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Orbits in a stochastic Goodwin-Lotka-Volterra model

B. Costa-Lima?, A. Nguyen Huu'?

“Department of Mathematics and Statistics, McMaster University, Hamilton ON L8S 4L8, Canada

Abstract

This paper examines the cycling behavior of a deterministic and a stochastic version of the economical interpretation
of the Lotka-Volterra model, the Goodwin model. We provide a characterization of orbits in the deterministic, highly
non-linear version of the model. We then study the cycling behavior for a stochastic version, where a Brownian noise
is introduced via an heterogeneous productivity factor. Fundamental properties of the system are provided. We start
with a perturbation analysis for small range of volatility and prove that the system locally behaves in average as the
deterministic counterpart. We then prove with original stochastic Lyapunov techniques that the system produces cycles
around an equilibrium point in finite time for general volatility levels. We also conjecture a limit cycle phenomenon
via numerical simulations.

Keywords: Lotka-Volterra model, Goodwin model, Business cycles, Lyapunov techniques, Stochastic differential

equation

1. Introduction

The Lotka-Volterra equation is at the heart of population dynamics, but also possesses a famous economical
interpretation. Introduced by Richard Goodwin in 1967 [4], the model bears several differences with its biological
counterpart. Firstly, the model results from mathematical derivation of economical assumptions and its justification as
a pertinent model relies on the latter. Secondly and consequently, the state variables of the planar oscillator represent
two economical ratios: the workers wage share of output x and the employment rate y of a closed capitalist economy.
As recently noticed in [2], the model shall be modified to ensure the viability of this interpretation:

(&)

{dx,/dt = X% (D(y,) — @)
dy,/dt =y, (k(x) —y)

Here, ®@ and « are highly non-linear functions with vertical asymptotes at y = 1 and x = 1 respectively. It is proved
in [2] that the system stays in the interior of the unit square if it starts inside it under this condition, producing closed
orbits around a non-hyperbolic equilibrium point. The purpose of Section 2 is to fully characterize these orbits. The
last difference with the biological counterpart is that the aim of (G) is to study the fluctuations of the production level
P, of the economy as an auxiliary variable, and the period of real business cycles. On this matter, Goodwin himself
conceded that the model is “starkly schematized and hence quite unrealistic” [4]. Indeed, it hardly connects with
irregular observed trajectories, see [5] for an econometric study. Bartlett [1] admitted an equivalent statement for the
biological interpretation of the system.

But surprisingly, to our knowledge, there is no reference of addition of stochastic components to the Goodwin
model, whereas Bartlett [1] proposed a stochastic Lotka-Volterra equation as an improvement of the deterministic
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system. After this seminal work, stochastic Lotka-Volterra equations have been extensively studied, with focus on
random factors affecting the environment and properties of biological systems, see [10, 11, 12, 14, 17] for recent ex-
amples. The goal of the present paper is to fill the gap in Economics. To do so, we take into account the three previous
remarks. We derive the stochastic model from economical assumptions and an assumption on the heterogeneity of
the productivity rate @ among workers. The productivity of the labor class is theoretically one of the parameters that
should affect real business cycles, see [3] for example, so that it seems a reasonable starting point. Keeping in mind the
second distinction of Goodwin interpretation of the prey-predator equation, we study the system and its fundamental
properties with functions @ and « forbidding values for the state process (x;, y;).

The last particularity of the economical angle motivates the main result of the present paper. Previous references
contribute to the mathematical study of such models by analyzing asymptotic distributions and moments. For the
present stochastically perturbed system, we prove that the system produces orbits. We first study the model for small
values of volatility by perturbation methods. This analysis shows that within first order approximation, the stochastic
version preserves the characteristics of the deterministic one, in the sense of expectation. We thus keep the cycling
behavior for local times. We then relax the small volatility assumption. We prove under mild assumptions that the
system makes orbits, in some new sense, around a non stable equilibrium point in finite time, by means of stochastic
Lyapunov techniques [9]. We additionally provide numerical results to conjecture the existence of an asymptotic
stochastic limit cycle.

The structure of the paper follows the above outline. Section 2 introduces the deterministic Goodwin model and
full description of its orbits. Section 3 introduces the stochastic model and its fundamental properties. In Section 4,
we prove the cycling behavior of the new system with small volatility. In Section 5, we show via recurrent domain
techniques that any solution to the stochastic system produces orbits in finite time. Examples and illustrations are

provided along the paper.

2. Goodwin interpretation, orbits and periods

The Goodwin model [4] describes with Eq. (G) a closed capitalist economy in a dynamical fashion. In this
model, total yearly output P, comes from a Leontief production function with full utilization of invested capital K;
(normalized by a constant v):

P, = min(K,/v; a;y:Ny) = Ki/v = a;yNy ,
with the adjusted employment rate y,, the productivity of workers a; := ay exp(at) and the size of the labor class given

by N; := Nyexp(Bt). A second statement concerns the evolution of capital, which evolves by investing according to

an investment function « minus a depreciation rate:
dK;/dt = (k(x;) — 0)K; .

The function « gives as a fraction of capital the amount put in investment by the capitalists class. It is an increasing
function of profits, and thus a decreasing function of the wage share x,. It is originally given by Say’s law, i.e.,

everything left from production is reinvested:
1—
K(x) = —2  for x € [0, +00), (1)
v

with v the capital-to-output ratio introduced above. We will relax this assumption later. The last statement concerns
the introduction of @ in the bargaining power of real wage w, := a,x; by imposing dynamics dw; = ®(y,)w,dt. The
function @ is economically supported by the Phillips curve and is an increasing function on its domain. Stating
v = a+ B+ ¢ allows to retrieve (G) for (x;,y;) = (W;/a;, K;/(va,Ny)).

2



Assumption 1. We assume the following:

(i) ® € C%([0, 1)) is increasing convex on [0, 1). Additionally, ®(0) € (—oo, @) and limy_,;- (y) = +oo.
(ii) x € C*([0, +o0)) is decreasing. Additionally, k(0) € (y, +o0) and lim,_, ;o k(x) = —c0.

Remark 1. The modification proposed by Desai and al [2] is kept for the function @ but not for «, keeping the domain
R,. We have both economical and mathematical reasons. If investment comes from production outcome only, Say’s
law (1) ensures stock-flow consistency, an important criterion for economical models. Otherwise, external sources of
incomes, as proposed in [7], can justify a total wage greater than output, i.e., x, > 1 is possible. Finally, symmetry of
x and y is put aside to study the two cases of bounded and unbounded variables. This asymmetry will be emphasized
in the subsequent assumptions, and the extension to another domain follows easily.

Under Assumption 1, the Goodwin-Lotka-Volterra model is well-known for its cycling behavior around a non-
hyperbolic equilibrium point (%, ) := (¥~ !(y), ®~!(a)) for any starting point (xo, o) in the domain D := (0, +0c0) X
(0, 1). The closed orbits are described by the set of points (x,y) € D verifying V(x,y) = V(xg, o), with

T k(X)) — Y D(s) — OB
V(x,y) i= Vi(x) + Va(y) = f KD =) o f ) = B ;¢
¢ y

% N s

being a constant of motion. The function reaches its minimum 0 at point (%, y), so that V is a Lyapunov function for
(G). The other equilibrium point of the system (0, 0) is a saddle point and not economically relevant: it is eluded in
all the paper. It is straightforward that V converges to infinity for (x, y) converging to the boundary of D. The domain
of interest immediately follows.

Proposition 1 (Desail and al.[2]). If (x;, y:)0 is a solution of system (G) starting at (xo,yo) € D := (0, +00) x (0, 1),
then (x;,y;) € D forall t > 0.

The function V characterizes orbits and allows to study the period of cycles around the center (%, §). The following
theorem generalizes the approach of [6].

Theorem 1. Let (x;,y;)>0 be a solution to (G) such that (xy, xo) € D. Let V := V(xo,y0). Then (xr,yr) = (X0, ¥0) for

T defined by o
o8t 1 1
T(Vo) := f - dz 2
v g Fy'oG2) F;'oG(z) )

where x < X are the two solutions to equation V(x) = Vy and G, F| and F, are defined as the function G(z) :=
Vo — Vi(€9), Fi(u) := Vo 0o @ L(u* + @) and Fa(u) := Vo 0 @ (—u™ + a).

Proof The function V being a constant of motion for system (G), the graph of {(x,y) € D : V(x,y) = V,} is a closed
contour line included in D for all (x, yo) # (X, §). Therefore, its orthogonal projection on the x-axis is given by a closed
interval /, with boundaries given by V;(x) = Vj, so that / = [x, X]. System (G) being homogeneous, we fix xop = x
without loss of generality and keep V(xo, yo) = Vp. This implies V,(yg) = 0,1.e.,yo = 9. Let T; :=inf{r > 0 : x, = x}.
For t € [0,T], (x1,y:) € [x,X] X [9,¥], with ¥ such that V,(3) = V(x,9). Let z(¢) := log(x,) for ¢ > 0. It follows the
equation dz = (OP(y) — a)dt so that y = O '(dz/dt + a). By differentiating dz/dt, we can write a second order ODE

dzz_ ’ dy_ ’ -1 dz -1 dz Z
ﬁ_d)(y)E_CD(d) (E+a))(l> (E+Q)[K(6)_y]

which can be formulated, with additional variable u := ®(y) — @ and function ¥ := @ o ™! x &', as
dz/dt = u
du/dt =¥ (u + @) [k(e) — ]
3
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Since z; € [z,7] := [log(x), log(¥)] and u, € [0, ®(¥) — ] for ¢ € [0, T ], we separate variables of Eq. (3) and integrate
to obtain two new equal quantities:

Flu) := fo mdsz fz [k(e®) — ylds =: G(2) . @)

The functions F verifies F(0) = G(2) = 0, is increasing on [0, @(§) — ] and decreasing on [®(y) — @, 0] with y < § s0
that V,(y) = 0. Coming back toy = O '(u+ a) we get

5=V (@ u+a)),

B u s ~ D! (u+a) D(s) — CD(j))
Fa = fo POt Gro T f s ¢

implying that F(u) € [0, V(x, )] for u € [D(y)+a, D(y)+a]. Altogether, we can construct two monotonous restrictions
of F:

¥

Fi(u) := Vo(@ 't + @) and Fa(u) := Vo(O ' (~u™ + @)) .

Notice that if ¢ € [0, 7], then u; := ©(y;) + @ € [0, D + @)]. Thus, F(u,) is a strictly increasing function of ¢ taking
its values in [0, V(x, 9)]. Getting back to x = e* for G, we have forz > z

G(z) := fx : K(S)T_yds + f K(S)T_yds = Vo = Vi(e)

X XNnet
Since sign(x(x) — y) = sign(% — x) we have max¢; 7 G(z) = G(log(%)) = V1(x) = V(x, ), while minimums are given
by G(2) = G(z) = 0. This sums up with G([z,z]) € [0, Vo], so we can write on this interval Ffl 0G(z) = u = dz/dt
which finally gives

"z dZ
T] = f 1~
: Fi(G@)

We apply the same method for the other half orbit, taking (xp,yo) = (x,9) and T, := inf{t > 0 : x, = x}, to reach the
other half of expression (2). O

Remark 2. If we linearize (G) around (X, y), we can verify that the solution to the resulting homogeneous linear system
is a linear combination of sines and cosines of (—X®’($)«’(X)¢). It follows that

2n
VAR (F)IK’ (%)
Example 1. We assume that investment follows Say’s law (1) and Philips curve is provided by [7]:

o)
1=y

Assumption 1 holds here and the equilibrium point is given by (%, ) = (1 vy, 1 — o1 /(- ¢0)) . The Lyapunov
function V is given by V(x,y) = Vi(x) + Va(y) with

lim T(Vy) =
Vo—0

K(x) = I%X and O(y) := +do .

1 . X
Vi(x) = ;(x—x(log(§)+ 1)) )
and _ . . | .
v2<y>=¢1(log(1_y)+(1yA)log(z)+ Q—A—Az)~ ©
-y -3\ Ty=y 33

Although function T given by Theorem 1 is not explicit here, numerical computations allow to approximate it with a
linear function, see first part of Fig. 1. As put in Remark 2 above, the period does not converge to 0 with the orbits
concentrating to (X, ). A phase portrait with values of T is provided in second part of Fig. 1.
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Figure 1: Up: values of T as a function of V. Down: Contour lines with values of T in a subset of D. Parameters set at (a,y, v, $o,d1) =
(0.025,0.055, 3,0.040064, 0.000064). Equilibrium point at (%, §) = (0.8350, 0.80).

3. Goodwin model with stochastic productivity

Consider a labor force with constant but heterogeneous growth rate of productivity per capita. One can imagine
the repartition of @, among an infinite population to follow an atom-less probability distribution on R. In the Goodwin
model at any given time, only a fraction y of the labor force is employed. Assume now that, for exogenous reasons,
the working subset of the labor class changes continuously and unsteadily among it. One can support this assumption
by the permanent flow of workers coming in and out of the labor class. However, this random change of the subset of
workers is conditioned by y: the higher the fraction of workers y is, the less the variations of this fraction are possible:
for y = 1, productivity remains constant. Now assume that the productivity growth rate has an average « over the

whole population. According to this vision, we propose that productivity follows dynamics
da; := a,da; = a, (adt — o (y))dW;) 7

where o(y) is the volatility parameter, a non-negative decreasing function of y verifying o(1) = 0. Here, W is a one
dimensional Brownian motion defined on a filtered probability space (Q2, ¥, IF, P) where the filtration is F = (7;);0 =
o(Ws, 0 < s <f) completed with P-null sets. We proceed to the same derivation of the model as in Section 2. Using

It6 formula we obtain the following stochastic differential equation:
dx; = 2 ((@O0) = @ + > (G)dt + o (7)dW,)

dy; =y, (((x) =y + PGt + - ()dW,)
5
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We propose to study a specific case of this system by assuming a unique root to the deterministic part of (SG).
Assumption 2. There is a unique (%,5) € D verifying ®3) —a + 0*(3) =0 and % := k" '(y — 72®)) .
We introduce the Dynkin operator associated to (SG). For ¢ € C'22(R, X (0, +00) X (0, 1)), we define

0 0 0
Lot xy) =2+ £x<d><y> —a+ () + 8—‘;y(:<<x) —y+02(y) +

, PO (Po s, Pes P
t

2
2 \a” 0y? Y Oxdy

Xy)) @, x,y)

For a stochastic differential equation to have a unique global solution for any given initial value, functions ® and «
are generally required to satisfy linear growth and local Lipschitz conditions, see [9]. This clearly cannot stand here
according to Assumption 1. We thus study the system under the following general condition.

Assumption 3. There exists K > 0 and k > 0 such that, for all (x,y) € D,

(i) —xk'(x) —k(x) < KVi(x)+k
(ii) >’ (y) < KVo(y) +k .
Remark 3. Notice that in line with Theorem 3.6 in [9], these conditions appear in the proof as the best possible

conditions, without being formally necessary. Assumption 3.(i) holds for x having a polynomial growth, suiting a

large class of functions. The bound (ii) concerns both ® and o to ensure that y, < 1 P — a.s.

Theorem 2. There exists a regular solution (x;,y,)0 to Eq. (SG) starting at any point (xg,yo) € D. Moreover, the

solution is unique up to P-null sets, has the Markov property and remains in D P — a.s.

Proof It suffices to show that conditions of Theorem 3.4 and Corollary 3.1 in [9] are satisfied, which we reproduce
in Appendix A for convenience. First, the locally Lipschitz growth and sub-linearity conditions of the coefficients of
the system on every compact subset included in D follow from Assumption 1. We are only left to check conditions
(A.2) and (A.3) in Theorem 6 of Appendix A. Applying the Dynkin operator to the Lyapunov function V we get

LV(x,y) = [K(&) = k()] (DG) — @ + 7> (¥)) + [DG) — OF)] (k(x) — ¥ + ()
+ ([x(x) — k(%) — xK' ()] + [DG) — DO) +yD' W)]) > (1)/2 .

Since @ = ®(P) and y = (%), we obtain

LV(x,y) = ([K(R) = k() = 26 ()] + [DY) = DE) + yO' W]) 0 ()/2 . ®)

Applying Assumption 3, we obtain LV(x,y) < max(c2(0)/2; 2K)V(x,y) + 2k for K, k > 0 given in the same assump-
tion, and then condition (A.2) holds for V. From separation of variables in V,

inf V(x,y)=Va(y)+ inf Vi(x) = Va(y)
) xe[0,+00)

x€[0,+oo

which tends to infinity when y goes to either 1 or 0. We also have inf,¢( 1) V(x,y) going to infinity as x goes to 0 or
+00. Condition (A.3) is then satisfied, which allows to apply Theorem 6. a

Example 2. We continue the study of Example 1, with now (SG) and volatility function o(y) := (1 —y) with oy > 0.
According to Assumption 2, (1 — §)? is the root of a quadratic polynomial

o1 =5 —(@+do)1 -5+ =0. )



By assuming that ¢; < (a + ¢¢)/2 and o9 < max{(a + ¢0)/(2 Vé1), (@ + ¢y — ¢1)}, we have a sufficient condition for
having a unique root in (0, 1) to Eq. (9). Assumption 2 thus holds under that restriction. Assumption 3 also holds.
Indeed for all y € (0, 1), following Eq. (6),

2 ’ 20'(2)(}51 2 N ~ 1 ~
oMYy = < 20| V200) - ¢ 5 |91og(®) — = | +log(l - 3)
I=y -3 ¥
and following Eq. (5) along with the sub-linearity of the log function,
’ 2x -1 A s a
—k(x) — xk’(x) = < % (Vi(x) + 2 — ®log(3)) . (10)
-x

Remark 4. 1t is a trivial property that if (x;, y,) follows (SG),
P[limx, _ x] +P[1imy, _ y] _0
t t

for any (x,y) in D, as the drift part or the volatility coefficient is non null on D. It also holds for the boundaries
{0} x (0, 1) and (0, +o0) X {0, 1}. For the point (0, 0), we observe that £V(0,0) < —¢ < 0 for some small € > 0. By
continuity of LV, it holds also in a region [0, ] X [0, €]. Since limyy)|0,0) V(x,y) = +oo, the property holds for the
closure of D.

It is possible to picture a solution to (SG) as a trajectory continuously jumping from an orbit of (G) to another.

Along this idea, V provides an estimate on trajectories.

Theorem 3. Let (x;,y:),5o be a regular solution to Eq. (SG) with initial condition (xo,yo) € D. Let Vo := V(xo,Y0)
and p < Vy. Let
T, :=inf{t > 0 : [V(x;,y) — Vol 2 p}.

Then for all > 0

I(Vo,p)) an

Pz, > 0(p)| 2 (1 -

with
000) im 2 (12 + A2 + 20R(Vo. p) + pR(Vo. p)
a (R(Vo, p)o)?
for two constants R(Vy, p) and [(Vy, p) depending only on Vy and p.

Proof Let us define the compact set D(Vy, p) := {(x,¥) € D : |V(x,y) — Vy| < p} and constants
R(Vo,p) = max {o(3) (k(2) = k() = 3/ (x) + yP'(3) + B() = (3))]
05

and

1(Vop) 1= max {0(3) (k) = #(0) + O() = PG} .

Fix u > 0. Now we define the ﬁp-measurable setA, = {w eQ: SUP)</<r, |M,(w)| < u} where (M;);»o is a martingale
defined by

1 t
M, = —f T (ys) (k(£) = k(x5) + (ys) — D(F)) dW(s) .
Vit Jo

for ¢ > 0 and by M, = 0 for ¢ = 0. Notice that M is not right-continuous at ¢t = 0 but still verifies E [M,Z] < I(Vy, p) for
all 0 < r < 7,,. By replacing M, by its cadlag representation, the property still holds. Doob’s martingale inequality can
then be applied:

PlA,] = (1—%) :
7



At last, using Itd’s formula, we have from Eq. (8):

ds

1 !
Vo) = Vol < 5 fo T2 (y) [K(R) = K(x) = XK (x5) + 35 (3,) + B(y,) — D)

+) fo o(15) (K(2) = K(xs) + B(ys) — D)) AW,

so that for P—a.e. (w, 1) € Ay X [0, ()], [V(x1, ¥:) = Vol < %R(Vo,p)t +u Vi =:S#) P—-as. Also, |V(x,, y,) — Vol < p
on that set. Put in another way, 7, > § ‘1(p) =: O(p) on A, so that according to Bayes rule,

1(Vo,p)
P |7, > ©(0)| 2 Pz, > ()[4, | P[A,] 2 P[A,] = (1 - u+p)
Remark 5. Since V explodes at the boundary 9D, I and R are bounded for all V, > 0 and p < V,. Notice that an
estimate of V provides indirectly an estimate on 7', although not explicit here.

Example 3. We build on Example 2. Note that, according to Assumptions 1 and 3 the vertical asymptote at y = 1
implies that FMPY) < KoVa(y) + ko for some Ko, ko € Ri. In specification of Example 2, Ky = 0 and ky =
o-%(q)l + ¢o). We are thus able to claim the existence of K,k € R2 such that |R(Vy, p)| < K(Vy + p) + k, for the general
form of ®. Applying to Theorem 3, we obtain

W 2 2f2Xx=X 21y ¢ #1
R(Vy,p) := Dr{lveg;){cro(l y)( )}

+ + -
(I-y» d-y»* A-97°
Using Eq. (10), this estimate becomes

. 20'(2)
IR(Vy, p)| < K(Vy + p) + k with K := ]

A

- X

and k an explicitly calculable constant. Following the same procedure with Eq. (10), with the same K,
IVo,p) < K(Vo+p +k, kK >0.

Now choosing ¢ = (p — %(K(Vo +p) +k))/ V6 for some 6 > 0, so that B(p) = 6 we obtain

(K(Vy + p)> + k)0
(SK(Vo+p) + 08 - p)

]P’[TP>H]Z[1—

4. Small volatility approximation

A first approach to a stochastic Lotka-Volterra model is to assume that the white noise is sufficiently small to
consider an approximate auxiliary system where the volatility part is considered as a perturbation. See [10] for a
related study with a very similar model. Here, we study (SG) and replace o(y) by o (y) for a small £ > 0. We then
look for solutions of (SG) of the form

{x, = xo(f) + £x.(t) + O(e?) 1)
¥ = yo(t) + &y,(1) + O(e)

with two sets of solution G, := [xo(¢), yo(£)] " and P; := [x,(t), y.(£)]". By using the Fundamental Theorem of Perturba-
tion [15] with Taylor expansion of ® and «, it follows that G; is a solution to (G), and P; a solution to the perturbation
dynamics

dP, = A; - P;.dt + b,.dW, (13)

8



99 99

where and ”.” denote the matrix product and the component-wise product respectively. Terms A and b are periodic

functions of period T o V(xp(0), yo(0)) given by Theorem 1:

_| @000 —a x0®® G0
Ty (x0(0)  Kk(xo(D) —y

) _:[ 20D (yo(1)) ]
T oo |

As usual in this type of analysis, initial conditions are given by (xo(0), yo(0)) € D\(%,9) and Py = [0,0]". For
convenience, we will introduce the following notations: &, := «x(xo(#)) — y and Y, := ®(yo(?)) — a.

Theorem 4. Let us define
t 0
G, = Xo(?)
0 y@®
where (xo(1), yo(t)) solves (G) with initial condition (x¢(0),yo(0)) # (X,9). Consider (P;)o a solution to Eq. (13).
Then fort > 0,

!
P, =G, Y- [Gol Py + f a(o(s). ;! - 1. dWx} (14)
0
with1 =[1,1]7 and
g, . | T/ Yo =Sl Yol ]
! ZolY 2,/Z0 - Tol¥

with

] [‘r, f OO Go(s) f Xo(K (xo(5)) ds] |
0 0

13 53
Proof For (x(0), yo(0)) € D\(X, $), we define Z; := [x.(t)/x0(2), ye(t)/yo()]" which is solution to dZ, = A} - Z,.dt +
b;.dW, with

1 oK o) 0 and b := oy .

The above elements are periodic of period T := T o V(x(0), yo(0). Consider now for X, € R xR¥, k € N the following

& [ 0 YO (1)) ]

deterministic dynamics:
dX, = A} -X,.dt, t>0. (15)

Define now [Z;(1)|Z,(¢)] a fundamental matrix of (15) with Z(¢) := [T, Z/]" and Z,(¢) := [x2(2), y2(©)]". Indeed, Z; is
a particular solution to (15). Abel’s formula, together with the fact that t7(A;) = 0, implies that for any > 0

Tiy2(1) = 2(DE; = Toy2(0) — x2(0)Ep = ¢,
which can be plugged in (15) to obtain a characterization for Z,:

{ Tidxo(t) = yo()®' (vo(D) (¢ + x2()E,) dt
Eidy>(1) = Xo(OK (xo(0) (¢ + y2 (D) dr

Rearranging, we obtain the following system:

{d (02(D)/Y1) = cyo()D (yo(£))/ V2 dt
d (y2(0)/E) = cxo(OK (xo(1)/Er dt

for time  when Y; # 0 and E, # 0, i.e., when ¢ # 0. This allows us to characterize Z, and a general solution X of Eq.
(15) under the form

T,/Y |

Xt=X0~12~[ i/ To }w.[ !

, ceR,
Fzy}

Ei/Zo

9



with I, the identity matrix of M,,. From that, we can identify the state-transition matrix ¥, for Eq. (15). Since ¥, is
a solution to Eq. (15),
d¥;' =¥ Ajdt and d(¥'-Z)=Y"-b.dW, .

Taking into account that ¥y = I, we have the following solution for Z;:

Z, =Y

!
zo+f\}';1 -b;.dWS], 1>0,
0
which leads us to the desired result (14) by definition of Z. O

Coming back to the perturbation analysis, Theorem 4 has the following direct consequence.

Corollary 1. Any solution to Eq. (14) verifying Py = [0,0]7 is a martingale with covariance matrix
!
Var[P,] = f V(s, 1) - VT (s,0).0(vo(s)).ds (16)
0

with V(s,1t) := G;- ¥, - ‘I‘;l - 1. Moreover Var[P,r] = O(n?) for n € N.

Proof The martingale property follows from solution (14) and the variance (16) follows from It isometry. Notice

that Wlth integl’ation by part, we Obtain
.: T
t 4t

EoTo

so that det ¥, = 1. This allows to express straightforwardly ¥, !:

BN+ 1T = -1

E/E0 — Yol N

yol = , .
! ~Zol) /Yo — ZoT}

We then resort to Floquet theorem to assert that there exists a T-periodic matrix Q, and a constant matrix R such that
¥, = Q, - e®, which implies that

Worsr = Quras - €07 = Q- R1RT =, YT (17)

According to the periodicity of G;, we find that oI}, = —‘Y’OF‘} =: T which allows to express the monodromy matrix
and its inverse

1-T ro/Z0

Yr = _ _
-I'Z/"o 1+T

and Y N(T) =| _ _
I=y/ry, 1-T

1+ 1= }
Define
5 1 1
M, = 0" (yo(0)). .
1 1
From Eq. (17), we obtain for n € N:

nT
V(ll’[PnT] — GO . f eR.(nT—S) . Q:l . Ms . Q;‘T . eRT_(nT—s).dS . GO
0

n-1 (k+ )T .
GO . |:f eR.(nT—S) A Q;l A Ms . Q;F A eR .(nT—S)dS] . GO
—oLJkT

S -

T
=Gy [eR'mT (f e RS Q;l -M; - Q;re_RT"Y.ds) . eRT~"“T} -Gy
1 0

v Sl ]l e
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where A = V7! . ( fOTe_R'S -0y M- 07 - e‘RT'S.ds) - VT is constant. The variance then grows with order 3 with
respect to n. u

It can be said that the system with small perturbation has orbits in the sense that it follows the deterministic
equation (G) with an additional noise. The noise depends on the value of G; and is locally centered in expectation
onto the point G,. This behavior is local in time according to Corollary 1. However, one can just translate this vision
in time by taking another value for Gy. The cycling behavior of a solution to (SG) with small volatility around the
point (%,9) = (&, ) is obtained by repeating indefinitely the approach. We provide a numerical illustration with Fig.
2. The approximations have been analyzed through numerical integration with values of oy = £0(0) ranging from
0.001 to 0.025. Analytical expressions come from Example 2.

10 110
6=0.025
0 P ST SR N ) A
H
x I I >
-10
True Solution
------------------ First Order Approximation
-20 . . - . ' : . . : : -5
4r 11.5
c=0.01 ‘
L
i
x i >
0 L)
151 1
6=0.001
""" 10.8
x 1 >
1 0.6
05}
- - - - ' . - - - - 0.4
0 100 200 300 400 500 0 100 200 300 400 500

Figure 2: Left column: subsample path of x(r) (left column) and y(¢) (right column) of solutions of both Eq. (G) (solid black line) and Eq. (12)
(dashed blue line) for different values of o.

5. Stochastic orbits with recurrent domains

5.1. Definition and result

To our knowledge, there is no formal definition of a cycling behavior for a stochastic oscillator described by
(SG). We provide here a temporary and convenient definition for the concept in this framework. Recall (%,7) € D,
and consider a regular solution (x;, y;)r>0 of (SG) starting at an arbitrary point (xy,,y,,) € D\(X,¥). Let us define the

11



stochastic angle (o(w, 1)), between [x,(w)— X, y(w)—F]" and [x,,— X, y;, —¥]" . A stochastic orbit from to around (%, 7)
for w € Q is a subsample path (x,(w), y:(w))refr.1+8 (@)1 Such that p(w, 1 + S (w)) = p(w, t) — 2n. The random quantity
S is called the period of the stochastic orbit. We omit the case where (x;(w), ys(w)) = (%, ¥) for some s € [ty, 1o+ S (w)]

in order to properly define stochastic orbits which cycle clockwise on the plan (x, y), see Remark 6 hereafter.

Theorem 5. For any regular solution (x;,y;)=0 to (SG) starting at (xy,yo) € D\(X, ), the period S of the stochastic
orbit from O is finite P — a.s.

Subsection 5.2 is devoted to the proof of Theorem 5. The idea is to define subregions (R;); of the domain D,
illustrated by Fig. 3, and prove that the process exits from them in finite time by the appropriate frontier. Altogether
this describes fluctuations of (x,y) in the most general way. In preamble to subsection 5.2 we consider 8 := (6;);0

defined by 6, := y,/x,, which is F-adapted and a finite variation process with dynamics

db; = 6, (k(x) =y + a = (y)) dt = 6, (D(f(x)) — D(y))dt ,

.....

R :={(x,y)€D : y>7 and 6, <6}

Ry:={(x,y) €D : f(x)<y<}J}

Ry:={(x,y) €D : y< f(x) and x> ¥}

Ry:={(x,y)eD : x<% and 6 <0}

Rs:={(x,y) €D : y<¥ and 6, > 6}

Re :={(x,y) €D : y<y< f(x)}

Ry:={(x.y) €D : y> f(x) and x, < %}

Ry :={(x,y) €D : y2> f(x) and x, <X}
1 R T RB
09F ! Ry B

RG
0.8
> 0.5 Rs |

0.4 R3 R2 -
0.3} ]
02| R, B
01l B
DO 015 2:. 1.‘5 é 25

Figure 3: Covering of D := (0, +00) x (0, 1) by (R;);=1..8. Since f(0) < 1 and limy3; ®(y) = +oo, the graph illustrates the general case.
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Remark 6. Notice that § = f(¥) and § = f(X). We also emphasize that o(y) is bounded from below and d6, # 0 for
y # f(x). We can thus fairly assume along Remark 4 that

P[(x:,y:) = (%,5), for some ¢t > 0] = 0.

Accordingly, we will work as if (¥, ) is never reached, implying that (x;, y;) can only leave a region R; to one of its
neighboring regions R, where j € {mod(i + 1, 8)}.
Our proof, although unwieldy, allows us to describe precisely the possible trajectories of the stochastic system. If

the result of Theorem 2 seems trivial, an interesting consequence follows.

Proposition 2. Consider the function S from (0,9) to (0,%) such that for y € (0,3), S(y) = E[ys], where (x,,y,) is a
solution to (SG) verifying (xo,vo) = (v/0,y), and S is the period of the stochastic orbit of (x;,y;) from 0. Then S has a
fixed point.

Proof If we introduce a modification of V:

Vix,y) = f Mdﬁfywds,
x y

N

we can see that LV(%,7) = o)’ (§) — i’ (¥)]/2 > 0, so that according to Theorem 6, (x;,y;) always leaves a
neighborhood of (%, ) in finite time. For any y close enough to ¥, we have that S(y) < y. Now for y close to 0, we
already noticed in Remark 4 that £V(0,0) < & in some neighborhood (0, £]>. Therefore the same reasoning applies
and S(y) > y for y close to 0. The function S is continuous, the conclusion follows. a

5.2. Proof of Theorem 5

According to Theorem 2 any regular solution of (SG) is a Markov process. We then repeatedly change the initial
condition of the system, as equivalent of a time translation. We consider a solution (x;, y;) of (SG) such that (x¢, yo) =

(x,y) for (x,y) € D and the stopping times
Ti(x,y) :=inf{t >0 : (x,y)eR}, i=1,...,8.

To ease the reading of the proof of Theorem 5 which follows from the following Propositions 3 to 12, we divide it in
four quadrants around (¥, 7). We first prove that the process cycles, even in infinite time.

Proposition 3. If (xo,yo) € Ry, then P [t3(x0, y0) < T7(x0,Y0)] = 0. If (x0, y0) € Rs, then P [14(x0,y0) < 73(x0,0)] = 0.

Proof This is a direct consequence of the absence of Brownian motion in 6. Take (xg, yo) € R;. Then on [0, 73(x¢, yo)],
the process 6 is non increasing P — a.s., meaning that Rg cannot be reached without first crossing region R;. The other
side is identical. m|

Remark 7. Proposition 3 holds even if 7; = +oo, for any i involved. Notice also that Proposition 3 and Remark 6
imply that if (xo,y0) € Ry U Rs, then 7,(xo, yo) < 7j(x0,¥0) P — a.s. for j € {mod(i + 1, 8)}.

5.2.1. Eastern quadrant

We ought to prove that for (xg, yo) € Ry, the process reaches Rj in finite time P —a.s. In the following propositions,
we use results of sections 3.7 and 3.8 in [9] on recurrent domains, where the main theorem is reproduced in Appendix
B.

Proposition 4. If (xo, yo) € Ry then P [12(xp, y9) < +o0] = 1.
13



Proof We apply Theorem 7 in Appendix B with function h(y) := +/fy, for which we have h(y) > A(§) > 0 and, for
every (x,y) € Ry,

h 3 205 h 2/~ K5
£h0) = M (e = y 4 202 < LD _TOHG)
The theorem stipulates that (x;, y,) leaves R, in finite time P—a.s. which is only possible via R, according to Proposition
3 and Theorem 2. .

PI‘OpOSitiOl’l 5. If (x0,Y0) € Ry U R3 then P [Tl(x(),y()) A T4(X0,Y0) < +OO] =1.

Proof The proof is similar to the one of Proposition 4 by using 4(x) = v/x. Theorem 2 ensures that the boundary of
D is not reached in finite time. |

Proposition 6. If (xp,yo) € Ry U R, then P [13(x0, yo) < +oo] = 1.
Proof 1. Let (v,),>0 be a sequence of stopping times defined by vy = 0 and
vpc=inf{t > v,y @y, =For(x,y) €Rs}, n=>1.

By construction if (x,,,y,,) € R3 for some n > 1, then v; = v, for all k > n. Following Propositions 3, 4 and 5,
U, <4+ocoP—as. foralln > 1, and {73(x,y) = +00} C (,»1{yy, = J}. We prove in step 2 that this implies

tlim 0 (w) =0, for P —ae. w e {13(x,y) = +00} . (18)

Providing that (18) holds we immediately get PP [73(xo, yo) = +o0] < P [lim, x,, = +o0] = 0.

2. If w € {13(x,y) = 400}, then for all n > 1, y,, = ¥ and according to Proposition 5, (x;,y;) does not converge
to the set R, N R3. Since 6, is a positive decreasing process for (x;,y;) € Ry U R,, Doob’s martingale convergence
theorem implies that 6, converges path-wise in L= ([0, 6)) on D. Assume now that 6,(w) does not converge with # to 0
on E C {r3(xg,y9) = +co}. Then for any € > 0, and for P —a.e. w € E

13
lim f Lix(xy(@)-y+a-00,@)<-ads = Co(w) < +oo . (19)
0
It the integral in (19) explodes to +co for some € > 0 on some P-non null set F C E, then for P —a.e. w € F,
Llog O/(w) = (k(x;(w)) =y + @ = Py(w))) < =&l (x(w)-y+a-0(n(w)<—e)

and lim;j log 6;(w) = —oo for P — a.e. w € F, implying that 6, converges to 0 on F, a contradiction with F C E. Eq.
(19) holding on E, we consider the random time ¢, ,, being the first time such that

n

len 1
f Lixy-yra-a()<-e)ds = Ce = = . (20)
0

and k, the smallest index such that vy, > .,. Note that 7., is not a F-stopping time and k,, is not F-adapted since they
depend on C, which is ¥,-measurable. Eq. (20) implies that there exists a random time s, € (v, , Uk, + 1/n) such that
—& < k(xg,) =y +a—D(y;,) <0, otherwise we would have a contradiction of (19) on a subset of E:

Uk, +1/n
f ]l{K(xS)—y+a—d>(yj)<—g]dS >C,.
0
This implies that lim,,(s, — vy, )(w) = 0 for P — a.e. w € E, and (y,);0 being a continuous process
limys,,(w) = }7, forP—ae.weDC {T3(x(),y0) = +OO} .
n

This is impossible for £ > 0 small enough since 6 is strictly decreasing and thus E is a P-null set. Eq. (18) holds. O
14



5.2.2. Southern quadrant

We show that starting from R, N R3, (x;,y;) reaches Rs in finite time P — a.s.
Proposition 7. If (xg, o) € Ry N R3 then P [14(x0, yo) < +o0] = 1.

Proof 1. We consider R, := R(x;,y;) = (; — ¥)/(x, — X), and aim to prove that the process F, := F o R(x;,y,) =
tan (tan‘l(R(x,,y,)) + tan"(c)) is a super-martingale on R; U R, U R3, for ¢ € (0,67"). Notice that it is bounded in
R; UR, U R3. Applying It6 to R first gives

dR, = dy, _ =y dx, + U'Z(Yt) =y
! 2 ! (.xt_.i)2 xl_)?:

2
x5 = x| dt.
x—% (x-X% ! ’y'}

Then, noticing that F; = (R; + ¢)(1 — R,c), we obtain

1+c? (

dF; = ———
"7 (1= Rep

C
dR, + ———d (R),] .
r T - R ( >z)

It is clear that —(y — $)(@(y) — @ + 02()) < 0 for all y € [0, 1). Now notice that for (x,y) € R;, we have (x — %)(k(x) —
v+ 02(») < 0 so that

(x=*(1 - Re)? . . . 1 . .
20) WLF < - = D% = xy(x — %)% + = R(yx - yi)?
= (x= ) [P =) - xy(x = ) + XFx - y9)|
- (x—fc)zxfc[X - ¥] <0.
x X
Now on R, U R3, X < X implies that (x(x) —y) < 0, so that
_ 94 (1 — Re)?
o URY op < (- )0 - D2 — yia = D2 + G — y1)?

o(y) 1+ $/%—R
= (x= B[P - 5) - y¥x - D) + HGx - y3)|
=(x-0*x(y-7<0.

Denoting 714 = 71(x0,y0) A Ta(X0,Y0), we conclude that F;x,,, is a super-martingale for t+ > 0. Using optional

sampling theorem, assisted by Proposition 5, 714 < +c0 P — a.s. and

1
Fo 2 E[Fr,,] = “Plr(xy) < 1iCey)] + P [ni(x.50) < 7400 50)]

Since M := max{F o R(x,y) : (x,y) € R, N R3} < c then

clc—-M
P [14(x0,¥0) < T1(x0,¥0)] = %
cc+1

2. According to Proposition 5, 714 < +o00 P — a.s. for any (xp,y9) € Ry N Rz, and according to Proposition 6,

>0 V(x0,y0) € Ry NR3.

73(x0,Y0) < +00 P —a.s. for all (xo, yo) € R. Taking (xo,y0) € R2 N R3, we define the sequence (77 4, 75)n20 With T(S) =0
and

{ 7’114 = inf{r > T (X, ) € Ry U Ry} forallns 1.

Tg‘“ = inf{r > Ty o Gy € (R, N R3) U Ry}
We then have {T4(xq, yo) = +c0} C Ny {xTh > X} for any (xg, yo) € Ry NR3. The sequence ({xﬂ4 > X})n>1 1s decreasing

in the sense of inclusion, so that
P [4(x,y) = +o0] = limIP’[x,»la4 > x] ) Q21

15



Using Baye’s rule,

n n

n %l < | | i > x| < | | x> X
P[XTM > x] < P Xgt, > xIxTH > x] < IP’[foA > X|XT§ > x] .
k=1 k=1

Using step 1 of the present proof and the Markov property of (x;, y;),

i n L C(C_M)
=1 =1

Plugging this inequality into (21) concludes the proof. o

Remark 8. Notice that by choosing ¢ properly in the above proof, it is possible to be arbitrarily close to Rs in finite
time. The device is used later in Proposition 11.

Proposition 8. If (xg, o) € R3 N Ry then P [15(x0, y0) < +o0] = 1.

Proof 1. We claim that 755 := 72(x0, Yo) A T5(x0,Y0) < +0o P — a.s. Consider the process h; := +/Xiny,- Which is a
positive super martingale on Ry U R3 U Ry:

0_20}[) < _U'Z(YI)hz
> < .

h
Lh = 5’ (D) —a+ T

(22)

According to Doob’s martingale convergence theorem, s, converges point-wise with 7. Let € > 0 and define R, :=
U?ﬂ RiN{x > &}. Then h(x;) > /& on R,, and similarly to Proposition 5, we use Theorem 7 with £h, < —\eo?(3)/4 <
0 to assert that (x;,y;) leaves R, in finite time. This being true for any & > 0, &, can only converge to 0 for P — a.e.
w € Q such that 75 5(w) = +o0. In regard of the region Rs, this is only possible if lim, y;(w) = 0 also, implying that
(x/(w), y;(w)) converges to (0, 0). Recalling Remark 4, it is improbable and 155 < +o0 P — a.s.

2. By denoting 7'2 = 0, we then define the sequence (77 5, Ty )u>0 by

L . -1 . =X
{Tg = =g s =Xortny) €Rsh s

Tg’s = inf{r > 7} : (x,y:) € Ry URs}

If (xrgi, yTS;) € R», then, according to Proposition 7, the process reaches back Ry in finite time. Using step 1, we have

that P [TZ < +oo] =P [T;YS < +oo] = 1. By construction and Proposition 7, forn > 1
{Creg 5 yeg ) € Rab € {xey = %) = {(xp, v ) € Ro} = foeggr > 1) (23)

Therefore, {15(xg,yy) = +oo} = ﬂnzo{(xfgj, y,:zxs) € R,} and the sequence of sets ({(ngs, yT;j) € Rz})n>0 is decreasing

in the sense of inclusion. Altogether we get
P [r5(x0, o) = +00] = lim P [x,;s > x] . (24)

Now using Bayes formula and Eq. (23), we finally obtain for every n > 1

n n

]P’[XT;S > 55] < HP[XTIES > )~C|x112v—51 > )~C] = l—l P Xk > 5€|XT§ =X (25)
k=1 ’ ’ k=1
Putting (24) and (25) together, P [75(xq, o) = +o0] > 0 implies that
lim P |, > Fxe = 7| =1. (26)
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3. Let h(x,t) := \/}exp(éa'z(jz)t). According to Eq. (22) of step 1, the process h(x;, t) is a super-martingale on

[t} 75 5]. Fixing 7 > 0 and applying optional sampling theorem, we obtain
]E [h(xmrgys, tA T;,S) - h(x,/\TZ, tA TZ)|)C,/\TZ = .i’:] < O .

Since max(7}, 75 5) < +oo P — a.s., we apply Fatou’s lemma and obtain

B [e"f’ (%”2@“35 - TZ]) Vi, ke = X] < Vi

Since xT;j]l {x ) <X} > 0 and xT;j]l { } > V3l { } for all n > 1, Eq. (27) implies
5

X >X X >X
s 25

1
E[exp(gaz(j))[ﬂ’s —TZ])]I{M ~}leg = X} <1,

leading to

1
E [(exp(gaz@)[rg’s - TZ]) - 1)]1{x(r;_5)>x}|xfﬁ = }~C:| <1-P [x,;‘5 > Hxp = X] .

If x; = X then yn <y and by continuity {7} s > 7} D {xq = X}, implying
1 2 N[ n ~
exp gcr (y)[TZ’S(w) —my(w)]]>1, forP-ae we {xTZ = x}.
Let’s assume that PP [75(x0, yo) = +o0] > 0, so that (26) holds. According to Eq. (28), we get
1 2 S\[ n ~
0<E||exp ga- (y)[Tz’5 -] -1 ]1{x125>x}|x73 =X—>0asn— oo.
Markov inequality then leads to the following convergence for any € > 0:

liIIlnIP’[(exp(éa'z(y)[T’iS - TZ]) - 1) ]l{ >~} > g|xTZ = 5(} =0.

X >X
TJZVS

Now Bayes rules with Eq. (29) provides

1
P [(exp (gﬂ'z(j))[‘rg’5 - TZ]) -1 > 8')6,;5 > %, Xpr = )?] P [xf'z’,s > Fxe

11
=
AL

=P[(th5 - 7)) > 8In(1 + &)/*P)|xer, > %, X = X| P, > Fxer

I
aill

which leads to the following convergence, for any € > 0:

n n ~ _ o~
P [(72’5 -7 > ‘9|XT§,5 > X, Xy = x] —0asn— oo,

27

(28)

(29)

From step 2, {75(x0,Y0) = 40} = (20 ({xﬂ =xn {)crg’5 > )?}). Therefore on this set, the continuous mapping theorem

asserts that (x,y) at consecutive stopping times converge in probability. By continuity, this implies lim, y::(w) = §

and lim, xz (w) = X for P —a.e. w € {75(x0, yo) = +0o}. By the Markov property of (x, y),
]im(xt,)’z)(w) = (.56,57) fOTP —a.t.w € {T5()C0,y0) = +OO} .
t—00

Recalling Remark 4, we conclude that P [75(xg, yg) = +o0] = 0.
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5.2.3. Western Quadrant
Proposition 9. If (xg, o) € Rs U Rg then P [17(x0, yo) < +o0] = 1.

Proof 1. Consider R, := Rs U Rg N {x < X — &} for arbitrarily fixed & > 0. Assume that (xy,y9) € R.. Denoting
h; := 1/y, = 0 and recalling the definition of f,

Lhy = —h(k(x;) = y) < —(k(X —&) = y)/f(0) <0 onR. .

Theorem 7 then states that (x;, y,) exits R, in finite time almost surely. Since that 6 is non-decreasing on this set, and
recalling Theorem 6, it is only possible via R; and P [17(xg, Yo) < +o0] = 1 This holds for any & > 0.

2. Assume now that (xp,yo) € (Rs U Rg)\R.. According to step 1, {T7(xp,y0) = +oo} C {x; > X, ¥Vt > 0} and
thus {T7(x0,y9) = +oo} C {6, < f(X)/Xx, V¥t > 0}. Because 6, is non decreasing, 8, converges to 8y € LO([8, f(w)/ b))
on {77(xp,y9) = +oo} according to Doob’s martingale convergence theorem. This implies that (x;, y;) converges with
t to Rg N Ry on {t7(x0,y9) = +oo}. Along Remark 4, since o(y) > o(f(0)), this convergence is improbable and
P [77(x0,y0) = +o0] = 0. :

5.2.4. Northern quadrant
Finally we prove that if (xo, y9) € Ry, then the process reaches R; in finite time P — a.s. One can notice that proofs

are very similar to those of Subsections 5.2.1 and 5.2.2.
Proposition 10. [f (xo, o) € Rg U Ry then P [15 A Tg(xg, o) < +o0] = 1.

Proof Define the sequence of regions {B,},en through B, = Rg UR; N{y < 1 —k/n} N {x > k/n} where k > 0 is
sufficiently small to have (xg, yo) € B;. Applying Itd to i, := VX — x;, we find that for all (x,y) € B,

1 X2

1
Lhy = =5 [x [2() - @ + ?()] + 170 xaz(y)] <

I 2
3G-on’ V)

while Lh; < 0in Rg U R;7. Doob’s supermartingale convergence theorem implies the existence of the point-wise limit
heo(w) = lim; Aypr(w) for P — ae. w € Q, where we use the notation 755 := 75(x0,Y0) A T8(x0,¥0). In addition,
Theorem 7 guarantees that every set B, is exited in finite time PP — a.s. Consequently if w € {r5g = +co}, we have that

either x,(w) — 0 or y,(w) — 1. Either way, according to Remark 4, we have a contradiction. O
Proposition 11. [f (xg, o) € Rg N Ry then P [13(x0, yo) < +o0] = 1.

Proof The proof is identical to the one of Proposition 7, with small modifications. Here R, := (v, — ¥)/(x, — %), and
F, := F o R(x;,y;) :=tan (tan_l(R,) + tan_l(c))

is a supermartingale on Rs U Rg U R7 if we chose ¢ € (0, (6 + M/m)~") where (m, M) are two positive constants given

by m = mil’l[;’ﬂxmﬂ xfca'z(y) and

M = max yx =) [k(x) —y] = x(y = ) [@() — ] .

The justification is the following. The domain S. := D\{d < % < 1/c} contains the area of interest Rs U Rg U R7.

xX—

Using Proposition 7, we can prove that F; is a supermartingale on S \[%, X] X [§, ]. On [x, X] X [¥, 7],
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1-R, 2
(- 0?5 LR, <= DIk~ 71 - X6 - IPO) - o]

+ () [y(x = %) = x(y = §) + Xy = x(1/c = ¥ + D)
< y(x = Dk(x) — ] = x(v = HIOY) — a] — xF>(y)(1/c — )
<M-m(l/c-80)<0.

We then reproduce step 2 of the designated proof, using Propositions 9 and 10 above instead of Propositions 4 and 5.
O

Proposition 12. If (xy, yo) € R7 N Rg then P [11(xg, o) < +o0] = 1.

Proof We follow Proposition 8 with the minor following modifications.

1 We consider 7} 6 := T1(X0, Y0) A Te(X0, Yo) the exit time of R7 U Rg. The process A, := xt‘2 verifies
3, -
Lh, = 2h (D) —a+ 50' )| < —eh, < —eh(8) <0

for some & > 0. Indeed ®(y) — @ + o*(y) > 0 and is null only if y = ¥, whereas o>(y) = 0 only if y = 1. Applying
Theorem 7 to R; URg, Ty 6 < +00 P —a.s.
2. If (x7,4,¥7,4) € Re, then the process reaches Rg in finite time P — a.s. according to Proposition 11. We define the

s 0 L
sequence (7’1’,6, Tg)n>0 With 7g := 0 and

{ o= inf{t> 1) 1 (x.y) €Re URy) forallnz0.

= inf{r > 7 0 (0, y) € (R7NRg) URy)
Proceeding as in step 2 Proposition 8, we obtain that P [71(xg, yo) = +o0] > 0 implies that
limP[xe < Hxm = %[ =1. (30)

3. Define m := inf{2(®(y) — @) + 30'2())) : y € [¥, 1)}, which is strictly positive according to step 1. Consider the
new process h, := exp(—mt)x>. It is a positive submartingale on [0, T(l) ¢J> and similarly to step 3 of Proposition 8, we
can obtain

P <E

xzn e | x = %] < PR e Axem =%
1.6 8 {X’75<x} 8

+07’E [e_m(T’fé_Tg)]l { Alxe = fc} .
x,r]ry Zx} 8
Assuming Eq. (30), we have

O<E : < (/A=D1 =Pxa, <Fxm =3 50.

Xn <X
16

(1 — ™™™ {

}|x‘rg =X
We then proceed exactly as in step 3 of Proposition 8 to finish the proof. a

5.3. Numerical insights

The result of Theorem 5 is a straightly observable phenomenon with simulations. However, apart from specific
subregions of D as R; or Rs where Corollary 3.2 in [9] can provide an estimate for the expectation of the exit time, a
bound for the expected period E [S ] seems out of reach. In the present section, we use the parameters of Examples 1,2
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Figure 4: Left column : phase diagram (x,y) of subsample paths of trajectories for (SG) with different values of volatility o, starting from the
green star and stopping at the red start. Right column: evolution of output P; over time for the subsample path.

and 3. The system has been simulated using XPPAUT with a fourth order Runge-Kutta scheme for the deterministic
part, and an Euler scheme for the Brownian part.

Fig. 4 illustrates the effect of the volatility level o := 0(0) on trajectories of the system, as for the economical
quantity P, := a,y;N,. One can observe that with o, the oscillating behavior on the subregion below y = Ox, ie.,
UL Ry, is amplified. We can mostly observe high variations of x with low variations of y.

The second phenomenon we ought to analyze is the period of the system and Proposition 2. According to the
previous subsection, we start with (xg,y9) € R; N Rg and formulate S as the time the process crosses the line y = Ox
for the second time. This is equivalent to take (xg, y9) € R4 N Rs. Resorting to numerical methods, we have simulated
the system 2000 times for 100 different starting points in R; N Rg and recorded the position at the time when this line
is crossed the second time, that is the positions after a full loop. Fig. 5 contains such examination for an array of
values of 0. The expected time [E [S] to complete a full-loop is also illustrated. As observed, there seems to be a
stable attractive fixed point to yy + I [ys] for sufficiently large values of o7. This implies that after many loops, the

expectation converges, and so does E [S ] with the number of loops around (X, 7). This confirms Proposition 2.
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Figure 5: Expected values of employment y after one full loop yr (left), and expected elapsed time T (right). Computation performed in MATLAB,
with 2000 simulations for every value single one of the 100 initial values taken along the line y = fx.
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Appendix A. Existence and regularity of a solution to a SDE

The following theorem is an exhaustive version of Corollary 3.1 p.76 with elements of Theorem 3.4 p.71 and
Theorem 3.5 p.75 in [9].

Theorem 6. Let (D,) be an increasing sequence of open sets whose closure are contained in D and such that | J,, D, =
D c RK. We define the stochastic differential equation for elements X € R¥:

Assume that on each set D,, u and o are Lipschitz and sub-linear. Assume that there exists a function V(X;,t) €
C*1(D x R,) such that
LV(X;,t) < KV(X,,t)+k onDXR, (A.2)
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for some K,k € R,, and
lim inf V(c,t) = +o00 . (A.3)
n D\D,

Then Eq. (A.1) possesses a unique P — a.s. continuous regular solution for any Xy € LY(D, Fo) and it verifies also
P[X; e D] =1forallt > 0.

Appendix B. Recurrent domains

The following theorem is Theorem 3.9 in [9] and is repeatedly used in Section 5. We adapt the original theorem

to our notations.

Theorem 7. Let (x;,y:)>0 be a regular process in D, with (xo,y9) € U, for some U C D. Assume that there exists a
non-negative function V(t, x,y) € Cv*2(R, x U) verifying

LV(s,x,y) < —f(s)

where f(s) > 0 and lim; fol f(s)ds = +oo. Then (x;,y,) leaves the region U in finite time P — a.s.
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