such that

sup || (£, )1 ((yo) < Cto-
t>to

(3) If f is a smooth solution of (1.1) (in the sense of (1) above), then for all t > 0 there is
C > 0 such that

H(f|p) == / f+log L dv < C(+t)~2
R3 H
Corollary 3.3. For all to > 0 and all £ > 0, there exists Cy, > 0 such that
Vt>to,  fe— plliiuye < Cr(1+)73.

Proof. Let us fixe some ty > 0. First of all, from theorem 3.2 and the Csiszar-Kullback-Pinsker
inequality (see e.g. [17, Remark 22.12])

If = pller < CVH(F|p),

Vi >0, I fe — pllor < CQA+8)7H7,

we obtain
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Then, using the bounds of theorem 3.2 and Holder’s inequality we obtain

Vit > to, ILfe = mllLrwyey < It — M||1L/12(<U>z/.7)||ft - M||1L/12 < Ciy(1+1t) 2

Proof of Theorem 1.2. Let f = i+ h and consider the equation

ah = Lh+Qhh)
(3.1) {htio = ho.

Since fp has same mass, momentum and energy than u, we have IThg = 0 and for all ¢ > 0,
thanks to the conservation of these quantities, we also have ITh; = TIQ(hy, ht) = 0.

Lemma 3.4. Consider m = (v)* satisfying (2.6). There exists ¢ > 0 such that, if the solution
h of (3.1) satisfies
”hO”Ll Yk <e and ||ht||L1(<y)@) < €, Vit > 0,

with £ :=2v+ 8 + k, and if
vt >0, [hell 4 wyey < €,
then there is C' > 0 such that
VE>0, Bl sy < Ce N |hol Lyt
where Ao > 0 is the spectral gap in (1.14).
Proof of lemma 3.4. By Duhamel’s formula for the solution of (3.1), we write,

t
hy = eFhg +/ e=LQ(hg, hy) ds.

to
Using theorem 2.2 (remark that we can take A = \g in that theorem) and proposition 3.1, one
deduces

t
el zemy < Nl holl Lo (m) +/0 1€ 2Q(hs, hs) || Lo () ds
t
< Ce™ | ho| Lo + C / e Q(hg, )| Loy ds
0

t
< Ce [ holl Lo (m) + C/O e ol (”thLl((v)“’)||hS||LT’(m<v)’Y)
Il o) 192l oy +2) ) ds.

For LP(m) = L*((v)¥) we obtain

t
52) 7]l L1 (oyry < Ce™ 2Rl 1 goyey +C/ €_A°(t_s)(|\hs||L1( sl L1 oyvry

sl (o) V2Rl oy o2y ) s
We recall the following interpolation inequality from [9, Lemma B.1]

[ullwa (o)) < Cllulligara uyary [lfrat goyas)
with 0 € (0,1), « > a1 and ¢ > q1, ¢ = (1 — 0)¢1 + 0g2 and @ = (1 — O)a; + Oas with
q,q1,q2,Q, 1,2 € Z. From this we get

1/2 1/2 1/2 1/2
V2Rl L oyremery S IRIT oy IR (qayorsaiy S NPTy 1Bl i poyrosny
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where we used Holder’s inequality in last step. Gathering last inequality with (3.2) and using
Holder’s inequality again to write

1 2 3 2
1l 2oy IR oyrry < IBIEAT yzniny RIS
it follows that

s) 3/2
||ht||L1(<v) <Ce” )\Ot”hOHLl )+C/ ot~ [|Ps ”Ll( y27+k) l|hs ”L/l( )ds

+C/ o= ||1/2 yavbotk) | s ||3/2 >k)ds.

Denoting x(t) := ||h¢||L1((syr) and using the assumptions of the lemma we hence obtain the
following inequality

t
x(t) < Ce—/\otx(o) + 061/4/ e—/\o(t—s)x(s)1+1/4 ds,
0

and arguing as in [12, Lemma 4.5], if 2(0) and e are small enough we obtain, for all ¢ > 0,
z(t) < C'e Mtx(0), ie.
[Rell 1 qoysy < Ce™ 2 [holl L1 ((oyr)-
|

We can now complete the proof of theorem 1.2. From corollary 3.3 we pick ¢y > 0 such that
Vi>to,  |fe = pllerquye) = el < e

where € is chosen in lemma 3.4. From theorem 3.2 we have that, for all t > to, [|hell gacwyey <
I fell e oyey + 12l 2 wyey < €. We can then apply lemma 3.4 to h starting from t, then

Vit > to, e = pllnigeysy = Nhellpiyry < Ce by [l guyry < C"eF,

which completes the proof.
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