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The resurgent character of the Fatou coordinates

of a simple parabolic germ

Artem Dudko, David Sauzin

Abstract

Given a holomorphic germ at the origin of C with a simple parabolic fixed point, the
local dynamics is classically described by means of pairs of attracting and repelling Fatou
coordinates and the corresponding pairs of horn maps, of crucial importance for Écalle-
Voronin’s classification result and the definition of the parabolic renormalization operator.
We revisit Écalle’s approach to the construction of Fatou coordinates, which relies on Borel-
Laplace summation, and give an original and self-contained proof of their resurgent character.

Keywords: Complex dynamics, Ecalle-Voronin invariants, Resurgent functions.

1 Resurgence and summability of the formal Fatou coordinate

Let us give ourselves a simple parabolic germ of holomorphic map at the origin of C, i.e. of the
form

F (w) = w + cw2 +O(w3) ∈ wC{w} (1)

with c ∈ C
∗. We rewrite it at ∞ by means of the change of coordinate z = −1/cw:

f(z) := −
1

cF
(

− 1
cz

) = z + 1 + a(z), a(z) = −ρz−1 +O(z−2) ∈ z−1
C{z−1} (2)

with some ρ ∈ C. For every R > 0 and δ ∈ (0, π/2), we introduce the notations

P
+
R,δ

:=
{

r eiθ ∈ C | r > R, −π
2 − δ < θ < π

2 + δ
}

,

P
−
R,δ

:=
{

r eiθ ∈ C | r > R, π
2 − δ < θ < 3π

2 + δ
}

.

Definition 1. A pair of Fatou coordinates at ∞ is a pair (v+, v−) of univalent maps

v+ : P
+
R,δ → C, v− : P

−
R,δ → C,

for some R and δ, such that

v+ ◦ f = v+ + 1, v− ◦ f = v− + 1. (3)

It is well-known that pairs of Fatou coordinates exist and are unique up to the addition of
a free pair of constants (c+, c−) ∈ C

2. We shall see how to recover these facts by means of
Borel-Laplace summation.

Notation. Let b(z) := a(z−1) and b1(z) := b(z)+ρ log 1+z−1b(z)
1−z−1 , so that b(z) ∈ z−1

C{z−1} and

b1(z) ∈ z−2
C{z−1}. We denote by Cid−1 and Cid+b the composition operators ϕ(z) 7→ ϕ(z− 1)

and ϕ(z) 7→ ϕ
(

z + b(z)
)

, acting in spaces of functions as well as in the space of formal series
C[[z−1]].



Suppose that P = P
±
R,δ with R large enough so that b is analytic on P and let Log be any

branch of the logarithm in P. Under the change of unknown function v(z) = z+ρLog z+ϕ(z),
the equation v ◦ f = v + 1 is transformed1 into

Cid−1ϕ = Cid+bϕ+ b1. (4)

Theorem 1. Equation (4) admits a unique formal solution of the form ϕ̃(z) =
∑

n≥0 cnz
−n−1.

Its formal Borel transform ϕ̂ := Bϕ̃ =
∑

n≥0 cn
ζn

n! is 2πiZ-resurgent, in the sense that it con-
verges for |ζ| < 2π and extends analytically along any path issuing from 0 and staying in C\2πiZ
except for its origin.

Moreover, for such a path γ with endpoint ζ∗ ∈ iR or for γ = {0} and ζ∗ = 0, and for
δ0 ∈ (0, π2 ), there exist C0, R0 > 0 such that the analytic continuation contγ ϕ̂ of ϕ̂ along γ
(which is a holomorphic germ at ζ∗) satisfies

∣

∣

∣
contγ ϕ̂

(

ζ∗ + t eiθ
)

∣

∣

∣
≤ C0 e

R0t for all t ≥ 0 and θ ∈ I+δ0 ∪ I
−
δ0
, (5)

where I+δ0 := [−δ0, δ0] and I
−
δ0

:= [π − δ0, π + δ0].

In the case γ = {0}, inequality (5) says that the formal series ϕ̃ is Borel-Laplace 1-summable in
the directions of I+δ0 and I−δ0 . In fact, Theorem 1 says much more, since it provides a Riemann
surface to which ϕ̂ extends, with exponential estimates on all its sheets. The rest of this section
is devoted to the proof of Theorem 1.

The operator Cid−1 − Id maps z−1
C[[z−1]] to z−2

C[[z−1]] bijectively, we denote by E the
inverse, which decreases the order by one unit and has for Borel counterpart the multiplication
operator

Ê : ψ̂(ζ) ∈ ζC[[ζ]] 7→
1

eζ − 1
ψ̂(ζ) ∈ C[[ζ]].

On the other hand, B := Cid+b− Id =
∑

k≥1
1
k!b

k
(

d
dz

)k
(formally convergent series of operators)

increases the order by at least two units, so that the composition EB maps z−k−1
C[[z−1]] in

z−k−2
C[[z−1]] for every k ≥ 0.

Lemma 1. Let ϕ̃k := (EB)kEb1 ∈ z−k−1
C[[z−1]] for k ≥ 0. Then the formally convergent

series
∑

k≥0 ϕ̃k is the unique solution of (4) in z−1
C[[z−1]].

Proof. For ϕ̃ ∈ z−1
C[[z−1]], (4) ⇔ (Cid−1 − Id)ϕ̃ = Bϕ̃ + b1 ⇔ ϕ̃ = EBϕ̃ + Eb1, whence the

conclusion follows.

Lemma 2. For each k ≥ 0 the formal Borel transform ϕ̂k := Bϕ̃k is 2πiZ-resurgent.
Suppose 0 < ε < π < τ , 0 < κ ≤ 1 and D is a closed disc of radius ε centred at 2πim0 with

m0 ∈ Z
∗. Then there exist C1,M,R > 0 such that, for every piecewise C1 path with natural

parametrisation γ : [0, ℓ] → C satisfying

s ∈ [0, ε] ⇒ |γ(s)| = s, s > ε ⇒ |γ(s)| > ε, (6)

s ∈ [0, ℓ] ⇒ |γ(s)| > κs and γ(s) ∈ Ω+
ε,τ,D, (7)

1Notice that, for |z| large enough, f(z)
z

is close to 1, hence Log f(z)−Log z = log f(z)
z

where log is the principal
branch of the logarithm.
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(a) Illustration of Theorem 1. (b) Illustration of Lemma 2.

where Ω+
ε,τ,D

:= { ζ ∈ C | Re ζ > −τ, dist
(

ζ, 2πiZ∗
)

> ε } \ {uζ ∈ C | u ∈ [1,+∞), ±ζ ∈ D },
one has

∣

∣contγ ϕ̂k

(

γ(ℓ)
)∣

∣ ≤ C1
(Mℓ)k

k!
eRℓ for all k ≥ 0. (8)

Proof. Choose M0, λ > 0 so that
∣

∣

∣

ζ

eζ−1

∣

∣

∣
≤M0 e

−λ|ζ| for ζ ∈ Ω+
ε,τ,D. We have b̂ := Bb, b̂1 := Bb1

entire functions, with

|b̂(ζ)| ≤ C eβ|ζ| and |b̂1(ζ)| ≤ C|ζ| eβ|ζ| for all ζ ∈ C,

for some C, β > 0. The formal Borel transform maps bk(z) to b̂∗k(ζ), the k-th convolution2

power of b̂(ζ), which is also entire and for which we get

|b̂∗k(ζ)| ≤ Ck |ζ|k−1

(k − 1)!
eβ|ζ| for all ζ ∈ C. (9)

The Borel counterpart of Cid+b − Id is B̂ : ψ̂ ∈ C[[ζ]] 7→
∑

k≥1
1
k! b̂

∗k ∗ ((−ζ)kψ̂) ∈ C[[ζ]], which
leaves invariant the subspace C{ζ} and induces on it an integral transform

B̂ψ̂(ζ) =

∫ ζ

0
K(ξ, ζ)ψ̂(ξ) dξ for ζ close to 0,

with kernel functionK(ξ, ζ) =
∑

k≥1
(−ξ)k

k! b̂∗k(ζ−ξ). The point is that this kernel is holomorphic
in C× C, with estimates following from (9):

|K(ξ, ζ)| ≤ C|ξ| e
µ|ξ|+(C

µ
+β)|ζ−ξ|

for all (ξ, ζ) ∈ C× C,

with any µ > 0. Therefore, whenever a germ ψ̂ ∈ C{ζ} admits analytic continuation along
a naturally parametrised path γ : [0, ℓ] → C, this is also true for B̂ψ̂, with contγ B̂ψ̂

(

γ(s)
)

=
∫ s

0 K
(

γ(σ), γ(s)
)

contγ ψ̂
(

γ(σ)
)

γ′(σ) dσ for all s ∈ [0, ℓ]. Hence 2πiZ-resurgence is preserved by

the composition ÊB̂ and we can get estimates.

2The formal Borel transform B maps the Cauchy product of formal series to the convolution product defined
by φ̂ ∗ ψ̂(ζ) =

∫ ζ

0
φ̂(ζ − ξ)ψ̂(ξ) dξ, with termwise integration for formal series φ̂, ψ̂ ∈ C[[ζ]], and with the obvious

analytical meaning when φ̂, ψ̂ ∈ C{ζ} (then taking ζ close enough to 0).
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We start with ϕ̂0 = Êb̂1 = b̂1(ζ)
eζ−1

, which is meromorphic and clearly 2πiZ-resurgent, and

satisfies (8) with C1 := M0C and with any R ≥ β. We choose µ := λκ, R := C
µ
+ β and

M := M0C
κ

. We obtain the desired result for ϕ̂k = (ÊB̂)kϕ̂0 by induction, observing that if a

path γ satisfies (6)–(7) and a 2πiZ-resurgent function ψ̂ satisfies
∣

∣

∣
contγ ψ̂

(

γ(s)
)

∣

∣

∣
6 eRsΨ(s) for

all s ∈ [0, ℓ] then, for all 0 6 σ 6 s 6 ℓ, |K(γ(σ), γ(s))| 6 Cσeµσ+R(s−σ) and
∣

∣

∣

1
eγ(s)−1

∣

∣

∣
≤ M0

κs
e−µs,

whence
∣

∣

∣
contγ ÊB̂ψ̂

(

γ(s)
)

∣

∣

∣
6

CM0
κ

eRs

∫ s

0

σ
s
Ψ(σ) e−µ(s−σ) dσ 6M eRs

∫ s

0
Ψ(σ) dσ for all s ∈ [0, ℓ].

We can deduce that the series of holomorphic functions
∑

k≥0 ϕ̂k converges normally in any

compact subset of the disc
{

|ζ| < 2π
}

(using paths γ of the form [0, ζ]) and that its sum,
which is ϕ̂, extends analytically along any naturally parametrised path γ which starts as the
line segment [0, 1] and then stays in C \ 2πiZ: indeed, taking ε, κ small enough and τ,m0 large
enough, we see that Lemma 2 applies to γ and the neighbouring paths, so that (8) yields the
normal convergence of

∑

k≥0 contγ ϕ̂k(γ(t)+ ζ) = contγ ϕ̂(γ(t)+ ζ) for all t and ζ with |ζ| small
enough. Therefore ϕ̂ is 2πiZ-resurgent.

We also get the part of (5) relative to I+δ0 : given δ0 ∈ (0, π/2) and γ with endpoint ζ∗ ∈ iR,
we first replace an initial portion of γ with a line segment of length 1 (unless γ stays in the unit
disc, in which case the modification of the arguments which follow is trivial) and switch to its
natural parametrisation γ : [0, ℓ] → C. We then choose

ε < min

{

1, min
[1,ℓ]

|γ|, dist
(

γ
(

[0, ℓ]
)

, 2πiZ∗
)

, dist
(

ζ∗, 2πiZ
)

cos δ0

}

,

κ < min

{

min
[0,ℓ]

|γ(s)|
s
, min

t≥0

|ζ∗+t e±iδ0 |
ℓ+t

}

,

τ > −minRe γ and m0 >
1
2π (ε + max|Im γ|), so that, for each t ≥ 0 and θ ∈ I+δ0 , Lemma 2

applies to the concatenation Γ := γ + [ζ∗, ζ∗ + t eiθ]; since Γ has length ℓ + t, (8) yields
∣

∣contγ ϕ̂
(

ζ∗ + t eiθ
)∣

∣ =
∣

∣contΓ ϕ̂
(

Γ(ℓ+ t)
)∣

∣ ≤ C1 e
(M+R)(ℓ+t).

The part of (5) relative to I−δ0 follows from the fact that ϕ̂−(ζ) := ϕ̂(−ζ) satisfies all the
properties we just obtained for ϕ̂(ζ), since it is the formal Borel transform of ϕ̃−(z) := −ϕ̃(−z)
which solves the equation Cid−1ϕ̃

− = Cid+b−ϕ̃
−+ b−∗ associated with the simple parabolic germ

f−(z) := −f−1(−z) = z + 1 + b−(z + 1).
The proof of Theorem 1 is now complete.

Remark 1. The name “resurgent”, whose definition in a particular case is given in the statement
of Theorem 1, was chosen by Écalle because of the explicit connection he obtained between the
germ ϕ̂ at 0 and the singularities of its analytic continuation at any point of 2πiZ—see [DS13].
Theorem 1 is stated in [Eca81], with a detailed proof only for the case ρ = 0. The above proof
is original and simpler.

Remark 2. For a path γ ending at a point ζ, we get the explicit formula

contγ ϕ̂(ζ) =
1

eζ − 1

(

b̂1(ζ) +
∑

k>1

∫

∆γ,k

b̂1(ξ1)
K(ξ1, ξ2) · · ·K(ξk−1, ξk)K(ξk, ζ)

(eξ1 − 1) · · · (eξk−1 − 1)(eξk − 1)
dξ1 ∧ · · · ∧ dξk

)

,

with the notation ∆γ,k :=
{ (

γ(s1), . . . , γ(sk)
)

| s1 6 · · · 6 sk
}

for each positive integer k.
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2 Fatou coordinates and lifted horn maps

For γ = {0} and any δ0 ∈ (0, π/2), Theorem 1 provides R0 = R0(δ0) and we may apply the
Laplace transform:

L
θϕ̂(z) :=

∫ eiθ∞

0
e−zζϕ̂(ζ) dζ, θ ∈ I+δ0 ∪ I

−
δ0
,

defining L
θϕ̂ holomorphic in Πθ

R0(δ0)
:= { z ∈ C | Re(z eiθ) > R0(δ0) }. The functions Lθϕ̂ with

θ ∈ I+δ0 are extension of each other, similarly for I−δ0 , so we get two Borel-Laplace sums

L
+ϕ̂ in U+ :=

⋃

δ0∈(0,
π
2
)

⋃

θ∈I+
δ0

Πθ
R0(δ0)

, L
−ϕ̂ in U− :=

⋃

δ0∈(0,
π
2
)

⋃

θ∈I−
δ0

Πθ
R0(δ0)

.

Since U± ⊂ C \ R∓, we choose branches of the logarithm as follows:

Log+ z =

∫ z

1

du

u
for z ∈ C \ R−, Log− z = iπ +

∫ z

−1

du

u
for z ∈ C \ R+.

Theorem 2. The formulas

v±∗ (z) := z + ρLog± z + L
±ϕ̂(z), z ∈ U±, (10)

define a pair (v+∗ , v
−
∗ ) of Fatou coordinates at ∞ for the simple parabolic germ f . For any

0 < δ′ < δ < π/2, provided that R is large enough, the function L
±ϕ̂ has uniform 1-Gevrey

asymptotic expansion ϕ̃ in P
±
R,δ and the function v±∗ is univalent in P

±
R,δ with its image con-

taining a set of the form P
±
R′,δ′.

Any other pair of Fatou coordinates is of the form (v+∗ + c+, v−∗ + c−) with arbitrary complex
constants c+, c−.

++

(c) Illustration of Theorem 2.

(For the definition and properties of 1-Gevrey asymptotic ex-
pansion, see [Mal95] or [Ram93].)

Proof. Since b1 is convergent, it coincides with L
+b̂1 on U+,

similarly b|U+ = L
+b̂. We have eζϕ̂ = ϕ̂ + B̂ϕ̂ + b̂1 and

L
+
(

eζϕ̂
)

(z) = (L+ϕ̂)(z − 1). The Laplace transform maps
the convolution product to the product of functions and the
operator of multiplication by −ζ to the differentiation d

dz ,

hence its action on each term of ϕ̂+ B̂ϕ̂ = ϕ̂+
∑

k≥1
1
k! b̂

∗k ∗

((−ζ)kϕ̂) is clear and (9) allows us to exchange L
+ and

∑

:

L
+(ϕ̂+ B̂ϕ̂) =

∑

k≥0

1

k!
bk
(

d
dz

)k
L
+ϕ̂ = L

+ϕ̂ ◦ (id+b).

It follows that L
+ϕ̂ is a solution of (4), and hence that v+∗

satisfies (3).
Observe that P

+
R,δ ⊂ U+ as soon as there exists δ0 such that δ < δ0 and R ≥ R0(δ0)/ sin(δ0−

δ). The 1-Gevrey asymptotic property is standard in Borel-Laplace summation. It implies
L
+ϕ̂ = O(z−1), d

dz (L
+ϕ̂) = O(z−2), and also the univalence of v+∗ in P

+
R,δ for R large enough

and the statement on its image, because
∣

∣

∣

v+∗ (z)
z

∣

∣

∣
−→ 1 and v+∗ (z)

|v+∗ (z)|
∼ z

|z| .
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For any univalent solution v+ of (3) on P
+
R,δ, the univalent function v+ ◦ (v+∗ )

−1 : P
+
R′,δ′ →

C conjugates id+1 with itself, hence is of the form id+P with a 1-periodic P and extends
univalently to C, hence P is constant. For v−∗ the proof is similar.

Remark 3. The first use of Borel-Laplace summation for obtaining Fatou coordinates is in
[Eca81, §9c]. The asymptotic property without the Gevrey qualification can be found in earlier
works by G. Birkhoff, G. Szekeres, T. Kimura and J. Écalle—see [Lor05]; see [LY12] for a recent
independent proof and an application to numerical computations.

For any pair of Fatou coordinates (v+, v−), we can take δ′ < δ and large R,R′ so that
P

+
R,δ ∩ (v−)−1(P−

R′,δ′) has upper and lower connected components Qup and Qlow. The lifted

horn maps are hup := v+ ◦ (v−)−1
|Qup , which conjugates id+1 with itself, hence is of the form

id+P up with a 1-periodic P up and extends to an upper half-plane, and hlow := v+◦(v−)−1
|Qlow with

similar properties in a lower half-plane. For the normalized pair (v+∗ , v
−
∗ ) we get h

up/low
∗ (Z) =

Z + ρ(Log+ Z − Log− Z) + o(1), where Log+−Log− ≡ 0 in Qup and ≡ −2πi in Qlow, which

puts a constraint on the form of the Fourier expansion of h
up/low
∗ − id:

hup∗ (Z)− Z =
∑

m≥1

Ame2πimZ , hlow∗ (Z)− Z = −2πiρ+
∑

m≥1

A−me−2πimZ . (11)

Definition 2. The coefficients Am, m ∈ Z
∗, are called the Écalle-Voronin invariants of the

simple parabolic germ f .

This name is motivated by Écalle-Voronin’s classification result ([Eca81], [Vor81], [Mal82]):
(i) two simple parabolic germs f, g are analytically conjugate if and only if there exists c ∈ C

such that, for all m, Am(g) = e2πimcAm(f) (direct consequence of the results of this section);
(ii) any pair of Fourier series of the form

(
∑

m≥1Ame2πimZ , A0 +
∑

m≥1A−me−2πimZ
)

, where
the first (resp. second) one is holomorphic in an upper (resp. lower) half-plane, can be obtained
as (hup∗ − id, hlow∗ − id) for a simple parabolic germ f (this part of the result is more difficult).

By definition, the horn maps H
up/low
∗ (w) are the lifted horn maps h

up/low
∗ represented in the

coordinate w = e2πiZ , i.e. H
up/low
∗ (w) := exp

(

2πih
up/low
∗ (z)), so that one gets a germ at 0 and

a germ at ∞ on the Riemann sphere:

Hup
∗ (w) = w+2πiA1w

2+O(w3) ∈ wC{w}, H low
∗ (w) = e4π

2ρ
(

w+2πiA−1+O(w−1)
)

∈ wC{w−1}.

Some authors also refer to them as the Écalle-Voronin invariants. The parabolic renormalization
operator R, of great importance in recent developments of complex dynamics, is defined by
R : F 7→ Hup

∗ (recall that F (w) = w + cw2 + O(w3) ∈ wC{w} was assumed to be a simple
parabolic germ at 0, i.e. c 6= 0, and notice that RF is itself a parabolic germ at 0, but not
necessarily simple: this requires A1 6= 0).

In this article, we have only exploited the information on the principal branch of ϕ̂ given by
Theorem 1. The reader is referred to [DS13] for an investigation of the singularities of all the
branches of ϕ̂ and their relation to the Écalle-Voronin invariants, which shows how the horn
maps are encoded in the Borel plane.
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