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Abstract 

 

The aim of this paper is the enhancement and validation of a layerwise model applied to 

the analysis of laminates with thin layers of an elastic-plastic adhesive. The thin 

adhesive layers are modeled as imperfect interfaces across which displacement 

discontinuities exist. In a previous paper, the constitutive equations of the imperfect 

interfaces were empirically established without following the layerwise logic. The 

model equations are revisited and a solid theoretical justification of the new enhanced 

equations is obtained by making use of the Hellinger-Reissner functional. A theoretical 

validation of the model is performed by comparing its predictions to those of a solid 

finite element resolution in the case of a T-peel joint. The results of the enhanced 

version of the model are very accurate whereas those of the previous version are erratic 

for the considered joint. As compared to the solid finite element method, an important 

saving in computational cost is achieved. 
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Introduction 

 

Currently, laminated structures are widely applied in several industries. The design of 

these structures requires the application of operational models for computing stresses, 

strains and displacements. A 3D finite element calculation of laminated structures may 

need an excessively high number of elements and the computational cost could become 

unaffordable, especially when dealing with thin laminates or when strong differences in 

the thicknesses of the layers exist. This is the case, for example, of thin adhesive layers 

bonding composite layers in a bonded joint. 2D models are usually a good alternative to 

the analysis of laminates or joints with a plate or shell topology. In [1], Carrera and 

Ciuffreda compared several theories of laminated plates and proposed a unified 

formulation for the development of 2D models. This formulation has been applied to 

establish the equations of several equivalent single layer or layerwise approaches [2-4]. 

The governing equations may be obtained by the Reissner’s variational method [5,6] or 

the principle of virtual displacements. As compared to single layer theories, layerwise 

models represent a more natural method to calculate interfacial stresses and capture 

specific aspects of interfaces in laminates [7-10] in order to predict delamination or to 

take into account edge effects. 

 

In a layerwise modelling, stresses or displacements in a layer are approximated by finite 

series of known z-functions (z is the through the thickness coordinate). Carrera classifies 

these models as axiomatic and does a thorough review of these in [11]. The models 

differ by the choice of the approximate fields: displacements [12,13] or displacements 

and stresses [14-16]. Pure stress approaches are less usual. However, the study of stress 

concentrations or stress controlled phenomena could be more natural, more convenient 

with a direct description of stress fields. A noteworthy work has been made in this way 

by Pagano [17] who used Reissner´s variational mixed formulation [5] and a stress field 

approximation to obtain an efficient model. The stress field selection verifies the 

continuity conditions across the interfaces of the multilayer. The key point which is not 

often highlighted is that no displacement approximation is made despite the use of a 

mixed formulation. The Hellinger-Reissner functional and the stress approximation 

helps to identify 2D generalized displacements, energetically associated to the 

generalized forces which derived to the stress approximation. No constraint conditions 
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on the 3D displacement fields are made: “Note that we refrain from assuming the form 

of the displacement field in accordance with the objectionable features of that approach” 

([17], p.389). These considerations lead to a less constraint model than those where both 

displacement and stress components are approximated. More recent developments of 

Pagano’s approach can be found in [18-20] where some simplifications are adopted to 

obtain a more operational layerwise model called M4-5N. In this model, a polynomial 

approximation of stresses in each layer is proposed and the laminate is modeled by a 

superposition of Reissner plates [21] coupled with interfacial stresses which ensure the 

continuity of the stress vector across the interfaces [19]. The M4-5N has already been 

validated for linear elastic problems [19]. In spite of the wide variety of layerwise 

models, most of these consider linear elastic materials bonded with perfect interfaces 

and do not take into account material non-linearities such as plasticity or imperfect 

interfaces. 

 

In fibre reinforced cross-ply composite laminates, the thin matrix or adhesive layer 

located at the interface between the plies may exhibit high plastic strains which seem to 

control delamination onset [22,23]. In a similar manner, in adhesively bonded joints 

significant plastic strains in the adhesive layers precede by far failure initiation [24]. 

Polymers such as adhesives or matrices employed in several composite applications 

may exhibit complex plastic phenomena. Cognard et al. have carried out experiments 

with adhesive joints which confirm the significant effect of adhesive plasticity on the 

behavior of the joint [25]. The yield function is sensitive to the hydrostatic pressure; 

plasticity yielding is better predicted by a Drucker-Prager yield function than a Von-

Mises one [26]. Ratcheting may also occur [27] and plasticity may affect the fatigue 

strength of the adhesive. For all these reasons and since adhesives usually are used to 

bond the layers in a laminate, it is important to take into account plasticity in the 

polymer layers of a laminate. When these layers are thin as compared to the structural 

layers of the laminate, these layers may be modeled as imperfect interfaces in order to 

reduce the computational cost. Few layerwise models take into account imperfect 

interfaces and their non-linear constitutive equations.  

 

In [28], Aquino de Los Rios et al proposed an adaptation of the layerwise M4-5N model 

to analyze laminated structures with elastic-plastic interfaces made up of a thin layer of 
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an isotropic material. An approximation of the 3D strains and its integration through the 

thickness of the thin layer provided the displacement discontinuities across the 

imperfect interface. The equations of the model were solved by means of a Newton-

Raphson-like technique and a finite element method in the case of a plane strain state. A 

first validation of the model and its numerical tool was proposed by comparing the 

results of the model to those of a 3D finite element model applied to a double lap 

adhesively bonded joint with an elastoplastic adhesive. The cumulative plastic strains, 

the interfacial stresses and the displacement discontinuities were accurately predicted by 

the M4-5N model. In spite of this, Aquino de Los Rios et al remarked the necessity to 

provide a more rigorous theoretical support of the proposed equations of interlaminar 

plasticity. This rigorous determination should evoke the Hellinger Reissner functional 

and the approximation of 3D stresses which is the starting point of the M4-5N model 

and not the approximation of 3D strains and displacements. Actually, the original elastic 

model developed in [18,19] does not make any approximation of 3D strains and 

displacements. Recently, the layerwise model proposed by Aquino de los Rios et al was 

adopted by Duong et al in [29] to develop a layerwise finite element for laminates with 

imperfect interfaces in a general 3D case (not only the plane strain state assumed in [28] 

for the numerical resolution of the equations). 

 

In this paper, a rigorous theoretical support and an enhancement of the equations of 

interlaminar plasticity obtained by Aquino de los Rios et al [28] are proposed. The 

enhancement consists on a better description of the stress field in the adhesive and 

taking into account the out-of-plane Poisson’s effect which is neglected in most plate 

theories. To obtain the equations of the enhanced model of laminates with imperfect 

interfaces, two steps are proposed (see Figure 1). In the first step, a version of the M4-

5N model where the thin adhesive layers are modelled as layers is obtained by applying 

an asymptotic expansion method. In the second step, the equations in the previous step 

are arranged to obtain the equations of the model with imperfect interfaces. 

 

In the first part of this article, the equations of the M4-5N model for laminates with thin 

elastoplastic layers are developed (step 1). Secondly, the previous equations are adapted 

to obtain an enhancement and a rigorous theoretical basis to the interfacial plastic 

equations of Aquino de los Rios et al [28]. Finally, a theoretical validation of the 
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enhanced M4-5N model is performed by comparing its results to those of a solid finite 

element resolution for the case of a T-peel adhesive joint.  

 

Throughout this work, 

 subscripts “,1”, “,2” and “,3” denote the partial derivatives with respect to x, y 

and z, respectively 

 bold face characters define tensors, matrices and vectors 

 subscripts o, p, q and r indicate the components in the ),,( zyx  space; they are 

assigned the values 1, 2 and 3, 

 subscripts  ,  ,   and   indicate the components on the ),( yx  plane and are 

assigned the values 1 and 2, 

 U  and σ  denote respectively the 3D displacement field and the 3D stress field, 

 each thick layer is orthotropic and one of the orthotropy directions is the z 

direction perpendicular to the interfaces between layers 

 )(),,( zzyx SS   denotes the 4th-order tensor of compliances; it is constant in 

each layer. Its components are opqrS , with 0opqrS  in the presence of an odd number of 

3 (z-direction) in the set opqr. 

 

1. Modelling a laminate with thick layers bonded by thin layers 

 

In this section, a laminate made up of N thick layers bonded by N-1 thin layers is 

considered (see step 1 in Figure 1). The layers are numbered as shown in Figure 1. An 

odd number corresponds to a thick layer whereas an even number indicates a thin layer. 

The interfaces between thin and thick layers are perfect. The thick layers are made up of 

an orthotropic elastic material whereas the thin ones are made up of an elastic-plastic 

isotropic material. 

 

In this section, 

 superscripts m and n,n+1 indicate layer m and the interface between layers n and 

n+1 ( 121  Nm , 221  Nn ), respectively, 
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 superscripts 2k and 2l-1 indicate a thin layer 2k and a thick layer 2l-1 (

11  Nk , Nl 1 ) 

 the multi-layer in Figure 1 lies within the volume defined by 
 











121 ,

),(
Nhhz

yx
; 

 layer m occupies the geometrical space defined by 
 










mm hhz

yx

,

),(
; its thickness is 

mmm hhe   , 

 the thickness of the thin layer 2k is much smaller than the thicknesses of the 

adjacent thick layers: 
122  kk ee  and 

122  kk ee , 

 1,  nn  denotes the interface between layers n and n+1, 

 the fourth-order tensors 
m

S  and 
m

QS  represent the in-plane and shearing 

compliances of layer m, respectively; they are defined by: 

)(zSS m

  , )(2 11126116 zSSS mm  , )(2 22126226 zSSS mm  , )(4 121266 zSS m  , 

)(4 33 zSS m

Q    for  mm hhz  , . The scalars 
mS3  denote the normal compliance of 

layer m and is defined by: )(33333 zSSm   for  mm hhz  ,  

 the compliances related to the coupling between in-plane and normal stresses in 

layer m are defined by: )(2 33 zSS m

C    for  mm hhz  , . 

The steps to follow in the construction of the model are similar to those followed by 

Pagano [17]. 

 

The following basis of third-degree z-polynomials is defined: 





























 














 















 

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



m
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m

m

e
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e

hz
zP

e

hz
zP

e

hz
zP

zP

10

3
2)(

2

1
6)(

)(

1)(

3

3

2

2

1

0

   (1) 

where 
2

mm
m hh

h  
 . In layer m, the in-plane stress components   (, {1,2}) are 

chosen as a linear combination of 
mP0  and 

mP1  and the 3D equilibrium equations lead 
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both to shear stresses 3  in the form of second-degree polynomials of z and to the 

normal stress 33  as a third-degree polynomial. The expressions of these polynomials 

may be found in [18]. The polynomial coefficients are expressed in terms of the 

following generalized internal forces [18,19]: 

 force, moment and shear resultants of layer m, respectively : 

dzzPzyxyxQ

dzzPzyxeyxMdzzPzyxyxN

m

h

h

m

m

h

h

mmm

h

h

m

m

m

m

m

m

m

)(),,(),(and

)(),,(),(,)(),,(),(

03

10





























  (2) 

 interfacial shear and peel stresses at interfaces 1,  nn  : 

),,(),,(),(and

),,(),,(),(

1

3333

1,

3

1

33

1,

3

















nnnn

nnnn

hyxhyxyx

hyxhyxyx



 
  (3) 

where ),( yx . Let us point out that the generalized interfacial stresses ensure the 

continuity of the stress vector across the interfaces. 

 

Assuming that volume forces are negligible, the Hellinger-Reissner functional for 

elastic problems applied to the laminate is: 

    dd
N

m

h

h

qropqrop

p

opopop FddzSRH

m

m

TUUσU ,
2

1
),.(.

12

1

****** 





  



 





  (4) 

where p

op  is the op component of the plastic strain tensor 
p
ε  (it is zero in the thick 

layers), 
*

U  is a piecewise 
1C  first order tensor field, 

*
σ  is a piecewise 

1C  second order 

symmetric tensor field,  ddF TU ,  is a boundary integration term which involves the 

imposed displacement vector 
d

U  and stress vector 
d

T  at the boundaries of the 

structure.  
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By introducing the stress approximation in the term  





m

m

h

h

opop dz**
U  in equation (4) and 

integrating by parts, one identifies the following 5N generalized displacements for 

),( yx : 

dzzyxU
e

zP
yxU

dzzyxU
e

zP
yxdzzyxU

e

zP
yxU

m

m

m

m

m

m

h

h

m

m
m

h

h
m

m
m

h

h

m

m
m

),,(
)(

),(and

),,(
)(12

),(,),,(
)(

),(

3
0

3

2

10



















 

 (5). 

The term  





m

m

h

h

opop dz**
U  then provides the following generalized strains: 

   

nnnn

n
n

n
n

nnnnmmm

mmmmmm

UUyxD

ee
UUyxDUyxd

yxUUyx

3

1

3

1,

3

1
1

11,

,3

,,,,

),(and

22
),(,),(

,
2

1
),(,

2

1
),(














 

 

 (6) 

Let us point out that no approximation of the 3D displacement is proposed in our model. 

As already mentioned in the introduction, this is an important difference with other 

layerwise models such as those proposed in [14,15]. 

 

The variational property of the H.R. functional in equation (4) with respect to the 

generalized displacements of the thick layers yields the generalized equilibrium and 

boundary conditions established in the original elastic model [19]. These equilibrium 

equations are: 

 














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12,222,12
12

1212

,

12,22

3
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3
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,

12,222,1212

,

llll
l

ll

lllll

lllll

e
QM

Q

N













   (7) 
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For the thin layers, an asymptotic analysis using the small thickness of these layers 

proves that no boundary conditions are to be considered and the generalized equilibrium 

equations are: 















12,2

2

22

2

12,2

1

22

1

12,2

3

2,12

3

12,2

2

2,12

2

12,2

1

2,12

1

,

,,

kkkkkkkk

kkkkkkkkkkkk

eQeQ 


  (8) 

where 11  Nk . It is worth mentioning that the 3 conditions in the first line in 

equation (8) are the same conditions required to model the thin layers as interfaces 

(continuity of the stress vector across an interface). The 5 conditions in equation (8) 

imply that the out-of-plane stresses in the thin layers are z-independent and this agrees 

with the assumption of Aquino et al [28] regarding the negligible variations of the out-

of-plane stresses through the thickness of the interface. 

The term 





k

k

h

h

p

opop dz
2

2

*   in equation (4) and the stress approximation in the layers 2k yield 

the following generalized plastic strains: 








k

k

h

h

k

p

pk dz
e

2

2

2

2 




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 






k

k

h

h
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k

pk dzzP
e

2

2
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12 2
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2

  , 







k

k

h

h

k

p
pk dz

e
d

2

2

2

32 2 



, 






k

k

h

h

k

p
pk dz

e

2

2

2

332

33


  (9) 

 

The variational property of the H.R. functional with respect to the generalized forces 

and moments yield the generalized constitutive equations related to: 

 the in-plane force resultants in layer m ( 121  Nm ): 

  



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

 
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
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  (10) 

 the in-plane moment resultants in layer m ( 121  Nm ): 

   

     mmmmm

C

mmmm

m

pmm

mmmmm

C
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3121266631212
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31263

5
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 (11) 

 the out-of-plane shear resultants in layer m ( 121  Nm ): 
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where 0 

pmpmpm d    if m is an odd number (it corresponds to a thick layer). 

The variational property of the H.R. functional with respect to: 

 
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3

nn

  yields the following constitutive equation for 221  Nn : 
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





  (13) 

 
1,

3

nn  yields the following constitutive equation for 221  Nn : 

 

 

























1

11

11

2,1

3

1

3

11,

3

1

3

1

3

,1

33

1,

3

1,

3

5

3

4

1

70

9

35

13

70

9

n

nn

c

n

nn

cnn

c

nn

c

nnnnnnnnnnnnnnpnnnn

e

MS

e

MS
NSNS

SeSeSeSeDD







 (14) 

where pk
k

pkk e
D 2

33

2
12,2

3
2
  and pk

k
pkk e

D 2

33

2
2,12

3
2
  for 11  Nk . 

Let us point out that in equations (10), (11) and (14), the coupling between the peel 

stresses and the in-plane forces is taken into account whereas the original M4-5N model 

did not (the compliance i

CS   did not appear in the original equations). Most models of 

plates do not take into account this coupling and implies neglecting the Poisson’s effect 

through the thickness direction. This is a first improvement of the M4-5N model. 

 

Now, let us determine the generalized equations that will help to obtain the generalized 

plastic strains in the thin layer 2k appearing in equation (9). For sake of simplicity, let 

us consider the case of associative plasticity with a normal flow rule, an isotropic 

hardening and a Von-Mises-like yield function. The 3D plastic strains are obtained by 

making use of  

 the yield function  

  kkeq RpRpf 2

0

2 )(, σ     (15) 
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where 
eq  is the equivalent Von-Mises stress, kR2  is the hardening function, p 

is the cumulative plastic strain, 
kR2

0  is the initial yield stress. 

 the flow rule 

kk

d

opp

op
RR

p
2

0

22

3




 
     (16) 

where the upper dot denotes the increment of a field with respect to its value in 

the previous load step, 
d

σ  is the deviatoric stress tensor. 

 

Let us now introduce the stress approximation of the M4-5N model in equations (15) 

and (16). In the thin layer 2k, we assume that the contribution of the moments kM 2

  on 

the equivalent stress is negligible as compared to those of the other generalized forces 

and stresses. This equivalent stress is then uniform through the thickness of the thin 

layer. By making use of the yield function in equation (15), we prove that the 

cumulative plastic strain is also uniform through the thickness of the thin layer. 

In the layerwise modelling, the cumulative plastic strain in each layer 2k is then 

approximated by the following polynomial: 

),()(),(),,( 22

0

2 yxpzPyxpzyxp kkk     (17) 

where 
kp2
 is the generalized cumulative plastic strain in layer 2k. The generalized yield 

function of layer 2k is then: 

kkkkkkk RpRpf 2

0

222222 )(),(     (18) 

where 
k2  is the equivalent stress using the following stress approximation in layer 2k: 

12,2

3

2

33

12,2

3

2

32

2

2 ,,   kkkkkk

k

k

k

e

N
 



    (19) 

The generalized flow rules which provide the increments of the generalized plastic 

strains defined in (9) are then: 
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






 































k

kkkk
kpk

k

k
kpkpk

k

k
kpk

kk

k

kk
kpk

kk

k

kk
kpk

e

NN

e

Q

e

N

e

NN

e

NN

2

2

11

2

22

12,2
22

332

2
22

3

2

2

2

1222

12

12,2

2

2

11

2

2222

22

12,2

2

2

22

2

1122

11

33

2
,,0,

,
33

2
,

33

2













 (20) 

where 
kkk

k
k

RpR

p
2

0

22

2
2

)(2

3







 

Let us point out that any other yield function may be applied. In what follows, for 

simplicity sake, the previously defined isotropic hardening and Von-Mises-like yield 

function are considered. 

 

2. Enhanced model of laminates with imperfect interfaces 

 

Let us now apply the equations in the previous section to determine the equations of a 

laminate with imperfect interfaces. If the aim is to model the thin layers as imperfect 

interfaces, a new renumbering of layers is required. Thick layers are numbered from 1 

to N. The equations developed in the previous section are applied but the fields are to be 

renumbered. The renumbering is performed with the following method: 

 for the generalized fields of the thick layers of the previous section the upper 

index 2l-1 is replaced by i; for example: 
12

11

lN  becomes 
iN11 , 

 for the generalized stresses at the interfaces, 
12,2

3

2,12

3

  kkkk

   and 

12,2

3

2,12

3

  kkkk   are replaced by 
1,

3

jj

  and 
1,

3

jj , 

 for the generalized fields of the thin layers, the upper index 2k is replaced by 

“j,j+1”; for instance: 
kN 2

11  becomes 
1,

11

jjN , 

 thicknesses 
12 le  and 

ke2
 are replaced by 

it  and 
1, jj , respectively, 

where Nl 1 , Ni 1 , 11  Nk  and 11  Nj . Let us point out that 
1,

3

jj  

and 
1,

3

jj

  defined above are the generalized interfacial stresses at the imperfect 

interfaces. 
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In the “interface layer”, the contribution of the generalized moments on the stress field 

is neglected as compared to that of the other generalized forces and stresses. The 

material in this “interface layer” between layers j and j+1 is isotropic and its properties 

are 1, jjE  (Young’s modulus), 
1, jj  (Poisson’s ratio), 1, jjR  (hardening function) and 

1,

0

jjR  (initial yield stress). 

In the N layers, called thick layers in the previous section, a stress approximation 

equivalent to that in the previous section is adopted. Generalized forces ( iN  and 
iQ ), 

stresses (
1,

3

jj

  and 
1,

3

jj ) and moments ( iM ) similar to those shown in equations (2) 

are defined. 

The generalized displacements 
i

oU  and 
i

  similar to those in equations (5) are defined. 

Also the following generalized strains are defined:  

   

jjjj

j
j

j
j

jjjjiii

iiiiii

UUyxD

tt
UUyxDUyxd

yxUUyx

3

1

3

1,

3

1
1

11,

,3

,,,,

),(and

22
),(,),(

,
2

1
),(,

2

1
),(














 

 

 (21) 

Let us also define the generalized in-plane stresses 1, jj

 , 1,

12

jj  and displacements 

1, jj

oU  at the “interface layer” between layers j and j+1 by: 





















 thicknessinterface

1,

1,

 thicknessinterface

121,

1,

12

 thicknessinterface

1,

1,

1
and

1
,

1

dzUU

dzdz

ojj

jj

o

jj

jj

jj

jj









 

  (22) 

These last displacements do not appear in the definitions of the generalized strains in 

equation (21). The generalized equilibrium equations are: 

 

























0
2

0

0

,11,

,

,1

3

1,

3,

,11,

,

iiii
i

ii

iiiii

iiiii

t
QM

Q

N













   (23) 

The generalized plastic strains at interface j, j+1 are deduced from equation (9): 
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 

 
 thicknessinterface

1,

1, dz
jj

p

oppjj

op



     (24) 

Let us point out that the generalized plastic strain pk2

  in equation (9) is not taken into 

account anymore because the generalized flow rule in the previous section yields 

02 


pk

 . 

The generalized constitutive equations in the layers are deduced from equations (10-12) 

by replacing m by i ( Ni 1 ) and substituting 1, jjE  and 
1, jj  in the compliances of 

the isotropic adhesives. The generalized constitutive equations at the interface between 

layers j and j+1: 

 related to the in-plane stresses are 

 

 

  1,

121,

1,
1,

12

1,

1,2

1,

2,1

1,

3

1,

11,

1,

1,

1,

21,

22

1,

2,2

1,

3

1,

21,

1,

1,

1,

11,

11

1,

1,1

12
2 



































jj

jj

jj
pjjjjjj

jjjj

jj

jj

jj

jj
pjjjj

jjjj

jj

jj

jj

jj
pjjjj

E
UU

EE
U

EE
U
















  (25) 

 related to the interfacial shear stresses are 

  2,1

3

1
1

1,

3

11

,1

3

111,1,

3015

2

3010

1

10

1












jjj

Q

j
jjj

Q

jj

Q

j

jjj

Q

j
jj

Q

jj

Q

jjjj

S
t

StSt

S
t

QSQSD









  (26) 

where 
1, jj

  is the generalized in-plane displacement discontinuity field defined 

by 

pjjjjpjjjjjjjj

pjjjj

jj

jjjjjj
jj

Ug

g
E

yx

1,

3

1,1,1,

,3

1,1,

1,1,

1,

1,1,

13

1,
1,

2and

,
)1)(,(2



























  (27) 

 related to the interfacial peel stresses are 

 

 

























1

11

11

2,1

3

1

3

11,

3

1

3

1

3

,1

33

1,

3

1,

3

5

3

4

1

70

9

35

13

70

9

j

jj

c

j

jj

cjj

c

jj

c

jjjjjjjjjjjjjjjjjj

t

MS

t

MS
NSNS

StStStStD







    (28) 
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where 
1,

3

jj  is the generalized out-of-plane displacement discontinuity field 

defined by 

pjjjj

jj

jj

jj

jj
jjjj

EE

1,

3

1,

1,

1,

1,

1,

31,1,

3










 








 


 
 and 

pjjjjpjj 1,

33

1,1,

3

   .   (29) 

Equation (26) is obtained by making use of equations (12-13) and summing 

pkkkk DD 2,122,12     and 
pkkkk DD 12,212,2    . Equation (28) is obtained by making use of 

equation (14) and summing 
pkkkk DD 2,12

3

2,12

3

   and 
pkkkk DD 12,2

3

12,2

3

  .  

 

The expressions of the generalized displacements 
1, jj

oU  of the “interface layers” are 

obtained by applying equations (13-14) and calculating the sum of 
pkk

o

kk

o DD 2,122,12    

and 
12,212,2   kk

o

pkk

o DD  ( 31  o ) in the numbering rule of the previous section. With 

the new numbering rule, calculations yield: 

 

 

























1

11

11

2,1

3

1

3

11,

3

1

3

1

3

,1

33

1

33

1,

3

5

3

4

1

70

9

35

13

70

9
2

j

jj

c

j

jj

cjj

c

jj

c

jjjjjjjjjjjjjjjjjj

t

MS

t

MS
NSNS

StStStStUUU







 (30) 

and 

  2,1

3

1
1

1,

3

11

,1

3

111
1

11,

3015

2

3010

1

10

1

22
2















jjj

Q

j
jjj

Q

jj

Q

j

jjj

Q

j
jj

Q

jj

Q

j
j

j
j

jjjj

S
t

StSt

S
t

QSQS
tt

UUU









 (31) 

 

The generalized plastic displacement discontinuities 
pjj

o

1,   at interface between layers j 

and j+1 appearing in equations (27) and (29) are obtained by making use of the 

following equations: 

 the generalized yield function of interface j, j+1 

1,

0

1,1,1,1,1,1, )(),(   jjjjjjjjjjjjjj RpRpf    (32) 
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where 
1, jjp  is the generalized cumulative plastic strain of the interface, 

1, jj  is 

the equivalent Von-Mises stress obtained for the following stress field 

components 

1,

23

1,

13

1,

12

1,

3

1,

2

1,

1 ,,,,,  jjjjjjjjjjjj    (33) 

 the generalized flow rules of interface j, j+1 




























 






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








































































1,

3

1,1,

3

1,

12

1,1,

12

1,

1

1,

2

1,

31,1,

33

1,

3

1,

1

1,

21,1,

22

1,

3

1,

2

1,

11,1,

11

1,

1,

,

,
33

2

,
33

2

,
33

2

then
0

0
if

jjjjpjjjjjjpjj

jjjjjj
jjpjj

jjjjjj
jjpjj

jjjjjj
jjpjj

jj

jj

f

f

 










 (34) 

where 
1,

0

1,1,

1,
1,

)(2

3











jjjjjj

jj
jj

RpR

p
. 

 

Let us describe in this paragraph the main differences of the present model with that 

developed by Aquino de los Rios et al [28]. In [28], 

 the Poisson’s effect through the thickness direction is neglected. Similar 

equations to those in equations (10-11) and (28) are obtained but the 

compliances 
i

CS   are replaced by zero 

 the in-plane stresses 
1,

1

jj , 
1,

2

jj  and 
1,

12

jj  at the “interface layer” are not 

considered. Equations (25) do not exist. 

 the same elastic interfacial constitutive equations (26) and (28) are obtained but 

the displacements 
1,

1

jjU , 
1,

2

jjU  and 
1,

3

jjU at the interface are calculated by 

empirical equations involving an average of the displacements of the adjacent 

layers; for example: 




















1

1

3

1

31,

3

),(),(
jj

jjjj
jj

tt

tyxUtyxU
U  
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This equation was proposed by making a sort of approximation of the 3D 

displacement which is not suitable since the starting point of the modelling is a 

stress approximation. The above equation is not as accurate as equation (30) 

because it does not take into account the stiffnesses of the adjacent layers. 

 the yield function and the flow rule only take into account the interfacial shear 

and peel stresses. 

 

Finally, let us point out that the resolution of the equations of the present model is 

performed by means of a similar numerical technique to that applied by Aquino de los 

Rios et al in [28]: a finite element resolution combined with a Newton-Raphson like 

method. Further details of the numerical technique are shown in [28]. 

 

3. Theoretical validation of the model 

 

Let us now make a theoretical validation of the model by comparing its results to those 

of a solid finite element (FE) resolution performed by the commercial software called 

COMSOL Multiphysics 3.1. A first validation (not shown in this paper) consists on 

considering the case of a double-lap joint subjected to a tensile load (the same case was 

considered by Aquino de los Rios et al [28]). In this case, the adhesive is subjected 

essentially to a shear loading and the enhanced version of the model yields practically 

the same results as those of the previous one and both are very similar to the solid finite 

element results. For simplicity sake, this case is not shown in this paper. Let us now 

consider the case of a peel dominated loading. The structure considered is a T-peel joint 

(see Figure 2) with elastic steel substrates and an elastic-plastic adhesive which plastic 

behaviour is modelled by a Von-Mises yield function, a normal flow rule and an 

associative plasticity consideration. The width of the joint is 25mm. The material 

properties are shown in table 1. A plane strain state is assumed. In Figure 3, the mesh 

considered in the solid FE calculation is shown; let us point out the high number of 

elements required due to the important difference in thicknesses for the adhesive and the 

adherend. In order to apply our layerwise model to analysis of this joint, symmetry is 

applied as shown in Figure 2. At the left end of the adherend, a force F and a bending 

moment FbM   are applied. A monotonic load F is considered. According to 
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Castagnetti et al [30], this joint fails for a 487.5N load. A reasonable set of load values 

to be considered is then F=118N (when plasticity initiates for the layerwise model), 

F=300N and F=500N. The generalized stresses calculated by the M4-5N model at the 

“interface layer” are compared to the stresses calculated by COMSOL in the adhesive at 

the symmetry axis (the y-axis, see Figure 2). It is not worthy to use in this comparison 

the stresses calculated by COMSOL at the adhesive/steel interface because the left edge 

exhibits singularities. 

 

In Figure 4, the equivalent Von-Mises stresses 
eq  in the adhesive calculated by the 

M4-5N model and COMSOL are plotted against the y coordinate for the three load 

levels considered. At a 118N, the equivalent stress calculated by the M4-5N model at 

the left edge reaches the yield stress and plasticity onset is predicted. For the three 

considered loads, an excellent agreement between the two calculation techniques is 

observed. 

 

In Figure 5, the normal stresses 3  in the adhesive calculated by the M4-5N model and 

COMSOL are plotted against the y coordinate. The stress calculated by M4-5N is in fact 

the generalized peel stress 
2,1

3  at the “interface layer”. Once again, a very good 

agreement between the two calculation techniques is observed. Let us point out that 

these stresses reach much higher values (up to 188MPa) than the yield stress (30MPa) 

because the presence of the other normal stresses 
2,1

1  and 
2,1

2  reduces the equivalent 

stress level (the hydrostatic stress does not affect the equivalent stress). In Figure 6, the 

normal stresses 
2  in the adhesive computed by the two calculation methods are plotted 

against the y coordinate. The solid FE (COMSOL) values at the left edge for this stress 

are zero ( 02  ) because of the free boundary condition. This condition is not verified 

by the 
2,1

2  stress of the M4-5N model since the adhesive is modelled by an interface. 

This causes a slight difference between the values of the normal stresses near the left 

edge. In spite of this, the M4-5N results are very accurate over a wide range in the 

adhesive. For the other stress 
1  in the adhesive, the layerwise model and COMSOL 

provide also very similar results. 
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Let us now compare the predictions of the opening displacement 
2,1

3  at the imperfect 

interface of the M4-5N model to the elongation 3  in the thickness direction of the 

adhesive computed by COMSOL ( v23   where v  is the displacement of the 

interface in the z-direction according to the drawing in Figure 2). In Figure 7, these 

displacements are plotted against the y coordinate for the three load levels considered. 

Once again, very accurate results are observed for the M4-5N model. 

 

Finally, let us compare the results of the new version of the M4-5N with those of the 

previous one developed by Aquino de los Rios et al in [28]. In the previous version of 

the M4-5N, the sole peel stress 
2,1

3  controls plasticity onset for the T-peel joint and 

2,1

3  cannot overpass the yield stress (the in-plane stresses 
2,1

1  and 
2,1

2  were not taken 

into account). In Figure 8, the normal stresses 3  in the adhesive calculated by the two 

versions of the M4-5N model and COMSOL are plotted against the y coordinate for the 

500N load. An important difference between the predicted peel stress values by the two 

versions is observed. A comparison of the predictions of the two models with those of 

COMSOL allows us to state that in the case of a peel dominated loading, the previous 

M4-5N model yields erratic results whereas the enhanced layerwise model provides 

very accurate results. 

 

Additionally to the accuracy of the enhanced version of the model, the layerwise 

technique has the quality to perform the calculations faster (at least 30 times faster than 

the solid FE technique for the structure above considered) and with less memory 

requirements. 

 

Conclusion 

 

To conclude, a layerwise model previously developed for the analysis of laminates with 

thin adhesive layers has been enhanced in order to predict accurately the interfacial 

stresses and strains. The elastoplastic adhesive layers are modeled by imperfect 

interfaces in order to obtain a cost effective tool. A theoretical rigorous support has been 

provided for the constitutive equations of elastoplastic interfaces. These constitutive 

equations were obtained by making use of an adaptation of the Hellinger-Reissner 
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functional and an asymptotic expansion method based on the small thickness of the 

adhesive layers. The equations of the model were solved by a numerical tool developed 

in a previous paper. The model was then applied to the calculation of stresses and 

displacement discontinuities across the imperfect interfaces in a T-peel joint. The model 

results were compared to those of a solid FE resolution. The enhanced layerwise model 

provided very accurate results, practically the same as those of the solid FE technique 

whereas the previous layerwise model with imperfect interfaces yielded erratic 

predictions.  

 

The enhanced layerwise model with imperfect interfaces proves to be a suitable tool for 

the analysis of laminates or adhesive joints with thin layers of an elastic-plastic adhesive 

subjected to different loading conditions. An important saving in computing cost is 

achieved with the use of this model instead of solid finite elements. In part 2 of this 

work, the model predictions are compared to experimental measurements in 

elastoplastic adhesive joints. Moreover, pertinent failure criteria are developed to obtain 

accurate predictions of failure onset for different adhesive joints. 
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Figure 1. Laminated structure considered and two steps for its modelling. 

Figure 2. T-peel joints: geometry a) and modeling b) (dimensions are in mm). 

Figure 3. Meshed geometry in COMSOL. 

Figure 4. Equivalent  
eq

 stress in the adhesive for three loads (118, 300 and 500N). 

Figure 5. 3 stress in the adhesive for three loads (118, 300 and 500N). 

Figure 6. 2 stress in the adhesive for three loads (118, 300 and 500N). 

Figure 7. Elongation 3  in the thickness direction of the adhesive layer for three loads 

(118, 300 and 500N). 

Figure 8. 3 stress in the adhesive for a 500N load calculated by COMSOL and the two 

versions of the M4-5N model. 
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Property \ Material Adhesive Adherend 

Young’s modulus (GPa) 1.7 206 

Poisson’s ratio 0.3 0.3 

Yield stress (MPa) 30  

Table 1. Properties of involved materials. 

 

 

 


