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Wiener criteria for existence of large solutions of
quasilinear elliptic equations with absorption

Nguyen Quoc Hung*
Laurent Véron'

Laboratoire de Mathématiques et Physique Théorique,
Université Frangois Rabelais, Tours, FRANCE

Abstract

We obtain necessary conditions expressed in terms of Wiener type tests involving Hausdorff
or Bessel capacities for the existence of large solutions to equations (1) —A,u+e“—1 =0 or (2)
—Apu+u? =0 in a bouded domain 2 when ¢ > p —1 > 0. We apply our results to equations
(3) —Apu+ |Vul? + buP~t =0, (4) —Au+ |Vul> + u? = 0 and —Au+u~7 = 0 with ¢ > 0.

2010 Mathematics Subject Classification. 31C15, 35J92, 35F21, 35B44.

Key words: quasilinear elliptic equations, Wolff potential, maximal functions, Hausdorff capacities, Bessel

capacities.

1 Introduction

Let Q be a bounded domain in RY (N > 2) and 1 < p < N. We consider the question of
existence of solutions to the problem

—Apu+ g(u) in Q

=0
lim wu(z) =00 (1.1)
p(x)—0

where Ayu = div(|Vul|P~* Vu), p(z) = dist (z,09) and g is a continuous nondecreasing function
vanishing at 0; most often g(u) is either ¢* — 1 or |u|?” " u with ¢ > p— 1. A solution to problem
(1.1) is called a large solution. When the domain is regular in the sense that the Dirichlet
problem with continuous boundary data ¢

—Apu+gu)=0 inQ
u

6 inoQ (1.2)
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admits a solution, it is clear that problem (1.1) admits a solution. It is known that a necessary
and sufficient condition for such a result is the so called Wiener criterion (for p = 2 see [17]),
for p # 2 see [10], [6])

tN-p t

/01 (Gl ne)) T weeon, (13)

where C,, denotes the capacity associated to the space WP (RM): the existence of a large
solution is guaranted for a large class of nondecreasing nonlinearities g satisfying the Vazquez

condition [14]
[e%} dt t
/a G%(t) < 00 G(t) = /0 g(s)ds, (1.4)

a variant of the Keller-Osserman estimate [7], [12], which is the above relation when p = 2. If
for R > diam() there exists a function v which satisfies

—Apu+gv)=0 in Bg \ {0}
v=20 on 0Bgr (1.5)
lim v(z) = oo,
z—0
then it is easy to see that the maximal solution of
—Apu+g(u) =0 in Q (1.6)

is a large solution, without any assumption on the regularity of 92, provided (1.4) is satisfied.
However the existence of a (radial) solution to problem (1.5) needs the fact that equation (1.6)
admits solutions with isolated singularities, which is usually not true if the growth of g is too
strong since Vazquez and Véron proved [15] that if

N(p-1)

liminfj, o 7| V77 sign(r)g(r) >0 (1.7)
isolated singularities of solutions of (1.6) are removable. Conversely, if p — 1 < ¢ < N]E[p:pl),
Friedman and Véron [4] characterize the behavior of positive singular solutions to

-Apu+u?=0 (1.8)

with an isolated singularities. In 2003, Labutin [8] proved that a necessary and sufficient condi-
tion in order the following problem be solvable

—Au+ |ulfu=0 in Q

lim wu(z) = o0 (1.9)
p(x)—0
is that )
(B Q¢
/ Cog( ;](i) N )ﬂ =00 Vo € 082, (1.10)
0 t t

where Cy ¢ is the capacity associated to the Sobolev space w2 (RM) and ¢’ = q¢/(g—1). Notice
that this condition is always satisfied if ¢ is subcritical, i.e. ¢ < N/(N — 2). Concerning the
exponential case of problem (1.1) nothing is known, even in the case p = 2, besides the simple
cases already mentionned.



In this article we give sufficient conditions, expressed in terms of Wiener tests, in order
problem (1.1) be solvable in the two cases g(u) = e* — 1 and g(u) = |u|* ' u, ¢ > p — 1. For
1 < p < N, we denote by ’H{pr(E) the Hausdorff capacity of a set E defined by

Hy P(E) =inf{ Y WNTP(B;): E C | JB;, diam(B;) <1 (1.11)
J
where the B; are balls and AN =P(B,.) = cyr™~P. Our main result concerning the exponential

case is the following

Theorem 1. Let N >2 and 1 <p < N. If

1

1 N—-p c p—1
0 T

rN-p

then there exists u € C} (Q) satisfying

—“Apu+e*—1=0 mn

lim wu(z) =00
p(x)—0

(1.13)

As a consequence we obtained a sufficient condition for the existence of a large solution in
the power case expressed in terms of some C; . Bessel capacity in RY associated to the Besov
space B*"(RN).

Theorem 2. Let N >2,1<p< N and ¢1 > %jp}) If

1 1
_a_ (Q°NBy(z))\ 7T
/ ( S ) ar_ +00 Vo € 09, (1.14)
0

N—p

then, for any p— 1 < q < B, there exists u € C} () satisfying

—Apu+u? =0 mn

lim wu(x) = o0
p(z)—0 ( )

(1.15)

In view of Labutin’s theorem this last result is not optimal in the case p = 2, since the
involved capacity is Cy 4 with q; and thus there exists a solution to

—Apu+ut =0 in

lim wu(z) = o0
p(x)—0

(1.16)

with ¢1 > q.

At end we apply the previous theorems to quasilinear viscous Hamilton-Jacobi equations.
We prove that if p — 1 < ¢ < p, b < b* for some b* > 0 depending on p, ¢, 2, and (1.12) holds,
there exists a solution to

—Apu+ |Vul? + buP~t =0 in Q

lim wu(z) = o0
p(x)—0

(1.17)
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Conversely, we prove that if for some ¢ > 1, there exists a solution to

—Au+ |Vul® + u)ttu =0 in Q

lim wu(z) = oo, (1.18)
p(x)—0
then necessarily
1
Cs.s (2°N By (x)) dr
/ N3 = +00 Vo € 082, (1.19)
0

for all s > 1. This condition holds also if for some p > 0 there exists u € C(Q), u > 0 in
satisfying
—Au+u?P=0 in Q

u=20 on 0f2. (1.20)

2 Morrey classes and Wolff potential estimates

In this section (2 is a bounded domain in RY. We also denote by B,.(x) the open ball of center
z and radius 7 and B, = B,(0). We also recall that a solution of (1.4) belongs to C1:*(2) for
some « € (0,1), and is more regular (depending on g) on the set {z € Q : |Vu(z)| # 0}.

Definition 2.1 1- A function f € L'(Q) belongs to the Morrey space M*(Q), 1 < s < oo, if
there is a constant K such that

/ |fldy < Krs
QNB,(x)

The norm is defined as the smallest constant K that satisfies this inequality; it is denoted by
[ £l aee (2)-

2- A function f € L'() belongs to the weak L*-space M*(Q), 1 < s < oo, if there is a constant
K such that

Jz

Vr >0, Vz € RY (2.1)

/ \fldy < K|E|”  VE C Q, EBorel. (2.2)
E

The quasi-norm is defined as the smallest constant K that satisfies this inequality; it is denoted
by ||f||Ms(Q)
Clearly LP(Q2) C MP(Q) C MP(Q).

Definition 2.2 Let R € (0,00] and p € M4 (), the set of positive Radon measures in Q. If
a>0and1<p<alN, we define the (R-truncated) Wolff potential of u by

" o
Wi = [ (A2 wer 23)

and, for 1 <p < N, the (R-truncated) fractional maximal potential of p by

p(Bi(x))

Py vz e RY, (2.4)

M, r[p](z) = sup
0<t<R

where the measure is extended by 0 in °.



For k > 0, we set Ty, (u) = sign(u) min{k, |u|}.

Definition 2.3 Assume f € L, (). We say that a Borel function u defined in § is a renor-
malized supersolution of

—Apu+f=0 in Q (2.5)
if for any k > 0, Ty(u) € W,-P(Q), |[Vul’™" € LL (Q) and there holds

loc loc
/(|VTk(u)|p72VTk(u)V<p + fp)de >0 (resp. <0) (2.6)
Q
for all ¢ € WYP(Q) with compact support in Q and such that 0 < ¢ < k — Ty(u), and if
—Apu+ f = p is a positive (resp. negative) distribution in 2.
The following result is proved in [11, Theorem 4.35].

Theorem 2.4 Let Q be an open bounded domain in RN. If f € MP%(Q) for some € € (0,p),
u s a nonnegative supersolution of (2.5) and set pu:= —Apu+ f. Then there holds

1 r
u(z) + ||f||;1% @ > aW, () Vo € Q s.t. B.(z) CQ, (2.7)
for some c¢1 depending only on N,p, e, diam(£).

Concerning renormalized solutions (see [3] for the definition) of
—Apu=f+p in Q (2.8)
where f € L}, (Q) and p is a Radon measure, we have

Corollary 2.5 Let f € M%(Q) and p € MY (), the set of positive and bounded Radon
measures in Q. If u is a nonnegative renormalized solution to (2.8), then there exists a positive
constant co depending only on N, p, e, diam () such that

d(z,09Q)

1
u(@) + {17 =W, T [u(x) VzeQ. (2.9)
MP—=(Q)

Definition 2.6 For 1l < s,q < oo, let L*(Q) denote the Lorentz space endowed with the norm

|uuﬁq<4mﬂaﬁ%wv%); (2.10)

where L
0 =1 [ row

with f*(t) = inf{s > 0 : {z € Q:|f(x)| > s} < t}. The dual space of L*1(Q) is the space
L=549(Q) and it is naturally endowed with the dual norm.

The following result is proved in [2].



Theorem 2.7 Let f € M (Q) and p € MY (). Assume that u is a nonnegative renormalized
solution to equation (2.18). If u € L™P%°7 for some ¢ >p — 1, then u € L) and

e L i 2.11
lullze(e) < <||“||L *vl(RNﬁ”ﬂ'M%(m) 2

for some a positive constant C depending only on N,p,q,e,diam(Q).
Conversely, if u € L1(QY), then for any compact set K C Q, there exists a positive constant C
depending only on N,p,q,e,diam(Q) and dist(K,00) such that xxp € L™P5T (RN) and

1
ekl 5t gy < O (Il AT, ). (2.12)

In particular, for any Borel set E C €2,

(E) =0 = pu(E) =0. (2.13)

q
Prgri—p

We recall [2, Theorem 3.8].

Theorem 2.8 There exists a positive constant ci1 such that if u is a renormalized solution to
—Apu=p in Q and u =0 on 09, then for any x €

2diam (2
fu@)] < Wi ) (2).
The next statement is proved in [2, Theorem 2.4], and in [5] for a variant.

Theorem 2.9 There exist positive constants co, c3 such that
[ eaptealtfunl) < car®,
2B

for all B = By(20) CRN, 2B = By, (o), R > 0 such that ||My, r[u]|| @y < 1.

3 Estimates from below

If G is any domain in RY with a compact boundary and g is nondecreasing, g(0) = g=*(0) =0
and satisfies (1.7), there always exists a maximal solution to (1.4) in G. It is constructed as the
limit, when n — oo, of the solutions of

_Apun + g(un) =0
lim wu,(x) =
pn(2)—0 (@) (3.1)
lm wu,(x)=0 if G is unbounded,

|| =00

in Gy, := {z € RY : dist (z,G%) > 1}

where p,(z) := dist (z, 9§, ). Our main estimates are the following.

Theorem 3.1 Let K C By/4\{0} be a compact set and let U; € CL (K®), j = 1,2, be the
mazximal solutions of
—Apu+e*—1=0 in K¢ (3.2)



for Uy and
—Apu+u?=0 in K¢ (3.3)

for Uz, where p —1 < q < B+, Then there exist constants Cy, k =1,2,3,4, depending on N, p
and q such that

1 N—p ﬁ
H KnNB, d
U1(0) > =Cr + CZ/O (%) = (3.4)
and )
1 /C L (K N BT) p—1 d
Us(0) > —C5 + Ci / ( S ) T (3:5)
0 T T

Proof. Step 1. For j € Z define r; =277 and S; = {z : r; < |2| < rj_1}, Bj = B,,. Fixa
positive integer J such that K C {x : r; < |z| < 1/8}. Consider the sets KNS, for j =3,...,J.
By [13, Theorem 3.4.27], there exists p; € 9MT(RY) such that supp(u;) € K NS,

cTMHYTP(E N S)) < g (RY) < MY TP(K N S;) V)

and
|‘Mp71[ﬂj]”Lao(RN) =1

Now, we will show that for € small enough, there holds,

2N !
/ exp <?01W}7p Z{—:uk] (z)) dx < C, (3.6)
B

k=3
where c; is the constant in Theorem 2.8, and C' does not depend on J.
Indeed, we have

2N
A= / exp —01W% »
B p ’

Since

J 00 J
ZE,UIQ‘| (z)) dr = ;/sj exp (%clsﬁW%,p [Z Mk] (z)) dzx.

k=3 k=3

J j+1
wi, [ZM] () <max{1,5-T} | W, | S0 | @+ Wi, | Y m| @+ > Wi @)

k=3 k>j+2 k<j—2 k=max{j—1,3}

and

5
exp(z a;) < Zexp(5ai) Ya,.
i=1

i=1
Thus,

e <5max{1,55?}%clsﬁw%,p[ > uk] <x>> o

j k>j+2

+ > [ exp 5max{1,5%}ﬂclsﬁW%p >oopk| (x) | dx
j=1Js; P T k<2
00 j+1 2-p 1
+ > > exp (5 max{1, 5ﬁ}%015FW% p[uk](z)) dx
j=1 k=max(j—1,3) J 3; '

= A1 +A2+A3



Estimate of As: We apply Theorem 2.9 for p = pu and B = By_1,
2—-p 2N
/ erp (5 max{1, Sﬁ}—clsp%lW% p[uk](x)) dr < carpy
2B 1 p ’
with 5max{1, 5%}%K5ﬁ € (0, ¢2]. In particular,

/ exp (5 max{l,S%}Kap%lWip[uk](x)) de < 4esry k=3 —1,5,5+ 1.
s

J

Which implies
+oo

Az < ey 24037“;\[ = ¢5 < 00. (3.7)
j=1

Estimate of Aj: Since

Z L (Bt(l')) =0 Vr € Sj,t S (0,Tj+1),

k>j+2
thus,
1
1 > Hke(Be(z))\ 7
A Z exp 5 max{1, 5pt 1}—c g7 1 k>]+2 dt dz
1= 1 :
Ti+1
1
> 2y 2N 1 p—1 R
SZ/ exp | 5max{1,57 1} Z—¢ et Z ik (Sk) T | de
j=178; p k>j+2
Note that p(Sk) < pk(Br,_,(0)) < r,iv:lp, which leads to
1 1 1
T p—1 N-—p -1 __ N-—p o
Z 1k (Sk) rih < Z Tt Tiy1 = Z”k = <m> '
k>j42 k>j+2 k>0

Therefore

0 1
2=p 2N 1 p-—1 1 p—1
< ;/SJ exp <5max{1,5pl}?clsvl N—»p (1 — 2_(N_p)> )d:c
1

1
2—-p —1
-7 2N — p—l 1 P —
exp <5 max{1,571 }—p cren 1 k= (7172,(1\17,;)) > |B1| = ¢s

Estimate of Ay: for x € S,

1

L (Y mBa)\ T e '

Wl k<-2 dt 7] . k<j—2 dt
1,p Z pk | (@) e tN-p t

k<j—2 i=1



Since r; <t <ri—1, . pp(Bi(z))=0,Vi=1,.....,5 —1, thus

k<i—2
1
jo1 st pir(Be(x)) "
1 _ i—1<k<j—2
Wl,p Z Kk (:E) - . / tN—p 7
k<j—2 i=1 o
j—1 Tt pe(Se)\ 77
< / i—1<k<j—2 dt
- pa tN-p t
=1 )
j—1 pil . 1 Nep
< ,Ltk(Sk) N—pTi p—1

=1 \1—1<k<j—2
-1 7=
D — N—
< N — Z T 1
P \ic1<k<j—2
132 ~
p—- N—
< N — Z Th 1
p i=1 \k>i—1
p—1 4N-p T )
Np(lQ(Ni”)) U-1)
_ N—p p—1
<P 1 4 i
~ N—-p\1—-2-(N-p)

Therefore,
_1
A<y smax(1, 558 2N e e B2L AV N
2%, S.exp max{1, pcls N p\i j|dx
J=17"7

oo 2 2N 4 p—1 AN-p T
St e )

j=1

1
= 2p 2N 1 p-—1 4N-p P—T .
= ; C7 €Xp <<5 max{1,57-1 }7(3157)*1 N (1 — 2(Np)> - Nlog(2)> j)

=cg for e small enough.

Consequently, A < C' := c¢g + ¢g + ¢5 for € small enough. This implies

2

J 2N J o
5 = (v B )] <o
M%(Bl(o)) B1(0) p k=3

k=3
(3.8)

exp <01W%,p




where the constant c;; does not depend on J. Set B = B 1 For € small enough, it follows
from [2], 3.6 and Theorem 2.8, that there exists a renormalized solution u to equation

“Apu+e*—1= EZ'].IZB 1 in B (3.9)
u=20 in 0B.

By standard regularity theory, u € Cl ¥(B\K). From Corollary 2.5 and estimate (3.8), we have

oc

J
1
u(0) > —c12 + cisWy', Zﬂj

=3
Therefore
J p—1
. J T _Zgﬂj(Bt(O)) gt
1 =
w(0) > =z +e1s Wi, | D p | (0) = =12+ e1s Z —ws | 7
Jj=3 7‘
i+1
S (mia(Bu0)\ T dt / =t
,U/i-‘r2 t p—1 ,U/l-‘r2 Z+2
2—012+C1sz/(t1v7p) _—_Cl2+cl32/( N—p ) n
z:2ri+1 T1+1
72 _Nop = 1 N
> it e Y (piva(Sip2) 7y T = —ciz e Y (piga(Sig2)) T T
=2 =2

J—2 1 o0 1

N-p

22—tz t+ 15 Z (Hi\hp(K N Si+2)) " 7T = —cip e Z (’Hivfp(K N Sz)) - rl_%

=2 =4

Note that

1 1 1

(¥ 2(r n50) T = e (WY Bi)) T - (YK B) T

max(1,2P—1)

Therefore,
1 1 _N-»p
u(0) > —c12 + c16 Z ( (HlN—P(K N Bi_l)) T (HlN—P(K N BZ-)) ) ry P
max( )
[e'S) 1 Nep [e'S) 1
= —c1a + 16 (ﬁ (H{V*p(K N BH)) RS (%{V*P(K N BZ-)) r
max(1,2P—1) T3 i=4
—p & 1 N—p o 1
= —c12+ci6 ( 12_2) Z (/prp(K N Bzfl)) T - Z (inpr(K N Bz)) T
max(1,2P=1) 2 i=4
-p 0 _1 N-p
> 1z + eio ( & 1) S (i nB)) e
max(1, 2P 1) =4
>

th

/ HN P (KN B:(0 pild
n t
—c17+C18/< ! t( ))> —.
0

Since U is the maximal solution in K¢, u satisfies the same equation in B\K and U; > u =0
on OB, it follows that U; dominates v in B\K. Then U;(0) > u(0) and we derive (3.4).
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Step 2. Fix a positive integer J such that K C {z : r; < |z] < 1/8}. Consider the sets K N S;
for j = 3,...,J. By [13, Theorem 2.5.3], there exists p; € M (RY) such that

n(K08) = [(Gulisl@)"do =G, _a_(KNS))
RN

We have, for any ag > 0,
oo T o0
<Z ak) < Zek,raz
k=0 k=0
where 6y, has the following expression with 6 > 0,

, 1 if r € (0,1]
PR T e+ D e > 1L

Thus

3

B1(0)

[ (wh]Sn]o) wsXu o, [ ome)re
= k=3
)3

1 Ok / (W1l (z)" d

k=3 R

<ew Y 00 O [ (Golnl())"da

7p,

k=3 R

J
=199 0 4 0k, Cp_u (K NS)
k=3 =
< C20 ZG 9k7q1 k(Ni 411qu13}+1)
< ¢91 for € small enough,
where the constant cs; does not depend on J. Hence,
J q J
k=3

k=3
where co3 is independent of J. Take B = Bi. Note that qql > N. By [2], 3.10, Corollary 2.5
and Theorem 2.8, there exists a renormalized solution u to equatlon

< c22
M@ (B1(0))

S Co3 (310)
L1 (B1(0))

_Apu_yuqzz; Ik in B
J=3"1J 3.11
u=20 on 0B. ( )

It belongs to C2*(B\K) and

loc

J
U(O) Z —Coq + C25W121p ZM] (0)
Jj=3

11



As above, we also get that

1
1 /C a1 (K N BT) p-1 dr
u(0) > —co6 + 027/ ( Do = ) et
0

rN-p

Since Uz is the maximal solution in Uy in B\ K, it dominates the solution w in B\ K, and thus
Us2(0) > u(0). Therefore, we get (3.5). O

4 Proof of the main results
Proof of Theorem 1. Let u be the maximal solution of
—Apu+e*—1=0 in Q (4.1)

Fix 29 € 0Q. We can assume that zp = 0. Let § € (0,1/12). For zp € Bs N Q. Set
K = Q°N Byy(z0). Let Uy € C'(K*) be the maximal solution of (3.2). We have u > U;
in Q. By Theorem 3.1,

1

PK B, Pt
Ui(z0) > —C1 +02 <H ﬂ (z0)> %

HY P(KN B, )\ " d
> 01+02 ( o o1) 77" (since B,_|. C Br(20)))
HYP(K N Bx) LN
>C’1+C’2 ( rN22> —
1
2 yNrxknB)\" ' d
Sy <%> dr
r r
Therefore,
1
12 (yN-P(knB)\" ' d
inf u> mf Ui > Cl+02/ (W) —r~>oo as & — 0.
BsNQ BsN 5 Ty T
O
Proof of Theorem 2. Let u be the maximal solution to
—Apu+u?=0 in Q. (4.2)

Fix zp € 9Q. We can assume that g = 0. Let § € (0,1/12). For zy € Bs N Q. Set
K = Q°N Bya(2). Let Uy € C'(K°) be the maximal solution of (3.3). We have u > U,

12



in . By Theorem 3.1,

rN=2 T

1 Cpy 1 (KO By )\ 7
>7cl+02/ ( d ‘““jfv_2 '°)> @ (since B, _|.,| € By(20)))

é

Lrc,, KNB: R
>_01+02/ ( - ”}{(2 )> =

28 r

1
;12 (Cp s (KN B\ 7 g

>_CI+C2 < . i—;vl(z )> _T

§

Therefore,

inf w> inf U > —Cl—l—C;
BsNQ BsN

1
V2 (Cp B (KN B\ ar
P 1 —p+1 "
( ! N3 o as 6 — 0.
5

O

5 Large solutions of quasilinear Hamilton-Jacobi equations

In this section we used our previous results to give sufficient conditions for existence of solutions
to the problem

—Apu+ |Vul? + buP=t =0 in Q
lim u(z) = oo, (5.1)
p(x)—0

where b is a real number and p —1 < g < p.

Lemma 5.1 The mazimal solution of (4.1) is a large solution if and only if for any a > 0 and
b < by := 01a' P the mazimal solution of

-Apv+e+b=0 in £, (5.2)
s a large solution, where 01 is a positive constant depending on N,p and 2.

Proof. Since monotonicity and Vazquez’ condition (1.4) hold, it is sufficient to exhibit a large
subsolution (i.e. tending to infinity on the boundary) in order to conclude on the existence of a
large solution to (5.2).

Assume u := uy, 1 is a large solution of (4.1), then for any A > 1

“Apuj 1+ —A=1-A<0 in Q,

thus u; —; is a subsolution of the corresponding solution and there exists a larger solution which
is necessarily a large solution u; A of

—Apu+e*—A=0 in Q. (5.3)
Set min{uy 1(z) : x € N} = 6 > 0. then, for any ¢ € (0,1) and d > 0 there holds

et — 1 > mge®™t > mge®tt —d  on [0, 00)
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with mg = e(1799 — ¢=<0_ This implies that —Apui 1 + mge®-1 —d < 0, therefore v :=
uy,—1 + ¢~ tlnmyg satisfies —Apuy,—q1 + et —d < 0. Therefore there exists a large solution
Ue,—q tO

—Apu+e*—d=0 in Q. (5.4)
For o > 0 and 3 € R, set u.,_q = aw + 3, then —A,w + al~Pefeeacw _ dol=P = (. If we take
8= p—;l In o, then

—Apw + e — dal~P =0 in . (5.5)

Since a > 0 and d > 0 are arbitrary, we see that for any a > 0 and b > 0, there exists a large
solution u = uq,—p to

—Apu+e™—-b=0 in Q. (5.6)
We can notice that since u, 0 = a tus g+ (1 — p)a~! Ina, the minimum 6 := 6, of u, o satisfies
0, = a"10; + (1 — p)a—tIna. For € > 0, there holds

eMa0 _ ge®a0 — (1 — ¢)e™a0 > (1 —€)fra'P.
Therefore —Apug,o + €0 + (1 — €)01a'~P < 0. Thus v = Uq,0 — a~!1n e satisfies
—Apv+ e+ (1 —€)fa' P <0

which implies that there exists a large solution to the corresponding equation. Since € is arbi-
trary, it follows that for any b < b, := 61a'7P, there exists a large solution u = u,p to (5.2).
|

Theorem 5.2 Assumep—1< g < p and (1.12) holds. Then there exists b* = b*(p,q, N,Q) >0
such that for any b € (—o0,b*), problem (5.1) admits a solution.

Proof. If (1.12) holds, for any a > 0 and b < b, there exists a large solution u to (5.2). We set
u = alnw with a > 0, then

P
—A,w+ (p— 1)! + al~Pyeatr—l 4 pal-ryp—1 = in Q. (5.7)
By Holder’s inequality
[Vw|” ¢ P—4q ( q )”Lq a
p- Dl s v 2L (L) e,
P07 Vel p \plp—1)
therefore
—Apw + |Vw|? + ot PPt 4 pal TPy~ — p—4 <L) CwitE <.
p \p(p-1)

Since ¢ > p —1, 4 > p— 1. We choose o and a such that
p—q

q
_ P—q
aa-l—p—l:p%q and O(l_pzz%(p(%) .

Therefore w satisfies
—Apw + |[Vw|? + ba' PwP~t < 0.

This implies that there exists a large solution to (5.1). O
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Theorem 5.3 Let ¢ > 1 and assume that there exists a solution to

—Au+ |Vul* +u T u=0 in Q
lim wu(z) = co. (5.8)
p(z)—0
Then for any s > 1 there holds
1

s(Br Q) d
/ Cos(B@) 0 dr _ e g0, (5.9)

0 r r

Proof. For § > 0 set Q5 := {z € Q: p(x) < §}. There exists dp > 0 such that u(z) > 1 in Qs,.
For 0 > 0 we set u = v?, therefore

VU|2 1 2 1 Do+1
—Av— (0 — 1)T +ov7 " |Vo|” + ;v(q_ Jotl — .

Since v > 1 in Q5,, it follows

1 ° 1
—Av 4 —plaTotl = U& (1 - — = v") <0 in Qs,.
o v o

For 0 < 6 < & and m > inf{u7 () : € dQ5, } we denote by v, 5 the solution of

1
—Av + ;v(q_l)‘”‘l =0 in Qs5, :={x€Q:0<plx) <}

= in 095, (5.10)

v m
lim v(z) = oo.
dist (z,09s)—0

Then vg > us and vy <5 if 0 < §' < §. Thus vy, = lims_o vy, satisfies

1
—Av + —pla=Dotl — in Qs,
o
v=m in 05, (5.11)
lim w(z) = oco.
p(x))—0

Notice that, since 0€2s, is Lipschitz, the boundary data is preserved in the approximation process.
Letting m — oo and using the monotonicity of {v,,}, it implies that that there exists a large

solution to )
—Av + —pla=Dotl — g in Qj,.
o
—1 1
By Labutin’s result it implies in particular (5.9) with s = ((](7)(17)+
qg—1)o

O

and s > 1 is arbitrary.

Remark. If we set v = e in (5.8), then v satisfies
—Av+ ety — |V’ (1 —e’)  in Q. (5.12)
From this, we can construct a large solution of

—Av+eldthr =0 in Q4 \ Q. (5.13)
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It would be interesting to see what Wiener type criterion the existence a such a large solution
implies. We conjecture that this condition is

1 N-2 c
/ a5t (B;Eﬁ) N dr _ o v e on. (5.14)
0 T T

Theorem 5.4 Assume that for some p > 0 there exists a function u € C () satisfying

_ -p — ;
M0 mon (5.15)
Then for any s > 1 (5.9) holds.
Proof. We set v =e7?, then v is a large solution of
—Av + |Vo]? 4 ety = in Q (5.16)
and we conclude using the preceding theorem (and the remark hereafter). O
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