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SOME POINTS ON VERVAAT’S TRANSFORM OF BROWNIAN
BRIDGES AND BROWNIAN MOTION

TITUS LUPU

ABSTRACT. In a recent work J. Pitman and W. Tang defined the Vervaat’s
transform for a Brownian bridge with two different endpoints and for a Brow-
nian motion between times 0 and 1. They proved some path decomposition
properties for these Vervaat’s transforms and raised open questions on their
semi-martingale decomposition. In this paper we give an alternative proof for
the path decomposition and answer the open questions.

1. INTRODUCTION

Given a continuous function f on [0,1] and 7(f) the first time it attains its
minimum, Pitman and Tang define in [2] the Vervaat’s transform of f as:

V(f)@) = f(r(f) +t mod 1)+ f()1{yr(py>1y — F(7(f))

They apply this transform to the following three cases:

e (i) a Brownian bridge (B{\’bT)Ogtgl from 0 to A with A <0

e (ii) a Brownian bridge (B;""" )o<¢<1 from 0 to A with A >0

e (iii) a Brownian path (B:)o<t<1
For the case (i) they show the following path decomposition: given Z a r.v. on
(0,1) with distribution:

_ (_&)1 it
ot 0B T\ 20-p)

V(B**T) can be decomposed as a positive Brownian excursion on [0, Z] and a first
passage bridge from 0 to A on [Z, 1], independent conditionally on Z. The proof of
the decomposition studies first the case of bridges of random walks then takes the
weak limit. In case (ii) there is a similar decomposition derived from case (i) by
time reversal: first a time-reversed first passage bridge from X to 0 then a positive
excursion above level A. Further Pitman and Tang prove that in all three cases,
the Vervaat transformed paths are semi-martingales, identify the decomposition
in local martingale and finite variation process in case (i) and leave as an open
question the decomposition in case (ii) and (iii).

In this paper we give an other proof of the path decomposition of V (B*?") and
identify the semi-martingale decomposition of Vervaat transformed paths in cases
(ii) and (iii).

2. ALTERNATIVE PROOF OF PATH DECOMPOSITION OF A VERVAAT’S
TRANSFORM OF A BROWNIAN BRIDGE WITH ARBITRARY ENDPOINTS

Let A < 0. Our proof of path decomposition of V' (B**") relies on the decompo-
sition of bridges at their minimum, similar to the decomposition at the maximum
that appears in [3]. Let pr(x,y) be the heat kernel

pr(z,y) = \/217T—T exp (%)
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Let IP’OT, y the law of the Brownian bridge from 0 to A of length 7" and for y < x

let ng the law of the Brownian path starting from x until the first time it hits
y. Given a distribution @ on paths, Q" will denote its image by time reversal.
Given @ and @’ two distributions on paths, Qo Q" will be the distribution obtained
by concatenating two independent paths, one following the distribution @) and the
other the distribution @’. According to corollary 3 in [3]:

+oo A
/ dT pr(0, VPE, = 2/ dy Py o 1"
0

— 00

T,
P,¥ can be decomposed as:

Py’ =Py 0PV,
Thus:
+oo A T T T
(1) /0 dT pr(0, )\)IP’OTA = 2/ dyPy*= oPyiA o ]P’Ay/\

We extend the definition of Vervaat’s transform to continuous path with finite but
arbitrary life-time: Given a continuous function f on [0,7] and 7(f) the first time
it attains its minimum, define:

V(@) = f(r(f)+t mod T)+ f(T)pt1r(py>ry — f(T(f))
From identity (1) one gets:

—+o0
/ dT pr (0, \)V.(PL ) :2/
O —
(2) +o00
=2 (/ dsz;OA o Pg”) o Pg*
0

For bridges from 0 to 0 identity (2) becomes:

A

To A To T\
dy P)_y o IP’/\iy oP,
o)

+oo +oo
/ dT pr(0,0)V.(P§ ) = 2/ dyP" o PO
0 0

Let an be the law of positive Brownian excursion of length T' (bridge of Bessel 3
from 0 to 0). According to Vervaat’s result ([5]), Vi(P{ o) = Qf 5. Thus

“+oo “+o0
2/ dyPo" o P :/ dT pr(0,0)Q0 o
0 0

By injecting the above identity in (2) one gets:

+oo +oo
3) [ armov el - ( / dspsm,owao) o I

By disintegrating in (3) with respect to the life-time of paths, on gets that V. (PZ )
is a concatenation of an excursion and a first passage bridge. '

Let 140ffp,2((t) dt be the distribution of the first hitting time of level X for a
Brownian motion staring from 0.

A A2
Froa () = \/% exp (2_t>

From (3) follows that the distribution of the point of split Z between the excursion
and the first passage bridge in V (IP%’ 5) is:

pe(0,0) frp 0 (1 —1) A ( A%t >
s 1 dt — — X — 1 dt
(0, N) T D\ 21—
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3. SEMI-MARTINGALE DECOMPOSITION OF THE VERVAAT’S TRANSFORM OF A
BRIDGE WITH POSITIVE ENDPOINT

Let A > 0. The transformed bridge (V(B**");)o<;<1 can be decomposed in a
time-reversed first passage bridge from A to 0 and a positive excursion above . Let
7 be the position of the split between the two. The density of the distribution of
Z on (0,1) is given by:

N (1—1t)

f2(t) = T T (_ 2t

) Lo<t<1dt
Let (R¢)i>0 be a Bessel 3 process starting from 0. We will show that for any
t € [0,1), the law of (V(B»®")¢)o<s<; is absolutely continuous with respect to the
law of (Rs)o<s<t, identify the corresponding density D;', and deduce by applying
Girsanov’s theorem the semi-martingale decomposition of (V(B»);)o<i<1.

For z,y > 0, denote

Gi(m,y)y? dy is the semi-group of Bessel 3. Let

5 L 2 y? 2
3(0,y) = im Gt (x,y) = o P (—5) = ;ffp,y(t)

2
V23

For xz,y > 0, let Qéyy be the law of the bridge of Bessel 3 from x to y of length ¢.
The first passage bridge from x to 0 of length ¢ of the Brownian motion has the law

Q%0 ([1])- Let

Qt(oa 0) =

0} :=sup{s € [0,1]|Rs < \}
If R; < X then 0 = t. The density D; will be expressed as a deterministic function
of t, Ry and 6.

Lemma 1. On the event Ry > ), the joint distribution of (Rr,07) is:

ffp,yf)\(t - S)ffp,/\(s)

locs<tds1 >,\y2 dy =
ffp7y(t) Y

2y*(y — M)A y—N> N
YW Z AR o (— YN ANy dsTyend
my/(t — 5)3s3 o 2(t—s) 2s) st

qt(ovy)

Conditionally on Ry > A, the value of Ry and of 07, the paths (Rs)o<s<or and

A C X
(Re?fs — A)Ogsgtfe? are independent and follow the law Qg")\ respectively Qé Ig:_)\.

Proof. Let y > A. Conditionally on R, =y, (Ri—s)o<s<: is a Brownian first passage
bridge from y to 0 and ¢— 67 is the first time it hits A\. Thus conditionally on R; = v,
t — 0} is distributed according:

Froy=2(8)frpa(t = s)
ffpyy(t)

Moreover conditionally on R, = y and on the value of 6}, (Re—s)o<s<t—or and

(RG?—S)OSSSG? are two independent Brownian first passage bridges, from y to A

and from A to 0. g
3
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Proposition 2. For any t € [0,1), the law of (V(B*")s)o<s<t is absolutely con-
tinuous with respect to the law of (Rs)o<s<t. The corresponding density is:

)\2

o ) [t (o () o (220

+1R, > (1\/(?)_7(521%5\) exp (%2) exp <%>

=Ft, Ry, 6})

Proof. Observe that as as stochastic process, (D})o<i<1 is continuous and in par-
ticular there is no discontinuity as R; crosses the level A.

Let t € (0,1). We will decompose the density D;' as sum of two parts: D} =
D} + D?*, DPY accounting for the situation Z >t and D} for the situation
7 < t. On the event Ry < A, we will have D} = Dtl’A.

Conditionally on Z > t and on the position of V (B»P7),, the paths (V(BM7))o<s<t
is a Bessel 3 bridge from 0 to V(B**"),, i.e. these are the same conditional laws as
the laws of (Rs)o<s<t conditioned on the value of R;. Conditionally on 7 >t and
on the value of 2, the distribution of V (BM7), is:

(jt (07 y)éfft(yv >‘)
Gz(0,A)

Lyso0y’dy
Let

LA ! qs—t(Rta)‘) _
D= [ BT ate)ds =

| s (= () - (45)

Then for any measurable bounded functional ® on paths:

E DM 0((Ro)osess)| = E[((V(BM) o) 55 ]

Next we consider the case Z < t. Conditionally on Z < t and the position of
Z and V(BM'T),, the paths (V(B/\vbr)s)0<s<2 and (V(BM”)EJrS — No<s<i_z are
independent and follow the law Qg , respectively Qé},z( BAbr), - These are the
same conditional laws as in lemma 1. On the event Z < t, the joint distribution of
(V(BM7m), Z) is:
Gt—s(0,y = N)qi—+(y — A, 0)
fz(s)

1y>)\ (?J - )\)Qdy locs<t ds

dl—s(oa 0)
Let
@02 (0, Ry — N)q1— (R — A, 0)
2(00)= _ (Re — A)?
D2 1 d1—p) (0,0)
=1IR;>\
' g . Frorea(t = 02) Frpn(6)) s
qt(oa Rt) Rt
frp.r. (1)

o N (1) (=)

By construction, for any ® measurable bounded function on RZ:

E [D0(R:,0))] = E[0(V (B>, D)1
4



Because of the equality of conditional laws, for any measurable bounded functional
® on paths:

E D} 0((Ro)oezr)| = E[2((V(BM ) ogezt) 7]

Lemma 3. For anyt € (0,1) and a > 0:

e () - F

1—
Proof. With the change of variables z := 1—? we get

/ﬁ@( s—t> /me’q’< 1—at>z)

For x > 0 let:

B ! dz x
)= /0 NZTEDA (7)
With the change of variables v = 27! we get:
too d
p(r) = . ﬁe
Differentiating with respect to = we get:
o, /+°° v .
=—e
0

/
o (z) =— 76 —e
(@) 1 V=1 Vv
e~ oo du e *

) Fe

Moreover ¢ satisfies the border condition ¢(+00) = 0. Thus

\/_/-i-oo

—xv

Let

FIA(Ly) = 1 A2 %2 _.du
Y= 2v/2y FPNT ) Janz © Vu

2(1—t)

F*A(ty) = % o </\;> o <(23/(17_A2;>

According to lemma 3:
FAt,y,0) = FYA(ty) + (1 - 0)(0V F22(t,y))

F2> is . FY and the partial derivative 01 F LA are continuous as functions of
two variables. Yet 02 F1A(¢,y) is not defined at y = \:

2
Do FYA A, AT) — Op FYA (A7) = \/_A exp (A—)

Do FA(t, AT, 0) — 0o FA(t, A7, 0)
=0 FVAMt, AT) — 0 FV M, A7) + (1 — 0)02F2 (1, \)

Z%m (A;)
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For t > 0 let:
tds
o Rs
(Wi)i>0 is a standard Brownian motion starting from 0, predictable with respect
the filtration of (R;)¢>o-

Wt = Rt*

Lemma 4. For allt € [0,1):
t
D} =1 +/ Do F (s, Ry, 62) dW,
0

Proof. One can not just apply Ito’s formula to F(¢, R, 0;') because (67);>0 is a
process that has jumps.
One can check that F2* and F1* outside {y = A} satisfy the PDE:

1 1
582,2F(t5 y) + ;aQF(tvy) + alF(ta y) = 0

Let (L}(R))i>0 be the local time at level A of (R;);>0. Applying Ito-Tanaka’s
formula, and taking in account the discontinuity of partial derivatives 0y at level
y = A, we get:

t 1 )\2 t 1
FYA L R) =1 / O F (s, Ry) dW, — = Z / dLNR
(7 t) + 0 2 (Sa ) )\exp ) 0 m s( )

¢ 1 A2\t
0V At R :/1 By F2 (s, Ry) AW, + ~ ex <—>/7dLAuR
( t) 0 Rs>A02 ( ) A P 2 o /(1 _ 8)3 5( )

(1 —67") is constant on the intervals of time where 0V F2*(t, R;) is positive. From
theorem 4.2, section V1.4, [4], follows that:

(1—62)(0V F>Mt, Ry))

A? ! (179?) dL/\(R)

(5) [y

t 1 )\2 t 1
:/ 1R, (1 = 02)82 F*A(s, Ry) AW, + < exp | & / dL}(R)
0 )\ 2 0 1—s

t
1
:/ Lr,>a(L = 02)02F (s, Ry) AW + 1 exp
0

on the support of dL2(R), (1 — 62) being equal to s. Finally
FYA 4 Ry) + (1= 02)(0V F2Mt, Ry))
=1+ /Ot(beM(s, Ry) + (1 — 000, F** (s, Ry)) dW,
which finishes the proof. (I
Proposition 5. Fort € (0,1), let:

0" = sup{s € [0, #]|V(BM7), < A}

Then the process

t t A
ds GQF ~
V(BM"), —/ e — —(s,V(B’\’bT)S,Hﬁ”’T)ds)
( o V(BN o I 0<t<1
is a standard Brownian motion.

Proof. For t € [0,1), let



The law of (X;)o<s<: is absolutely continuous with respect to the law of (W )o<s<t,
with density D;. From lemma 4 follows that

t A
0o F
log(DY), W], = / P (5, Ry, 02) ds
0
From Girsanov’s theorem follows that the process:
t A
0o F b
X, —/ - (5, V(BM"),, 000 ds
0
is a Brownian motion. (I

4. SEMI-MARTINGALE DECOMPOSITION OF THE VERVAAT’S TRANSFORM OF A
BROWNIAN PATH

In this section we consider (V(B);)o<t<1 the Vervaat’s transform of a Brownian
motion on [0, 1]. By definition, V(B); = B;. A.s. there is € > 0 such that for all
t € (0,e), V(B): > 0. Let

To := inf{t € (0,1]|V(B), = 0}
~ 1 ~
Then P(Tp < 1) = 3 and more precisely {Ty < 1} = {V(B); < 0}. Conditionally
dt
m/t(1 —t)

has the law QOT?O and is independent from

on TO <1, fo follows the arcsine law lg<i<q . Conditionally on TO <1

and on the value of Tp, (V(B)t)o<i<T,
(V(B)t)f,<¢<1- The joint law of (V(B)1,Tp) on the event Ty < 1 is:

<o dA ex (—)\—2) 7“' ex (—7)\% ) 1 dt
m p 2 27Tt(1 — t)3 p 2(1 — t) 0<t<1

Thus the law of V(B); conditionally on To is:

A A2
4) | |~ exp | —————=— | lacodX
1-Tp 2(1 —1Ty)
For the semi-martingale decomposition of (V' (B)¢)o<t<1 we will split the task in

two: the decomposition of (V(B)t) <7, and the decomposition of (V(B):)
We will start with the latter. Let (Z\/Zg)tzo be the process:

M, := min V(B
vi=winV(B)

To<t<1"

Lemma 6. Conditionally on the value of TO,

<V(B)t + j w ds)

1—s
To To<t<1

18 a Brownian motion

Proof. The value of Ty is considered as fixed. Let (Bj{)t>0 be a Brownian motion
starting from 0 and
M/ := min B’
[0,¢]

For any t € [Ty, 1), the law of (V(B)s)f, <1<, is absolutely continuous with respect

to the law of (By) .., 7, The corresponding density is:

M, = frpp a1 —1) 2
(5) / o kL EE |)\|~ exp —)\7~ d\
oo Fron(1=To) 1-T 2(1 — Tp)
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In above expression we integrate with respect to the density (4) the function:

, Fromy_p -2(1=1)
A<M’ =
T frpa (1= To)

which is the density corresponding to a Brownian first passage bridge from 0 to A
of length 1 — Tp. (5) rewrites as:

_ =y (B -~ —\)?
1-Ty / —Nexp [ ——ET | ax
(1—1t)3 2(1—1t)

~ / / 2
_ 1-1To ox (Bt To Mt—ﬁ))
P 201 1)

Applying Girsanov’s theorem, we get the result of the lemma. O

Next we will deal with the semi-martingale decomposition of (V(B),,z, Jo<t<1-
As an auxiliary problem we will study first the semi-martingale decomposition of
a process (& )¢>o defined as follows: with probability %, ¢ is a Bessel 3 process

. . . . . 1s dt .
starting from 0. For ¢ € (0,1), with infinitesimal probability Py st £is a

(0,1), the
(

65‘ 0<s<t-

positive excursion of length ¢, absorbed at 0 after time ¢. For any t €
law of (V(B), 7, Jo<s<s is absolutely continuous with respect the law of
Lemma 7. Let

TS := inf{t > 0|¢, = 0}

Let
- ds ds—+(0,y)
Ji(y) = t<oc1 Ty/5(1 —s) ds(0,0)
. o ds (js—t(o’y)
) = /t§s§1 (s —1)/s(1—s) 4s(0,0)

The process

CATE tATS AL
B B 0 @ gs (55)
(Yi)is0 = (& /0 c. +/0 1+ Jo(&) ds>t>0

is a Brownian motion with respect the filtration of &, stopped at time Té.

Proof. We would like to emphasize that T(f is a stopping time for £ but not for
process Y.

Let € € (0,1). We introduce (Bj);>0 a Brownian motion with the starting point
B§ having the same distribution as §_ AT Let u. be the density of this distribution

n (0,400) (total mass < 1).

G-(0, z)x?
pe() = EODT 44w
Let T§ be the first time B® hits 0. For any te, the law of (£)o<s<: is absolutely
continuous with respect the law (B(‘s o ATE)ESSSt- The corresponding density is:
8



q-(0, B§) B§*qr (0, Bj)

Df =lps=o + = = = - = lrg<t—e.B5>0
G5 +2(0,0)2m /T (1 = T§) e (BG) f 1,35 (T5)
i Irg>i—e « d-(0, B5) B5*qr—< (B5, Bi_.) B2
pe(B§)B§Bi_.qt—<(B§, B ) 2

y (1 . /1 ds qt_f(o,B§€)>
¢ m/s(1—s) Gs(0,0)
4(0, B5) Bj
pe(B§)m\/T5 (1 — 15 ) Grs +2(0,0)
l1s>+-2G:(0, B§) B Bi_.
2#5(38)
(D%)1>0 seen as time dependent process is continuous. In particular there is no

discontinuity at 7;. This follows from that fact that as y tends to 0, the convolution
kernel

=lps=o0 +

Irs<t—e,Bg>0

x (14 J¢(B;_.))

y(ju (Oa y) lusodu

2
is an approximation to the identity. Since for ¢ € (0,1)
9Ji(y) '
— yJ
9y yJe(y)

applying Girsanov’s theorem we get that (Y;);> is a continuous martingale rela-
tively the filtration of (&) with quadratic variation (t — ) A (T§ — &)*. Since
this holds for all € sufficiently small, this implies the lemma. (]

We introduce the functionals F(t,) and F(t,~) where ¢ is a time and 7 a
continuous path:

+oo 2
F(t,y) := \/LQ_F/O FA(t,y(t),sup{s € [0,t]|v(s) < A})exp (—%) d\

. 2 +o0 )\2
F(t,vy) = — Do FA (t,~v(t),sup{s € [0,t]|7(s) < AP exp [ == ) d\
()= = [ o e, sunts € 011 (6) < Mo (- )
For any ¢ € (0,1), the law of (V/(B), 7, Jo<s<s is absolutely continuous with respect
the law of (&s)o<s<¢ with density
F(t,&) + Ji(&) 1.
1+Jt(€t) T5>t

Lemma 8. There is a positive function c(t) bounded on intervals of form [0,1—¢€],
such that for all A >0,y >0, 0 <tel0,1):

Ft,y,0) < c(t) exp (%2) xp (_%)

Proof. FMt,y,0) < FYA(t,y) + 1y=rFa(t,y). For y > X:

Falty) < ﬁ P (%) o (‘%)

For FLA(t,y) we have the inequality

FIA () < 1 A2 (y —\)? /(;ng du
=y TP\ ) TP\ 200 ) Sz Va

2(1—t)

(6) Dy = 1T§§t +




Lemma 9. Fort e [0,1):

Proof. Tt clear that the quadratic variation [F(+,£), £]; does not increase for ¢ > Té.
We need only to show that for a Bessel 3 process (R;)i>0

(7) [F(- R). R, = / F(s, R) ds

Indeed, given any T € (0,1) and ¢ € [0, T), the law of (£s)o<s<; on the event TS > T
is absolutely continuous with respect the law of (Rs)o<s<t-

For any A > 0 (FA(t, Rt, 07 )o<t<1 is a positive martingale with mean 1. Applying
Fubini’s theorem, we get that (F(¢, R))o<t<1 is a positive martingale with mean 1.
Let (W;)i>0 be the Brownian motion martingale part of (R;)¢>o. To prove (7) we
need only to show that the process

(8) (F(t, RYW; — /Ot F(s,R) ds)ogt<1

is a (true) martingale. Lemma 4 ensures that for any A > 0 the process
t
(9) (FA(t, Ry, 00 W, — / Do F* (s, Ry, 02) ds)
0 0<t<1

is a local martingale. Moreover from the bound of lemma 8 follows that (F* (¢, Ry, 07'))o<t<1
is a square integrable martingale and

E Uot Do F (s, Rs, 02)? ds} =E [F(t, Ry, 6;)?]
<c(t)?exp (\*)E {exp (%T)‘))Qﬂ
Thus

1
2

t t
EHFA(t,Rt,eg)Wt—/ 62FA(5,RS,Hj)ds} < 2VtE U agF’\(s,Rs,G;\)2ds]
0 0

< oviclt e (5 ) B [ex <u>]

2 (1—1)

It follows that for any A > 0, the local martingale (9) is a true martingale and the ex-

2 A2
pectation of its absolute value is integrable with respect — exp (——) x>0 dA.
V27 2

By Fubini’s theorem, it follows that (8) is a true martingale.

Proposition 10. The process

T _ds T B, VB) + VBB
<V(B>t / / !

V(B)s F(s,V(B)) + Js(V(B)s)

V(B)s — M,
v,
Toss<t I=s 0<t<1

is a Brownian motion.
10



Proof. The density process (Dy)o<t<1 given by (6) is time-continuous. In particular
it follows from lemma 8 that on the event TOE < 1, as t converges to T§ from below
and & converges to 0, F'(t,€) remains bounded. Besides J;(&;) tends to +oo at T§.

Hence
lim F(t,8) + Ji(&)

=1
tors 14 Ji(&)

and D, is continuous as Tog.
Using the semi-martingale decomposition of (&):>0 given by lemma 7, applying
the Girsanov’s theorem together with lemma 9 we get that the process

T g "o P(s,V(B)) + V(B)sJ,(V(B),) 5
V(B)tATo / V(B)s /0 F(s,V(B)) + Js(V(B)s) ‘

t>0

is a martingale with quadratic variation ¢ A TO. Lemma 6 describes the semi-
martingale decomposition of V(B) after the stopping time Tp. O
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