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2 Benoit Merlet

1 Introduction

In this article, we study the behavior as € goes to 0 of the nonlinear elasticity model
for vesicle membranes with finite thickness introduced in [11]. More precisely, we
perform a I'-limit analysis of the family of functionals . /&* where ¢ is the half-
thickness of the membrane. The limit functional will be (up to a positive factor)
the Willmore functional defined on generalized hypersufaces. Let us recall that the
Willmore energy of a smooth compact hypersurface without boundary £ C R is
defined as

W(E) = /thdj‘fd_l,

where 4 is the mean curvature of X.

This second part strongly depends on the first part of the paper. Before stating
the main results, we recall the model, set some notation and introduce comple-
mentary assumptions. For simplicity, we specialize the model presented in [11]
by assuming tt = 0 where U is the parameter which accounts for the spontaneous
curvature of the membrane. However, the general case is addressed in the last
section.

1.1 An Eulerian nonlinear elasticity model

Let us fix an integer d > 2. Given € > 0, a membrane of thickness 2¢ in R? is
modeled by a bounded open set 2 C R¢ and two mappings 7 € L?>(R?,R?) and
o € L*(2,R?). These objects are subjected to a set of constraints: first, we as-
sume that 7 is a gradient vector field, more precisely, there exists ¢ € WIL’CZ(R" n
C(R?,[—&,€]) such that T = V¢. Moreover, we assume

Q ={yeR’ : [f[(y) <e}.

To prevent membranes from escaping to infinity, we fix a large radius R > 0 and
enforce
y| >R = 1t(y)=+e.

Eventually, we assume that V-6 =0 in 2'(L). Outside the set , we extend
by 0,
o(y) ;== 0 foreveryyecRY\ Q.

We denote by <7 (R) the set of triplets (o, 7,Q) satisfying the above hypotheses
and by 7 the union Ugte. 7 (R).

The material density at some point x € Q is defined as o(x) - 7(x) and the total
quantity of material is,

2(o0,1) = /Rdc-r.

The parameter 2¢ should represent the thickness of the vesicle layer, hence the
natural definition for the area of the membrane is 2(0,7)/2¢. Given a radius
R>0anda (d—1)-volume S > 0, we set

e (R,S) == {(0,7,Q2) € %(R) : £(0,7)=2S¢€}.
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The elastic energy associated with a configuration a = (0,7, Q) € 7 has the

form
)= [ Fo0) Ty

where f € C(R? x R? R depends on the material. In our context, the stored-
energy functions f of interest vanish on the sphere

st = {(e,e) te€ S‘Fl} CRYxRY,
that is
[ ={o}. (1.1)
For the lower bound part of the I'-limit analysis, we also require that f does

not degenerate with respect to this constraint: we assume that the infimum of
f/d(-,S%71)? over R? x RY\ S?~! is positive. Equivalently, we assume

f > xfo, for some constant K > 0, (1.2)

with fo(u,v) := |u—v|>+ (Ju| — 1)>+ (Jv| — 1)?, for every u,v € R?.
The energy functional associated with this particular function is denoted by

Fo(0,7,Q) /fo (v))dy

We study the I'-limit as € tends to O of the energy .% /&> defined on the set

¢ (R, S). For this we consider families {ae }¢c (0,1 (or sequences (ag, ) with & | 0)
of triplets ag = (Ge, Vte, Q¢) € ¢ (R,S) with energy of order of £°:

T (ag)

———= < oo, 1.3

SUp— (1.3)

1.2 Continuity hypothesis

In the proofs, we need a uniform equicontinuity hypothesis which in general does
not follow from (1.3) and might be only a technical assumption.

Hypothesis 1 There exists a modulus of continuity ® (i.e @ : R, — R is a non-
decreasing concave continuous function such that ®(0) = 0) such that

t
forevery e € (0,1], ty):y€ RY — Ee(ey) is @-continuous.

Remark 1.1 The energy bound .%y(0, Vt, Q) < o is not sufficient for # being con-
tinuous. However, in the cases d = 2 and d = 3, if the stored energy function
satisfies

flo.1) = (| =1)F
for some p > d and K’ > 0, then Hypothesis 1 is the consequence of the energy
bound (1.3). Indeed, in this case,

(1 F(ag)\ €74
_1)P = g3 _ 1) < Z \"e)
[ (el =17 = ¢ (83 [ v 1)) < (sgp = ) —
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Consequently, the family 7, has uniformly bounded gradients in L” (RY) and,
by Morrey embedding theorem, is uniformly equi-Holder-continuous with Holder
exponent 1 —d/p.

1.3 Compactness

Let us fix R, S > 0 and consider a family {ae }o<e<1, @de = (C¢, Te, 2¢) € (R, S),
satisfying Hypothesis 1 and

Y

Ey := sup M < oo, (1.4)
o<e<1t €

Our strategy is to approximate the membrane described by the data a, by a smooth
hypersurface X = dO, where O, is an open subset of Bz which is close in L' to
[te = —€] — see Section 2, Proposition 2.1. We obtain uniform bounds on the
(d — 1)-volume of X and on the Wilmore energy # (Z;). Sets of finite perimeter
seem reasonable limit objects for the family {Og} as up to extraction, (Og¢) con-
verges towards a set with finite perimeter Og. Unfortunately, we may loose large
pieces of membrane in the limit process: two (or more) pieces of the hypersur-
face X, may coincide at the limit € | 0, leading to 7#¢~1(d0p) < S. Moreover,
if we consider the behavior of the Willmore energy, the limit surface Xy = d O
may not have square integrable mean curvature, as cusps arise on the boundary
of the cancelling pieces of hypersurface (see Figure 1.1). To keep track of these
phenomena and prevent cancellation, we have to take into account multiplicity.
We do this by considering hypersurfaces as (d — 1)-dimensional varifolds. Vari-
folds have been introduced as a generalization of manifolds by Almgren [2] for
the study of Plateau’s problem, (see also Allard [1] and the reference book by Si-
mon [13]). More precisely, here we consider the set of oriented (d — 1)-varifolds
as introduced by Hutchinson [9].

e o

Fig. 1.1 Cancellation of boundaries with opposite orientations.

Definition 1.1

a) The space of oriented (d — 1)-varifolds in R? is the topological dual of
C.(R? x §9=1), that is the space .# (RY x S¢~!) of Radon measures on RY x §¢~!
endowed with the weak star topology of Radon measures.
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b) To any oriented (d — 1)-varifold ¥ € .# (RY x §¢~1), we associate a distri-
bution A7 € 2'(RY,R?) defined by

AViy) = (Vi) = y(y)-n),  fory € Z(RRY).

¢) Given a smooth hypersurface X oriented by v, we define the oriented (d —
1)-varifold ¥ = ¥ (X, V) by

(7, 0) = /(p(x,v(x))d%d_l(x), for every ¢ € C.(RY x §971).
b

Remark 1.2

a) Usually, oriented k-varifolds are defined as the Radon measures over R? x
G°(k,d), where G°(k,d) denotes the Grassmannian of oriented k-subspaces of R?.
Here, we consider varifolds with co-dimension 1 and we can identify any (d — 1)-
dimensional oriented subspace of R with its positively oriented unit normal. This
defines a smooth diffeomorphism G°(d — 1,d) = S~

b) Similarly, in the literature (see e.g. [9]), one associates with any oriented
k-varifold a k-current 4#". Here, we choose not to treat currents explicitly. We
identify simple (d — 1) vectors of the form (—1)F el A--o A= At A A ed
with ¢; . By duality, this identifies the (d — 1)-current €% with A¥. In fact, in
the present paper the boundary of 47 always vanishes. With our notation, this
amounts to saying that A7 satisfies the Poincaré conditions d;[A¥]; = 9;[AY];
fori,j€ {1, ---,d} or equivalently that A ¥ is a gradient.

In general the distribution A" carries strictly less information than the ori-

ented varifold #'. For instance, if X # ¢ is a smooth compact hypersurface oriented
by v then ¥ := ¥ (X,v) + ¥ (X,—V) does not vanish but A¥ = 0.

¢) When X is the boundary of a smooth and bounded open set O C R?, with
outward unit normal v, then A[¥(XZ,v)] = —V1,.

Our compactness result concerns varifolds constructed from elements of .o7.

Definition 1.2 Let us fix a cut-off function x* € C°(1/2,2) satisfying x*(1) = 1.
For € € (0,1], we associate with any element a = (¢, Vt,Q) of <7 the oriented
varifold,

(@) = g [ (9100 (3 500 ) v o€ CRY x5t

Definition 1.3 (Limit set)

The limit set 2% (R,S) in our I'-convergence analysis is a set of oriented (d —
1)-varifolds. Namely, 7y € .# (R? x S?~1) belongs to 2% (R,S) if there exists a
sequence of smooth open sets (O)x>1 C Bg with outward unit normals v, and
boundaries X such that

sup, ¥ () < oo, 15 15,

and YV (Z, Vi) m ¥y as Radon measures.

(1.5)
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We postpone further definitions and statements about varifolds to Appendix D.
Let us say however that the elements of %% (R,S) are oriented integer rectifiable
(d — 1)-varifolds (Definition D.1) which admit a L?>-generalized mean curvature
(Definition D.2). The definition of the Willmore energy extends to these objects
as a lower semi-continuous functional on 2% (R, S).

Theorem 1.1
Let R,S > 0 and let {ag }o<e<1 be a family of configurations ag = (0g,Vitg, Q) €
¢ (R,S) satisfying the energy bound (1.4) and Hypothesis 1. Then:

a) There exists a non-negative oriented (d — 1)-varifold ¥y with total mass S
such that, up to extraction,

€l0
Vo (ag) R Y as Radon measures.

b) There exists a set of finite perimeter Oy C By, such that

E—1
R 1o, weakly in BV(RY).

Vig, =A%, and Tg:=

¢) Moreover, ¥y € <% (R,S) (hence ¥ has finite generalized Willmore energy).

Remark 1.3
i. As a consequence of (b), if the interior domain M, = [t; = —&] has prescribed
volume or merely satisfies 7#¢(M) — V,then s#¢(0y) = V.

ii. The varifold ¥ can be described by means of a (d — 1)-rectifiable set Xy and
multiplicity functions Goi. The Willmore energy # (#) has an explicit expression

in terms of the generalized curvature of Xy and 90i (see Definition D.1, Defini-
tion D.2 and formula (D.9)).

1.4 Lower bound

For the lower bound, we make further assumptions on the stored energy function.
Namely, we assume that

f is of class C2 in some neighborhood .4 of SY~! in RY x RY, (1.6)

and is isotropic in this neighborhood, that is
f(Qo,01) = f(o,7) V0 €S0(d),V(o,1) € A (1.7)
This assumption parallels the frame indifference hypothesis in nonlinear elasticity.

Theorem 1.2 Let R, S > 0 and let (ag, )¢, |0 With ag, € ¢ (R,S) be a sequence of
configurations satisfying Hypothesis 1. Assume that there exists a (d — 1)-varifold
Yo such that Vg (ag,) — o as Radon measures.

Then, for every f € C(R? x RY,R,) satisfying (1.1), (1.2), (1.6) and (1.7), we
have
F (ag,)

W (%) < liminf Z—%
co(/)W (N) < imin &



An anisotropic nonlinear elasticity model for vesicles. II. 7

where co(f) > 0 only depends on the Hessian matrix D?f on S1. Namely,

Pf P
detL ) dos2 doydty
co(f) == with L = (eq,eq).
3L o2 f 02 f

86d8rd 9rd2

1.5 Upper bound in the smooth case

Theorem 1.3 Let f € C(Rd X Rd,R+) satisfying (1.1), (1.6) and (1.7) and let
0o C R? be a smooth bounded open subset with boundary Xy and outward unit
normal vy. Let us define

R :=sup{|y|:y€Op}+1 and S := #"1(%).

Then there exists a family {ag}o<e<1, ae € e(R,S), such that

Ve (ag) =9 ¥ (XZo, Vo) as Radon measures and co(f)W (Xy) = ]ii{}@
€

Moreover, noting ag = {0g,Vitg,Q¢}, the open sets Q¢ and the vector fields o
and Vtg are uniformly smooth. In particular Hypothesis 1 holds.

We expect the above upper bound to hold true for any element of the limit set
2(R,S) and not only for smooth compact oriented manifolds, however the con-
struction of a recovery family in the general case is a seemingly difficult open
problem, see Section 5.

1.6 Notation

We present here the main conventions adopted in this work. The reader will find a
list of notation in lexicographic order at the end of the article

Throughout the paper, the letter C denotes a non-negative constant which is either
a universal constant or only depends on the dimension d. For constants which
also depend on other parameters, o, -- -, 0, we write C(ot, -+, 04). As usual,
the values of these constants may change from line to line. For constants which
depend on the data introduced in the hypotheses (the dimension d, the prescribed
(d — 1)-volume S, the modulus of continuity ®, the cut-off function y* or the
energy upper bound Ej) but not on €, we use the short hand Cy and we write
Cg¢(a,- -, o) for constants also depending on other parameters. This convention
extends to other objects which only depend on ®w and d, namely: the modulus
of continuity w; of Lemma 2.3, the positive number 5; of Corollary 2.1 and the

functions B}, B;». B; 5 introduced in Lemmas 2.4, 2.5, 2.6.

We write B,(y) to denote the open ball in R? with center y and radius r > 0 or
simply B, for B,(0).
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The (d — 1)-dimensional unit sphere of R is denoted by 9~ 1.

The k-dimensional Hausdorff measure of a set E C R is denoted by 7% (E).
We often define the set of elements satisfying a property &2 by []. For instance
[t = €] is the set {y € R? : £(y) = €}.

Most of the time, we use y or z to denote a generic element of R? whereas x is
always a point on a hypersurface.

For e € %71, 1, denotes the orthogonal projection on the space e = {y € R~ :
y-e=0}, thatis m,(y) =y — (y- e)e.

We identify eS with R?~! and for y € RY, we write y) = (y1,*+,ya—1) = Ty, SO
thaty = (v, ya)-

Some objects introduced along the proofs are used in different and sometimes

distant parts of the paper. These objects are singled out by means of a superscript
star: w; , U*, etc. We have already met the cut-off function y* in Definition 1.2.

We use the prefix “I” to refer to a result of the first part of this article. For instance,
Theorem 2.1 in [11] is refered as Theorem 1.2.1.

1.7 Outline of the paper

In Section 2, we establish the compactness result Theorem 1.1. The main part of
this section is devoted to the proof of Proposition 2.1 which contains the relevant
constructions and estimates. In particular, we use the rigidity estimates of [11] to
show that we can approximate the varifolds {#*(a¢)}¢ by oriented hypersurfaces
{(Z¢, ve) }¢ with uniformly bounded Willmore energy.

In Section 2.6, we establish Theorem 1.1 as a consequence of Proposition 2.1 and
of Allard’s compactness theorem for integer rectifiable varifolds applied to the
family of oriented hypersurfaces {(Z¢, ve) }e -

In Section 3, we build a recovery sequence in the smooth case, proving The-
orem 1.3. We also describe there the general form of the Hessian matrix of our
anisotropic stored energy functions on the set S~

Section 4 is devoted to the proof of the lower bound of Theorem 1.2. In Sec-
tion 4.1, we introduce an approximate mean curvature at the €-level. At some point
x € X¢, this approximate mean curvature only depends on the restriction of o to
the ball B /5, (x). We show that this approximate curvature is indeed an approxi-
mation of the mean curvature on X, in a weak sense. Again, the rigidity estimates
are crucial in this step. In Section 4.2 we pass to the limit € | 0 using lower semi-
continuity of the Willmore energy. This reduces the lower bound problem to a
relatively easy local optimization problem: minimize the local energy under pre-
scribed approximate mean curvature.

In Section 5, we discuss the hypotheses and indicate possible generalizations
and open problems. In particular, we consider the case of a material with sponta-
neous curvature {1 7 0 by substituting the condition V- [(p(ute)) ' o¢| = 0 for
the condition V- o, = 0.

In Appendices A, B and C we prove some ancillary results stated in the main
text. In Appendix D we introduce further material concerning varifolds. The aim
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of the latter is to provide a better understanding of the limit set <% (R,S) and to
define the Willmore energy of generalized hypersurfaces.

2 Compactness: approximation by hypersurfaces, proof of Theorem 1.1

Let R,S > 0 and let us consider a family {a, }o<e< satisfying the hypotheses of
Theorem 2.1. In this section, for every €, we build a smooth open set O, with
boundary X, and outward unit normal v, such that O is close in L' to [te = —€]
and ¥ (Ze, ve) is close to ¥ (ag). The relevant uniform bounds and properties
of these families are collected in Proposition 2.1 below whose proof occupies
Sections 2.1 to 2.5. We deduce Theorem 1.1 from the proposition in Section 2.6.

Proposition 2.1
a) For every € € (0,1],

1 d 1 *
3e(@e) =8| g [ 190l =8| +10¢ @)i ) -8] < Ge

b) For every € € (0,1], there exists a smooth bounded open set Og C Bryice
with outward unit normal Ve, such that, using the notation X¢ := d Qg and Mg :=
{yeR? : te(y) = —¢&}, we have

o, =l < Cge, HT'(Ze) < Gy, W(Ze) < Gy
c) For every ¢ € C(R? x RY) such that supy, , lo(y,n)|/(1+|n|?) < oo, we have

€l0
8

%/g (0 Vee(y)) dy = /2 o(x,ve(x) d " (x)| £5 0.

Except in the proof of part (c) of the proposition (Section 2.5), the parameter
€ € (0,1] is fixed. In this case, it is convenient to rescale the domain by a factor
1/€ by setting Qe = £71Q,. We also define the rescaled data:

te)(v) = € 'te(ey), Te)(y) =Vte(ey), O()(y) := Oe(ey) foryeR%

With this notation, the function #.) € C(R?,[~1,1]) is w-continuous, we have
Vie) = Teyand Q) ={y € RY : lt(¢)| () < 1}. The vector field o) is divergence
free in £(¢) and vanishes in RY\ Q). We also have,

Q(O’(E),Vl(g)) = /Rd O'(E)'VZ‘(E) = 2S/€d71,
and yo(G(g),Vl(E),Q(e)) < E0/£d73. 2.1)

Part (a) is established in Section 2.1. In Section 2.2, we introduce the harmonic
extension u) of #(¢) in a subset of ) which contains [|¢(¢)| < 4/5]. The level
sets of u . are candidates for the hypersurface X ).

In Section 2.3 we state and prove some technical lemmas which follow from
the weak rigidity estimates of [11]. These lemmas are designed for selecting the
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“good” points where the data is sufficiently close to a zero energy limit state, as
described in Theorem I.1.1. We also state there all the consequences of the strong
rigidity estimates which are relevant to our purpose. Eventually, we bound the
volume of “bad” regions. All these results are also used in the proof of the lower
bound in Section 4.

In Section 2.4, we build the set O(,) (and therefore the hypersurface X)) and we
prove the estimates of part (b). Eventually, the convergence result (c) is estab-
lished in Section 2.5.

To lighten notation, we drop all the subscripts (&) and write ¢ for #(), o for
O(e)» £2 for (), etc. We come back to the unambiguous notation at the beginning
of Section 2.5 when considering the limit € | 0.

2.1 Proof of Proposition 2.1. a
For —1 < a- <oy <1, we set

Q% = {yeR" : (X_<t(y)<(x+} c Q.
Lemma 2.1 Let —1 < a_ < oy < 1, we have

o Vi- 0 = (0 —a)s/e" . (2.2)
JQo "

Moreover,

o, —o_)S| 5 $.Zo(0, V1, Q5
'%d(ggbr)_%' S EQO(G,V[,.QS‘H)'FQ,\/%, (23)

and similarly,

(ay—oa)S
/a+ |Vi| — d—1
Q4" €

Before proving the lemma let us show that it implies Proposition 2.1.a. Apply-
ing (2.3) and (2.4) with oy = %1, unscaling and taking into account (2.1), we
obtain

S.%y(o, Vi, Q"‘+

'1%(98 ' ‘—/ Vie| - 5| < Cpe. 2.5)

2¢e

Next, we have
7/* / t
< (as - B X | £

Since |x*(7) — 1| < C||t| — 1], we get

C
2l =Sl < 5 [ 9l 1+ a0 - S\

(1.4),2.5) 25
< C\/ Q) /2e\/Eg €+ Cye g Cee. (2.6)

Proposition 2.1.a follows from (2.5),(2.6).
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Proof (of Lemma 2.1) Let us first establish that for every smooth open set O such
that
{(xeR?:t(x)> 1} € 0 C {xeR¥:1(x) < 1},
we have
/ c-v=_5/e"" 2.7)
20

where v denotes the outward unit normal on dO and o -V is well defined in
H~'/2(90) as the trace on dO of the normal component of & € Hgy (Q2) = {0’ €
L*(Q,RY) :dive’ € [*(Q)}.

Now, notice that the identity

/V(p~c7 :/ 0G-V, 2.8)
o 20

is valid for every ¢ € C=(Q) such that ¢ = 0 in the neighborhood of [r = —1]. In
order to extend this formula to the case ¢ =+ 1, we introduce for s € (0, 1), the
truncated function #; defined as

_[ ) itu)<i-s
[s(y)'{j:(l_s) if £¢(y)>1-s.

By continuity of f, the function ¢y :=t,+ (1 —s5) € W!?(Q) vanishes in the
neighborhood of [t = —1]. Consequently, ¢, belongs to the closure in W12 of

{peC(Q) :supppn[t < —1]} = ¢} and (2.8) is valid with ¢ = ¢;.

/OVZ‘S~G = /ao(ts+(l—s))6-v.

Letting s | 0, since #; — 7 in Wllo’cz(Rd), we obtain,

/OV['G = /30(z+1)6-v.

Similarly, integrating V(t;, — (1 —s)) - ¢ on 2\ O and passing to the limit s | 0, we

also get,
7Vz-o:/ (—t+1)o-v.
Q\0 20

Summing these identities, we obtain 2 [;,0 - v = [, V- 6. By hypothesis, the
value of the latter is 2S/€7~!, so (2.7) holds true.

1/ Let us establish (2.2). By hypothesis, this identity is true for (a_, 0 ) =
(—1,1). Let us first assume —1 < o— < o < 1 and let O be a smooth bounded
open set such that

f<ay] C OC [r<]].

For instance, we may slightly mollify # and invoke Sard theorem to define O as a
smooth sublevel set of the smooth approximation of 7. Now let us introduce the
truncated function,

oy . i) ifas <i(y) <o,
t(y) T {(Xi if it(y)>OCi. ’
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As above, (2.8) is valid with ¢ =7 — a_ and we have,
. 2.7 d—1
Vz-G:/ Vt-G:oz—oc,/c-v: o, —o_)S/e" .
" " (o) [ (@ —a)s/

Hence, identity (2.2) holds in the case —1 < a_ < a4 < 1. The remaining cases
follow by continuity of the integral.

2/ We are ready to establish (2.3). Let —1 < o— < o < 1. By (2.2), the left
hand side of (2.3) is bounded by / “ [l —Vi-ol.
Q

o_
To estimate this integral, we write

[1=Vt-o|=|(1-|Vt]*)+(1—|c]*)+|Vt—0c[*| /2
< 1= |Vt|[+|1=o]|+ [(1 = |Ve])* + (1 = |o|)* + |Vt —o]*] /2. (2.9)

Integrating on Q5" and using the Cauchy-Schwarz inequality, we obtain,
‘Xz —(at - oc‘)S/sd‘l‘ < V2RX+FR)/2,
with the notation:
Fy = Z(0,V1,Q5), X := \/AQy).

In particular we have X2 — /2FpX < 25/e%~! + Fy/2 which yields X < (/2Fp +

\/85/€4"1 +2F))/2. Substituting this in the right hand side of the above esti-
mate, we obtain,

t—oa7)s
XZ_%' < (3/2)Fo+1\/F§ +4FS/e?~! < (5/2)Fy+2\/FyS/e?!,

that is (2.3).
Similarly, the left hand side of (2.4) is bounded by / w [|Vt| —Vi-ol.
Qg7

Writing ||Vt| =Vt -0 < |1 -Vt 0|+ |[Vt| - 1], we get [,a. [[Vt] - Vi 0| <
VSFoX + Fy/2 which yields (2.4). O

2.2 Construction of a harmonic extension of 7. Definition of X*

Recall that @ is the modulus of continuity of Hypothesis 1. Let & > 0 be the largest
number such that

s <1/4, () < 1/10. (2.10)

Then we define

Q= {yeR": fiel0) <910}, K = ROQ,
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and

O)s = {yERd L d(y,Fg)) >5}’ Fiers == |J Bs() = R\ O
YEFG)

Notice that [|t| < 4/5] C O(¢) s or equivalently, t > 4/5 in Fi,) 5. More precisely,
for y € F,), we have r > 4/5 on B;(y) if t(y) > 9/10 and r < —4/5 on Bs(y) if
t(y) < —9/10.

We introduce the harmonic extension u() of 7(¢) in O(g) 5. Its level sets are
good candidates for the hypersurface X ¢y = (1/€)ZX, of Proposition 2.1.b.

Definition 2.1 We set ug (y) = €u(e)(y/€), where u ) is defined as

M(E) = argmin{/Rd |V(p|2 R ONS mzf(Rd), 0= l(e) a.e on F(e),ﬁ} .

Remark 2.1

a) The definition of u ) is valid since the feasible domain of the minimization
problem contains at least 7).

b) We do not define u(,) as the harmonic extension of 7(¢) in £ for two reasons.
e First, in the sequel, we need u, to be equal to 7. in a large part of €. Thanks to
the definition of .Q('E), this property holds true in the set [9/10 < [¢(¢)| < 1]. When
we will apply the rigidity estimates of [11] to u(e) and (¢ in domains intersecting
[9/10 < |t(¢)| < 1], this will allow us to use the same averaged normal direction
for both vector fields Vug, Vi,.

e We also need ) to be uniformly equicontinuous (independently of €). For
this, we define the harmonic extensions u (. in domains satisfying uniformly the
exterior ball property. This is the reason for the introduction of the sets O 5
which have the exterior ball property with radius §.

Definition 2.2

a)For —1/2 < s < 1/2, weset & := EZ(SE) where Z(SS> is the level set
E(SE) = {x S 0(e>75 DU (g) (x) = S}.

b) For every z € O(¢) 5, We set

VM) () i Ve (2) £ 0
ney(2) = < Vi) T
€q if Vu(e) (Z) =0.

Remark 2.2
Since ue) is harmonic in the neighborhood of E(SE), this set is an analytic surface

with unit normal n¢) in the neighborhood of {x € Z(S e) - Ve (x) # 0}

In the sequel, we drop again the subscripts (&): we note u for ue), Os for O 5,
n for n(g) and X* for E(SE), etc. We first establish that Vu is close to Vz.
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Lemma 2.2 We have
/ |Vu—(>'|2 < Eype’ ™ and / |Vu—Vt|2 < 4Eye374.
R4 R4

Proof Since o is divergence free in Og, we easily check that u minimizes the
functional

o) = [ Vool

in {(p € WZL’CZ(R") PQ=tin Fs}. Using ¢ =, the energy bound (2.1) yields,

/RdWM—G|2 = J(u) < J({t) < Ep.

The second estimates then follows from (2.1) and the triangular inequality. ]

Let us notice that, by construction, Og C By, satisfies the exterior ball property with
radius 8. As a consequence, we can use the Perron method to obtain the existence
of a function i € C(Og) which is harmonic in Og and satisfies # =t on d05 —
see e.g. [7] Theorem 2.14. By the maximum principle, we have ' = u, hence u is
continuous on Og. Thereafter we also need u to be uniformly continuous with a
modulus of continuity that does not depend on €. This is the content of the next
lemma. We did not find the relevant precise statements in the literature. For the
sake of completeness, we provide a proof in Appendix A.

Lemma 2.3 There exists a modulus of continuity w; only depending on ® and d

such that u is w; -continuous on RY.

Recall that, in F5, we have || > 4/5, so as a consequence of the lemma, the level
sets {Z°}_j p<4<1 /2 lie at a positive distance from F.

Corollary 2.1 For —1/2 < s < 1/2, we have
d(Z',Fs) > &, with &} = max{r : o;(r) <2/5}.

In particular, 6; only depends on » and d.

2.3 Good cylinders. Bad balls

We use here the weak rigidity inequalities of [11] (Theorems 1.2.2 and 1.1.1) to
show that ¢, and u. are close to some affine function in the neighborhood of
points with small local energy. These results are gathered in Lemmas 2.4, 2.5
and 2.6 below whose proof is postponed to Appendix B. They allow us to select
the good points where it is possible to carry out the computations and to derive
the main estimates leading to the compactness (and lower bound) results. Then, in
Lemma 2.7, we bound the volume of “bad” regions.
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Definition 2.3 The local energy in an open set O C R is defined as
£(0) = / fo(0, V1) + |V — Vi .
one
When O is the open ball B; (y) C R?, we use the short hand,
60) = EB0) = [ fo(o.V0)+[Vu-Vi?
QNB;(v)

We first show that if z € € is such that &3(z) is small enough, then Q — z
contains a cylinder of the following form.

Definition 2.4 For A >0 and 71 € S*~!, D, (1) denotes the (d — 1)-ball,
{YeR?: Y| <A,y -a=0} = By Niit.
ForA>1,&€0,1)and7i € §971, Di (1) denotes the finite cylinder
{/+si 2y €Dl (i), |s|] <1-E}.

Using rotation invariance, we often consider the case i1 = e, for which we simply
write D) for D', (e4) and Di for

D5 (eq) = {y €R: [y <1-&, Y0P < A%}
i<d

Lemma 2.4 Let § € (0,1/2), and n > 0. There exists B = B; (§,n) such that

if 7 € RY satisfies |u(z)| < 1/2 and &(z) < B, then, |Vu(z)| > 1/2 and using the
notation

W= u@n), D=0 tDinE),  90)=u@)+(-2) (),
we have,
(a) D C Q (see Figure 2.1) and
[t =@l =) + lu = @ll =) + VI =Vl 2(p) + [0 = VOl 20p) < M
(b) there exists an analytic mapping ¥ : Dy (n(z)) x (—1/2,1/2) — R such that
|¥||c2 <1 and for everys € (—1/2,1/2),

TOD = [zo+sn(2)] +{y + ¥(,5)n(z) ; ¥ € D) (n(2)) }.

(c) As a consequence,
0 < N2 ND)— (DY) < cy(m),

with cg(n) L. 0asn | 0.
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Fig. 2.1 Example of “good” cylinder in dimension d = 2.

When establishing the lower bound of Theorem 1.2 in Section 4, we apply the
weak and strong rigidity inequalities in the cylindrical boxes of Lemma 2.4. It is
convenient to gather the relevant estimates here.

Lemma 2.5 Let & € (0,1/4). There exists B = B; (&) such that if x € X0 satisfies
&3(x) < B, then using the notation n(x) = i and

D,y = x+D*

(@ C D= x+D5(R),

we have:

(a) D C Q;

(b)
[I|*(x) + |h*(x) < C&E(D). (2.11)

(¢) There exists a harmonic function ¥ : Dy, — R satisfying Vy(x) =0, i-Vy =0,

[ 1w < c@)vE), 2.12)

int

and such that

/ Vu—ii— VY |Vi—ii— Vy +|o—i—Vy|> < CE)ED). 2.13)

int

In the sequel, we perform some changes in the order of integration for which
we are led to consider the sets

ré(z) = {xEZO:ZEX—i-D'lg(n(x))}.

The purpose of next lemma is to estimate the (d — 1)-volumes of these sets.
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Lemma 2.6 Let & € (0,1/2) and 1 > 0. There exists B = B;5(5,1) > 0 such that
if z € RY satisfies

(@) <1=&  and  &(2) <P,

then the function x € X° v+ |x — z|* admits a unique minimizer x € £° and we have
z=x+sn(x) with |s —t(z)| < n. Moreover, using the notation of Lemma 2.4,

Iré(z) = {x+y+¥(,0n(x) :yeXx},
for some open subset X of n(x)* such that
Dy (n(x)) € X C Diy(n(x)).

In particular,

AN (2)) — 7N (D)| < O, (2.14)

We now bound the total volume of points which do not satisfy the assumption
&3(x) < B. Letus fix B > 0 and let us define the sets of good and bad points as

Gg = {xERd:c%(x)gﬁ}, B = Rd\gﬁ.

Lemma 2.7 There exists a finite number of disjoint balls Bz(y1),--- ,B3(yn) C RY
such that

N
%ﬁ C Uﬁ = UBg(y,‘), with N < C¢83_d/[3.
i=1

Proof Since the total energy &,..(0) is bounded by CEpe3~?, the lemma classi-
cally follows from Vitali covering theorem. ]

As a consequence of the bound on N we have #4(Ug) < Cg(B)e* “ and more
generally, for f > 0,4 > 1,

A (U 1Boa () < Cel(B,A)e .

In the sequel, we use this inequality without further reference.

2.4 Definition and properties of the hypersurface X.. Proof of Proposition 2.1.b

Before beginning, let us sketch our construction of the hypersurface X¢).
e Step 0. We introduce a bad set U (be) of points with local energy larger than a fixed

value 8 > 0. We also define the larger open set U(*E) = U(be) + By and the good set
* . Rd *

G<£) =R \U(e).

o Step 1. Then, we define ) in GE‘E) as E(*E) = GE‘E) ﬁZ?@ = G?e) N [uge) =0].

$ s b
such that X3 . N U(e)

e Step 2. Next, we use Corollary 1.2.1 to find a level set 2(e> e)
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satisfies convenient bounds. We then set Z(be) = Z(S ey U( )

e Step 3. Eventually, we complete the construction of Z( ey U Z(*e) by adding a
smooth hypersurface in the gap U \U with boundary 82(*8) U 82&) C 8U(*£) U
UL,

In Steps 1-3, we also control the volume and the Willmore energy of the respective
pieces of hypersurface.

Step 0. Let us fix & = 1 = 1/4. With the notation of Corollary 1.3.1, Lemma 2.4
and Lemma 2.7, we define,

N

B = min(B;,(E.n).Ba(E)), U’ = Us = |JBo(y). (2.15)

i=1

Let us recall that N < C¢83_d . We also note

N
= UBIS(yi)7 G* = Rd\U*.

Step 1. We set,
= x2'naGn
By Lemma 2.4, £* is an analytic hypersurface. Moreover, X* C Bg/. and its

boundary lies on the spheres dBig(y;).
Now, for every x € X*, we have by Corollary 2.1, Bg; (x) C Og and applying Corol-

lary 1.3.1 with ¢ = u in the ball B5* (x), we obtain

Ih2(x) <5 o / (IVu| ~ 172

where h denotes the mean curvature on X*. Integratmg on X*, and using Fubini,
we get

C _
/ LR S 5 gy, 7 By OINZO(Vu () 1) dy.
¢

By Lemma 2.4.b, we have
¥ (Bg; (y)NZ%) < C forevery y such that d(y,Z*) < 5.

Hence,
: C .
[ Pat < W/Rd(WuKy)—l)zdy < el @16
£

Similarly, using Lemma 2.4.b and Lemma 2.1, we obtain,

AN EY) < CHN(Q)) < CSe'THCper (2.17)
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Step 2. We now define the hypersurface X* inside the balls Bjg(y;). Let us first
consider the union of interior balls U” = UBy(y;) CC U*. By Corollary 2.1, for
any point y € R such that |u(y)| < 1/2, we have Bg;( y) C Os, that is u is harmonic

mn * . For such a point y, we can a orolla 2.1.btouin * . (S
in B, (y). For such a point y pply Corollary 12.1.b to u in By (y). W

get
// P d ds < c<5;;)/ V| — 1],
R EsﬁBsg/z(}‘) Bs;(}‘)

where /I; denotes the second fundamental form on X°. Applying Vitali covering
theorem to a cover of {y € U : |u(y)| < 1/2} with balls of the form B5;/3 (y) and

summing the estimates, we deduce,

/ / 2 da -V ds < C(35) / IVu—1].
1/2 550U

Next, by Cauchy-Schwarz inequality,

/ / 2d " ds < C(5}) \/%”d U*) / (V| —1)2 < Cpe>d,
122500 d

On the other hand, by Corollary 1.2.1.a, we have
/ AN (ENU)ds < AN U)+Cpe?™ < Cpe¥™ .
R

Let us now introduce a small parameter so € (0,1/4) to be fixed later. From the

. b . .
above bounds, there exists s” € [—sg,50] such that £° := £¥ NU” is an analytic
hypersurface satisfying

A +/ P2dw?=! < cye* /5. (2.18)

Step 3. We have to build a hypersurface in U* \ U’ connecting £* to X°. For this,
let us introduce a nonincreasing cut-off function )y € C*(R,) such that y =1
on [0,1], x =0on [3,4e) and 0 > x’ > —1. We also introduce a nondecreasing
truncating function 7' € C*(Ry) such that 7(0) =0, T =1 on [1,+e0) and 0 <
T' < 2. We then set

L= {xeR? : u(x)—s0(x) = 0} with 6(y) := T(Z){ (y,Bo(vi) )

Since 6 = 1 in U’ and 6 =0 in G*, we obviously have ENG* =X*, ENU’ = X’
and in fact £ = Z*" in some neighborhood of U, £ = X% in some neighborhood
of G*. Notice that the balls B;(y;) are disjoint. Hence, there exists K > 0, only

depending on d such that the number P(y) of non-zero elements in the sum which
defines 0(y) is bounded by K.
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Let us note w(y) = u(y) — 5”6 and let us fix z € ZN[U*\ U]. We compute at
point z,

IVw|(z) > |Vul(z) =[5’ VO] (z) > 1/2=2|8’|P(2)]|X [l > 1/2—2Ks0.
Now, we fix
so := 1/(8K),

so that
[Vw|(z) > 1/4.

Consequently, ¥ = w~!({0}) is a smooth hypersurface.

Let us now estimate the (d — 1)-volume and the L? norm of the second funda-
mental form of X N[U*\ U]. We consider again a point z € X N[U*\ U]. We have
lu(z)| < |s’] < 1/4 and by construction, &(z) < Bg1(1/4,1/4) so we can apply
Lemma 2.4 at this point with & = 1 = 1/4. Assuming without loss of generality

that z = 0, n(z) = e, and using the notation of Lemma 2.4.b we have for y’ € D]
and —1/2 <s < 1/2,

w(y +seq) =0 <= P ,L0( +se4)) = s.
Now, let us set,
Z(y,s) i=s—P(,5.0(5 +sey)), fory € D}, —1/2<s5<1/2.
We have £Z(y/,+1/2) > 1/2—n =1/4 > 0and £Z(y',s) > 1 —nlso|[|6|[ >
15/16 > 0, so for every y' € D, the equation Z(y',s) = 0 admits a unique solution
s = {()). In other words, [D} x (—1/2,1/2)e4] N X is the graph of the mapping
{. By regularity of ¥ and 6, we also have
IV¢[-< €, D¢ < C.

We deduce the inequality

HAN([D) x (=1/2,1/2)eq] NE) + i < c.
[D)x(=1/2,1/2)eq|NE

Using Vitali covering theorem and the bound .5#¢ (U") < C¢£3_d , we get,
A (ENUY) +/ P dot! < Cped . (2.19)
ENU*
Taking into account (2.16),(2.17),(2.18) and (2.19), we have established
A1N(Z) < €S+ Cy, and W(E) < Cpet (2.20)

Eventually, we set M := {y € R? : t(y) = —1}and O :={y € R? : w(y) =
u(y) —s+8(y) <0}. We have O C Bg/e and dO = £. Moreover, taking into account
Lemma 2.1 and the bound 5% (U*) < Cge3~4, we have

1o — 1y < 2Se' 4 +Cype* ™. (2.21)



An anisotropic nonlinear elasticity model for vesicles. II. 21

Putting back the subscripts (€), we note Xy := X, Og) := O, M(¢) := M, U(*e) =
U* and G{;) := G". Returning to the original variables, we set X := (1/8)Z),
Og := (1/€)O0() and M := (1/€)M,). Unscaling the inequalities (2.20)(2.21),
we obtain the estimates of Proposition 2.1.b.

Further conclusions. For later use, we remark here that
ATNB()NZe) < €, foreveryy e G~ (2.22)

Indeed, by construction, By (y) N Xg) = Bi(y) DZ&) forevery y € G@ and we can
apply Lemma 2.4.b to any point z € By (y) N Zg).
In the sequel, we consider bad sets which write, using the notation of Lemma 2.7,

as %(8) =Ue) p- We deduce from Lemma 2.7 (2.19) and (2.22) that

N (2(8) N (U(*g) U%(e))) < C¢(B/)£37d.
More generally, for A > 0, we have

Pl (2(5) N [(U@) UZ) +BAD <GB ME (223

2.5 Proof of Proposition 2.1.c

In the previous section, we have built the open sets O¢ and X, satisfying the esti-
mates of Proposition 2.1.b. We now establish Proposition 2.1.c. Let ¢ € C(RY x
R?) such that sup [|@(y,v)[/(1+|v|?)] < . In scaled variables, we have to prove
that

gd-! 00, (2.24)

1
5| elezVie@dz— [ glexn.vie(w)dat ()
e) Xe)

Proof (of (2.24))

Step 1. Mollification of @
Let us introduce the quantities,

1 . _
Qulg)=5 [, oz Viods,  Qololi= [ plenvi)dr ).

Let y € C7(RY,[0,1]) be a cut-off function satisfying y = 1 in B, and let us set
o' (y,v) = x(v)@(y,v). We obviously have Q'(e) @] = Q'(e) [@]. On the other hand,
we compute

d—1

d—1 I € /

£ — < — €z, Vt dz.
|0 [9" —0]| < ) '“VIM]I(PI( 2, Vie)(2))dz
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Since |@|(y,v) < C(@)(|v| —1)? for |[v| > 2, this leads to,

- C gd-1 C(0)Ene? 10
10 lo' —9l| < %/Q()qvt(gﬂ_ly < CORE ap

As a consequence, we may assume that ¢ is compactly supported in Bg| X By.
Let ¢ € C.(RY x R?), we deduce from the estimates of Proposition 2.1.b,

e Qw9 —ol| < &AL 0ll-/2 < Cell® - 9|,

el 10y 9l| < & A ()6 0l < 16— 9l

Thus, by density, we may also assume that ¢ is smooth and compactly supported.

Step 2. Cut-off procedure.

From now on, we consider a fixed test function ¢ € Z(R? x R?). In order to
ease the estimate below, we perform partitions of R into good sets and bad sets.
Let us introduce a small parameter & € (0,1/2) and let us set

QY = {ze Q) i) <1-8/2}.

By Lemma 2.4 and Lemma 2.5, there exists 8, > 0 only depending on & such that

ifxe 28;) satisfies &7¢) 3(x) < B, then

x+D5 (ney () © @77,

and we have the estimate,

1

4(D0) Vi(e)(2) = ney(x)) | dz < &. 225
%d(D?)'/[xw?(me)(x»}' te)(2) —n(e)(x))[dz < & (2.25)

Now, for z € Q(i/)2’ we set
4% (2) = S 6% (z—x,n(e)(x)) dA* (x),
) AUDY) Jxp,

where for /i € §971, y — 6 (y,7i) denotes the characteristic function of D[f (7).

By Lemma 2.6 there exists 8, > 0 only depending on & such that if z € .Q(i/f

satisfies &(¢) 3(z) < fBp, then
a7 ()= 1] < & (2.26)

Let us set  := min(f,, B) and let us define the bad sets

?/(e),é = [U@)UU@)Qﬁ} +By C 7/(/8)@ = %5)75-5-36,
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and the corresponding good sets
Yo = RN\ Uerg D g = RN\ Yy
By Lemma 2.7, we have
AT Uy ) < Co(8) e (2.27)
We now introduce a cut-off function y ) ¢ € C=(R4,[0,1]) such that
Xee =1 onGee, Aoz =0n e  [VAeell- < 1.

We set @ (1) := X(¢) £ ((1/€)y)@(y,n). Note the abuse of notation: although not
explicitly indicated, @z depends on €. We have,

27)
e Q) l0z — 0l| < ||@llee’ " AUy )2 " C¢(<P §)e’

d—1

_ _ (223
e |0l oz~ 91| < ol A B %) L Colo.2)E

Therefore,

e {0 0] - Ol loc] b — { Q) [9] - Ol 91| < Celg.8)e* =2 0.

As a consequence, we can substitute @¢ for ¢ in (2.24). The rest of the proof
consists in establishing

limsupec! |06 [pe] — Ol [02]| < Culo)E. (2.28)

Since & € (0,1/2) is arbitrary, this proves the desired convergence result (2.24).
Step 3. Proof of (2.28).

Let us enumerate the benefits of the cut-off procedure. Since @ is supported
in %, ¢ x R?, we may substitute 283) for X(¢) in the definition of Q’(e) [@¢]. More-
over (2.25) hold for any x € Z?S) NYe),c and (2.26) hold for any z € .Q(i/)z NYe).e-
Eventually, @¢ satisfies

10zllee < [[@ll,  [Va@zllee < [[Va®ll, (2.29)
Vi@l sre) < [IVa@lleor [VaPelle < €7@l + Vil (2.30)

To lighten notation we write Q(,) for Q(¢)[@; ¢] and Q’(E) for Q’(E) (@ ¢]. With this
notation, we have to show that

< Gy(p)E.

limsupe?=" |Qey — O
£¢0p ‘ ®) (€)
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For this, we introduce the intermediate quantities

1
Q&) := 5/95/2 O ¢ (€2, V() (2)) dz,
©

/ - 1 gy
Q&) './z("e) {%d(D?)-/[x+Df<n<s>(x>>} Posles Vt(e)<z>)dz} e

We prove (2.28) by estimating successively Qe) — Q(e)(§), Q) (&) — Q’(e>(§)
and Q’(E) (&) — QEE). In these estimates, apart from the conclusions, we drop the
subscripts (€).

Step 3.1. Estimating Q(¢) — Q(¢)(§).

Using (2.3) in Lemma 2.1 with (o—,04) = (—1,—14+&/2) and (0, 0t1) =
(1—&/2,1), we obtain,

10-0(5)] < 19l 5y (Q_lv_l+'5/zugl—-§/2,1)

2
ol [ SE | Ce(E)
< ) 8471+£((171)/z :
Hence,
limsup e”'1Q(¢) — Qe) (§)] < [|@]]-S& /2. (2.31)

el0

Step 3.2. Estimating Q¢)(&) — Q¢ (8)-
Changing the order of integration in the definition of Q' (&), we obtain,

Q&) = | ., eslezVi()a* (2)dz,

Hence, by (2.26), we have,

(2.3) S C
0 - 0@ < lolr' @ T (G zam) &
Again, this leads to

limfoup e"10(e)(§) — Q) (&)] < [19]l-5E. (2.32)

Step 3.3. Estimating Q'(§) — Q.
We have

2E)-0] < [ awar .
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with

1

q(x) := |@g(ex,n(x)) — WD?)/{HDf (n(x»} ¢z (€2, V1(2)) dz

Forx € XN gé, we estimate g(x) as follows.

ax) < [pe(exn()]| [1 - #(D5) /2 (DY)

+ ] |oe (€2, V(z)) — Qg (ex,n(x))|dz

4(DY) /[xwf (n(x))
< 2[[¢e |8
Ve |
T s L
Sk )" (DY) S [ i)

(2.25)
< (2ll@z e+ Vee 1) & + V2| Ve |

L=(x+ D% (n(x mE:

Integrating over X ﬁfﬁé and using (2.29), (2.30) we obtain,

0(§)-¢]
< 29l (2)E &)+ Vgl (20 % +B 5] )

(2.20)(2.23) B
< Gl e E ),

We conclude that

limsup e Q) (8) — Q)| < Ce(@)E. (2.33)

Step 3.4. Conclusion.
Gathering (2.31)(2.32)(2.33), we have established (2.28). This proves (2.24). O

2.6 Proof of Theorem 1.1

Let R,S > 0 and let us consider a family {a¢ }o<e<1 With ag = (0g, Ve, Q¢) €
(R, S) satisfying the hypotheses of Theorem 1.1. In this case, the conclusions
of Proposition 2.1 hold. We use the notation of the proposition.

Let us call ¥/ = ¥ (Z¢,ne) the oriented (d — 1)-varifold associated with Xz =
d0¢ and let ¢ € C(R? x §4~1). Proposition 2.1.c applied to the test function
Q(yv) = @(y,v/[v])x*(|v]) reads

(V& (ae); @) — (V@) — 0 ase 0.
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Now, since x*(1) = 1, we have (¥/;9) = (#/; @) and we conclude that
Y (ae)— ¥, — 0 weaklyin.Z(R? x5 1) ase | 0. (2.34)

As a consequence, the compactness and limit properties of {#{} transfer to the
family {77 (a¢)} and it is sufficient to study the former.

The Radon measures {¥#;} are non-negative and supported in Bgc X §d-1,
By the second estimate of Proposition 2.1.b, their total mass || 7¢||(RY x §¢~1) =
(¥¢;1) is uniformly bounded. Thus, there exists a (not relabelled) sequence € | 0
and an oriented (d — 1)-varifold ¥ such that up to extraction,

Y = Y in#(RIxS N ase 0.

The estimates of Proposition 2.1.b show that the sequence of varifolds ¥/ =
¥ (X, Ve) satisfies the requirements of (1.3). Therefore, ¥ € <%(R,S). This es-
tablishes parts (c) of the theorem.

We easily see that % is non-negative and compactly supported in Bg x §¢~!
and that its total mass is given by

_ . 2.34) .. .
IR 5"y = (%6:0) = tim (%/31) "2 tim (77 (ae): 1) = .

The last identity follows from the second estimate of Proposition 2.1.a. Taking
into account ¥*(ag) — ¥¢ — 0, we have established part (a) of the theorem.

Next, let us study the compactness properties of the family 7. = (¢ —t¢)/2¢.
These functions are compactly supported in Bg and by Proposition 2.1.a the se-
quence (T¢) is uniformly bounded in BV (R“). Hence, up to a second extrac-
tion, we may assume that (7;) (weakly) converges in BV (R) towards a function
T € BV(R?) which is compactly supported in Bg. Moreover, by Proposition 2.1.a,
A (Q,) ~ Se and since {y € R? : To(y) € {0,1}} C Q¢, we have T € {0,1} al-
most everywhere in R?. Therefore, there exists a set of finite perimeter Oy C Bg
such that

T — T =1g, weakly in BV(R?) as £ |, 0.

(For properties of BV functions and sets of finite perimeter, we refer to the books
by Ambrosio, Fusco and Palara [3] or Evans and Gariepy [5]).

Now let us consider y € C.(R?, R?) and let us apply Proposition 2.1.c with ¢ (y,n) =
y(y) - n. Passing to the limit € | 0, we get

/dV100~1;/ = —(A%;vy), forevery w e C.(RYRY).
R

Hence, A7) = —V1y,. This identity uniquely defines the limit 7 = 10, so the
second extraction was not necessary.
This establishes part (b) and ends the proof of Theorem 1.1.
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3 Construction of a recovery family in the smooth case. Proof of Theorem 1.3

We consider an energy .7 (0,7) = [ f(0,7) with stored energy function f €
C(R?x,R? R ). We assume that f satisfies (1.1) and (1.6), (1.7), namely: f =0
on the sphere S“~! = {(e,e) : e € S~!}, fis of class C? in some neighborhood .4~
of S“~! in R? x R? and f is invariant under change of orthonormal coordinates in
this neighborhood, i.e. f(Qvy,Qvs) = f(vy,v2) for every (vi,v2) € 4 and every
(orientation preserving) Q € SO(d).

The symmetry assumption and the minimality of f on S?~! yield a special

structure for the Hessian matrix of f on S¢~!. This structure is described in the
following lemma whose proof is postponed to Appendix C

Lemma 3.1 Lete € SV andby,--- by € S~ such that (by,--- ,by_1,e) is an
orthonormal basis of RY. We define an orthonormal basis of R? x R as

S ((bla0)7 ) (bdfla0)7 (O,b1)7 R} (O7bd71)7 (6’0)7 (0’6))'

Then there exists a > 0 and a 2 X 2 non-negative symmetric matrix L which do
not depend on e, such that, in the basis 9, the Hessian matrix of f at point (e,e)
reads

aId,1 —aId,1 0
D’flee) = | —alyq alyq O |. (3.1
0 0 L

(151 denotes the identity matrix of size (d — 1) x (d —1).)
Moreover, if (1.2) also holds (f > K fy for some K > 0), then a and L are positive.

Now let us establish Theorem 1.3. Let Oy C R? be a smooth bounded open
subset of R¥, let vy the outward unit normal to O and let X := 9 O.
We introduce the mapping

v:Z)xR—RY y(x,s) := x+svp(x).

There exists € > 0 such that y is a smooth (and bi-Lipschitz) diffeomorphism
from Xy x (—&,,&,) onto its range €,. The inverse mapping is given by ¥~! =
(mo,Z) where  is the orthogonal projection on X and where Z(y) := d(y, Og) —
d(y,R?\ 0y) is the signed distance function to Xy.

Let us extend vy as a mapping ng : 2, — S~ by no(y) = vo(m(y)) = VZ(y).
We are going to build a quasi optimal family {a. } = {(0¢, Vz¢,¢)} such that o
and V1, are the restrictions to £ of vector fields ¢ and Vr defined on £,.

For symmetry reasons, we look for vector fields ¢ and V¢ which are collinear
to np in £, and equal to vy on Xy. Under this ansatz the only possibility for the
divergence free vector field o : Q, — R is to set

o(y) = (det [Ig+Z(y)Dvo(mo(y))]) ' no(y) foreveryyc Q,.  (3.2)

Let us check that ¢ is divergence free in €2,. Equivalently, we have to show that
Jo, Vo - o vanishes for every ¢ € 2(£,). We perform the change of variable
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y = ¥(x,s). The Jacobian determinant of ¥ is Jy(x,s) = det [I; +sDvy(x)] and
we indeed obtain,

[ w00 oty = [ {7 e Vot swio)asf a1 = 0

—&,

Then we set

t(y) = (1 +@Z(y)> Z(y),

where o € C'(Zy) has to be optimized. The function & being given, there exists
e, € (0,¢&,) such that @y : y — (m(y),7(y)) is a smooth diffeomorphism from
X + B, onto its range. Expanding the inverse of @, with respect to o around

Dy - ¥, we see that

@, (x,5) =x+ (1 - aéx)s—i-o(s)) svo(x),

with o(s) — 0 uniformly in x as s — 0. Moreover, lowering €, if necessary, we
have for € € (0,€,/2),

20 +B(170(e))8 C (D(;l (Zx(—¢€,8)) C 20+B(1+0(e))e- 3.3)
Now, for € € (0,€./2) we set Q¢ := P, (X x (—&,¢€)) and we define

te(y):=1(y)  foryeQe.

By construction, £, splits into two disjoint components d.Q7 with Q; C Oy,
0QF C R?\ 0y and we have +7, = £ on dQF. We then extend . by continuity

as

£ o= —€& in Oy \ .Qg,

£ le  inRY\[Q:UO0).
Eventually, we set

Ge(y) = {0 ify e R\ Q,

By construction, we have a; := (0g, Vte, Q) € o (R+0(€)) where by defi-
nition, R = max{|x|;x € Xy }. Writing y = ¥(x, s), we compute the expansions
vo(x) +0(s%), (34)
vo(x) +0(s),

where hy(x) = —V -ng(x) is the scalar mean curvature of Xy. Taking into account
Lemma 3.1, we have for every y = @, ! (x,s) € Q,

O (x+svo(x)) = vo(x)+sho(x
Vie(x+svo(x)) = vo(x) +sa(x

)
)

2

f(0e(y), Vie(y)) = %(ho(X), a(x))" L(ho(x), a(x) +o(s?).
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Optimizing with respect to ¢¢(x), we get &(x) = —(L1 /L2 2)ho(x) which yields

det L
2 L272

F(0e(y), Vie(y)) = hi(x) s?+o(s?).

Taking into account (3.3), the energy of a, then expands as

det L

ﬂ(ae) = —3L22

W (Xo) e+ 0(83).

This is the expected expansion, however, the volume constraint is not exactly sat-
isfied. We only have

D(64, Vi) = /Q G-Vi = 297 (%) + O(e2).

We recover the exact constraint 2(o}, VtL) = 2e.#971(X,) by substituting a. =
(o}, Vi, QL) for a; with

oe(y) = 0e((1/2e)y),  1:() = Aete((1/2e)y), Q¢ 1= AeL,

where the magnification factor is defined as

D(Ge, Ve 1/d
e = [%} = 14+0(e).

The convergence properties of { 77" (a})} towards # (X, Vo) and of the sets {[r; =
—¢g|} towards Oy are straightforward by construction. This ends the proof of The-
orem 1.3.

4 Lower bound. Proof of Theorem 1.2

In this Section, we assume that the stored energy function f satisfies (1.1), (1.2)
and (1.6), (1.7) and we consider an oriented (d — 1)-varifold ¥j and a sequence
(ag, k=0 with & | 0 such that a¢, € o7, (R,S) for some R,S > 0 and 7, (ag,) — %
as & J. 0.

The lower bound result being obvious in the case liminfy .7 (ag, )/ E,f’ = oo, We
assume without loss of generality, that there exists £y > 0 such that

Folag,) < Ey &, for every k > 0.

Consequently, the constructions and estimates of Proposition 2.1 and Theorem 1.1
apply to the sequence {ag, } and 7. In particular %) € %% (R,S) and by Ap-
pendix D %) = ¥ (X, Vo, 6, , 0, ) is an oriented integer rectifiable (d — 1)-varifold
which admits a L2-generalized mean curvature. To lighten notation, we drop the
subscripts & in the sequence &.. We use the notation of Section 2 for the objects
constructed along the proof of Proposition 2.1: ug, Og, X¢, Ve and the correspond-
ing rescaled objects u(e), O(e), Z(e), V(e)s €lC.



30 Benoit Merlet

By lower semi-continuity of the Willmore energy (see (D.6)) we have
W (1) < liminf# (Z¢).
€l0

However, there is little hope for deducing the lower bound of Theorem 1.2 from
this inequality. Indeed, the mean curvature se of X¢ is loosely and non locally
related to the data a. through the harmonic function u.. Remark that u, does
not even depend on O;. In short (and omitting cut-off issues) our strategy is the
following.

i. In Section 4.1, we define an approximate mean curvature he(x) as the dot prod-
uct of o, with a particular test function { compactly supported in x -+ £D9(v(x)).

We also establish that /¢ is indeed an approximation of /¢ in a weak sense. We
deduce the inequality

W () < liminf/ \he|?do? L. “.1)
el0 Jx,
ii. In Section 4.2, we introduce local minimization problems of the form
. Aui2
cen(f) = inf [y‘ (c#,Vz#,Dfi,; (ed)) /|| } , (4.2)

where the infimum ranges over all admissible vector fields o*, Vi with approxi-

mate mean curvature i* € (—1,m)\ {0} at x = 0. With this notation, we deduce
from (4.1)

cen ()W (M) <
Jiminf — 7 (00, Vie e +-eD% 1 (velw) ) dot ' (x)
elo € Jrenfhel<n/e] %
We then show that the above integral is bounded by [1+ s(1)]#9~1(D}).Z (ae)
with s(1) — 0as 1 | 0 and get

Cen(# () < (145 (o) timint ZL5E).

We study the local problems (4.2) and establish
liminf cg (f) = A (Dh)eo (/).
n , :

where ¢( ¢(f) depends explicitly on f and on the test function . Eventually, op-
timizing wit respect to § we obtain supy o ¢ (f) = co(f) which yields the desired
lower bound.

The above description leaves aside the following technical difficulties: 1/ we
are only able to define the approximate mean curvature in a good set, so we need to
perform a cut-off and control the volume of the bad set; 2/ we need also to control
the (d — 1)-volumes of the sets L N [|e| > 1/€]; 3/ for compactness issues we
introduce a small parameter & > 0 and (with obvious notation), we substitute

F <0'#,Vt#,Df'§2§) ta / [fo(c® Vi*) + |Vut — Vi 2]
. B3Q.Q#

for .7 (o, Vt#,Df‘Ez ¢) in the local optimization problem.
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4.1 Definition and properties of the approximate mean curvature.

We already know that o, approximates Vg, so a naive way to build an approx-
imation of the mean curvature on Xz by means of the data (o, V#e) is to set
he (x) := divy, o¢ (x). However, the regularity of o is too weak to provide a robust
definition under sole energy bounds. The next idea consists in using a weak notion
for the mean curvature where, thanks to integration by parts, the space derivatives
on O are transferred to a test function. The relevant tool for this is the tangential
Green formula.

Let us consider a smooth compact hypersurface I' C R? without boundary, with
normal v and mean curvature h. Let X € C'(I",R?) of the form X (x) = ¢(x)v(x)
and let us extend it as a mapping X € Ccl, (R4, R%). For such a test vector field, the
tangential Green formula (D.2) reads,

/(phvd%d” = —/vﬂpd%d*‘ for every @ € Z(RY).  (4.3)
r r

Assume for simplicity that 0 € I with v(0) = e, and let us localize the above
identity around 0. For this, we introduce a function of the form

O ya) = xy(1y' DxL(va),

with x/,x1 € Z(R,R.) even and such that x (0) fga—1 X/(|y'])dy’ = 1. Using

the test function @(y) = n'=4£((1/n)y) in (4.3), taking the scalar product with
v(0) = ¢4 and sending 1 to 0, we obtain after some Taylor expansions,

h(0) = lim — / \% dd=!
i X1 (za) Vi) (2) -V (12]) (2).

where Iy is the hypersurface (1/1])1" and v(n).(z) =v(nz).

We mimic this formula for defining an approximate mean curvature on X.. For
this, we choose 1 = € and we substitute the vector field o(,) for the outward unit
normal V(;) = V(). This substitution closely connects the approximate curvature
to the data. We also thicken the domain of integration by substituting the cylinder
D(l) C R? for the piece of hypersurface L) Nsupp §. The precise construction is
detailed below.

Definition 4.1 Let x,, x| € W!=(R,R, ) be two nonnegative, even cut-off func-
tions which are compactly supported in (—1,1) and satisfy

(fozhar o) (fwas) =1

We define a Lipschitz test function { € W (R? x §¢~! R, ), by setting

¢ =2¢yC with L (wa):=xi(v-7), &y(y:a):=xy(|myl]).
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Notice that for 7 € §?~!, the function y +— & (y;7) is compactly supported in
DY(7). In the sequel, we fix & = &({) € (0,1/4) such that

supp {(+371) C Df’fzg ()  fories? '

Notice also that
Cna)dy = 1.
Jrd
Definition 4.2 Let us introduce a small parameter 1 € (0,£ /2) and let us set

By = min (B;,(§,m), B;5(E/2,m)), 4.4

where the functions B; | and B; 5 are given in Lemma 2.4 and Lemma 2.6. Using
the notation of Lemma 2.7, we define the two bad sets (union of bad balls),

Uy = {U(*«S)UU(EWJ—FB\/E C Uy = Ueyn+By3:
and the corresponding good sets

Gern = RO\ Ueyn, D Yoy = RI\Y .

Next, we define a cut-off function y ) ,, € 7 (R4, [0, 1]) satisfying

/

Xen =1 0G0 Ken=00n%eyn,  [[VAenle<1.
The approximate (scalar) mean curvature of X at some point x € X is defined as

~ X(s).n (8x>

he() 1= T /R Gex+ £2) Ty Vo (2 Ve () .

Eventually, the approximate mean curvature is defined as He (x) := he (x) Ve (x).

Remark 4.1 To lighten the notation in the above definitions we did not emphasized
the dependencies in { and 7. Below, the main computations are carried out for a
fixed test function { and a fixed parameter 1. Only at the end, we send 71 to 0 and
we optimize the lower bound with respect to .

The next proposition states that he approximates /g, at least in a weak sense in
L2(Ze, 07,

Proposition 4.1 Let he be given by Definition 4.2:
a) We have the following uniform bound in €,

[, lheParit < cut.m.
b) Moreover for every ¢ € C(RY),

/ ¢ [he — he] ved ™" £ 0.
Ze
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Proof Letus fix € € (0,1] and for x € X(¢), let us set

il(e) (x) = Silg(gx>.

We now drop the subscripts (€): we write X = X, U* = Ule)» Xn = X(e)m» €tc.
In rescaled variables, we have for x € X,

~

) = 20() [ o(e9)- (£09,8)) (3v() dy: 3)

Recall that in the above integral we can reduce the domain of integration to Dfé_z £ (v(x)).

We start with a few remarks. Let us consider the piece of hypersurface,
I == XNsuppxy.

By definition of ¥, we have supp xn + B, 5 C U* so that N (supp xn + B, 5) C
X9 In particular, I} C Xy and v(x) = n(x) on I,

By definition of 3;;, Lemma 2.4 and Lemma 2.5 apply to any point of I5,. Follow-
ing the notation of these lemmas, we define for every x € I,

Din(x) i= x+D}>,, (n(x)) C D) i= x+D5_,(n(x)) < Q.

The inequalities (2.11) and (2.13) apply at x and moreover, £ N D(x) = X% N
D(x). Eventually, since 1 < &/2, Lemma 2.4 implies |t| < 1—&/2 in D(x); so
Lemma 2.6 apply to any element y € D(x), x € Iy,.

(a) We have to estimate the quantity

i = e [ Rawi,
e © I

Let x € I5; and let y, be the harmonic function provided by Lemma 2.5.c. Since
VY = () Vi and i, is harmonic, we have

/RdV%(y)-VyC//(y;n(X))Cl(y;n(X))dy = AdVWx(y)-VyC(y;n(x))dy =0

This identity and n(x) - V,{(yin(x)) ; = 0 allow us to rewrite (4.5) as

) = 105) [ [oe3) =) = Vyslr+3)] - (609,8)) (i) .

Then (2.13) and the Cauchy-Schwarz inequality yield |2>(x) < C({)&(D(x)).
Integrating on I, and using Fubini, we obtain

[ iRatt < c@) [ (oo, Vo) +[Vu=ViP] (e 0)dy.
I Q

1-&/2 [
with the notation Q'~%/2 := [|t| < 1—& /2] and

) = [ 0P —xn()d " (x)



34 Benoit Merlet

where 65 (-, n(x)) is the characteristic function of Di £ n(x)).

By inequality (2.14) of Lemma 2.6, we have |¢% (y)| < C(1). Hence,
(Lemma 2.2)

e /Fmﬁmd*gc@)e“ /Q[fo<c’Vz>+|w—Vr|2] < G(d)

This establishes Proposition 4.1.a.

(b) Let ¢ € C(R?). In scaled variables we have to bound the vector Q(e> (o] —
Q(g) [(P] € RY, with

Oerlo] == 972 O (&x)hie) (X)ngey (x)d " (x),
(&) (] € A(E) (&x)he) (x)ne) (x) (x)
O o] = d=2 ) xhexnexd%d”x.
()[] € '/Z(e) (8)()()()<) ()

The scaling factors £=2 come from 7741 (Z) = g4~ 1 d—1 (Z(¢)) and he(x) =
Sflh(e)(a‘*l )

Let us drop again the subscripts (€). Recall that £ C Bp /e, SO WE can assume
that ¢ is compactly supported. We can in fact assume that ¢ is Lipschitz contin-

uous by density of WI’”(BR/E) in C(Bg/¢). Indeed, ¢ — (O — 0Q)[@)] is linear and
by part (a) and the bounds of Proposition 2.1.b,

(@~ 0gll < lglly 2603 [ i+ st feitopa-i(z)
< GEM]0

Now, we claim that we can somehow assume that ¢ is supported in 54,; Let us
introduce a cut-off function y,, € 2 (R?,[0,1]) satisfying

Iy =1 on%y, Xn =0 on %y, Vgl < 1.
with the larger bad set and smaller good set:
"no._ ! 1. pd "
Uy = Uy+B s, Yy = RN\,

We then define
Pn () == xp((1/€)y)0().

Since |@, — | is supported in %) and bounded by ||¢||.., we have, proceeding as
above and using (2.23):

(- Q)lon — ¢l
< \/2sd‘3/ R A N Y
X

10
< (&M @lloe =5 0.
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Therefore, we may and do substitute ¢, for ¢ and assume ¢ € W!=(R?) in the
proof of (b). Remark that albeit not explicitly written, ¢, depends on €. Let us
summarize the properties of @y:

[onllee < [@]leo, supp@y C Yy, (4.6)
IVon =) < VOl IVonlli=zy) < €' ello+VOlo. 4.7

In particular ), = 1 on the support of ¢, and we can drop the factor y, and
replace X by I3, C X in the definitions of Q(¢)[¢y] and Q(e> [on].

In the sequel we write Q and Q for Q[@,] and Q[¢y]. Using formula (4.5),
we rewrite Q as an integral over (x,y) € £ x R?. Then, performing the change of
variables z=x+y € R?, xe I3, and using Fubini, we obtain, fori =1,--- ,d — 1,

A _ pd-2 A
0 = "2 [ o) a2
with the notation O = (Ql, e ,Qd) and
Gi(z) = /F on(e0)mi(x) [C1V) 8] c—xin(x)d " (x).  (48)
1

Here n;(x) denotes the i-th component of n(x).
Next, having in mind the identities 7V, (v:71) = V,,{y(y:71) and m; V, & (y;72) =
0, we compute the expansion,
o) Vi | @ (6X)8 (2= xsn(3)n()|
= aj(x,2) + bi(x,2) + @y (€x) T,y ci(x,2),  (4.9)
where:

a. The term ;(x,z) involves the gradient of the function y — §(y;71),

ai(x,z) == —@y(ex)ni(x) [CLVyC//] (z—x;n(x)).

Remark that a;(x, z) is the negative of the integrand in (4.8).
b. The term b;(x,z) involves the gradient of x — @y (ex).

bi(x,2) = €C(z—xn(x))ni(x) Ty() VP (£).

¢. The last term c¢;(x,z) involves the gradient of n(x). It can be written on the
following form,

d — X3 )i
Ci(x,Z) _ Z 8[C(Z > ) l]
k=1

d
I Vi (x) = ;ci_’j(x;z)an(x). (4.10)

n =n(x) j=1

We have supp|c; j(-;2)] C Dﬂ(z) and [|¢; ;|| < C(C).



36 Benoit Merlet

Integrating (4.9) on I, and applying the Green formula (4.3) to the left hand side,
we get,

02 = ~ [ alxz)ant @)

Iy

N /r P (ex)¢ (2 — x:n(x))ni(x) h(x)n(x) d A" (x)

+ . b,-(x,z)dj‘fd’l(x)—i— . Pn (Sx)ﬂfn(x)ci(x,z) d%dﬁl(x).
JIy JIn

Taking the dot product with ¢(z) = n(x) + [0(z) — n(x)], integrating in z € R? and
changing back the variables of integration to y = z — x,x = x, we obtain,

0 = Qi,l + Qi,z + Qi,3 + Qi,47

with

Qi = 8d72/F - C(';”(x))} h(x) @ (ex)n;(x) d 7" (x)

R4

iy =" /F _ [, SGnt)(o(+) —n<x>>} n(x)h(x) oy (Ex)i(x) d.A 4 (x)

A [ T
Qi3 = E”H/F RdC(-;n(x))G(x+~)} M)V (€x) . (x)

Oia = eHi/Fn URdci,Ax,H.)a(x+.)rnn(x)vnj<x)<pn(sx)d%d—l(x).

J=1

Le us consider Q, 1. By definition of {, the term into brackets is equal to 1. There-
fore, .
Qi1 = 0. 4.11)

We have to establish that the three remaining terms go to O as € | 0.

Let us fix a point x € I'y. The harmonic function y, given by Lemma 2.5.c ap-
plied in x +Df_ £ (n(x)) satisfies Vy,(x) = 0 and n(x) - Vy, = 0. In particular, we
can substitute [o(x+:) —n(x) = Vy(x+ )] for [o(x+ ) — n(x)] in the definition
of Q;». Using (2.13) and the Cauchy-Schwarz inequality, we compute

0zl < CEglle’? [ \/EB 50 Ihx)dr " )

< CE)lloll-e /e (X) \/8d3/1* & (B 5(x))dA 4 (x).

Using Fubini and taking into account Lemma 2.2, we obtain

0l < CEmlglloe /a7 () e [ (o).
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Unscaling, we get

1002 < CE M@l V7 (Ze) VEoe =5 0. (4.12)

Next, we consider QA5,3. We first notice that n(x) - 7,y = 0 so that we can

substitute [o(x+ -) — n(x)] for 6(x+ -) in the integral into brackets. Now, since
n(x)-Vy, =0 and §(-;n(x)) is radially symmetric with respect to the direction
n(x), the mean value property yields

|, €t Vysts+3)dy = Vys) = 0. (4.13)

Therefore, we can substitute [o(x+ ) —n(x) — Vy,(x+-)] for o(x+-) in the
definition of Qi73. Proceeding as above, we obtain

0] < @) fer [ o v fert [ (vgnPaite
Q z
< Co(&) (IV@n l=(zrigy) + Vol 62 41 E %) )
(2.23)
< (&) (1Yl zrigy) + IV @yl €) €
(4.6)(4.7) €10

< GO)lelyi-e — 0. (4.14)

For the last term, we can obviously substitute [o (x4 -) — n(x)] for o(x+ ) but
we can still also substitute [o(x+ ) — n(x) — Vyy(x+-)] as in fact

d
[, X cusforx )V (o) Vg () dy
=1

= /RdVl,llx(x—i-y)-ﬂn(x)ci(x,x—i—y))dy = 0. (4.15

To see this, we have to go back to the definition (4.10) of ¢;. Without loss of
generality, we assume that x = 0 and n(x) = e¢4. By (4.10), we have for 1 <i <
d—1,

P~

a(0.2) = Lzenvm(0) [ Vy(a) ma(0.0) = o

For i = d, we have

Vnk (0)

n=ey

d—1 s
Cd(O,Z) — Z a[C(Z,I’I)]
k=1

oy,

Writing z = (7/,z4) and taking into account the relations

C((Z,za)seq) = C((Z,—z4)5€4), C(Rz;Rii) = {(z;71) for every R € SO(d),
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we have using rotations in the plane (e, ey),

98 (¢ 20):7)

— fork=1,---.d—1.
97 0, or R

ﬁ:ed

Hence, since Vyy(7,z4) does not depend on 7z, we have

9% mca0.2) = 0.
R4

Therefore, (4.15) holds. .
Substituting [6(x+-) —n(x) — Vyy(x+ )] for o(x+-) in the definition of Q, 4 and
using (2.11) to bound |Vn|(x) = |H|(x) and (2.13) as above, we deduce

0l < C@lole’ [ [58500)]" ar o)

n
(Holder)

3/4
< @l ¢ [ 6@ atnan | e ] ve

= &)l pgll-vE 5 0. (4.16)

Proposition 4.1.b then follows from (4.11),(4.12),(4.14) and (4.16). O

4.2 Passage to the limit € | 0, computation of the lower bound

Proceeding in the same way as to obtain the lower semicontinuity of # (see (D.8)),
we deduce from Proposition 4.1 that

W () = / (65 + 6y )| Hol*do™ ! < liminf/ he|*d" " (4.17)
Xy el0 Jx,

By definition of he, we can replace the domain of integration by Iz n := €l(¢) 5 in
the last integral.
Let us recall the definition of the local energy at some point x € I(¢) .,

ey (x) = /)93(x)mg [fo(S(e), Vie)) + [Vitge) = Vige [P]

We introduce another local energy. Let & > 0 be a small parameter, we set,

f(ore), Vi) + adie) (x).
/xw?%é(n(g)(x» e

Remark 4.2 We add the term a.&(¢) for compactness reasons. This terms controls
oscillations of Vu and thus of X°.

We then consider local optimization problems associated with this local energy.
By frame invariance, we only have to consider the case x = 0 and n(x) = e,.
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Definition 4.3 Let §, § =&£({), o > 0and n € (0,&/2) as above. We set

1 T
enell) = SEETD)) ‘“f{ PR

: a#EY,#,iz#(a#) 7&0},

where:
(i) 7 is the set of quadruplets a* = (o, 1*,u*, £*) with:
6#€L2<B33Rd>7 [#,M#EWl’Z(B?,,[—l,l]), F#CD%/2<ed>a

such that:

e t*is w-continuous, u* is j-continuous, u* =r*in {|t*| > 9/10},

e the vector field 6* is divergence free in 2'([|t*| < 1]),

e u" is harmonic and |Vu#| > 1/2in D}/z(ed),

e I'* is the hypersurface:

1/2
r* = [uf =0} D (eq),

and moreover, 0 € I'* and Vu* /|Vu#|(0) = ey,
e we have the energy bound (see (4.4))

/ (fo0® Vi) + Vit —Vi*[2) < By.
Blﬂ.Q#
(ii) The local energy .Z/f (a*) is modeled on Fle)a:
FHd*) = / o [(6". V) +agt(d),
D%
with
&) = [fo(c®, V) + |Vut — vi*|?] .
B3N(lr|<1]

(iii) The approximate curvature fl#(a#) is defined as (compare to (4.5)):

(@) = [ 0" (L9, (iea) . (4.18)

The parameter 1 € (0, & /2) being fixed, according to the above definition we have
for every x € Iy, € € (0,1]:

5 1 1
0 < 5 iy Pea): (4.19)

Using this inequality in (4.17), we obtain

CC,n,a(f) W (%)

e

1 .43 / J—1
< — Z, . .
= oy My, TeeT . G20
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Let us consider the integral in the right hand side. Replacing Z¢) 4(x) by its
definition, applying Fubini and taking into account Lemma 2.4, we get

/ Fle)a¥)dA T (x) < | . F(01), Viie)d(e)
Iieym ‘Q(s)

+o /Q [fo(0(e), Vie)) + [Vaue) — Vi) *] e -
I Q)

with Q2% = [|te)| () < 1-€/2),

4 (y) = 27! ({xer(e)m :YEHD%%S(”()C))}) '

and ql(g) )= <%ﬂd_l(zjgg) NB3(y)).

By inequality (2.14) of Lemma 2.6, we have g(¢)(y) < HAHDY)(1+s(n)) with

s(n) — 0as n J 0. On the other hand, thanks to (2.22), we have q’( ¢) < Cy. Hence,

1 / d—1
TS F(e),a(X)dA(x)
1D lierm (e).a
< (1 +s(n))ﬁ(6(£),Vt(£),Q(£)) +Cyor.
Putting this estimate in (4.20), unscaling and sending 7 to 0 and then « to 0, we
end with
(G£7Vt8798)

|:]1I(‘)I61¢10nf hr,;lilonf c;ma(f)] W () < hrgliz)nf o~

Theorem 1.2 then follows from the next lemma which states the required lower
bound for the local optimization problems.

Lemma 4.1 (Local optimization)
(a) For every a > 0, there holds:

Lo o detL Al ) -
i cenal) = eng(f) = grm (A0 [ 0, CFoready)

where L is the 2 X 2 matrix defined in Lemma 3.1.

(b) There exists a sequence of admissible functions ({) C WH(RY x S91 Ry)
(i.e. & complies to the constraints of Definition 4.1) such that

koo detL
cog (f) — colf) = 3o

Proof Letus fix a > 0 and let § be as in Definition 4.1. We first establish (a). For
this, we consider a minimizing sequence az = (G,f , Vt,f, Vuz, Z,f) C 5”,?: such that

M 40, i (af) # 0 and

5210
lim %k — 279=1(D/)liminf ¢ .
koo |h#|2(a;:) ( 1) 10 C.,n.,oc(f)
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Using the reflection symmetry with respect to the hyperplane ej, we assume with-
out loss of generality that fl’z(at) > 0.

We start by proving that ¢y , ,(f) is uniformly bounded with respect to 7.
Lemmas 2.4 and 2.5 have been stated for the quadruplets

(6(5) e ”(8)72&))

but by definition of the sets Y,;* they obviously also apply to the elements of the
sequence (af) at point x = 0. In particular, 6} — e, in LZ(Dig), which implies
fz’z (af) — 0.

Now let /i € (0,1] and let us define a” := (o* ¢*, u* X*), as

1

ﬁw=w+4jjyﬂw0,ﬁm=ﬁm=m =),

We easily check that fz’z(a#) = h, that a* € .7} for n € (0,m9) for some 19 > 0
depending on 7 and that

Fald) < C(f)* = C(f)|h*(a")*.

Therefore, c¢ p o(f) < C(f)/ >4~ 1(S?"). Since (a) is a minimizing sequence,
we can restrict to .Z (af) < C(f) | (a)|>.

Using the notation /i := h*(al), we now assume
i) < cnimP 5 o. (“21)

Let us call l//,f the harmonic function given by Lemma 2.5.c applied to az and let

us set W} := (1/+/Tx) . We define a vector field 6} and a function 7, on Df‘g_z
by

S

of = eq+ Vi VW, +Iop, Vi = e+l VU +1Vy.  (4.22)

(To fix the the constant, we assume fD%éz 7 =0)

Using (4.21) in the estimates of Lemma 2.5.c, we have
vy’ 2 + o2 +[[ve|? < C(f,a,E). (423
e RS N (A L I
Hence, up to extraction of a subsequence, there exist two functions

Yo, e W'D )
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and a vector field o7, € L2(D*

172<§,Rd) such that Y2, is harmonic, d;y?2, = 0, 67, is

divergence free and

v, vy et (D), @2
of 5ok, Vi T3 Vil weaklyinI(D},,). (425

To study the asymptotic behavior of 9?(51?), we are going to use (4.22) and a

Taylor expansion of f. The latter requires point-wise bounds. First, by (4.24),
there exists a constant K > 0 such that

sup [Vy2| < K.

0
Dl e

We do not have pointwise bounds on the sequence (G,E,Vt,ﬁ) and we are led to
reduce the domains of definition of these functions.

For this, let us introduce a small parameter p > 0. By the preceding estimate, for
k large enough, say k > ko(p), there holds

VIV < p  on D?—zg-
Now, for k > 0, we set

Spa = {y e D (000, VRO < p /Il .

Notice, for later use, that since (o)) and (V1) are bounded in L (Df'iz&) and
hr — 0, we have
12 Ietoo
Y ‘(Dl’fzg \Spx) 25 0. (4.26)

Since f is of class C? in some neighborhood of S¢~!, there exists py > 0 and a

. o 0
sublinear modulus of continuity @y (r) 00 such that for o',7v,06",7" € By, (eq),
we have

D*f(0",7") = D*f(c',7)] < oy(|(0" — o', 7"~ 7)) (4.27)

Let us now assume p € (0,p0/2) and let us fix for a moment k > ko(p) and y € S
so that by construction, we have o;' (y), V (y) € By, (eq). We set

m:=eq + VIRV, ni=m/|ml,

(we also have n € By, (e4)). Let us also introduce the pairs of vectors,
Mi=(mm),  N:i=(nn), and Q:=h (o), V4()),

We estimate f(oj (v), Vtf (y)) from below by using (4.22) and a Taylor expansion
of f at N. Taking into account f(N) =0, Df(N) = 0 and (4.27), we obtain

f(of (), ViE(y) = fF(N+(M—N+Q))

> LM -N+0)" D1(N) (M~ N+0) — oy (2p) M~ N+ OF.
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We rewrite the quadratic term as

D*f(N) = D*(f(ea,eq)) +[D*f(N) — D*(f(ea,eq)].

Since, |n—e,4| < p, this leads to

HCHORTHO)

> L (M~ N+0)T D*flea,eq) M ~N+ Q) —ar(2p) M~ N+ 0P (428)

Now performing a Taylor expansion of m — n, we get
Tig
m—n = — VW2 (v)ea + O [P K3).
Hence, setting
Vgl
2

V|2
2

V,E = G,E—F

b . b
ed, Tk = Vtk+ €,

we obtain,
M-N+0Q = i (V. 5) + 0K,

Substituting this expansion in (4.28), dividing by (% )? and integrating on Spk» We
get

ﬁf&*wb > 5 [ (401 80) D fenes) (). 50))

—20,(2p) <2C(K)<%”d’1 (D) +Cla, & )) . (4.29)

where we have used (4.23) to bound the remainder.
Let xp be the characteristic function of S, ;. We deduce from (4.24) (4.25)
and (4.26), that

ks vy |2 vy |2
(va"V/E’XP,kT/E) 9% 1) = (Gfo—k%ed,szoﬂL' sz | ey

: 2
weakly in L <D1§2§)'

By positivity of D?f(ey, e,), the functional
22 2
welr (D) /OWTD flea,eq)W
is lower semicontinuous with respect to the topology of weak convergence in L?.

Therefore, sending k to 4o in (4.29), then sending 1 to 0 and taking into account
the fact that p > 0 is arbitrary, we end with

_ - 1 b b b b
41 (D) |:11r1;1i10nf CC-,n-a] > i/plf Ve, ) D* feq,eq) (Ve 10).

1-2¢
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We simplify further the right hand side by using the structure of D’ f(eq,ey) de-
scribed in Lemma 3.1. Calling p = ( wod> Too d) the last components of the vector

ﬁeldsv T , we obtain,

AND)) |:11m1nf CCnoc] > 2/25 Lp. (4.30)
1228

where the positive symmetric 2 x 2 matrix L is defined by (3.1).
Now we pass to the limit in the affine constraint. Putting the expansion (4.22) of
o} in the definition of i = h’z (af) and using the facts that yj is harmonic and

does not depend on y,, we deduce from the constraint (4.18),
- (CV,8)) (vieq) dy = 1
i O (CLVy8)) (yreq) dy = 1.
Passing to the limit k 1 oo, Gfo satisfies the constraint
[, o8 (E9,8) Greaydy = 1. (431)
Since V- 02, = 0 and ¢ is compactly supported, this amounts to
[, a0,E Greaydy = 1.

Now, since p; = fo_d +|Vy2|?/2 and V2, does not depend on y,, we also have
/ P1(y)0y, ¢ (v;eq) dy = —1. (4.32)

Eventually, we have to optimize the right hand side of (4.30) with respect to
the elements p € LZ(D'I5 2
deﬁnite the minimizer exists and is unique. The Euler-Lagrange equations lead to

Popt = A0y, (-eq) L™ ( ), where the Lagrange multiplier

R?) satisfying the constraint (4.32). Since L is positive

detL
LZ,ZHaydC( ed) HLZ DO)

is fixed by the constraint. The minimal energy is A /2. Together with (4.30), this
leads to

)

detL
AN (D ){hmmfc ] >
nl0 s 2L22H y,,C( ed)HLz (DY)

and (a) is proved.
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(b) We now optimize in {. We are looking for the largest possible lower bound
so the smallest possible ||d,,{ ||I2‘2(D0(ed)). Minimizing this quantity under the con-
1

straints fD?(ed) =1,0,,¢ € L*(DV(eq)) and { =0 on {y € dD(e;) : yg = £1},
we obtain as unique minimizer

3 2 . d—1 71/ / 2 3
= —(1— h D 0 = —.
CO(y) 44741 (Dll) ( yd) wit H ( 1)' D?(ed) | )’dCO' )

As required, we have ¢ ¢ (f) = (det L)/(3La2) and §,; is a product of smooth
functions depending on tangential and thickness coordinates respectively. How-
ever, we can not use { in Definition 4.1 because it is not compactly supported in
D(l)(ed). Anyway, we can approximate {y by a sequence of compactly supported
function (¢;) € W1 (DV(e,) x S9~1) that comply to the requirements of Defini-
tion 4.1. For example:

j+1 6,y j+1
RO ya):Rea)) = G0 ya)ieq) = ot 00D (y THEL Y
J ||9jHL1(D’,) J

with 8; € 2(D},[0,1]) satisfying 0;(y") = 1 for |y'| < 1 —2/j. For such a se-
quence, we have cq ¢, (f) — (det L) /(3L22) as j 1 oo which establishes part (b) of
the lemma. o

5 Concluding remarks

Before addressing the case of membranes with non-zero spontaneous curvature,
let us discuss the hypotheses of our main results.

Upper-bound in the general case.

To complete the I'-limit analysis, we should extend the construction of a recovery
family of Theorem 1.3 to any data ¥ € <% (R, S). Namely, we should prove that
given ¥y € (R, S) there exists a family {a¢ }o<e<1, With ag € 2% (R, S) such that
Y (ag) — Vo and F (ag) /€3 — W (Xo) as € | 0. A natural way for this would be
to answer positively the following question.

Question 5.1 Let %) € <% (R,S). Does there exist a sequence of smooth open sets
(Oy) C Bg with outward unit normal v; and boundary X such that (1.5) holds and
furthermore,

(5 TS (%) 7

As described in Section 2.6, the elements of 2% are oriented rectifiable (d — 1)-
varifolds with a generalized mean curvature in L2. To our knowledge the best
regularity result established for varifolds with a generalized mean curvature is due
to A. Menne [10] who established their C2-rectiﬁabilty (see also R. Schitzle [12]
and references therein). In this context, giving a positive answer to Question 5.1
seems a difficult task.
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The uniform continuity hypothesis.

We would like to get rid of the uniform continuity hypothesis on x — £~ !7¢ (ex)
(Hypothesis 1) and establish the compactness result under sole energy bounds.

We could try to relax the hypothesis by approximating the functions

te € Wy (RY, [—¢,€])
by Lipschitz continuous functions 7 as in the Appendix of [6] — see also Evans
and Gariepy [5], Section 6.6.3, Theorem 3. In doing this, we should also substitute
O, = [|fe| < €] for the domain £, and find a vector field 6; which approximates
o¢ and is divergence free in Qg. The fact that the topologies of 2, and Qg could be
different is an obstacle for such construction. For instance, if ¢ = x/|x|? in B; \ B,
then we can not extend o as a divergence free vector field in B|. As a conclusion,
we leave the relaxation of the uniform continuity hypothesis as an open problem.

The confining hypothesis.

We would also like to weaken the confining hypothesis: [t = €] in the complement
of Bg. This hypothesis is only needed to prevent X, from escaping to infinity when
passing to the limit € | 0. This is feasible, at least for d =2 and d = 3.

In dimension d = 2, the bad sets introduced in the compactness step are empty
for € small enough: indeed, the number of bad balls in Lemma 2.7 satisfies N <
Cg¢(B)e. Therefore, for & small enough X, = [u, = 0] is a finite union of non-
intersecting analytic Jordan curves. Their total length and their elastic energy
W (Xe) is uniformly bounded. Substituting the condition ‘¢ = € in the neigh-
borhood of infinity” for the confining assumption, we can track the different con-
nected components by using finitely many translations and obtain at the limit a
finite number of W!?-Jordan curves with total mass S.

In dimension d = 3, the number of bad balls is only uniformly bounded:
N < Cy¢(B). However, the number of connected components of X is uniformly
bounded. Indeed, the Willmore energy of each component is bounded from be-
low by 47. Moreover, according to a result of Simon [14], Lemma 1.1 for every
connected component X\ we have

diam (Z}) < €/ W) (<G).
Hence, considering separately each connected component and using translations,
we can assume that each connected component satisfies the confining assumption.
5.1 The case of a material with non vanishing spontaneous curvature

The model introduced in [11] is more general than the one we have considered so
far. In Sections 1.1.3, I.1.4, the divergence free condition is relaxed to

Gg . /
v. — 0 in2'(2), 5.1
La(ure)] n 7'(%) G
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where p is a smooth positive function satisfying p(0) = 1 and p’(0) = —1 and
U € R is a given value of the spontaneous curvature. As expected in [11], the
results of the present paper extend to this case. More precisely, we claim that
if we substitute for the Willmore functional, the following energy introduced by
Helfrich [8],

(x) = [ Ih-pPd,

then Theorems 1.1, 1.2 and 1.3 generalize to this setting without further changes.

Let us describe the modifications to be made in the proofs. We first consider
the construction of the recovery family of Theorem 1.3. In this proof, we have
to change the definition of o, by adding the factor p(pz(y)) in the right hand
side of (3.2) so that, by construction, V- [1/p(ut)o] =0 in Q for 0 < € < €. /2.
Taking into account p(0) = 1, p’(0) = —1, the Taylor expansion (3.4) is changed
to

O (e 5v0(x)) = Vo(x) + s [0 (x) — ] vo(x) + O(s?).

This amounts to substitute sg — u for the mean curvature hg. As claimed, we get,

/(50 = tim TeE)

Let us now consider R, S > 0 and a family a, = (og, V¢, Q¢) satisfying the
hypotheses of Theorem 1.1 except that we substitute (5.1) for the divergence free
condition on 0. The (obvious) key idea is to set

ot :=[1/p(ute)]oe,

and to consider the configurations ak := (o', Ve, Q). By construction, we have

at € o/ (R). Let us introduce the notation
0f = 2(cf Vie)/(2¢),  F = Fo(ap)/e.

We claim that {aif } satisfies the hypotheses of the theorem except that the con-
straint on the quantity of material only holds at the limit. More precisely, we have:

F <Gy |06 5| < Ce. (52)
Proof (of (5.2)) First, since by hypothesis 2 (o, Vi) = 2S¢, we have

1
N _ .
0 —S = e /Qs(l/p(utg) 1) og - Vi,

From p(ufe) = 1+ O(€) and using the inequality |1 — 0, - Vze| < 2(fo(Og, Vie) +
fo(0e, Vie)) (see (2.9)) we deduce,

08 =S| < Gy [Folae) +#9(2)] < Cule*+eQr),  (53)
where we have introduced the quantity Q% := .74 (Q,)/(2¢). Similarly,

FE <Gy (Folae) /e +79(Q) fe) < Cy(140L). (5.4)
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Next, from the estimate (2.3) of Lemma 2.1, we also have
|0z — 0F| < Cge? {Fé‘ + Fé‘Qg] : (5.5)

Combining (5.3) and (5.5) we first deduce O, < S+ C¢£3(1 +F}). With (5.4), this
leads to FF' < Cy¢ and 0. < S+C¢83. Returning to (5.3) we obtain (5.2). a

With minor adjustments in the proof, we see that {at } satisfies the conclusion of
Theorem 1.1 and owing to 6, = (1+ O(€))o%', the same convergence properties
hold for the initial family {ae }.

Eventually, let us show that under the above assumptions, the conclusion of
Theorem 1.2 (lower bound) holds with %}, in place of 7. We have two choices.
Either we go further with ¢¥ as main unknown and consider the stored energy
function fy(s,0,7) := f(p(us)o, ) or we come back to the initial unknown o.
In the first case, we substitute 65 for o in the definition of the approximate mean
curvature, that is for x € X, we set

he(x) = M/I;d ot (x+ez)- Tye(x) Vy € (25 Ve (%)) dz. (5.6)

With this definition, Proposition 4.1 still holds. In particular, s, weakly approxi-
mates /. Then, we define the energy of a- as

ﬁu(t87o-£7Vt87'Q£) = /_Q fﬂ(GéL:VtS) = /_Q f(GS7Vt8) = y((yS:VtE:'QS)'

We are led to study a new class of local problems associated with the energy
density functions f;, which depends on the additional variable s. This point of
view is interesting as it opens the way to other alternative models. However, for
the sake of brevity, we continue with the second method.

We still build the family of hypersurfaces {X;} and related objects from the
family {a? }. We also define the approximate mean curvature by (5.6). Then, we
want to define an approximation of # — u. Let us try

; X(e)n (€%)
L) = %/Rd Oe (x -+ £2) Ty, Vo § (2 Ve (x) iz,

_ XEe)m (ex)

2 /R [t £2) — Ve )] Ty VoL (@ Velx) dz - (57)

which corresponds to the original definition of / in the case g = 0. As already
mentioned, the function /4 is an approximation of /. Now for x € X, we have

B (x) = he(x)
= X(e)n (€X) /R L 4e(x,2)[0e(x + £2) = Ve(x)] - (CL V) (23 Ve (x)) dz,
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with ge(x,2) := [p(Ute(x+€2)) — 1] /€. Integrating by parts, we have,
Ho(x) —he(v)
= —X(e)n (&%) /R Velge(x,2) 81 (2 Ve (x))]-[0F (x+€2) = Ve (x)]Ey (2 ve (x)) dz.
Now from [V [ge (x,2) {1 (23 Ve (x))] | < C(1+ |Vig|(x +€2)), we deduce,
| (x) —he(x)] < Cxiepn(ex) | [E3(x/e)]'? +[E(x/e)]' .
Integrating on X, we deduce,

/ | (x) —he(x)| < Ce(e+€'7?) &0y
Ze

We conclude that fzé is also a weak approximation of /¢ and not of hg — .

Let us now give a relevant definition of a weak approximation of 4, — u. For
x € X, we set

Xe)m (ex)

) = e

[ ol €2)- V80 (:vel) € (@ vew) d

When u = 0, we see (by integrating by parts) that this definition is the same as the
definitions (5.6) or (5.7). In the general situation, an integration by parts leads to

=

e () = Ip(x) = X(e)n (1) /Rd Ve {M}

C(zve(x)) dz

Form the constraint 5.1 we have

O (x+€2)
v. [

} = pup'(ute)[Vee - 0¢] (x + €2)
= —u+u[l = Vte - 0g|(x+€2) + 0(€)| Ve - O¢|(x + €2).
Therefore,

i () =) | < €(&) (VERTE) +&r(x/e) +e).

and hY is a weak approximation of 4, — Ul in the sense of Proposition 4.1.

Now we can continue the proof of Theorem 1.2 by substituting fzg for he and
by performing the respective substitution in the definition of the local problem,
i.e. replacing ht by h** in Definition 4.3 with (4.18) replaced by

i) = [ o* (9,0 (e dy

Then, in place of the identity (4.31), we have

./];,1 Gubo . (C//VyCL) (y,ed)dy — _1’
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which yields, as before, the constraint (4.32) for the 2-dimensional final optimisa-
tion problem. No further changes are required.

Eventually, in order to pass the limit in %/, (X¢) as € | 0, we need to extend
the definition of /), as a lower semi-continuous fonctional defined on the set of

oriented (d — 1) varifolds which admit a L? generalized mean curvature. With the
notation of Appendix D, this is achieved by setting

Wy(V) = W (V) =2 (V5 (x,n) = H(x)-n) + 0> (V1) (5.8)

With this definition, we have (compare (D.7))
(V) = |H—pnl2gey) = sup(V: X (H—pn)),

where the supremum is taken over {X € C}(RY x §¢71); XNl 2(re, ) < 1} We
deduce that the functional %/, is lower semicontinuous with respect to the conver-
gence of measures. For the elements of .27, we can write (compare (D.9)),

%) = [ Ho—pvoP (65 + 6 )d .
0

As a conclusion, substituting (5.8) for the generalized Willmore functional, The-
orem 1.2 extends to the case u # 0.

A Proof of Lemma 2.3

let us rephrase the lemma.

Lemma A.1 Lett € Wll}f(Rd), let O be a bounded open subset of RY and let
u be the variational harmonic extension of t in O. We assume that there exists
6 > 0 and a (concave) modulus of continuity @ such that O has the exterior ball
property with radius 8 and that t is @-continuous with values into [—1,1]. Then
there exists a modulus of continuity ©* only depending on d, 8 and ® such that u
is *-continuous in RY.

Proof We start by regularizing the boundary data ¢ and the domain. For 0 < n <
/2, we set ty 1=t xpy where py = n~“p(-/n) is a standard non-negative molli-
fier, compactly supported in B;,. We also set 041 =0+By,DO0.

Writing 15, (v) — 1, (2) = [[t(y —x) —t(z—x)|dpy (x) < [ ©(y —2)dpy = 0(y —2),
we see that the functions {t§7 }0<n<5 /2 are @-continuous. They are also uniformly
bounded in WILCZ(R“’) and satisfy —1 < t{, <1.

By construction, the domain 0;7 satisfies the exterior ball condition for balls with
radii 6/2 and the interior ball condition for balls with radii n. In particular d O},
has C"'! regularity and O;1 is a bounded Lipschitz domain.

Let u;] be the variational harmonic extension of ta in 0’,1, defined as

Uy = argmin {/ Vol : o e W2A(RY), @ = tyaeon R\ O } .
BR/E
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90}

g=1'(x)+w(3r)

K/g:l

Fig. A.1 The barrier function g.

. o e . /. 17 ] /
By classwal elliptic regularity theory, u;, is of class C* in O}, and uy, =1, on 80,7.
We claim that

3 a modulus of continuity ®' = '(®, §,d) such that uy € C (0 ). (A.D)

Assuming the claim, there exists a function #’ € W172(BR /8) such that, up to ex-

/
n

and ' =t in R?\ O. Hence u = u’ and u is ®'-continuous in O. Since u = ¢ is
o-continuous in R?\ O, we conclude that u is (@ + @')-continuous in R? and the
lemma is proved.

Let us now establish (A.1). We fix 1 € (0, /2] and drop the subscripts 7.

Step 1 (interior estimate) First, by the maximum principle, we have in any case
|/ (y)—u/(z)| < 2. Now, let r € (0,1/2] and B,(x) C O'. By harmonic regularity we
have [Vu| <C/rin B, ,(x). So |u'(y) —u'(z)| < Cy/|y—z|forevery y,z € B2(x).

From this estimate, we conclude that we only have to establish that for any
x €00, U (z) = u(x) as z € Oy — x with a convergence rate that only depends
on m, 6 and d.

Step 2 (continuity up to the boundary) Letus fix x € dO and let r € (0,5 /2].
By hypothesis, there exists a ball B,(y) C R?\ O’ such that x € 9B, (y).

As a barrier, we consider the harmonic function g defined on the ring A,(y) :=
By,(y) \ B/(y) and satisfying the boundary conditions g = '(x) + @(3r) on dB,(y

and g = 1 on dBy,(y) (see Figure A.1).

We claim that g > u" in A,(y) N Of. Indeed, g — u is harmonic on this set, so by
the maximum principle it is sufficient to check the inequality on d(A,(y) N O').
This boundary splits into:

traction, u, — «’ as 1 | 0. Moreover, u’ is harmonic in O, is @’-continuous in O

(A (y)NO') = (9B (y)NO)U(A(y)NIO').
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On the first part, we have g — ' = 1 —u' > 0. On the second part ' =t' on 90/,
$0,8(z) —u/'(z) = (x)+ ®(3r) —1'(z) > ©(3r) — 0(|x —z|) > O since |x —z| < 3r
and ' is @-continuous. Hence, g >« in A,(y) N O'.

An explicit computation gives

G(1) =G (lz=yl/r)
G(1)-G(2)

g(z) = 1'(x) + 0(3r) + (1 -1'(x) — ©(3r))

where z — G(|z|) denotes a radially symmetric decreasing multiple of the fun-
damental solution of the Laplacian (G(s) = —Ins if d = 2 and G(s) = s>~ for
d > 3). Hence, for every x € 90, r € (0,6/2) and z € O' N B,(x), we have

G(1) ~G(lz—yl/r)

W(@)=1(x) < 8@~ < BN +2= o

Substituting —¢’ for ¢ and —u’ for u, we obtain the corresponding result with op-
posite signs. We conclude that for every x € d0', r € (0,6/2) and z € O' N B,(x),

G(1) =G (lz—yl/r)
G(1)-G(2)

|u/(2) ='(x)| < ©(3r)+2

In particular, for x € 90’ and z € O, such that |z — x| < 8%, we can choose r =
|x — z|. In this case,

Z— X — I—X
| y|§| Y|+|r|:]+m.

r r
This leads to,
G(1)—G(1++/|lz—x|) |=—x40
'"(2) =1 < 03/ |]x— 2 0.
This establishes the claim (A.1). O

B Proofs of Lemmas 2.4, 2.5 and 2.6
B.1 proof of Lemma 2.4

(a) Without loss of generality, we assume z =0 and & € (0,1/20). Let 1 > 0. We
establish by contradiction that (a) holds for > 0 small enough.

If (a) were not true for any value of § > 0, there would exist two sequences
(ak), (a;{) with q;, = (Gk, Vi, Ok), a;c = (Gk, Vuy, 0;{) such that:

(i) (ax) and (a}) both satisfy the hypotheses of Theorem L.1.1 with O = Bz. In
particular, (u;) and (#;) are uniformly equicontinuous.

(ii) Either |Vug|(0) < 1/2;
or |Vug|(0) > 1/2 and using the notation

g = Vi /|Vue|(0),  Dp:= — ()i + D5 (), 9(y) = i (0) — 2+ g,

we have either:
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- Dy ¢ OkQOI;
- or Dy C 0N O and

11 = Pell = ) + Nk — Okll =) + IVik = VOrll 2p,) > M2 (B.1)

(iii) Moreover, |u|(0) < 1/2 and setting Fj, := [|1| >9/10] +Bg, we have (taking
into account (2.10)) uy = #; on F; and uy is harmonic in B3 \ Fy.

First, up to extraction, we may assume that both (#(0)), and (u4(0)); converge
towards respectively s and s with |s| < 9/10 and |s'| < 1/2. By Theorem L.1.1
there exists 7,77 € S9! such that

koo koo
Ir, — @ on C/()C(O*)7 U — (P/ on Cloc(Oi)a

with @(y):=s+7a-y, ¢'(y):=s"+i'"-y, Ox=BN[|o| < 1], O, =B,N[|¢'| < 1].
Now, for any k > 1, u; is harmonic in 85;. By harmonic regularity, we see that

Vu(0) — V@' (0) = '. In particular, for k large enough, there holds
[Vig|(0) = 1/2.

Next, considering the segment / = {y+ (r—s)i: —1 <r < 1} C O/, and the
mapping p : (—1,1) — I defined by p(r) = y+ (r—s)i, we have ugop — Id(_ )
as k T oo,

In particular, for k large enough |uy| > 9/10 on p(19/20, 1) which implies #; = uy
on p(19/20,1).
Passing to the limit we conclude that 7 = @, s = s’ and @ = ¢’. By uniform
equicontinuity of the sequence (#;), and convergence of (f;) towards ¢’ on O’
we then see that

Dy = —ux ()i + D%/

" (k) C [l <1—E&/2], for k large enough.

We already know that the L™ norms in (B.1) converge to 0. B
Applying the weak rigidity inequality of Theorem 1.2.2 to #; in Dy D D; we see
that the W' -seminorms also converge to 0 which contradicts (B.1). This proves

(a).

(b) Part (b) follows from (a), the harmonicity of u in the domain [u < 4/5]
and the implicit function theorem. However, we use below a fixed point method
(somehow reproving the implicit function theorem).

We assume &3(z) < B,(€,n’) where B,(&,m) denotes the positive constant pro-
vided by part (a) and where 1’ € (0,7) will be fixed later. As above we assume
& < 1/20, we also assume without loss of generality zo = 0 and n(z) = e, so that
o(y)=ygsand D = Df.

We have to show that there exists an analytic function ¥ : D} x (—1/2,1/2) - R

with ||¥||2 < 1 such that for every (y,s) € D'f x (—1/2,1/2), there holds

u(y)—s =0 = y;—s = ¥(,s). (B.2)
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Step 1. Let us first notice that we can restrict the problem to a domain in which u
is harmonic. Indeed, from part (a) we have for every y € Df \D?/ $ and |s| < 1/2

u(v) =l = lo0) =sl = u() =)l > 1/8=llu=ll . e, > 1/8-1"

Assuming i’ < 1/8, the left hand side of (B.2) can only hold if y € D?/®. Now in
this set, we have

lu()| < 5/8+[lu— ol < 5/8+7m" <3/4

L=(D%)

Since u is harmonic in [|u| < 4/5], we see that, by @wg-continuity, u is harmonic

D?/ 8 + B, for some p > 0 only depending on w; Also notice that for the same
reason we may assume

=l o sy < 200" (B.3)

In summary, we only have to establish (B.2) for (y,s) € D?/g x (—1/2,1/2) and

we can assume that u is harmonic in D?/ 8 + B, and satisfies (B.3).

Step 2. Noting, z; =y, — s and 0(Y',s,z4) := [u— @](y,z4 + 5), (B.2) rewrites as
the fixed point problem

= —00,52) = zq=Y0,s), (B.4)

in the convex domain Q := {()/,s,z4) : y € D}, |s| < 1/2, |za + 5| < 5/8}. Now
by (B.3) 6 maps Q into [—21’,271’] and by harmonic regularity we have

ID*6ll-(0) < C(k)'/p*. (B.5)
Assuming C(1)n’/p < 1/2, we have in particular

10201l =) < 1/2. (B.6)

Therefore applying Picard’s iteration to (B.4), we obtain for every (y',s) € Di/ 2
the existence of a unique z; =: ¥(y',s) satisfying (B.4). Moreover, we deduce
from (B.5) that ¥ is smooth with

k 1/ ~k
1Dl iy < ClIN'/p* fork>0.

Hence assuming 1’ > 0 small enough we have, |¥| . < 1. Eventually, using
again (B.6), we can apply the analytic implicit function theorem to ®(y',s,z4) :=
za+ 6(Y,s,z4) in the neighborhood of each point (y',s,¥(y,s)). We deduce that
Y is analytic which ends the proof of (b).

(c) This point easily follows from (b).
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B.2 proof of Lemma 2.5

Part (a) is a direct consequence of the preceding lemma. Part (b) follows from
Corollary 1.3.1 and the harmonicity of « in BS;~

Let us establish part (c). Without loss of generality, we assume x = 0 and
£ €(0,1/20). We apply Theorem 1.2.2 to the function u in the cylinder Dy, C D
and in Bs; C D. There exists e/, e, € S9! such that

/D |Vu—e’*|2 <

1t

/ |Viu— e, |?
Bgx

£

N
Q
e
)
S

(B.7)

IN

C(8;)V/E(D).

In particular, we have |e, —¢.|> < C(&, 8;)+/& (D). Moreover since u is harmonic
in Bgs, we see that by the mean value property we can choose e, = n(0) =: i —
as in the proof of Corollary 1.3.1. Inequality (B.7) then implies

[ vu-i < c&.5:)VED). (B.8)

nt

Now, let us apply Theorem 1.3.1 to u in Dy, C D. There exists a harmonic function
W1 € L?(Dyy) such that - Vy; = 0 and

| Vu-i-vuiP < c&8)em). (B9)

Now, notice that by orthogonality, we have

VY P(0) +[Vu(0) — > = [Vu(0) — Yy (0) —f* ‘= C(£.85)E(D).

In particular,
IVyi2(0) < C(&,8/)&(D). (B.10)

Eventually, setting y(y) := yi(y) —y- Vy1(0), the function y is harmonic in Dy,
it satisfies 7- Vy = 0 and (2.13) holds thanks to (B.9) and (B.10). Inequality (2.12)
then follows from (2.13) and (B.8).

B.3 proof of Lemma 2.6

We can prove the lemma by arguing by contradiction as in the proof of Lemma 2.4.
The only difference is that we have to take into account all the connected compo-
nents of {y : limy_ e ur(y) € (—1,1)} (see Figure 1.1.4). Details are left to the
reader.
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C Proof of Lemma 3.1
We assume that f satisfies (1.1) and (1.6), (1.7). Writing D? f(e, e) in the basis,

S ((bla0)7 ) (bd71a0)7 (O,b1)7 R} (O7bd71)7 (6’0)7 (0’6)),

we have

A B M,
D’fle,e) = | BT C M, |, (C.1)
M mI L

where A, B,C, M, M, L are real matrices, A, B,C € #y_14-1(R), Mi,M> €
Mg_12(R), L € 4>,(R) and A, C and L are symmetric.

Let us consider the action of rotations with axis e : for every Q € SO(d — 1) and
every x,y € e = R C R?, we have f((e+Qx),(e+Qy)) = f((e+x),(e+Y)),
which yields,

0"AQ Q0"BQ M,Q
D’fle,e) = | O"BTQ QTCcOo MyQ for every Q € SO(d — 1).
MQ)" (M) L

Identifying this expression with (C.1), we see that M| = M, = 0 and that for K =
A,B,C we have

O'KQ = K forevery Q € SO(d— 1), (C.2)

Let us split B into its symmetric and skew-symmetric parts: B = By, + By, so
that (C.2) also holds for K = By, and K = Bg. Since A, By, and C are symmetric,
hence diagonal in some orthonormal basis, this implies that these operators are
diagonal in any orthonormal basis. Hence, there exists a,b,c € R such that

A= aId_l, Bsy = bId_l, C = CId_l.
At this point, in the basis %, D*f (e, e) writes

aly;_ by 1+Bg O
sz(e,e) = | bI;_1 —Bg cly g 0
0 0 L

Now, for a fixed z € S“" ! Net, we observe that d((e,e) +r(z,z),S7!) =
O(r?). Since f is minimal on S9!, we have f((e,e) +r(z,z)) = O(r*) and the
second order derivative of r — f((e,e) +r(z,z)) vanishes at r = 0. From the last
expression for D? f(e,e), this second order derivative is equal to a|z|* + b|z|? +
I Bgz+b|z|*> — 2" Bgz+ c|z|> = a+ 2b + c. Hence

b= —(a+c)/2.

Next, the space T = span {(e,0), (0,e)}* is stable under the action of the
symmetric operator D? f (e, ). Since this operator is non-negative, for every v € T
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we have v/ D?f(e,e)v > 0 . Choosing v = (z,A7’) with z,7 € e*, this inequality
reads

clZPA?+2(bz-Z +2"Byd) A +alz]* > 0 forevery A €R. (C.3)

Choosing z = 7/ € S~ Ne', the term z7 Bz’ vanishes and we end up with the
condition cA% +2bA +a > 0 for every A € R. This leads to b*> < ac which together
with the identity b = —(a +¢) /2 yields

a=c= —b.

Let us now establish that By = 0. Since By € #;_1 4-1(R) is skew-symmetric,
we have By, = 0 if d = 2. Now, we assume d > 3 and we apply (C.3) with A = 1,
z€ 8 net and 7 = 7+ ry for some y € et Nzt. We deduce z'Byy = O(r).
Hence, z” By = 0 for every y € e Nz which yields the conclusion:

By = 0.

We have established that D? f(e, ¢) has the form stated in the lemma. The non-
negativity of @ and L follow from that of D?f(e, e). Eventually, assuming f > & fy
for some k > 0, we obtain D? f(e,e) > kD’ fy(e,e) which easily yields a > 0 and
L positive definite.

D Oriented varifolds with L-generalized mean curvature

We gather here well known facts about oriented integer varifolds. In particular, we
extend the Willmore functional to the elements of .2%.

Let us first introduce a suitable generalization of Definition 1.1.b extending
the notion of hypersurface.

Definition D.1 (oriented integer rectifiable (d — 1)-varifolds)
a) Given:

i. a(d—1) rectifiable set £ C RY, that is:
o #¥1(X) < ooand X is % '-measurable,
e there exists a countable set of Lipschitz continuous functions L; : R¥~1 —
RY, such that 7791 (Z\ Uy Ly (R91)) = 0;

ii. a measurable unit normal v, thatis v : £ — §9~! is 7#?~!-measurable and for
almost every xq € X and every ¢ € C.(R?), there holds:

[ o —xo)are st M5 o) [ gt
x v (xo)

iii. two positive integer valued /¢~ !-integrable functions 8—,0% : £ — N\ {0}.
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We define the oriented (d — 1)-varifold ¥ = ¥ (X,v,07,07) as

(V:9) = /Z{9+(X)<P(X7V(X))+97(X)<P(xa—V(X))}dﬁf‘H(X)

b) The set of all such oriented integer rectifiable (d — 1)-varifolds is denoted by
IV?. In the sequel, we only write integer varifold for oriented integer rectifiable
(d — 1)-varifold. We also introduce the set

V] = {“// €IV°: A¥ = VU for some U € 9’(Rd)}.

Equivalently, this set is formed by integer varifolds whose associated current has
vanishing boundary (see Remark 1.2.b).

Remark D.1
i. The total mass of ¥ = 7 (Z,v,07,07)is (v; 1) = [-(61 +67)ds#?"! and
AV =0 -0 )yl LE.

ii. The functions 67,0~ account for multiplicity: the above formula means that
the generalized surface pass at point x € X, 6" times with orientation v(x) and
0~ (x) times with opposite orientation.

iii. By continuity of the mapping A : . (R? x $9=1) — 2'(R¥)4, the space {¥ €
M(RY % S41) 1 A =0} is closed in . (R? x §971).

Another important tool in the context of area minimization is the first variation
07 (X) of a (d — 1)-varifold. If ¥ = ¥/ (Z,v) is the oriented (d — 1) varifold
associated with a smooth hypersurface X = d 0, this quantity describes the initial
rate of change of the total mass of # under the flow generated by X € 2(R?,R?).
It is defined as

SV (X) = /div;Xd%d_l, (D.1)
X

Recall that for every x € X, if (ej,---,e4—1) denotes an orthonormal basis of
v(x)*, we have

d—1
divy X (x) = Z el VX(x)e;.
i=1
The right hand side of (D.1) naturally extends as a linear continuous functional
defined on the space of (d — 1)-varifolds: for every ¥ € .4 (R¢ x §471), we set

8V (X) := (¥ (yn) = div,  X(y)), forevery X € 2(R?,RY).

In general, §7 is a distribution of 2'(R?)¢. However, if £ C R is a smooth
(d — 1)-submanifold with tangent hyperplane v (x), then the first variation of
¥ =¥ (X, V) can be related to the vectorial mean curvature H : £ — R¢ defined
as H=hv = (—V-v)v. The vector field H only depends on the local geometry of
X: it does not depend on the local orientation £v. With this notation, the tangential
Green formula reads,

—/H'Xd%d’l - /diszd%”d’l for every X € Z(R.RY).  (D.2)
X X
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In particular, the first variation of 7 is a measure given by
8V (X) = —/ H-Xdn" . (D.3)
b

Now let R,S > 0 and let us consider an element % € 2% (R, S) and an associated
sequence of varifolds ¥ = ¥ (X, Vi) complying to (1.5). The estimates of (1.5)
and the Cauchy-Schwarz inequality easily imply

167(X)| < K||X||. forevery X € Z(R? RY),

for some constant K > 0. By the Riesz representation theorem, this implies 6 ¥; €
A (R?)? for any k > 1 with the uniform bound

187[I(RY) < K. (D.4)

We can now state a compactness result due to Hutchinson [9]. It extends Allard’s
compactness theorem for (non-oriented) integer varifolds [1] to oriented integer
varifolds.

Theorem D.1 ([9] Theorem 3.1.1) Let K > 0 and let Ex be the set of varifolds
¥ € IV{ such that 8 is a Radon measure of # (R?)¢ and

17 II(RY < ST+ |87 (RT) < K.
Then Ek is compact in ./ (R? x §¢1).
We can apply this result to the sequence (¥;) and deduce,
Yo =V (Zo,n0, 05 .65 ) € IV§, (D.5)

We now have to prove that %, admits a L>-generalized mean curvature. Let us
introduce this notion.

Definition D.2 (L’-generalized mean curvature. Willmore energy of a vari-
fold)

a)Let ¥ € 4 (R? x $971) and let 77/ € .# (R?) be the pushforward of 7
by the mapping (y,n) € RY x §9~1 sy € RY, thatis [x¥](E) = ¥ (E x §¢~1) for
every Borel set E C RY.
We say that ¥ admits a L2-generalized curvature, if there exists K > 0 such that

87 (X) < KXl 2ge zy) forevery X € CH(RY)%.

Since 77 is a Radon measure, it is regular and the space C!(R¢)? is dense in
L*(R?, w7)?. Consequently, if we assume the above bound, we can apply the
(Hilbert space) Riesz representation theorem to deduce the existence of a w7 -
measurable mapping H : supp(7#) — R, such that

oV (X) = —/RdH-Xd[Jr“V] for every X € C! (R%)".

! We only use the special case of oriented integer varifolds without boundary
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This formula extends (D.3) and we will say that H is the (L*-)generalized (vecto-
rial) mean curvature of V.

b)If ¥ € .4 (R? x $9~1) admits a L-generalized mean curvature H, we define
its Willmore energy as

V() = /Rd HP [y ).

If 7 does not admit a L2-generalized mean curvature, we set # () = +oo.

Remark D.2

a) Of course if ¥ = ¥/ (Z, V), where X is a smooth compact surface oriented by v,
then it admits a generalized vectorial mean curvature which matches the usual def-
inition H = —(divy v)v. Moreover, 17 ] = ' L_E so # (¥ (Z,v)) = ¥ (X).
b)For ¥ =¥ (Z,v,07,07) €IV, then [x¥] = (61 + 0 ) " 'LX. If ¥ ad-
mits a L>-generalized mean curvature H : £ — R?, then H is /¢~ !-measurable
and we have,

() = L|H|2(9++9’)d%d*1.

¢) If a rectifiable varifold ¥ = ¥ (X,v,0",0~ ) admits a generalized mean curva-
ture H, then H is [ ']-almost everywhere collinear to v (see K. Brakke [4]).

It is easily seen that the extension of the Willmore energy defined above is lower
semi-continuous with respect to the convergence of Radon measures. Indeed, let
(74) C A (R? x §9=1) converging to ¥ and assume without loss of generality that
liminf W (%) < oo. Using the Cauchy-Schwarz inequality, we have, with obvious
notation: for every X € C!(R%)?,

SH(X) = (0¥ : He- X) < TR IX | mry = VIO (i X P2).

By the convergence ¥; — ¥ as k 1 oo, the left hand side converges towards 67 (X)
and (X[ 2ra zy) = X2 Re 27)- SO,

V(X) < liminf # () [|X[| 2(re 27 (D.6)

Hence, 7 admits a L’-generalized vectorial mean curvature H € L*>(R?,n7 ).
Now, by density of C! (R?)? in L2(R?, 77)?, we have

V() = 2wt zyy = sup(V3X-H) = sup¥(X), D.7)

where the suprema are taken over all X € C!(R?) such that || X||,2 Ry < L
With (D.6), this yields
W) < Timind ¥ (%), (D.8)

as claimed.

In our context, if #) € 4%, then it is the limit of a sequence ¥ = ¥ (Zy, Vi)
of smooth oriented integer varifolds with uniformly bounded Willmore energy.
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We conclude that % = ¥ (Xo, Vo, 6,",6, ) € IV admits a L>-generalized mean
curvature Hy, the formula of Remark D.2.b provides a more explicit expression
for # (%):

V(%) = /Z \Ho[2 (8 + 85 )d . (D.9)
0
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Index of notation

the superscript x indicates an ancillary object used in several sections

G; 18 (Sec.2.4) good set in the construction of X
U; 18 (Sec.2.4) bad set in the construction of X,
B (5 n) 15 (Lem.2.4) bound on the energy of “good” balls
Bi,(§) 16 (Lem.2.5) bound on the energy of “good” balls
Bi;(E.m) 17 (Lem.2.6) bound on the energy of “good” balls
5; 14 (Cor.2.1) positive constant, d(Z}yy Fie)6) 2 6 fors e (—1/2,1/2)
X 18 (Sec.2.4) defined as X2 N G, good part of X
x* 4 (Def.1.1) (non-negative) cut-off function, }y*(1) = 1, supp x* C (1/2,2)
a); 14 (Lem.2.3) a common modulus of continuity for the functions u )
(2] 7 (Sec.1.6) set of elements satisfying the property &
et 7 (Sec.1.6) the hyperplane of R orthogonal to e € §9~!
y 7 (Sec.1.6) the vector (y1,---,y4_1) ERY! y e R?
“(e) the subscript (&) indicates a rescaled object, in order of appearance:
te) ) 9 (Sec.2) Z(*e) 18 (Sec. 2.4) Uy n» Gy 32 (Def. 4.2)
Qfe). Figy 12 (Sec.2.2) Te) 17 (Sec. 2.4) | x( n 32 (Def.4.2)
Oe).5: Fle)s 12 (Sec.2.2) Ueyer Yieye 22(Sec. 2.5) e ) 33 (Sec. 4.1)
- 13 (Deg-é) % e Dl e 22(Sec. 2.5) u, g//) 34 (Sec. 4.1)
(e)> Mi(e) 13 (Def.2.2) x< e)¢ 23 (Sec.2.5) Xleyy 34 (Sec.4.1)
Uy Gy 18 (Sec. 2.4) Uy Germ 32 (Def. 4.2) (€).n
e 2 set of admissible configurations
/(R) 2 setof admissible configurations supported in Bg
e (R,S) 2 configurations of <% (R) with total mass 2&S
(R,S) 5 (Def.1.3) limit set, subset of .# (R? x $4=1)
a 3 triplet (0,7,Q), a generic configuration of .7
ae 6 (Thm.1.1), 6 (Thm.1.2) triplet (¢, Vte, 2¢) € (R, S)
B,(y)  7(Sec.1.6) open ball with center y and radius r in R, B, = B,(0)

Clay, -+, o) 7(Sec.1.6) a(non-negative) constant only depending on the dimension d and

on the parameters o, - - - , 0
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---,04) 7 (Sec.1.6) a constant only depending on the parameters a,-- -, 0% and on

the data introduced in the hypotheses (d, R, S, @, x* or Ep) but not on €
6 (Thm.1.2) positive number depending on the Hessian matrix of f
39 (Def.4.3) minimum value of the local optimization problem

15 (Def.2.4) a (d —1)-ball in i with center 0 and radius A, D, = D/ (eq)

15 (Def.2.4)  cylinder with basis DY, (i) and width 2(1 — &), D§ = Dj (ea)
dimension of the ambient space, d > 2

the (euclidian) distance between the point (or set) A and the set B

15 (Def.2.3) local energy

39 (Def4.3) part of the energy of a local configuration a*

4 (Eq.1.4) bound on the energy .Zy(a.)/€>

standard basis of RY

3 (Sec.1.1) elastic energy of a configuration a

3 (Sec.1.1) energy of the configuration a with the stored energy function fj
38 (Sec.4.2) local energy

39 (Def.4.3) energy of a local configuration a
3 (Eq.1.2) stored energy function

3 (Eq.1.2) archetype of a non-degenerate stored energy function

7 (Sec.1.6)  k-dimensional Hausdorff measure of the set E C RY

mean curvature of the hypersurface X,

32 (Def.4.2) approximate mean curvature of the hypersurface X

39 (Def.4.3, Eq.5.7) approximate curvature of the local configuration a*

6 (Thm.1.2) 2 x 2 matrix extracted from D?f(ey,eq)

4 (Def.1.1) space of Radon measures over R? x §7-!

9 (Prop.2.1) the set [|te| < €]

6 (Eq.1.6), 6 (Eq.1.7) aneighbourhood of the identity matrix in R?*¢

13 (Def.2.2) Vug/|Vue| whenever it makes sense

9 (Prop.2.1) smooth open set approximating Mg = [t < 0]

2 quantity of material

7 (Sec.1.6) (d — 1)-dimensional unit sphere of RY

3 the set of zeros of the stored energy functions — a (d — 1)-dimensional
unit sphere embedded in RY x RY

2, 5 (Def.1.3), 6 (Th.1.1), 6 (Th.1.2) confining radius in the definition of
e (R) and (R, S)

2,5 (Def.1.3), 6 (Th.1.1), 6 (Th.1.2) “area” of the configurations of <% (R, S)
and of the elements of (R, S)

6 (Thm.1.1), 6 (Thm.1.2) approximate characteristic function of [z < 0], de-
fined as T; := (e —1;) /2¢

13 (Def.2.1) harmonic extension of 7,

4 (Def.1.1) a generic oriented (d — 1)-varifold

4 (Def.1.1) varifold associated with the oriented hypersurface (X, V)

5 (Def.1.2) varifold associated with the configuration a

6 (Thm.1.1), 6 (Thm.1.2) limit varifold

2 Willmore energy of the hypersurface X

#

Sobolev space of functions with locally square integrable derivatives, endowed
with its standard topology



An anisotropic nonlinear elasticity model for vesicles. II. 63

¢, 8y, ¢ 31 (Def4.1) test functions for the definition of he

K
AV
Ve
T
e
Ze
Xe
Xen
Xen
0]

3 (Eq.1.2) positive constant introduced in the hypothesis f > kfy

4 (Def.1.1) distribution associated with the oriented (d — 1)-varifold ¥
9 (Prop.2.1) outward unit normal to X, = dO,

7 (Sec.1.6) the projection onto the hyperplane orthogonal to ¢ € §9~!

9 (Prop.2.1), 17 (Sec.2.4) smooth hypersurface, the boundary of O,

13 (Def.2.2) level sets of ug

23 (Sec.2.5) cut-off function in the proof of Prop. 2.1.c

32 (Def.4.2) cut-off function for the definition of fze
34 (Sec.4.1) cut-off function in the proof of Prop. 4.1
3 (Hyp.1) acommon modulus of continuity for the functions 7,
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