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SELF-ADJOINT EXTENSIONS AND STOCHASTIC COMPLETENESS OF THE
LAPLACE-BELTRAMI OPERATOR ON CONIC AND ANTICONIC SURFACES

UGO BOSCAINT AND DARIO PRANDI'?

Abstract We study the evolution of the heat and of a free quantum particle (described by the
Schrodinger equation) on two-dimensional manifolds endowed with the degenerate Riemannian met-
ric ds? = dx? 4 |z|72*d6?, where z € R, 6 € T and the parameter o € R. For o < —1 this metric
describes cone-like manifolds (for o = —1 it is a flat cone). For a = 0 it is a cylinder. For v > 1 it
is a Grushin-like metric. We show that the Laplace-Beltrami operator A is essentially self-adjoint if
and only if a ¢ (—3,1). In this case the only self-adjoint extension is the Friedrichs extension Ap,
that does not allow communication through the singular set {x = 0} both for the heat and for a
quantum particle. For a € (=3, —1] we show that for the Schrodinger equation only the average on
0 of the wave function can cross the singular set, while the solutions of the only Markovian extension
of the heat equation (which indeed is Ap) cannot. For o € (—1,1) we prove that there exists a
canonical self-adjoint extension Ap, called bridging extension, which is Markovian and allows the
complete communication through the singularity (both of the heat and of a quantum particle). Also,
we study the stochastic completeness (i.e., conservation of the L' norm for the heat equation) of the
Markovian extensions Ar and Apg, proving that Ap is stochastically complete at the singularity if
and only if a < —1, while Ap is always stochastically complete at the singularity.

Key words: heat and Schrodinger equation, degenerate Riemannian manifold, Grushin plane,
stochastic completeness.

2010 AMS subject classifications: 53C17, 35R01, 35J70.

1. INTRODUCTION

In this paper we consider the Riemannian metric on M = (R\ {O}) x T whose orthonormal basis
has the form:

(1) X1 (x,6) = < ; ) Xo(z,6) = < |x0|0‘ > a €R.

Here z € R\ {0}, # € T and o € R is a parameter. In other words we are interested in the
Riemannian manifold (M, g), where

(2) g=dx*+ |x|_2°‘d92, i.e., in matrix notation g = < (1) |$|92a ) .

Define

Mcylinder =R x T7 Mcone = cylinder/ ~
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where (z1,01) ~ (z2,02) if and only if 27 = x5 = 0. In the following we are going to suitably extend
the metric structure to Mcylinder through (@) when o > 0, and to Mcope through (@) when a < 0.

Recall that, on a general two dimensional Riemannian manifold for which there exists a global
orthonormal frame, the distance between two points can be defined equivalently as

1
(3) d(q1,q2) = inf {/0 Vur(t)? +ug(t)?dt | v :[0,1] — M Lipschitz ,v(0) = ¢1, v(1) = ¢2

and w1, up are defined by ¥(t) = u1(t) X1 (y(t)) + Uz(t)Xz(’Y(t))},

1
(4)  dla,q2) = inf{/o \/ Gy (Y(8),7(2)) dt | v :[0,1] = M Lipschitz ,v(0) = g1, y(1) = Q2},

where {X7, X»} is the global orthonormal frame for (M, g).

Case « > 0. Similarly to what is usually done in sub-Riemannian geometry (see e.g., [I]), when
a > 0, formula (@) can be used to define a distance on Mcylinder Where Xy and X, are given by
formula (). We have the following, whose proof is contained in Appendix [A.T)).

Lemma 1.1. For any a > 0, formula @) endows M yiinder with a metric space structure, which is
compatible with its original topology.

Case o < 0. In this case X7 and X5 are not well defined in z = 0. However, one can extend the
metric structure via formula ([@]) considering the metric g given by (). Since this metric identifies
points on {z = 0}, in the sense that they are at zero distance, formula (@) defines a well-defined
metric space structure not to Mcylinder but to Mcone. Indeed, we have the following, proved in
Appendix [AT]

Lemma 1.2. For a < 0, formula {@) endows M one with a metric space structure, which is com-
patible with its original topology.

Remark 1.3 (Notation). In the following we denote by M, the generalized Riemannian manifold
given as follows,

o a>0: My = Mcylinder and metric structure induced by (I);

e a <0: My = Mcpne and metric structure induced by (2)).

The corresponding metric space is (M,,d) and we let Z be the singular set, i.e.,

{0y xT, a >0,
Z_{{O}X’IF/N o < 0.

Observe that Z splits M, in two sides M+ = (0,+00) x T and M~ = (—00,0) x T.

Notice that, for « = 1,2, 3, ..., M, is an almost Riemannian structure in the sense of [2, 31 6, 8, 9],
while for a = —1, —2, -3, ... it corresponds to a singular Riemannian manifold with a semi-definite
metric.

One of the main features of these metrics is that, except for a = 0, the corresponding Riemannian
volumes have a singularity at Z,

dw = +/det gdz df = |x|”dx db.

Due to this fact, the corresponding Laplace-Beltrami operators contain some diverging first order
terms,
1 2 «a
jk 2 292
E 0; < det g ¢’ ak) = 05 + |x|**Oju — Eam

5 A=
(5) \/detgj’kzl
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FIGURE 1. Geometric interpretation of M,. The figures above the line are isometric
to M, while for the ones below the isometry is singular in a neighborhood of Z.

We have the following geometric interpretation of the metric structure of M, (see Figure[ll). For
« = 0 the metric is the one of a cylinder, while for &« = —1 it is the one of a flat cone in polar
coordinates. For oo < —1, M, is isometric to a surface of revolution S = {(¢,r(t) cos 9, r(t)sinv) |
t> 0,9 € T} C R3 with profile r(t) ~ [t|~* as |t| goes to zero. For a > —1 (a # 0) it can be thought
as a surface of revolution having a profile of the type r(t) ~ [t|7* as t — 0. This interpretation
for @ > —1 is only formal, since the embedding in R? is deeply singular in a neighborhood of
t = 0. Finally, the case a = 1 corresponds to the Grushin metric on the cylinder. This geometric
interpretation is explained in Appendix [A.2]

Remark 1.4. The curvature of M, is given by K,(z) = —a(1 + a)z~2. Notice that M, and Mg
with 8 = —(a+1) have the same curvature for any a € R . For instance, the cylinder with Grushin
metric has the same curvature as the cone corresponding to o = —2, but they are not isometric
even locally (see []]).

1.1. The problem. In this paper we are interested in the global behavior on M, of the heat and
free quantum particles, as modeled, respectively, by the heat and the Schrédinger equation

(6) 8131!) = AI)[),
(7) 10 = — A,

where A is given by (B]). To give a meaning to these equations one needs to specify what A means
on Z, and to define in which function spaces we are working. In particular, it is natural to require
A to be a self-adjoint operator on L?(M, dw) (see Theorem Z.I)). Thus, we will consider Alcoo ()
and characterize all its self-adjoint extensions by prescribing opportune boundary conditions at the
singularity Z.
We will consider the following problems.
(Q1) Do the heat and free quantum particles flow through the singularity? That is, there exists
a self-adjoint extension of A|Ccoo( ) such that, given an initial condition supported at time

t=0in élW ~, is it possible that at time ¢ > 0 the corresponding solution has some support
in M*?

INotice that this is a necessary condition to have some positive controllability results by means of controls defined
only on one side of the singularity, in the spirit of [5]. For a discussion of how hidden magnetic fields affect the
self-adjointness of A, we refer to [II]. For some results on 3D manifolds see [7].
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(Q2) Given a self-adjoint extension of A, does equation (@) conserve the total heat (i.e. the L'
norm of ¢)? This is equivalent to the problem of the stochastic completeness of M,, i.e.
that the stochastic process defined by the diffusion A almost surely has infinite lifespan. In
particular, we are interested in understanding if the heat is absorbed by the singularity.

For the Schrodinger equation only the question of conservation of total probability (i.e.,
the L2 norm) has a physical meaning. This question has trivial positive answer thanks to
Stone’s theorem.

Remark 1.5. By making the unitary change of coordinates in the Hilbert space U : L?(M, dw) —
L*(M, dzdf), defined by Uv(z) = |x|~*/*v(x), the Laplace-Beltrami operator is transformed in

_ -1_ 2 @ o i 20 02
A =UAU ! = & 2(1+2>x2+\xl a2.

This transformation was used to study the essential self-adjointness of Algec(ppy for a =1 in [I0].

Let us remark that, when acting on functions independent of 6, the operator A reduces to the
Laplace operator on R\ {0} in presence of an inverse square potential, usually called Calogero

potential (see, e.g., [19]).

1.2. Self-adjoint extensions. The problem of determining the self-adjoint extensions of A|Ccoo( M)
on L?(M,dw) has been widely studied in different fields. A lot of work has been done in the case
a = —1, in the setting of Riemannian manifolds with conical singularities (see e.g., [13, 26]), and
the same methods have been applied in the more general context of metric cusps or horns that
covers the case a < —1 (see e.g., [14, 12} 24]). Concerning o > —1, on the other hand, the literature
regarding A is more thin (see e.g., [27]).

In the following we will consider only the real self-adjoint extensions, i.e., all the function spaces
taken into consideration are composed of real-valued functions. We refer to Appendix [Bl for a
discussion of the complex case.

Any closed symmetric extension A of Algee(ayy is such that Diin(A|cee(ary) € D(A) C Diax(Alcso(ar));
where the minimal and maximal domains are defined as

Diin(Alcee(any) = D(

) = closure of C2° (M) with respect to the norm [|A - || z2(ar, dw) + I - |22 (Mo i)
Diax(Alcso(ary) = D(A™) = {u € L? (Mg, dw) : Au € L? (M, dw) in the sense of distributions}.

Since it holds that Au = A*u for any u € D(A), determining the self-adjoint extensions of Afge ()
amounts to classify the so-called domains of self-adjointness. Following [2I], we let the Sobolev
spaces on the Riemannian manifold M endowed with measure dw, whose Riemannian gradient is

Vu(z,0) = (0zu(x,8), |z|>**0pu(z, 0)), to be

HY (M, dw) = {u € L*(M,dw): |Vu| € L*(M,dw)}, H}(M,dw) = closure of C>°* (M) in H'(M, dw),
H*(M,dw) = {u € H'(M,dw): Au € L*(M,dw)}, H(M,dw)= H*(M,dw) N H}(M,dw).

We define the Sobolev spaces H! (M,,dw) and H? (M,,dw) in the same way. We remark that
with these conventions HZ(M, dw) is in general bigger than the closure of C2° (M) in H?(M, dw).
Moreover, it may happen that H'(M, dw) = Hé (M, dw). Indeed this property will play an important
role in the next section. Proposition 2210 contains a description of Dinax(A|cee(ary) in terms of these
Sobolev spaces.

Although in general the structure of the self-adjoint extensions of Algee(ps) can be very compli-
cated, the Friedrichs (or Dirichlet) extension A is always well defined and self-adjoint. Namely,

D(Ap) = H3(M, dw).
4



Observe that, since L*(M,dw) = L*(M™T,dw) & L*(M~,dw) and H}(M,dw) = H}(M™,dw) @
HE(M~,dw), it follows that

D(AF) ={u€ H}(MT,dw) | Au € L*(M™",dw)} @ {u € HY (M~ ,dw) | Au € L*(M~,dw)}.

This implies that Ap actually defines two separate dynamics on M T and on M~ and, hence, that
there is no hope for an initial datum concentrated in M™ to pass to M, and vice versa. This
proves that 1f A|Coo ) is essentially self-adjoint (i.e., the only self-adjoint extension is Ap) the
question |(Q1)[ has a negative answer.

1.2.1. Essential self-adjointness of Alceo(pry. The rotational symmetry of the cones suggests to
proceed by a Fourier decomposition in the 6 variable, considering the corresponding orthonormal
basis {eg }rez C L*(T) and the decomposition L*(M, dw) = @5 Hy, Hy, = L*(R\{0}, |z|~%dz).
Then,

A= A h Ap=02— %o, — a2k,
(8) @ ks where =03 :E@ |x|*“k

k=—o0

As proved in Proposition 23] the essential self-adjointness of all the operators A on C>* (R\ {0})
is a sufficient condition for A|geo(as) to satisfy the same property.

The following theorem extends a result in [I0] by classifying the essential self-adjointness of
Algeo(ary and its Fourier components and is proved in Section We remark that the same result
holds if Algeo(pry acts on complex-valued functions (see Theorem B2).

Theorem 1.6. Consider M, for o € R and the corresponding Laplace-Beltrami operator A|Cgo(M)
as an unbounded operator on L*(M, dw) Then,

(i) If o < =3 the operator Alcee(nry is essentially self-adjoint;
(i) if a € (=3, —1], only its first Foum’er component 30 is not essentially self-adjoint;
(iii) #f o € (—=1,1), all the Fourier components of A|cee(rry are not essentially self-adjoint;

(iv) ifa>1 the operator Algeo(nry s essentially self-adjoint.

As a corollary of this theorem, we get the following answer to |(Q1)}
a< -3 Nothing can flow through Z
—3<a<—1]| Only the average over T of the function can flow through Z
—1 < a<1 |Itis possible to have full communication between the two sides
1<a Nothing can flow through Z

Remark 1.7. When «a € (—3,0), since the singularity reduces to a single point, one would expect
to be able to “transmit” through Z only the average over T of a function. Theorem shows that
this is the case for a € (=3, —1], but not for « € (—1,0). Looking at M,, o € (—1,0), as a surface
embedded in R3 the possibility of transmitting Fourier components other than k = 0, is due to the
deep singularity of the embedding. In this case we say that the contact between M™ and M~ is
non-apophantic.

In the following we will describe the self-adjoint extension realising the maximal communication
between the two sides, which we call the bridging extension, in order to have a more precise answer
to for @« € (—3,1). In particular, to identify this extension when o € (—3,—1], it will be
sufficent to study only the first Fourier component. Indeed, by Theorem [[L6 for these values of «
it is possible to decompose any self-adjoint extension A of A|C’go( M) as

(9) A - 121\0 D @ Ak
keZ\{0}
5



Here, Ao is a self-adjoint extension of Ao and, with abuse of notation, we denoted the only self-
adjoint extension of Ak by Ak as well.

1.2.2. The first Fourier component Ao In this section we describe the real self-adjoint extensions of
A0|Coo(R\{0}) on L?(R\ {0}, |z|~“dx) when o € (—3,1). For a description of its complex self-adjoint
extensions, we refer to Theorem [B.3] Observe that, since this operator is regular at the origin in
the sense of Sturm-Liouville problems (see Definition 2.5)) if and only if & > —1, for a« < —1 the
boundary conditions will be asymptotic, and not punctual.

Let ¢, and ¢} be two smooth functions on R\ {0}, supported in the interval (0,2), and such
that, for any z € (0, 1] it holds

(14 o) tglte if a # —1,

(10) op@) =1, oy(r) = {10g(x) if o = —1.

Let also ¢, (z) = ¢f(—z) and ¢} (x) = ¢y(—=). Finally, recall that, on R\ {0} endowed with
the Euclidean structure, the Sobolev space H?(R \ {0}, |z|~®dx) is the space of functions u €
L*(R\ {0}, |z|~®dz) such that |0,ul, |0?u| € L?*(R\ {0}, |#|~*dz). Then, the following holds.

Theorem 1.8. Let Dmin(ﬁo) and Dmax(ﬁo) be the minimal and mazimal domains of 30|C§°(R\{0})
on L*(R\ {0}, |x|~%dz), for a € (—3,1). Then,

Dunin(Bo) = closure of C2* (R {0}) in HA(R\ {0}, 2| *dx)

Dmax(ﬁO) = {u=up+uhHoh +uyol +updp +uydy: uo € Dmin(AO) and u%, u]i\, € R},
Moreover, A is a self-adjoint extension of Ao if and only if Au = (30)*% for any u € D(A), and
one of the following holds

(i) Disjoint dynamiCS' there exist ci,c_ € (—oo,+00] such that

D(A {ueDmaX(Ao)' uN:c+uD and uy = c— uD}
(i1) Mixed dynamlcs: there exist K € SLa(R) such that
D(A) = {u € Dyax(Do): (up,uy)? = K (ufy, ufy)"}.

Finally, the Friedrichs extension (30)}7‘ 1s the one corresponding to the disjoint dynamics with
cr =c_=0ifa< -1 and with cy =c_ = +o0 if . > —1.

From the above theorem (see Remark ) it follows that u% = lim, g+ 2|~ dyu(z) and, if
—1 < a <1, that u% = u(0%). Moreover, the last statement implies that

{uGDmaX(AO)' uf =uy =0} if o < —1,

D((AO)F) {{u S Dmax(AO) (0+) = u( ) - 0} ifa>—L.

In particular, if a < —1 the Friedrichs extension does not impose zero boundary conditions.

Clearly, the evolutions associated with the disjoint dynamics extensions yield a negative answer
to . On the other hand, the mixed dynamics extensions permit information transfer between
the two halves of the space. Since to classify the self-adjoint extensions for a € (—3, —1] it is enough
to study 30, this analysis completes the classification for this case. On the other hand, since for
a € (—1,1) all the Fourier components are not essentially self-adjoint, a complete classification
requires more sophisticated techniques. We will, in turn, study some selected extensions.

Remark 1.9. The mixed dynamics extension with K = Id is the bridging extension of the first

Fourier component, which we will denote by (KO)B- If « € (—3,—1], the bridging extension Ap
6



of Algee(ary is then defined by [@) with Ag = (Ag)s. The bridging extension for o € (—1,1) is
described in the following section.

1.3. Markovian extensions. It is a well known result, that each non-positive self-adjoint operator
A on an Hilbert space H defines a strongly continuous contraction semigroup, denoted by {etA}tzo,
see Theorem Il If # = L?(M,dw) and it holds 0 < e!4u < 1 dw-a.e. whenever u € L?(M, dw),
0 <u <1 dw-a.e., the semigroup {et’4 }+>0 and the operator A are called Markovian. The interest
for Markov operators lies in the fact that, under an additional assumption which is always satisfied
in the cases we consider (see Section B]), Markovian operators are generators of Markov processes
{Xi}i>0 (roughly speaking, stochastic processes which are independent of the past).

Since essentially bounded functions are approximable from L?(M,dw), the Markovian property
allows to extend the definition of ! from L?(M,dw) to L>°(M,dw). Let 1 be the constant function
1(z,0) = 1. Then is equivalent to the following property.

Definition 1.10. A Markovian operator A is called stochastically complete (or conservative) if
e!41 =1, for any t > 0. It is called explosive if it is not stochastically complete.

It is well known that this property is equivalent to the fact that the Markov process {X;}i>0,
with generator A, if it exists, has almost surely infinite lifespan.
For any u € L?(M, dw) and t > 0, define

¢
Stu:/ et ds.
0

The family {S;};~0 is a well-defined family of symmetric operators on L?*(M,dw) which can be
extended to L'(M, dw) and satisfies Syu(q) < Spu(q) for dw-a.e. ¢ € M whenever ¢’ > t. Then, we
let

Gu(q) = lim_Syu(g) € [0, +oq],

n——+o0o

and pose the following.

Definition 1.11. A Markovian operator is called recurrent if 0 < Gu(q) < +oo for dw-a.e. ¢ € M
and u € L'(M, dw) positive.

When A is the generator of a Markov process {X}+>0, the recurrence of A is equivalent to
P {there exists a sequence t,, — 400 such that X;, € Q} =1,

for any set €2 of positive measure and any point ¢ € M. Here P, denotes the measure in the space
of paths emanating from a point ¢ associated to {X;}+>o.

Remark 1.12. As it is suggested from the probabilistic interpretation, recurrence of an operator
implies its stochastic completeness. Equivalently, any explosive operator is not recurrent.

We are particularly interested in distinguish how the stochastically completeness and the recur-
rence are influenced by the singularity Z or by the behavior at co. Thus we will consider the
manifolds with borders My = M N ([—1,1] x T) and My, = M \ [-1,1] x T, with Neumann bound-
ary conditions. Indeed, with these boundary conditions, when the Markov process {X;}¢>¢ hits
the boundary it is reflected, and hence the eventual lack of recurrence or stochastic completeness
on My (resp. on My) is due to the singularity Z (resp. to the behavior at oo). According to
Definition B.I2] if a Markovian operator A on M is recurrent (resp. stochastically complete) when
restricted on My we will call it recurrent (resp. stochastically complete) at 0. Similarly, when the
same happens on M, we will call it recurrent (resp. stochastically complete) at co. As proven in
Proposition B.I3] a Markovian extension of Alges(ar) is recurrent (resp. stochastically complete) if
and only if it is recurrent (resp. stochastically complete) both at 0 and at co.

7



In this context, it makes sense to give special consideration to three specific self-adjoint exten-
sions, corresponding to different conditions at Z. Namely, we will consider the already mentioned
Friedrichs extension A g, that corresponds to an absorbing condition, the Neumann extension Ay,
that corresponds to a reflecting condition, and the bridging extension Ap, that corresponds to a free
flow through Z and is defined only for a € (—1,1). In particular, the latter two have the following
domains (see Proposition B.1T]),

D(AN) = {u € H'(M,dw) | (Au,v) = (Vu, Vo) for any v € H* (M, dw)},
D(AR) = {H?* (M, dw) | u(0",-) = u(07,-), 111%1+ lz| " Yu(z, ) = lil%l |z|~“u(z,-) for a.e. § € T}.
T—r T—U"

Each one of Ap, Ay and Ap is a self-adjoint Markovian extension. However, it may happen that
Arp = Ay. In this case Ap is the only Markovian extension, and the operator A|Cgo( ) is called
Markov unique. This is the case, for example, when A|Ccoo( A is essentially self-adjoint.

The following result, proved in Section B3] will answer to .

Theorem 1.13. Consider M endowed with the Riemannian metric defined in (2), for a € R,
and A\cgo(M) be the corresponding Laplace-Beltrami operator, defined as an unbounded operator on

L?(M,dw). Then the following holds.

(i) If a < =1 then Alcso(ary is Markov unique, and Af is stochastically complete at 0 and
recurrent at oo;
(ii) if a = —1 then Algeo(ar) is Markov unique, and A is recurrent both at 0 and at co;
(iil) of « € (=1,1), then Algeo(ar) is not Markov unique and, moreover,
(a) any Markovian extension of Alces(ary is Tecurrent at oo,
(b) Ap is explosive at 0, while both Ap and Ay are recurrent at 0,
(iv) if « > 1 then A|CCOO(M) 18 Markov unique, and Ap is explosive at O and recurrent at oo;

In particular, Theorem [[T3] implies that for a € (—3, —1] no mixing behavior defines a Markov
process. On the other hand, for @ € (—1,1) we can have a plethora of such processes.

Remark 1.14. Since the singularity Z is at finite distance from any point of M, one can interpret
a Markov process that is explosive at 0 as if Z were absorbing the heat.

As a corollary of [LT3] we get the following answer to

a< -1 The heat is not absorbed by Z
-l1<ax<l The Friedrichs extension is absorbed by Z,
while the Neumann and the bridging extensions are not.
1<« The heat is absorbed by Z

1.4. Structure of the paper. The structure of the paper is the following. In Section Pl after
some preliminaries regarding self-adjointness, we analyze in detail the Fourier components of the
Laplace-Beltrami operator on M, proving Theorems and [[.L8f We conclude this section with a
description of the maximal domain of the Laplace-Beltrami operator in terms of the Sobolev spaces
on M,, contained in Proposition

Then, in Section Bl we introduce and discuss the concepts of Markovianity, stochastic complete-
ness and recurrence through the potential theory of Dirichlet forms. After this, we study the Markov
uniqueness of A|Cgo( My and characterize the domains of the Friedrichs, Neumann and bridging ex-
tensions (Propositions BI0 and BIT]). Then, we define stochastic completeness and recurrence at
0 and at oo, and, in Proposition B.I4l we discuss how these concepts behave if the & = 0 Fourier
component of the self-adjoint extension is itself self-adjoint. In particular, we show that the Marko-
vianity of such an operator A implies the Markovianity of its first Fourier component A\O, and
that the stochastic completeness (resp. recurrence) at 0 (resp. at co) of A and Ay are equivalent.
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Then, in Proposition B.I3] we prove that stochastic completeness or recurrence are equivalent to
stochastically completeness or recurrence both at 0 and at co. Finally, we prove Theorem [ T3]

The proofs of Lemmata [[.1] and are contained in Appendix [AJ]l while in Appendix [A.2] we
justify the geometric interpretation of Figure[Il Appendix[Blcontains the description of the complex
self-adjoint extension of Ay.

2. SELF-ADJOINT EXTENSIONS

2.1. Preliminaries. Let H be an Hilbert space with scalar product (-,-)y and norm | - [y =
(-, )1. Given an operator A on H we will denote its domain by D(A) and its adjoint by A*.
Namely, if A is densely defined, D(A*) is the set of ¢ € H such that there exists n € H with
(A, )y = (¥,n)p, for all » € D(A). For each such ¢, we define A*¢ = 1.

Given two operators A, B, we say that B is an extension of A (and we will write A C B) if
D(A) € D(B) and Ay = Bt for any ¢» € D(A). A densely defined operator A is symmetric if
AC A* e, if

(A, ) = (P, Ap)y,  forall ¢ € D(A).
A densely defined operator A is self-adjoint if A = A*, that is if it is symmetric and D(A) = D(A*),
and is non-positive if (A,1) < 0 for any ¢ € D(A).
Given a strongly continuous group {7} }+cr (resp. semigroup {7}}¢>0), its generator A is defined

as
Ty —
Au = %irré tut u’ D(A) ={u € H | Au exists as a strong limit}.
%

When a group (resp. semigroup) has generator A, we will write it as {e!4}cr (resp. {e}1>0).
Then, by definition, u(t) = e*4uq is the solution of the functional equation

{ Ou(t) = Au(t)
u(0) = up € H.

Recall the following classical result.

Theorem 2.1. Let H be an Hilbert space, then
(1) (Stone’s theorem) The map A — {e?4},;cr induces a one-to-one correspondence

A self-adjoint operator <= {eitA}teR strongly continuous unitary group;
(2) The map A+ {e!}i>0 induces a one-to-one correspondence

A non-positive self-adjoint operator <= {etA}tzo strongly continuous contraction

semigroup of self-adjoint operators;

For any Riemannian manifold M with Riemannian volume dV, Green’s identity implies that
Algoo(a) is symmetric. However, from the same formula, follows that

D(Algsom *) ={u € L*(M,dV) | Au € L*(M,dV)} 2 CZ (M),

where Auw is intended in the sense of distributions. Hence, A is not self-adjoint on C2° (M).

Since, by Theorem 2.1 in order to have a well defined solution of the Schrodinger equation the
Laplace-Beltrami operator has to be self-adjoint, we have to extend its domain in order to satisfy
this property. For the heat equation, on the other hand, we will need also to worry about the fact
that it stays non-positive while doing so. We will tackle this problem in the next section, where we
will require the stronger property of being Markovian (i.e., that the evolution preserves both the
non-negativity and the boundedness).

The simplest extension one can build for a symmetric operator A is the closure A. Namely, D(A)
is the closure of D(A) with respect to the graph norm ||-||4 = ||A-||%+]|-|l%, and Ay = lim, o0 Aty

9



where {¢}nen C D(A) is such that ¢, — ¢ and {A,}, is a Cauchy sequence in H. Observe
that A ¢ A C A*, and hence any self-adjoint extension B of A will be such that A ¢ B C A*. For
this reason, we let Dpin(A) = D(A) and Dy (A) = D(A*). Moreover, from this fact follows that
any self-adjoint extension B will be defined as By = A*y for ¢ € D(B), so we are only concerned

in specifying the domain of B. The simplest case is the following.
Definition 2.2. A symmetric operator is called essentially self-adjoint if its closure is self-adjoint.

It is a well known fact, dating as far back as the series of papers [I7, 18], that the Laplace-Beltrami
operator is essentially self-adjoint on any complete Riemannian manifold. On the other hand, it is
clear that if the manifold is incomplete this is no more the case, in general (see [25, 22]). It suffices,
for example, to consider the case of an open set 2 C R", where to have the self-adjointness of
the Laplacian, we have to pose boundary conditions (Dirichlet, Neumann or a mixture of the two).
In our case, Theorem will give an answer to the problem of whether A\Cgo( M) s essentially
self-adjoint or not.

2.2. Fourier decomposition and self-adjoint extensions of Sturm-Liouville operators.
There exist various theories allowing to classify the self-adjoint extensions of symmetric operators.
We will use some tools from the Neumann theory (see [29]) and, when dealing with one-dimensional
problems, from the Sturm-Liouville theory. Let H be a complex Hilbert space and ¢ be the imaginary
unit. The deficiency indexes of A are then defined as

n4(A) = dimker(A + i), n_(A) = dimker(A —i).

Then A admits self-adjoint extensions if and only if ny (A) = n_(A), and they are in one to one
correspondence with the set of partial isometries between ker(A — 7) and ker(A + ¢). Obviously, A
is essentially self-adjoint if and only if n4(A4) =n_(A) = 0.

Following [30], we say that a self-adjoint extension B of A in H is a real self-adjoint extension if
u € D(B) implies that @ € D(B) and B(u) = Bu. When H = L?(M, dw), i.e. the real Hilbert space
of square-integrable real-valued functions on M, the self-adjoint extensions of A in L?(M,dw) are
the restrictions to this space of the real self-adjoint extensions of A in L%(M ,dw), i.e. the complex
Hilbert space of square-integrable complex-valued functions. This proves that A is essentially self-
adjoint in L?(M, dw) if and only if it is essentially self-adjoint in L (M, dw). Hence, when speaking
of the deficiency indexes of an operator acting on L?(M,dw), we will implicitly compute them on
LZ(M, dw).

We start by proving the following general proposition that will allow us to study only the Fourier
components of A|Cgo( M), in order to understand its essential self-adjointness.

Proposition 2.3. Let Ay be symmetric on D(Ay) C Hy, for any k € Z and let D(A) be the set
of vectors in H = @ycq Hi of the form ¢ = (1,42, ...), where 1, € D(Ay) and all but finitely
many of them are zero. Then A =Y, Ay is symmetric on D(A), ny(A) = Y, cqni(Ax) and
n_(A) =3 ez n-(Ak).

Proof. Let 1) = (11,19,...) € D(A). Then, by symmetry of the A;’s and the fact that only finitely
many 2 are nonzero, it holds

(Au,v)y = Y (Apur,vi)m, = D (uk, Agvr) i, = (u, Av)y,.
keZ keZ
This proves the symmetry of A.
Observe now that ) = (Y1, s, ...) € ker(A=+i) if and only if 0 = Ay +i = (A +i, Aghoti, .. .).
This clearly implies that dimker(A &) = ), .5 dimker(Ay £ 4), completing the proof. O

Since the Fourier components ﬁk defined in (8) are second order differential operators of one
variable, they can be studied via Sturm-Liouville theory. Let J = (a1, b1)U(az,b2), —00 < a1 < by <
10



as < by < 400, and for 1/p, ¢, w € Li (J) consider the Sturm-Liouville operator on L?(.J, w(x)dz)
defined by

(11) Au = %(-am(pazquu).

Letting J = R\ {0}, w(z) = |z|7%, p(z) = —|z|®, and q(z) = —k2|z|®, we recover A;. In the
following we will heavily rely on |30, Chapter 13], where self-adjointess of Sturm-Liouville operators
defined on a disjoint union of two connected intervals is studied.

For a Sturm-Liouville operator the maximal domain can be explicitly characterized as

(12)

Diax(A) = {u: J — R | u, pdyu are absolutely continuous on J, and u, Au € L*(J,w(z)dz)}.
In (I4), at the end of the section, we will give a precise characterization of the minimal domain.

Definition 2.4. The endpoint (finite or infinite) aq, is limit-circle if all solutions of the equation
Au = 0 are in L?((a1, d), w(z)dz) for some (and hence any) d € (a1, b;). Otherwise a; is limit-point.
Analogous definitions can be given for by, as and bs.

Let us define the Lagrange parenthesis of u,v : J — R associated to () as the bilinear anti-
symmetric form
[u,v] = updyv — vpou.
By [30, (10.4.41)] or [15, Lemma 3.2], we have that [u,v](d) exists and is finite for any w,v €
Dinax(Ag) and any endpoint d of J.

Definition 2.5. The Sturm-Liouville operator ([l is regular at the endpoint a; if for some (and
hence any) d € (a1, b1), it holds

1
57 q, w € Ll((CLl?d))’
A similar definition holds for by, as, bs.

In particular, for any k € Z, the operator ﬁk is never regular at the endpoints 400 and —oco, and
is regular at 07 and 0~ if and only if a € (—1,1).

We will need the following theorem, that we state only for real extensions and in the cases we
will use.

Theorem 2.6 (Theorem 13.3.1 in [30]). Let A be the Sturm-Liouville operator on L*(J,w(x)dx)
defined in (). Then

ni(A) = n_(A) = #{limit-circle endpoints of J}.

Assume now that ny(A) = n_(A) = 2, and let a and b be the two limit-circle endpoints of
J. Moreover, let ¢1,¢2 € Dpax(A) be linearly independent modulo Dyin(A) and normalized by
(61, p2](a) = [p1, ¢2](b) = 1. Then, B is a self-adjoint extension of A over L?(J,w(z)dx) if and only
if Bu= A*u, for any u € D(B), and one of the following holds

(1) Disjoint dynamics: there exists c4,c— € (—o0,+00| such that v € D(B) if and only if
[, $1)(07) = cfu, @2)(a)  and  [u, ¢1](07) = d[u, ¢2](b).
(2) Mixed dynamics: there exist K € SLa(R) such that u € D(B) if and only if

o= wvi@, gorvte = ([ ).
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Remark 2.7. Let ¢f and ¢4 be, respectively, the functions ¢; and ¢ of the above theorem,
multiplied by a cutoff function 1 : J — [0, 1] supported in a (right or left) neighborhood of @ in .J
and such that n(a) = 1 and 1'(a) = 0. Let ¢? and ¢} be defined analogously. Then, from (I3,
follows that we can write

(13) Diax(A) = Diin(A) + Span{qb'f, ¢Ii, b3, ¢g}

The following lemma classifies the end-points of R\ {0} with respect to the Fourier components
of A|Coo (M)-

Lemma 2.8. Consider the Sturm-Liouville operator Ay on R\ {0}. Then, for any k € Z the
endpoints +oo and —oo are limit-point. On the other hand, regarding 0 and 0~ the following
holds.

(1) If a < =3 orif a > 1, then they are limit-point for any k € Z;
(2) if =3 < a < —1, then they are limit-circle if k = 0 and limit-point otherwise;
(3) if =1 < a < 1, then they are limit-circle for any k € Z.

Before the proof, we observe that, since [u,v](d) = 0 for any limit-point end-point d, by the
Patching Lemma [30] Lemma 10.4.1] and [30, Lemma 13.3.1], Lemma 2.8 gives the following char-
acterization of the minimal domain of Ay,

(14)  Dpin(Ay) = {u € Dyax(Ar) | [u,v](07) = [u,v](07) = 0 for all v € Dmax(ﬁk)} .

Proof of LemmalZ.8 By symmetry with respect to the origin of ﬁk, it suffices to check only 0 and
+00.

Let k = 0, then for a # —1 the equation Agu = u” — (a/x)u’ = 0 has solutions uy(z) = 1 and
ug(z) = 21T, Clearly, u; and ug are both in L?((0,1), |z|~%dz), i.e., 07 is limit-circle, if and only
if & € (—3,1). On the other hand, uj and us are never in L?((1, +00), |z|~®dx) simultaneously, and
hence 400 is always limit-point. If & = —1, the statement follows by the same argument applied to
the solutions uq(z) = 1 and us(x) = log(x).

Let now k # 0 and a # —1. Then Aju = v’ — (a/z)v’ — 22*k*u = 0, = > 0, has solutions

ui(x) = exp <kf:xa> and ug(x) = exp (—kfj;a) If « > —1, both u; and uy are bounded and

nonzero near x = 0, and either u; or ue has exponential growth as  — 40c0. Hence, in this case,
uy,ug € L2((0,1),]z|7%) if and only if o < 1, while +oo0 is always limit-point. On the other hand,
if < —1, u; and uy are bounded away from zero as x — 4oc and one of them has exponential
growth at # = 0. Since the measure |z|~%dx blows up at infinity, this implies that both 07 and
+o0 are limit-point. Finally, the same holds for a = —1, considering the solutions u;(z) = z* and
ug(z) = z7F. O

2.3. Proofs of Theorem and [I.8 We are now able to classify the essential self-adjointness
of the operator Alces(ar)-

Proof of Theorem[L.8. Let D C C (M) be the set of C2° (M) functions which are finite linear
combinations of products u(z)v(f). Since L?(M,dw) = L*(R.\ {0}, |z|~®dx) ® L?(T,df), the set
D is dense in L?(M, dw) and hence, by Proposition 23] the operator A|p is essentially self adjoint
if and only if so are all £k|DmHk- Since n+(A|p) = n+(Alcee(ar)), this is equivalent to Algeo(an)
being essentially self-adjoint.

To conclude, recall that by Theorem the operator ﬁk is not essentially self-adjoint on
L*(R \ {0}, |z|~%dz) if and only if it is in the limit-circle case at at least one of the four end-

points —oo, 07, 07 and +oo. Hence applying Lemma 2.8 is enough to complete the proof. O
12



Now we proceed to study the self-adjoint extensions of the first Fourier component, proving
Theorem [L8 through Theorem 2.6l and Remark 2.7

Proof of Theorem [I.8. We start by proving the statement on Dmin(ﬁo)- The operator 30 is trans-
formed by the unitary map Uy : L2(R \ {0}, |z|~%dz) — LR\ {0}), Upv(z) = |z|~*?v(x), in
1
=03t
By ] and [30, Lemma 13.3.1], it holds that Dpn( & o) is the closure of C2° (R.\ {0}) in the norm
of H*(R\ {0},dx), i.e.,

Jull 2w goy.a0) = Ul 2@y goy.e) + 1020l L2R0 (0 d2) + 105 0ll 22 (R {0} ) -

From this follows that Dpin(Ag) = Uy ! Dinin( A ) is given by the closure of C° (R \ {0}) in
W = Uy 'H?(R\ {0},dz), w.r.t. the induced norm

(15)

[vllw = [[Uov]| g2 R\ {0}, dx)
= l[vll 2y o fal-ade) + (12172002 =0) | 2 oy oy + 112172021212 0)| 2R (0}, o1 -2a0)

To prove the statement, it suffices to show that on CS°(R\{0}) the induced norm ([I3]) is equivalent
to the norm of H3(R \ {0}, |z|~“dx), which is

(16) l1vllfr2 R0y, ol —dz) = VIl 2 (R0 (0} Jal—de) + (102 V]| 12 (R0 0y o)) T 1800l L2 (R 0} o]~

To this aim, observe that
A7) dwo(a) =laloue ) + 57, Bov=lal0 (el ) + 5 (541) 15

Moreover, by a cutoff argument, it is clear that we can prove the bound separately for v supported
near the origin and away from it.

Let v € C° (R \ {0}) be supported in (—1,0) U (0,1). By ([I7) and the fact that if || < 1 then
|z|~1, |z|72 > 1, it follows immediately that vl 52 R0\ {0}, 2|~ 2dz) < llvllw. In order to prove the
opposite inequality, observe that 272 > z~! and v € H3((0,1),dz) ® HZ((—1,0),dz). Thus, by [4,
(3.5)] we obtain

-1 —2 —2
(18) |vx HLZ(R\{O},kcradx) + [|vz HLZ(R\{O},kcradx) < 2fjox™" | L2 (®\ (0} Ja| ~dw)
= 2l[vz "2 r2(01)) < 2C 102 (2| 20,1y = 2C[0llw -

Finally, let v € C2° (R \ {0}) be supported in (1, 400) (the same argument will work also between
(—00,—1)). In this case, 72 < 27! < 1. Thus, by ([0, (&), (I6) and the triangular inequality,
we get that for any v € C2°(R \ {0}) it holds

lollw = [0l g2 w0\ {0}, 2] ~da) |

= C( o2 L2 (0 ol -y T |’U$_2|’L2(R\{O},xad:c)> < 2C vl 2@\ g0y, | ~edz):

for some constant C' > 0. Since |[v[|w and [[v|| g2 R\ {0},je|-dz) = V]2 (R\{0},]¢| - d), this completes
the proof of the first part of the theorem.

We now proceed to the classification of the self-adjoint extensions of 30. For this purpose, recall
the definition of ¢7, and ¢ given in (I0) and let

on(z) = oy (2) + oy (@), dp(@) = Pp(z) + Pp(2).
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Observe that ¢p € L2(R\ {0}, |z|~“dz) and that Aggp(z) = 0 for any = ¢ (—2, —1) U (1,2). Since
the function is smooth, this implies that ¢p € Dmax(ﬁo)- The same holds for ¢. Moreover, a
simple computation shows that [¢}, o1 ](07) = [¢},, #4](07) = 1, and hence ¢y and ¢p satisfy the
hypotheses of Theorem In particular, by Remark 27] this implies that

Dmax(AO) = Dmin(AO) + span{q%, (b;a ¢B7 ¢X]}
We claim that for any u = ug + u'gqb'g + u"]\',qS"]\', +updp +uydy € Dmax it holds

(19 [u,on)(07) =up,  [u,¢p)(0F) =uy,  [u,on](07) =up,  [u,én](07) = uy.

This, by Theorem will complete the classification of the self-adjoint extensions. Observe that,
(@) and the bilinearity of the Lagrange parentheses imply that [ug, ¢n](0F) = [ug, ¢p](0F) = 0.
The claim then follows from the fact that

[0, on1(07) = [dx, D)(07) = [d, n](07) = [dy, ¢D](07) = 1,
[05, on1(07) = [b, 0](07) = [0, on](07) = [dx, ¢p](07) = 0.

To complete the proof, it remains only to identify the Friedrichs extension (30) r. Recall that
such extension is always defined, and has domain

D((Ro)r) = {u € HyR\ {0}, ]| *dz) | Aou € L*(R\ {0}, |«| dz)}.
Since if @ < —1, ¢ ¢ HY(R\ {0}, |z|~®dx), it is clear that the Friedrichs extension corresponds

to the case where u} =uy =0, ie., to c; = c_ = 0. On the other hand, if &« > —1, since all the
end-points are regular, by [15, Corollary 10.20] holds that the Friedrichs extension corresponds to
the case where u(0%) = ufg =0, ie., to ¢y =c_ = +o0. O

Remark 2.9. If u € Dmax(£0)7 it holds

wh = [0 on)(0) = lim (u(@) —2d,u(@)  and  uf = [ ép)(0F) = lima™" O,u(a).

This implies, in particular, that if @ > —1 then uB = u(0"). Indeed this holds if and only if the
end-point 0T is regular in the sense of Sturm-Liouville operators, see Definition Clearly the
same computations hold at 0.

We conclude this section with a description of the maximal domain.
Proposition 2.10. For any o € R, it holds that
H?(M,dw) = H3(M, dw) ifa< =3 ora>1,

Dinax(Alcee(ar)) = H?(M,dw) & span{qﬁj\r,,qﬁj_\,} if —3<a<-—1,
H?*(M,dw) 2 HE (M, dw) if —1<a<l.

o (@).

) =
Proof. Recall that, by definition, H?(M, dw) C DmaX(A|Coo(M ). Moreover, if « < =3 or if a > 1,
by Theorem it holds Diax(Alcee(ary) = D(Ar) = H§(M,dw) € H*(M,dw). This proves the
first statement. R
On the other hand, by Remark 27 if o € (—3,—1], since Ay is essentially self-adjoint for any
k # 0 we can decompose the maximal domain as

Here we let, with abuse of notation, qﬁjiv(a: Y

Dmax(A‘Cgo(M)) = Dmax(AO) D @ D(Ak)
keZ\{0}
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Moreover, letting 7o be the projection on the k = 0 Fourier component and defining (7, Yug) (x,0) =
ug(x) for any ug € L*(R\{0}, || ~*dx), the previous decomposition and the fact that Diin(A]cee(ar)) C
H?(M,dw) C Dinax(Alcso(ary) implies that

Dinax(Alcee(ary) = {u = uo + 75" | o € Dimin(Alcse (ar)), @ € span{¢}, ¢}, 6, dn }}
= H?*(M, dw) + Span{qu{), gbj(,, Op, Ont-
Here, in the last equality, we let ¢p(z,y) = ¢p(x) and ¢n(z,y) = ¢n(x). A simple computation
shows that ¢p € H (R \ {0}, |z|~¥dz) and ¢ ¢ H (R \ {0}, |z|~*dzx). Since Agpp = 0, it follows
that ¢p € H?(M,dw), while ¢ ¢ H?(M,dw). This implies the statement.

To complete the proof it suffices to prove that if a € (—1,1) it holds Dmax(Alcee(ar)) C
H?(M, dw). In fact, the inequality H?(M,dw) # HZ(M, dw) will then follow from the fact that Ap is
not the only self-adjoint extension of Al (pr). By Parseval identity, ¢, A¢ € L?(M, dw) if and only
b1y Aoy € L2(R\ {0}, || ~*da) for any k € Z and thus the statement is equivalent to Doy (Ag) C
H2(R\ {0}, |z|~*dz) for any k € Z. Let u € Dpay(Ag). Since lim, ot 2~ *0pu(z) = [u, ¢p](0F),
this limit exists and is finite. Moreover, since +oco are limit-point, it holds lim, 4~ 2~ %0, u(z) =
[u,¢p](£oc) = 0. Hence, x~*0,u is square integrable near 0 and at infinity, and from the charac-

terization (IZ) follows that Aju € L2(R\ {0}, |z|~*dx). This proves that u € H2(R\ {0}, |z|~*dx)
and thus the proposition. O

3. BILINEAR FORMS

3.1. Preliminaries. This introductory section is based on [16]. Let H be an Hilbert space with
scalar product (+,-)%. A non-negative symmetric bilinear form densely defined on H, henceforth
called only a symmetric form on H, is a map £ : D(E) x D(£) — R such that D(E) is dense in H
and & is bilinear, symmetric, and non-negative (i.e., £(u,u) > 0 for any v € D(E)). A symmetric
form is closed if D(E) is a complete Hilbert space with respect to the scalar product

(20) (u,v)g = (u,v)y + E(u,v), u,v € D(E).

To any densely defined non-positive definite self-adjoint operator A it is possible to associate a
symmetric form £4 such that

gA(u7 U) = (—AU, U)
D(A)={ue D(E4): JveHst E(u,¢) = (v,9¢) for all p € D(Ep)}.
Indeed, we have the following.

Theorem 3.1 ([23| 16]). Let H be an Hilbert space, then the map A — €4 induces a one to one
correspondence

A non-positive definite self-adjoint operator <= E4 closed symmetric form.

In particular, the inverse correspondence can be characterized by D(A) C D(E4) and Ea(u,v) =
(—Au,v) for allu € D(A), ve D(Ea).

Consider now a second countable locally compact Hausdorff space X with its Borel sigma algebra
F, and m a Radon measure on F with full support.

Definition 3.2. A symmetric form € on L?(X,m) is Markovian if for any ¢ > 0 there exists
e : R — R such that —e <. < 14¢, ¢ (t) =t if t € [0,1], 0 < () — ¢e(s) <t — s whenever
s <t and
ue D(E) = Pe(u) € D(E) and  E(¢e(u), ve(u)) < E(u,u).
A closed Markovian symmetric form is a Dirichlet form.
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A semigroup {T}};>0 on L*(X,m) is Markovian if
u€L2(X,m) st. 0<u<1l m—ae =0<Twu<1l m-—a.e. foranyt>D0.
A non-positive self-adjoint operator is Markovian if it generates a Markovian semigroup.

When the form is closed, the Markov property can be simplified, as per the following Theorem.
For any v : X — R let uy = min{1, max{u,0}}.

Theorem 3.3 (Theorem 1.4.1 of [16]). The closed symmetric form & is Markovian if and only if
ue D)= uy € D(E) and E(uy,uy) < E(u,u).

Since any function of L>°(X,m) is approximable by functions in L?(X,m), the Markov property
allows to extend the definition of {7} };>0 to L>°(X, m), and moreover implies that it is a contraction
semigroup on this space. When {7} };>¢ is the evolution semigroup of the heat equation, the Markov
property can be seen as a physical admissibility condition. Namely, it assures that when starting
from an initial datum u representing a temperature distribution (i.e., a positive and bounded func-
tion) the solution Tju remains a temperature distribution at each time, and, moreover, that the
heat does not concentrate.

The following theorem extends the one-to-one correspondence given in Theorems 2.1l and Bl to
the Markovian setting.

Theorem 3.4 ([I6]). Let A be a non-positive self-adjoint operator on L?(X,m). The following are
equivalents

(1) A is a Markovian operator;
(2) €4 is a Dirichlet form;
(3) {e}i>0 is a Markovian semigroup.

Given a non-positive symmetric operator A we can always define the closable symmetric form
E(u,v) = (—Au,v), D(E) = D(A).

The Friedrichs extension Apr of A is then defined as the self-adjoint operator associated via Theo-
rem 3] to the closure & of this form. Namely, D(&) is the closure of D(A) with respect to the
scalar product [20), and Ey(u,v) = limy,—s 100 (U, vy) for u, — u and v, — v w.r.t. (,-)e. It is
a well-known fact that the Friedrichs extension of a Markovian operator is always a Dirichlet form
(see, e.g., |16, Theorem 3.1.1]).

A Dirichlet form & is said to be regular on X if D(E) N C.(X) is both dense in D(E) w.r.t. the
scalar product (20) and dense in C.(X) w.r.t. the L>(X) norm. To any regular Dirichlet form €4
it is possible to associate a Markov process {X;};>o which is generated by A (indeed they are in
one-to-one correspondence to a particular class of Markov processes, the so-called Hunt processes,
see [16] for the details).

If its associated Dirichlet form is regular, by Definitions and [LT1] a Markovian operator
is said stochastically complete if its associated Markov process has almost surely infinite lifespan,
and recurrent if it intersects any subset of X with positive measure an infinite number of times.
If it is not stochastically complete, an operator is called explosive. Observe that recurrence is a
stronger property than stochastic completeness, but the two notions coincide when m(X) < +oo,
[28) Section 2.11].

We will need the following characterizations.
Theorem 3.5 (Theorem 1.6.6 in [16]). A Dirichlet form & is stochastically complete if and only if
there exists a sequence {u,} C D(E) satisfying
0<u, <1, lim w,=1 m— a.e.,

n—-4o0o
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such that
E(tn,v) =0  for anyv € D(E)N LY (X, m).

We let the extended domain D(E). of a Dirichlet form & to be the family of functions u €
L*>(X,m) such that there exists {up }nen C D(E), Cauchy sequence w.r.t. the scalar product (20)),
such that uw, — w m-a.e. . The Dirichlet form £ can be extended to D(&). as a non-negative
definite symmetric bilinear form, by &€ (u,u) = limy,— o0 & (Up, Uy).

Theorem 3.6 (Theorems 1.6.3 and 1.6.5 in [16]). Let € be a Dirichlet form. The following are
equivalent.

(1) & is recurrent;
(2) there exists a sequence {u,} C D(E) satisfying

0<u, <1, lim u,=1 m-—a.e.,
n—-+oo

such that
E(up,v) = 0  for any v € D(E)..
(3) 1€ D(&). and E(1,1) =0, i.e., there exists a sequence {u,} C D(E) such thatlim, o u, =
1 m—ae. and E(up,u,) — 0.

We conclude this preliminary part, by introducing a notion of restriction of closed forms associated
to self-adjoint extensions of Algeo(ar).

Definition 3.7. Given a self-adjoint extension A of A|Cgo(M) and an open set U C M, we let the
Neumann restriction Ealy of £4 to be the form associated with the self-adjoint operator Ay on
L?(U, dw), obtained by putting Neumann boundary conditions on .

In particular, by Theorem Bl and an integration by parts, it follows that D(E4ly) = {uly | v €
D(&a)}.

3.2. Markovian extensions of A|ce (). The bilinear form associated with A|cee () is

E(u,v) = / g(Vu, Vv) dw = / (Dpudpv + |x|2°‘89u89v) dw, D(&)=C(M).
By [16, Example 1.2.1], £ is a Markovian form. The Friederichs extension is then associated with
the form

Er(u,v) = / (051 0yv + |2[>*Ogu Dpv) dw, D(Ep) = H (M, dw),
M

where the derivatives are taken in the sense of Schwartz distributions. By its very definition, and

the fact that D(Ep) NCX (M) = C°(M), follows that £ is always a regular Dirichlet form on M

(equivalently, on M+ or on M ™). Its associated Markov process is absorbed by the singularity.
The following Lemma will be crucial to study the properties of the Friederichs extension. Let

My = (-1,1) x T, My = (1,400) x T and recall the notion of Neumann restriction given in
Definition B.71

Lemma 3.8. If a < —1, it holds that 1 € D(Ep|n,). Moreover, 1 ¢ D(Ep|ny)e if @ > —1 and
1€ D(EFr|nm.,)e if and only if a > —1.

Proof. To ease the notation, we let é\k to be the Dirichlet form associated to the Friederichs extension
of Ay. In particular, for £ = 0,

~

So(u,v):/ Deudyv x| dz,  D(&) = HAR\ {0}, 2| da).
R\(0}
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Let 7y, : L*(M, dw) — Hjy, = L*(R\ {0}, |#|~®dz) be the projection on the k-th Fourier component.
Then, from the rotational invariance of D(Efp) follows that

D(EF) :@D(gk), SF(’U,,’U) = ng(ﬂku,ﬂkv).
keZ keZ
In particular, since mpl = 1 and ;1 = 0 for k # 0, follows that 1 € D(Ep|a,) (resp. 1 € D(Er|ny, )e)
if and only if 1 € D(&l(o,1)) (resp. 1 € D(Eol(1,400))e). Here, with abuse of notation, we denoted
as 1 both the functions 1 : M — {1} and 1 : R — {1}. Thus, to complete the proof of the
lemma, it suffices to prove that 1 € D(&(o,1)) if @ < —1, that 1 & D(&|(,1))e if @ > —1 and that
1e D(é\’o|(17+oo))e if and only if o > —1.
For any 0 <r < R < +o00, let f5 be the only solution to the Cauchy problem

KOf = 07
=1 f(R)=0,

Namely,
Rl-i—a _ $1+o¢

Rlta _ plta if & # —1,
rnr(T) =
log (%) .
= if a =—1.
log (57)
Then, the 0-equilibrium potential (see [16] and Remark B9)) of [0, r] in [0, R], is given by
1 fo<z<nr,
(21) up r(x) = fﬁ"R(x) if r<ax <R,
0 if v > R.

It is a well-known fact that u, g is the minimizer for the capacity of [0, 7] in [0, R). Namely, for any
locally Lipschitz function v with compact support contained in [0, R] and such that v(z) = 1 for
any 0 < z < r, it holds

+oo +o00
(22) / |amu7"7R|2:E_a da < / |8xv|2x_°‘ dx
0 0

Since it is compactly supported on [0, +00) and locally Lipschitz, it follows that u, r € D(é\’o|(1,+oo))
and 1 —u, g € D(&(,1)) for any 0 <r < R < +o00.

Consider now o > —1, and let us prove that 1 € D(E|(1,400))e- To this aim, it suffices to show
that there exists a sequence {uy }nen C D(§0|(17+00)) = {u|(1 400) | v € H'((0,400), 5~ *dx)} such
that u, — 1 a.e. and &1 1o0). Let

Un,2n if 7é _17
Up = .
Up, 2 ifao=—1.
It is clear that u,, —> 1 a.e., moreover, a simple computation shows that

~ Foo e = (14a) if a # —1,
€0l(1,400) (tn, Un) :/ R e if o = —1
1 IOg(TL) I & = —1.
Hence §0|(1,+oo) — 0 if @« > —1, proving that 1 € D(§0|(17+Oo))e.
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We now prove that 1 € D(é\O‘(O,l)) if « < —1. Consider the following sequence in H'((0, 1), z=%dz),

Up = {u1/27l71/n if ?é _17

’LL1/n2’1/n ifOé = —1.

A direct computation of fol |0zun |22~ %dx, the fact that suppu, C [0,1/n] and 0 < u, < 1, prove
that u, — 0 in H'((0,1),27%dx). Since 1 — u, € D(§0|(0,1)), which is closed, this proves that
1 —u, — 1in D(&|(,1)), and hence the claim.

To complete the proof, it remains to show that 1 ¢ D(&|1,40c))e if @ < —1. The same
argument can be then used to prove that 1 ¢ D(&|1))e if @ > —1. We proceed by con-
tradiction, assuming that there exists a sequence {v,}nen C D(€0l(1,400)) such that v, — 1

a.e. and §0|(17+w)(vn,vn) — 0. Since the form §0|(1,+OO) is regular on [1,+00), we can take
v, € C°([1,+00)). Moreover, we can assume that v,(1) = 1 for any n € N. In fact, if this
is not the case, it suffices to consider the sequence 0,(x) = wv,(x)/v,(1). Let R, > 0 be such

that U,,<,suppvm C [1,Rp]. Moreover, extend v, to 1 on (0,1), so that &o|(1 100)(vn,vn) =
10, vn[2r~%dx. Since the same holds for uy g, , by 22), the fact that R,, — +o0c and a < —1,
we get

1+a
nll)l}rl 50’(1 +o0) (Uny vp) > 11130050’(1 +00) (UL, Ry s UL R, ) = nll)lfoo RUa 1 —(1+a)>0.
This contradicts the fact that €0|(17+00) (vn, vn) — 0, completing the proof. O

Remark 3.9. The 0-equilibrium potential defined in (2I)) admits a probabilistic interpretation,

[20]. Namely, it is the probability that the Markov process associated with 30 and starting from z,
exits the first time from the interval {r < 2 < R} through the inner boundary {z = r}.

It is possible to define a semi-order on the set of the Markovian extensions of A|Ccoo( ) as follows.
Given two Markovian extensions A and B, we say that A C B if D(£4) € D(Ep) and Ea(u,u) >
Ep(u,u) for any u € D(E4). With respect to this semi-order, the Friederichs extension is the minimal
Markovian extension. Let Ay be the maximal Markovian extension (see [16]). This extension is
associated with the Dirichlet form £ defined by

Et(u,v) = / (Opudyv + |2 |**Ogu Opv) dw,
M

D(EY) ={u e LA (M,dw) | ET(u,u) < +oo} = H (M, dw),

where the derivatives are taken in the sense of Schwartz distributions. We remark that £ is a
regular Dirichlet form on M+ = M, \ M~ and M~ = M, \ M+ (sce, e.g., [I6, Lemma 3.3.3]). Its
associated Markov process is reflected by the singularity.

When Algeo(pry has only one Markovian extension, i.e., whenever Arp = Ay, we say that it
is Markov unique. Clearly, if A|Cgo( M) 1s essentially self-adjoint, it is also Markov unique. The
next proposition shows that essential self-adjointness is a strictly stronger property than Markov
uniqueness.

Proposition 3.10. The operator Alce(ary is Markov unique if and only if o ¢ (—1,1).

Proof. As observed above, the statement is an 1mmed1ate consequence of Theorem [L@ for o < —3
and a > 1. If « € (—3,—1], since by Theorem [L.@ all Ak for k ;é 0 are essentially self-adjoint, it
holds that Ay = Ao & (Dren Ak) for some self-adjoint extension Ao of Ao Recall the definition of

qSD and ng given in (I0) and with abuse of notation let ng(:E 0) = ¢D( x) and ¢N($ 0) = ng( x).
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Since £¥ (¢, ¢%) = +oo if and only ian < —1, we get that N Oy € D(ET) D D(Ay) if a < —1.
Hence, by Theorem [[.§ it holds that Ay = (Ag)r and hence that Ay = Ap.

On the other hand, if a € (—1,1), the result follows from Lemma [B.8 In fact, it implies that
ép ¢ HY(M,dw) = D(EF) but, since ET(¢pp,¢p) < +o0, we have that ¢p € D(ET). This proves
that Ap ; Ap. ]

By the previous result, when o € (—1,1) it makes sense to consider the bridging extension,
associated to the operator Ap and the form £p, defined by

Epu,v) = / (Opu Oy + |22 Dgu dpv) dw,
Ma

D(Ep) = {u € HY(M,dw) | u(0",0) = u(0~,0) for a.e. § € T}.

From Theorem and the fact that &g = 7| D(ep) follows immediately that £p is a Dirichlet
form, and hence Ap C A C Ay. Moreover, due to the regularity of £ and the symmetry of the
boundary conditions appearing in D(Ep), follows that £p is regular on the whole M,,. Its associated
Markov process can cross, with continuous trajectories, the singularity.

We conclude this section by specifying the domains of the Markovian self-adjoint extensions
associated with £r, T and, when it is defined, £p.

Proposition 3.11. [t holds that D(Ap) = HZ(M, dw), while
D(AN) = {u € HY(M, dw) | (Au,v) = (Vu, Vv) for any v € H (M, dw)}.
Moreover, if a € (—1,1), the domain of Ap is
D(Ap) = {H?* (M,,dw) | u(0F,-) = u(07,-), gclin(f]l+ |z| "% Opu(z, ) = :BEHOI* |x| " “Opu(x,-) for a.e. § € T}.

Proof. In view of Theorem B.I] to prove that A is the operator associated with £4 it suffices to
prove that D(A) C D(€4) and that E4(u,v) = (—Au,v) for any u € D(A) and v € D(E4). The
requirement on the domain is satisfied by definition in all three cases. We proceed to prove the
second fact.

Friedrichs extension. By integration by parts it follows that Ep(u,v) = (—Apu,v) for any u,v €
C° (M), and this equality can be extended to u € H3(M,dw) = D(Ar) and v € HE(M,dw) =
D(EF).

Neumann extension. The property that £ (u,v) = (—Anu,v) for any u € D(Ay)and v € D(ET)
is contained in the definition.

Bridging extension. By an integration by parts, it follows that

/ ((%u v + 22%0pu 89@) dw = (—Apu,v) — / v[w\_aﬁxu‘gio, df = (—Apu,v).
T

[e3

0

3.3. Stochastic completeness and recurrence on M,. We are interested in localizing the prop-
erties of stochastic completeness and recurrence of a Markovian self-adjoint extension A of Algeo(ap).
Due to the already mentioned repulsing properties of Neumann boundary conditions, the natural
way to operate is to consider the Neumann restriction introduced in Definition B 7

Observe that, if U C M is an open set such that U N ({—00,0,4+00} x T) = @, then the
Neumann restriction 4|y is always recurrent on U. In fact, in this case, there exist two constants
0 < C1 < Oy such that Cydx df < dw < Codz df on U and clearly 1 € D(E4|y) = HY(U, dz df), that
by Theorem implies the recurrence. For this reason, we will concentrate only on the properties
“at 0” or “at oo”.
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Definition 3.12. Given a Markovian extension A of A|cee(rs), We say that it is stochastically
complete at 0 (resp. recurrent at 0) if its Neumann restriction to My = (—1,1) x T, is stochastically
complete (resp. recurrent). We say that A is exploding at 0 if it is not stochastically complete at
0. Considering My, = (1,00) x T, we define stochastic completeness, recurrence and explosiveness
at oo in the same way.

In order to justify this approach, we will need the following.

Proposition 3.13. A Markovian extension A of A|Cgo(M) is stochastically complete (resp. recur-
rent) if and only if it is stochastically complete (resp. recurrent) both at 0 and at cc.

Proof. Let {up fnen C D(E4) such that u, — 1 a.e. and E4(up,u,) — 0. Since D(Ealnr,) = {uln, |
u € D(Ea)} and D(Ealnm..) = {ulnm, | v € D(Ea)} follows that {un|nr tnen € D(Ealn) and
{un|ny, tnen C D(Ealr,,). Moreover, it is clear that w, |ar , un |, — 1 a.e. and Ealnr, (Un|asg, Unlrg ),
Ealnry, (un|nry, , unlar,) — 0. By Theorem [B.0] this proves that if £4 is recurrent it is recurrent also
at 0 and oo.

On the other hand, if Ay, and A|y,, are recurrent, we can always choose the sequences
{tuntnen C D(Ealm,) and {vy}nen C D(Ealnm..) approximating 1 such that they equal 1 in a
neighborhood N of Oy, = O, = ({1} x T)U({—1} x T). In fact the constant function satisfies the
Neumann boundary conditions we posed on dMy = OM, for the operators associated with €|z,
and E4|p,,. Hence, by gluing w,, and v, we get a sequence of functions in D(€4) approximating
1. The same argument gives also the equivalence of the stochastic completeness, exploiting the
characterization given in Theorem O

Before proceeding with the classification of the stochastic completeness and recurrence of Ap,
Ay and Ap, we need the following result. For an operator acting on L2(R \ {0},|z|“dz), the
definition of stochastic completeness and recurrence at 0 or at oo is given substituting My and My,
in Definition with (—1,1) and (1, +00).

Proposition 3.14. Let A be a Markovian self-adjoint extension of Alcee(ary and assume it decom-
poses as A = 20 ® A, where go is a self-adjoint operator on Hy and A is a self-adjoint operator
on @k?éo Hy. Then, Ag is a Markovian self-adjoint extension of Ag. Moreover, A is stochastically

complete (resp. recurrent) at 0 or at oo if and only if so is A\o.

Proof. Let m, : L*(M,dw) — Hy = L*(R\ {0}, |z|~®dz) be the projection on the k-th Fourier
component. In particular, recall that mou = (27)~! 027T u(z,0)df. Let u € D(Ay) € LR, |z|~“dx)
be such that 0 < u < 1. Hence, posing u(z,0) = u(z), due to the splitting of A follows that
@ € D(A) and by the markovianity follows that 0 < Au < 1. The first part of the statement is then
proved by observing that, since mott = v and m,@ = 0 for k # 0, we have Au(z,6) = A\Ou(x) for any
(x,0) € M.

We prove the second part of the statement only at 0, since the arguments to treat the at oo
case are analogous. First of all, we show that the stochastic completeness of A and A\O at 0 are
equivalent. If 1: My — R is the constant function, it holds that mp1 = 1: (—1,1) — R. Moreover,
due to the splitting of A, we have that e!4 = !4 @ e!4 Hence, it follows that e'41 = e!401. This,
by Definition [L10] proves the claim.

To prove the equivalence of the recurrences at 0, we start by observing that D(£4) = D(E; ) @
D(&;) and that

(23) Ealu,v) = 520 (mou, mov) + & 5 (BroTrU, DroTrv), for any u,v € D(E4)
In particular, since mo1 = 1 this implies that Ealar (1,1) = €3 [(~1,1)(1,1). By Theorem B.G] this

proves that if A\O is recurrent at 0, so is A. Assume now that A|yy, is recurrent. By Theorem
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there exists {up fnen C D(Ea|n,) such that 0 < w,, <1 a.e., u, — 1 a.e. and Ealng, (un,v) — 0
for any v in the extended domain D(E4|nr)e. By dominated convergence, it follows that mou, =

(2m)~t 027r un(+,0)df — 1 for a.e. w € (—1,1). For any v € D(E7 |(~1,1))e, let 0(z,0) = v(z). It is

easy to see that © € D(E4|nm,)e Then, by applying (23) we get
52()’(—1,1)(7T0Um’0) = Ealmy(Un, 0) — 0, for any v € D(ggo‘(—l,n)a
Since 0 < mou, < 1, this proves that 20\(_171) is recurrent O

The following proposition answers the problem of stochastic completeness or recurrence of the
Friedrichs extension.

Proposition 3.15. Let Ap be the Friedrichs extension of Alceeary. Then, the following holds

at 0 at 0o
a < —1 | recurrent | stochastically complete
a = —1 | recurrent recurrent
a > —1| explosive recurrent
In particular, Ap is stochastically complete for o < —1, recurrent for o = —1 and explosive for

a> —1.

Proof. The part regarding the recurrence is a consequence of Lemma [B.8 and Theorem [B.6, while
the last statement is a consequence of Proposition Thus, to complete the proof it suffices to
prove that Ap is stochastically complete at +00 if @ < —1 and not stochastically complete at 0 if
o> —1.

By Proposition B.I4l and the fact that Ap = @kez(ﬁk) r, we actually need to prove this fact only
for (30) r. Moreover, since the Friederichs extension decouples the dynamics on the two sides of
the singularity, we can work only on (0, +0c) instead that on R\ {0}. As in Lemma B8 we let &
to be the Dirichlet form associated to the Friederichs extension of 30.

We start by proving the explosion for & > —1 on (0, 1). Let us proceed by contradiction and as-
sume that (Ag) is stochastically complete on (0,1). By Theorem BB there exists u,, € D(§0|(071)),

0 < wu, <1, u, — 1 ae. and such that §0|(0,1)(un,v) — 0 for any v € D(§0|(071)) N
L'((0,1),2=%dx). Since 5’0|(0,1) is regular on (0,1], we can choose the sequence such that u, €
C2((0,1]). In particular u,(0) = limgo u,(z) = 0 for any n. Let us define, for any 0 < R <1,

glte/Ri+a if0< <R,

’UR(ZE) = lim (1 — ur,R(x)) = {1 if0<z>R

rl0

where u, g is defined in (2I). Observe that, by the probabilistic interpretation of u, p given in

Remark B9 follows that vg(x) is the probability that the Markov process associated with (30) P
and starting from x exits the interval (0, R) before being absorbed by the singularity at 0. A simple
computation shows that vy € D(§0|(0,1)) N LY((0,1),z=%dz). Thus, by definition of {u, },en and a
direct computation we get
. o 1+a .. R 1+«
0= nEToo &ol(0,1) (Un, vR) = Rita nllgloo ; Dy, dx = RiFa W
Hence, u,(R) — 0 for any 0 < R < 1, contradicting the fact that u, — 1 a.e..

To complete the proof, we need to show that if o < —1, (30) r is stochastically complete on
(1,400). Since on (1, +00) the metric is regular, we can complete it to a C°° Riemannian metric on
the whole interval (0,+00). Then, the result follows by applying the characterization of stochastic
completeness on model manifolds contained in [2I] and Theorem

O
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We are now in a position to prove Theorem [[.13]

Proof of Theorem [ 13 By Propositions and BI0, we are left only to prove statement (iii)-
(a) and the second part of (iii)-(b), i.e., the stochastic completeness of Ay and Ap at 0 when
ac(—1,1).

Statement (i7i)-(a) follows from [I6l Theorem 1.6.4], since for aw € (—1,1) the Friederichs ex-
tension (which is the minimal extension of Alge(ns)) is recurrent at co. To complete the proof it
suffices to observe that, for these values of o, it holds that 1 € H'(Mjy,dw) = D(ET|p) and clearly
ET|my(1,1) = 0. By Theorem [3.6] this implies the recurrence of £ at 0. The recurrence of £p at 0
follows analogously, observing that 1 is also continuous on Z and hence it belongs to D(Eg|a,) O

APPENDIX A. GEOMETRIC INTERPRETATION

In this appendix we prove Lemmata [L1] and [[L2, and justify the geometric interpretation of
Figure [11

A.1. Topology of M,.

Proof of Lemmal[L1 By (@), it is clear that d : Mcylinder X Meylinder — [0, +00) is symmetric,
satisfies the triangular inequality and d(q,q) = 0 for any ¢ € Mcytinder- Observe that the topology
on Meylinder is induced by the distance deyiinder((21,61), (22,62)) = |21 — 22| + |61 — O2|. Here and
henceforth, for any 61, s € T when writing 67 — 2 we mean the non-negative number 6; — 05
mod 27. In order to complete the proof it suffices to show that for any {g,}nen C Meylinder and
q e Mcylinder it holds

(24) d(qn,q) — 0 if and only if deytinder (¢n, ) — 0.

In fact, this clearly implies that if d(q1,q2) = 0 then ¢; = ¢, proving that d is a distance, and
moreover proves that d and dcylinder induce the same topology.

Assume that d(gn,q) — 0 for some {g, }nen C Mcylinder and ¢ = (7, 0) € Meytinder- In this case,
for any n € N there exists a control u, : [0,1] — R? such that |unllz(jo,1),r2) — 0 and that the
associated trajectory v, (+) = (xn(+), 0n(-)) satisfies 7, (0) = ¢, and 7,,(1) = ¢g. This implies that, for
any t € [0,1]

t
2a(t) — 7] < /O s (£)] i < [[un]l 2 0.1 RE) — 0.

Hence, z,,(t) — . In particular, this implies that |2, (t)| < [[unl|£1(j0,1,R2) + || for any ¢ € [0, 1],
and hence

1 1
6,(0) — 8] < /0 iz ()] (B dt < (ltm |2 0..m2) + 2])° /0 s (1)) dt
< unllzrqoy,r2) (1unllr oy, r2) + 12))* — 0.

Here, when taking the limit, we exploited the fact that a > 0. Thus also 6,,(0) — 6, and hence
qn = (a:n(O), Qn(O)) — (:i',@) = q w.r.t. dcylinder- -

In order to complete the proof of ([24]), we now assume that for some ¢, = (z,,0,) and g = (z,0)
it holds deytinder(qn, @) — 0 and claim that d(g,,q) — 0. We start by considering the case ¢ ¢ Z,
and w.l.o.g. we assume ¢ € M. Since M is open with respect to dcylinder; We may assume that
gn € M. Consider now the controls

un(t):{Z(iff—:En)(l,O) ifOété%,

20— 0|7 (0,1)  ii<t<l,
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A simple computation shows that each wu, steers the system from ¢, to g. The claim then follows
from

d(qn, @) < [lunllLro,),R2) < |2 = 20l +10 = On]]2] ™ < (14 [2]7) deytinder (n, ) — 0.

Let now ¢ € Z and observe that w.l.o.g. we can assume ¢, ¢ Z for any n € N. In fact, if this is not
the case it suffices to consider G, = (z,, + 1/n,0,) ¢ Z, observe that d(q,,d,) — 0 and apply the
triangular inequality. Then, we consider the following controls, steering the system from g, to g,

3((0 = 0,)% — @) (1,0) if0<t<y,
va(t) =< 3(60—6,)72(0,1) if L<t<?,
—3(6 —6,)7* (1,0) if2<t<1

Since T = 0 and « > 0, we have
d(an: @) < [vnllpr o1 r2) < 100 = 0)72 = o] +10 = 0] + |6, — 6]/ — 0.
This proves (24]) and hence the lemma. O

Proof of Lemmal[L 2 By ), it is clear that d : Meone X Meone — [0, +00) is symmetric, satisfies the
triangular inequality and d(q,q) = 0 for any ¢ € Meope-
Observe that the topology on Mcope is induced by the following metric

|ZE1 — ZE2| + |91 — 92| if z1zo > 0,
dcone(($17 91), (l‘Q,@g)) = |ZE1 — ZE2| if r1 = 0 or T = 0,
]331 — xg‘ + ‘91’ + ‘92’ if x129 < 0.

By symmetry, to show the equivalence of the topologies induced by d and by dcone, it is enough
to show that the two distances are equivalent on [0, +00) x T. Moreover, since by definition of g
it is clear that d(q1,q2) = 0 for any ¢1,q2 € Z and that d is equivalent to the Euclidean metric
on (0,400) x T, we only have to show that for any {¢,} C (0,400) x T, ¢, = (xp,0,), and
g = (0,0) € Z, it holds that

(25) d(gn,q) — 0 if and only if deone(gn,q) — 0.
We start by assumlng that d(qn, g) — 0. Then, there exists v, : [0, 1] — M such that 7,,(0) = ¢,

and v, (1) = ¢ and fo V9 (t), ¥ (t)) dt — 0. This implies that
ol < [ ValGa@ @) it — .

and thus that z,, — 0. This suffices to prove that dcone(gn,q) — 0.
On the other hand, if deone(qn,q) — 0, it suffices to consider the curves

(1) = (1 = 2t)zp,0,) if0<t< 3,
= (0,60, + (2t — 1)(0 — 6,,)) if £ <t<1.

Clearly =, is Lipschitz and ~,,(0) = ¢, and 7,,(1) = g. Finally, since g|z = 0, the proof is completed
by

d(qn,q / \/g% (An (1), An(t)) dt = / \/g%(t —21,,,0), (—2x,,0)) dt =z, — 0.
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FIGURE 2. The surface of revolution of Proposition Al with o = —2, i.e. 7(t) = t2.

A.2. Surfaces of revolution. Given two manifolds M and N, endowed with two (possibly semi-
definite) metrics g™ and ¢", we say that M is Cl-isometric to N if and only if there exists a
C'-diffeomorphism ® : M — N such that ®*gy = gas. Here ®* is the pullback of ®. Recall that,
in matrix notation, for any ¢ € M it holds

(26) (@ g™M)g(&m) = (Jo)" gayJe(Sn).

Here Jg is the Jacobian matrix of ®.
We have the following.

Proposition A.1. If a < —1 the manifold M, is C'-isometric to a surface of revolution S =
{(t,r(t) cos ¥, r(t)sin®) | t € R, ¥ € T} C R? with profile r(t) = [t|=* + Ot 2TV as |t| L 0 (see
figure @), endowed with the metric induced by the embedding in R3.

If a = —1, M, is globally C'-isometric to the surface of revolution with profile r(t) = t, endowed
with the metric induced by the embedding in R3.

Proof. For any r € C'(R), consider the surface of revolution S = {(¢,7(t)cos 9, r(t)sin¥) | t >
0, ¥ € T} C R3. By standard formulae of calculus, we can calculate the corresponding (continuous)
semi-definite Riemannian metric on S in coordinates (¢,9) € R x T to be

Let now o < —1 and consider the C! diffeomorphism ® : (z,0) € R x T — (t(x),9()) € S
defined as the inverse of

(27) (1, 9) = ( z(t) ) _ < I \/st > ‘

0(9)
Observe that ® is well defined due to the fact that 7 is bounded near 0. Since 9;(®~1) = dy(t) =

V1+7/(t)%, by [26) the metric is transformed in

O gs(2,0) = (J5")" gs(@(w,0))J5" = < 3 r(¢><2 0))° )

We now claim that there exists a function r € C*(R) such that r(¢(x)) = |#|~® near {z = 0}.
Moreover, this function has expression

t—a t_2(a+1) f t >
(29) = ey oo
—(—t)" + Ot~ 2ot if £ < 0.
Notice that, this function generates the same surface of revolution as r(t) = [t|~® + O(t~2(+D),

but is of class C! in 0 while the latter is not.
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The fact that r(t(z)) = x|~ is equivalent to r(t) = |z(¢)|~¢, i.e.,

(29) r(t) = </0t\/mds>_a.

This integral equation has a unique solution. Indeed, after algebraic manipulation and a differenti-
ation, it is equivalent to the Cauchy problem

r'(t) = \/ !
(30) a~2r(t)—20+1/0) — 1’

r(0) = 0.
It is easy to check that, thanks to the assumption o < —1, the r.h.s. of the ODE is Holder continuous
of parameter 1+ 1/« at 0 (but not Lipschitz). This guarantees the existence of a solution, but not
its unicity. Indeed, this equation admits two kinds of solutions, either r1(¢) = 0 or ro(t) # 0, where
the transition between 71(¢) and ro(t — to) can happen at any to > 0. However, the only admissible
solution of (29) is ry, as can be directly checked.

We now prove the representation (28]). Assume w.l.o.g. that ¢, and hence z(t), be positive. Due

to the Holder continuity of the r.h.s. of the ODE in (B0), we get that |/(¢)| < Ct'*1/*. Hence,

2/ (t) — 2/ (0)] = [\/1+7(£)2 — 1| < |r'(t)| < Ct' /e,
Here, we used the 1/2-Holder property of the square root. Finally, a simple computation shows that
|z(t) — ta’(0)] = O(t*+/*), which yields

r() = (a(t) " = (t+0@E)) " = 04 0@ EH/AER) < pma g or-2etD),

Here, in the last step we used the fact that —(2 4 1/a)(o +1) < —2(a + 1). This proves the claim
and thus the first part of the statement.
Let now a = —1. In this case, by letting r(¢) = ¢, the metric on the surface of revolution is

2 0
st = (5 3 )
Consider the diffeomorphism W : (z,0) € R x T — (t,9) € S defined as

(31) xy(x,o):\/i< g)
Then the statement follows from the following computation,
_ _ 1 0 1 0
o* = (JzY) " gs(v 1= = .
as(e.0) = (1) as(W T = (0 iz )= (0 )
O

Remark A.2. If & > —1 we cannot have a result like the above, since the change of variables (27))
is no more regular. In fact, the function r(t) = ¢t~ has an unbounded first derivative near 0.

APPENDIX B. COMPLEX SELF-ADJOINT EXTENSIONS

The natural functional setting for the Schréodinger equation on M, is the space of square integrable
complex-valued function L%(M ,dw). Recall that a self-adjoint extension B of an operator A over
LE(M,dw) is a real self-adjoint extensions if and only if u € D(B) implies w € D(B) and B(u) =
(Bu). The self-adjoint extension of A over L?(M,dw) are exactly the restrictions to this space of
the real self-adjoint extension of A over L& (M, dw).

All the theory of Section 2 extends to the complex case, in particular, we have the following
generalization of Theorem
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Theorem B.1 (Theorem 13.3.1 in [30]). Let A be the Sturm-Liouville operator on L (J, w(x)dz)
defined in (). Then

n4(A) = n_(A) = #{limit-circle endpoints of J}.
Assume now that ny(A) = n_(A) = 2, and let a and b be the two limit-circle endpoints of
J. Moreover, let ¢1,¢9 € Dmax( ) be linearly independent modulo Dpin(A) and normalized by

[p1,B2)(a) = [¢1,¢2](b) = 1. Then, B is a self-adjoint extension of A over LA(J,w(z)dz) if and
only if Bu= A*u, for any u € D(B), and one of the following holds

(1) Disjoint dynamics: there exists c4,c— € (—o0,400| such that v € D(B) if and only if
[, 91](07) = c[u, 2](07) and  [u, $1)(07) = duy[u, $2](07).
(2) Mixed dynamics: there exist K € SLy(R) and v € (—m, 7] such that u € D(B) if and only
if
UW07)=e"KU((0Y), or U(x :<[u,¢1](m)>‘
o) O Fr V@D = s oal(a)
Finally, B is a real self-adjoint extension if and only if it satisfies (@) the disjoint dynamic or (2)
the mized dynamic with v = 0.
As a consequence of Theorem [B.1] we get a complete description of the essential self-adjointness

of Algee(ary over L%4(M, dw), extending Theorem [[L6] and of the complex self-adjoint extensions of
Ay, extending Theorem [[8]

Theorem B.2. Consider M, for a € R and the corresponding Laplace-Beltrami operator A]Cgo(M)
as an unbounded operator on L2 c(M,dw). Then it holds the following.

(i) If o < =3 then Algeo(ary is essentially self-adjoint;

(iii) if « € (—1,1), all the Fourier components of A|Coo(M) are not essentially self-adjoint;

)
(ii) of « € (=3, —1], only the first Fourier component AO 1s not essentially self-adjoint;
i)
(iv) ifa>1 then Alcee(nry is essentially self-adjoint.

Theorem B.3. Let Dmin(AO) and DmaX(Ao) be the minimal and mazimal domains of £0|C’g° R\{0})
on LE(R\ {0}, |z|7%), for a € (—=3,1). Then,

Dmin(AO) = closure of C° (R \ {0}) in HE(R\ {0}, |z|%dz)

Dmax(EO) ={u=up+ UB¢B + u;\r,qﬁﬁ +upd, +uydy: U € Dmin(AO) and uf), u]j\tf € C},
Moreover, A is a self-adjoint extension of Ao if and only if Au = (30)*1@ for any u € D(A), and
one of the following holds

(i) Disjoint dynamiCS' there exist ci,c_ € (—oo,+00] such that
D(A {ueDmaX(Ao)' uN—chuJ[) and uy = c— uD}
(il) Mixed dynamlcs: there exist K € SLa(R) and v € (—m, | such that
D(A) = {u € Dmax(ﬁo): (up,uy) = K (uB,u;\r,)T}.
Finally, the Friedrichs extension (KO)F 18 the one corresponding to the disjoint dynamics with
cy =c_ =0ifa<—1 and with c4 = c— =400 if a > —1.
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