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Abstract

This paper establishes the asymptotic normality of frequency polygons in the
context of stationary strongly mixing random fields indexed by Z?. Our method
allows us to consider only minimal conditions on the width bins and provides a
simple criterion on the mixing coefficients. In particular, we improve in several

directions a previous result by Carbon, Francq and Tran (2010).
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1 Introduction and notations

The frequency polygon is a density estimator based on the histogram. It has the
advantage to be conceptually and computationaly simple since it just consists of linking
the mid points of the histogram bars but its simplicity is not the only interest. In fact,
for time series, Scott [16] as shown that the rate of convergence of frequency polygon
is superior to the histogram for smooth densities. For other references on non-spatial
density estimation based on the frequency polygon, one can refer to Beirlant et al. [1]
and Carbon et al. [7]. To our knowledge, the only references in the spatial context are
Carbon [5] and Carbon et al. [6] for strongly mixing random fields indexed by Z¢ and
Bensaid and Dabo-Niang [2| for strongly mixing random fields indexed by R?. In [6] the
asymptotic normality of the frequency polygon estimator is obtained under interleaved
conditions on the width bin and the strong mixing coefficients. In this paper, we provide
a simple criterion on the mixing coefficients for the frequency polygon to satisfy the
central limit theorem when only minimal conditions on the width bin (see Assumption
(A2) below) are assumed. Our main result (Theorem 1) improve Theorem 4.1 in [6] in

several directions. Our approach which is based on the Lindeberg’s method seems to



be superior to the so-called Bernstein’s blocking method used in [6] but also in many
others papers on nonparametric estimation for random fields (see [2], [8], [9], [12], [17]).
For another application of the Lindeberg’s method, one can refer to E1 Machkouri [11]
where the asymptotic normality of the Parzen-Rosenblatt kernel density estimator is
proved for strongly mixing random fields improving a previous result by Tran [17]
obtained also by the Bernstein’s blocking method an coupling arguments. Note that
the central limit theorem in [11] is obtained for random fields observed on squares A,
of Z but actually the result still holds if the regions A,, are only assumed to have
cardinality going to infinity as n goes to infinity. In particular, it is not neccessary to
impose any condition on the boundary of A,,.

Let d be a positive integer and let (X;);cz« be a stationary real random field defined on
some probability space (2, F,P) with an unknown marginal density f. For any finite
subset B of Z%, denote |B| the number of elements in B. In the sequel, we assume
that we observe (X;);cz« on a sequence (A,),>1 of finite subsets of Z? such that |A,|
goes to infinity as n goes to infinity. We lay emphasis on that we do not impose any
condition on the boundary of the regions A,,. Given two o-algebras U and V, we recall

the a-mixing coefficient introduced by Rosenblatt [15] and defined by
al,V) =sup{|P(ANB) —P(A)P(B)|, AclU, BeV}

and the p-mixing coefficient introduced by Kolmogorov and Rozanov [13] and defined

by

. |Cov(f,9)| 2 2
pUV) = p{ gl € @9l (V)}'

It is well known that 4a(U,V) < p(U,V) (see [4]). For any 7 in N* U {oo} and any

positive integer n, we consider the mixing coefficients a; ,(n) and py (n) defined by

a1.+(n) = sup {a(o(Xy), Fp), k € Z%, |B| < 1, 2(B, {0}) > n},
pr.(n) = sup {plo(Xe), Fy), k € 74, |B| < 7, Z(B, {0}) > n}

where Fp = o(X;; i € B) for any subset B of Z? and the distance = is defined for
any subsets By and By of Z¢ by Z(By, By) = min{|i — j|, i € By, j € By} where
li — j| = maxj<p<qlir — jx| for any i = (i1,...,iq) and j = (ji,...,j4) in Z% We
say that the random field (X;);cza is a-mixing or p-mixing if lim, o a1 ,(n) = 0 or
lim,, oo p1,-(n) = 0 for some 7 in N* U {oo} respectively.

Let (by)n>1 be a sequence of positive real numbers going to zero when n goes to infinity.

For each n in N*, we consider the partition (I, x)rez of the real line defined for any & in
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Z by L, = [(k—1)b,, kby). Let (n, k) be fixed in N* x Z and let I,, . and I, 441 be two
adjacent histogram bins. Denote v, ; and v, ;11 the numbers of observations falling
in these intervals respectively. The values of the histogram in these previous bins are
given by v, k(|An]bn) ™ and vy, k11 (JAnlb,) "t and the frequency polygon f,, x is defined
forz € J, ;= [(k: — %) by, (k + %) bn) by

1 T Vn.k 1 r Vn k1
g — k - T , 9 k: T , ’
Furl@) (2 * bn) b (2 i bn) A [b

Define Y; , = lx,¢y,, for any s in Z, then

1
Farl(z) = A XAj ap ()Y + @p(2)Yi o

where a,(u) = 5 +s— oo and @s(u) = a_s(—u) for any s in Z and any w in J,, ;. Finally,
we consider the normalized frequency polygon estimator f, defined for any z in R such

that f(x) > 0 by

folz) = Z Jog(2) 1;,,(x) where aik(:c) = (% + 2 <k: — %) ) f(z).

kez Tn.k (1‘)

Our main results are stated in Section 2 and the proofs are given in Section 3.

2 Main results

We consider the following assumptions.

(A1) The density function f is differentiable and its derivative f  is locally bounded.
(A2) b, goes to zero such that |A,|b, goes to infinity as n goes to infinity.

(A3) sup; P (Xo € Iy, Xj € I,;) = O(by) for any s and ¢ in Z.

(B3) P(Xy € I,,5,X; € I,+) = 0o(by,) for any s, t and j in Z.

Remark 1. Obviously (B3) is weaker than (A3). Moreover, if the joint density fo ;
of (Xo, Xj) exists then (A3) is true by assuming that sup;, fo; is locally bounded
whereas (B3) is true by assuming only that fj; is locally bounded for each j # 0.

As in Theorem 3.1 in [6], the following result gives the asymptotic variance of f,.

3



Proposition 1 Assume that (A1) and (A2) hold. If one of the following assumptions
i) (A3) holds and ng m?*~ 1oy 1 (m) < oo,
i) (B3) holds and Y7, -, m*~" p11(m) < oo,

is true then lim, o |[An|bnV(fn(2)) =1 for any x in R such that f(z) > 0.

Our main result is the following central limit theorem.

Theorem 1 Assume that (A1) and (A2) hold. If one of the following assumptions
i) (A3) holds and Y, -, m** " oy oo(m) < o0,
i) (B3) holds and ", -, m*" pioo(m) < o0,

1s true then for any positive integer v and any distinct points x4, ..., x, in R such that

f(x;)) >0 forany 1 <i<r,

fa(z1) = Efp(z1) .
(|An|bn)1/2 : L/\/’(O,Id) (1)

fulz) —Efu@) |

where 1d 1s the unit matriz of order r.

Remark 2. Theorem 1 improves Theorem 4.1 in [6] in three directions: the regions
A,, where the random field is observed are not reduced to rectangular ones (we do not
assume any boundary condition), the assumption (A2) on the width bin b,, is minimal
and the a-mixing condition is weaker than the one assumed in Theorem 4.1 in [6], that
is . 0o(m) = O(m™?) with 6 > 2d.

3 Proofs

Throughout this section, the symbol s will denote a generic positive constant which the
value is not important and we recall that |i| = max;<g<q|ix| for any i = (iy, ..., 14) € Z°.

Let 7 € N*U {oo} be fixed and consider the sequence (my, ),>1 defined by

d

1
Moy = max Qv | | 5 Z li|% ay -(Ji]) +1 (2)
7| >vn
;1
where v,, = [bﬁd] and [.] denotes the integer part function. The following technical

lemma is a spatial version of a result by Bosq, Merlevede and Peligrad ([3], pages

88-89).



Lemma 1 Let 7 € N*U {oo} be fired. If 3°, ., m** ™" ay.(m) < oo then

> il an(li]) — 0.

li[>mn, -

1

My, 7 — OO, mzﬁ b, -0 and —

n,m - n

Proof of Lemma 1. First, m, ; goes to infinity since b, goes to zero and m, , > v,.
We consider the function ¢ defined for any m in N* by ¢(m) = >, |i]% cy 7 (]2]).

Since Y~ m**!

Consequently, m& b, < max {\/bn, K <\/@Z) (vn) + bn> } ——— 0. Moreover, noting
’ n—00

that mg = > i\/z/} (vy) > i«/@[) (my, ) (since v, < my, ), we derive also

1 . .
— > il ans(lil) < /e (mn) —— 0.
T i >mn, -

a1 ,(m) < oo, we have 1(m) converges to zero as m goes to infinity.

The proof of Lemma 1 is complete.

Proof of Proposition 1. For any n > 1 and any x in R,

Al V(ful@) = 3 [Anfn Vi fr.1(2))

keZ an,k('r)

ﬂJn,k ('T)

Let z in R such that f(z) > 0. For any integer n > 1, we denote by k(n) the unique
integer such that z belongs to J, x(n). It suffices to show that

1m

oo 02 (@)

=1.

In the sequel, we write k instead of k(n) and we denote p, = fln . f(u)du for any s in
7Z.. We have

Pe(l — pr) 1
[AalbuV (i) = ai(e) | ===+ 7 Z Cov (Y, Vi)

pk+1(1 — karl)
bn,

1
+ Ei(l‘) + |A |b Z COV(Y;JH-M }/j7/€+1)
TN jern

i

— 1
+ 2ap,(x)ag(z) p/;)pk+1 + T E Cov(Yig, Yjrt1)
" T jenn

]



Denote also

1

wn (1) = — (ai(@)pe(1 = pr) + () pryr (1 = Proyr) — 20k (€)% (2)prpii) -

br

Arguing as in the proof of Lemma 3.2 in [6], we have by Taylor expansion

= B f(2) + 2200ty — ) = b))
Pein = buf (&) + 22(2(kb, — 2) 5,1 ()

2
where ¢ € J, 1 and cpy1 € Jp 1. Then for j =kor j =k + 1,

max{0, f(z)b, — kb2 } < p; < f(x)b, + Kb2.

Consequently

max{0, b, f2(w) — 22 (@) + w205} < PEEL <, £2(0) 4 202 () — 2

and for j=kor j=k+1,

max{0, f(z) — (k + f2(2)b,) + b3} < pj(lbn

Finally, we obtain
li wmk (.T)
im

=1.
n—oo oy 4 (7)

Let (s,t) be equal to (k, k), (k,k+1) or (k+ 1,k + 1). It suffices to show that

1
lim Cov(Yis, Yjs) =0
nroo A b izjw y
1#]

By stationarity of the random field (X;);czq¢, we have

1 1
i, | 2 Covan Yin)| < 5= |Cov(¥ou, Vi)l
TP i jeAn " ezd
i#] j#0

Using (3), for j # 0, we have

|Cov(Yos, Yio)| < [Yosll2lYoullzora(5]) = v/Pspepra(15]) < Kbnpra(ld])-

Moreover, using again (3), for any j # 0,
|Cov(Yos, Yje)| <P (Xo € Lns, X; € Ls) + Kb

6

Pl —pj) _ F(@) + (5 — F2(2))bn + K255



Assuming (B3) and ) ., m?'p;1(m) < oo and combining (8) and (9) with the
dominated convergence theorem, we obtain

Z |Cov( YOsa Vi)l = o(1). (10)

jezd

J#0

Finally, (6) follows from inequality (7). Similarly, by Rio’s covariance inequality (cf.
[14], Theorem 1.1),

o(Yo0,s),0(Yj,1))
|COV }{)37 jt d/P C?XB,S<IL>CQY}¢<1L)(iu
) <

where Qz(u) = inf{t; P(|Z| > t)
bounded by 1, we derive

u} for any w in [0,1]. Since Yy, and Yj; are

|Cov(Yos, V)| < 4aa(]d])- (11)

Using (9) and assuming (A3), we derive

sup |Cov(Yys, Yj4)| < wb2. (12)
J#0

Assuming -, -, m** " ay 1 (m) < oo and combining (11), (12) and Lemma 1, we obtain

Z \COV(Yo,san,tﬂ <k mﬁ,lbnﬂL

bn 77znq1 n

> lilfaaa(lil) | =o() (13)

jezd l71>mmn,1

j#0
where (my,1),>1 is defined by (2). Finally, using inequality (7), we obtain again (6).

The proof of Proposition 1 is complete.

Remark 3. The reader should note that the asymptotic variance given in Theo-

rem 3.1 in [6] is not the good one. In fact, using the notations in [6], it should be
(1/2 + 2(ko — z/b)?) f(z) instead of (1/2 + (2ky — x/b)?) f(2).

Proof of Theorem 1. Without loss of generality, we assume that r = 2 and we de-
note z and y in place of x; and 5. Let A; and )y be fixed in R such that A\? + A3 = 1.
For any i in Z¢, we define A; = M\ Z;(z) + A\2Z;(y) where for any « in R such that
f(u) >0,

w as(u)(Yis —E(Yis)) +as(u)(Yiss1 — E(Yis41)) u
2= at 1.0,

as(u) =5 +s— s as(u) = a—s(—u) and o (u) = (% +2 <5 _ %>2) f(u).



Lemma 2 E(A}) —— 1 and Y_, .y, E|[AoA;| < k|W b, + 0(1) for any finite subset
n—oo
W of Z4\{0}.

Proof of Lemma 2. Recall that p, = flm f(u)du and J, s = [(s — )by, (s + 3)by,) for
any s in Z. We have

E(A3) = ME(Z3 () + ME(Z5(y)) + 20 ME(Zo(2) Zo(y)) (14)
and
arp\T)a
Bl 20 (@) Z0lw)) = Z ME(YM —pi)(You — i) 13, %3, (%, )
(k,1)ez2 Un,k(x)an,z(y)
a’k(l')al(y)
+ E Y, —p Y, —p 1 § (ay
(k%ezm T k()01 () (Yo = k) (You1 = Prvr) L, s, (7, 9)
ak(fL')(ll(y)
+ ————EYo 1 —p You— p) Ly, ey (g
(k%;m O k() 0n 1 (y) (Yo1 — prr1) Yoy — 1) Ly, 4¢3, (2, Y)
aglz)a
+ r(@)a(y) E(Yokt1 — prr1) (Yous1 — pis1) 13, %30y (z,y)
ez Onk(2)0n(y)

For n sufficiently large, (x,y) belongs to J,x x J,; with |k — | > 2. Then for any
s=kors=k+1landt=1lort=10+1,|EYos— ps)(Yoi:—p:)| = pspr < k2. Since
0 < ag(u) <1,0 < @(u) <1andop (u) > f(u)/2 >0 for any u in J, , such that
f(u) > 0 and any s in Z, we obtain

[E(Zo() Zo(y))] < Kbn. (15)

Similarly, for any v in R, we have

b E(Z2(u)) = Z C;%ug E(Yor — pr)* 1y, (1)

ax(u)ag(u)
+2 é WEO/M — i) (Yo k41 — Pit1) ﬂJn,k(U)

ak(u> 2
E =~ E(Y; — 1 )
+ 2 Ufl,k(u) (Yo kt1 — Drt1) Jnk(u)

NOting that E(Yb,s - ps)2 - ps(l - ps) and E(}/O,s - ps)(Yb,s—i—l - ps+1) = —PsPs+1 for
any s in Z and keeping in mind (4) and (5), we obtain for any u in R,

E(Zj(u) —— 1. (16)

n—o0



Combining (14), (15) and (16), we obtain E(A3) ——— M + A3 = 1.
n—oo

Let W be a finite subset of Z%\{0} and let i € W be fixed. We have
E[AoA;| < NE|Zy(2) Zi(x)| + 2|\ A [E| Zo(2) Zi(y)| + NE|Zo(y) Ziy)l.  (17)
If w and v are fixed in R then

E| (Yo — i) Yig — p0)| s, o xa,, (1w, )

ar(uw)a;(v
+ Z “—l()‘)E‘(%,k — i) (Yiip1 — pl+1)‘ 3, . x3,,(u,v)

(k,1)ez? Un,l<U
|ay,
- E|(Yort1 — Prt1) Yy — po) | U3, o xa,,, (2, 0)
(kgﬁ n,k (U O'nJ(U) ‘ ‘ kX dn

alu)a (v
+ Z | - ! )|)E’(Y0,k+1 — Prr1) (Yiggr — plﬂ)} Ly, xd,, (@, 0).
(enyezz ©

Noting that for any s and ¢ in Z,

IE|(}/O,s - ps)(Y;,t - pt)| S E(}/O,s}/i,t) + 3pspt S |COV(}/O7S7 )/i,t)| + Kbia

we derive
|ax (w)a(v)| |Cov(You, Vi)l
E|Zo(u)Zi(v)| < 13, o x3,,(u,0)
(k%zz mk(u)anl(@) by, S
ar(u)a;(v)| |Cov(Yor, Y
n Z [ar(u)a;(v)] [Cov( Obk 1+1)] L, s, (1,0)
(k,1)ez? O-"JC(u)O-nl(U) n
ax(u)a(v)| |Cov(Yo ki1, Vi)l
- 1y, . x3,,(u,)
vt oy e a— X
lar(u)ay(v)] |Cov(Yo ki1, Yiigr)|
+ 1 u, v
D o ot (2:9)
+ Kb,,.

Assuming (B3) and Y, . ,m* 'p11(m) < oo and using (10) or assuming (A3) and

> msoM* a1 (m) < co and using (13), we obtain

ZE|ZO )| < K|W|by + o(1). (18)



Combining (17) and (18), we obtain ), E[A¢A;| < k|W|b, 4 o(1). The proof of

Lemma 2 is complete.

We are going to follow the Lindeberg-type proof of the central limit theorem for sta-
tionary random fields established in [10]. Let ¢ be a one to one map from [1, k] N N*
to a finite subset of Z¢ and (&;);cz a real random field. For all integers k in [1, x|, we

denote
k

S (€) =D &y and S5 (€) =D &
i=k

i=1
with the convention Sy0)(§) = 55, 41)(§) = 0. On the lattice 7% we define the lexi-
cographic order as follows: if i = (iy,...,44) and j = (j1, ..., ja) are distinct elements
of Z%, the notation i < j means that either i; < j; or for some p in {2,3,...,d},
ip < jp and i, = j, for 1 < ¢ < p. To describe the set A,, we define the one to one
map ¢ from [1,|A,|] " N* to A, by: ¢ is the unique function such that p(k) <jex ©(1)
for 1 < k <1 < |A,|. From now on, we consider a field (&;);cze« of i.i.d. random
variables independent of (X;);cz« such that & has the standard normal law N(0,1).
We introduce the fields T' and ~ defined for any i in Z¢ by
A, §i

I = W and ;= A, [1/2

Let h be any function from R to R. For 0 < k < I < |A,| + 1, we introduce
it () = h(Spw) (I) + 55 (7)). With the above convention we have that hy |, +1(I') =
h(Sew)(I')) and also ho(I") = h(Sg; (7). In the sequel, we will often write /iy, instead
of hy;(T). We denote by B}(R) the unit ball of C}(R): h belongs to Bf(R) if and only
if i is bounded by 1, belongs to C*(R) and its first four derivatives are also bounded
by 1. It suffices to prove that for all 4 in Bf(R),

E (h (Sp(an) (1)) ——— E(h (%))

n—oo
We use Lindeberg’s decomposition:

|An|

E (h (Spqan(@) = 1 (%)) = Y B (hipr — hi—rs) -

k=1
Now,

P g1 — Pe—16 = P k1 — Pe—1 k1 + Pe—1 k41 — P—1 k-

10



Applying Taylor’s formula we get that:

P k1 — Pe—1 k41 = Doy P_1 g1 + §Fg20(k)hk71,k+1 + Ry,

and 1
Pk—1 k1 — Pp—1p = _fch(k)h;efl,kJrl - 5’73;(/&)}1;71,%1 + Tk

where |Ry| < T2, (1A [Tyml) and [rg] <4200 (1A [veml)- Since (T, &)izpw) is inde-
pendent of §,), it follows that

' " [~
E (’7<p(k)hk71,k+1> =0 and E <7i(k)hk71,k+1> =E ( |A7 |+

Hence, we obtain

|An|

E (h(Spann(T) =1 (&) = > BT pwhy1411)

k=1

IAn‘ E F2 1 h;;_Lk_i_l
+ Z (k) \An\ 9

k=1

[An]

k=1

Let 1 < k < |A,| be fixed. Since |Aq| is bounded by /v/b,, applying Lemma 2 we

derive 5
E[&ol

|An|3/2'

E‘A0|3 K
R W TWETSTER

Consequently, we obtain

il 1 1
S E R+ = O (s + e ) = o)

k=1

Now, it is sufficient to show

A "
. / 1\ M1k
nh_{go E <E<F¢(k)hk—1,k+l) +E ((Ffo(k) - \An|) 9 = 0. (19)
k=1

First, we focus on ZLAZ"IIE (ToPi—1pp1)- Let the sets {Vi*;i € Z*, k € N*} be
defined as follows: V! = {j € Z¢; j <jx i} and V¥ = VIn{j € Z¢; |i — j| > k} for
k > 2. Let (N,)n>1 be a sequence of positive integers satisfying

N, — oo such that N%, — 0. (20)

11



For all » in N* and all integer 1 < k < |A,|, we define

By = o([L k] NN) NV and S (D)= Y T

ieE(™

For any function ¥ from R to R, we define \Ijgi)u = \II(S;T(LIZ)(T) + S5y (7)). We are
going to apply this notation to the successive derivatives of the function h. Our aim is

to show that
[An]

Tim S E (Tym b = Doy (Seten (D) = ST By ) =0, (21)

k=1
First, we use the decomposition
F¢(l~c)h;§—1,k+1 = Pw(k)h;c(ﬁ)l,kJrl + Pso(k) (h;c—l,k—i-l - h;c(f)l,kqtl) :
We consider a one to one map 1 from [1, [E{|] N N* to B such that (i) — o(k)| <
|(i — 1) — o(k)|. For any subset B of Z¢, recall that Fp = 0(X;; i € B) and set
En(Xi) = B(Xi| Fya), MeN', ieZ’

The choice of the map 1 ensures that Sy (I') and Sy—1)(I') are Fiw)-pm-measurable.

w(k)
The fact that v is independent of ' imply that E (Fw(k)h' (S;(k +1)(7))) = 0. Therefore
£
‘E <P<P(k)hk(f)1,k+l>) = Z E (Tyry (0 — 6i-1)) (22)
i=1
where 6; = h' (Sw(i)(T) + S;(kﬂ)(v)). Since Sy (L) and Syu—1)(I") are fv\ﬂ(;)w(k)\-
©
measurable, we can take the conditional expectation of I', ) with respect to fv\zp(i)—(p(k:)\
(k)
in the right hand side of (22). On the other hand the function &’ is 1-Lipschitz, hence
E (Do (0i — 0i-1))| < ElyoEpe-om) (Comw) |

10; — 0;—1] < |Ty|. Consequently,

and
i
’E (Fso(k)hk(il)l,k-i-l) <Y BTy Eyo—om T
i=1
Hence,
|An] LA
'(n)
ZE (F¢(/§)hk_17k+1) < m Z Z E| Ay B —ok) (D)) |
k=1 "g=1 i=1
<) 1IAE (Ao

1712 Nn

12



For any j in Zd, we have ”A]EU\(AO)”I = Cov (‘A]| (H]Em(AO)EO - ﬂEm(Ao)<0) ,A())
and consequently [|AE;;(Ao)[l1 < ||Aoll301,06(]7]). By Lemma 2, we know that ||Agl|2

is bounded. So, assuming Y., ., m* ! p1 (M) < 0o, we derive

|An|

> E (Towhi™ )| = o(1). (23)

k=1

By Rio’s covariance inequality (cf. [14], Theorem 1.1), we have also

a1,00(141])
HAﬂﬂ@®W§4A Q4 (u)du

where Qa, is defined by Qa,(u) = inf{t > 0; P(|]A¢| > t) < u} for any w in [0, 1]. Since
|Ao| is bounded by #/v/by, we have Qa, < £/vb, and [|AGE;(Ao)[1 < & a1,00(]1])-
Assuming Y -, m?~1a; (m) < oo and choosing N,, = My, o (recall that (M, 00)n>1

is defined by (2) and satisfies my, o — 0o such that m¢ b, — 0), we derive

|An|

"(n K . .
ZE<FW(k)h’k(7)l,k+1> Sm Z |.7|da1,oo<|.7|>'

k=1 00T | > M 00

By Lemma 1, we obtain again (23). Now, applying Taylor’s formula,

Fso(k)(h;c—1,k+1 - hk(ﬁ)l,kqtl) = Loty (Spe—1) (') — S;T(L/)ﬁ)(r))h;;q,kﬂ + Ry,

where | Ry| < 2| (Spe-1)(T) = S5y (D)L A S -1y () = S50, (T)])]. Consequently
(21) holds if and only if lim, . 1" E|R,| = 0. In fact, denoting W, = {—N, +

1,...,N, —1}¥ and W* = W,\{0}, we have

i"mR;l <K <|A0| (Z |Ai|> <1 A ﬁ 3 |Ai|>>

k=1 1€Wn, 1€Wn,
1
_ 2
=2B | [ AF+ ) [A0A] <1/\ A7 > |A,~|>
iEWr €Wy
2 2
< T Z E(A2|A]) + 2 Z E|AoA|.
1€EWn ZEW;{

13



Since |Ag| < o> we derive
|An| y
> E|Ry| < o) D E(JA0A]) +2 ) BIAA
k=1 i i€EWn ieW
kE(AZ) ( K )
< + +2 E(]AA;])
(18n16n)1 72 X (| Anbn)'/? zeZW" ’
1 1
= 2 ) (N2 1 L 2
@) ((‘An‘bn)l/Q + ((‘An‘bn)1/2 + ) (Nilby + of ))) (by Lemma 2)
=o(1) (by (20) and Assumption (A2)).

In order to obtain (19) it remains to control

|An|

2
. 1
th 1k+1< L+ Ty (S@(k n(I) = S (T )) T 9A |>

Applying Lemma 2, we have

|An|
Fo< B\ ‘th i (B —E(AY) || 11 -E@A+2 ) E|A|
FEVENW,
|An|

IN
&=

Since N9b, — 0, it suffices to prove that
|An]

1 - |A | th 1k+1 lp(k (AQ))

goes to zero as n goes to infinity. In fact, keeping in mind W,, = {—=N,, +1, ..., N,, — 1}¢
and W} = W,,\{0}, we have




where Ly j, = ‘E ( h, " P (Ai(k -E (Ag))) ‘ = 0 since h;(—nl),k-i-l is Fvérgzioo—measurable

and

)E hk Lk41 — k( 1 k+1) (Aw(k (Ag))> )

|A 5
E<<2/\ZEZW A A2
IE Zzew* E\AOAJ K
(I |b 1/2

(|An|by) /2 ) (since [A| < T a.s.)

Ndb +0(1)
=0 i |b 1/2 TSESLE ) (by Lemma 2)
o(1) (by (20) and Assumption (A2)).

The proof of Theorem 1 is complete.

Acknowledgments. The author thanks an anonymous referee for his\her careful

reading and constructive comments.
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