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EXPONENTIAL CONVERGENCE TO EQUILIBRIUM FOR THE
HOMOGENEOUS LANDAU EQUATION

KLEBER CARRAPATOSO

ABSTRACT. This paper deals with the long time behaviour of solutions to the spa-
tially homogeneous Landau equation with hard potentials . We prove an exponential
in time convergence towards the equilibrium, improving results of Desvillettes and Vil-
lani. Our approach is based on new spectral gap estimates for the linearized Landau
operator in weighted (polynomial or stretched exponential) LP-spaces.
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1. INTRODUCTION AND MAIN RESULTS

This work deals with the asymptotic behaviour of solutions to the spatially homo-
geneous Landau equation for hard potentials. It is well known that these solutions
converge towards the Maxwellian equilibrium when time goes to infinity and we are
interested in quantitative rate of convergence.

On the one hand, in the case of Maxwellian molecules, Villani [13] and Desvillettes-
Villani [5] prove a linear functional inequality betwenn the entropy and entropy pro-
duction by constructive methods, from which one deduces an exponential convergence
(with quantitave rate) of the solution to the Landau equation towards the Maxwellian
equilibrium in relative entropy, which in turn implies an exponential convergence in
L'-distance (thanks to the Csiszar-Kullback-Pinsker inequality). This kind of linear
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2 KLEBER CARRAPATOSO

functional inequality entropy-entropy production is known as Cercignani’s Conjecture
in Boltzmann and Landau theory, for more details and a review of results we refer to
(3]
On the other hand, in the case of hard potentials, Desvillettes-Villani [5] prove a
functional inequality for entropy-entropy production that is not linear, from which one
obtains a polynomial convergence of solutions towards the equilibrium, again in relative
entropy, which implies the same type of convergence in L'-distance.

Before going further on details of existing results and on the contributions of the
present work, we shall introduce in a precise manner the problem addressed here. In
kinetic theory, the Landau equation is a model in plasma physics that describes the
evolution of the density in the phase space of all positions and velocities of particles.
Assuming that the density function does not depend on the position, we obtain the
spatially homogeneous Landau equation in the form

8tF - Q(FvF)
(1.1) {F|t:0 = F

where F' = F(t,v) > 0 is the density of particles with velocity v at time ¢, v € R? and
t € RT. The Landau operator @ is a bilinear operator given by

(12) Q(G, F) = 8,/ a,-j(v - 'U*) [G*(‘)]F - F(‘)]G*] d'U*,
R3

where here and below we shall use the convention of implicit summation over repeated
indices and we use the shorthand G. = G(vi), 0;G« = 0p,;G(vs), F' = F(v) and
0;F' = 0y, F(v).

The matrix a is nonnegative, symmetric and depends on the interaction between
particles. If two particles interact with a potential proportional to 1/7%, where r denotes
their distance, a is given by (see for instance [14])

V; U5
(13) aitw) = bl (55— )

with v = (s —4)/s. We call hard potentials if v € (0, 1], Maxwellian molecules if v = 0,
soft potentials if v € (—3,0) and Coulombian potential if v = —3. Through this paper
we shall consider the cases of hard potentials v € [0, 1].

The Landau equation conserves mass, momentum and energy, indeed, at least for-
mally, for any test function ¢ we have (see e.g. [12])

Q(F, F)p(v)dv = 1/ a;j(v — v, FF, OF _ Ok (05 — 0jx) du du,
2 Jus g F F

RS

from which we deduce

(1.4) /Q(F, F)e(v) =0 for o) = 1,v,|v]?.
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Moreover, the entropy H(F) = [ FlogF is nonincreasing, indeed, at least formally,
since a;; is nonnegative we have the following inequality for D(F') the entropy produc-
tion,
(1.5)
d
D(F):=—-—H(F
(F): =~ H(F)
1 o F 0. Fy o F  0;.F
— FFE, a;:(v—uv,) [ = — _
2 jéngS aij (v = v) < F F ) ( FF

It follows that any equilibrium is a Maxwellian distribution

) dv dv, > 0.

SV
fp.u, (V) = We ’

for some p > 0, u € R and T > 0. This is the Landau version of the famous Boltz-
mann’s H-theorem (for more details we refer to [5, 13] again), from which the solution
F(t,-) of the Landau equation is expected to converge towards the Maxwellian 1, v 75
when t — 400, where pr is the density of the gas, up the mean velocity and T the
temperature, defined by

1 1 )
pF:/FU, uF:—/vFU, TF:—/U—U F(v),
(v) = [orw) el AR
and these quantities are defined by the initial datum F{ thanks to the conservation
properties of the Landau operator (1.4).
We may only consider the case of initial datum Fj satisfying

(1.6) Fy(v)dv =1, / vFy(v) dv =0, / [v2Fy(v) dv = 3,
RS RS R3
the general case being reduced to (1.6) by a simple change of coordinates (see [5]). Then,
we shall denote u(v) = (2m) =%/ 2¢=1v1%/2 the standard Gaussian distribution in R3, which
corresponds to the Maxwellian with p =1, u =0 and 7' = 1, i.e. the Maxwellian with
same mass, momentum and energy of Fy (1.6).
We linearize the Landau equation around g, with the perturbation

F=p+f,
hence the equation satisfied by f = f(¢,v) takes the form
(1.7) Of =L(f)+Qf, ),

with initial datum fy defined by fy = Fy — u, and where the linearized Landau operator
L is given by

(1.8) Lf=Qu f)+Qf n.

Furthermore, from the conservations properties (1.4), we observe that the null space of
L has dimension 5 and is given by (see e.g. [2, 7, 1, 9, 11])

(19) N(ﬁ) = Span{”v U1, V2, V3 L4, |U|2lu’}
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1.1. Known results. We present here existing results concerning spectral gap esti-
mates for the linearized operator and convergence to equilibrium for the nonlinear equa-
tion.

For any weight function m = m(v) (m : R — RT) we define the weighted Lebesgue
space LP(m), for p € [1,400], associated to the norm

1f e @my = llmfllze,

and the weighted Sobolev spaces W*P(m) for s € N, associated to the norm

1/p
||f||WSvP(m) = El: HaafHI[),p(m) , ifpe [1,—|—OO),
al<s
Hwawa%m)¢=Tgﬁ§H3QfHLwony

We denote by D the Dirichlet form associated to —L,
D) = (L5, D)oy = (L0

and we say that f € N/(£)*, where N'(£) denotes the nullspace of £, if f is of the form
f = f —1If, where II denotes the projection onto the null space.

We can now state the existing results on the spectral gap of £. The spectral gap
inequality for the linearized Landau operator for hard potentials v € (0, 1],

(1.10) D) 2 Mol fIBaursey V€ NO™,

for some contructive constant Ao > 0, was proven by Baranger-Mouhot [1].
In the case of hard and soft potentials v € (=3, 1], Mouhot [9] proved the following
result

(1.11) D(f) = Xo {”f”?ql((v)'vﬂuflﬂ) + ”f”%2(<v>(’y+2)/2ufl/2)} , VfeEN(L)

Furthermore, Guo [7], by nonconstructive arguments, and later Mouhot-Strain [11],
by constructive arguments, proved a spectral gap inequality for an anisotropic norm
for the linearized Landau operator (in all cases: hard, soft and Coulombien potentials)
Y € [_37 1]7

(1.12) D(f) = Xl flIF Y feN(L),
with the anisotropic norm || - ||, defined by

LI 3= ) 2PV F gy IK0Y D2 (=P )V Iy + 1 0) T2

I

where P, denotes the projection onto the v-direction, more precisely P,g = <ﬁ . g) ok

We also have from [7], the reverse inequality
(1.13) D(f) < Co|lfIZ, YV feNEL),

which, toghether with (1.12), imply a spectral gap for £ in L?*(x~'/?) if and only if
y+22=0.
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Summarizing the results (1.10), (1.11) and (1.12) , for v € [0, 1] there is a constructive
constant Ay > 0 such that

(L14) VE30,VF e L2 2), (et — Tl paguorrey < € = T ooy,
where IT denotes the projection onto N (L), the null space of £ given by (1.9).

Another approach is to study directly the nonlinear equation, establishing functional
inequalities for the entropy production D(F'). The entropy production inequality for
the (nonlinear) Landau operator for maxwellian molecules 7 = 0
(1.15)

D(F) > 60 H(F|u), VF € Liy,(R?):={Ge€L'(R*);pe=1uc=0Ts=1};

for some explicit constant dp, was proven by Desvillettes-Villani [5] and Villani [13]. Here
H(F|p) := [ Flog(F/p) denotes the relative entropy of F with respect to u, and this
inequality implies an exponential decay to the equilibrium p. Taking F = pu+ ef, they
also deduce a degenerated spectral gap inequality for the linearized Landau operator
for v =0,

(1.16) D(f) = 80 IV Fl2gu 12y ¥ FE€NL)™

In the case of hard potentials v € (0, 1], Desvillettes-Villani [5] proved the following
entropy-entropy production inequality, for some explicit 61, o > 0,

(1.17) D(F) > min {51H(F\u),5gH(F1u)1+7/2} VF € Ly, (RY),

which implies a polynomial decay to equilibrium (see theorem 3.2 for more details).

As we can see above, the result (1.17) tell us that any solution to the Landau equation
converges to the equilibrium in polynomial time, and from the spectral gap estimate
for the linearized operator (1.14), if the solution lies in some suitable neighborhood
of the equilibrium, the convergence is exponential in time. One could then expect to
prove an exponential convergence to equilibrium combining these to results : for small
times one uses (1.17), then for large times, when the solution enters in the appropriated
neighborhood of the equilibrium in L?(p~'/?)-norm, one uses (1.14). However, the
spectral gap for the linearized operator holds in L?(x~'/?) and the Cauchy theory [4]
for the nonlinear Landau equation is constructed in L'-spaces with polynomial weight,
which means that to apply the strategy above, starting from some initial datum in
weighted L!-space, one would need the appearance of the L2(,u_1/ 2)-norm of any solution
in positive time to be able to use (1.14), and this is not known to be true (one does not
know even if the Lz(,u_l/ 2)-norm is propagated). Hence, in order to be able to connect
the linearized theory with the nonlinear theory, we need to enlarge the functional space
of spectral gap estimates for the linearized operator L.

Our goal in this paper is to prove an exponential in time convergence of solutions to the
Landau equation towards the equilibrium and our strategy is based on (1) new spectral
gap estimates for the linearized Landau operator £ in various LP-spaces with polynomial
and streched exponential weight, (2) the well-known Cauchy theory for the nonlinear
equation, using the appearance of L!- moments and (3) the strategy of connecting the
linearized theory with the nonlinear one, presented in the above paragraph.
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1.2. Statement of the main result. Let our state main result, which proves an
exponential decay to equilibrium for the spatially homogeneaous Landau equation with
hard potentials.

Theorem 1.1 (Exponential decay to equilibrium). Let v € (0,1] and a nonnegative
Fy € LY ()29 for some 6 > 0, satisfying (1.6). Then, for any solution (Fy)i=o to
the spatially homogeneous Landau equation (1.1) with initial datum Fy, there exists a
constant C > 0 such that

Vi20,  |F—plp <CeM
where \g is the spectral gap (1.14) of the linearized operator £ on L*(u~'/?).

As mentioned above, in the case of hard potentials v € (0,1], a polynomial decay
to equilibrium was proven by Desvillettes and Villani [5] and in the case of maxwellian
molecules v = 0 an exponential decay to equilibrium was proven by Villani [13] and
also by Desvillettes and Villani [5]. The proof of theorem 1.1 relies on coupling the
polynomial decay from [5] for small times and the exponential decay for the linearized
operator in weighte LP-spaces from theorem 2.2 for large times, when the linearized
dynamics is dominant. This method was first used by Mouhot [10] where is proved the
exponential decay to equilibrium for the spatially homogeneous Boltzmann equation for
hard potentials. Later, the same approach was used by Gualdani, Mischler and Mouhot
[6] to prove the exponential decay to the equilibrium for the inhomogeneous Boltzmann
equation for hard spheres on the torus.

1.3. Organization of the paper. We start Section 2 presenting some properties of
the linearized equation and then we state and prove the spectral gap extension theorem
(Theorem 2.13), which is a key ingredient of the proof of the main theorem. Finally,
in Section 3, we prove estimates for the (nonlinear) Landau operator and then prove
theorem 1.1.

Acknowledgements. We would like to thank Stéphane Mischler and Clément Mouhot
for enlightened discussions and their encouragement.

2. THE LINEARIZED EQUATION

We define (see e.g. [4, 12, 13]) in 3-dimension the following quantities
21) i) = day(zx) = =202z, e(z) = dyay(z) = —2(y +3) |2
Hence, we can rewrite the Landau operator (1.2) in the following way
(2.2) Q(G,F) = (aij * G) 0 F — (cx G)F = 0;[(a;; x G)0; F — (b; x G)F].
We also denote
(2.3) aij(v) = aij * p,  bi(v) =b;xp, ¢(v) =cx*p.

Furthermore we have the following results concerning a;;(v).

Lemma 2.1. The following properties hold:
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(a) The matriz a(v) has a simple eigenvalue ¢1(v) > 0 associated with the eigenvector
v and a double eigenvalue ¢2(v) > 0 associated with the eigenspace v-. Moreover,

ti(v) = /RS (1 - <% : %>2> w2 p(v — w) dw
62(1)):/RS <1—%

When |v| — 400 we have

v w
_ >< JRE—
ol Jwl

2
> lw[" 2 u(v — w) dw.

by (v) ~ 2|
la(v) ~ [v[7+2,
If v € (0,1] there exists £y > 0 such that, for all v € R?, min{/1(v), la(v)} > 4.
(b) The function a;; is smooth, for any multi-index 3 € N3
|0%ai;(v)] < Cplv)r 217
and
aij (0)€i&j = (V) |PoE]? + Lo (v) (T — P,)EL,
aij(v)vvy = b (v)|v]?,

where P, is the projection on v, i.e.
v\ v
P,§ = <£ ’ _> T
vl /) vl

dn’(’u) =2 R3 ’U - U*‘PHQM(’U*) dv, and Bz(?}) = —61(1)) Vj.

(c¢) We have

Proof. We just give the proof of item (c¢) since (a) comes from [2, Propositions 2.3 and
2.4, Corollary 2.5] and (b) is [7, Lemma 3].
Hence, for item (c) we write

3
a;;(v) = ; /]R3 ai;i (v — vy p(vy) doy.

Using (1.3) we obtain that

3 2
e
) = 3o (1= ) =2
1=1

and then
ai(v) =2 [ |v— 0" u(v) do,.
RS
Moreover, we compute

bi(v) = (9jaij * p)(v) = (aij * Ojp)(v) = — /R3 i (V= vs)sj p(0s) dvs,
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and using that a;;(2)z; = 0 we obtain
bi(v) = — /3 i (U — Vi)V p1(vy) dvy
R

. / i3 (0) (v — Vi) (v — ,) s,
R3

= </RS aij(ve)p(v — v*)dv*> v; = —a;(v)v; = —C1(v) v;.
O

Using the form (2.2) of the operator @), we decompose the linearized Landau operator
L defined in (1.8) as £ = Ay + By, where we define

Aof == Q(f, 1) = (aij x f)oiju — (c* fu,

Bof = Qu, f) = (aij * )0 f — (c* p)f.

Consider a smooth nonnegative function y € C2°(R?) such that 0 < x(v) < 1, x(v) = 1
for [v| < 1 and x(v) = 0 for |v| > 2. For any R > 1 we define xr(v) := x(R™'v) and
in the sequel we shall consider the function My g, for some constant M > 0. Then, we
make the final decomposition of the operator £ as £ = A + B with

(2.5) A=Ay + Mxg, B:=By— Mxg,

where M and R will be chosen later (see lemma 2.6).

(2.4)

Let us now make our assumptions on the weight functions m = m(v). We define the
polynomial weight, for all p € [1,4+00),
(2.6) m = ()*,  with k > max{y(1 — 1/p),v + 2} + 3(1 — 1/p)
and the abcissa
@7 amp = 2[(y +3)(1 = 1/p) — kJ, if v =0,
' U, p 1= —00, if v € (0,1].

Moreover, we define the exponential weight, for p € [1, +00),

s ) r >0, if86(0,2),
(2.8) m = exp (r(v)®), with {0<r<%, if s =2,

and we define the abcissa, for all cases,
(2'9) amvp =00,
We are able know to state the following result that extends to various weighted LP-

spaces the spectral gap estimate known to hold on L?(u~'/?) as presented in (1.14).

Theorem 2.2 (Spectral gap estimates). Let v € [0,1], p € [1,2], a weight func-
tion m = m(v) satisfying (2.6) or (2.8) and their respectives abscissa ap,p given by
(2.7) or (2.9). Consider the linearized Landau operator (1.8), then for any positive
A < min{Ao, |am,p| + 0} there exists Cy > 0 such that

(210)  Vt=0,VfeLP(m), e f —Tf||pomy < Cae M If = TLf |l omy.s

where 11 is the projection onto the null space of L (defined in (1.9)), and Ao > 0 is the
spectral gap of £ in L*>(u='?) given by (1.14).
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Remark 2.3. As we can see in the defition of a,,, (2.7) and (2.9), we conclude that:
(1) If v € [0,1] and m is the streched exponential weight (2.8) or if v € (0,1] and
m is the polynomial weight (2.6), then A = )¢ since a,, ) := —oc.
(2) If v = 0 and m = (v)¥ is the polynomial weight (2.6), then A = )¢ if k is
big enough such that a,,, = 2[(y + 3)(1 — 1/p) — k] < —Xo, otherwise A =
2k — (y+3)(1 —1/p)] + 0.

This theorem extends the spectral gap to weighted LP spaces using a method devel-
opped by Gualdani, Mischler and Mouhot [6] (see theorem 2.13 below) for Boltzmann
and Fokker-Planck equations (see also Mischler and Mouhot [8] for other results on
Fokker-Planck equations).

2.1. Hypodissipativity properties. In this subsection we shall investigate the hy-
podissipativity in LP(m) spaces of the operator B defined in (2.5) in order to prove
assumption (i) of theorem 2.13. Before proving the desired result in lemma 2.6, we give
the following lemma that will be useful in the sequel.

Lemma 2.4. Let J,(v) := [ps |v — w|*u(w) dw, for 0 < a < 3, and denote My (1) =
[ |v|*w. Then it holds:

(a) Jo(v

~—
—_

(b) Ja(v)z [o|* + My (p), for 0 < a < 1.
(c) Ju(v) < |v|® + My(p)®/?, for1 < a < 2.
(d) Jo(v) = [v|* + Ma(p).

<

(e) Jo(v) < |v|® + 10%4|0|*/2 + My(p)*/4, for 2 < a < 3.

Remark 2.5. As we will see in the proof of lemma 2.6, the important point here is that,
for all 0 < o < 3, the dominant part of the upper bound of J, has coefficient 1.

Proof. Ttems (a) and (d) are evident. For (b) we see that |[v — w|* < |[v]* 4 |w|* and it
implies Jy, (v) < |v|* 4 Mgy (1) To prove item (c) we use /2 < 1 and Jensen’s inequality
to write

a/2
Jo(v) < (/W lv — w|2,u(dw)> = (|v|2 + Mg(,u))a/2 < |v]* + Mg(,u)o‘/z.

Finally, item (e) can be proven in the same way as (d). Firstly, for « = 4 explicit
computation gives Jy(v) = [v|* + 10[v|?> + My(p). Then, from a/4 < 1 and Jensen’s
inequality we obtain

a/4
o) < ([ o= ultutan)) = (ol + 100 + 3ra)"

< [o|® + 10%4 0|2 4+ My ()4
O

With the help of the result above, we are able to state the hypodissipativity result
for B.

Lemma 2.6. Let v € [0,1], p € [1,400) and consider a weight function m = m(v)
satisfying (2.6) or (2.8) with the corresponding definitions of the abcissa (2.7) or (2.9),
respectively. Then, for any a > a, ), we can choose M and R large enough such that
the operator B — a is dissipative in LP(m).
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Proof. We split the proof into four steps.

Step 1. Let us denote ®'(2) = |2|P~!sign(z) and consider the equation

Forall 1 <p

(2.11)

0.f = Bf = Bof — Mxnf.
< 400, we have

d - /
8y =151550 { @D G0}

/
=158 { [ Gon@me — [rxes) g

with, from (2.4) and (2.2),

Let us denote h = m?f, for some 6 to be chosen later. For the first term, using

J@anwnyme = [aogregme — [enrsr

'(f) = ®'(h) m~?P=1) | we have

Tl = /a”a”(hm_g) @/(h) mp+9(1_p)

/8 (hm™° aij (h)mp+9(1—p))

—/8j(hm_ )d,-jé)i (CI)/(h)mp+€(1_p)) — /aj(hm_e)bj CI)/(h)mp+€(1_p)

=:T11 + T1o.

We also have

8j(hm_9

)i (@ (hyme00-))

= (p — 1)3ihajhmp(1_6) ‘h’p—Q + [p + 9;1 _p)]aimaj(]h‘p) mp(l_g)_l

_ 0

T_l) (|2 [P)D;m mPA=0=1 — g[p — 6(p — 1)]0;md;m mPE==2 |pfP,

then, since a;; is simmetric , it follows

Ty =—(p—1) / a;;0;hd;h mP1=0) |p|p=2
(r—1)
p
+ O —O(p—1)] / iy Omdsm mP1=0=2 |y,

+ [29 — 1} /aijaimaj(|h|p)mp(l—6)—1
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Performing an integration by parts, we obtain
T11 = —(p - 1) /aijaihajhmp(l_e) ’h‘p_2

+ d1(p, 0) /Eiaimmp(l_e)_l AP

(2.12)
+ 01 (p, 9) /aij(‘)ijm mp(l—G)—l ’h‘p
+ (52 (p, 9) /aij(‘)im(‘)jm mp(l_e)_2 ’h‘p
where

(2.13) 61(p,0) :=1-20(1—1/p), b2(p,0) == d1(p,0)[p(1 —0) = 1] +0[p—O(p—1)].

For th term 175 we have
Ty =~ [ 0™, /()24

= _/8th>/(h)6j mp(l—@)+9/hq>/(h)6jajmmp(l—6)—l

(2.14) /
= o /8j(|h|p)l_7j mP(1=0) 4 H/EJijmp(l_e)_l |h|P
= l/cmp(l—G) h|P + /bjajmmp(l—a)—l IhJP.

p
Gathering (2.12) and (2.14) one obtains
(2.15)

/(Bof)q"(g)m” =—- 1)/aij3i(m9f)0j(m6f) mp_26’f’p_2+/(pm,p,9(v) m” [f[,

with

_ ai'm _ aim o0:m
Pmpo = 01(p,0) <az’j - > + d2(p, 0) <aij - #)

+ (14 61(p,0)) (b 8;?) + (1 - 1) G,

p

(2.16)

where §; and 02 are defined by (2.13).
Let us now split the proof into two steps, corresponding to the polynomial weight

(2.6) and to the streched exponential weight (2.8).

Step 2. Polynomial weight. Consider m = (v)* defined in (2.6). On the one hand, we
have

9im ;m = kv (v) ™,

m mo - m

ijm _ 85 k(v) % + k(k — 2)viv;(v) .

3
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Hence, from the definitions (2.1)-(2.3) and lemma 2.1 we obtain
dijm _ . _
= = (Gija) k(v) 2+ (agivg) k(k = 2)(0) 7

= G4 k()72 + 01 (v) k(k = 2)|v|* (v) 4,

where we recall that the eigenvalue ¢1(v) > 0 is defined in lemma 2.1. Moreover, arguing
exactly as above we obtain

(2.17) Y

(2.18) Gij ——= = = = (@ijvivy) k> (v) =" = & (v) K |v[* ()~
and also, using the fact that b;(v) = —¢;(v)v; from lemma 2.1,
(2.19) b E?;nm = —L1(v)v; kvi(v) = = —£1(v) klv[* (v) 2.

On the other hand, from item (c) of lemma 2.1 and definitions (2.1)-(2.3) we obtain
that

(2.20) aji = 2Jy12(v) and ¢ = —=2(y+ 3)J,(v),

where J,, is defined in lemma 2.4. It follows from (2.16)—(2.20) that

Pm,p,o (V) = 01(p, 0) 2k S 12(v) (V)72 + 81(p, 0) k(k — 2) &1 (v) [0 () ™
+82(p, 0) k* 1(0) [l (v) ™ = [1+ 61(p, 0)] k €1 (v) [v]* (v) 2

+2(v+3) <1 - %) ().

Since £1(v) ~ 2(v)Y and Ju(v) ~ (v)® when |v| — +oo by lemmas 2.1 and 2.4, the
dominant terms in (2.21) are the first, fourth and fifth one, all of order (v)?.

For p € (1,+00) we choose 6 = p/[2(p —1)], then 61(p,0) = 0, d2(p, 0) = p*/[4(p—1)]
and

(2.21)

2 - _ 1
pmpae) = 7 BP0 = B0 BP0 4200 +3) (12 1) 10
Using lemma 2.4 to bound J,, we obtain that ¢, , ¢(v) < @ pe(v) where

Pmpo(v) o~ =2k{0)” +2(y+3)(1 = 1/p){v)”.

|v]—+o0
Hence it yields, since k > (v + 3)(1 — 1/p) from (2.6),
(2.22)
95m7p70(v) ~ 2[k—(vy+3)(1-1/p)] — k. <0, ify=0,
|v]—+00 |v]—+o0
Pmpo(v) ~  =2[k—(y+3)(1-1/p)](v)7 ——— —o0, ify€(0,1].
|v]| =400 |v]—+o00

If p =1, for all 8, we have 01(1,0) = 1 and d2(1,0) = 0 which gives
Pm,16(v) = 2k 312 () (0) 72 + k(k = 2)A (V)] (0) T = 2kb1 () |v]* (0) 72,
and the dominant terms are the first and last one, both of order (v)?. Using lemma 2.4
to bound J,y2, we have ¢y, 1.0(v) < @py.1.0(v) Where

Pmao(v) ~  2k(0)T —4k(v)? = —2k(v)”.
|v]—+o0
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Then we obtain, since k£ > 0 from (2.6),

Pm,10(v) o~ —2k  ——— =2k, ify=0,
(2 23) |v| =400 |v]—+00
' Pmap(v) ~ —2k(v)? —— —o0, ify€(0,1].
[v]—+o0 |v]—+o00

Step 3. Exponential weight. We consider now m = exp(r(v)®) given by (2.8). In this
case we have

0; 9. O
T psu()s=?, QAT 20 s,
m m m
O _ 5725, — )05 2.2 2s—4
m rs(v)* 2655 + rs(s — 2)vw; (v)* + 175 00 (v) .

It follows from last equation that
_ Oym o 5=2 | (7 a0 _ s—4 2.2/ \25—4
Gij = = = (6ijaij) ms{v)”" + (agvivy) rs(s — 2)(v)° " + (@ijvivy) r°s™(v)

= G 7s(0) 2+ 01 (v) rs(s — 2)[v[2 (V)5 + £ (v) 7252 |v]2 (V) 2T,

where we used lemma 2.1,

(2.24)

82‘771, a;,m S— s—
(2.25) aij - 7]n (awvlv])r282( )2 4:51(v)r232|v|2(v>2 4

and also, using the fact that b;(v) = —f1(v)v; ,

(2.26) b; ari;n = 1 (v)v; rsvi(v)¥ 72 = =Ly (v) rs|v)* (v) 572

Gathering togheter (2.16), (2.24), (2.25) and (2.26), and thanks to lemma 2.1, it
yields

Pm.po(v) = 61(p,0) 27’3Jv+2(?f)<v>8 24 61(p, 0) rs(s — 2)01 (v)[v]* (v)*~*
+61(p, 0) 2%y (v) [v]* (V) >~ + 62(p, 0) 2%y (v) o] * (v) >

(2.27) ol ()™
1
- 481 O st P 4 26 +3) (121 ) ()
where we recall that J, is given in lemma 2.4.
Let us choose # = 0 for all cases p € [1,400). Then §;(p,0) =1, d2(p,0) = p — 1 and
(2.28)

mp (V) = 205,42 (0)(0)* + r(s — 21 (0) o2 (0) + pr2s2es (o) o] (1)
orsty ()P ()" 4 207 + 3) (1 - }9) 7).

and we recall that ¢1(v) ~ 2(v)7 and J,(v) ~ (v)* when |v| = 400 by lemmas 2.1 and
2.4.

If 0 < s < 2, the dominant terms in (2.28) is the fourth one, of order (v)7*. Then
we obtain the asymptotic behaviour

(2.29) Ompo(v) =~ —4rs(v)*TY ——— —00
|v]—+o0 |v]—+00
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since s + v > 0. If s = 2, the dominant terms in (2.28) are the first, third and fourth
one, all of order (v)?*2. Hence, using lemma 2.4 to bound J,42 and lemma 2.1, we have
Om.p,0(V) < @mpo(v) where the asymptotic behaviour of ¢ is given by

(2.30) Pmpo(v) ~  4r(2pr—1) (v>7+2 — -
|v]—+o0 |v]—+o0

since r < 1/(2p) from (2.8).

Remark 2.7. We could also, for p € (1,+00), chose 6 = p/[2(p — 1)] as we did for the
polynomial weight. This would not change anything for 0 < s < 2, however for the case

s = 2 we would obtain
2p?r?
~ —4 v+2
Pm,p,0(V) ol o0 <p 1 T) (v)

which goes to —oo when |v| — 400 if r < 2(p —1)/p?, modifiyng then the conditions on
r defined in (2.8). Using these two computations, a more general condition on r defined
in (2.8) in the case s = 2 would be r < max {i 2p-1) }

2p7 p?
Step 4. Finally, gathering steps 1, 2 and 3, for any p € [1,400), for any a > app,
thanks to the asymptotic behaviour (2.22)-(2.23)-(2.29)-(2.30), we can choose M and
R large enough such that ¢, ,0(v) — Mxgr(v) < a for all v € R3. It follows that the
operator B —a = By — Mxr — a is dissipative in LP(m) for all a > a,, p, and we have,
for all f € LP(m),
(2.31) 1S5(E) £l Lo my < €™ IIf 1 Lo (m)-

Indeed, from (2.11) and (2.15) we obtain

1d _ - .

Eallfllﬁp(m) <-(-1 /aijai(m"f)aj(mef)mp 2P + /(cpm,p,e — Mxg)m”|fP
< [(@mpa = Mxwymr P

Sa/m”\f\p

which yields (2.31).
O

2.2. Regularization properties. We are now interested in regularization properties
of the operator A and the iterated convolutions of ASpg to prove assumptions (i7) and
(7i7) of theorem 2.13. Let us recall the operator A defined in (2.5),

Ag = Aog + Mxrg = (ay * 9)0ipu — (c* g)p + MxRrg,

for M and R large enough chosen before.
Thanks to the function xg, for any ¢ € [1,4+00), p > ¢ and any weight function my,
we have

(2.32) IM xR La(me) < Clixrmom ™ || poa/-a |9/l zem) < Cllgll Lo m)»

from which we deduce that Mxr € Z(LP(m), LI (my)).
Let us now focus on regularization estimates for the operator Ag. First of all we give
the following result, which will be useful in the sequel.
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Lemma 2.8. Let v € [0,1] and 3 € N3 be a multindex such that |3| < 2. Then
105 (aizxg) ()] S @) 2109l L1 (wyre2)  and  19p(aizxg)(0)] S ()2 gl L pyrra-iany

Proof. First of all, we write 0g(a;; * g) = a;j * dgg and then

(ai * Bs9) ()] < /\a” — 0.)1059.] do.
For v € [0, 1] we have |a;j(v — v.)| < [v — 0,772 < C{v)772(v,)72, which yields
|(aij * 939) ()| < (V)7721089]l L1 ((w)r+2)-
Finally, writing d(a;; * g) = dga; * g and using |9gai;(v — vi)| < v — v )F27100 <
()1 +2=181 ()72 1Bl from lemma 2.1 and because v+ 2 — || > 0, it follows
[(Opaij = g)(v)| S /(UWH_B'(U*}”H_W!g*!dv* W) 2 MIgl 1 quyrraiony
which finishes the proof. U
Lemma 2.9. Let v € [0,1] and p € [ +00]. Then we have

(2.33) 109l o m) < Cpu (191l L1 (oyr2y + Ngllzr ) -
As a consequence, Ay € B(LP(m)) and

||A09||Lp(m) < CHHQHLP(m)
Proof. For the first inequality, we write
1Aogll Le(my < [[(aij * 9)0ijpll Loy + 1I(c * g)pall Lo (m)
For the first term, using lemma 2.8, we compute

0559125381y < C ol sy [ @100 do

<Oy ”9HL1(<U>~/+2)'

Arguing in the same way, we also obtain

I R I T O
< Cu Hg”il(@w)

which completes the proof of the first inequality of the lemma.
Then we compute, for some ¢ > 0 and using Holder’s inequality,

(p=1)/p
Mhlwm<(/wﬂwﬁﬂ lgll o oyra+e)

< Cllgllpr(wyr+a+oys
if o > 3(1—1/p). This implies that | Aog|lrr(m) < Cullgllzr(m) since & > y+2+3(1-1/p)
when m = (v)* satisfies (2.6) or m = ")’ satisfies (2.8). O

Corollary 2.10. Let p € [2,+0c]. Then A € B(LP(m), L*(un'/?)) and for any a >

Qm,p we have
at

”ASB(t)”93(Lp(m)7L2(Vl/2)) < Cue®.
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Proof. From lemma 2.9 and equation (2.32) it follows that A € Z(LP(m), L*>(u=/?))
for all p € [2,400]. Then we compute using lemma 2.6,

IASE(®) Fll 2172y < 1Al (mo (my,L2e-172)) 1SBE) Fll Loy < C“N F Loy
which concludes the proof. ]

Let us denote mo = e with » € (0,1/4), then L%(u~Y2) C L%(myg) for any
I<g<2

Lemma 2.11. There exists C' > 0 such that for all 1 < p < 2,

3(1
(2.34) 185 Fllz2my < C1 2 G8) 8 [ £l pomays V0.

As a consequence, for all 1 < p < 2 and m satisfying (2 6) or (2.8), for any a’ > a we
have

(2:35) 1ASE) 2 lpzguvzy < O Wfllioys Y220,

Proof of Lemma 2.11. Consider the equation 0;f = Bf. Then from (2.11) and (2.15)
we have

1d
31 ey = = [ @m0 POy mof)+ [Gmzn = Mxwymi

From lemma 2.1 there exists £y > 0 such that @;;&&; > £o]¢[%. We obtain

(2.36) Sy < ~60 [ (90D + [ (oo = Mxnyds?
The weight function mg satisfies (2.8), then Lemma 2.6 holds, more precisely
(2.37) IS5(E) fllLrmoy < eI fllLogme)s Yt =0
Applying Nash’s inequality in 3-dimension: ||g||3, < clHVg|]6/5HgH4/5 with g = mo f we
obtain
i mof I o 14 < [ (9 mos) P
Putting togheter last inequality with (2.38), it follows
(2.38) I By < ~C A UL + all gy

Les us denote z(t) := || f(t )HLZ(mo and y(t) == [|f(#)||L1(mg), then we have the following
inequality 4(t) < —Cyx(t)%/3y(t)~*3 + 2ax(t). From (2.37) we have y(t) < yo and then
a(t) < —Cra()3y; *® + 2a(t).
yo by (2.37) we have z(t) < Ce™yy. If z¢ is such that zo > [C}/4alyp then
x(t) < C’(yo_4/3t)_3/2, and we obtain
EN
I1S5(E) fll 12(me) < C ™2™ | Fll 12 (me)-

Using Riesz-Thorin interpolation theorem to Sp(t) which acts from L? — L? with
estimate (2.37) and from L' — L? with the estimate above, we obtain (2.34).

=
8
o
VA
Q
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Let us prove now (2.35). From lemma 2.9 and equation (2.32) we have the following
estimates, for any p € [1, +o0],

(2.39) A9 12172y S 1191122 (o) IAgN e (mo) S 91l Lo (m)-
Hence, by (2.39) and (2.34), for 1 < p < 2, it follows

3(1_1

(2.40) [ASB @) fll 2(-172) S SBE) fllL2(me) S 75_5(” :) e N 1| Lo (mo)-
Computing the convolution of ASp(t) we have

t
I(ASB)™2 () fll 2(u-172) S /0 | ASB(t — 5)ASB(s) fll L2172y ds

t
< /0 1S5t — )AS5(3) F 112 gy s

3(1

t
S [= s 26D | AS5(6) s
0

11

t
< [u- &2 (72 209 | 55(5) Fll 1oy dis
0

gD
< / (t— 5) 2 (573) =9 o5 | £1] oy dis
0

r_3
2

< 2G5 e | )L oo

< €| fllLo(my.
where we have used sucessively (2.39), (2.34), (2.39), lemma 2.6 and the fact that
(- %) > 0 for 1 < p < 2. Hence for all t > 0 we have ||(ASB)*2(t)H,@(Lp(m),ﬂ(mlﬂ)) N

~

et for any a’ > a (where a > a,,, is fixed in lemma 2.6).
O

2.3. Abstract theorem. We shall present in this subsection an abstract theorem from
[6, 8], which will be used to prove theorem 2.2.

Let us introduce some notation before state the theorem. Consider two Banach spaces
(X, |- llx) and (Y, |- ||y). We denote by Z(X,Y") the space of bounded linear operators
from X to Y and by || - [[5(x,y) its operator norm. Moreover we write ¢'(X,Y) the
space of closed unbounded linear operators from X to Y with dense domain. When
X =Y we simply denote B(X) = A(X,X) and €(X) = ¢(X, X).

Given a Banach space X and a operator A : X — X, we denote Sx(t) or et the
semigroup generated by A. We also denote N'(A) its null space, dom(A) its domain, ¥ (A)
its spectrum and R(A) its range. Recall that for any z in the resolvent set p(A) := C\
3(A), the operator A — z is invertible, moreover the resolvent operator (A—2)~! € %(X)
and its range equals dom(A). An eigenvalue & € X(A) is isolated if

EA)N{zeC; |z—=¢& <r}={{ for some r > 0.
Then for an isolated eigenvalue § we define the associated spectral projector Il ¢ €
AB(X) by
1

¢ 207 J_g)=p

)

(A—2)"tdz with0 <7 <7
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If moreover the algebraic eigenspace R(Ilz¢) is finite dimensional, we say that ¢ is a
discrete eigenvalue and write £ € ¥4(A).

Definition 2.12. Let X, X5 and X3 be Banach spaces and S; € L'(R, Z(X1, X5)),
Sy € LY (R, B(Xo, X3)). We define the convolution Sy x S; € L (R, B(X1, X3)) by

t
Vit >0, Sy x S1(t) == / So(s8)S1(t — s) ds.
0

fX, =Xo=X3and S =8 = &y, we define S = S and $* = S « S*=1) for all
n > 2.

We can now state a the following theorem from [6, Theorem 2.13].

Theorem 2.13. Let E and £ be Banach spaces such that E2 C £ is dense with continuous
embedding. Consider the operators L € ¢(FE), L € €(£) with L = L|p and a € R.
Assume that :

(1) L generates a semigroup el on E, L — a is hypodissipative on R(Id — 111 ,) and
S(L)NA :=A{&,..., &} C Xa(L) (dinstinct discrete eigenvalues)
(2) There are A,B € €(E) such that L = A+ B, with the corresponding restrictions A
and B on E, some n € N* and some constant C, > 0 such that
(i) B — a is hypodissipative on &;
(ii)) A€ B(E) and A€ B(E);

(#ii) we have

1(ASB)™ ()|l 4.5y < Cae™.
Then L is hypodissipative on € and we have
k
(2.42) Yt >0, Sc(t) = > Se(t)gy, <O,
=1 B(E)

where C! > 0 is an explicit constant depending on the constants from the assumptions.

This theorem permets us to enlarge the space of the spectral estimates of a given
operator. More precisely, the knowledge of the spectral information in the ”small space”
(1) permet us to extend this information to a ”big space” (2.42). Hence, the strategy
to prove theorem 2.2 is to consider F = Lz(,u_l/ 2), in which space the spectral gap
is known to hold (assumption (1)), and prove assumptions (2i), (2ii) and (2iii) with
E = LP(m) to obtain spectral gap estimates in £ applying theorem 2.13.

2.4. Proof of theorem 2.2. With the results of subsections 2.1 and 2.2 and theo-
rem 2.13 we are able to prove the spectral gap for the linearized Landau operator.

Let E = L?(x~'/?), in which space we already know the spectral gap (1.14), and
E = LP(m), for any p € [1, +o0] and m satisfying (2.6) or (2.8). We consider the decom-
position £ = A+ B as in (2.5). For any a > a;, , the operator B — a is hypodissipative
in £ from lemma 2.6 (assumption (i) of theorem 2.13); A € B(€) and A € B(F) from
lemma 2.9 and equation (2.32) (assumption (ii) of theorem 2.13). Hence we only need
to prove assumption (iii) to conclude applying theorem 2.13.

We split the proof in different cases.
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Case p = 2. First of all, in this case we have E C £. Moreover, ASg(t) € A(&, E) with
exponential decay rate from corollary 2.10, which proves assumption (#i7) with n = 1.

Case p € [1,2). Here E C & and from lemma 2.11 we have (ASg)*%(t) € #(€, E) with
exponential decay rate, which gives assumption (iii) with n = 2.

3. PROOF OF THE MAIN RESULT

Let us consider the Landau operator (2.2)

Q(g,h) = (ai; * 9)9;h — (c* g)h.
We shall prove some estimates for the nonlinear operator ) before proving the theo-
rem 1.1.

Proposition 3.1. Let v € [0,1] and p € [1,+00]. Then
1Q(g, P) e (m) S N9l L1 (wyr+2) 105l o oy v+2y + 19l 2 oy ) 12Nl Lo gy
Proof. We write
1Q(g, )l o (m) < [I(aij * 9)0i5h| Lo (m) + ||(c* )Rl Lo (m)-
Thanks to lemma 2.8
[(aij * 9)9ijhll Lem) S N9l L1 (wyr+2) 10l Lo (mwyv+2)

Moreover, by lemma 2.8 one obtains, since ¢ = 9;ja;; and |(cxg)(v)| < C{v)7 |9l L1 (wyr)s

(e * @bl Loy S Ngllnr @y 12l Lo (meoyr)s

and the proof is complete.
O

The proof of theorem 1.1 relies on known results by Desvillettes and Villani [4, 5]
corcerning the polynomial decay rate to equilibrium, togheter with the spectral esti-
mates from theorem 2.2 and some estimates on the nonlinear operator from 3.1. We
follow the strategy of [10].

Let us first summarize the results on the Cauchy theory for the Landau equation
with hard potentials.

Theorem 3.2 ([4] (Theorems 3, 6 and 7) and [5] (Theorem 8)). Let v € (0,1].

(1) if Fy € L*({(v)2T9) for some § > 0, then there exists a weak solution F to (1.1)
such that :
(a) for all ty > 0, F € C®([ty, +00); S(R3)).
(b) for all ty > 0, all integer k > 0 and all @ > 0, there exists Cy, > 0 such
that
sup [|F'(¢, )l g (wye) < Cto-
t>to
(2) let F be any weak solution of (1.1) with initial datum Fy € L'({v)?) satisfying
the decay of energy, then for allty > 0 and all @ > 0, there is a constant Cy, > 0
such that

sup [[F(t, )| 11 (yo) < Cro-

t>to
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(8) if F is a smooth solution of (1.1) (in the sense of (1a)), then for allt > 0 there
is C' > 0 such that

H(E = [

F,
Filog L dv < C(141)~%
R3 K

Corollary 3.3. For all tg > 0 and all ¢ > 0, there exists Cy, > 0 such that

1
Vi>to,  [1F = pllowey S Cp(l+t) 2.

Proof. Let us fixe some ty > 0. First of all, from theorem 3.2 and the Csiszar-Kullback-
Pinsker inequality (see e.g. [15, Remark 22.12])

IF = pllpr < CVH(F|p),

we obtain
VE>0, ||F—pllp <O+
Then, using the bounds of theorem 3.2 and Hélder’s inequality we obtain

1/2 1/2 -
Vtzto,  F = il < IF = e | — sl < G147,

Proof of Theorem 1.1. Let Fy = u + fp and consider the equation

of = LI+Qf.f)
(3-1) {f|t:0 = Jo.

Since Fy has same mass, momentum and energy than u, we have I1fy = 0 and for all
t > 0, thanks to the conservation of these quantities, we also have IIf; = 0.

Lemma 3.4. Consider m = (v)* satisfying (2.6). There exists ¢ > 0 such that, if the
solution f of (3.1) satisfies

Vit >0, [fell L1 (yey <€
with £ :=~v+ 4+ k, and if
vVt >0, | fell 2 yey < €
then there is C' > 0 such that
Vi=0, | filliry < CeM 1 foll k),
where A > 0 is given by theorem 2.2.

Proof of lemma 3.4. By Duhamel’s formula for the solution of (3.1), we write,

t
fo=e"fo+ / eILQ(fo, fo) ds.

to
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Using theorem 2.2 and proposition 3.1, one deduces

t
HMWWSW?MWM+AWWMMAMMWMS
t
SKW%MWM+Ae”WW@%JMWWMs

t
<l + € e (1l o Vel s

+ HfS”L1(<v)“/+2)HaiijHLP(m<v)“f+2)> ds.

For LP(m) = L'({v)*) we obtain (recall that k > v + 2 from (2.6))

t
el prgoyey < €M1 foll ey +C/0 G_A(t_5)<|!szL1 D fsll 21y

+ HfS”Ll Y7 +2) HamszLl w+2+k)) ds.
Let us recall the following interpolation inequalities

lgl72 < Ngllzellgllzee < Ngllzallgll s,

(3.3) lglZ= < llgll2llglaa,
lgllzr ey S Ngllz2qyatry, if 7> 3/2.

Using the third equation of (3.3) with ¢ = 9“fs and r = 2, and then first and second
equations of (3.3) with g = (v)fs, it yields

1/4 1/4 1/2
105 Foll quyremesy S sl ey 1ol avzsn qupey 15 oy

Gathering last inequality with (3.2) it follows

fillascm < Vol +€ [ XMoo llls sy ds
s 1/4 1/4 1/2
+0 [ IRl e Mol e 150 o

t
< e M| foll pr gyt +C(6+61/4)/o by e

using the hypotheses of the lemma and k& > ~ + 2.
Denoting x(t) := || ftl| L1 ((wyr) and €1 := C(e+ €'/*) we obtain the following differential
inequality

¢
x(t) < e_)‘t:E(O) + 61/ e_’\(t_s)x(s) ds,
0

and arguing as in [10, Lemma 4.5], if 2(0) and €; are small enough we obtain, for all
t >0, 2(t) < C'eMx(0), ie.

1 fell L guyry < Ce /\t”fOHLl Y-
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We can now complete the proof of theorem 1.1. From corollary 3.3 we pick tg > 0
such that
vt > to, 1F: = pllorwyey = el yey < 6
where € is chosen in lemma 3.4. From theorem 3.2-(2) we have that, for all ¢ > o,
I fell tragyey < IE N mawyey + ol gageyey < €. We can then apply lemma 3.4 to f
starting from tg, then

Vi>to,  1F = pllury = 1l < Ce N fiolligyr) < C"e™,

which completes the proof.
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