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On the long time behaviour of stochastic vortices systems

J.Fontbona* B.Jourdain'

August 5, 2013

Abstract

In this paper, we are interested in the long-time behaviour of stochastic systems of n
interacting vortices: the position in R? of each vortex evolves according to a Brownian
motion and a drift summing the influences of the other vortices computed through the Biot
and Savart kernel and multiplied by their respective vorticities. For fixed n, we perform the
rescalings of time and space used successfully by Gallay and Wayne [5] to study the long-time
behaviour of the vorticity formulation of the two dimensional incompressible Navier-Stokes
equation, which is the limit as n — oo of the weighted empirical measure of the system under
mean-field interaction. When all the vorticities share the same sign, the 2n-dimensional
process of the rescaled positions of the vortices is shown to converge exponentially fast as
time goes to infinity to some invariant measure which turns out to be Gaussian if all the
vorticities are equal. In the particular case n = 2 of two vortices, we prove exponential
convergence in law of the 4-dimensional process to an explicit random variable, whatever
the choice of the two vorticities. We show that this limit law is not Gaussian when the two
vorticities are not equal.

Keywords : vortices, stochastic differential equation, long-time behavior, Lyapunov
function, logarithmic Sobolev inequality.
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1 Introduction

In this work, we are interested in stochastic systems of interacting vortices :

t n
X=X\ + Vo Wi +/ > a;K(Xi-X])ds, 1<i<n (1.1)
0 ;=1
i
where K : x = (v1,22) € R? — 2;”‘;2 (x+ = (—x9,21)) denotes the Biot and Savart ker-

nel, (X¢);>1 are two-dimensional random vectors independent from the sequence (W¢);>1 of
independent two-dimensional Brownian motions. For i € {1,...,n}, the real number a; is
the intensity or vorticity of the i-th vortex. The Biot and Savart kernel K is singular at
the origin but locally bounded and Lipschitz continuous on R?\ {0}. Under the assumption
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P(3i #jst. X} = Xg ) = 0 that will be made throughout the paper, existence and uniqueness
results for this 2n-dimensional stochastic differential equation are given in [16, 13, 12, 2]. More-
over, it is shown in [12] and [13] that for ¢+ > 0, the random vector X; = (X},..., X7*) has a
density p;(x).

The relation between System (1.1) and the vorticity formulation

Jw(t,x) = vAw(t,x) — V. <w(t,x) -

K(x —y)uw(t, y)dy>

of the two dimensional incompressible Navier-Stokes equation is well known and has been studied
by several authors. It arises through the propagation of chaos property, stating in particular that
after a suitable normalization of the vortex intensities a;, some weighted empirical measure of
the system (1.1) or some variant of it involving a regularized version of the kernel K, converges
in law as n tends to co to wy, see [7, 8] for the regularized case and [14, 4] that deal with the
true Biot and Savart kernel.

On the other hand, the long time behavior for the two dimensional vortex equation has been
successfully studied in Gallay and Wayne [5], who established the strong convergence of a time-
space rescaled version of its solution w; as t — oo to a gaussian density with total mass given
by the initial circulation [p, wo(z)dz.

Motivated by that result, our goal in this paper is to explore some of the asymptotic properties
of System (1.1) as time tends to oo. To that end, following the scaling introduced in [5], we

define Z} = eféXét_l. The process (Z; = (Z},..., Z1))i>0 solves

t ]
. A A . A
VA :X3+\/2uB;+/ (ZajK(Z;—Zg)— f)ds, 1<i<n (1.2)
0o\
i
where < B} = Oetfl j‘s/[—/‘,'—_Sil)i>1 are independent two dimensional Brownian motions according to

the Dambin-Dubins-Schwarz theorem. This consequence of the homogeneity of the Biot and

Savart kernel can easily be checked by computing \/)5’2‘7“ by It6’s formula and then choosing
w=e' — 1. For t > 0, Z; admits the density

pi(2) = €™pou_y (2€12) (13)

with respect to the Lebesgue measure on R?”. Moreover, the Fokker-Planck equation

n n ' ' 1
Opt(2) = vAp(z) — Z; <Z_;ajK(zl - z])> -V,ipe(2) + §VZ.(zpt(z)), t>0,z € R™. (1.4)
j#i
holds in the weak sense.

The outline of the paper and the results that we obtain are the following. In Section 2, we
consider System (1.2) with vorticities a; of constant sign, and show in Subsection 2.1 by using
Lyapunov-Foster-Meyn-Tweedie techniques the exponential convergence in total variation norm
to some invariant law with a positive density with respect to the Lebesgue measure. In Subsec-
tion 2.2, we study the more restrictive case of particles having equal vorticities. In that case,
we show that the invariant measure is the standard 2n dimensional normal law scaled by the
viscosity coefficient, and that the relative entropy of the law of the particle positions with respect
to it goes exponentially fast to 0 at an explicit rate independent of n. Both results are translated



into the original time-space scale. We have not been able to study by similar techniques the
long-time behaviour when the vorticities are allowed to have different signs. In order to gain
some insight on the difficulties that the long time behavior raises in that case, we consider in
Section 3 the particular case of n = 2 vortices with arbitrary intensities. We completely describe
the equilibrium law in R* in terms of the stationary solution of a related stochastic differential
equation. We show exponential convergence to it in suitable Wasserstein distances. Last, we
prove that, although some linear combinations of the two particles positions are Gaussian under
the stationary measure, this stationary measure is not jointly Gaussian unless the intensities are
equal.

Notation

e For d € N* and a > 1, let W, denote the Wasserstein metric on the space of probability
measures on R? defined by

1/a
Wo(p,v) = inf </ |z — y[“p(dw,dy)) ,
RIxR4

“w
p< b

where the infimum is computed over all measures p on R¢ x R¢ with first marginal equal
to p and second marginal equal to v and |z —y| denotes the Euclidean norm of z —y € R,

e To deal with the singularity of the Biot and Savart kernel, we construct smooth approxi-
mations of this kernel which coincide with it away from 0. Let ¢ be a smooth function on
R4 such that

1 1
)= {2 TE2
rforr>1

and for € > 0, po(r) = ep(r/e). The kernel K.(z) o 5=V In(p.(|2])) coincides with K
for |z| > ¢ and is divergence-free, globally Lipschitz continuous and bounded.

2 Case of vorticities (a;)1<;<, with constant sign

In the present section, we assume that either Vi € {1,...,n}, a; > 0or Vi € {1,...,n}, a; <O.
Let Z ={z=(z},...,2") € R : Vi # j, 2t # 27}. For any z € Z, the unique strong solution
(Zf) of the SDE (1.2) starting from (Z}, ..., Z}') = z is such that 7% = inf{t > 0: 3i # j, Z} =
Z]} is a.s. infinite. Since the process (v/1 + t(lerl(1+t)’ Cee Zﬁ(lﬂ)))tzo solves (1.1), this is in
particular a consequence of [16].

2.1 Convergence to equilibrium

Proposition 2.1 The SDE (1.2) admits a unique invariant probability measure. This measure
admits a positive density pso with respect to the Lebesgue measure and there exist constants
C,\ € (0,400) such that

Vz e Z, sup < Ce M1 4V (2)),

[y, f(2)| <14V ()

E[f(ZF) - o f(@)pos(z)d




where
n

V()= laillz (2.1)

i=1

s

According to (1.3), the density of the original particle system (X!,..., X7?) is

ps(z) = (1 +8) "Pin(11s) (ﬁ) : (2.2)

We deduce that

Corollary 2.2 Let r = (z%,...,2") € Z. Denoting by XF the solution of (1.1) starting from
(Xg,..., X)) = (21,...,2"), onehas

Bl - [ e () | < o (14 (55)):

All the statements but the existence of the positive density ps are a consequence of Theorem
6.1 in [9]. To prove that the hypotheses of this theorem are satisfied, let us first check that the
function V' defined by (2.1) is a Lyapunov function. Denoting by

sup
Fvy lF(WIS1+HV (y/V14t)

n n

L=vA, — g.VZ—FZZa]K(z — ).V,

i=1 j=1

the infinitesimal generator associated with (1.2), one has

n Ny - (28 — )L (2 — 2)
z):41/Z|ai|—V(z)+QZaiajK(z —2).z :41/Z|ai|— +Zala] G T
i=1 Jj#i i=1 Jj#i
n
= 41/2 la;| — V(=
=1

where we used the oddness of the Biot and Savart kernel K for the second equality. Hence

- V(z)
LV(2) <40} laillsr, a2 S, ) —
i=1

and condition (CD3) in Theorem 6.1 [9] is satisfied. So it only remains to check that all compact
sets of Z are petite sets to apply this theorem. This is a consequence of Proposition 6.2.8 [10]
and of the next Lemma which implies that any skeleton chain is Lebesgue measure-irreducible
and that the invariant probability measure admits a positive density.

Lemma 2.3 The semi-group (P;)i>o defined by P, f(z) = E[(f(ZF))] is Feller and for any z € Z
and any t > 0, Z7 admits a positive density with respect to the Lebesgue measure.

Proof . Let us check by probabilistic estimations that the semi-group (P;);>0 is Feller and first



that for f:R?" - R bounded and going to 0 at infinity, so does P f.
Let R = Y%  |a;||Z7"|?. By Ito’s formula,

AR} =2vV2v > " |ai| 27" .dB} — Ridt +4v Y _ |ai|dt. (2.3)
i=1 =1
1 2y2v Ay R;? 4370 ag) 8v = ;
d =— i|Z".dB; L dt — =Lt 2) 7241244,
1+ Rf (1+R§)2;‘a’ COS A Ry (1+ Rj)? +(1+R§)3;al’ ol

The stochastic integral ( fot m Yoy |adl Zjvi.ng) . is a locally in time square integrable
s t>

martingale. Denoting by @ = maxi<;<p |a;|, remarking that » ", (1Z2|th’i|2 < aRf and taking
expectations, we deduce that

dE[ 1 ]< { R 8vaR;

da < (1+8va)E
it |1+ R (1+R§)2+(1+R§)3]_( +8va) [

1+ Rf] )
Therefore

1 1 _
El—— | <E < _¢ L+8va)t
[1+G\Zf!2] - [1+Rf} T |22 1+ mingcicn |ag]|[2[?

e(

(2.4)

For r € (0,400), since by Markov inequality, P(|Zf] < r) < E [%}, we deduce that
t

limy, 400 P(1Z7| <) = 0. As a consequence, for any bounded function f on R*" going to 0 at
infinity, lim|,|_,o P2 f(2) = 0.

Let f : R?"” — R be continuous and bounded. To check that z € Z + Pf(z) is continuous, we
introduce for € > 0 a bounded and smooth kernel K. : R? — R? which coincides with the Biot
and Savart kernel K on {z € R?: |z| > ¢} and define Z%° = (Z*%!,..., Z*%1) as the solution
of the SDE

Z,E,1

t n
A ‘ . ‘ .z
25 =2 4 V2wB; +/0 <§ a; K (25 = 2379) = =5 )ds, 1<i<n.  (25)
i

Since K. is Lipschitz continuous, one easily checks that |Z,° — thl’e| < |z — #|e%t for some
deterministic constant C. depending on e but not on z,z’ € R?*". Hence z — E[f(Z;°)] is
continuous. To deduce the continuity of z — E[f(Z;)], we are going to control the stopping
times

TS =inf{t > 0:3i#£j: |27 — 727 < e}

Notice that for z € Z, the processes Z% and Z*¢ coincide on [0, 7%¢]. Therefore,

V2,2 € Z, |Pf(2) - Puf()| < IBIF(Z7%) = FZ7 0]+ 20 f oo (B2 < ) + B < ).
(2.6)
By continuity of the paths of Z%, for z € Z, lim._,o7%° = 7 = +00 a.s. which implies that
lim.,oP(7%¢ < t) = 0. But we need some uniformity in the starting point z to deduce that
z € Z+ P,f(2) is continuous. The following computations inspired from [16] improve the result



therein into a quantitative estimate. By It&’s formula and since

Z Zzz Zz,j i Zzz Zz k) i (th,j _ th,l)J_
a;0; ——————— ap———+-"— — a———Lt"—
VS T e RV A e AV I
ki l#7
1
Zz,k
=2 a; ay———————— =0,
Z i Z J|Zzl_ ,]|2 Z ’ZZZ fk‘
];ﬁz k;ﬁz

one obtains

; ZZ , o1
D e B W e P G R DL
i#] ] i#]

Hence

, . ot
Zaiaj In|Zepy — Z22 EM| Zaza] In|z —zj|—— Zala] THENE] > Zaiaj <1n |2 — 27| — 5) .

i#J i#J i#j i#J
Since Vz > 0, In(z) < z, for € € (0, 1), the left-hand-side is not greater than

min a;a; In(e)P(r7*° < t) + Z a;a;E

sup |22 — Z77|
7 i#]

s€[0,t]

< n;m a;a; In(e)P(7%° < t) Z Zaj [ sup |Z21|

i = s€0,4]

J#l

7] 5€[0,t]

< mina;a;In(e)P(r"° < t) —i—2z:\/|aZ Z|aj| El/4 [sup (R?)?

J#z

Zz;ﬁ] a;a; ( —1In |Z - Zj ) + 221 1V |aZ < Ve |aJ ) E1/4 [SUPse[O,t](Ri)Q}

]P) zZ,€ < t <
(st < min,x; a;a; In(1/e)

(2.7)
By a standard localisation procedure, one checks that the stochastic integral the differential of
which appears in the right-hand-side of (2.3) is a martingale and that

n n
[Rf] = e aillZ' P+ (1 — e 4w Y ail.
i=1 i=1
By (2.3), RZ < R§+4v >0 laglt + 220 [ 30, |la;| Z2™" .dB! and by Doob’s inequality,
sup (R?)?| <2 Z]azl (12" + 4vt)) —1—321// ZaQE |ZZ"2)d
s€[0,t] =1
n . .
2 <(Z lag|(|2°)? + 4vt))? + 32va (Z lag||2°2(1 — e7t) + 4yz |ag|(t + et — 1))) :
i=1 =1

i=1

E




Plugging this estimation in (2.7), we deduce that for z € Z and « > 0 small enough so that the
ball B(z, ) centered in z with radius « is contained in Z, one has lim: 0 Sup./c (. a) P(r%e <
t) = 0. With (2.6) and the continuity of z — E[f(Z;)] for fixed ¢ > 0, we conclude that
z +— Pif(z) is continuous.

Last, by [12], for t > 0, v/1 + tleﬁ(l-H) admits a density satisfying some Gaussian lower bound.
This implies that for t > 0, Z7 admits a positive density. Notice that one could also deduce the
Feller property of the semi-group from the estimations of the fundamental solution of % — L
obtained by partial differential equation’s techniques in that paper but we preferred to give a
probabilistic argument.

|
2.2 Case of particles with equal vorticity
In the present subsection, we assume the existence of a € R* such that a; = a for all ¢ €
{1,...,n}. For instance, when wy is a non-negative (resp. non-positive) initial vorticity density

on R? with positive and finite total mass [wo|1, it is natural to choose the initial positions X§

wol - and g = lwols (resp. a = ——”w‘)”l) In this
e 5o . wolfy 27 no TP n

situation, the invariant density turns out to be Gaussian and we explicit the exponential rate of
convergence to equilibrium. In fact, both the invariant density and the rate of convergence are
the same as for the Ornstein Uhlenbeck dynamics given by (1.2) in the case without interaction:

a;=0forallie{l,...,n}.

i.i.d. according to the probability density

Proposition 2.4 Assume the existence of a € R* such that a; = a for all 1 € {1,...,n}.

The density poo(2!,...,2") = M#)ne’ﬁ =1 12'? s invariant for the SDE (1.2). Moreover, if
(Xé, ..., X{) has a density po with respect to the Lebesgue measure on R?" such that the relative

entropy ngn po In (%) is finite. Then, one has

vt >0, / peln <ﬁ> < et/ po In <&> .
R2n Poo R2n P
Since, by (2.2), the density ps of the orginal particle system (X}, ..., X?) is such that

s Pin(1+s
/ psIn P = / Pin(1+s) In ( 0 )> )
R2n (1 + S)inpoo (_) R2n Poo

V1+s

one easily deduces its asymptotic behaviour as s — +oc.

Corollary 2.5 Assume that (X&, ..., X{) has a density po with respect to the Lebesgue measure
on R?" such that the relative entropy ngn po In (po > is finite. Then

Poc

1
Vs > 0, / ps In Pe < T / po In (p_0> .
R2n (14 8) "pso < : > + 5 Jr2n Poo

~J



We shall first give formal arguments for Proposition 2.4, which will be made rigorous by replacing
K with the regularized kernel K.. The results for the system (1.2) will then be justified by
suitable passages to the limit as € — 0.

Let us check that ps, solves the stationary version of the Fokker-Planck equation (1.4). Since
forie{1,...,n}, vV,ipso + %Zpoo = 0, the result follows from

i(iK(’zz_Zﬂ)> Zpoo:——ZKZ_Z] ; ZKZ—Zj Z;Z
= ;;12 i#]j l;ﬁ]

2 (28 — )L (27— 2)

-3 i _ j2
i |28 — 27|

=0,

where we used the oddness of the Biot and Savart kernel K for the second equality.

Remark 2.6 When the vorticities a; of the particles are different, pso is no longer a solution
of the stationary Fokker-Planck equation.

The following computations about the exponential decay of the relative entropy are inspired
from the proof of Proposition 8 [6]. Since V,:.K(z' — 2/) = 0, one can replace the expression
K(z' — 29)Vips by V. (K(Z’ - Zj)Pt) Thus, by the Fokker-Planck equation satisfied by py,
Stokes’ formula and remarking that ngn 2(zpy) In(py) = fR2" z2.V,pr = fRQn 2np¢, one obtains

at/ pt1In < Pt > = Opy In <ﬁ>
R2n Poo R27 Peo

= / szi. <szipt + —pt — az K( - Zj)p;r) x (In(pt) — In(poo))
R2n =1 2 ey

j#i

_ |Vzpt|2 i J
==/ VT—npt—a E K(z'—27).V,ip
g i#i

+ / _az K(Zi - Zj)'vzi ln(poo) + E-vz ln(poo) - VAz ln(poo) Dt.

Next, dividing the stationary Fokker-Planck equation by p,, one obtains

g.VZ In(poo) — a; K(z' = 27).V i In(pso) = —v (A In(poo) + |V In(pso)[?) — . (2.8)

Using this and [po, 35, K(2' = 27).Vipe = 31 Jgon Vi <Z?;1 K(2' — zj)pt> =0 yields
A0

V.pi|?
2. pt1“<pt>:‘”/ o L oA () + (9. nlp) P
R2n R27

)
-

= —V

(2.9)

R2n

= —41/




The Logarithmic Sobolev Inequality satisfied by the invariant density p., ensures that

/ e In <ﬁ> §4y/
R2n P R2n

and one easily concludes by comparison with the ODE o/(t) = —a(t).

2
P

v, [P

o0

Proof of Proposition 2.4. Since the regularized kernel K. also satisfies K. (2! —27)-(2' —27) =
0, the arguments before Remark 2.6 permit to check that

/ L f(2)poo(2)dz = 0
R2n

for each compactly supported smooth function f : R?® — R, where L? is the generator of the
process Z¢ = (Z51, ..., ZE™) >0 defined by

Z€7i
; >ds, 1< <n.

75t = X+ V2B + / ( N KL (25— 229 ~
0o\
i

This implies by the criterion of Echeverria [1] that the density ps is invariant for the process
Z¢. In particular, for each function f as before, one has

Bnl/(Z0) = [ FIpal)d
where E,, denotes the expectation when the initial condition (X&, ..., X{) has the density peo.
Since by the proof of Lemma 2.3, for each ¢ > 0, Z; — Z; in law as ¢ — 0 under any initial
distribution of Z§ = Zj, we deduce that

Ewo(f(Z1)) = on f(2)poc(2)dz
for all such f and all ¢ > 0 which entails the desired result. Since the invariant density po, of
Z° has a locally integrable gradient, assumptions H1) , H2),_ , H3),_ in [3] are satisfied. For
any initial condition (X{,..., X#), Z¢ admits a positive density by the boundedness of K. and
Girsanov theorem. Let pg be a density on R?" and p; denote the density of Z§ when (X&, XY
has the density pg. Let us first suppose that % has polynomial growth. By Remark 2.5 [3], the
densities p7 then satisfy assumption H3)pye. By Theorem 2.4 and Corollary 2.6 in [3] we obtain

for all £ > 0,
(>
at/ piIn <p—t> < —41//
R2n P R2n

The Logarithmic Sobolev Inequality ensures that

£
Vvt >0, / piln (p—t> < e_t/ po In <&> (2.10)
R2n P R27 Poo

for all such pg. In order to extend the above inequality to a general initial density pg , recall
that the relative entropy H(-|ps,) defined on probability measures on R?*" by

V| —

Jgen In (%(z)) p(2)dz if m(dz) = p(z)dz

400 otherwise,

m— H(m|ps) = {



is lower semi-continuous with respect to the weak convergence.

For k € N*, let pf(2) = (po(2) A kpoo(2)) + [gan (Po(2) — kpoo(2)) Tdz. Setting ag = [gan (po(2) A
kpoo(2))dz and pf = (po A kpeo)/ak, one has ay € [0,1] and pf = axpk + (1 — ag)peo. Hence, by
convexity of m — H(m|pso),

H(pE|poo) <aH (pE|poc) + (1 — ) x 0

= —ayIn(ag) + / . po(z) In (If—o(z)> Lipo(2)<poo (2)} 02

R
D
+ /R% (po(2) N kpso(2)) In <p—0(z) A k) Lipo(2)>poo (2)} 47

where, by a slight abuse of notations, for a probability density p on R?", H(p|ps) denotes the
relative entropy of p(z)dz w.r.t. peo(z)dz. As k — oo, the third term in the r.h.s. converges

t0 [pon po(z) In (%(z)) Lipo(2)>pee(2)}d2 by monotone convergence and oy, — 1 by Lebesgue’s

theorem. With the lower semi-continuity of the relative entropy, this ensures that H (p]8|poo) —
H(po‘poo)-

Denoting by pf’e the density of Z; when (Xol, ..., X{) admits the density plg, one has by the
semi-group property

[ i@ - <@l < [ oo(z) - pb(aldz = 201 - )
R2n R2n

so that H (pf|peo) < liminfy_, o H(pf’€|poo). Hence (2.10) holds for general py. Finally, using
the convergence in law Z; — Z; as ¢ — 0 following from the proof of Lemma 2.3 and once again
the lower semicontinuity of the relative entropy, we conclude that the required inequality holds

for (Z) .

| |
3 Two particles case : n =2
This section is devoted to the simple case where only two vortices interact :
X} =X+ VW + [ aeK (X! — X2)ds
2 2 2 t 2 1 (3.1)
X7 =Xg+VwWy + [ e K(X7 — X])ds

Existence and uniqueness for this system follows from [16] when ajas > 0 and from [12] for
general vorticities. After the change of variables Z = e~/ 2X!, | fori € {1,2}, one obtains the
following dynamics :

Z} = X§ + V2Bl + [} axK(ZE — Z2)ds — § fo Zlds (32)
Z2 = X2 +\V2wB} + [ a1 K(Z2 — Z)ds — L [ Z2ds '
The difference Z; = Z} — Z} solves
t 1 t
Zy = Xé - Xg +2VvB; + a/ K(Zs)ds — 5/ Zds (3.3)
0 0
def def B1—B2 . . . . . .
where a = a1 + ag and By = —¢ 7 t is a two-dimensional Brownian motion independent from

the two dimensional Brownian motion Bj- = def B, \—/EB Remarking that

{Ztl = eféX& + \/;fge%tst + ﬁfge%stl + ag fge%K(Zs)ds

. . - : 3.4
7z} :eféon—ﬁfgeTtst—i—\/ljfo eTtdBSl—al fgeTtK(Zs)ds 34

10



we see that to understand the long-time behaviour of (Z}, Z2), it is enough to study the
long-time behaviour of the triplet (fge%st,fO G%K(Zs)ds,fge%dBé). The last coor-
dinate is independent from the two first and converges in law to a two-dimensional standard
normal random variable. So we only need to study the long-time behaviour of the couple

(Jie® 7 dBy, [1 €7 K(Z)ds). In fact,

®
|
o+

t t
VE>0, Z, = (X} — X2)e 2 +2ﬁ/ esétdBS—i—a/ e 2 K(Zs)ds (3.5)
0 0

and we are going to study the limit behaviour of

t t
1 & Law (Zt,/ ¢’ dB,, eSTtK(ZS)d5>.
0 0

lz|? 5 . . .
Let g0 : 2 € R? 81/%6_8_” and Zy denote a R%-valued random variable with density oo

independent from the Brownian motions B! and B2. The stochastic differential equation

_ _ Lo 1 [t
Zt = ZO + 2\/;Bt — a/ K(Zs)ds — 5/ sts (36)
0 0
admits a unique solution. Indeed, for all € > 0, K is globally Lipschitz continuous and bounded
on {z € R? : |z| > ¢} and Ry =3 |Z;|? solves the Cox-Ingersoll-Ross stochastic differential

equation
th = 4\/ I/th,@t + (8V — Rt)dt

(4yD)?
2

t
of the first statement in Proposition 2.4, one checks that the density ¢ is stationary for both
the SDEs satisfied by Z; and Z;. As a consequence, for all s > 0, Z, admits the density guo
and E(|Z,]) = E(|Z0]) < +00, E(|K(Zs)|) = =E(|Z0|™!) < +00. One deduces that the random

vector
_ o0
(Zo, / e
0

is well defined. Let po, denote its distribution.

with df, = L‘? and does not vanish since 8v = . By an easy adaptation of the proof

[ IV

(Zs/\/ﬂds - st) , /Ooo eSK(ZS)d5>

Proposition 3.1 If X& — Xg admits a density qo with respect to the Lebesque measure on R?
such that fR2 qo In <%) < 400, then for all t > 0, the density q; of Z; is such that

/ gt In <£> < et/ go1n <@> . (3.7)
R2 Qoo R2 VS

Moreover, for all o € [1,2), Wy (e, fieo) converges to 0 exponentially fast as t — +oo. If, in
addition, E(| X} — X2|P) < 400 for some p > 2, then this exponential convergence still holds for
all a € 1, p).

Remark 3.2 By the transport inequality satisfied by the Gaussian law (see [17]), Wa(qo, gso) <

2\/1/ ng qo In <;1700> (where by a slight abuse of notations ¢~ and qo stand for the measures

doo(2)dz and qo(z)dz). Hence, the finiteness of the relative entropy [ qoln (quOo) implies the
finiteness of E(| X} — X3|?).

11



This proposition, the proof of which is postponed, is the main step in the derivation of the
long-time behaviour of (Z}, Z?).

Theorem 3.3 If X0 X0 admits a density qy such that fRQ qo In ( > < +o00, then the 2 x 2

matriz (Z}, Z2) (with first column equal to Z} and second column equal to Z2) converges in law

to
220(1 1) +/O+OO e 2 (ﬁdBj + @K(@@) (1,-1).

Let ,ui’z and ,uégz respectively denote the law of (Z},Z}) and of the above limit. If, moreover,
E(| X3P + | X2|P) < +oo for some p > 1, then Wl ?, ud) converges to 0 exponentially fast
for all a € [1,p) and for o = p in case p < 2.

Last, unless as = a1, the limiting distribution ,uéf is not Gaussian.

Remark 3.4 o The linear combination alZ1 + a2Zt2 1s an Ornstein- Uhlenbeck process and
converges in law to some Gaussian limit. The difference Zy = Z} — Z2, which is linearly
independent of a1 Z} +asZ? as soon as aj+ag # 0, also converges to some Gaussian limit.
Nethertheless, unless a1 = ag, the limit distribution of (Z}, Z2) is not Gaussian.

o When ay = as, (Z}, Z2) converge in distribution to 22(1,1) —|—f e~ 2/vdBL(1,-1) with
% and f0+°o e_g\/;dBj both distributed according to N3(0,v13) and independent. One
thus recovers the limit distribution obtained in Proposition 2.4.

Let us first check that the Theorem follows from Proposition 3.1 before proving this Proposi-
tion.
Proof of Theorem 3.3. The random vector fg eSTitstl distributed according to N5 (0, (1 —
e ') I3) converges in law to G ~ N3(0, I2). Moreover for a > 1, W, (N3(0, (1—e~ %) 15), N2 (0, I3)) <
e s (E(|G|*))"* converges exponentially fast to 0. For « as in the statement of the theorem,
since

Wa (,U't ®N2(07 (1 - e_t)IQ)auoo ®N2(0712)) < 2(%_é)+ (Wa(ﬂuﬂoo) + Wa(N2(07 (1 - e_t)IQ)7N2(Oa 12))) )

the Wasserstein distance between the law ,ut®./\/2( (1—e™ ) I5) of ( Zt,fo st,f0 z S)ds,fot eST_tdBSL)
and the law 110 @N2(0, I3) of (Zo, [~ €™ 2(Zs/v/4v ds— dB oS e 2K (Zy)ds, [ e 2dBY )con—

verges exponentially fast to 0 by Proposmon 3.1. The ﬁrst statement then follows from (3.4)

and Slutsky’s theorem : (Z}, Z2) writes as the sum of e s (X¢, X2) which converges a.s. to zero

and the vector

<f/ *(dB +dBl)+a2/ T K(Z,)ds, \/—/ ‘(B — dB) — ay /OtesT_tK(Zs)ds>

with law [Li 2 which converges weakly to

/+OO
0

where e 2 (—VVdBs + 1 Z,ds + ¢ K (Zs)ds) = —%d(efgzs) by (3.6).

The second statement is a consequence of the triangle inequality

Wa (1172 152) < Walue?, i ®) + Wa(iiy?, k)

ern

<\FdBL (72)K(Zs)ds> (1,1)+/0+OO 5< VVdBg + = st+ K(Zs)ds> (1,-1),

12



where by (3.4) and the above definition of /Zi ’2, the first term of the right-hand-side is not greater

than e~ 2 (E( (X3, X02)|O‘)1/a. Since fi;” (resp. jis?) is the image of 1 @ N (0, (1—e*)13) (resp.
00 v 0 as 0 Vv 0

oo @ No(0,15)) by the mapping z € R® 8 8 _?/; \6; _(2“ %2 \(/); \{);

00 0 —wv 0 —-a 0 Vv

the second term is not greater than W, (,ut @ No(0, (1 — e 1) 13), fioo ®N2(0,12)) multiplied by

the operator norm of the above matrix.

Let us now suppose that a; # a2 and that ,u})f is Gaussian and obtain some contradiction.
Then, as can be seen using the characteristic function, the limit (Zo7 T IR (Zs)ds) of
(Zt, |, "7 K(Z,)ds) is Gaussian by independence of (Z;)i=o and J e stL.
Let ¢, = 2y/v fg e’z dB, ~ No(0,4v(1 — e 1) I5) which solves d(; = 2v/vdB; — %dt. Since by
(3.5), (¢ = Z — €757y — afot esT_tK(ZS)ds, (Zy, ) converges in law to some Gaussian random
vector (Zso, (oo) With Zo and (o both distributed according to Na(0,4v15). Let « and 3 be
the respective correlations of (i o With Z1,o and Zs o, L = 2v((0,, + 0¢,)(0z, + 0¢,) + (02, +
0¢,) (02, + 0¢,)) + (aK(2) — 5).V, — %'VC where z = (z1,22) and ¢ = ((1,{2) be the infinites-
imal generator of the process (Z;,(;). When both f : R* — R and Lf are continuous and
bounded functions, then E(f(Z;,(;)) and E(Lf(Z,(:)) converge respectively to E(f(Zso, (o))
and E(Lf(ZOO,COO)) as t — oo. If moreover Vf is bounded, taking expectations in Ito’s for-
mula, one obtains & SE(f(Zi,¢)) = E(Lf(Z4,¢)) so that the previous convergences ensure that
E(Lf(Zoo,(s0)) = 0. Assume for a while that this centering property may be extended to the

choices f(z, () respectively equal to (121, (122 and (222, for which Lf is equal to 4V—Z1C1—a%,

2
—(120 +a2§rlél‘2 and 4V(C12 + z% +4¢ %) — Qz%g“% — 26;:;72(1 and E(Lf(Zs,()) to dv(1 —a) — %,
—4vB+ 92 and (4v)(2 + 4a) — 2(4v)(20% 4+ 1) — ZaaB. One obtains the system

wl—a)— aﬁ =0 aoff =0
Bt 2 e —apree =g (3.8)
<16y(1 —a) - “5) —0 (1 —a) - as _

which has no solution («, ) when a # 0. This provides the required contradiction in the case
a # 0, once we are able to extend the centering property to the three above choices of f. To

deal with the singularity of the terms like 222412, for e € (0,1), we introduce a non-decreasing
72|

odd C? cutoff function ¢, : R — R such that

0if |z] < §
pe(r) = wiflz] €[e, 7], l¢lllc <2and  sup [@f(z)|+e sup [p(z)| < co.
X f > 2 8<17|$|26 6<1,‘1“§5
2¢| x| =z

The centering property E(L f-(Zxo,(x)) = 0 holds for f. respectively equal to (10-(21), (10(22)
and (?p?(z1) by replacing the boundedness by the uniform integrability derived from the bound

Vn € N, sup;>o E(|G|") = E([¢o|™) < +o00. For f(2,¢) = (121 and f:(2,() = C1¢:(21), one has

ZOO o ZOO o
L{fe = D) oer o) = 2061, 1) + (1= i) x (w4 D250 4 o i)

13



The expectation of the second term in the right- hand—side tends to 0 as ¢ — 0 by Lebesgue’s
theorem. On the other hand, using the controls on ¢ for the inequality, one obtains

B (C1,000% (Z1,00))] = [E(E(CL000% (Z1,00))| Z1,00) | = |0B(Z1,00 07 (Z1,00))|

21,00
§C<E<‘ 1 ‘1{8<|Zloo<5}>+E<‘Zloo’1{|zl |>1 }))6190,

so that E(Lf(ZOO, (x)) = 0. By similar arguments, the centering is still true for f equal to ;29
and (323

When a = 0, (o,8) = (1,0) Solves the system (3.8), which is not surprising since V¢, Z; =
(. We then work with & = fo s)ds. Ast — oo, (Z;,&) converges in distribution
to some Gaussian random vector ( 00,500) with Z,, distributed according to N2(0,4r13) and
oo centered since [~ e ~2K(Z,)ds is centered. The infinitesimal generator of (Z, &) is L =

A, - 2.V, + (K(z) — 5).V§. For f(z,&) respectively equal to —&122 and €222, Lf is equal to
5122%-% and 4v€—26222— £122 and the equality E(L f(Zso, x0)) = 0 yields Cov(Z2 00, &1,00) =

e
— & and 4vVar(&1,00) — 2 (4vVar(&1,00) + 2Cov?(Z2,00,€1,00)) — 2 CoV(Za,00,&1,00) = 0. These
equahtles imply Var(§1,0) = —% 45 > which is the desired contradlctlon To justify the equality
E(Lf(Zx,&x)) = 0 for the above choices of f one first construct approximations f; , for e,n €
(0,1) by replacing the factors z1, 22, &1, & respectively by - (21), @<(22), ¥y(&1) and ¢, (£2).
For ¢ € (0,1), f. is obtained similarly by only replacing the factors z; and 2, in f. Then
E(Lf:n(Zso,&x)) = 0. Since no second order derivative of ¢, appears in Lf. ,, one may apply
Lebesgue’s theorem to take the limit n — 0 and obtain E(L f-(Z«, £x)) = 0. Then one concludes

as previously by taking the limit € — 0.

Proof of Proposition 3.1. The first statement is obtained by an easy adaptation of the
proof of Proposition 2.4. Let us deal with the second statement. Let ¢ > 0. Csiszar-Kullback

inequality writes ||q;/2 —ooll1 < \/ 2 [po @ /2In <qt/ 2) By (3.7), the left-hand-side is smaller than

qt/2 NGoo
qt/2
random variables independent from (B!, B, X}, X2) with U uniformly distributed on [0, 1] and

Ct/2 distributed according to the density %
e} t

Ce~ i with C not depending on t. Let p;p = and (U, ¢; /2) be a couple of independent

(when [po(goo — @1/2)" = 0, @172 = oo
and Ct/2 is not needed in what follows). The random variable Zt//2 1{USpt/2(Zt/2)}Zt/2 +
1{U>pt/2 (Ze)2) 11¢¢/2 admits the density g and is such that IP’(Zt/2 # t/2) = %Hqt/Q — ¢ooll1. Let
(Zz/z)szt/g be the unique solution of the SDE

’ 1
Zt/2 f//; +2y/v(Bs — — Byjp) + /t/2 <aK(Zf/2) _ §Zf,/2> dr

and fi; denote the law of (Zf/Q,ftt/2 *3'dB,, ft/z K(Zs /2)d5) By trajectorial uniqueness,

(Z)s31/2 and (Z0%) 5475 coincide on {U < pys(Zyya)}. Let Ays = {U > pyya(Ziy)}. By the
triangle inequality, for a > 1,

Wa(ﬂt, ,Ufoo) < Wa(,ufta ﬂt) + Wa(:&t, ,U'OO) (39)
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For v > «, one has, using Holder’s inequality for the second step,

2

s—t

2" dB,

t/2
WS(Mtaﬂt) < E<<1At/2’Zt - Z:/Q‘Q + ‘ / €
0

82 b
+‘/ eTtK(Zs)ds%—lAm/ 7 (K(Zs) — K(ZY/?))ds
0

t/2
t/2 s
/ e 2 dB;
0

t
/ T K (Z,)ds
t/2

)

«

<380 [ IR(Ae) S B i+ B512D) 4 B

[e% vy «
+E~

Y—«

+ 30‘_1{E +P(Ayn) T <E%

bl

t/2 ot
/ 2 K(Z,)ds
0

t
/ e K(Z/?)ds
t/2

(63
The term E fg/z e’z dB,| is equal to (e7t/2 —e7H2/2E|G|™ where G ~ N>(0, I5) and converges

—a 1—a
exponentially fast to 0. So does P(At/Q)WT = (% /2 — %oHl) 7 according to the beginning of
the proof. According to Lemma 3.5 below and since ¥z € R?, |K(z)| < 2%, the terms involving

Bk
the Biot and Savart kernel K also converge to 0 exponentially fast. The expectation E[Zf/ 2\7

does not depend on t and is finite. When fRQ qo In (%’O) < +o00, choosing v = 2, we deduce

from Remark 3.2 and Lemma 3.6 below that W, (u, fir) converges to 0 exponentially fast for
€ [1,2). When moreover E|X} — X2|? < +o0 for some p > 2, choosing v = p, we obtain that
this exponential convergence holds for a € [1, p).

By Lemma 3.7 below, which is based on a time-reversal argument, ji; is the law of (Zy, 5/2 ez (Zs/\V4v ds—
dBsy), Ot/z e 3K (Zs)ds). Since fio is the law of (Z, I e~ 2 (Zs/V4v ds—dBy), I e 2 K(Z,)ds),

one deduces that
+o0o _ +o0o s B
E / e 2Zsds / e 2K(Zy)
t/2 t
o

/2
The term E‘ f;;;o e_gst‘ is equal to e_aTtE]G]a where G ~ N5(0, I3) and converges exponen-

e} e}

1
+E

20/2

(V1)

wg@mum>§2@_”+<

“+o0
+20‘_1E‘/ e 2dB,
t/2

tially fast to 0. Moreover, by Holder’s inequality

+o0 _
/ e 2Z.ds
t/2

with E|Zg|% < 4+00. The third term of the right-hand-side is equal to e TE 0+°° e 3K (Zy)ds

(11

@ 1 (a=1)t +oo s _ at _
E <2% e 4 / e 2E|Zs|%ds = 2%~ 4 E|Zy|*
t

/2

where the expectation is finite according to Lemma 3.5 below.

Lemma 3.5 Let ((t)¢>0 solve the SDE

¢, = 2/vdBy + cK (()dt — %dt

for some real constant c¢. Then,

too g3 " tds\"
Vn € N*, 3C < 400, V¢, E / |<|d8 < C and VtzO,IE<</ |<|> >§C’(1+t)".
0 s 0 s
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Proof . The process Rt = |Ct|2 solves the Cox-Ingersoll-Ross stochastic differential equation
th == 4\/ l/th,Bt + (81/ - Rt)dt

2
with df; = % and does not vanish since 8v = @. By the comparison principle for this

stochastic differential equation, for ¢ > s,

1 oo
E(—|Rs S/ —p(t —s,0,r)dr
<\/Rt ) 0o VT ( )

mef sv(1-e¢~") denotes the transition density from the state 0.

TR RS> <, /m. By successive conditionings, one deduces that

1 C
Vn e N*, 3C, >0, V0O =1y <t <...<t,E< )S n .
’ s U\ ez [l )~ Ty VI — el

where for ¢ > 0, p(¢,0,7) =

One deduces that E <

As a consequence

E<</0|C> >‘"'/ / / 2 () dnte-r---d

<C/ / t dt,dt,_q .. .dty
t1 t 1 H \/1 _etk—1—tk

Since Vs € [0, ¢],

f \/—dr < fo \/—dr < C(1+t), one concludes that E <<ft ‘ZI:) >

C(1+t)". The finiteness of E << f0+°° e % ds) > is obtained by a similar argument remarking

|Cs
that Vs > 0, f:oo \/%dr < fo \/%dr < +o00.

Lemma 3.6 If for some v > 2, E|X§ — X§|7 < 400, then sup;soE|Z;|7" < +o0.

Proof . By It6’s formula, for § > 2,
1)
d|Z,)° = 2/vd|Z,|°"2 Z,.d B, + <2y52yzt\“ - iyzt\(s) dt.

For the choice § = 2, since E|Zy|? < 400, by a standard localization argument we obtain that
dE|Zy|* = (8v — E|Z;*)dt and deduce that sup;sqE|Z;|* < +00. By induction, we then check
that for all k € {1,...,[3]}, dE|Z;|** = (8vk?E|Z;|>*~ — kE|Z,|**)dt so that

t
E|Z|** < e ME|Zo[** + 8y/<:2/ FIE| Z,*FVds and supE|Z;|* < +oc.
0 >0
With the choice § = ~, we then conclude that dE|Z;|" = (2v4?E|Z;[~2 — JE|Z;|")d¢t and that

sup;>q E[Z:7 < +oo0.
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Lemma 3.7 For s € [0,], let Ft = o(Z)*,(By — Bo)ep—sg). Then (BL < By, — B +
ﬁ ftt_s Zﬁ/zdr)se[ovt/g} is a Ft-Brownian motion and (2 & Z:ﬁ)se[o,t/z] solves
dZt = 2\/vdBt — aK (Z!)ds — —ths
Moreover, (Zf/Q,ftt/2 dBS’ft/2 (Z/ )ds)and (Zo, |, /2 e~ 2(Zy/\/Av ds—dBy), ft/z e 2 K(Z)ds)

have the same distribution.

Proof . One has

t t . b2 . 2 .
<Zf/2,/ eJst,/ e 2tK(Z§/2)ds> = (Zg,/ 62(Z§/\/4uds—dB§),/ e2K(Z§)ds>.
t/2 t/2 0 0

Moreover, the trajectorial uniqueness for the stochastic differential equation (3.6) implies that
(Zs, Bs)sepot/2) and (ZL, BY)seo,/2) have the same distribution. Therefore the second statement
is a consequence of the first one.

Without the singularity of the Biot and Savart kernel at the origin, the first statement would
be a consequence of [15], Theorem 2.2 and Corollary 2.4 (see also [11] for more general results
concerning the time-reversal of diffusion processes). To deal with this singularity, we use the
smooth approximations K. of this kernel defined at the end of the introduction. For ¢ > 0, let

(Z§/3)8>t/2 be the unique solution of the SDE

s

212 = 23 + 2B B) + [

oK.(2/2) — L7112 ar.
/2 o2

By an adaptation of the proof of the first statement in Proposition 2.4, for all s > t/2, Zt/ 52 is

distributed according to the density ¢o.. By Theorem 2.2 [15], one deduces that for g : R2 —R
continuous and bounded and 0 < r < s < /2,

t—r
E<<Bt S Bt r"’ﬁ L Zt/Qd ) ( ;/tz r)) =0.
Hence
t—r
B((8 - Bl < oz B (a2 [ - 2

w5 (B Bes oz [ 2w @) - o )| 6o

Since Z%/* does not vanish, 7. =3 inf{u > %: \Zt/Q\ < ¢} goes to infinity when e goes to 0. The

processes (Zf/2)ue[t/2 ¢ and ( 5/3)%[,5/2 9 Comcude on 7. > t. By Lebesgue’s theorem, the second
term of the right-hand-side of (3.10) converges to 0 as ¢ — 0. So does the first term since

t—r t—r
B (a2t [ @ - i) < lale [ (10
t—r
<ol VB <D [\ f2 (1240 + 12
t—s

= 2]glle (s — 1)\ /B(r= < OE(Z0]).

742 Zé{j() du
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Therefore E(B! — BHZ:P) = 0. Since F! = O'(Zt/2 (Bu — Bt)uejt—ry) and B! - Bl =B, , —

r t—r>
By + ﬁ tt:; Z!/*du, one deduces that E(B! — Bt|Ft) = 0. Taking into account the quadratic
variation, one concludes that B is a Fl-Brownian motion. The second statement follows easily.
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