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Abstract

It is well accepted by physicists that the Manakov PMD equation is a good model
to describe the evolution of nonlinear electric fields in optical fibers with randomly
varying birefringence. In the regime of the diffusion approximation theory, an effective
asymptotic dynamics has recently been obtained to describe this evolution. This
equation is called the stochastic Manakov equation. In this article, we propose a
semidiscrete version of a Crank Nicolson scheme for this limit equation and we analyze
the strong error. Allowing sufficient regularity of the initial data, we prove that the
numerical scheme has strong order 1/2.

Keywords : Stochastic partial differential equations, Numerical schemes, Rate of
convergence, System of coupled nonlinear Schrédinger equations, Polarization Mode
Dispersion.
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1 Introduction

The development of Internet and of the Web, in the second half of the 20 century, has
allowed for a rapid progress of optical communication systems. Today, engineers and
physicists are trying to rise the bandwidths capacity of these communication systems as
the Internet traffic has increased the last few years. However, some dispersive effects
limit the rate of transmission of information. The Polarization Mode Dispersion (PMD),
appearing when the two components of the electric field do not travel with the same
characteristics, is one of the limiting factors of high bit rate transmissions. The Manakov
PMD equation was derived from the Maxwell equations to study light propagation over
long distances in such optical fibers [32]. Due to the various length scales present in this
problem, a small parameter € appears in the rescaled equation. Using separation of scales
techniques, the author proved in [6, 13] that the asymptotic dynamics is described by a
stochastic perturbation, in the stratonovich sense, of the Manakov equation. In this article,
we consider a semidiscrete version of a Crank Nicolson scheme for the stochastic Manakov
equation. Our aim is to analyze the order of the error for this scheme and we prove that
the strong order is 1/2.

Numerical simulations are used in practice to solve complicated stochastic differential
equations and to lighten some hidden behaviours such as large deviations. In optics,
numerical simulations of the stochastic Manakov equation may help to understand the
impact of the Polarization Mode Dispersion (PMD) on the pulse spreading [14]. Depending
on the problem, one may not be interested in the same quantities. On one hand, one may
be interested in the computation of path samples (related to strong solutions) to emphasize,



for example, the relation between various parameters in the dynamics. On the other hand,
if the quantity under interest depends only on the law of the dynamics, one will focus on
weak approximations. The pathwise error analysis of numerical schemes for SDE has been
intensively studied [12, 21, 26, 30|, whereas the weak error analysis started later with the
work of Milstein |24, 25] and Talay [31], who used the Kolmogorov equation associated to
the SDE to obtain a weak order of convergence. Usually, for Euler schemes, the strong
order is 1/2. More sophisticated schemes exist to increase the pathwise order but their
numerical implementation requires to compute multiple iterated integrals, which may be
difficult if the dynamics is driven by a multi-dimensional Brownian motion.

The numerical analysis of SPDEs combines stochastic analysis together with PDEs
numerical approximation. Most of the results are concerned with the analysis of pathwise
convergence for solutions of semi-linear and quasi-linear parabolic equations (for a non
exhaustive list, see [2, 15, 16, 17, 19, 23, 28|). There is some recent literature on dispersive
equations, both for stochastic nonlinear Schrédinger equations [4, 5, 22| and for a stochastic
Korteweg-de-Vries equation [8, 9]. Weak order for SPDEs has been considered later |7, 10,
20]; the proof consists then in using the Kolmogorov equation which is now a PDE with
an infinite number of variables.

In our case, the difficult and innovative point lies in the linear estimate. Indeed, the
noise term contains a one order derivative and hence cannot be treated as a perturbation
[6, 13]. Moreover an implicit discretization of the noise has to be considered to build a
conservative scheme and the delicate point, in order to obtain the strong error, is to deal
with random matrices. Indeed, the linear system to be solved contains random coefficients
and the expression of the global error contains terms that are not martingales. Hence,
the usual arguments consisting of applying the Burkholder-Davis-Gundy inequality to the
stochastic integral cannot be applied straightforwardly. The probability order for the non-
linear scheme is obtained using classical arguments [5, 28|. This notion is not usual in the
context of numerical analysis of stochastic equation. It is weaker than the strong order in
time and is used here because of the nonlinear drift.

In this article, we consider the order of convergence of a semi-discrete scheme. For
smooth initial data, it is probable that the error analysis of the fully discrete scheme is not
a problem and that the strong order in space is the same as in the deterministic case.

1.1 Presentation of the numerical scheme

The stochastic Manakov equation is given by

3
idX () + (‘92;;5’5) + F(X(t))> dt—i—z’\/f_yZakag(f) o dWi(t) =0, t>0,z€R (11)
k=1

where the C2? vector of unknown X = (X1, X3) is a random process on a probability
space (2, F,IP), v is a small positive parameter given by the physics of the problem,
W = (W, Wy, W3) is a 3-dimensional Brownian motion and o denotes the Stratonovich
product. The matrices o1, 09,03 are the Pauli matrices

01 = , 02 = , 03 = )



and the nonlinear term is given by F (X (t)) = |X|* X(¢). The equivalent It6 formulation
is given by

2 3
dX(t) = <c,ya ;i gt) + z'F(X)(t)> dt— 7> o af;ft) AWy (t). (1.2)
k=1

where O, =i + 377 In the deterministic case (i.e. when v = 0), when one considers the
Manakov Equation, both the mass (equal to the I.2 norm) and the Hamiltonian H given

by )
1 1 .
H(X)== dr — = X*d
0 =3 [, |G| =3 f bxtee

are conserved as time varies. This is not the case for the stochastic Manakov equation
that preserves only the mass, the Hamiltonian structure being destroyed by the noise
[6, 13]. Several numerical approximations have been proposed to simulate the solution of
the deterministic equation, such as the Crank-Nicolson scheme [11], the relaxation scheme
[1] and Fourier split-step schemes [29, 33]. These schemes are known to be conservative for
the IL? norm. The time centering method, used to discretize the second order differential
operator in the CN and relaxation schemes, allows them to be conservative for a discrete
Hamiltonian. On the contrary, the splitting scheme fails in preserving exactly H.

The question that needs to be addressed is the discretization of the noise term. There
are actually two different approaches based on the fact that, in the continuous case, Equa-
tion (1.1) and Equation (1.2) are equivalent. Hence, one may either propose a semi-implicit
discretization of the Stratonovich integral, using the midpoint rule, or an explicit dis-
cretization of the It6 integral. However, in the discrete setting, the two formulations are
not equivalent. Indeed, the discrete IL? norm is not preserved when considering an Euler
scheme based on the It6 equation, while the semi-implicit discretization of the Stratonovich
integral allows preservation of the mass. Note that the conservation of the discrete mass
immediately leads to the unconditional IL? stability of the scheme.

There is actually a more profound reason that keeps us from using a numerical scheme
based on the It6 equation; this reason lies in the fact that the noise term contains a one
order derivative. It is well known from the deterministic literature, that explicit schemes
for the advection equation require a stability criterion (CFL condition) to converge, while
implicit schemes are stable. When considering the Ité approach, the discretization of the
stochastic integral has to be explicit in order to be consistent with the equation, since an
implicit discretization converges to the backward Itd integral. Therefore, the It6 approach
leads to a CFL condition that depends on Gaussian random variables. Since they are not
bounded, this random stability condition may be very restrictive.

We consider a semi-discrete Crank-Nicolson scheme given by

0X

X X7 Hag X o2 — i (X7, XY At =0
(1.3)
F (X3, X5) = § (1P + [x3 ) X372

where XX,H/Q = (X3! + X7%) /2, the time step is denoted At and VAEXT = Wy ((n + 1)At)—

Wi (nAt) , k = 1,2,3 is the noise increment. The random matrix operator Hay,y is defined
by

3
Hpppn = —iAtH0; + /YA opxR0s. (1.4)
k=1



with domain Z(Ha;,) = H2 (R) C L2 (R) independent of n, where H? (R) is the space of
functions in IL? such that their first two derivatives are in IL?. The 2 x 2 identity matrix is
denoted by Is.

This paper is organized as follows. In section 1.2, we introduce some notations and
the main result of this article. Then, following the approach of |6, 13] for the continuous
equation, we construct a discrete random propagator associated to the linear equation. In
section 2, we study the linear Euler scheme with semi-implicit discretization of the noise
and prove that the strong order is 1/2. In section 3, we give a result on the strong order
of convergence for a nonlinear equation with globally Lipschitz nonlinear terms. From
this result and following the arguments of [5], we obtain that the order of convergence
in probability and the almost sure order are 1/2. This theoretical result is numerically
recovered in section 4 where almost sure convergence curves are displayed. Finally some
technical results are proved in section 5.

1.2 Notation and main result

For all p > 1, we define LP(R) = (LP(RR; C))? the Lebesgue spaces of functions with values
in C2. Identifying C with R?, we define a scalar product on L2 (R) by

(u,v)p2 = ZiRe{/Ruiv—idx}.

We denote by H™ (R) ,m € IN the space of functions in I2 such that their m first derivatives
are in I.2. We will also use HH™™ the topological dual space of H™ and denote {.,.) the
paring between H™ and H~™. The Fourier transform of a tempered distribution v € §'(R)
is either denoted by ¥ or Fv. If s € R then H? is the fractional Sobolev space of tempered
distributions v € S'(R) such that (1 4 |€]*)%/%% € 12 Let (E, ||.|z) and (F,]|.||z) be two
Banach spaces. We denote by L (FE, F) the space of linear continuous functions from E
into F', endowed with its natural norm. If I is an interval of R and 1 < p < 400, then
LP (I; E) is the space of strongly Lebesgue measurable functions f from [ into E such that
t — [|f(t)||g is in LP(I). The space LP (92, E) is defined similarly where (2, F,P) is a
probability space.

We now recall some results obtained in [6, 13| on the existence of a solution for the
system (1.1). Let (Q,F,P) be a probability space on which is defined a 3-dimensional
Brownian motion W (t) = (Wy(t)),_; 95 We endow this space with the complete filtration
F: generated by W (t). The local existence result obtained for (1.1) is stated below.

Theorem 1.1. Let Xg = v € HY(R) then there exists a maximal stopping time 7*(v,w)
and a unique strong adapted solution X (in the probabilistic sense) to (1.1), such that
XeC ([0,7’*),]1-11 (R)) P — a.s. Furthermore the L2 norm is almost surely preserved, i.e,
Vt € [0,7%), [| X(t)|l 2 = l|v]|y2 and the following alternative holds for the mazimal existence
time of the solution :

7" (v,w) = +oo or limsup || X(t)||m = +oo.
t/ 7 (v,w)

Moreover if the initial data Xo belongs to H™,m > 1, then the corresponding solution
belongs to H™.

The noise (v # 0 in Equation (1.1)) destroys the Hamiltonian structure of the deter-
ministic equation and it seems that no control on the evolution of the H! norm is available



from the evolution of the energy. However, the occurrence of blow up in this model remains
an open question. We assume that the set {At} = {At,}, v is a discrete sequence con-
verging to 0. We define a final time 7" > 0 and an interval [0, 7] on which we will consider
the approximation of the solution of (1.1). Moreover Ny = [T/At], the integer part of
T/At. Similarly for any stopping time 7, N, = [r/At]. Moreover we write ¢, = nAt for
any n € [0, N] where N is either Ny or N, according to the situation. We denote by
L (0, T;H™) the space of all bounded sequences for n = 0,--- , Ny with values in H™
endowed with the supremum norm

”XN”L°°(O,T;]Hm) = sup [|XZ|lgm -
nelN
nAt<T

Moreover for a n x n matrix A = {a;;}, the uniform norm is defined by

n

114]ll0 = gag;Zl ]
j:

and the spectral norm of A is defined by
1Al = Vo (A*A)

where A* is the adjoint matrix of A and p is the spectral radius. Finally we denote
dWy(u) = du and we introduce the notations for j, k € [0, 3]

W ()= [ ;)
W;"l;n-i-l (f) = /t " tsf(u)de(u)de(S).

We recall that the Pauli matrices have the following properties
Property 1.1. Let j, k,l € [0,3], then
e Commutation relations : [0j,05] = 2i Z?Zl k101

o Anticommutation relations : ooy, + oo = 20, - Io and 0 = O';,

where e, = (j — k)(k —1)(1 — j)/2 is the Levi-Civita symbol.

We denote by X" =X (t,) the solution of Equation (1.1), evaluated at the point ¢,,.
Let us now give the main result of this paper stating that the approximation of Equation
(1.1) by the scheme (1.3) has an order 1/2 in probability.

Theorem 1.2. Assume that Xo € HS, then for any stopping time T < 7* AT almost surely
we have

X" _ X"

lim P max

( > CAtY 2) =0,
C—+oco n=0,...,N, H!

uniformly in At. Then we say, according to [28], that the scheme has an order 1/2 in
probability. Moreover, for any § < %, there exists a random variable K5 such that

max || X" — X"

n=0,...,N

o < Ks5(T,w)At.



2 The linear equation.

In this section, we study the approximation of the solution of the linear equation. In other
words, we estimate the error between the solution of

02X (t) OX(t)

3
. . _ - '
X (1) + = dt+z\/§;ak 5 CWk(t) =0, t>0sER (2.1)

and its approximation by the semidiscrete mid-point scheme
XL Z X% 4 Hap o X572 = 0, (2.2)

where the expression of Hayp is given in (1.4). The operator Hay,, is easily described
thanks to the Fourier transform. Indeed, for any £ € R

IAE|EP +i/ADEXEE  iADE (X —ixE) € - 0

IVADE (X} +ixB) € At |E] — i/ DExEE

F (HAt,n (5) X

Moreover, we set

1
TAt,n = (Id + §HAt,n)7 (24)

where Id is the identity mapping in L2. To lighten the notation, we do not write the
dependence in IV of the unknown X ;. The aim of this section is to give an existence result
of an adapted solution for the scheme (2.2) and to give an estimate of the discretization
error. The results are stated in Propositions 2.1 and 2.2 below.

2.1 Existence and stability

The next proposition states that the solution of the scheme (2.2) is uniquely defined and
adapted, and that the mass is preserved.

Proposition 2.1. Given X, € H™ for m € N, there exists a unique adapted discrete
solution (X"), _o . n, to (2.2) that belongs to L>(0,T;H™). Moreover the ™ norm of
the solution X™ of (2.2) is constant i.e. for all n € [0, N7]

X [[gpm = [ Xolgrm - (2:5)

Proof of Proposition 2.1. Assume that X™ is a F,as—measurable random variable with
values in H™. We set Aa; = Atld? and Baty, = iv/yAE Zizl oEXFOy, for ae. w € Q.
Using Property 1.1 of the Pauli matrices, Cauchy-Schwarz and Young inequalities, we may
prove that a.s.

C(y,w)?
2
where C(7,w) = 37 (x}(w))?. Since |C(v,w)| < +00 a.s., we deduce thanks to the Kato-
Rellich Theorem that iH Ay, is selfadjoint in L2 with domain H? and it follows that Tatn
is invertible from H? into 2. Hence, the unique J;, 41— measurable solution is given by

Xt = UatnX™ a.s, where

1
IBatnvlliz < B 1Aaenvll2 + lolliz

1 B 1
Untn = (Id + 5HAM) Y(Ia - iHAm). (2.6)

The conservation of the I.? norm follows because H At,n is skew symmetric and Ux, ,Uatn =
Id. O



Remark 2.1. In our case, the operator Tat, is invertible for every At. Thus, the imple-
mentation of the scheme (2.2) does not require to use a truncation of the noise term as in
[27] to insure stability.

2.2 Strong order of convergence

Let us now consider the order of convergence of the Crank Nicolson scheme (2.2). To this
purpose, we denote by X" = X (t,,) the solution of (2.1), evaluated at the point ¢,, and
define the vector error ¢ = X™ — X™. The error estimates is given in the next result.
Proposition 2.2. If X, € H™ m € IN, then the scheme (2.2) is convergent and for any
p=1

E "2 ) < O(T, ~, p, || X llprmas VAL 2.7
(113 ) < COTp Koo 7

It may be surprising to require so much regularity on the initial data to prove a LP({2)
order for a linear equation. Usually, the order is obtained using the explicit expression of
the group S(t), solution of the free Schrodinger equation (that is v = 0 in Equation (2.1)),
and the mild form of the It6 equation. In our case, we cannot proceed similarly because of
the semi-implicit discretization of the noise and the presence of a differential operator in
this term.

Proof of Proposition 2.2. Without loss of generality, we assume that m = 0. The proof is
divided into the following steps.

1. Firstly, we evaluate the growth of the solution of the continuous equation (2.1). More
precisely, we denote by €"(s) the difference €™(s) = X(s) — X", for all s € [ty, ty11]
and we give an estimate of it in the space L% (Q, L (0, T; ]LQ)).

2. Secondly, we write a discrete Duhamel equation for the global error e = X" — X "
where the 1t6 formulation of equation (2.1) is used.

3. The expression of the global error contains terms that are not martingales and hence
martingales inequalities cannot be applied straightforwardly. Therefore, we separate
the adapted part to the non adapted one introducing a discrete random propagator
VlAt. The adapted part is estimated thanks to the usual martingale inequalities, while
a bound on the non-adapted part is obtained estimating the difference between VlAt
and the discrete random propagator appearing in the expression of the global error.

Step 1. The next lemma gives an estimate of the growth of the solution X (s) of (2.1)
starting at X™.
Lemma 2.1. For anyp > 1, if X, € H then

E ( sup \\’é"(s)\\i@) < Cp() | Xoll?h AP ¥n=0,--- Ny — 1.

tngsgtnﬁ»l

Proof. Writing the Ito6 formulation of Equation (2.1) under its mild form, we get

3 t
X(t) = X" = (St —tn) 1) X" +iyy > | St — u)ordeX (u)dWi(u),
k=171t



where S(t) is the semi-group solution of the linear equation 8;X(t) = C,02X(t) with
Cy=1+ 377 Using the Fourier transform, it can easily be shown that

IS () = 1a) fllge < COE 2 flly s VF € HY,

from which we deduce, together with (2.5), that

E sup
tn<S<tn+1

Moreover, since X is adapted and belongs to L?P(Q2,C([0,T],I.?)), we may apply the
Burkholder-Davis-Gundy inequality to the stochastic convolution. Using the contraction
property of the semigroup S(¢) and (2.5), we obtain the estimate

(S(s —t,) — Id) X"

2p 9
V) < G 1%, A

2p
E sup \/_Z S (s — u)op0p X (u)dWi (u) <Gy HXOHIQé’1 ~PALP.
tngsgtn-ﬁ»l 1.2
This concludes the proof of the Lemma. O

Step 2. Using the Itd formulation of Equation (2.1) and evaluating its solution on the
time interval [t,,,t,+1], we obtain

3
Xl = X4 O (92X) = A Y oW (0,) (2:8)
k=1
= X" — Hpap o X"PY2 4 0 4 3, (2.9)

where the random variables €] and €} are given by

e =Wyt (92 - X 2)

(2.10)
& = V7 Xk ok (B X H2WE L) = W (0,)) + FWp T (92X)

By induction, we obtain the recursive formula for the global error

n
0 l — _
=Upye® +> Uy, <ell Lyé 1) ,
=1

where
Untn—1---Uat,1Uato  for =0

7l —
ugt = Untp—1--- UAt,lTA;l_l for l € [1,n —1]

TA_tlnf1 for | =n.

Let us write the remainder term ell_l, given in (2.10), as the sum of two terms 611_11 and

61 2 Writing
~ ~ 1/~  ~
X2 = X4 (x-x1) (2.11)



and using Equation (2.8), we obtain the following expressions for 61 1 L and el 1

- 1 -
e =iC, (ngolv’ (92X) — iwol batx) At> (2.12)
and
1o -
e 21 = —z\/_z< W ” (on X X) - §W,i L (JkﬁgX) At>. (2.13)
We proceed similarly for the term €' writing it as a sum of three terms et = 612 L+
622 + El2 31 Using again (2.11) and Equation (2.8), the truncation error el L given in
Expressmn (2.10), can now be expressed thanks to
El2 11 = —\/_Zk W l L (Jkamgl_l)
by = BW M (92X) — 338 oW (2X) Wi (1) (2.14)

ehy = 10,53 oW (93 x) w1,

Step 3. Since L{Z’tl depends on the Brownian increments after time ¢;_1, it is not Fy,
adapted and

3 3
N/ -1, 3 -1, I a3
ugt Z Wk,o (UkamX) 7 Z Wk,o <UZthaxX> .
k=1 k=1

Therefore, we introduce the following process

Id forl=-1,0

l _ _
Var = TaroUnt 1 Taty for 1 =1

TAt,OUgt{l e Ugtl,l—lTAitl,lq for I € [2,n — 1],

and separating the adapted part from the non-adapted part, we write

Uy =uyt (V- VERHVE?), vi<i<n

Now, using the unitarity property of L{Z’t1 in 2, we may write, for ¢ = 1,2,

2p
nl l 1
2.15
ngﬁ?}]if]] At q L2 ( )
2p 2p
<C,E| max <l1 >el_1 + C,E | max Vl2ll
P nelvg 21 e L L =y Z L

Since VIA_tQ is Fy, , measurable, we are allowed to use the Burkholder-Davis-Gundy inequal-
ity to estimate the second term. The next Lemma, whose proof is postponed to section 5,
gives useful estimates to bound (2.15).



Lemma 2.2. For all (fl)le[[1 N € (IEI1 (IR))N and for all p > 1, there exists a positive
constant C(~,T,p), independent of N, such that

n 2p

Z (VlA_tl _ VlA—tQ) fl

=1

E max

1/2
< C(v,T,p)NPE n . (216
s T NE (o 17718 ) - (210

€[1.N]

ILQ

Moreover, if for any | € [1,N], f' = ef]*l,q = 1,2, then there exist two positive constants
C1 and Cy, independent of N, such that

n 2p
E| max > (V' =VED I | <G Topa 1 Xolls) A (2.17)
=1 L2
and
E| max ZVlAffl < Co(7, T, p, ¢, || Xo|| gra) AP (2.18)

An estimate on (2.15) is easily obtained using (2.17) and (2.18) and we conclude the
proof of Proposition 2.2. O

3 Probability and almost sure order for the Crank-Nicolson
scheme (1.3)

This section is organized in two parts. In a first part, we will use, as is classical, a cut-off
argument on the nonlinear term which is not Lipschitz. We first define a cut-off scheme,
as an approximation of a continuous cut-off equation, and prove existence and uniqueness
of a global solution to this scheme. The cut-off we consider here for the scheme is of the
same form as the one considered in [4, 5|. We also prove that the strong mean-square
rate of convergence of this approximation to the continuous cut-off equation is 1/2. This
estimate is important in order to remove the cut-off. In a second part, we construct a
discrete solution to the Crank Nicolson scheme (1.3) and define a discrete blow-up time.
Using the time order for the cut off scheme, we obtain a probability order and a.s. order
for the discrete scheme (1.3), as is done in [5, 28].

3.1 The lipschitz case

Let us denote by U(t,s),t > s,t,s € Ry the random unitary propagator defined as the
unique solution of the linear equation [6, 13]

. PX(t) o~ 0X(t)
idX () + = dt—i—zﬁkZ:lak 5 0 dWi(t) =0, t>0,z €R.

Then, Equation (1.1) with initial condition Xy = v, can be written in its mild form

X(t) = U(t,0)v + i /0 U(t, s)F(X(s))ds. (3.1)

10



We introduce a cut-off function © € C° (R), © > 0 satisfying O (z) = 1 for z € [0,1]
and O (z) = 0 for x > 2. We then define O (.) = O (||.||y: /R) for any R € IN*. We set
G (Xg(s)) = 0% (Xx(s)) F(Xg(s)) and introduce the cut-off equation

Xp(t) = Ut, 000 +i /0 Ut,s)G (X p(s)) ds, (3.2)

which is the mild formulation of the equation

, 02X (1) S 0Xa(t)
idX p(t) + (W +G (XR(t))> dt + zﬁ;ak SE 0 dWi(t) = 0. (3.3)
3.1.1 Existence of a discrete solution
Let us consider a semidiscrete scheme of equation (3.3)
XA = XP — Hap o X2 4 iAtG (X3, X300 (3.4)

where G (X7, Xgt!) = O F (X3, X5 and O™ = Or (X3) Ok (X3™). Such
a cut-off is used so that the discretization of the nonlinear term is consistent with the
continuous equation (3.3). Recall that the nonlinear function F is given by

F (X, X = 5 (IXR2 4+ X ) X2

Now, we state in the next Proposition an existence and convergence result for the scheme
(3.4). This will be useful to define a solution, up to the blow-up time, for (1.3) and a rate
of convergence in a sense that should be specified.

Proposition 3.1. Let X, € H! and At > 0 fized. There exists a constant C' such that for
any At < R72/C there exists a unique adapted discrete solution X = (X}’_-‘i)n:07___7NT to
(3.4) that belongs to L™ (0, T; ]Hl). Furthermore for any n € N such that n < Ny, the I?
norm is almost surely preserved i.e || X3l 2 = || Xg|lp2-

To prove this result, we will use the next Lemma whose proof relies on the same
arguments as in [3, 6].

Lemma 3.1. The function G is a globally lipschitz continuous function from L (O, T;H! x ]Hl)
mto L™ (O,T;]Hl) i.e. there exists a positive constant C independent of N such that for
any Yév and Xﬁ belonging to L™ (O, T ]Hl)

sup ||G (Xp~' XR) — G (YL YR)

sup e
nAt<T nAt<T

<COR? sup | X —YE g almost surely.
nelN*

Proof of Proposition 3.1. Assume that X, € H!, the integral formulation of the cut-off
scheme (3.4) is then given by

n
Xpy = UL Xq +iAe Y URG (X7 XE) (3.5)
=1

where L[Z’tl is the discrete random propagator solution of the linear equation (2.2). The

proof easily follows from the Lipschitz property of G. Moreover since L{Z’to is an isometry
in I.?, the conservation of the I.? norm follows taking the scalar product in IL? of Equation

(3.3) with (Y}Zjl/z)t. O

11



3.1.2 Strong order of convergence

Let us set ey, = X3 — )Zg, where X7 is the solution of (3.4) and )Zg is the solution of (3.3)
evaluated at time ¢,. The next result, whose proof is postponed to Section 5, is crucial to
obtain that the strong order of convergence is 1/2.

Proposition 3.2. Let Xo € HS. For any T > 0 and p > 1, there exists a positive constant
C, depending on R, T and p, and the HS norm of the initial data, such that

2p

n 4
n,l —
B max | / U (t0.5) G (Xp(s)) ~ UpG (X5, XL ds

=1 Jl-1

H!

< CRT.p | Kolhe) [ A7+ B (o 1% )]

where the function T — C(R,T,p,~, || Xo|lge) ts a continuous function starting from zero.
As a consequence, we obtain

Proposition 3.3. For any T > 0 and p > 1, there exists a positive constant C', depending
on R, T and p, and the H® norm of the initial data, such that

E( max ||eﬁu§fl) < C'(B, T, p,, || Xol g APP. (3.6)
n=0,---.N

) )

Proof of Proposition 3.3. Using the Duhamel formulation (3.2) for the continuous cut off
equation and the discrete Duhamel equation (3.5), and from Proposition 2.2 and 3.2, we
obtain for any p > 1

E nI1% ) < C(R, T, p,v, | X AP+ E ni2eo)
(g, kIR ) < CORT, . W Xole) [ 07+ B (o (1l

Thus, for T' = T chosen sufficiently small so that C(T7, R, p,~, || Xol/ge) < 1, we obtain

< C(T17R7p777 HXOH]Hﬁ) A#P.
1-— C(Tla Rap777 HXOHIH6)

E e

Iterating this process on the time intervals [T}, 27}] and up to the final time T', we conclude
that the scheme is of order 1/2. 0

3.2 The non Lipschitz case

In this section, we investigate the order in probability and the almost sure order for the
Crank-Nicolson scheme (1.3) as an approximation of Equation (1.1). In order to define a
discrete solution to Equation (1.3), let us define the random variable

R, = inf {(nA | X3 g > R or [ XRlgn > R},

which is a F,a; stopping time. It is then clear that (X73) o1 satisfy the scheme

n=0,-,
(1.3) provided that ngAt < 7&,. However, we do not know if a solution X% to (1.3) exists
and is unique. We cannot proceed as in the continuous case defining the blow-up time as
the limit of Tft when R goes to infinity because the time step At depends on the cut-off
radius R as it is seen in Proposition 3.1. The next Lemma gives a sufficient condition on
the time step At to extend the solution to n + 1 [5].

12



Lemma 3.2. There exists a constant Cy such that for any At > 0 and Ry satisfying
At < CQRO_2 and nAt < Tf?, there exists a unique adapted solution Z"T1 of

Z" = Upgp X" + AT} F (X, 271 (3.7)
such that HZ"+1HH1 < 4Ry, provided || X" || < Ro.

Following the approach of [5], we now define a new process Y£+1, solution of the
truncated scheme (3.4) with X7 = X™, and we define the random variable

Ry41 = min {R € ]N,|

Vi m <R}

Fix any deterministic function X At,00 Such that HX At,00 HIHl = 4Ry. Thus, for At < CoRy 2

we can define a solution of Equation (1.3) as follows

2 |IX7 g < Ro

XH= 0 yptl i || X > Ry and Rpgy < oo and X" #£ Xy, o (38)
X At,00 otherwise.

Finally, let 71, be the discrete stopping time such that 73, = noAt and ng is the first integer
such that X™ = X, . In this way, we define a solution to (1.3) up to time 7X,. The proof
in [5] can be adapteél straightforwardly to obtain the convergence in probability stated in
Theorem 1.2. Note that from the almost sure convergence, we get, for any stopping time
T < 7% as, lima;o P (73, < 7) = 0. Moreover, using the Fatou Lemma and the lower
semicontinuity of the characteristic function L-x,<r, we obtain P (iminfapso7), = 7%) =
1.

4 Numerical almost sure error analysis

In this section, we study numerically the almost sure order of convergence of the Crank
Nicolson scheme (1.3) and with the aim of recovering the theoretical result of the previous
analysis. We consider finite-difference approximation to simulate the C? valued solution
X = (Xi,X2) of the stochastic Manakov system (1.1). We define a constant a > 0
and a final time 7" > 0. The time step is At = % > 0 and the space step is given
by Az = MQ—L > 0. The grid is assumed to be homogeneous (t,,z;) = (nAt,jAx)
forn € {0,...,N} and j € {0,...,M + 1}. The computational domain [—a,a] is taken
sufficiently large to avoid numerical reflections and we consider homogeneous Dirichlet
boundary conditions. We denote » = At/(Axz)? and the solution X = (X7, X») of Equation

(1.1), evaluated at (t,,z;), is approximated by X' = <X" Xg,j). We choose a centered

17.],
discretization due to the random group velocity which does not have a well defined sign.
The fully discrete Crank-Nicolson scheme is given by

3
i (X;L+1 - X;L) +rAXT2 z—\/;T DINIA2 AR (4.1)
k=1

1 2 +12 n+1/2
v asg (10 + o) e <o

13



where

AXy»H—l/Q . Xn+1/2 . 2X@+1/2 +X@+1/2
J J

=45 j+1
n+1/2 o n+1/2 n+1/2
VX; =X, 0T -X 0

We consider soliton solutions of the deterministic Manakov equation as initial input, that
are of the form [18§]

;0 /2 expli | |
Xty = [ OO (e — (1)) O intd) (4.2)

sin ©/2 exp(igp2)

Here, the polarization angle ©, the phases ¢1, ¢o, the amplitude 1 and the group velocity
—k are arbitrary constants and the position 7 and « are given by 7(t) = 79 — kt and
alt) = ap + % (772 + k2) t. We also define the relative errors in the I? and L norms

between the exact solution X " evaluated at time ¢,,, and the approximated solution X"

"= Lr p=1{2,00}. (4.3)

err, — —— -
8 Kol

The Stochastic Manakov equation possesses one invariant, which corresponds to the mass.
A discrete version of this quantity is given by

M+1

1X"172 = Az > ([P + [x3,[*). (4.4)
§=0

To measure the ability of this scheme to preserve the mass, we introduce the following error

2 2
[ X™l[Lz — [ Xollg2
1Xolz2

errgg ==
n€[l,N]

(4.5)

The set of parameters used for the simulations are given in the following Table 1. Since

Almost-sure order

Discretization a =30, M = 20000, T =4, Neoarse = 40, Npne = 2520

Table 1: Set of parameters used to obtain the almost sure order.

there is no explicit solution for the stochastic Manakov equation, we first compute an
approximated solution X™ of Equation (1.1) on a fine mesh At = T'/Npgye, that we compare
to approximations of the same equation on coarser grids. A coarser grid, in the ¢ variable,
is twice as big as the previous one. The Brownian path is kept fixed for each approximation
as well as the space step Ax. Figure 1 displays two convergence curves corresponding to
the logarithm of the relative errors (4.3). The slopes of these curves are compared to a
curve with slope 1/2. From Fig. 1, we see that the almost sure order of the Crank Nicolson
scheme is 1/2 in the ¢ variable, and the result agrees with the theoretical analysis of the
previous section. Table 2 displays the numerical approximation errors in the IL? and L>
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norms together with the relative error for the conservation of the mass. For an Euler
scheme based on the It6 formulation, the IL2 norm is not preserved and the numerical error
is errﬁ2 = 0.7364.

Crank Nicolson scheme

0
] Crank-
T —Vat|] Nicolson
g2
g, errd 3.178¢3
5
[S R S N -3
8- g erry, 3.83e
-5 RS
AR errpy 5.547¢~ 1
_8.1 0.05 0.02 0.0125 0.00625 .
At CPU time 251.87s

Figure 1: Plot of the log of the rela- _ '
tive errors errév and errﬁ for the scheme Table 2: Numerical values of relative er-

(4.1). rors for At = 0.00625.

Different schemes may also be proposed to simulate the behaviour of the solution of the
stochastic Manakov equation (1.1) : a relaxation scheme and a Fourier split-step scheme.
The fully discrete relaxation scheme reads

nt+1/2 2 n—1/2
P’ _Q‘X]” — !

i(xp - xp) +raxy z—V;T S8 o VX (4.6)

+@I XTI, = 0,

2
where @;1 = ‘X]Q‘ . The stochastic Fourier split-step scheme is based on the decomposition

of the flow into two parts : one associated to the linear part of Equation (1.1) and the
other to the nonlinear part. The scheme is given by

P (Ve = Xp) = e (Ve 4 Xp)
(4.7)

X;”rl = exp (z

where the Fourier multipliers my, are given by

Azh2  JADZh
me( By 72 kZUJX7>

2
=1

2
n+1 n+1
Y, (A;;)Yj ,

and X’,’: is the discrete Fourier transform of X7 and the vector h contains the M Fourier
modes. In this case, the matrices we have to invert for the linear step are block diag-
onal. Consequently, this scheme is less time consuming than the relaxation scheme and
the Crank-Nicolson scheme. Figure 2 displays the almost sure error curves for these two
schemes and they also seem to be of order 1/2.

Remark 4.1. In optics, spectral methods are very often used to solve the nonlinear Schrodinger

equation because the group associated to the free equation has an explicit and very simple
form. The random propagator, solution of the linear equation associated to (1.1), does not
have an explicit formulation in Fourier space [6, 13]. Consequently a numerical approzi-
mation of the linear equation is obtained resolving a linear system.
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errd err, errh, CPU time

Fourier split-step | 2.886e™3 | 3.455¢73 | 3.286e 14 180s

relaxation 1.8¢73 1.46e=2 | 3.957¢~ 13 | 121.53s

Table 3: Numerical values of relative errors for At = 0.00625.

Relaxation scheme Fourier—split-step scheme
0 : : : 0 ; ‘ ‘
—x-errd —-errd
_1b -e-errd) -1 -e-errY |
— VAt || — VAL
o o -2 1
= -2r =
3] [}
© o -3
= -3 =
© S -4
8>_4L—-—A‘__‘._\_ 8’_5 ) =‘—1a_\-,__‘_‘_~6‘
- e - =2
5 e -6
TTess q
_6 L L L > _7 L L L
0.1 0.05 0.025 0.0125  0.00625 0.1 0.05 0.02 0.0125  0.00625
At At

Figure 2: Plot of the log of the relative errors err) and errl respectively for the scheme

(4.6) and (4.7)

5 Proof of Lemma 2.2 and Proposition 3.2

5.1 Proof of Lemma 2.2

The proof of this lemma is divided into two parts. In a first step, we prove inequality
(2.16). The second step consists in proving estimate (2.18); the same arguments are used
to deduce the bound (2.17) from (2.16).

Proof of estimate (2.16). We begin this proof with a lemma stating that V4, is almost
surely a bounded operator in L2 with a random continuity constant.

Lemma 5.1. The random matriz operator VlAt is almost surely a bounded operator in 12
and for anyl=10,--- ,n,
[Vaet]|, < Coa @) 1z

such that for all p > 1, there ezists a constant C(p) independent of n,

ILQ

nef[l,N]

IE)( max Cgﬂ) < C(p).

Proof. By unitary property of the matrices Uasy, for any [ = 0,---,n, and applying
Plancherel theorem and Hoélder inequality,

[Vhet||,, < sup Mana(6.) 1l
L ¢eR

where Mag1(§,w) = [[|mao (Il o H‘mZ%l (5)‘“ , where may; is the Fourier multiplier
’ o8]

associated to the operator Ta;;. We claim that the random variable Ma;;(§,w) is almost
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surely bounded by a constant Cp;(w), independent of &, that is integrable at any order.
Indeed,

) 3
Magi(§,w) < m <4+4At‘§‘2 + At ’5‘4 + 2¢/ At [¢] Z <|X2| + ‘XLD)

4|d t l O] (\/’VTAt |£| Z (‘Xk‘ + ‘XkD +7At|f| Z‘Xk‘Z‘XkD (5.1)

where det(l, ) is the determinant of ma; and is given by

At 2 At?
1,6 =1+ 25 () e - 22 g1 — i

k=1

Denoting = = AtY/? |¢| and y = 2221 (Xf,g)2, we define the mapping f from R? into Ry

v 21\ ? 4
p— 1 —_— .
flx,y) ( +Y 4> +a
It can be proved that

1
J(1+ah) ifo? < 4max <% 1)
flr,y) = ¢ = if 4max (74y 1) < 16 max <1y 1) (5.2)
1
3—21'8 + 2% if 22 > 16 max (fyf 1)
Thus, there exists a positive constant C', such that for any y € R4 and any £ € R

Mag(€,w) < C <1 +max( ) + \/_Z <‘Xk‘ + ‘XkD (1 + max (Zy 1) 1/2>

3
+72\x2\2‘x2‘> :
k=1 k=1

Therefore, Ma (€, w) is uniformly bounded in £ by a polynomial function of y, x%\ and
‘XH Applying the Cauchy-Schwarz inequality and the Burkholder-Davis-Gundy inequal-
ity, we obtain that & (maxne[[l, N MAt’n(f)Qp) is bounded by a constant independent of
n. O

We now state a Lemma giving an estimate of the local error between the unbounded
random operator TAtm—lUEtl nTA_tln and the identity mapping. This Lemma will be used
to prove inequality (2.16).

Lemma 5.2. For any n € IN, there exists a positive random constant Cp_1,(w) < 400
a.s. belonging to L* () ,p > 1, such that for any f € H!

| [Tatn1Uat Tk, = 1) 1|, < Comtn@VAE |l as.

Moreover, for all p > 1, there exists a constant C(p) independent of n,

E<max cx, ><C(p).

nel,N]
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Proof. From the proof of Lemma 5.1, we easily deduce that there exists a random variable
Cr—1,n(w), integrable at any order, such that
1 o A— A_
SUp —————75 H ‘TAt,n—lUA;nTA;n — Id‘ H < Ch-1n(W) VAL,

where C),_1 ,,(w) is a polynomial function of Zi 1 (XZ)2

"_1‘ and |x}|. The Cauchy-
Schwarz and the Burkholder-Davis-Gundy inequalities imply that It (maxne[[l N] C )

is bounded by a constant independent of n.

Now, we prove estimate (2.16). For any > 2

1 1 -1
(Id + §HAt,l2> <Id — §HA“1> — Id] .

Therefore applying Lemma 5.1 and 5.2, and using the Cauchy-Schwarz inequality, we de-
duce that

-1 -2 _ yyl—2
VAt - VAt - VAt

2p

2(11 )fl

< N2pE < max (COJL—Q)QP H [TAt,n—QUgtln 1TA_tn 1 ] f"
nel,N] ’

ne[[l N] 12

2p
1.2

1/2 1/2
< TPNPE Con2)? (Cp_on-1)?) E n .
(ngﬁ%{ﬂ( om—2)T (Cpn—2n-1) > <g[ﬁi>]§[ﬂ [¥agi[is >

Thus by Lemma 5.1, the following inequality holds

n 2p

E| max Z <V1A_tl — VZA?) fl
=1

1/2
< C(,T,p)N"E n .
. (LT DNE (o 17715 )

€[1,N]

ILQ

Proof of estimate (2.18) for ¢ = 1. Writing X (s) = X/~ 1+¢&'~1, we rewrite elljll, given
n (2.12), as follows

_ ~ 1 - ~
dl = ic, (ng” (a;*eH) -5 (a;feH) At> .
We focus on the first term in the above expression, the other term being bounded in a

similar way. Using the Minkowski inequality, the contraction property of L{Z’tl in L2 (R) for
every | € [1,n] and the conservation of the H* norm, we get

2p
=Ll gigi-1
" "gﬁ?}fiﬂ] ZuZtWoo 0z e) L2
N .
At?
< E su grel-1 u‘ At*
(;tlléggtl z (u) 2 2
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Let us notice that after integration by part, the term 611721 whose expression is given in
(2.13), can be written as follows

3
- 1 _
Y = —iA Y opde X! <§W,il(1)At—WOl’k1’l(1)> (5.4)
k=1

3
1
=N (Wéjk” <0k3§ 'él—l) - s (aka;‘;’ 'él—l> At> .
k=1
Since VEQUk(?g)N( =1 is F;_; adapted, the next equality holds
VEQJkag)Zl—lWé;ﬁl,l( ) = Wl 1,1 (V 83;}14) '

In expression (5.4), all the terms may be bounded using similar arguments. So, we only
do the computation for the above term. By orthogonality of the increments of the three
dimensional Brownian Motion,

E (Wi (VR2odi X ) wi o (V208X ) ) =0 il Al ork £
Hence, we obtain
n 3 n 3
<> Wt (Vg;?aka;‘f(’*l) >=Y"N < Wy <V§20k8§)~d*1) >,
I=1 k=1 I=1 k=1
where < . > denotes the quadratic variation process. Thanks to the conservation of the
H™ norms, the solution X of Equation (2.1) has all its moments bounded in H™ and

the stochastic integral is a true martingale. Thus, applying the Burkholder-Davis-Gundy
inequality, Lemma 5.1 and Cauchy-Schwarz inequality, yields

n 3
SN wH (VEQJkﬁg)N(l*l)

=1 k=1

2p

E| max A
nefl,N]

]LQ

< CTPAPALPE ( max [Co,n,g]Qp

néefl,N]

) L\ 2 ISR
< OTPAPAPE [ max [Cop—o]™” E( max HBxX" ‘ . (5.5)
n€f1,N] ’ n€f1,N] L2

Hence, a bound follows from the conservation of the H™ norms and Lemma 5.1. Collecting
the above estimates (5.3) and (5.5) leads to the bound (2.18) for ¢ = 1.

Proof of estimate (2.18) for ¢ = 2. The first and second terms 612’_11 and 62 oL in (2.14)
will give the order of convergence of the scheme. The third one 612,3 may be bounded

similarly as in the previous step. To bound €l2T11, we use again the Burkholder-Davis-
Gundy inequality, the independence of the increments of the Brownian Motion, Lemma
5.1, Cauchy-Schwarz inequality and Lemma 2.1

n 3 2p
-1, ~1—1
B | S Matae )]
p
<CVPE<<ZZWOZ 1, (H ok0,E! ‘;)) )
=1 k=1
< C(p, )HXOH 2 TP AP, (5.6)
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We conclude the proof obtaining an estimate for 62 2 Using Equation (2.8) and Property
1.1, we obtain the equality

B 3y 92X!- 1 ~y 3 2)}1—1 9
l !
E2,21 = 5 ) Z (Wk 1(1))

2  Ox2

3
39 i1 { o _ .
g (0% ) = 2 D Wi (ogmaze ) Wi,

Moreover,
2 2
< (W) - ars=aar(wiHm) - 24,

Thus, applying the Burkholder-Davis-Gundy inequality, using the independence of the
increments of the Brownian Motion, applying Lemma 5.1, using the conservation of the
H™ norms and the Cauchy-Schwarz inequality

- _ .
T [(3y 82Xt NG 2
E 1—2 [ 97 Ar D Wl
ng[ﬁi,)]ifﬂ o= VAt <2 Ox2 2 ; o2 < k ( )> .y
N 3 ~ »
aQXl—l 9
<CVQPE<<ZZ Vi 522 <4At (W,ﬁ‘l(l)) —2At2> ) )
=1 k=1 L2

N 3
<CIxlE N Y S B ((Cora)

p>
=1 k=1

< C || Xo|| 75, v*PTPALP. (5.7)

ANt (W,i—lu))z — 2A¢2

The last term €4 5 in (2.14) may be bounded similarly as €7 5. Estimate (2.18) for ¢ = 2 is
obtained collecting bounds (5.6) and (5.7).

5.2 Proof of Proposition 3.2

Before proving Proposition 3.2, let us state two useful Lemmas. The first result gives
uniform bounds for the solution X, of the cut-off equation (3.3).

Lemma 5.3. Let X, € HO and X, be the solution of (3.3); then for all T > 0 there exists
a positive constant Cs (R, T, ||X0||]H6) such that, a.s for every t in [0,T],

[XRr(®)l[ge < Cs (R, T, || Xollgs) -

Moreover, the function T — Cs (R, T, || Xollgs) s a continuous function from Ry to Ry

and then is bounded on every compact set of Ry. We denote by Cs (R,T, || Xol||gs) the
positive constant such that, a.s for every t in [0,T],

[F (Xr(t) e < Cs (R, T, [| Xollys) -
Proof of Lemma 5.3. The proof is similar to the proof of Lemma 4.1 in [6]. O

Let us now denote by ep(s) the difference €j(s) = Xy(s) — X}% for all s € [tn, tnt1]
and state an intermediate result which gives a local estimate on ej(s).
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Lemma 5.4. Foranyp > 1, if X, € H? then there exists a positive constant Cy, such that

E sup
t 1<ty

Moreover Cy = Cp(y)Cgp(R,T, | Xollg2) + C(R)ALP, where Cy(y) is given in Lemma 2.1,
C3 is given in Lemma 5.3 and C(R) is a positive constant depending only on R.

o

glR_l(t)‘ ) g 04(R7T7p7,77 HXOHIHQ)Atp v l = 17 T 7NT'

HL

Proof of Lemma 5.4. This estimate is obtained using the Duhamel formulation (3.2), writ-
ing Xp(t) in terms of Xﬁ;l, using Lemma 2.1 and 5.3 and because G is globally Lips-
chitz. O

Let us now prove Proposition 3.2.

Proof of Proposition 3.2. We split the difference as follows
U (1, 9) G (Xp(s)) ~UAG (Xfg! X)) = AT+ A A7,
where

AT = Ulta, 5) (0% (Xn(s) = O ) F (Xp(s))

Ay = (U (tnys) — UR) OK M F (Xp(9)) (5:8)

=10yl gl—1 -
Az 7 =UN O <F(XR(3)) —F(ng 1,X§%>>-

In order to obtain an estimate on the global error in L% (§)), we decompose the term
Xp(s) — Xf%, appearing in Alfl’l and Aéﬁl’l, in two terms : 511%(8) and eﬂq. The first term
gives the contribution to the final order and the second term may be handled by a fixed

point procedure. Let us denote @lX = @ HX HIHl /R) for any [ = 0,---n. Writing

O} (Xn(s) — O = Ok (Xp(s)) (On (Xa(s)) - O%))
- 65! (0r (Xa(s) - O, )

and using the isometric property of the random propagator U, the boundedness of © and
©’ and the mean value theorem we obtain the following bound

t 2p

Or (Xp(s)) (On (Xn(s)) — OK)) Ultn, )F (Xp(s)) ds

=1 Yt—1

< (Fem [ 180 (], i, ) o)

By the same arguments, together with Lemma 5.3 and 5.4, we obtain

ZAl 1,

H!

2p

max
nefl,N]

< 05(R’ Tap) [04(RaT,P,% HXOHIH?)Atp +E <ng[j[l?}]{\f]] ‘|67]L%H]2Ifl>:| :
H! ’
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where C5 = C??R*T?. Now, we split the term Al;l’l further

171
AT = [ U () (0= U (s, 10-0) O M (X)) ds
ti—1
171
[ (U ntin) ~ U3 O (X() s
-1

_ Al211l+Al ll.

The first term in the above equality can easily be estimated using again the isometric
property of the random propagator U (¢,, s) and Holder inequality, together with Lemma
5.3 and 2.1,

2p

max

< Os(R, T, p, 7, || Xollp2 ) AP
ma SR T, 5,7, Ko )

ZAI 1,

H1

On the contrary, the second term A;T;’l cannot be bounded directly because we do not
have an explicit representation (in Fourier space) of the random propagator U(t, s), t,s €
R4,t > s, solution of the linear equation (2.1). Writing

1 -1
ug,tl =Untpn - Unti-1 (Id — §HAt,l—1> )

we split Al27_21’l as follows

AL = /tl (Ut tio0) — 243 ) O, (F (Xals)) = F (X)) s
ti—1
t

+ [ O (U (tnsti1) = Usim Unri 1) F (f(};l) ds

ti—1

t; 1 —1 _
+ [ O M Un s (Id — (Id — iHAt,l1> ) F (X;;l) ds

ti—1

! l -1,
= A221 +14222 +142,2,3-

The first term Al;;’ll is easily bounded thanks to the local Lipschitz property of the non-

linear function F', the isometric property of both U (t,,t;—1) and L{Z’tl, the boundedness of
O and Lemma 5.3. This leads to

n 2p

-1,
E :A2,2,1

=1

E max

< Co(R, T, p, 7, || Xo |l g2 ) AP 5.9
e (R, T, | Xol o) (59)

H1

Let us now consider the second term Al2j217’2[ that can be bounded using the linear estimate
(2.7) obtained in Proposition 2.2 together with Lemma 5.3. In this way,

n 2p

-1,
> Asad

=1

E | max < Co(R, T, p, 7, | Xo o) AFP. (5.10)

nel,N]

H1

An estimate on the last term Al2 93 18 obtained thanks to the next result, whose proof is
identical to Lemma 5.2.
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Lemma 5.5. For any n € IN, there exists a positive random constant Cp(w) < +00 a.s.
belonging to L* () ,p > 1, whose moments are independent of n, such that for any f € H!

1 -1
‘ [Id— (Id— §HAt,n> ] f

Moreover for any p > 1, there exists a constant C(p) independent of n such that

Col@)VAL | fllgn  as.

]LQ

E CH ) < C(p).
(o) <
From this Lemma, we easily obtain a bound on the last term A5 3. Combining the

above estimates (5.9), (5.10), we obtain an estimate on Al;;’l

2p

ZAI 1,

< Co(R. T, p, v, || Xollps ) AP
e o ( P, | Xo|lgs )

]Hl

Finally, we bound the last term Aéﬁl’l splitting it as follows

t; ~ ~
A7 = [ el (P () - F (K X)) s
-1
i ~ ~ ~ ~
+ upiei (P (X1 X5 ) = F (X X)) ds
-1

t
lol-1 -1 ¥l -1 3
+ [ uxiex (P (X5 XR) - F (X5 XE)) ds
-1
=10 gl=1D g1
= Ay A+ Az + Az

Note that by Lemma 3.1, the last term Agjgl’l is easily bounded as follows

max
nefl,N]

ZAl 1,

<cmaﬂmE(%wn%mQ,

IHl

where C19 = C?PR*T?. The first term Aé;ll’l is bounded using F <)~(§;1,)?§;1> =
F ()Z'%_l» Lemma 5.3, Holder inequality and Lemma 5.4. An estimate on the second

term Agj;’l may be obtained using Lemma 5.3 and Lemma 5.4. O

6 Conclusion

The evolution of the slowly varying envelopes driven by random polarization mode dis-
persion is described by the stochastic Manakov equation. We introduce three different
schemes for this equation using a semi-implicit discretization of the Stratonovich integrals.
We prove that the CN scheme is of order 1/2 and is conservative for the discrete I.? norm,
contrarily to a scheme based on the It6 formulation. This method may be applied to
other stochastic equations written in Stratonovich form and especially for equations with
conservation laws.
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