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COMMUNITY DETECTION IN SPARSE RANDOM NETWORKS

Nicolas Verzelen' and Ery Arias-Castro?

We consider the problem of detecting a tight community in a sparse random network. This is
formalized as testing for the existence of a dense random subgraph in a random graph. Under
the null hypothesis, the graph is a realization of an Erdos-Rényi graph on N vertices and with
connection probability pg; under the alternative, there is an unknown subgraph on n vertices where
the connection probability is p1 > pp. In (Arias-Castro and Verzelen, 2012), we focused on the
asymptotically dense regime where py is large enough that npy > (n/N )0(1). We consider here the
asymptotically sparse regime where pg is small enough that npy < (n/N)% for some ¢y > 0. As
before, we derive information theoretic lower bounds, and also establish the performance of various
tests. Compared to our previous work (Arias-Castro and Verzelen, 2012), the arguments for the
lower bounds are based on the same technology, but are substantially more technical in the details;
also, the methods we study are different: besides a variant of the scan statistic, we study other
tests statistics such as the size of the largest connected component, the number of triangles, and
the number of subtrees of a given size. Our detection bounds are sharp, except in the Poisson
regime where we were not able to fully characterize the constant arising in the bound.

Keywords: community detection, detecting a dense subgraph, minimax hypothesis testing, Erdos-
Rényi random graph, scan statistic, planted clique problem, largest connected component.

1 Introduction

Community detection refers to the problem of identifying communities in networks, e.g., circles of
friends in social networks, or groups of genes in graphs of gene co-occurrences (Bickel and Chen,
2009; Girvan and Newman, 2002; Lancichinetti and Fortunato, 2009; Newman, 2006; Newman
and Girvan, 2004; Reichardt and Bornholdt, 2006). Although fueled by the increasing importance
of graph models and network structures in applications, and the emergence of large-scale social
networks on the Internet, the topic is much older in the social sciences, and the algorithmic aspect
is very closely related to graph partitioning, a longstanding area in computer science. We refer the
reader to the comprehensive survey paper of Fortunato (2010) for more examples and references.
By community detection we mean, here, something slightly different. Indeed, instead of aiming
at extracting the community (or communities) from within the network, we simply focus on deciding
whether or not there is a community at all. Therefore, instead of considering a problem of graph
partitioning, or clustering, we consider a problem of testing statistical hypotheses. We observe
an undirected graph G = (£,V) with N := |V| nodes. Without loss of generality, we take V =
[N] := {1,...,N}. The corresponding adjacency matrix is denoted W = (W; ;) € {0,1}V*N
where W; ; = 1 if, and only if, (¢, j) € £, meaning there is an edge between nodes i,j € V. Note
that W is symmetric, and we assume that W;; = 0 for all 5. Under the null hypothesis, the
graph G is a realization of G(IV, py), the Erdés-Rényi random graph on N nodes with probability of
connection py € (0, 1); equivalently, the upper diagonal entries of W are independent and identically
distributed with P(W; ; = 1) = pg for any ¢ # j. Under the alternative, there is a subset of nodes
indexed by S C V such that P(W;; = 1) = p; for any i,j € S with ¢ # j, while P(W; ; = 1) = po
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for any other pair of nodes i # j. We assume that p; > pg, implying that the connectivity is
stronger between nodes in S, so that S is an assortative community. The subset S is not known,
although in most of the paper we assume that its size n := |S| is known. Let Hy denote the null
hypothesis, which consists of G(IV,pg) and is therefore simple. And let Hg denote the alternative
where S is the anomalous subset of nodes. We are testing Hy versus H; := U| S|=n Hg. We consider
an asymptotic setting where

N = o0, n=n(N)—=o00, n/N—=0, n/logN — oo, (1)

meaning the graph is large in size, and the subgraph is comparatively small, but not too small.
Also, the probabilities of connection, pg = po(IN) and p; = p1(IV), may change with N — in fact,
they will tend to zero in most of the paper.

Despite its potential relevance to applications, this problem has received considerably less at-
tention. We mention the work of Wang et al. (2008) who, in a somewhat different model, propose
a test based on a statistic similar to the modularity of Newman and Girvan (2004); the test is
evaluated via simulations. Sun and Nobel (2008) consider the problem of detecting a clique, a
problem that we addressed in detail in our previous paper (Arias-Castro and Verzelen, 2012), and
which is a direct extension of the ‘planted clique problem’ (Alon et al., 1998; Dekel et al., 2011;
Feige and Ron, 2010). Rukhin and Priebe (2012) consider a test based on the maximum number of
edges among the subgraphs induced by the neighborhoods of the vertices in the graph; they obtain
the limiting distribution of this statistic in the same model we consider here, with py and p; fixed,
and n is a power of N, and in the process show that their test reduces to the test based on the
maximum degree. Closer in spirit to our own work, Butucea and Ingster (2011) study this testing
problem in the case where py and p; are fixed. A dynamic setting is considered in (Heard et al.,
2010; Mongiovi et al., 2013; Park et al., 2013) where the goal is to detect changes in the graph
structure over time.

1.1 Hypothesis testing

We start with some concepts related to hypothesis testing. We refer the reader to (Lehmann and
Romano, 2005) for a thorough introduction to the subject. A test ¢ is a function that takes W as
input and returns ¢ = 1 to claim there is a community in the network, and ¢ = 0 otherwise. The
(worst-case) risk of a test ¢ is defined as

IN(p) =Po(¢p =1) + gl‘gIPsw =0), (2)

where Py is the distribution under the null Hy and Pg is the distribution under Hg, the alternative
where S is anomalous. We say that a sequence of tests (¢n) for a sequence of problems (Wy) is
asymptotically powerful (resp. powerless) if Yy (¢n) — 0 (resp. — 1). We will often speak of a test
being powerful or powerless when in fact referring to a sequence of tests and its asymptotic power
properties. Then, practically speaking, a test is asymptotically powerless if it does not perform

substantially better than any method that ignores the adjacency matrix W, i.e., guessing. We say
that the hypotheses merge asymptotically if

N = igfw(é) -1,

and that the hypotheses separate completely asymptotically if 3, — 0, which is equivalent to
saying that there exists a sequence of asymptotically powerful tests. Note that if liminf~3 > 0,



no sequence of tests is asymptotically powerful, which includes the special case where the two
hypotheses are contiguous.

Our general objective is to derive the detection boundary for the problem of community de-
tection. On the one hand, we want to characterize the range of parameters (n, N, pg,p1) such
that either all tests are asymptotically powerless (v — 1) or no test is asymptotically power-
ful (liminf~% > 0). On the other hand, we want to introduce asymptotically minimax optimal
tests, that is tests ¢ satisfying yn(¢) — O whenever yn(¢) — 0 or limsupyy < 1 whenever
limsup vy < 1.

1.2 Our previous work

We recently considered this testing problem in (Arias-Castro and Verzelen, 2012), focusing on
the dense regime where log(1V (npg)~") = o(log(N/n)) or equivalently pg > n~*(n/N)°(M). (For
a,b € R, a A b denotes the minimum of a and b and a V b denotes their maximum.) We obtained
information theoretic lower bounds, and we proposed and analyzed a number of methods, both
when pg is known and when it is unknown. (None of the methods we considered require knowledge
of p1.) In particular, a combination of the total degree test based on

W= Z Wij, (3)

1<i<j<N
and the scan test based on

Wy i=maxWs, Wg:i= Y Wiy, (4)
|S|=n Py
JES <]
was found to be asymptotically minimax optimal when pg is known and when n is not too small,
specifically n/log N — oo. This extends the results that Butucea and Ingster (2011) obtained
for pp and p; fixed (and py known). In that same paper, we also proposed and studied a convex
relaxation of the scan test, based on the largest n-sparse eigenvalue of W2, inspired by related work
of Berthet and Rigollet (2012).

1.3 Contribution

Continuing our work, in the present paper we focus on the sparse regime where

cl(nyo, tant 0 5
po_g(ﬁ) Or some constan C(]> . ()

Obviously, (5) implies that npy < 1. We define
>‘0 = NpOa >‘1 = npq, (6)

and note that \g and A\ may vary with N. Our results can be summarized as follows.

Regime 1: Ao = (N/n)® with fixed 0 < o < 1. Compared to the setting in our previous work
(Arias-Castro and Verzelen, 2012), the total degree test (3) remains a contender, scanning over
subsets of size exactly n as in (4) does not seem to be optimal anymore, all the more so when pg
is small. Instead, we scan over subsets of a wider range of sizes, using
W*
Wi= sip —*, (7)

k=n/un



Table 1:  Detection boundary and near-optimal algorithms in the regime \g = (N/n)® with
0 <a<1landn = N"with 0 < k < 1. Here, ‘undetectable’ means that that the hypotheses merge
asymptotically, while ‘detectable’ means that there exists an asymptotically powerful test.

K k< éi—g K > éi—g
Undetectable | A\; < (1 — a)~!; Exact Eq. in (55) MK NS;:Z/Q
—1 . NQA+a)/2
Detectable || A1 > (1 —a)™"; Exact Eq. in (14) AL > T
Optimal test BROAD SCAN TEST ToOTAL DEGREE TEST

where uy = loglog(N/n). We call this the broad scan test. In analogy with our previous results
in (Arias-Castro and Verzelen, 2012), we find that a combination of the total degree test (3) and
the broad scan test based on (7) is asymptotically optimal when \g — oo, in the following sense.

Suppose n = N* with 0 < kK < 1. When & > 3£ the total degree test is asymptotically powerful

2+a
when A\; > X 511;:2/2 and the two hypotheses merge asymptotically when A\ < & S;f(j/z. (For

two sequences of reals, (an) and (by), we write ay < by to mean that ay = o(by).) When
K < éi—g, that is for smaller n, there exists a sequence of increasing functions v, (defined in
Theorem 1) such that the broad scan test is asymptotically powerful when lim inf(1 — )¢, (A1) > 1
and the hypotheses merge asymptotically when lim sup(1 — «), (A1) < 1. Furthermore, as n — oo,
Yn(A) < A when A > 1 remains fixed, while 1,(1) — 1, and ¥,(A) ~ A/2 for A — oco. As
a consequence, the broad scan test is asymptotically powerful when A; is larger than (up to a
numerical) (1 — a)~!. See Table 1 for a visual summary. (For two real sequences, (ay) and (by),

we write ay < by to mean that ay = O(by), and ay =< by when ay < by and ay > by.)

When N0 < \g < (N/n)°M) and n = N* with 1/2 < & < 1, the total degree test is optimal,
in the sense that it is asymptotically powerful for A2 /Ao > n?/N, while the hypotheses merge
asymptotically for A2 /\g < n?/N. This is why we assume in the remainder of this discussion that
n=N"with 0 < x < 1/2.

Regime 2: g — oo with log(\g) = o[log(N/n)]. When « < %, the broad scan test is asymptoti-
cally powerful when liminf A\; > 1 and the hypotheses merge asymptotically when limsup A\; < 1.
See the first line of Table 2 for a visual summary.

Regime 3: \g > 0 and A\; > 0 are fixed. The Poissonian regime where \g and \; are assumed
fixed is depicted on Figure 1. When A1 > 1, the broad scan test is asymptotically powerful. When
Ao > e and A\ < 1, no test is able to fully separate the hypotheses. In fact, for any fixed (Ag, A1) a
test based on the number of triangles has some nontrivial power (depending on (Ao, A1)), implying
that the two hypotheses do not completely merge in this case. The case where A\g < e is not
completely settled. No test is able to fully separate the hypotheses if A\ < /Ag/e. The largest
connected component test is optimal up to a constant when A\g < 1 and a test based on counting
subtrees of a certain size bridges the gap in constants for 1 < \g < e, but not completely. When
Ao is bounded from above and A; = o(1), the two hypotheses merge asymptotically.

Regime 4: \g = o(1) with log(1/Ag) = o[log(N)]. Finally, when Ao — 0, the largest connected
component test is asymptotically optimal. See Table 2.
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Figure 1: Detection diagram in the poissonian asymptotic where Ay and A are fixed and n = N*

with 0 < k < 1/2.

Table 2: Detection boundary and near-optimal algorithms in the regimes Ao — oo and Ag — 0 and
n = N* with 0 < x < 1/2. For 1/2 < r < 1, the detection boundary accurs at A\; < N'/2/n? and

is achieved by the total degree test.

Ao 1< do < ()" | s < x=o(1)
Undetectable limsup A1 < 1 lim sup 1025:\\(1;; > K
Detectable liminfA, >1 | liminf ! ii;; <k
Optimal test || LARGEST CC TEST | BROAD SCAN TEST



1.4 Methodology for the lower bounds

Compared to our previous work (Arias-Castro and Verzelen, 2012), the derivation of the various
lower bounds here rely on the same general approach. Let G(IV, po; n, p1) denote the random graph
obtained by choosing S uniformly at random among subsets of nodes of size n, and then generating
the graph under the alternative with S being the anomalous subset. When deriving a lower bound,
we first reduce the composite alternative to a simple alternative, by testing Hy : G(N,pg) versus
Hy := G(N,po;n,p1). Let L denote the corresponding likelihood ratio, i.e., L = Z\S|:n LS/(]X),
where Lg is the likelihood ratio for testing Hg versus Hg. Then these hypotheses merge in the
asymptote if, and only if, L — 1 in probability under Hy. A variant of the so-called ‘truncated
likelihood’” method, introduced by Butucea and Ingster (2011), consists in proving that ]Eo(fl) —1
and Eq(L?) — 1, where L is a truncated likelihood of the form L = >|S|=n LS]lpS/(]X), where I'g
is a carefully chosen event. (For a set or event A, 14 denotes the indicator function of A.) An
important difference with our previous work is the more delicate choice of I'g, which here relies
more directly on properties of the graph under consideration. We mention that we use a variant
to show that Hy and H; do not separate in the limit. This could be shown by proving that the
two graph models G(N, pg) and G(N, po;n,p1) are contiguous. The ‘small subgraph conditioning’
method of Robinson and Wormald (1992, 1994) — see the more recent exposition in (Wormald,
1999) — was designed for that purpose. For example, this is the method that Mossel et al. (2012)
use to compare a Erdos-Rényi graph with a stochastic block model® with two blocks of equal size.
This method does not seem directly applicable in the situations that we consider here, in part
because the second moment of the likelihood ratio, meaning E[L?], tends to infinity at the limit of
detection.

1.5 Content

The remaining of the paper is organized as follow. In Section 2 we introduce some notation and
some concepts in probability and statistics, including concepts related to hypothesis testing and
some basic results on the binomial distribution. In Section 3 we study some tests that are near-
optimal in different regimes. In Section 4 we state and prove information theoretic lower bounds
on the difficulty of the detection problem. In Section 5 we discuss the situations where py and/or n
are unknown, as well as open problems. Section 6 contains some proofs and technical derivations.

2 Preliminaries

In this section, we first define some general assumptions and some notation, although more notation
will be introduced as needed. We then list some general results that will be used multiple times
throughout the paper.

2.1 Assumptions and notation

We recall that N — oo and the other parameters such as n, pg, p1 may change with N, and this
dependency is left implicit. Unless otherwise specified, all the limits are with respect to N — oo.
We assume that N2py — oo, for otherwise the graph (under the null hypothesis) is so sparse that
number of edges remains bounded. Similarly, we assume that n’p; — oo, for otherwise there is

3This is a popular model of a network with communities, also known as the planted partition model. In this model,
the nodes belong to blocks: nodes in the same block connect with some probability pin, while nodes in different blocks
connect with probability pout.



a non-vanishing chance that the community (under the alternative) does not contain any edges.
Throughout the paper, we assume that n and py are both known, and discuss the situation where
they are unknown in Section 5.

Define
log Ao

= fog (/) ®

which varies with N, and notice that py = % with A\g = (%)a The dense regime considered in

(Arias-Castro and Verzelen, 2012) corresponds to liminf o > 1. Here we focus on the sparse regime
where limsup o < 1. The case where a« — 0 includes the Poisson regime where \g is constant.

Recall that G = (V,€) is the (undirected, unweighted) graph that we observe, and for S C V,
let Gg denote the subgraph induced by S in G.

We use standard notation such as ay ~ by when ay/by — 1; ay = o(by) when ay /by — 0;
any = O(by), or equivalently ay < by, when limsupy |an/by| < oo; ay < by when ay = O(by)
and by = O(ay). We extend this notation to random variables. For example, if Ay and By are
random variables, then Ay ~ By if Ay/Bxny — 1 in probability.

For z € R, define 2 = V0 and z_ = (—z) V 0, which are the positive and negative parts of

x. For an integer n, let
n n(n —1)

Because of its importance in describing the tails of the binomial distribution, the following
function — which is the relative entropy or Kullback-Leibler divergence of Bern(gq) to Bern(p) —
will appear in our results:

Hp(q) = qlog <§) +(1—g)log G_;) , p.g€(0,1). (10)

We let H(q) denote Hp,(q).

2.2 Calibration of a test

We say that the test that rejects for large values of a (real-valued) statistic T = Ty(Wy) is
asymptotically powerful if there is a critical value ¢t = ¢(IV) such that the test {T" > ¢} has risk (2)
tending to 0. The choice of ¢ that makes this possible may depend on p;. In practice, ¢ is chosen
to control the probability of type I error, which does not necessitate knowledge of p; as long as T’
itself does not depend on p1, which is the case of all the tests we consider here. Similarly, we say
that the test is asymptotically powerless if, for any sequence of reals t = ¢(IN), the risk of the test
{T >t} is at least 1 in the limit.

We prefer to leave the critical values implicit as their complicated expressions do not offer any
insight into the theoretical difficulty or the practice of testing for the presence of a dense subgraph.
Indeed, if a method can run efficiently, then most practitioners will want to calibrate it by simulation
(permutation or parametric bootstrap, when pg is unknown). Besides, the interested reader will be
able to obtain the (theoretical) critical values by a cursory examination of the proofs.

2.3 Some general results

Remember the definition of the entropy function in (10). The following is a simple concentration
inequality for the binomial distribution.



Lemma 1 (Chernoff’s bound). For any positive integer n, any q,p € (0,1), we have
P (Bin(n,p) = qn) < exp (—nHp(q)) - (11)
Here are some asymptotics for the entropy function.

Lemma 2. Define h(z) = zlogx —x + 1. For 0 <p < q <1, we have

0 < Hyla) -~ phia/p) <0(;L-)

The following are standard bounds on the binomial coefficients. Recall that e = exp(1).

Lemma 3. For any integers 1 < k <n,

n\* n en\k
—) < <(—) . 12
(1) =<() < (%) 12
Let Hyp(NN,m,n) denotes the hypergeometric distribution counting the number of red balls in
n draws from an urn containing m red balls out of V.

Lemma 4. Hyp(N,m,n) is stochastically smaller than Bin(n, p), where p := ™.

3 Some near-optimal tests

In this section we consider several tests and establish their performances. We start by recalling the
result we obtained for the total degree test, based on (3), in our previous work (Arias-Castro and
Verzelen, 2012). Recalling the definition of A\g and A; in (6), define

P it —po)’ nt _ (A= Aon/N)"n? (13)
’ Po N2 )\0 N '
Proposition 1 (Total degree test). The total degree test is asymptotically powerful if ( — 0o, and
asymptotically powerless if { — 0.

In view of Proposition 1, the setting becomes truly interesting when ¢ — 0, which ensures that
the naive total degree test is indeed powerless.

3.1 The broad scan test

In the denser regimes that we considered in (Arias-Castro and Verzelen, 2012), the (standard) scan
test based on W' defined in (4) played a major role. In the sparser regimes we consider here, the
broad scan test based on Wi defined in (7) has more power. Assume that liminf \; > 1, so that
Gg is supercritical under Hg. Then it is preferable to scan over the largest connected component
in Gg rather than scan Gg itself.

Lemma 5. For any A\ > 1, let n) denote the smallest solution of the equation n = exp(A(n —1)).
Let C,, denote a largest connected component in G(m,\/m) and assume that X > 1 is fized. Then,
in probability, |Cpm| ~ (1 —nx)m and We,, ~ 5(1 —n?)m.

Proof. The bounds on the number of vertices in the giant component is well-known (Van der
Hofstad, 2012, Th. 4.8), while the lower bound on the number of edges comes from (Pittel and
Wormald, 2005, Note 5). O



By Lemma 5, most of the edges of Gg lie in its giant component, which is of size roughly
(I — mx,)n. This informally explains why a test based on W:{(lfml) is more promising that the
standard scan test based on W}.

In the details, the exact dependency of the optimal subset size to scan over seems rather intricate.
This is why in Wi we scan over subsets of size n/uy < k < n. (Recall that uy = loglog(N/n),

although the exact form of uy is not important.) For any subset S C V, let

Wig= max Wr.
P TCS|T|=k

Note that Wy, = W} defined in (4). Recall the definition of the exponent « in (8).

Theorem 1 (Broad scan test). The scan test based on Wﬁ, is asymptotically powerful if

. .. n ES[WI:,S]
limsupa <1 and liminf (1 -a) sup —=>1; (14)
k=n/un k
or
a—0 and liminfX; >1. (15)

Note that the quantity supy_ Jun Eg [VV,’Ck g|/k does not depend on py or a. We shall prove in
the next section that the power of the broad scan test is essentially optimal: if

limsupo < 1 and limsup (1 —a) stp Es[Wi sl/k <1,

k=n/un

or a — 0 and limsup A\; < 1, then no test is asymptotically powerful (at least when n? = o(N), so
that the total degree test is powerless). Regarding (14), we could not get a closed-form expression
of this supremum. Nevertheless, we show in the proof that

n  Es[Wg A
liminf sup M > lim inf —1(1 + 1) (16)
k=n/un k 2

where 7, is defined in Lemma 5. Moreover, we show in Section 6 the following upper bound.

Lemma 6. g
lminf stp —o RS < piming A 14Ty (17)
k=n/un k 2
If Ay = oo, then
n Es Wi
sup M ~ /2.
k=n/un k

Hence, assuming a and A; are fixed and positive , the broad scan test is asymptotically powerful
when (1 — a)%(l +75,) > 1. In contrast, the scan test was proved to be asymptotically powerful
when (1 — 04)/\2—1 > 1 (Arias-Castro and Verzelen, 2012, Prop. 3), so that we have improved the
bound by a factor larger than 1+ 7,, and smaller than 1 + 2)\1_1(1 + 1+ A1). When a converges
to one, it was proved in (Arias-Castro and Verzelen, 2012) that the minimax detection boundary
corresponds to (1 — a)A;/2 ~ 1 (at least when n? = o(N)). Thus, for a going to one, both the
broad scan test and the scan test have comparable power and are essentially optimal. In the dense
case, the broad scan test and the scan test have also comparable powers as shown by the next result

which is the counterpart of (Arias-Castro and Verzelen, 2012, Prop. 3).
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Proposition 2. Assume that pg is bounded away from one. The broad scan test is powerful if
nH (p1)
2log(N/n)

The proof is essentially the same as the corresponding result for the scan test itself. See (Arias-
Castro and Verzelen, 2012).

lim inf >1.

Proof of Theorem 1. First, we control W,ji under the null hypothesis. For any positive constant
co > 0, we shall prove that

Po [(1—a)Wi =1+ | =o(1). (18)

Under Conditions (14) and (15), « is smaller than for N large enough. Consider any integer
k € [n/uy,n], and let g = 2(1 + co)/[(k — 1)(1 — @)]. Recall that k) = k(k —1)/2. Applying a
union bound and Chernoff’s bound (Lemma 1), we derive that

14 co k] (JZ) exp [—k(Q)H(Qk)]

ry [z > |
exp [k:{ log(eN/k) — k;lH(qk)}} :

IN

IN

We apply Lemma 2 knowing that gx/pp — oo, and use the definition of « in (8), to control the
entropy as follows

k—1 k—1 qk
TH(Qk) ~o W log [po}
1
— * [log(N/n) —log Ao + O(log uN)}

11—«
~ (1+co)log(N/n),

since log(uy) = o(log(N/n)). Consequently,

1
P, [W,;* > 1+C°

k] < exp [—keplog(N/n)(1 + o(1))] ,

where the o(1) is uniform with respect to k. Applying a union bound, we conclude that
P, [(1 —a)Wi>1+ co} < S exp[—keolog(N/n)(1+o(1))] = o(1) .

k=n/un

We now lower bound Wg under the alternative hypothesis. First, assume that (14) holds, so
that there exists a positive constant ¢ and a sequence of integers k,, > n/uy such that IES[W,; gl >
kn(1+ ¢)/(1 — @) eventually. In particular, Eg[W; ] — oo. We then use (20) in the following
concentration result for Wy .

Lemma 7. For an integer 0 < k < n, define uj ¢ = Eg[W} g]. We have the following deviation
imnequalities

log(2 t2
Ps [Wiis > phg+1) <exp |- 08(2) )\ L . V> 8 (1 VoSt S) : (19)
4 815 ’

, Vit>4,./ur o . 20
8#2,5] s 20)

Ps [Wis < pps —t] < exp [— log(2)
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It follows from Lemma 7 that, with probability going to one under Pg,

we o Wi
nz knz kmSZl—FC/Q.
kn, kn, 11—«

Taking co = ¢/4 in (18) allows us to conclude that the test based on W} with threshold HC/ 2 is
asymptotically powerful.

Now, assume that (15) holds. Because W,ji is stochastically increasing in A\; under Pg, we may
assume that A\ > 1 is fixed. We use a different strategy which amounts to scanning the largest
connected component of Gg. Let C5.. be a largest connected component of Gg.

For a small ¢ > 0 to be chosen later, assume that (1 —c)n(1—mny,) < [|C5..] < (1 +e)n(l —ny,)
and Wes > (1— )”)‘1 (1— 77)\ ), which happens with high probability under Pg by Lemma 5. Note
that, because A1 > 1, we have 1), < 1, and therefore [ ax| < n. Consequently, when computing
Wi we scan C5

max?

implying that

s Wea L (=931 —m)n _1-c
e e T R R

Since ¢ above may be taken as small as we wish, and in view of (18), it suffices to show that
A1(1+my,) > 2 . Since 7, converges to one when A goes to one, we have limy_,1 A(1 + 7)) = 2.
Consequently, it suffices to show that the function f : A — A(1 4 ,) is increasing on (1,00). By
definition of 7, we have i, < 1/ (since e < 1/X) and i/(\) = nx(na—1)/(1—Any). Consequently,
') =2+ m— . Hence, f’()) is positive if ny < (2A — 1)~! := ay. Recall that 7, is the smallest
solution of the equation x = exp[A(x — 1)], the largest solution being z = 1. Furthermore, we have
x > exp[A(z — 1)] for any = € [n,1]. To conclude, it suffices to prove ay > e @ ~1). This last
bound is equivalent to

(1 + 77)\1)

1
A——-———— —log(2A—1) >0
> a1y el )
The function on the LHS is null for A = 1. Furthermore, its derivative ‘éi 32 is positive for A > 1,
which allows us to conclude. O

Proof of Lemma 7. The proof is based on moment bounds for functions of independent random
variables due to Boucheron et al. (2005) that generalize the Efron-Stein inequality.
Recall that Gg = (S,Eg) is the subgraph induced by S. Fix some integer k € [0,n]. For

any (i,j) € &g, define the graph g (@.4) by removing (i,j) from the edge set of Gg. Let W}i’j) be
defined as Wr but computed on gs b ), and then let W*(Z’j ) = MAaXTc S, |T|=k W(w ). Observe that

0< Wk g W*(w ) < 1 and that W, (S’] ) is a measurable function of 5 (@.9) , the edges set of QS
Let T* C S be a subset of size k such that Wk g = Wr«. Then, we have

> Wis-wis") < 30 (Wre - W) =W = Wi,
(i,j)egs (ivj)egs

where the first equality comes from the fact that Wy« — Wéi*’j) = Ly jeery
Applying (Boucheron et al., 2005, Cor. 1), we derive that, for any real ¢ > 2,

[Es {(wes—Bstvzs)1}] " < \f2aEsWigl +a

[Es {(Wis ~Bstwis) ] < \faBsivig)
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Take some ¢t > 8(1V , /Eg[W} ¢]). For any q > 2, we have by Markov’s inequality

q
2qEs[Wy 5] +4

t

Ps [Wis > Es[Wyig] +1t] <

The choice ¢ = i A WQW,:S] is larger than 2 and leads to (19). Similarly, if take some ¢ >

4, /Eg[W} o], and apply Markov’s inequality, we get

. q
2q ES[Wk,s]

Ps [Wis < Es[Wig] —t] < ;

The choice ¢ = W‘Qy*] > 2 leads to (20). O
k,S

3.2 The largest connected component

This test rejects for large values of the size (number of nodes) of the largest connected component
in G, which we denoted Cpax.

3.2.1 Subcritical regime

We first study that test in the subcritical regime where lim sup A\g < 1. Define
Iy=X—1-1log(A) . (21)

Theorem 2 (Subcritical largest connected component test). Assume that loglog(N) = o(logn),
limsup g < 1, and I)Tol log(N) — oo. The largest connected component test is asymptotically
powerful when liminf Ay > 1 or

Iy, log(n)
Ao+ In, — AgeP log(N)

Ao < Me'™ for n large enough  and  liminf >1. (22)

If we further assume that n®> = o(N), then the largest connected component test is asymptotically
powerless when A1 < 1 for all n and

I)\O log(n)
Ao 4 Iy, — Aoelrs log(INV)

Ao > Ae' ™™ for n large enough  or  limsup <1. (23)

If we assume that both Ao and A\; go to zero, then Condition (22) is equivalent to

.. . Iy, log(n)
liminf =22 ,
I/\1 IOg(N)

(24)

which corresponds to the optimal detection boundary in this setting, as shown in Theorem 4.

The technical hypothesis loglog(N) = o(logn) is only used for convenience when analyzing the
critical behavior A\; — 1. The condition I)Tol log(N) — oo implies that Ag can only converge to zero
slower than any power of N. Although it is possible to analyze the test in the very sparse setting
where Ao goes to zero polynomially fast, we did not do so to keep the exposition focused on the
more interesting regimes.
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Proof of Theorem 2. That the test is powerful when liminf \; > 1 derives from the well-known
phase transition phenomenon of Erdos-Rényi graphs. Let C,,, denote a largest connected component
of G(m, A\/m) and assume that A € (0,00) is fixed. By (Van der Hofstad, 2012, Th. 4.8, Th. 4.4,
Th. 4.5) in probability, we know that

. I'logm, ifA<1;
" (1—na)m, ifA>1,

where 7, is defined as in Lemma 5. When A > 1, the result is actually contained in Lemma 5.

Hence, under the null with limsup Ay < 1, the largest connected component of G is of order
log(N) with probability going to one. Under the alternative Hg with liminf A\; > 1, the graph
Gs contains a giant connected component whose size of order n with probability going to one.
Recalling that log(/N) = o(n) allows us to conclude.

Now suppose that (22) holds. We assume that the sequence \; is always smaller or equal to 1,
that I/\_l1 = O (log(n)/log(N)) and that log(I/\_l1 V1) = o(logn), meaning that A\; does not converge
too fast to 1. We may do so while keeping Condition (22) true because the distribution of |Cpax|
under Pg is stochastically increasing with A1, because limsup A\g < 1, Iy, +Xo— NoePt ~ T A (1= X0)
for Ay — 1, and because loglog(N) = o(logn).

By hypothesis (22), there exists a constant ¢ > 0, such that

Iy, log(n)
(I)q + Ao — )\06[Al ) 10g<N)

7 := liminf >14c .

To upper-bound the size of Cp.x under Py, we use the following.

Lemma 8. Let C,, denote a largest connected component of G(m,A/m) and assume that A\ < 1 for
all m and log[I/\_1 V1] = o(log(m)). Then, for any sequence uy, satisfying
I
lim inf 2™ >1,
logm

we have
P(|Cr| = um) = o(1) .

Proof. This lemma is a slightly modified version of (Van der Hofstad, 2012, Th. 4.4), the main
difference being that A was fixed in the original statement. Details are omitted. O

Define ¢ = (¢’ A 1)/4. Applying Lemma 8, |Crax| < to := I)Tol log(N)(1 + ¢), with probability
going to one under Py.
We now need to lower-bound the size of Cyax under Pg. Define

ko = (1—c)log(n)[In, + o — Aoe™ ], k= [kl ,
1-— )\061)‘1
I/\1 + Ao — )\oeb‘l

@0 = (1-c)log(n) , q=lao] -

The denominator of kg is positive since Aoe!M <1 and

Dy +Xo— e > Iy +e ™ (1—eM) =1 1 >0. (25)
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We note that k& = O(logn), unless the denominator of kg goes to zero, which is only possible when
Iy, goes to zero (implying A\; — 1), in which case

k ~ log(n) Iy, (1= A)] ™ = O |15 v 1] Tog(n) = O flog(V)] . (26)

since, in this case, (22) implies that I;ll = O (log(n)/log(N)), and limsup \g < 1 by assumption.
So (26) holds in any case.

We shall prove that among the connected components of Gg of size larger than ¢, there exists
at least one component whose size in G is larger than k. By definition of ¢, we have liminf k/tg >
T(1—¢)/(14¢) > (1+)(1—c)/(1+¢) > 1, and the connected component test is therefore powerful.
The main arguments rely on the second moment method and on the comparison between cluster
sizes and branching processes. Before that, recall that ty — oo, so that log(n) 11% = ko — 00,
which in turn implies Iy, = o (log(n)). ‘

Lemma 9. Fiz any ¢ > 0. Consider the distribution G(m,\/m) and assume that \ satisfies
limsup A < 1, log [I;' v 1] = o (log(m)) , I, ' logm — oo .

For any sequence q¢ = alog(m) with a < [;1(1 —¢), let Z>4 denote the number of nodes belonging
to a connected component whose size is larger than q. With probability going to one, we have

qu > ml—ab\—o(l) ] (27)

Proof. This lemma is a simple extension of the second moment method argument (Equations
(4.3.34) and (4.3.35)) in the proof of (Van der Hofstad, 2012, Th. 4.5), where A is fixed, while
here it may vary with m, and in particular, may converge to 1. We leave the details to the
reader. O

Observe that

q I, — )\0])\1€I>‘1 1- 1—e + I)\leb‘l
(1-— C)I>T11 log(n) = In, + Ao — Noet — 0 In, +Xo — Aoelr

<1,

using the fact that ze® — e* +1 > 0 for any = > 0. Thus, we can apply Lemma 9 to Gg. And by
Lemma 8, the largest connected component of Gg has size smaller than 21 N ! log(n) with probability
tending to one. Hence, Gg contains more than
—qI
niteWemdhe _ory, —ollog(m)
21y, Yogn

connected components of size larger than ¢. (We used the fact that log(I)Tl1 V1) = o(logn).) If
ko — go < 1, then applying Lemma 9 to ¢ + 2 (instead of ¢) allows us to conclude that there
exists a connected component of size at least k. This is why we assume in the following that
liminf kg — go > 1. By definition of k¢ and qg, kg — qo > 1, implies that

1 1
log(n)X\g > N e (I,\1 + Ao — )\oelkl) > 1T
—c

e g N
—C e 1

by (25). Thus, liminf ky—qo > 1 implies that for n large enough log(n)Ag > A1 1y, e and consequently

I, < O(1) —log(Ag) < o(log(n)) + Iy, + log [Ie_}fh} = o(log(n)) (28)
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since Iy, = o(log(n)), —log(I,) < o(log(n)) and I}, =0 (e —1)7?] =0 [I/\_Q].

e~ I
Let {Cg), i € T} denote the collection of connected components of size larger than ¢ in Gg. For
any such component Cg), we extract any subconnected component CNS) of size q. Recall that, with
probability going to one:
1Z| > n'oWe=ahy (29)

For any node z, let C(x) denote the connected component of z in G, and let C_g(x) denote the
connected component of x in the graph G_g where all the edges in Gg have been removed. Then,
let
U; .= U Cfg(ft) , 1 €L V= Z]l{|Uz‘|Zk} .
vec) i€Z

Since V' > 1 implies that the largest connected component of G is larger than k, it suffices to prove
that V' is larger than one with probability going to one. Observe that conditionally to |Z|, the
distribution of (|U;], @ € Z) is independent of Gg. Again, we use a second moment method based
on a stochastic comparison between connected components and binomial branching processes.

Lemma 10. The following bounds hold

ko\Fe
Ps[|Ui| = k] = (k — q) e M0a Do kma)p o) |
Z°¢?
Vars[V|Gs] < |Z|Ps[|Ui| > k] + Es|UilL¢r,>r}] » (30)
Eo\Fe
Ps[|Ui| > k] < ES[’Ui‘]}‘{Uizk}] < (k‘—q) e~ 20q—1xy(k—q)0(1) (31)

Before proceeding to the proof of Lemma 10, we finish proving that V > 1 with probability

k—q
going to one. Let define py := (%_q) e M0a—Ixg (k=) Applying Chebyshev inequality, we derive

from Lemma 10

V> ‘I|/Lkn*0(1) — Oy [(|I’Hk)l/2 no(l)] — Oy [|I|(,uk/N)l/2no(1)] .

In order to conclude, we only to need to prove that |Z|uy, > n¢°() since (|I|Mk)1/2 J|Z| (/N2 =
V' N/|Z| > 1. Relying on (29), we derive

k—q
’I|,U'k > nl—o(l) (kk> e_)‘oq_qlm_])\o(k—(ﬂ
—4q

L ko—qo
> nl—o) ( 0 ) e~ 2090—q0In; —Ix, (Fo—q0)—21x,
ko — qo
> nl—o(l))\a(ko_qo)e—)\oqo—kof,\l =1y, (ko—qo)
> nl=o() g—koro—kolx; cko—qo
> pl=oWexp [—ko ()\0 + I, — /\oelkl)] = peo)

where we use (28) and ko’?qo = Ay 'e ™ in the third line, the definition I), = \g — log(\g) — 1 in
the fourth line, and the definitions of ky and ¢y in the last line.

Proof of Lemma 10. We shall need the two following lemmas.
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Lemma 11 (Upper bound on the cluster sizes). Consider the distribution G(m, A\/m) and a col-
lection J of nodes. For each k > |TJ|,

P[|Uses C(x)] 2 k] < Ppyjm [T1 4.+ T 2 k]

where T1,Ts, . .. denote the total progenies of i.i.d. binomial branching processes with parameters m
and \/m. For each |J| <k <m,

Pl Useg C(@)| = k] 2 Ppyporjm [T1+ ...+ Ty > K]
where T1,Ts, ... denote the total progenies of i.i.d. binomial branching processes with parameters

m —k and A\/m.

Lemma 11 is a slightly modified version of (Van der Hofstad, 2012, Th. 4.2 and 4.3), the only
difference being that |J| = 1 in the original statement. The proof is left to the reader. The
following result is proved in (Van der Hofstad, 2012, Sec. 3.5).

Lemma 12 (Law of the total progeny). Let T, ..., T, denote the total progenies of r i.i.d. branching
processes with offspring distribution X. Then,

IP’[T1+...+Tr:k:]:%]P’[X1+...+Xk:k—r] ,

where (X;), i =1,...,k are i.i.d. copies of of X.

Consider any subset J of node of size q. The distribution |U;| = |Ux€ o C—s(x)| is stochasti-
S

cally dominated by the distribution of Z := |{J,c 7 C(7)| under the null hypothesis. Let 7, be sum
of the total progenies of ¢ independent binomial branching processes with parameters N —n+q—k
and pg. By Lemma 11, we derive

Ps[|Uil > k] 2 PolZ > K] 2 PN—ntq-kpo[Tg = k] 2 PN-ntg—kpo [Ty = k] -

Let X1, X5, ... denote independent binomial random variables with parameters N —n + g — k and
T T
po. Relying on Lemma 12 and the lower bound (i) > % > (re)™! (ﬂ> , we derive

T

PN —ntq—kpo X1+ ...+ X =k — ¢
— n—l— k _ Cta—k)—
( q-— )>p]g q(l_po)k(N n+q—k)—k+q

. (N—n—2(q—k)) = Ao ha o~ Aok—kO(n/N)
k2 k—q N
k—
-y Aoq( i > ! —kO(n/N)

k2° k—q

Eo\Fe
- <> e_)‘oq_lko (k_Q)no(l) ,
k—q

Py n4q— k,Po[ —k] =

TR TR

where (26) with nlog(N)/N = o(log(n)) in the last line.
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Let us now prove (31). The first inequality is Markov’s. For the second, by Lemma 11, U; is
stochastically dominated by T}, the sum of the total progenies of ¢ independent binomial branching
processes with parameters N and pg, so that

N 0o o]
Es [|[Uilliy,sry] = Y Ps[Us 2 7] <Y Prpy[Ty 2 7] <> rPuy[Ty =1] -
r==k r==k

We use Lemma 12 to control the deviation of Tq. Below X, X5, ... denote independent binomial
random variables with parameter N and pyg.

o [e.e]

ZTPN;po[Tq:T] < ZT’QPN,pO[X1—|—...+X,,:r—q]
r=k r=k "

< i gexp [—Nero (?)] : (32)

by Chernoff inequality since

T—q>k‘—q>k‘0—%:)\0€h1>@
Nr — Nk — Nk N N

= Do -

By Lemma 2, H,(a) > alog(a/po) — a + po. Thus, we arrive at

Es [|Uillw,>k] < quxp{ r—q)10g< ;0)+r_q_7.)\0:|

< q Z explA,] , (33)
r=Fk
where A, := —(r — q)I\, — ¢ho — (1 — ¢) log ( ) Differentiating the function A, with respect to
r, we get
dA, r—gq r—gq k—q k—q
= —I,—1 — —I, —1 — ) -1+ —
dr do 108 ( r ) ro- B\ Tk T
< I 1 ko — qo ko —qo Iy
< Iy, —log| —— -1+ ——)\0—1)\14-)\06 1
ko ko

which is negative as argued below the definition of k. Consequently, A, is a decreasing function
of r. Define ry as the smallest integer such that log((r — q)/r) > —1I,,/2. Since limsup \g < 1, it
follows 1 = O(q). Coming back to (33), we derive

Es [|[Uill{y,sry] < q(ri—k)yexp[A] +q ) exp[A,]

T=T1

< get [ k)4 + Z (r=F)[Iro ~log((r~ q)/r)]]

T=T1

ge [(7’1 —k)y+ Z e(’”kmom]

r=r1

IN

< eMOo(k?) , (34)
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since limsup \g < 1. From (26), we know that k& = O(log(N)) = n°()), which allows us to prove
(31).

Turning to the proof of (30), we have the decomposition

Vars[VIGs] < [Z|Ps[Ui > K+ > {Ps[|Ui| >k, |Us| > k] — PE[|Ui| > K]}

i#i' €T
< |ZIPs[U; > k1 + [ZPPs [|Us| > k , UinUy # 0]
HIP{Ps[|Ui| > k, [Uy| > k ,UinUy = 0] = PL[|U;] > K]} . (35)

The last term is nonpositive. Indeed,

Ps|Ui|l > k, |Uy| > k , Ui N Uy = 0] — P% |U;] > K]
N

= > Ps Uil =] (Ps [|Us| >k, UsnUy = 0| |Ui| = r] =P [|Us| > k])
r==k
N

< ZPS [U;| = r] (Ps [|Ui/| > k‘} UnUy =0, U = T‘] —Ps[|Us| > k‘]) ,
r==k

where the last difference is negative, as the graph is now smaller once we condition on |U;| > 1 and
Ui NUy = (). Consider the second term in (35):

N
Ps(|Ui| >k, UsnUy #0) = Ps[|Us| = 1| Ps[U; N Uy # 0| |Us| =7] .
r=k

By symmetry and a union bound, we derive
PslUi N Uy #0||Ui| = 7] < ¢° Psly € C_s(x) | Ui =77,
for some z € ég) and y € @g,). Since the graph G_g is not symmetric, the probability that a fixed

node z belongs to C_g(z) conditionally to |C_g(z)| is smaller for z € S\ {i} than for z € S It
follows that
IC-s(@)

—1
Psly € C_g(x) | |U;| = r] < Eg [ N1 ’ |Ui]:7“] .

Since |C_g(z)| < r, we conclude

N
Ps[|Ui| >k, UinUy # 0] <> Ps[|Us] =]
r=k

2 2
q‘r q
& = w BsllUill 2] -

O]

Let us continue with the proof of Theorem 2, now assuming that A\; < 1, that Condition (23)
holds, and that n? = o(IN). We assume in the sequel that I, < —log(\g), meaning that \;
is not too small. We may do so while keeping Condition (23) true, because the distribution of
|Cmax| under Pg is increasing with respect to A; and because for I, = —log(\o), (23) is equivalent
to limsuplog(n)/log(N) < 1, which is always true since n? = o(N). Similarly, we assume that
I, = o(log(n)) while keeping Condition (23) true since for Iy, going to infinity, (23) is equivalent
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. I, log(n)
to limsup Tn, Tog(V)
¢ > 0 such that

< 1 and since I/\_O1 log(N) — oo. By Condition (23), there exists a constant

Iy, log(n)
Ao + Iy, — Aoelrs log(N)

We shall prove that with probability Pg going to one, the largest connected component of G does
not intersect S. As the distribution of the statistic under the alternative dominates the distribution
under the null, this will imply that the largest connected component test is asymptotically powerless.
Denote A the event that, for all (z,y) € S, there is no path between z and y with all other nodes
in S¢. For any subset T', denote Cr(x) the connected component of = in Gr, and recall that C(z) is
a shorthand for Cy(z). By symmetry, we have

lim sup <l-c. (36)

Ps[A] < n®Poly € C_s(x)] < Poly € C(w)] ,

since the probability of the edges outside Gg under Pg is the same as under Py. Again, by symmetry

Poly € C(o)] = EolFaly € O] o)) < o [ 0] < o

as the expected size of a cluster is dominated by the expected progeny of a branching process with
parameters N and py (Lemma 11) and the expected progeny of a subcritical branching process
having mean offspring 1 < 1is (1 — p)~! (Van der Hofstad, 2012, Th. 3.5). Thus,

Ps[A°] = O(n*/N) = o(1) . (37)

Define
k= (1-0¢)"log(N)I, ! . (38)

Since limsup A\g < 1 and since loglog(N) = o[log(n)], it follows that k =< log(N) = n°1). By
Lemma 9, |Ciax| is larger or equal to k with probability Pg (and Py) going to one. Thus, it suffices
to prove that Pg[V,es|C(x)| > k] — 0. Observe that

Ps[Vaes|C(z)| = k] <nPs [{|C(z)| = k} N A] + Ps[AT,

so that, by (37), we only need to prove that nPg[{|C(x)| > k} NA] = o(1). Under the event A,
C(x) N S is exactly the connected component Cg(z) of z in Gg. Furthermore, C(x) is the union of
C_s(y) over y € Cg(x). Consequently, we have the decomposition

Ps[{IC(z)| = k}n Al < Ps[|Cs(x)] > A]

k—1
+ 3 Ps[Cs(z)| = a] Ps [B, | [Cs(x)| = q] .
q=1

where By := {| Uyecg() C—s(y)| = k}. By Lemma 11, the distribution of |Cs(z)| is stochastically
dominated by the total progeny distribution of a binomial branching process with parameters
(n,A1/n). Denote by J any set of nodes of size ¢q. Since, conditionally to |Cg(x)| = ¢, the event B,
is increasing and only depends on the edges outside Gg, we have

Ps [By| |Cs(z)| = gl <Po[|Uyes C(y)| = K]
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which is in turn, by Lemma 11, smaller than the probability that the total progeny of ¢ independent
branching processes with parameters (N, \o/N) is larger than k. Relying on the law of the total
progeny of branching processes (Lemma 12) and Lemma 11, we get

Ps(ICs(z)| =] < 2P [Bin(ng, A /n) = ¢ — 1] ,

=R

Ps (Bl Cs@l =q] < 3 LP[Bin(Nr,Ao/N)=r—q .
r=k

Working out the density of the binomial random variable, we derive

— 1
PsllCs(a) =g < ( ™ )pit(1—pyyreett < Zetna
q_l )\1

and for ¢ < (1 — A\g)k, we get

q k—gq
Ps[B||Cs(w)] =q] < exp [—Nk:HpO (Nk)] ,

which is exaclty the term (32), which has been proved in (34) to be smaller than
k—q\F
O(k?) ( k q> e~ k=D —aro
Let define

( ) k k—{
B = —I)\ 6—2)\0— k—é ])\
¢ ¢ ’ k—7/

Gathering all these bounds, we get

o~ Ink e S 12 L1220k
Pslc@lzhnd < S+ Y S +0<A> Y B,
! g=[(1—=X0)k] ! ! q=1
ke F
Y [e—Ix (1=20)k o(1)
= e M + \/ By <n°" sup B,
)‘1[ q\:/l q] q€[0;k] !

where we observe that e i (1=20)k — Bk and we use k = n°1) and I, = o(log(n)). By
differentiating log(B,) as a function of ¢, we obtain the maximum

sup B, <

{ e kDo it et >1;
q€[0sk]

e IFexp [Aok(e™ —1)] | else.
Recall that we assume )\oe]*l < 1 so that

Ps [{|C(2)] > k}nA] < no(l))\i exp [k {0 + I, — A1 }]
1

< gm0 4e(1)
by definition (38) of k and Condition (36). We conclude that

nPs[{|C(x)] >k} N A] = o(1).
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3.2.2 Supercritical regime

We now briefly discuss the behavior of the largest connected component test in the supercritical
regime where liminf A\g > 1. When Ay — log N — o0, the graph G is connected with probability
tending to one under the null and under any alternative (Van der Hofstad, 2012, Th. 5.5), which
renders the test completely useless. We focus on the case where )\ is fixed for the sake of simplicity.
In that regime, we find that, in that case, the test performs roughly as well as the total degree test
— compare Proposition 1.

Proposition 3 (Supercritical largest connected component test). The largest connected component
test is asymptotically powerful when Ay > Ao > 1 are fized and n? /N — oo.

Proof. We keep the same notation. Under Py, we have [Crax| = (1 — 73, )N + O(V'N) (Van der
Hofstad, 2012, Th. 4.16). Hereafter, assume that we are under Pg. Then, by the same token,

Chaxl = (1= mg)(N — n) +O(VN —n) and [C| = (1 = )n + O(v/n). Given Gs and Gse,
the probability that C2. and C2,  are connected in G is equal to 1 — (1 — pg)‘cmax| Coaxl — 1 in

max max

probability, since po|C3: .| |C2.<| < n in probability. Hence, with probability tending to one,

|Cmax‘ Z ‘C ax’+|c ax‘

= (1=m)(N=n)+ O(VN) + (1 —m,)n+O(V/n)
= (1 - 77)\0)N+ (77)\0 - 17)\1)714— O(\/N) )

with 1y, — 1, > 0 since Ay > Ag > 1 and 7, is strictly decreasing. Hence, because n > v N by
assumption, the test that rejects when |Cax| > (1 = mx, )N + 3 (12 — 72, )10 O

When Ay > 1 is fixed, the largest connected component is of size |Ciax| satisfying

’ max| (]- Ao)

VN

by (Van der Hofstad, 2012, Th. 4.16), while |Cimax| increases by at most n under the alternative, so
the test is powerless when n = o(v/N).

— N(0,1), under P,

3.3 The number of k-trees

We consider the test that rejects for large values of N, the number of subtrees of size k. This test
will partially bridge the gap in constants between what the broad scan test and largest connected
component test can achieve in the regime where \g is constant. Recall the definition of I) in (21).

Theorem 3. Assume that A1 and Ay are both fized, with 0 < \/Ag/e < A1 < 1, and that

I g — 1
lim sup og(N/n) < ? (39)
logn 1
)\16 \/

Then there is a constant ¢ > 0 such that the test based on N**® with k = clogn is asymptotically
powerful.

Thus, even in the supercritical Poissonian regime with 1 < Ay < e, there exist subcritical
communities A\; < 1 that are asymptotically detectable with probability going to one. The condition
A1 > y/Ao/e will be shown to be minimal in Theorem 5. Condition (39) essentially requires that
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n?/N does not converge too fast to zero. In particular, when n = N*, (39) translates into an upper
bound on k. We show later in Theorem 5 that such an upper bound is unavoidable, for when & is
too small, no test is asymptotically powerful. Nevertheless, Condition (39) is in all likelihood not
optimal.

Proof of Theorem 3. Let N*® denote the number of subtrees of size k. We first compute the
expectation of N under Py using Cayley’s formula. Since k* = o(n) = o(N) and k — oo, we
derive

Eo[Niee] = Z Py[Ge is a tree]
|C|=k

- @ K2 (L= o)

1
k
N e,

where we used the fact any k-tree has exactly k — 1 edges. The last line comes from an application
of Stirling’s formula. We then bound the variance of N under Py in the following lemma, whose
lengthy proof is postponed to Section 6.3.

Lemma 13. When A\ < e, we have

N
VarO[ngree] =< T)\O(e)‘o)ke%: Xo/e )

By Chebyshev’s inequality, under Py,

ngree —_ ]EO N]Eree 4 O ( VarO(N]‘;ree)) 1/2 )

Fix S C V of size |S| = n, and let ¢ be an integer between 1 and k chosen later. We let N ,grg‘?:
denote the number of k-trees in Gge, and let IV, ,f:rgeq as the number of subsets C of size k such that

|C N S| = ¢ and both Geng and G are trees. We have N > Nge + N,grgeq. Therefore, by
Chebyshev’s inequality, under Pg

N > Eg (Nf12) + Es (Nf15,) + O(Varg(Ng) '/ + O Vars(Nig,)) 2 .

Noting that Gge ~ G(N — n,pg), and letting A, = (N — n)po, Lemma 13 implies that

ree N-n k _2k+/N /e N k _2k+/Do/e
VaI'S[N];Sc] < T)\{)(e)\lg) 62 0/ ~ ki)\o(e)\()) 62 o/ ,

because nk = o(N). Thus, we only need to show that, for a careful choice of g,

Es[Nisyl > Bo[Ny™] — Es[Nyse] (40)

B3NS, > Vars[N{g] (41)
N

E3INEE,] > o (edo) e VA0l o Varg[Ng™] (42)
0

From now on, let ¢ = k — L/\)‘—l"ekj
We use the following lemma, whose lengthy proof is postponed to Section 6.4.
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Lemma 14. When q¢ =k — L)\)‘—loekj, we have

Ak—1€2qu Ao i
tr 1 k c
Es[Ngg,] = Ny = n(eX)"er SWER (43)
and P
A
Varg[NSe ] < nk? AP0 th=202 00 T”Afk*%e‘“f—?q : (44)

We first prove (40), bounding

I I N N-—n — - (2) _
molv sl = () - (V")) R s

< (o) B ()

< n(hoe) k%2

since [1 — (n 4+ k)/N]¥ = 1+ kn/N + o(kn/N) by the fact that k = o(n) and kn = o(N). We also
used Stirling’s formula again. Using this bound together with (43), we derive

Es[NES] Co Ao (M e N
Eo[Nfre] — Es[N{Tge] = kY/2M \ Ao k12

Ale

exp [k];i] — 00,

since A\g and A; are fixed such that A\o/Aje < 1, implying that I, > 0 is fixed.

Are
Second, we prove (41). Using (43) and (44), we have
Varg[NJ'§ ] kS A1 k'
ES [NV, n N
k,S /\0 k13
=< ;exp 2]{3(1—)\716)]@ +W,
and the RHS goes to 0 as long as
1

lim sup < 3 .
log(n) — 2(1 = )1 yx;

e

Finally, we prove (42). Using Lemma 13 and (43), we have

Varg[N;] y NEP (A% )k 2k/20 _4k42g
— e €
B[N ] n? \eXg
NS
S exp |2(I i —1a0)| -
< S [ )|

Note that I\/E — I, < 0 is fixed, since our assumptions imply that ;‘—106 < % < 1 and the

e Are
function I, is decreasing on (0,1). Thus, the RHS above goes to 0 as long as

k 1
10g(N/TL2) - 2([)\0 _I\/E) .

Ale

lim inf
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3.4 The number of triangles

We recall that this test is based on the number T of triangles in G. This is an emblematic test
among those based on counting patterns, as it is the simplest and the least costly to compute. As
such, the number of triangles in a graph is an important topological characteristic, with applications
in the study of real-life networks. For example, Maslov et al. (2004) use the number of triangles to
quantify the amount of clustering in the Internet.

Proposition 4. The triangle test is asymptotically powerful if

limsupAg <oco and A — 00 ; (45)
or
/\2 Ao 2/3
liminf Ay > 0 A N d —>1vVv . 46
iminf Ao , M <N/n an o > (\/N) (46)

When A\g and A1 are fixed, T converges in distribution towards a Poisson distribution with parameter
A\3/6 under the null and (\§ + \3)/6 under the alternative hypothesis. In particular, the test is not
asymptotically powerless if

limsup Ao < oo and liminfA; >0 . (47)

Proof of Proposition 4. Let T be the number of triangles in G. For S C V, let Tg denote the
number of triangles in Gg. We have T' > Tgc + TY.

The following result is based on (Bollobés, 2001, Th. 4.1, 4.10). We use it multiple times below
without explicitly saying so.
Lemma 15. Let T,, be the number of triangles in G(m,A/m). Fizing A > 0 while m — oo, we
have T,, = Poisson(\3/6). If instead X\ = A, — 0o with log A = o(logm), then mT“ = N(O 1)
where p:==ET = (")(A/m)? ~ X3/6.

Assume that (45) holds. Applying Lemma 15, 7' = Op(1) under Py, while T' > Ts — oo under
Pg. (For the latter, we use the fact that T is stochastically increasing in \;.)

Assume that Ao and \; are fixed. Applying Lemma 15, T = Poisson()\3/6) under Py, while
under Pg, Tse + Ts = Poisson((A\§ + A1)3/6) since Tse ~ G(N — n,po) and Ts ~ G(n,p;) are
independent, and n = o(N). Define Tggc := T — Ts — Tsc as the number of triangles in G with
nodes both in S and S¢. We have

Es[Ts 5] < N*npj +n*Npipg < A3 + >\1A0 =o(1),

so that T's e = op, (1), and by Slutsky’s theorem, 7" = Poisson(()\g + A1)3/6) under Pg.

Assume that (47) holds. By considering a subsequence if needed, we may assume that A\g < oo
is fixed. And since T is stochastically increasing in A\; under the alternative, we may assume that
A1 > 0 is fixed. We have proved above that T' = Poisson(\3/6) under Py, T = Poisson(\3/6+ )3 /6)
the alternative; hence the test {T" > 1} has risk

Po(T > 1) + Pg(Tg = 0) — 1 — e 20/0 4 ¢ 20/6-2/6 1|

Finally, assume that (46) holds. Using Chebyshev’s inequality, to prove that the test based on
T is powerful it suffices to show that
EsT —EqT

\/Varg(T) V Vary(T) B (48)
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Straightforward calculations show that Eq T = (]g ) pg, and

N
Varo(T) = [3(N—3)(1—po)p3+(1—p8)]< >P3
= N'py+ N°pj .

And carefully counting the number of triplets with 2 or 3 vertices in S gives

N —n n\ (N —n n\ /(N —n n
EeT — 3 3 2 3
s ( 3 )Po+ <1>< 9 >p0+ (2)< 1 >p0p1+ <3>P17

while counting pairs of triplets with a certain number of vertices in S, shared or not, we arrive at
the rough estimate

Varg(T) =< N4p8 + n2N2pép1 + n?’Npgp:f + n4p‘;’ +EsT .

Note that

EsT —EgT = (Z) <N . n)z%(pl —po) + (g) (p} — pp)

= n%(p1 — po) [NpE + np?]
= Nn’pipi +n’p} , (49)

since by condition (46), npp < 1 and np; = A; > 1. and
Varg(T) < Varg(T) =< N*pd + n2N2pip1 + n3Npaps + n'p? + N3pd 4 np3 .

We only need to prove that the square root of this last expression is much smaller than (49). Since
(np1)? > Npg and np; — oo, we first derive that

n3Npapt + n'pl + N3p3 +n’pd = o [(np1)9] .

Similarly, we get n?N2pip1 = o [n4p%N 2pé}. Finally, (46) entails that A? > Ao(\g/v/N)?/® which
is equivalent to N4pj = o [(np1)6}. O

4 Information theoretic lower bounds

In this section we state and prove lower bounds on the risk of any test whatsoever. In most cases,
we find sufficient conditions under which the null and alternative hypotheses merge asymptotically,
meaning that all tests are asymptotically powerless. In other cases, we find sufficient conditions
under which no test is asymptotically powerful.

To derive lower bounds, it is standard to reduce a composite hypothesis to a simple hypothesis.
This is done by putting a prior on the set of distributions that define the hypothesis. In our setting,
we assume that pg is known so that the null hypothesis is simple, corresponding to the Erdos-Rényi
model G(N, pg). The alternative Hy := U‘S|:n Hg is composite and ‘parametrized’ by subsets of
nodes of size n. We choose as prior the uniform distribution over these subsets, leading to the
simple hypothesis H; comprising of G(N, po;n,p1) defined earlier. The corresponding risk for Hy
versus Hj is

() = Fal6 = 1)+ (3 3 Fs(6=0).

n) |5|=n
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Note that yn(¢) > An(¢) for any test ¢. Our choice of prior was guided by invariance consid-
erations: the problem is invariant with respect to a relabeling of the nodes. In our setting, this
implies that v} = 4}, or equivalently, that there exists a test invariant with respect to permutation
of the nodes that minimizes the worst-case risk (Lehmann and Romano, 2005, Lem. 8.4.1). Once
we have a simple versus simple hypothesis testing problem, we can express the risk in closed form
using the corresponding likelihood ratio. Let P; denote the distribution of W under H;, meaning
G(N,po;n,p1). The likelihood ratio for testing Py versus Py is

L:(}V)ZLS, (50)

where Lg is the likelihood for testing Py versus Pg. Then the test ¢* = {L > 1} is the unique test
that minimizes 7y, and

— * — % 1
7N(¢):7N:1_§EO‘L_1|'

For each subset S C V of size n, let I'g be a decreasing event, i.e., a decreasing subset of adjacency
matrices, and define the truncated likelihood as

-1
L=— Y Lglp, . (51)

We have

Eo|L—1] < Eo|L—1|+Eo(L—-L)

< VEolL? — 1+2(1 - KoL) + (1 - Bo[L)) ,

using the Cauchy-Schwarz inequality and the fact that Eq L = 1 since it is a likelihood. Hence, for
all tests to be asymptotically powerless, it suffices that limsup Eg[L?] < 1 and liminf Eo[L] > 1.
Note that 1

Eo[L] = > Ps(Ts) .
In all our examples, Pg(I's) is only a function of | S|, and since all the sets we consider have same
size n, Eg[L] — 1 is equivalent to Pg(I's) — 1.

4.1 All tests are asymptotically powerless

We start with some sufficient conditions under which all tests are asymptotically powerless. Recall
a in (8) and ¢ in (13). We require that ( — 0 below to prevent the total degree test from having
any power (see Proposition 1).

Theorem 4. Assume that { — 0. Then all tests are asymptotically powerless in any of the following
situations:

A —0, A\ —0, limsup i\\:ll;)gg.:f <1; (52)

0 < liminf A\g < limsup g < oo, A1 — 0 (53)

A — o0 with o — 0, limsup A\ <1 ; (54)

0 < liminfa < limsupar < 1, limsup (1 —a) sup ES[Z/]:’S] <1. (55)

k=n/un
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We recall here the first few steps that we took in (Arias-Castro and Verzelen, 2012) to derive
analogous lower bounds in the denser regime where liminf o > 1. We start with some general
identities. We have

Lg := exp(fWs — A(0)n?) (56)
with a )
q(1 —po
0:=0,, 0,=log|—=], 57
p1 q g <p0(1 N q)> ( )
and

A(9) == log(1 — po + poe’) ,

which is the cumulant generating function of Bern(py).
In all cases, the events I'g satisfy

T's C () {Wr <wg, VT C S such that |T| = k} (58)
k>kmin

where knin and wy, vary according to the specific setting.
To prove that Eg L? < 1+ o(1), we proceed as follows. We have

E, [I?] = N12 > ) K (LSILSQ]lpslnF%)

(n) |S1|=n |S2|=n

= (Nl)2 >3 Eo [exp (6(Ws, + W) — 28(0)n) g g, | -
n) |S1|=n|S2|=n

Define
Woxr= Y. Wi,
ieS,jeT
and note that Wg = %WSX s. We use the decomposition

Ws, + Ws, = W x(51\52) T Weax(52\51) + 2Wsins, (59)

the independence of the random variables on the RHS of (59) and FKG inequality to get

Eo (69(W51+WS2)_2A(9)”<2)]lrsmFsz)
- K, (ezewsmsfz/x(e)mz) E, [ee(wslx<51\52)+W52x<52\51))72¥(n7K)(n+K71)1p51nFS2 \QsmsQD
< I-1II-IIT,

where K = |Sl N SQ’,

A(6)

I = ]EO |:6Xp <9W51X(51\52) - ?(n B K)(n + K B 1)):| N 1 ,

A(6)
2

1= K, [exp (GWSQX(&\SQ ——y (= K)n+ K- 1% b

1 = R, [exp (26W51052 _ 2A(9)K<2>) Ir,, mFSQ} .

In The first two equalities are due to the fact that the likelihood integrates to one.
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Assuming that ¢ — 0, we prove that all tests are asymptotically powerless in the following
settings:

limsup Ao < 00, A} =o0(\o) ; (60)

Ao —0, A\ —0, limsupw <1, n?=0o(N); (61)
I)\1 log(N)

limsupA; <1, XN — o0, limsupa<1; (62)

liminfA\; > 1, 0<liminfa <limsupa <1,
Es[Wy 4]

? <1. (63)

limsup (1 —a) sup
k=n/un

This implies Theorem 4. Indeed, (60) includes (53). Assume that (52) holds. Consider any
subsequence n?/N converging to € Rt U {oc}. If = 0, then (61) holds. If z # 0, then ( — 0
implies that (A1 —Aon/N)?/Xg = o(1). If, in addition, A\; > 2Xon/N, this implies that A2 /\g = o(1).
If, otherwise, A\; < 2Xon/N, then A2 /X < 4\g(n/N)? = o(1) since A\g = o(1). Thus, in both cases,
(60) holds. Finally, (62) includes (54) and also (55) when limsup A; < 1, while (63) includes (55)
when liminf A\; > 1. We note that (63) implies that limsup A\; < co because of (16).

4.1.1 Proof of Theorem 4 under (60)

The arguments here are very similar to those used in (Arias-Castro and Verzelen, 2012), except for
the choice of events I'g. Define
I's := {Gs is a forest} .

When I'g holds, for any T" C S, Gr is also a forest, and since any forest F with k£ nodes and ¢t
connected components (therefore all trees) has exactly k — ¢t < k edges, we have W < |T|. Hence,
(58) holds with wy, := k.

Lemma 16. Pg(I's) is independent of S of size n, and Pg(I's) — 1.

Proof. The expected number of cycles of size k in Gg under Pg is equal to

k
n! B A

<L 4
(n— k)i2k P = 2 (64)

Summing (64) over k, we see that the expected number of cycles in Gg under Pg is smaller than
A3/(1—X\1) = o(1). Hence, with probability going to one under Pg, Gg has no cycles and is therefore
a forest. O

In order to conclude, we only need to prove that limsup Eg[L?] < 1. We start from (60) and we
recall that K = |S; N Sa|. We take ki, as the largest integer k satisfying.

2 _ pi(1—po)
k—3 " po(1—p1)?’

with the convention 2/0 = oo, so that kmin > 3. Let g = 2/(k — 1). Recall that p = n/(N —n)
and define kg = [bnp], where b — oo satisfies b>¢ — 0.
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e When K < kpin, we will use the obvious bound:
Ml < Egexp (20W5m52 — 2A(9)K<2>) — exp (AK<2>) :
where

A = A(20) — 2A(0) = log (1 + M) . (65)

e When K > kpyin, we use a different bound. Noting that I's, NI's, C {Wg,ns, < wik}, for any
¢ € (0,20), we have

1< Ko {exp <§W5m52 + (20 — Hwk — 2A(0)K(2)) Liws, ns, <w}

< E {exp (stlmsz + (20 — Hwk — 2A(0)K(2))} ’

so that
111 < exp (A KK<2)) :
where
Ap = min A(§) + (20 — g — 2A(0) . (66)
£€[0,26]

Using the fact that Eq[L?] < E[III] where the expectation is taken with respect to K, we have

Eo[L?]

IN

E []1 (K <ko) XD (AK@)H
+E []l{ko—i-lSKSkmin} CXp (AK (2))}

+E []l{kmin-HSKS"} exp (AKK(Z)H
= A1 +Ay+ Az,

where the expectation is with respect to K ~ Hyp(N,n,n). By Lemma 4, K is stochastically
bounded by Bin(n, p). Hence, using Chernoff’s bound (see Lemma 1), we have

P(K > k) < P(Hyp(N,n,n) > k) <P(Bin(n, p) > k) < exp (—nH,(k/n)) . (67)
e When K < kg, we proceed as follows. If kg = 1, we simply have
A =P(K<1)<1.
If ko > 2, we use the expression (65) of A to derive

(p1 _ pO)Q b2n4

Ay < exp [AK2] < ex [01
1 < exp [Akp] < exp ()po(l—po)N2

] — exp [O(2)] = 1+ (1) .

e When kg + 1 < K < kyin, we use (67) and Lemma 2, to get

b 5w [SHY (5]

k‘Zk()-i-l

k- .

min _ 1

E exp [k: <Ak — log <k> + 1>} .
2 np

k=ko+1

IN
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The last sum is equal to zero if ki, < ko; therefore, assume that ki, > kg. For a > 0
fixed, the function f(z) = ax — logx is decreasing on (0,1/a) and increasing on (1/a, o).
Therefore, for kg + 1 < k < kmin,

k-1 k 01 (N
AV g (2 < NS ‘
2 " (np> - ee{%iim}{ 2 % <n2>}

We know that A(kg — 1) = o(1), so that

ko —1 k
A —log(o) <o(1l) —logh = —oc0 .
2 np

Therefore, it suffices to show that

kmin -1 kmin
——A —log < ) — —00 .

If kmin > 3, observe that

kmin -1 kmin -
Fmin 72\ < (1 4 fimin — 3

2 3
- < —
5 5 >log (1 + [ 3(1 +o(1))> <3 log3 +o0(1) ,

while log(kmin/(np)) > log(ko/(np)) — oco. If we have kmin = 3, then we have
2

A~ log (jp) < log(p? /po) — log(N/n?) + O(1) < log (io) +0(1) = —o0

because of (60).

When kpin < K < n, we need to bound Ag. Remember the definition of the entropy function
H, in (10), and that H(q) is short for Hp,(g). It is well-known that H is the Fenchel-Legendre
transform of A; more specifically, for g € (po, 1),

H(q) = Zglg[w — A(0)] = q0, — A(0,) - (68)

Hence, the minimum of A(§) + (260 — &)qx — 2A(6) over £ > 0 is achieved at { = 6, as soon
as 26 > §,, . Moreover, by definition of 6 in (57), our choice of g, and the fact that & > kmin,

we have 2( )
pi(l —po) 2 >
20 — 0, =lo >0.
o g(ﬁo(l—p1)2k—3 -

Hence, we have

A = —H(qx)+ 20q, — 2A(0)
= —2Hp (qx) + H(qx) - (69)

Using the definition of the entropy and the fact that pg = o(1), we therefore have

B p? (1—p1)?
Ap = gylog <qk]1)0> + (1 — qx) log ((1 — qk)(llpo)>

2 _
< % <log (Al];;(fnz 1)> + 0(1)> :
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where the O(1) is uniform in k. Hence, starting from the bound we got when bounding As,

we have
A3 < Z exp k<Akk1—log <k>+l>:|
2 np
k=Kkmin+1 -
- [ 22 N(k—1) Nk
< Z exp |k {log <>\0> + log (2712> — log <n?> + O(I)H
k=kmin+1 -
n r A%
< Z exp |k {log (/\0> + O(l)H =o(1),
k=kmin+1 -

since A\? /X = o(1).
This concludes the proof of Theorem 4 under (60).

4.1.2 Proof of Theorem 4 under (61)
Let ¢ be a positive constant that will be chosen small later on. Define
fni=00+4¢) I/\Zl log(n) .
We consider the event
I's = {Gs is a forest} N {|Cmax,s| < ful} -

When I'g holds, for any T' C S, Gr is also a forest, with |T'| — W connected components. Since the
size of each connected component is at most f,, there are at least [|7'|/f,] connected components.
Hence, (58) holds with wy =k — [%1

Lemma 17. Pg(I's) is independent of S of size n, and Pg(I's) — 1.
Proof. This is a straightforward consequence of Lemmas 8 and 16. O
To conclude, it suffices to show that Eg[L?] < 1 + o(1). For this, we will need the following.

Lemma 18. Let F} ; stand for the number of forests with j trees on k labelled vertices. For any
k>2and any j <k, Fj; < kk—2,

Proof. Fix k > 2. By Cayley’s formula, we have Fj,; = k*=2. Therefore, it suffices to prove that
Fyj > Fy 1 for all j > 1. If we take a forest with j trees and erase any of its k — j edges, we
obtain a forest with j + 1 trees. And there are exactly ) 2 ksky such ways of obtaining a given
forest with j + 1 trees of sizes ky < --- < kj; 1. Since

> ki > ki(k—k) > k-1,
s#£t
it follows that Fy, j(k — j) > Fj, j41(k —1). Thus, Fy ; > Fj j11. O

Starting from (60), and using the fact that, under I's, N\I's,, Gs,ns, is a forest with Wg,ng, < wi
edges, we have

Eo [LQ] < Ko (exp (29WS1052 - 2A(0)K(2)) ]l{gslnsz is a forest, Ws, ns, SwK}> .
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Note that the exponential term is smaller than 1 when [S; N S2| < 1. Recall that p = ™ and
that A() =log [(1 —po)/(1 —p1)]. We derive

n wg

Eq [iQ] -1 < Z ZIP’[K =k,Wg,ns, =1%,0s,ns, is a forest] exp [2@'9 — 2A(9)k(2)}
k=2 i=1
D n> k Pt <1—p0>2(i_k(2))
< PR B (T2

ng k—i AZ iFng_i (n)
<22 (F) )R
k=2 i=1
T 2\ A A2e\ 1
<22 (¥) () e

j=1
=, [ne Me. ., ]
=< ;(N[1v;0] ) : (70)

In the second inequality, we used the fact that K is stochastically bounded by Bin(n,p) (see
Lemma 4). In the third inequality, we used the fact that po < p1 and i < wy < k, as well as the
fact that n? = o(N), which implies that p* ~ (n/N)¥. In the fourth inequality, we used Lemma 18
and the lower bound k! > (k/e)*. The fifth inequality comes from a change of variables and uses
the definition of wy. When A\2e < \g, since n? = o(NN), this sum is O(n?/N). When Ae > Ao, this

sum is equal to
1 N /\%e

So it suffices to show that A, — oo. Since we are working under (61), there is ¢ > 0 such that,
eventually,

Iy, logn < 1-c

IyylogN — 1+¢
Then, using the fact that Ao V A1 = o(1), we have

e logn
£, log <1> — (140 (on — 20y, + Iy — M)
)‘0 I)\l

—(1+c+o(1))log(n?) + (1 — ¢)log N
log(N/n?) — clog(N) |
eventually. This implies that A,, > —1 4 clog N — oo.

This concludes the proof of Theorem 4 under (61).

<
<

4.1.3 Proof of Theorem 4 under (62)

Recall that p = n/(N —n) and define kg = [bnp], where b — oo satisfies b2¢ — 0. Let ki, be the
integer part of 1+ % (1 Vv %) Define
n
Is= () {Wr<w, VT C S such that |T| =k},
k=kmin+1
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where wy, := k here.
Lemma 19. For any k > kyin and any subset S of size n, we have Pg[I's] — 1.

This takes care of the first moment. In order to conclude, it suffices to control the second
moment, specifically, to prove that limlE [Lz} < 1. Arguing as before, we have

Eo[L?] < E []I{ngo} exp (AK(Q))}
+E {ﬂ{koﬂgngmm} exp (AK(2))]

+Eo {ﬂ{ko-i-lSKSk’min} exp (29Wsms2 —2A(0)K (2)) Liws, sy <wic}
= A;+ Ay + Az .
e Arguing exactly as we did before, we have 47 =1 + o(1).

e Arguing as before, we also have

S
min kj _ 1 k

<
k=ko+1
k .
=2 /-1 IN
< k1 1 A—— —1 — .
< 3 ewfe(troms e {5550 (5))]

First, we have A(kg — 1)/2 — log(koN/n?) — —oo. This is true if kg = 1, and when kg > 1,
we have N/n? < b, so that

(p1 —po)? N2 N?
Wwr=ro) Y - Yy
po(1 — po) n4C ¢=0,

n4bh?
by definition of b, and therefore
ko—1 _ N?
3 ot
We also have A(kmin — 1)/2 — log(kminN/n?) — —oo. To show this, we divide the analysis
into two cases. When N'=% < n?~? this results from

A

bn?
< p? 0.
(T <0

koo —1 ana p2 )\2
AR C <1 1) [ R | 1 L —0@1
5 < (L o) e = (o) ;= = 0(1)
together with
Emin N 2N«
> — ] >
log < 2 ) > log <(1 — a)na> > alog(N/n) — oo, (72)

where we used the definition of kpy;, and the fact that Ao = (N/n)®. When N1=% > n2-,
this results from

A% ;Ll_@uog<1+ii>+o(1)
< %leajlog [14—/\%]7\;__:} +o(1)
< Sl [an 2] +o
< ia log(1 + A2) + o(1) +log(N/n2){ :;jgglz)]%% i Zi 52 :
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where in the last line, we have used the identity |2/(1 —«a)| =1 for a < 1/3.

And we also have

log <kmngN > > log (N/n?) | (73)

so that

kmin -1 kminN
AT —log( 2 > <

—1%log(n) if a>1/3
—alog(N/n) if a<1/3 7

log(1+ Af) — {

l1-«a
which goes to —oo since A\; = O(1) and alog(/N/n) = A\g — oco. Hence, we have Ay = o(1).

It remains to prove that Az = o(1). If we assume that p; < 2pg, then Ap < A < po(1+ 0o(1))
and we can prove that A3 = o(1) arguing as for A above:

n r kE—1 k
wox 3 ewli(atgtom () )
2 np
k:kmin+1 B
n . (-1 (N
< ) ek (1 o)t e {AQ o <”2> }ﬂ
k:kmin""1 B
n r n kminN
< Z exp k(1+0(1)+A2—10g< n2 ))] :
k=km111+1 B

On one hand, we have An < npg = (n/N)1=® = o(1). On the other hand, log(kminN/n?) —
co. Indeed, when N'=® < n?7° we have (72); and when N'~=® > n?~® then N/n? >
n®/(1=%) — o0 and we use (73). We conclude that A3 = o(1) when p; < 2pg. In the following,
we suppose that p; > 2pg. Leaving wy unspecified, so we can use the same arguments later,
we have

As = Eg []l{koJrnggkmm} exp (29W51052 — 2A(9)K(2)> ]l{WslmSQ ng}}
n Wi
= > D RlISiN Sl =k Wi, = i exp [2i8 — 26@A(0)]
k=kmin+1 =1
< zn: % e (K §(1 = po)* @ exp | 2ilog (2L ) + 2(k@ — i) log [ =21
= 2 2l P, o= po p g ]
n W
= Z ZB%]C
k=kmin+1 =1

Furthermore, since 0 <1 —pg <1 and 1 —p; <1 — py, we have

o212\
ny k k) i 2i o(k) en’ epik
< < —
B < <k>p ( ; po(p1/po)™ < e N i , (74)

using the standard bound (}) < (en/k)".
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We now specify the calculations when wy = k. Considering the sums over i = 1,...k/2 and
over i = k/2+1,...k separately, we get

k o\ k Lk/2] 21.(2) i k 21.(2) (
k epik
B < ¥ (”) wk?) 1
; ko= LN Z o Z pok /2

i=1 |k/2]+1
k k/2 k
oolk) (6”2> kg (R etk
kN Po pok/2

k : k k
co(k) 67712 i e3/2n’py n e’n’pi
EN N+/2pg Npo

First, % < Ifgf, = o(1) by definition of ky. Next, A’}‘f}% < 2(;;%0) ”—; = 2v/C — 0, by the fact

that p; > 2po. Finally, n?p?/(Npg) = A2/X\o — 0 since A9 — oo and A\; = O(1). Hence, we

conclude that i
Z ZBi,k =o(1) . (75)
k=kpin+1 =1

A

This immediately implies that Az = o(1).

This concludes the proof of Theorem 4 under (62).

Proof of Lemma 19. Let us consider the event
[y := {no connected component of Gg has more than one cycle}

Under I', a connected component of Gg has at most as many edges as vertices. Consequently,
I's ¢ Iy and we only need to prove that Pg(Iy) — 1. Since limsupA; < 1 and Pg(T%) is
nondecreasing in Aj, we may assume that A; is fixed in (0, 1).

As a warmup for what follows, we note that the number Ly of cycles of size k in Gg satisfies

k
k n! )\1

Eg[Ly] =P T Rk ST

since there are n!/[(n — k)!2k| potential cycles of size k. Now, if a connected component contains
(at least) two cycles, there are two possibilities:

e The two cycles have at least one edge in common. In that case, there is a cycle (say of length
k) with a chord (say of length s < k). Let L) , denote the number of such configurations,
There are n!/[(n — k)!2k] potential cycles of size k. Given a cycle of size k, there are less than
(g) starting and ending nodes possible for the chord. Once these two nodes are set, there
remains less than n!/(n — s+ 1)! possibilities for the other nodes on the chord. Thus, we have

! k n! A\ e k
1] < ks n < (2L kts—1 o~ \kts
EslLi.l <m1 (n — k)12k <2> (n—s+1)! = <n b <X n

Summing this inequality over s and k, we control the expected number of cycles with a chord:

oo k—1 o8] k+1

1 kX 1
D) IEITRIE D SLC WS Sy
k=3 s—1 k=3 1

since limsup A1 < 1. Hence, this event occurs with probability going to 0.
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e The two cycles have no edge in common. Since there are in the same connected component,
there is a path that goes from a vertex in the first cycle to a vertex in the second cycle. Let
us note Lz,l ks Uhe number of cycles of size ki and ko that do not share an edge and are

connected by a path of length s. Observe that there are less m possible configurations

for the first cycle, less than m possible configurations for the second cycle, and less

than kijkon!/(n — s+ 1)! possibilities for the chord. Thus, we get

! n! n!
E[L; < phthers__ T kik
N (n—k1)12k; (n — ko)12ky 2 (n— s+ 1)

ki+ko+s ki+ko+s
<A1> nk1+k2+$—1 — )\17

IN

)

n n

so that the expected number of such configurations is bounded as follows

S Y SR 2 LY Yy e ]

1
=o(1) .
n
k‘123 k‘223 SZI k‘123 k‘223 SZI

Hence, this second event occurs with probability going two zero
All in all, we have proved that Pg(Iy) — 1, implying that Pg(I's) — 1. O

4.1.4 Proof of Theorem 4 under (63)

We follow the arguments laid out for the case (62). We define I'g in the same way, except that

o)1/
Wy = [k%], where ¢ is a positive constant (to be chosen small later) such that ¢ < « and,
eventually,
1 1-—2c
sup —Eg[Wig] < (76)
n/un<k<n k ’ l -«

Lemma 20. For any k > kyin and any subset S of size n, we have Pg[T's] — 1.

For the second moment, we proceed exactly as in the case (62), and we start from (75). In
fact, when wy < k, the proof is complete. So we assume that ¢ is small enough that wy > k, and
bound the sum over k + 1 < i < wy. For i > k, we use the bound (74), together with the fact that

Ao = (N/n)® and k < i, to derive
k 6p%k(2) ’
pot

IN
a
)
~
=
=

B; i,

)
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=
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This allows us to control the sum

i’i Bi’k < w eo(k‘)—i—k <£>k_(1_a)wk <)\%6 y 1>wk

i=k+1 N 2
1/2
peotk)rh (MU= (Xfe s
- A%y
< ke (F) < 2 )

= exp [O(k:) —k(1—(1- 6)1/2)10g(N/n)} ;

where in the second line we used the fact that wy = O(k) since limsupa < 1, and in the third line
we used the fact that Ay = O(1). Thus,

Z Z Bi,k’ = 0(1) )

k=kmin+1i1=k+1

which together with (75) allows us to conclude that Az = o(1).
This concludes the proof of Theorem 4 under (63).

Proof of Lemma 20. Recall that uy = loglog(NN/n). First we consider integers k satisfying kmin +
1 <k <n/uy. Define w) = k(1 — ¢)~1/2 (% v 1) and ¢}, = w}/k®). Applying a union bound and
Chernoff’s bound for the binomial distribution, we derive that

Ps [Wis>wi] < (Z) P[Bin(k?), p1) > wj]

exp [k {log (%) - k:;all(Q;c)}] -

Since k/n < 1/un = o(1), and since \; is bounded, we have g}, /p1 — o0, so that
E—1 kE—1 q
——Hp (@) ~ —5—dlog (p’;)

— (- [)‘21 V 1} [log <ki1> + log {(1 — o)1 (1 M )\21> H

> (14 0(1))(1 - ¢)~ 2 log(%) ,

IN

and therefore, since ¢ € (0, 1) is fixed,

log <%) — %le(q/@) <1+ [1 —(1+0(1))(1 - 0)71/2] log(uny) = —o0 .

We conclude that
n/un
Y Py [Wig>wi] =o(1).
k=kmin+1
Let us now prove that wj < wy. Indeed, this inequality holds if, and only if, \; < 2(1 —¢)/(1 — )
and ¢ < a. The second inequality is by definition of ¢, while the first inequality is ensured by (76)

since
/\1 n—1

2 n

= Es[W, s/n] < 2QEES[W§,5/7§] <(1-29)/(1-a).
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Let us turn to integers k satisfying k > n/uy. Let ¢g = (1—¢)" /2 —1 and t = ¢ Es[W} ¢]. By
taking any fixed subset T' C S of size |T'| = k, we derive

A
Bs(Wis) > BslWr) = pik® > SHn/uy)® =< 5 = 00, (77)
N

so that t satisfies the condition of Lemma 7 eventually. Using that lemma, we derive that

log(2
Ps [Wis 2 Es[Wisl(1- )7 <exp [— B0V o5 e [11 CQH

By Condition (76), wy > Eg[Wy ¢](1 — ¢)~1/2. Hence, there exists a positive constant #, such that

n

Z Ps [Wig>w] < Z exp [~k Eg[W) ]|

k=n/un k=n/un
< mnexp I:—HES [W*n S”
upn’
Because of (77) and the fact that log(N) = o(n), we have
n
Es [W™ - ,
i { } log?(n)

and therefore the sum above goes to 0. 0

4.2 No test is asymptotically powerful

When )\g is bounded away from 0 and infinity, the triangle test has some non-negligible power
as long as A1 is bounded away from 0 (see Section 3.4). This motivates us to obtain sufficient
conditions under which no test is asymptotically powerful.

Our method is also based on bounding the first two moments of a truncated likelihood ratio L.
Indeed, it is enough to show that liminf Eg L > 0 and liminf E, [1~L2] < 0. This comes from the
following result.

Lemma 21. Let Py and P; be two probability distributions on the same probability space, with
densities fo and f1 with respect to some dominating measure. Let I' be any event and define the
truncated likelihood ratio L = L1y, where L = f, / fo is the likelihood ratio for testing Py versus P;.
Then any test for Py versus Py has risk at least

4 (Bo L)
27 Eo[L2] ’

where By denotes the expectation under Py, and by convention 0/0 = 0.

Proof. Assume Eq L # 0, for otherwise the result is immediate. The risk of the likelihood ratio test
{L > 1} — which is the test that optimizes the risk — is equal to

1
B::1—§E0‘L—1‘:1—E0(1—L)+Zl—Eo(l—L)+,

since L < L. For any ¢ € (0,1), we have

Eo(1 - L)y < (1 —t)Po(L >t) +Po(L <t)=1—tPo(L >1t) .
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Moreover, using the Cauchy-Schwarz inequality, we have for any ¢ > 0

EoL = EO[Eﬂ{igt}] +E0[E]1{Z>t}]

< t+4\/Eoll? Po(L>1)

so that, taking t < Eg L, we have

. Eo L — t)?
Po(L > t) > (Eol -]
Eqy L?
We conclude that ~ )
~ EoL—t
thPO(L>t)ztu,
Eog L?
and optimizing this over 0 < t < Eg L yields the result. O

Since we only need to focus on the case where A\g is bounded from 0 and infinity, and where A\
is bounded from 0 (because the other cases are covered by Theorem 4), we may assume they are
fixed without loss of generality. In that case ¢ — 0 is equivalent to n?/N — 0, which is what we
assume in the following.

Theorem 5. Write n = N® with 0 < k < 1/2, and assume that A\g and \1 are both fized. No test
is asymptotically powerful in all the following situations:

M <1, Me<\; (78)
1—-2k I)\l
2
e
Proof of Theorem 5. We use the same truncation as in Section 4.1.2, using the same notation I'g

and f,, defined there, and still denote the resulting truncated likelihood by L.
For the first moment, by symmetry,

M <1, Xe> )\, >1. (79)

Eo[L] = Ps[['s] = Ps[Gs is a forest, [Cumax.s| < fu] -

We already saw that Pg[|Cmax,s| < fn] = 1 (Van der Hofstad, 2012, Th. 4.4). Consequently,

Eo[L] = Pg[Gs is a forest] + o(1) .

Of course, Gg is a forest if, and only if, it has no cycles. By Takécs (1988), the number of cycles in
Gg converges weakly to a Poisson distribution with mean

when A; < 1 is fixed. As a consequence, Eo[L] = exp [—a(A1)] + o(1), which remains bounded away
from zero.
For the second moment, we start from (70):

E, [iz] —1<i<7§€[1v)§;]f“>ﬂ |

=1
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with f, = (1 4+ 0)1;11 logn and c is a small positive constant. Under (78), we have A\?e < )\g and
the RHS is O(n?/N) = o(1). Under (79), we have A?e > )g, and the RHS is, as before, equal to
(71). Here we have

)\2
Ay, = [1—2%—(1—}—0)1_/;6log()\loe>]logN—>oo,
1

when (79) is satisfied and c is small enough. Hence, in any case, we found that Eg [fLQ] <1+4o0(1).
O

5 Discussion

5.1 Adapting to unknown p, and n

In (Arias-Castro and Verzelen, 2012), we discussed in detail the case where py is unknown. In
this situation, the total degree test is not applicable, and we replaced it with a test based on the
difference between two estimates for the degree variance. On the other hand, the scan test (based
on (4)) can be calibrated in various ways without asymptotic loss of power — for example, by
plugging in the estimate pg = % in place of pg. We showed that a combination of degree variance
test and the scan test are optimal when pg is unknown, so that the degree variance test can truly
play the role of the total degree test in this situation. We believe this is the case here also. In
addition to that, the broad scan test (based on (7)) can also be calibrated without asymptotic loss
of power, and the same is true for all the other tests that we studied here, except for the largest
connected component test in the supercritical regime.

We also discussed in (Arias-Castro and Verzelen, 2012) the case where the size of the subgraph
n is unknown. This only truly affects the broad scan test, whose definition itself depends on n.
As we argued in our previous paper, it suffices to apply the procedure to all possible n’s, meaning,
consider the multiple test based on a combination of the statistics

WH n=1,...,N/2

with a Bonferroni correction. The concentration inequalities that we obtained for W}L can accommeo-
date an additional logarithmic factor that comes out of applying the union to control this statistic
under Py, and from this we can immediately see that the test is asymptotically as powerful (up to
first order).

5.2 Open problems

The cases where A\ — 0 and where lim inf Ay > e are essentially resolved. Indeed, in the first situa-
tion, the largest connected component test is asymptotically optimal by Theorem 2 and Theorem 4
case (52), while in the second situation the broad scan test is asymptotically optimal by Theorem 1
and Theorem 4 cases (54) and (55), together with Theorem 5. The case where 0 < Ao < e is
fixed is not completely resolved. Since the triangle test has non-negligible power as soon as A; is
bounded away from 0, consider 7 defined as the largest real such that no test for G(N, %) Versus
G(N, ’\WO; n, %) is asymptotically powerful when limsup A\; < 7. Theorems 2 and 3 provide some
upper bounds on T.

logn
log N *

Open problem 1. Compute T as a function of Ao and x := lim sup



41

Although we proved that the broad scan test was asymptotically optimal when liminf Ag > e,
its performance was described only indirectly in terms of A\; in the case (14).

Open problem 2. Compute, as a function of \1, the limits inferior and superior of

n Eg [WI:,S]
sup ————
k=n/un k

We also formulate an open problem that connects directly with the planted clique problem. We
saw that the broad scan test is powerful when A; is sufficiently large, but we do not know how to
compute it in polynomial time. Is there a polynomial-time test that can come close to that?

Open problem 3. Find a polynomial-time test that is asymptotically powerful for testing G(N, po)
versus G(N, po;n,p1) when n?/N = O(1), while A\g — oo and A\ = O(1).

6 Proofs of auxiliary results

6.1 Proof of Lemma 6

Fix € > 0 and define z := 2 [(1 +e)+ /(1T +e)?2+M(1+ e)} First, we control the deviations of

Wy 5. Define g, = (M +2)/(k — 1) and notice that g > p; for n/uy < k < n. Since log(1+1t) <t
for any t > —1, we have

k 1 — g k
Hp, (qk) := qrlog <q) + (1 — qx)log () > gy log <q> — gk +p1 -
D1 1—p D1
Applying an union bound and Chernoff inequality (11), we control the deviations of Wi st

n
Ps [Wis = kPq| < <k> exp |~k Hy, (a1)] < explhay] |

where L
en -
Ay = log (?) B <Qk:10g< ) — gk +p1> .

Observe that x is larger than 2. As a consequence, we obtain

B n M+ 2z n(A + x) )\1+x A(k—1)
Ap = Hlog(%)_ 5 o ( —1)\1> T o
r M+x Mtz k — k-1
< 1+—--— 1 1
N +2 2 Og( A1 > |: Og< n >:|
2
T
< 1-—2
- 4()\1+£C)

where we used in the last line the inequalities ¢t —logt — 1 > 0 and log(1 —t) < —t — ¢2/2, valid for
any t > 0. By definition of x, we have x2/(4(\; + x)) = 1 + €. In conclusion, we have proved that
for any integer k between n/uy and n

Wi A
Pg [ ;S 12—1—95] <exp|[—ke . (80)
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Let us now control the lower deviations of %W,j g using Lemma 7

Wis Wis Wis V2 og 8
7< ) _ 5 2 < —
e R G b ) | R

For k large enough, exp [—ke] < 1/2, which therefore implies that

Wi s Wi g1\ 2 8 M+
Ec | —| < (E . 1
S[k]—<sh]> a2 T 2 (B

Ps

since k > n/uy. Taking the supremum over k and letting n go to infinity, we conclude that

n W*
lim inf \/ ES[ g’s}Sliminf)q;x:liminf);+(1+e)—|—\/(1+6)2+)\1(1—|—6).

k=n/un

Then letting € going to zero allows us to prove the first result.
Now assume that A\; — oo. From (81), we deduce that

limsup)\l_1 \/ ES[ Ijs] < 3

k=n/un

On the other hand,

no [Wis] L EslWy “1 2
\/ ES{ ]?S}Z S[n 75] /\n2n 21'

k=n/un

This concludes the proof.

6.2 Some combinatorial results

We state and prove some combinatorial results.

Lemma 22 (Extension of Cayley’s identity). The number T,ge) of labelled trees of size £ containing
a given labelled tree of size k satisfies

T = ket =kt

The number T,gf)ka of labelled trees of size £ containing a given labelled forest with tree components
of size k1, ...,k satisfies

L k ' —k+r— r—
T,gl?m’kr < <r> Pk 1(€—k+r—l) 1’

with k = Z;:l k‘l

Proof. The proof relies on the double counting argument of Pitman (Aigner and Ziegler, 2010).
Noting T the fixed tree of size k, we count in two ways the number of labelled trees of size £ that
contain 7 and whose vertices outside 7 have been ordered. Straightforwardly, we have T,ge) (£—F)!
such trees. Alternatively, we consider the following way of building such a labelled ordered tree:

1. Start from 7.
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2. Choose any vertex @y among the original tree 7" and any vertex 7y among the (/—k) remaining
vertices. Add an edge between g and 9. Root the given tree — now of size k + 1 — at 0.
Consider all the £ — k — 1 remaining vertices as rooted trees of size 1.

3. Then, perform the iterative construction of Pitman. At each stepi=1,...,/—k — 1, add
an edge in the following way: choose any starting vertex w; among the ¢ vertices and note p;
the root of the tree containing u;. Choose any ending vertex v; among the (¢ — k — i) roots
other than p;. This so-obtained tree is rooted at p;.

4. Let vy_; denote the root of the final tree.

All in all, we have k¢~*~1(¢ — k)! such constructions and the sequence v1,...,v,_j obtained in
Step 3 provides an ordering for the vertices not in 7.

Lemma 23. For any labelled tree T of size L that contains T and whose vertices outside T have
been ordered, there exists one and only one construction of T based on the algorithm above.

Comparing the two counts leads to the desired result.

Proof of Lemma 23. Let us slightly modify the iterative construction of Pitman by putting an
orientation on the added edges: the first edge is oriented from ¥y to %g. Forany i =1,...,/—k—1,
the edge between u; and wv; is oriented from wu; to v;. The so-obtained partially oriented tree is
noted 7 4.

Observe that except for vy_p which has no parents, all other nodes v; have one and only one
parent. Also, observe that except for the edge 09 — g, all edges between nodes in the subtree 7
and nodes in {vy, ... vy_x} leave the subtree 7. By a simple induction, this leads us to the following
claim:

Claim 1: All partially oriented tree ?u,v based on Pitman construction with sequences (u,v) =
(TUp, Doy ULy« + vy Up—fo—1, V1, - -, Vg——1, Vo—p ) satisfy the following property

Any edge in T is undirected,
(P) Any edges on the unique path between vy_ and 7T is oriented towards T,
Any other edge (not in 7) is oriented in the opposite direction to 7.

In fact, this property characterizes the oriented partially trees ?uﬂ,.

Claim 2: Conversely, for any sequence v = (v1,...,vs_k) and any partially oriented tree ? of size
¢ satisfying (P), there exists a unique sequence, (g, 0p, U1, . .., Us—g—1) such that ?uﬂ, =T7.

Proof of Claim 2. The uniqueness is straightforward. Given 7T, define 4 as the unique child
in 7 and define 9y the parent of tig. For any i =1,...,/ — k — 1, denote u; the parent of v;. These
sequences are lawful for the Pitman construction. Indeed, at step ¢, v; is not in the same connected
component as u; and v; is still a root of a connected component.

Then, the lemma proceeds from the fact that for any tree 7 of size £ and any sequence v =
(v1,...,v0_), there exists one and only partially orientation of T satisfying (P). O

We now prove the second part of Lemma 22, relying on the same double counting argument.
Write k = k1 + ...+ k. Noting F the fixed forest with (labelled) connected components Ty, ..., 7,
of respective sizes ki, .. ., k., we count in two ways the number of labelled trees of size ¢ that contain
F and whose vertices outside F have been ordered. Straightforwardly, we have 7, ,gf) k, (L — k)l such
trees. Alternatively, we consider the following Pitman construction:
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1. Start from F.

2. For any j = 1,...,r, choose any vertex w; € T;. Root T; at w;. Consider all the ¢ — k
remaining vertices as rooted trees of size 1.

3. Then, perform the iterative construction of Pitman: at each step ¢ =1,...,0 —k+1r — 1,
add an edge in the following way: choose any starting vertex u; among the ¢ vertices and
note p; the root of the tree containing u;. Choose any ending vertex v; among the remaining
(¢ — k+r —1i) roots other than p;. The resulting tree is rooted at p;.

4. Let vy_gy, denote the root of the final tree.

All in all;, we have (H§:1 k) =k+=1(¢ — k + r — 1)! such constructions. And the sequence
V1, ..., Vi_k+r Obtained in Step 3 provides an ordering of the vertices outside F if we ignore the

w;’s in that sequence.

Lemma 24. Any tree that contains F and whose vertices outside F are ordered by the sequence
(t1,...,ti—) can be constructed in this way.

Consequently we have

r

k1, kr (0= k) < (H k‘z) fg_k"’r_l(f —k+r—1),

=1

from which we derive the (crude) bound

4 EN" o r— r—
Tl;?...,kr < <7“> ff k+ l(f—k—l—r—l) 1 )

O]

Proof of Lemma 24. Consider a tree T* that contains F and whose vertices outside F are ordered
in the following sequence (t1,...,ti—f).

Claim. There exists a (non-necessarily unique) orientation of the edges outside F such that any
node in ¢y, ...,ty_r_1 has exactly one parent, t;_; has no parent, and any tree 7; in F has exactly
one parent.

Proof of Claim 1: Collapse each of the trees 7; into a single node, to obtain the tree 7¢-++7
with ¢ — k 4+ r nodes. Then, we prove the result for 7¢ %" by a simple induction on the number
of nodes.

For any ¢ € {1,...,r}, define w; as the unique node in 7;. We define the sequence v :=
(Wiy... Wy, t1,...te—g). Finally, we define u; as the unique parent of v; for any i < ¢ —k+r—1. It
is straightforward to check that these sequences w, v and u are lawful for the Pitman construction
and allow to build F. [

6.3 Proof of Lemma 13
By definition,

Varg[Ni"¢] = Z (Po[Gc, and Ge, are trees] — Pg[Ge, is a tree]Py[Ge, is a tree]) ,
C1,C2

where the sum ranges over subsets Cy, Cy of size k.
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In the sequel, we let ¢ = |C7 N Cy| and let r denote the number of connected components of
C1 N 5. Note that, when ¢ = 0, the corresponding terms in the sum above are zero. When g > 1,
we define

B, , =Py [Q’CI,QCQ are trees and Go,nc, has r connected components] ,

so that
q

Py[Ge, and Ge, are trees| = Z B, .
r=1
Note that Go,nc, is a forest when G, and G, are trees.

We derive By 4 first. Under the event {G¢,, G, and Go,nc, are trees}, there are exactly 2k—1—¢
edges in G, UG, among the potential 2k(?) — ¢ edges. Let us count the number of configurations
compatible with this event. By Cayley’s identity, there are ¢9~2 configurations for the tree Geoyno, -
The tree Go,nc, being fixed, we apply Lemma 22 to derive that there are gk*—9=1 configurations
for G¢, and gk*=9-1 configurations for Go,. All in all, we get

— —q— 2k—1— (2) _g(2) —
Bl,q — qq 2[qkk q 1}2p0 Q(l _pO)Qk q 2k‘+1+q .

Then, we upper bound B, , for r > 2. Under the event defined in B, g4, there are 2k —2 —q +r
edges in G¢, U G, among the potential 2k®? — ¢ edges. By Lemma 18 , there are less than ¢ 2
configurations for the forest Go,nc, with r connected components. Go,nc, being fixed, Lemma 22
tells us that there are less than (%)r kk=atr=1(k — g +r —1)""! possible configurations to complete
Gc, and (independently) for Ge,. It then follows that

T 2
Br,q < qq—2 [(g) kk—q+r—1(k —qg+r— l)r—l pgk—q+T—2<1 - p0)2k’<2)—q(2)—2k+q—r+2
po
< B1 < ) k,GT—4
’q 1 _ pO ’

using the fact that ¢ < k. Summing over r leads to

! s [ pok® - pok®
B,, < Bk [ ] <B,— P (B,

since pok® = o(1). Thus, when |C; N Cs| = q > 1, we obtain

Po[Gc, and G, are trees] = Big+o(Big)

< qquk—2q—2pgkflfq ‘

We can now bound the variance. The number of subsets (C}, C3) of size k such that C; NCy = ¢

equals (],X) (k) (ka). Thus, we derive
N\ (k\ (N -k .
q1.2k—2q—2, 2k—q—1
1<k)(Q)(k—Q)Qk b

q/ \k—q
qq k?k—Qq—Q

NE

Varg[NFe] <

Q
Il

2k—2g—1
< q!(k —q)1?""

(Aoe)*
Aok?

A
=
] =

q

< N

k:\/)\oe> 2
E 9

M=

Ak, Ap = <
1

<
Il
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by Stirling’s lower bound. By convention, Ay = 1. The function ¢ — A, is easily seen to be
increasing over (0,k+/\g/e) and decreasing over (ky/Ag/e,00). Thus, when Ay < e, we have
Ap_q < Akm; and when )\g > e, we have A;_, < Ayg; thisis for all ¢ = 1,..., k. Then summing

over ¢, we obtain the stated bounds in each case.

6.4 Proof of Lemma 14

First, we deal with the expectation.

Es[NIg,] = > > Ps[Gc, and Go,uc, are trees) .
61CS,|C1|:L] CQCS°,|CQ|:k—q

When G¢, and Ge,uc, are both trees, there are ¢ — 1 edges in G, and k — ¢ additional edges in
Gcyuo,- The number of configurations for G, is ¢?72 (Cayley’s Identity). By Lemma 22, when
Ge, is fixed, there remains qk*~9~! possible configurations for G, uc,. As for the previous variance
computation, we apply to control this probability. Hence, we get

_ a— -1 k— (2) (2) _g(2) —
Ps[Ge, and Goyue, are trees] = g7 2gk T pd T peTU(1 — py) T T (1 — po)k T 0T TR

—17.k—q—1,9—-1_k—
— qq k q p‘f p() q

)

since (¢ — g+ Dpy < k?p1 =< k2/n = o(1) and (k@) — ¢® — k + ¢)po < k2py =< k2/N = o(1).
Hence, using the fact that nk = o(IN) and the usual bound m! < /m(m/e)™, and we derive

. n\ (N —n b1 a—1 k—

qqfl kqufl )\({_1)\5_(1
¢'(k — q)!

N (ed)" Aok ’“‘q.
Ak3 \ Mi(k—q)

This quantity is maximized with respect to ¢ when (k—q)/k = Xg/(M1€), and taking q := k— | {2 k|

e
leads to (en)F
T 6)\1 )\0
ES[Nk,S,q] - nW exp <)\1€k> .

—

Let us turn to the variance. Again, we decompose it as a sum over (C, C3) C S? and (C3,Cy4) C
(5°)? depending on the sizes s = |C1 N Cs| and r = |C5 N Cy|. By independence of the edges, only
the subsets such (r,s) # (0,0) play a role in the variance. We have

q k—
VA
VarS[N]g’Syq] S ZZ Z Z PS[QCN gCQ? gC1U037 gCQUC4 are treeS]

s=1r=0 |C1NC2|=s |C3NCy|=r
k—q

+> > > Ps(Gey, Ges Gerucs, Gosue, are trees]
r=2 |C’1l’702‘=0 |CsﬂC4|='r

= B+ By.

s}

First we consider the sum By where r is positive. Therefore, fix C1,Cy C S and Cs,Cy C S© with
|C1] = |Cal =q, |Cs| =|Cyl =k —q, |C1NCel=s>1and |[C35NCy| =7 >1,and for 1 <t; <s
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and 1 <ty <r+ s, define

A(tl,tz) = {g017 gCQa g01u03a gCQUC4 are trees}
N{Gc,nc, has t; connected components}

N {g(clmcg)u(cgm@) has ty connected components} .

(The dependency of A, 4, on C1,Ca, C3, Cy is left implicit. )

We first control ]P’S[A(Ll)]. Under the event A(; 1, the graph Ge, U G, contains 2 — 1 — s
edges and the graph Go,ucy U Goy,ue, contains 2(k — g) — r additional edges. Indeed, the number
of edges in the last graph is equal to

(|01U03|*1)+(|CQUC4|*1)*(|(01QCQ)U(03004)|*1) = k*l‘Fk‘*l*(T‘ﬁLS*l) =2k—r—s—1

Applying Lemma 22, there are s°~2 possible configurations for G, nc, and then [sq?~*~1]? possible
configurations to complete G, U G, The graph Ge, U G, been fixed, there are s(s + )71
configurations for G(c,nc,)u(csncy)s since this is a tree with s + r nodes containing the given tree
Gcine, with s nodes. By the same token, Go,ucs is a tree with k£ nodes that includes the given tree
Genu(esney) With ¢ + 7 nodes, and similarly for Go,uc,, there at most [(g + r)k*F=477=112 possible
configurations to complete Go,uc, U Gopuc,- Thus, we obtain

PslAqp)] < s° 2[sq7 51 2s(s + ) (g 4 r)kFaTTTIRpR e 20T gy (82)

Let us now control the probability of A, ;,) for 1 or iy strictly larger than one. First, observe
that whenever to < t1, Ay, 1, is empty. Indeed, if to < t1, there is a path in C3 N Cy between two
connected components of Go,nc,. However, these two connected components are also related by a
different (since C1 N Cs = ) path in C (since G is a tree), and that contradicts the fact that
Gc,ucs is a tree. Hence, we may assume that to > ¢;. By Lemmas 22 and 18, there are at most

5%72 possible configurations for the forest Gcoyneo,, and when this is fixed, there are at most

[(s/t1)1 g g — s+t — 1)’51—1]2 < [sq?—%g3 D2

possible configurations to complete Go, U Ge,. With Go, U Go, being fixed, the number of possible
configurations for G(c,ncy)u(csncy) 18 at most the number of trees that contain Gy ne, — which is
at most

(S/tl)tl (S + r)s+r—s+t1—1(s +r—s+t]— 1)t1—1 < Stl (S + T)T+2t1—2

by Lemma 22 — times k27!, which bounds the number of ways of erasing to — 1 edges in this
tree to obtain a forest with ¢2 components. The graph Ge,y(cync,) contains t2 —¢; + 1 connected
components. By Lemma 22, there are no more than

+ to—t1+1 2
q—r+r kqufr+t27t1 (k —g—r+ to — tl)tgftl < [(q + T,)kkfrqu3(t27t1)]2
to —t1 +1

possible configurations to complete Goyuc, U Goy,uc,- The number of edges in Go, U Ge, is 2(q —
1) — (s — t1), while the number of edges in Go,ucs U Go,uc, s

2k —q)—(r—(ta—t1))=2(k—q) =7 +t2 —t1 .
All together, and with some elementary simplifications, we arrive at the following bound

]P)S[A(tl,tg)] é A171k7(t2—t1)+9t1—6pt11*1p62*t1 )
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Since kM (pg 4 p1) = o(1), it follows that

s r+s

Z Z PS(Atl,t2> =< Al,l-

t1=1t2=1
Using the definition of A; ; in (82) and the definition of ¢, we bound B
k—q
GO0 G0

1,1
= s r q—s k—q—r
Ss+1q2(q s—1) (S + r)r—le(lc—q—r)—2(q + T)2)\2q—s—1)\2(k—q)—r

rlsl(q — s)12(k —q—1)1? 1 0

MQ

S

S,r

r 2(q—s) 2(k—g—r)
Sk—rs (SET q k 2g—s—1\2(k—q)—r+1
e () GR) Ges) e
r 2(q—s 2(k—q—r
< n Z €4k72q73rfs s+r q (a=e) k—q S )\2k—2r—s—1Ar
A1 — r q—s k—q—r 1 0

2(qg—s) 2(k—q-r)
E 4k—2q—3r q k — q )\2k—2r—s—1)\r
) /\1;€ (q—8> <k—q—r> ! o

We have applied Stirling’s lower bound in the fourth line; we haved used the definition of ¢ to
control k/(k — q) in the fifth line

k 2(k—q—r) k 2(k—q-) Ae 2(k—q—r) Ae Ae 2(k—q—r) ‘
_ 1ok | S\ LW =0 (5 ’
k—q I—)\leJ Ao kAo Ao

and we have upper-bounded (1 + s/r)" by e® in the last line. Note that

2(k—q—r)
o3 k—g \**0 T2 AT — (k- q)eg/Q\%ﬁo ' 3/2 A\ R
) =
k—q—r k—q—r Vo

is decreasing with respect to 7 since A2e > \g. As a consequence, we have

nk O~ ak-2g\2k—q A
B < 7126 q)\l Dy Dy .= <Z> )\1
The function ¢ — Dy is easily seen to be maximized at £ = gy/A1/e. This allows us to conclude
that

2
nk v _
Bl = )\ 64k72q+2q )\1/6>\%k5 q .
1

Finally, we bound Bs following a similar strategy. First, we observe that the probability of the
event B := {Gc,, Gcy, Goyucs, Gosue, are trees}) is equivalent to the probability of the event By :=
BN{Gcync, is a tree}. This follows from the fact that the event B, := BN{Gc,nc, contains r trees}
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involves » — 1 more edges than B; while the number of possible configurations in B, is does not
increase more than by a factor k<°M" compared to Bj.

k—q
B2 = Z Z Z ]P)S[gcla gC’za gC1U037 gCQUC4 are trees]

r=2 |C1iNC2|=0 |C3NCy4|=r

k—q

< Z Z Z ]P)S[g017 ngv gC1UCs7 ngUC4 5 and ngﬂCh are trees]
=2 ‘ClﬁCﬂ:O ‘CgﬁC4‘:7’

2

2
< erﬁ (qqﬂ)? ((q ‘2F 7") kqu*rJrl(k —g—r+ 1)> pf(q—l)pg(k—q)—ﬂrl

A A

o n? 27.442(q—1) y 2(k—q)—r+1 2k k 2hmamr)
— 2NN -
) 22 NTE ‘ (k —q- r)
k—q o 2(k—q—r)
n o o k—q

k6 7)\2]&‘ 2r 2)\7’—&-1 4k—2q—3r
B 7»22 Nt 0o ¢ k—q—r

k™n? o _
< A T e

In the third line, we bound the probability by counting the number of edges involved in the event
and the number of possible configurations, as we did before. In the fourth line, we use the bound of
k/(k—q) to obtain a ratio of the form kﬁ;ﬁr. In the last line, we observe that the sum is decreasing
with respect to r and is maximized at r = 0.
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