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A highly anisotropic nonlinear elasticity model for vesicles
I1. Derivation of the thin bilayer bending theory
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Abstract We study the thin-shell limit of the nonlinear elasticity model for vesicles introduced
in part I. We consider vesicles of width 2¢ | 0 with elastic energy of order £3. In this regime,
we show that the limit model is a bending theory for generalized hypersurfaces — namely, co-
dimension 1 oriented varifolds without boundary. Up to a positive factor, the limit functional is
the Willmore energy. In the language of I'-convergence, we establish a compactness result, a
lower bound result and the matching upper bound in the smooth case.

Keywords Calculus of Variation - I'-convergence - Willmore functional - Rigidity estimates -
Non-linear elasticity - Lipid bilayers

Mathematics Subject Classification (2000) 49Q10 - 49Q15 - 74B20 - 74K25 - 74K25

1 Introduction

In this article, we study the behavior as € goes to 0 of the nonlinear elasticity model for vesicle
membranes with finite thickness introduced in [12]. More precisely, we perform a I'-limit anal-
ysis of the family of functionals .7 /&> where ¢ is the half-thickness of the membrane. Before
stating the main results, we recall the model, set some notation and introduce complementary
assumptions. However, this second part strongly depends on the first part of the paper.

1.1 An Eulerian nonlinear elasticity model

Let us fix an integer d > 2. Given & > 0, a membrane of thickness 2¢ in R? is modeled by a
bounded open set 2 C R? and two mappings 7 € L>(R?,R¢Y) and o € L*(Q,RY). These ob-
jects are subjected to a set of constraints: first, we assume that 7 is a gradient vector field, more

precisely, there exists 7 € Wllo’cz(Rd) NC(RY,[—¢, €]) such that T = V¢. Moreover, we assume

Q ={yeR’: ) <eb.
To prevent membranes from escaping to infinity, we fix a large radius R > 0 and enforce

V[ >R = t(y)=+e
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2 Benoit Merlet

Eventually, we assume that V- = 0 in 2’'(Q). Outside the set Q, we extend o by 0,
o(y) ;= 0 foreveryye R\ Q.

We denote by <7 (R) the set of triplets (o, 7,) satisfying the above hypotheses and by <7 the
union Upte. e (R).

The material density at some point x € Q is defined as ¢ (x) - T(x) and the total quantity of material
18,

2(o,1) = /Rdcr-r.

The parameter 2¢ should represent the thickness of the vesicle layer, hence the natural definition
for the area of the membrane is 2(o,7)/2¢. Given a radius R > 0 and a (d — 1)-volume S > 0,
we set

e(R,S) := {(0,1,Q2) € %(R) : 2(0,1)=2S8¢}.

The elastic energy associated to a configuration a = (o, 7, Q) € <7 has the form

) = [ (o), 70))

where f € C(R? x R?,R ) depends on the material. In our context, the stored-energy functions
f of interest vanish on the sphere

S .= {(e,e):eGSd_l} CRYxRY,

that 1s
f(sh ={o}. (1.1)

For the lower bound part of the I'-limit analysis, we also require that f does not degenerate with
respect to this constraint: we assume that the infimum of f/d(-,S? )2 over R x R?\ S~ ! is
positive. Equivalently, we assume

f > /o, for some constant k¥ > 0, (1.2)

with fo(u,v) := |u—v]>+(lu| —1)>+(|v| — 1)?, for every u,v € R,
The energy functional associated to this particular function is denoted by

F0(0,7,Q) /fo

We study the I"-limit as € tends to O of the energy .% /&3 defined on the set 2% (R, S). For this
we consider families {ae }¢c(0,1) (or sequences (ag,) with & | 0) of triplets az = (O, Vi, Q) €
(R, S) with energy of order of €%

F (ae)
oo, 1.3
sgp P < (1.3)
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1.2 Topological hypotheses

In the proofs, we use a uniform equicontinuity hypothesis which in general does not follow
from (1.3) and might be only a technical assumption.

Hypothesis 1 There exists a modulus of continuity @ (i.e ® : Ry — Ry is a non-decreasing

concave continuous function such that ®(0) = 0) such that

t
forevery € € (0,1], tg:y€ RY — EE(Sy) is @-continuous.
The energy bound %y(0,Vr, Q) < oo is not sufficient for ¢ being continuous. However, in the
cases d = 2 and d = 3, if the stored energy function satisfies

flo.7) = (7] -1)7

for some p > d and k' > 0, then Hypothesis 1 is the consequence of the energy bound (1.3).
Indeed, in this case,

(1 F(ag)\ 74
Vig|—1)P = &7 —/ Vie|—1)P) < d :
[ o (50l =17 = 4 (5 [ vl =17) < (sup 25 ) 5

Consequently, the family 7, has uniformly bounded gradients in L” (RY) and, by Morrey embed-
ding theorem, is uniformly equi-Holder-continuous with Holder exponent 1 —d/p.

In the physical case d = 3 we can improve the compactness result under the following as-
sumption which prescribes the genus of the membrane.

Hypothesis 2 For every € € (0,1], the open set {y : |te|(y) < 1/10} is connected. Moreover,
there exists go > 0 such that for every € € (0, 1]:

if T is a compact subset of a smooth embbeded surface I' C R and if @ : T x —1,1] — Riisa
smooth mapping satisfying

@ (Cx{x1}) C {yeR’ : £z,(y) > 1/10};

then I' is homeomorphic to a closed subset of the go-torus.

1.3 Compactness

Let us fix R,S > 0 and consider a family {a¢}o<e<i, ae = (O, Te, Q¢) € (R, S), satisfying
Hypothesis 1 and
F
Ey := sup 0()

o<e<1 €

< oo, (1.4)

Our strategy is to approximate the membrane described by the data as by a smooth hypersurface
Ye = d0¢ where Og is an open subset of Bg which is close in L! to [t = —&] — see Section 2,
Proposition 2.1. We obtain uniform bounds on the (d — 1)-volume of X and on the Wilmore
energy # (Ze). Sets of finite perimeter seem reasonable limit objects for the family {O,} as up
to extraction, (O) converges towards a set with finite perimeter Op. Unfortunately, we may loose
large pieces of membrane in the limit process: two (or more) pieces of the hypersurface X may
coincide at the limit € | 0, leading to #?~! (d0p) < S. Moreover, if we consider the behavior of
the Willmore energy, the limit surface Xy = d Oy may not have square integrable mean curvature,
as cusps arise on the boundary of the cancelling pieces of hypersurface (see Figure 1.1). To keep
track of these phenomena and prevent cancellation, we have to take into account multiplicity.
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We do this by considering hypersurfaces as (d — 1)-dimensional varifolds. Varifolds have been
introduced as a generalization of manifolds by Almgren [2] for the study of Plateau’s problem,
(see also Allard [1] and the reference book by Simon [15]). More precisely, here we consider the
set of oriented (d — 1)-varifolds as introduced by Hutchinson [10].

DY)

Fig. 1.1 Cancellation of boundaries with opposite orientations.

Definition 1.1

a) The space of oriented (d — 1)-varifolds in R? is the topological dual of C.(R? x §¢~1),
that is the space .# (R? x $9~1) of Radon measures on R? x §¢~! endowed with the weak star
topology of Radon measures.

b) To any oriented (d — 1)-varifold ¥ € .# (R? x §9~1), we associate a distribution A ¥ €
7' (R RY) defined by

AV gy = (V5 (y,n) > y(y)-n), forye .@(Rd,Rd).

¢) Given a smooth hypersurface X oriented by v, we define the oriented (d — 1)-varifold

Vv =7 (Z,v)by
V@) = /(p(x,v(x))djfd_l(x), for every @ € Co(RY x S%1).
X

Remark 1.1

a) Usually, oriented k-varifolds are defined as the Radon measures over RY x G°(k,d), where
G°(k,d) denotes the Grassmannian of oriented k-subspaces of R?. Here, we consider varifolds
with co-dimension 1 and we can identify any (d — 1)-dimensional oriented subspace of R¢ with
its positively oriented unit normal. This defines a smooth diffeomorphism G°(d — 1,d) = S¢~ 1.

b) Similarly, in the literature (see e.g. [10]), one associates to any oriented k-varifold a k-
current ¢’¥. Here, we choose not to treat currents explicitly. We identify simple (d — 1) vectors
of the form (—1)*1e! A Ael =T At A+ Aed with e; . By duality, this identifies the (d — 1)-
current ¢ ¥ with A/ In fact, in the present paper the boundary of €7 always vanishes. With
our notation, this amounts to saying that A7 is curl free (A Y| ; = dj[A¥]; for 1 <i,j<d)or
equivalently, thanks to Poincaré conditions, that the distribution A7 is a gradient.

In general the distribution A carries strictly less information than the oriented varifold 7.

For instance, if £ # ¢ is a smooth compact hypersurface oriented by v then ¥ := ¥ (XZ,v) +
¥ (X, —v) does not vanish but A7 = 0.

¢) When X is the boundary of a smooth and bounded open set O C R?, with outward unit
normal v, then A[¥'(Z,v)] = —V1,.

Our compactness result concerns varifolds constructed from elements of .o7.
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Definition 1.2 Let us fix a cut-off function xy* € C:°(1/2,2) satisfying x*(1) = 1. For € € (0, 1],
we associate to any element a = (o, Vt, Q) of <7 the oriented varifold,

Ol = 5 [ 209000 (3gr0)) dn Vo e CRIxs),

Definition 1.3 (Limit sets)

a) The limit set <% (R,S) in our I"-convergence analysis is a set of oriented (d — 1)-varifolds.
Namely, % € .# (R? x §9~1) belongs to % (R, S) if there exists a sequence of smooth open sets
(Ok)k>1 C Bg with outward unit normals v, and boundaries X such that

sup, # (5) < oo, a4\ (z5) U3 s,

keteo (L.5)
and Y (Zk, Vi) — Yo as Radon measures.

b) In the case d = 3, we also introduce the subset <%y (R, S, go) where go € N is the genus intro-

duced in Hypothesis 2.

We say that %) € %o (R, S, go) if there exists a sequence of smooth open sets (Oy) C Bg such

that (1.5) holds and moreover X is connected and genus(X;) < go for every k > 0.

In this case the second fundamental form /Iy, = divy, Vv, on X satisfies the identity

I, > = |hs, |* —2K;,
where K = detlly, denotes the Gaussian curvature of X;. Thanks to the Gauss-Bonnet formula,
we have

e

/ s, Pd ™" = W(5)—2 | Ked'™' < W/(5)+8a(g0—1).
X

Consequently, if %y € </0(R,S, go), the second fundamental forms of the surfaces (Xy) in (1.5)
are uniformly square integrable .

We postpone further definitions and statements about varifolds to Section 4. Let us say however
that the elements of <% (R,S) are oriented integer rectifiable (d — 1)-varifolds (Definition 4.1)
which admit a L?-generalized mean curvature (Definition 4.2). The definition of the Willmore
energy extends to these objects as a lower semi-continuous functional on <% (R, S). If d = 3, the
elements of <% (R, S,go) admit furthermore a Lz-generalized second fundamental form.

Theorem 1.1
Let R, S > 0 and let {a¢ }o<e<1 be a family of configurations ag = (g, Vtg,Q¢) € (R, S) satis-
fying the energy bound (1.4) and Hypothesis 1. Then:

a) There exists a non negative oriented (d — 1)-varifold ¥y with total mass S such that, up to
extraction,

€l0
Ve (ag) 0 % as Radon measures.
b) There exists a set of finite perimeter Oy C Bg, such that

E—t
288 9 1o, weakly in BV (RY).

Vip,=—-A%, and T¢:=

¢) Moreover, ¥y € </)(R,S) (hence ¥y has finite generalized Willmore energy).
d) If d = 3 and if Hypothesis 2 holds, then %y € <y0(R, S, go)-
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Remark 1.2
i. As a consequence of (b), if the interior domain M, = [t = —&| has prescribed volume or satisfies
H4(M) — V, then 7#4(0g) =V.

ii. The varifold ¥ can be described by means of a (d — 1)-rectifiable set Xy and multiplicity
functions Goi. The Willmore enrgy # (%) has an explicit expression in terms of the generalized

curvature of Xy and 93[ (see Definition 4.1, Definition 4.2 and formula (4.8)).

1.4 Lower bound

For the lower bound, we make further assumptions on the stored energy function. Namely, we
assume that

f is of class C2 in some neighborhood .4 of S¢~! in RY x RY, (1.6)

and is isotropic in this neighborhood, that is
f(Qo.01) = f(o,71)  VQeSO(d),V(o,7) €N (1.7)
This assumption parallels the frame indifference hypothesis in nonlinear elasticity.

Theorem 1.2 Let R,S > 0 and let (ag, )¢, |0 With ag, € ¢ (R,S) be a sequence of configurations
satisfying Hypothesis 1. Assume that there exists a (d — 1)-varifold ¥ such that V¢, (ag,) =
as Radon measures.

Then, for every f € C(R? x RY, R ) satisfying (1.1), (1.2), (1.6) and (1.7), we have

.. y(“e)
co(f)? (%) < lim inf s,fk :

where co(f) > 0 only depends on the Hessian matrix D* f on S?=1. Namely,

I2f  I*f
detL ) 36032 8Gd8 Ta
co(f) == with L = (eq,eq).
3L, 02f 02 f

3Gdafd 81’d2

1.5 Upper bound in the smooth case

Theorem 1.3 Let f € C(R? x R? R, satisfying (1.1), (1.6) and (1.7) and let Oy C R? be a
smooth bounded open subset with boundary Xy and outward unit normal Vvy. Let us define

R = sup{|y|:y€ 00} +1 and S := #"1().
Then there exists a family {ag }o<e<1, as € (R,S), such that

35(“8)
e

Ve (ae) =0 Y (Xo, Vo) as Radon measures and co(f)W (L) = lii’g
€

Moreover, noting ag = {0g, Vte,Q¢}, the open sets Q¢ and the vector fields o and Vit are
uniformly smooth. In particular Hypothesis 1 holds.
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To complete the I'-limit analysis, we should extend this reconstruction result to any data % €
(R, S). Namely, we should prove that given % € <% (R, S) there exists a family {a¢ }o<e<1,
with ag € o7 (R,S) such that ¥;*(ag) — %) and .Z (a¢) /€’ — W (Xo) as € | 0. A natural way for
this would be to answer positively the following question.

Question 1.1 Let %) € <% (R, S). Does there exist a sequence of smooth open sets (Oy) C Bg with
outward normal v and boundary I} such that (1.5) holds and furthermore,

(5 55 w(n) 2

As described in Section 2.7, the elements of .27 are oriented rectifiable (d — 1)-varifolds with
a generalized mean curvature in L?. To our knowledge the best regularity result established for
varifolds with a generalized mean curvature is due to A. Menne [11] who established their Cc2-
rectifiabilty (see also R. Schitzle [14] and references therein). In this context, giving a positive
answer to Question 1.1 seems a difficult task.

In the case d = 3 and under Hypothesis 2, the limit set is reduced to <%y (R, S) (Theorem 1.1.d).
The elements of o7 are limit of compact surfaces (X;) with uniformly bounded second funda-
mental forms in L?. These objects are more regular than in the general setting. For instance, a
theorem of J. Fu [7] which improves earlier results by T. Toro [17,18] implies that every X is lo-
cally the image of a bi-Lipschitz mapping defined on a subset of R?. Furthermore, the number of
bi-Lipschitz mappings required to cover X and their Lipschitz constants are uniformly bounded
with respect to k. In view of this result, we believe that giving a positive answer to Question 1.1
for % € (R, S, go) is a more tractable issue.

1.6 Notation

Throughout the paper, the letter C denotes a non negative constant which is either a universal con-
stant or only depends on the dimension d. For constants which also depend on other parameters,
o, -, 0, we write C(a,- -+, Q). As usual, the values of these constants may change from line
to line. For constants which depend on the data introduced in the hypotheses (the dimension d,
the limiting radius R, the prescribed (d — 1)-volume S, the modulus of continuity ®, the cut off
function x* or the energy upper bound Ep) but not on &, we use the short hand Cy¢ and we write
Cg¢(ou,- -+, 04) for constants also depending on other parameters.

We write B,(y) to denote the open ball in R? with center y and radius » > 0 or simply B, for
B, (0).

The k-dimensional hausdorff measure of a set E C R is denoted by % (E).

We often define the set of elements satisfying a property & by [Z?]. For instance [t = €] is the set
{yeR?:1(y) = €}.

Most of the time, we use y or z to denote a generic element of R¢ whereas x is always a point on
a hypersurface.

For e € $¢~!, 1, denotes the orthogonal projection on the space e = {re Ry .e= 0}, that
is Te(y) =y —(y-e)e.

We identify e with RY~! and for y € R, we write y/ = (y1, -+, y4-1) = Ty, so that y = (¥, y,).

Some objects introduced along the proofs are used in different and sometimes distant parts of the
paper. These objects are singled out by means of a superscript star: ®*, U”*, etc. We have already
met the cut-off function y* in Definition 1.2.

We use the prefix “I” to refer to a result of the first part of this article. For instance, Theorem 2.1
in [12] is refered as Theorem 1.2.1 .
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1.7 Outline of the paper

In Section 2, we establish the compactness result Theorem 1.1. The main part of this section is
devoted to the proof of Proposition 2.1 which contains the relevant constructions and estimates.
In particular, we use the rigidity estimates of [12] to show that we can approximate the varifolds
{7*(a¢)}e by hypersurfaces { X¢ }¢ with uniformly bounded Willmore energy.

In Section 2.7, we establish Theorem 1.1 as a consequence of Proposition 2.1 and of Allard’s
compactness theorem for integer rectifiable varifolds applied to the family {X¢}.

In Section 3, we build a recovery sequence in the smooth case, proving Theorem 1.3. We also
describe there the general form of the Hessian matrix of our anisotropic stored energy functions
on the set S~ 1.

In Section 4 we introduce further material concerning varifolds. The aim of this section is
to provide a better understanding of the limit set <% (R, S) and to define the Willmore energy of
generalized hypersurfaces.

Section 5 is devoted to the proof of the lower bound of Theorem 1.2. In Section 5.1, we
introduce an approximate mean curvature at the e-level. At some point x € X, this approximate
mean curvature only depends on the restriction of o to the ball B 5, (x). We show that this
approximate curvature is indeed an approximation of the mean curvature on X¢ in a weak sense.
Again, the rigidity estimates are crucial in this step.

In Section 5.2 we pass to the limit € | 0 using lower semi-continuity of the Willmore energy. This
reduces the lower bound problem to a relatively easy local optimization problem: minimize the
local energy under prescribed approximate mean curvature.

In the last section, we discuss the hypotheses and indicate possible generalizations of our
results. In particular, we consider the case of a material with spontaneous curvature p # 0.

2 Compactness, part 1. Approximation by smooth hypersurfaces

Let R,S > 0 and let us consider a family {a¢}o<e<1 satisfying the hypotheses of Theorem 2.1.
In this section, for every €, we build a smooth open set O with boundary X, and outward unit
normal Ve such that O is close in L' to [t, = —€] and ¥ (Z¢, V) is close to #”(ae). The relevant
uniform bounds and properties of these families are collected in Proposition 2.1 below. We then
deduce Theorem 1.1 from the proposition in Section 2.7.

Proposition 2.1
a) For every € € (0, 1],
o I X
‘2—8%” (Qg)—S’—i—’Z—g/Rthg] —S’—|—|<”//8 (ag); 1) =S| < Cge.

b) For every € € (0,1], there exists a smooth bounded open set Og C Bg.ce with outward unit
normal Vg, such that, with the notation ¢ := 0O and Mg := {y € R? : ¢t (y) = —€}, we have

H10£_1M£HL1 S ngd—l, jfd_l<2€> S C,‘Z‘a W<2€> S C;Z

c) For every @ € C(R? x RY) such that sup,,, [@(y,v)|/(1+ [v|?) < oo, we have

ZLS/Q (P<y,Vtg(y))dy—/2 (p(x,vg(x»d%d,](x) ﬂ 0.

d) If moreover, d = 3 and Hypothesis 2 holds, then we may assume that X is connected and
has genus ge < go.
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Except in the proof of part (c) of the proposition (Section 2.6), the parameter € € (0, 1] is fixed.
In this case, it is convenient to rescale the domain by a factor 1/€ by setting Q) = £ 1Q.. We
also define the rescaled data:

te)(y) = € te(ey), Te)(y) :=Vie(ey), op)(y) = oc(ey) foryeR?

With this notation, the function #,) € C(R?,[—1,1]) is ®-continuous, we have V() = () and
Q) ={y€R? : |1(¢)|(y) < 1}. The vector field o) is divergence free in £, and vanishes in
R?\ Q(;). We also have,

Q(G(s),vt(s)) = /Rd G(E)-VZ(E) = ZS/Sdil,
and ﬁo(c(s),Vt(s),Q(s)) < E()/Sd_s. 2.1

Part (a) is established in Section 2.1. In Section 2.2, we introduce the harmonic extension Ue)
of #(¢) in a subset of () which contains [|t¢)| < 4/5]. The level sets of u(g) are candidates for
the hypersurface X).

In Section 2.3 we state and prove some technical lemmas which follow from the weak rigidity
estimates of [12]. These lemmas are designed for selecting the “good” points where the data is
sufficiently close to a zero energy limit state, as described in Theorem I.1.1. We also state there all
the consequences of the strong rigidity estimates which are relevant to our purpose. Eventually,
we bound the volume of “bad” regions. All these results are also used in the proof of the lower
bound in Section 5.

In Section 2.4, we build the set O (and therefore the hypersurface X)) and we prove the
estimates of part (b). The special case (d) is treated in Section 2.5. Eventually, the convergence
result (c) is established in Section 2.6.

To lighten notation, we drop all the subscripts (€) and write ¢ for I(e), O for O(¢, Q2 for Q),
etc. We come back to the unambiguous notation at the beginning of Section 2.6 when considering
the limit € | 0.

2.1 Proof of Proposition 2.1. a
For -1 <a_ < a; <1, we set
QF = {yE R : o <1(y) < oc+} C Q.

Lemma 2.1 Let —1 < o < a4 < 1, we have

o V1o = (ay —a)S/ed™ L. (2.2)
Moreover,
(o —a )S| 5 SF0(0,V1,24")
Q%) — *80,_1 < E%(o,w,gg‘jwz o *’ (2.3)

and similarly,

Vi - (ay —o_)S
gt gl

S.Fo(0,Vt, Q3
4%(0,V;,Q§‘+)+4\/ O(gdl a) (2.4)

IN
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Before proving the lemma let us show that it implies Proposition 2.1.a. Applying (2.3) and (2.4)
with op. = £1, unscaling and taking into account (2.1), we obtain

’—%d (Q¢) — ‘ ‘— |Vte| — ‘ < Cye. 2.5)
Next, we have
02 1) = 5 [ 29l

Since |x*(7) — 1| < C||7|— 1|, we get

1
=Sl < oof r|wer—1|+\—%dszg> 5|

(1.4),(2.5) 25
<\ HUQe)/2e\/Ege+Cye g Cye. (2.6)

Proposition 2.1.a follows from (2.5),(2.6).

Proof (of Lemma 2.1) Let us first establish that for every smooth open set O such that
{(xeR?:t(x) > -1} C 0 C {xeR¥:¢(x) < 1},

we have
/ c-v =S5/ (2.7)
20

where v denotes the outward normal on dO and o - v is well defined in H~"/ 2(d0) as the trace
on dO of the normal component of ¢ € Hg, (2) = {0’ € L*(Q2,R?) : dive’ € L*(Q)}.

Notice that the identity
/V(p-c :/ Qo -V, (2.8)
o 20

is valid for ¢ € C*(Q) such that ¢ = 0 in the neighborhood of {# = —1}. In order to extend this
formula to the case ¢ =+ 1, we introduce for s € (0, 1), the truncated function #,; defined by

_ ) o)1,
15(y) == {i(l —s) if £t(y)>1—s.

By continuity of #, the function ¢ := ;4 (1 —s) € W!2() vanishes in the neighborhood of {t =

—1}. Consequently, @, belongs to the closure in W!? of {¢ € C*(Q) :supppn{t < —1} = ¢}
and (2.8) is valid with @ = g

/ Vi, o = [ (t,+(1—5))o-v.
0 90
Letting s | 0, since t; — ¢ in Wl *(RY), we obtain,
/Vt-c = / (t+1)o-v
0 20
Similarly, integrating V (¢, — (1 —s)) - 0 on £ \ O and passing to the limit s |. 0, we also get,

_Vt-o = (=t+1)o-v
Q\0 20
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Summing these identities, we obtain 2 [, 6 - v = [, V¢ - 6. By hypothesis, the value of the latter
is 25/£47!, s0 (2.7) holds true.

1/ Let us establish (2.2). By hypothesis, this identity is true for (o, ;) = (—1,1). Let us first
assume —1 < a_— < a4 < 1 and let O be a smooth bounded open set such that

{t<ay} CcOcC {r<1}.

For instance, we may slightly mollify # and invoke Sard theorem to define O as a smooth sublevel
set of the smooth approximation of #. Now let us introduce the truncated function,

~ ) ifo <t(y) <oy,
t(y) T {Oti if j:t(y) > 04 :

As above, (2.8) is valid with ¢ =7 — o and we have,
Vt- o = / Vi-o = (oc+—oc_)/ v (ar —a)S/e? 1.
gt Qg 20

Hence, identity (2.2) holds in the case —1 < a— < oy < 1. The remaining cases follow by conti-
nuity of the integral.

2/ We are ready to establish (2.3). Let —1 < o_ < oty < 1. By (2.2), the left hand side of (2.3)
isboundedby/ |l —Vt-o|.
Qg+

To estimate this ingegral, we write
|l-Vt-o|= |(1 — |Vt|2)—|—(1 — |G]2)+ |Vl‘—6’2‘ /2

< 1= Vil[+[1=loll+ [(1 = |Vi])* + (1~ |o])* + |V — o] /2.

Integrating on Q5" and using the Cauchy-Scwharz inequality, we obtain,
‘Xz (ot — oc_)S/sd_l‘ < V2R X +F)2,

with the notation:
Fy = Z(0,Vt,Q57), X = ) HUQE).

In particular, X% — \/2FpX < 2S/€>+ Fy/2, and X < (v/2Fy + +/8S/e2 +2F,)/2. Substituting
this in the right hand side of the above estimate, we obtain,

, (at—a7)S 5 5 5
X B < (3/2)F+1\/Fg +4FRS/€* < (5/2)Fy+24/ FyS/€?,

that is (2.3).
Similarly, the left hand side of (2.4) is bounded by / « ||Vt|—Vi-o|.
Qq”

Writing ||Vt| =Vt -o| < [1 = Vi-o|+||Vt| - 1], we get [,a. [|VI]| =Vt 0| < V/SFX +Fy/2
which yields (2.4). O
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2.2 Construction of a harmonic extension of t.. Definition of X*

Recall that @ is the modulus of continuity of Hypothesis 1. Let 0 > 0 be the largest number such
that
0 <1/4, (o) < 1/10. (2.9)

Then we define
Q) = {yERd L el () <9/10}, Flp) = R\ Q,
and

Oe)s = {yERd pd(y,Fg )>5} Feys == | Bs() = R\ O 5.

!
yEF(£>

Notice that [|t| < 4/5] C O or equivalently, 7 > 4/5 in F5. More precisely, for y € F’, we have
t >4/50nBgs(y)ift(y) >9/10and t < —4/5 on Bs(y) if 1(y) < —9/10.

We introduce the harmonic extension u(g) of 7(¢) in O(g) 5. Its level sets are good candidates
for the hypersurface Xy = (1/€)X, of Proposition 2.1.b.

Definition 2.1 We set u, (y) = €ug)(v/€), where u(g) is defined as

Ue) = argmm{/ ]V(p|2 NS Wloc (Rd) ¢ =t aeon 17(8)75}.

Remark 2.1

a) The definition of u(g) is valid since the feasible domain of the minimization problem contains
at least 7(¢).

b) We do not define u . as the harmonic extension of 7(¢) in £, for two reasons.

e First, in the sequel, we need u¢ to be equal to 7 in a large part of €2¢. Thanks to the definition
of Q(’E), this property holds true in the set [9/10 < [t(¢)| < 1]. When we will apply the rigidity
estimates of [12] to u) and #(¢) in domains intersecting [9/10 < [¢()| < 1], this will allow us to
use the same averaged normal direction for both vector fields Vi, Vt,.

e We also need u ) to be uniformly equicontinuous (independently of €). For this, we define
the harmonic extensions u, in domains satisfying uniformly the exterior ball property. This is the
reason for the introduction of the sets O(,) 5 which have this property with balls with radius 0.

Definition 2.2
a) For —1/2 <s < 1/2, we set £&* := SZ(SE) where E(SS) is the level set

Zgg) = {X € 0(8)73 s Ue) (x) = S}.
b) For every z € O(¢) 5, we set

\Y%
O (2) i Vige(2) £0,
ne(2) == q [Vug)

eq if Vu(s) (Z) = 0

Remark 2.2
Since u ) is harmonic in the neighborhood of E(S ¢) this set is an analytic surface with unit normal

1) in the neighborhood of {x € e (e)(x) # 0}
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In the sequel, we drop again the subscripts (€): we note u for Uy, O for Oe) s, n for n(y and

25 for Z(SS), etc. We first establish that Vu is close to Vzr.

Lemma 2.2 We have
/ Vu—oc]* < E and / |Vu—Vit]> < 4E,.
R4 RY
Proof Since o is divergence free in Og, we easily check that ¥ minimizes the functional

s == | [Vo—of.

1,2
oc

in the set Ty := {<per (RY) : @ =1in Fg}.SincetETg,wehaveby @.1),

/Rd|vu_6|2 = J(u) < J(t) < Ey.

The second estimates then follows from (2.1) and the triangular inequality. a

Let us notice that, by construction, O5 C Bg satisfies the exterior ball property with balls of
radii 6. As a consequence, we can use the Perron method to obtain the existence of a function
i € C(Og) which is harmonic in Oy and satisfies & =t on dOg (see [8], Theorem 2.14 and below).
By the maximum principle, we have u = u, hence u is continuous on Og. Thereafter we also need
u to be uniformly continuous with a modulus of continuity that does not depend on €. We did not
find the relevant precise statements in our favorite textbooks for this last result. For the sake of
completeness, we provide a proof.

Lemma 2.3 There exists a modulus of continuity @* only depending on ®, 6 and d such that u
is @*-continuous on R,

Proof We start by regularizing the boundary data ¢ and the domain. For 0 < n < 8/2, we set
ty =t % py where pp = n~4p(-/n) is a standard non-negative mollifier, compactly supported in
By. We also set OI&,n =05+ By D Os.

Writing #7, (v) — 15, (2) = [[t(y —x) —t(z—x)]dpy (x) < [ @(y—z)dpn = @(y —z), we see that the
functions {#}, }o<y<5/2 are @-continuous. They are also uniformly bounded in W!2(Bg /e) and
satisfy —1 < t,’7 <1.

By construction, the domain 0’5,1] satisfies the exterior ball condition for balls with radii 6 /2 and
the interior ball condition for balls with radii 7. In particular 30’5,1] has C!"! regularity and 0’5,1]

is a bounded Lipschitz domain.
Let u% be the variational harmonic extension of t,/7 in O - defined as

u;7 := argmin {/ Vo> : e Wllof(Rd)v ?= t;7 a.con Rd\O%’n} .
R/

€

By classical elliptic regularity theory, u/, is of class C' in 05, , and Uy =ty on d0s ,. We claim
that
- a modulus of continuity ®' = @'(®,§,d) such that uyy € Cyy (O ). (2.10)

Assuming the claim, there exists a function u’ € W'2(Bg/) such that, up to extraction, uj, — u’

as | 0. Moreover, # is harmonic in Oj, is ®'-continuous in Og and «’' =t in R?\ Og. Hence



14 Benoit Merlet

90},

g=1t'(x)+w(3r)

\_,gzl

Fig. 2.1 The barrier function g.

u =" and u is @'-continuous in Og. Since u = t is w-continuous in RY \ Os, we conclude that u
is (0 + @')-continuous in R and the lemma is proved.

Let us now establish (2.10). We fix € (0, /2] and drop the subscripts 7.

Step 1 (interior estimate) First, by the maximum principle, we have in any case |u'(y) —
u'(z)| < 2. Now, let 0 < r < 1/2 and B,(x) C O. By harmonic regularity we have |Vu| < C/r in
B,/5(x). So [u(y) —u/(z)] < C\/|y—z| forevery y,z € B2(x).

From this estimate, we conclude that we only have to establish that for any x € 0%, u/(z) —
u'(x) as z € Oy — x with a convergence rate that only depends on ®, 6 and d.

Step 2 (continuity up to the boundary) Let us fix x € dOY and let r € (0,6 /2]. By hypothesis,
there exists a ball B,(y) ¢ R? \0_’6 such that x € dB,(y).

As a barrier, we consider the harmonic function g defined on the annulus A, (y) := B2, () \ B, (y)
satisfying the boundary conditions g = #'(x) + ®(3r) on dB,(y) and g = 1 on dBy,(y) (see Fig-
ure 2.1).
We claim that ¢ >’ in A,(y) N Of. Indeed, g — «’ is harmonic on this set, so by the maximum
principle it is sufficient to check the inequality on the boundary of A,(y) N O%. This boundary
splits into: o

I(Ar(y)NO5) = (9B (y) N O5) U(Ar(y) NI0f).

On the first part, we have g —u’ = 1 —u’ > 0. On the second part ' =t on d 0%, so, g(z) —u/'(z) =
'(x) +(3r) —1'(z) > ©0(3r) — ©(]x —z|) > 0 since |x —z| < 3r and ¢’ is ®-continuous. Hence,
g>u'inA(y)NOj.

An explicit computation gives

G(1) =G (z=yl/r)

) = 1)+ 03 + (1~ (1)~ 0(3r) T g e,

where z — G(|z|) denotes a radially symmetric decreasing multiple of the fundamental solution
of the Laplacian (G(s) = —Ins if d = 2 and G(s) = s>~ for d > 3). Hence, for every x € 90,
0 <r<§/2andz € O5NB,(x), we have

G(1) =G (Jlz—=yl/r)

W' (z2) —1'(x) < gla) —1'(x) < 0(3r)+2 G(1)-G(2)
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Substituting —¢" for ¢ and —u’ for u, we obtain the corresponding result with opposite signs. We
conclude that for every x € d0%, 0 <r < §/2 and z € O3 N B, (x),

G(1) =G (lz—yl/r)
G(1)-G(2)

In particular, for x € dO% and z € O, such that |z — x| < 82, we can choose r = /|x —z|. In this

u/(2) 7' (x)| < @(3r)+2

case,
— x— —x
|zry| < | ry|+|Zr I UY e}
This leads to,
G(1)=G(14++/|z—x|) |z—=li0
"(z) -t < 03/ |x— 2 — 0.
This establishes the claim (2.10). O

Recall that, in Fg, we have |t| > 4/5, so as a consequence of Lemma 2.3, the level sets
{Z%} _1/2<5<12 lie at a positive distance from Fy.

Corollary 2.1 For —1/2 < s < 1/2, we have
d(XZ* F5) > 6%, with 8* := max{r : @*(r) <2/5}.

In particular, 8* only depends on ® and d.

2.3 Good cylinders. Bad balls

We use here the weak rigidity inequalities of [12] (Theorems 1.2.2 ) and I.1.1) to show that ¢, and
ug are close to some affine function in the neighborhood of points with small local energy. These
results allow us to select the good points where it is possible to carry out the computations and
derived the main estimates leading to the compactness (and lower bound) results.

Definition 2.3 The local energy in an open set O C R? is defined as
£(0) = / o(0, V1) + |V — Vi[>
onQ
When O is the open ball By, (y) C R?, we use the short hand,

GO = EBO) = [ @V + Vu i

We first show that if z € € is such that &3(z) is small enough, then Q2 — z contains a cylinder
of the following form.

Definition 2.4 For A >0 and /i € $~!, D, (i7) denotes the (d — 1)-ball,
{(eR?: |y| <A,y -a=0} = BN .
ForA > 1, €[0,1)and7i € S9° 1, Di (1) denotes the finite cylinder
(' +sii Y € D)y (A), [s| < 1-&}
Using rotation invariance, we often consider the case i1 = e, for which we simply write D;L for
D', (eq) and Di for
D(eq) = {yeR': yal <1-&, Y57 <2%).

i<d
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Lemma 2.4 Let & € (0,1/2), andn > 0. There exists B = B (w, &, n) such that if z € RY satisfies
lu(z)| <1/2 and &3(z) < B, then, |Vu(z)| > 1/2 and using the notation

0= z-u@n(@). D= w+DimE).  90)=ul@)+ (-2 n(),
we have,
(a) D C Q (see Figure 2.2) and
2= @l =) + lu = @ll =) + VI = VOl 2(p) + [0 =VQll20p) < M
(b) there exists an analytic mapping ¥ : Dy (n(z)) x (—1/2,1/2) — R, such that ||¥||c2 <N and
foreverys e (—1/2,1/2),

20D = [z0+sn(2)]+{y + ¥/, s)n(z) ; y € Di(n(2))}.

(c) As a consequence,
0 < N2 nD) - (D)) < e(n),

withc(n) 1 0asn 0.

[r=-1]

Fig. 2.2 Example of “good” cylinder in dimension d = 2.

Proof Without loss of generality, we assume z =0 and & € (0,1/20). Let 1 > 0. We establish by
contradiction that (a) holds for f > 0 small enough.

If (a) were not true for any value of B > 0, there would exist two sequences (ax), (a}) with
ay = (Gk,vtk, Ok), ajc = (Gk,vuk, O;() such that:

(i) (ax) and (a;) both satisfy the hypotheses of Theorem I.1.1 with O = Bs. In particular, (1) and
(tx) are uniformly equicontinuous.
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(ii) Either |Vuy|(0) < 1/2;
or |Vu|(0) > 1/2 and using the notation
ny .= Vuk/]Vuk|(0), Dk = —uk(O)ﬁk —|—D§ <I’_lk), (pk(y) = uk(O) —Z'I’_lk,

we have either:
- D ¢ OrN 0,
- or Dy C OxNO; and

11 = @kll L= o) + 1k = Pell =) + Ve = V@il 2py > 5 (2.11)

(iii) Moreover, |ux|(0) < 1/2 and setting F; := [|re] > 9/10] + Bs, we have (taking into ac-
count (2.9)) uy = t;, on F; and uy is harmonic in B3 \ F;.

First, up to extraction, we may assume that both (#(0)); and (u4(0)); converge towards re-
spectively s and s’ with |s| <9/10 and |s| < 1/2. By Theorem L.1.1, there exists 71,7’ € S~ ! such
that

Ktes Koo
ty — @ on Ciye(Oy), uy — @ onC,(0),
with @(y) :=s+ii-y, ¢'(y):=s"+i'-y, O, =B,N[|lp| < 1], O, =B>N][|¢'| < 1].
Now, for any k > 1, u; is harmonic in Bg+. By harmonic regularity, we see that Vuy(0) —
V¢'(0) = 7. In particular, for k large enough, there holds

[Vue|(0) = 1/2.

Next, considering the segment I = {y+ (r—s)i: —1 < r < 1} C O/, and the mapping p :
(=1,1) — I defined by p(r) = y+ (r —s)ii, we have g o p — Id(_; 1) as k T oo.
In particular, for k large enough |uy| > 9/10 on p(19/20, 1) which implies #; = u; on p(19/20,1).
Passing to the limit we conclude that 7 = 7', s = s’ and @ = ¢’. By uniform equicontinuity of the
sequence (#), and convergence of () towards ¢’ on O’ we then see that
Dy = —ur(0)iiy —f—Di/é () C [lte] <1—=E&/2], for k large enough.
We already know that the L* norms in (2.11) converge to 0.

Applying the weak rigidity inequality of Theorem 1.2.2 to #; in Dy O Dy we see that the W'2-
seminorms also converge to 0 which contradicts (2.11).

Parts (b) and (c) of the lemma follow from part (a) and the harmonicity of u« in the domain
[u<4/5]. a

When establishing the lower bound of Theorem 1.2 in Section 5, we apply the weak and strong
rigidity inequalities in the cylindrical boxes of Lemma 2.4. It is convenient to gather the relevant
estimates here.

Lemma 2.5 Let & € (0,1/4). There exists B = Ba(, &) such that if x € X° satisfies &(x) < B,

then using the notation n(x) = i and

D, = )chDf(:_z‘S (n) C D:= x+D(1:(ﬁ),

we hﬁve:
(a) D C Q;

(b)
[ (x) 4+ |h|*(x) < C&(D). (2.12)
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(c) There exists a harmonic function y : D;,, — R satisfying Vy(x) =0, - Vy =0,

[ IvwP < c@)vEm), 2.13)

int

and such that

/ Vu—ii— VY2 + |Vi—a—VyP+|o—a—Vy> < C(E)ED).  (2.14)

int

Proof Part (a) is a direct consequence of the preceding lemma. Part (b) follows from Corol-
lary 1.3.1 and the harmonicity of u in Bgx«.

Let us establish part (c). Without loss of generality, we assume x = 0 and & € (0,1/20). We
apply Theorem 1.2.2 to the function u in the cylinder D;,, C D and in Bg« C D. There exists
e e, € %1 such that

| u—e < c@)vEm), 2.15)

1t

/B Vi—e, > < C(8)/E(D).

In particular, we have |e, —¢/|> < C(&,8%),/& (D). Since u is harmonic in B, we see as in the

proof of Corollary 1.3.1 that by the mean value property e, = n(0) =: 7. Inequality (2.15) then

implies

/ \Vu—il> < C(E,8%)\/&(D). (2.16)
int

Now, let us apply Theorem 1.3.1 to u in D;,, C D. There exists a harmonic function y; € [? (Din)
such that 7- Vy; =0 and

[ vu-i-vwiP < cE,8)60). 2.17)

Now, notice that by orthogonality, we have

VY P(0) + [Vu(0) — P = [Vu(0) ~ Vs (0) i < C(E.87)E(D).

In particular,
Vyi[(0) < C(§,86(D). (2.18)
Eventually, setting y(y) := yi(y) —y- Vy;(0), the function y is harmonic in D;,, it satisfies

ii-Vy =0 and (2.14) holds thanks to (2.17) and (2.18). Inequality (2.13) then follows from (2.14)
and (2.16). O

In the sequel, we perform some changes in the order of integration for which we are led to
consider the sets

ré(z) = {xeX%:zex+D (n(x))}.

The purpose of next lemma is to estimate the (d — 1)-volumes of these sets.
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Lemma 2.6 Let & € (0,1/2) and 1 > 0. There exists B = B3(E,n) > 0 such that if 7 € RY satisfies
@) <1-&  and  &3(z) <P,

then the function x € X° +— |x — z|? admits a unique minimizer x € £° and we have 7 = x + sn(x)
with |s —t(z)| < . Moreover, using the notation of Lemma 2.4,

Ié(z) = {x+y+¥(,0)n(x):yeX},
for some open subset X of n(x)* such that
Dy _y(n(x)) € X C Dj,y(n(x)).
In particular,
AN (2) -7 (DY)] < O, (2.19)
Proof We can prove the lemma by arguing by contradiction as in the proof of Lemma 2.4.

The only difference is that we have to take into account all the connected components of {y :
limy oty (y) € (—1,1)} (see Figure 1.1.4). Details are left to the reader. O

We now bound the total volume of points which do not satisfy the assumption &3(x) < 3. Let
us fix B > 0 and let us define the sets of good and bad points as
Y = {xeR?: &(x) < B}, B = Rd\%ﬁ.

Lemma 2.7 i) There exists a finite number of disjoint balls B3(y,),--- ,B3(yn) C R? such that
N
,@ﬁ C Uﬁ = UB9<yi>> with N < C¢S37d/ﬁ.
i=1

ii) Moreover, there exists a finite number of balls {Bog,(z;) }1<i<y» C RY with
1<o; <2V and N <N

such that the balls {By(1 1o,)(zi) } do not intersect and
N/
,@ﬁ C Uﬁ C Ul/g = LJlBgai(Zi>.
=

Proof Since the total energy &:.(0) is bounded by CEye>~¢, the first part classically follows
from Vitali covering theorem. For the second part, it is enough to prove that we can cover UB;g(y;)
with N’ < N non intersecting balls with radii bounded by 18 - 2V~!_ This ensues from the follow-
ing claim.

Claim Let N > 1 and p > 0, if U is a union of N open balls with radius p, we can cover U with
N (or less) disjoint open balls with radii at most 2V~!p.
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We proceed recursively on N. For N = 1 the result is obvious. Let us assume N > 2 and consider

the union of N balls with radius p, Uy = UY_ B, (z;). If these balls are disjoint, there is nothing

to prove. If at least two balls intersect, say By (zv—1) N Bp(zy) # @, then Uy is contained in the
union of N — 1 balls of radius 2p,

IN-1T2N

Uy C Uy_1 = sz (Z1> U--- Usz (ZN—2> Usz <f) .

By the induction hypothesis, we cover Uy_1 with M < N — 1 balls with radii at most 2V=2(2p)
2N71p ]

ol

As a consequence of the bound on N we have %d(Uﬁ) < Cg(ﬁ)£3_d and more generally, for
B>0,1>1,
A (Y1 Bop (7)) < C(B,A)e>.

In the sequel, we use this inequality without further reference.

2.4 Definition and properties of the hypersurface X. Proof of Proposition 2.1.b

Before beginning, let us sketch our construction of the hypersurface X ).
e Step 0. We introduce a bad set U (be) of points with local energy larger than a fixed value 8 > 0.
We also define the larger open set U(*e) = U(bg) + By and the good set G%,, := R?\ U(*e).

(e) -
e Step I. Then, we define X in G, as L) := G, NX0. = (*8) N [ugey =0].

(€) (e) () ~(e)
e Step 2. Next, we use Corollary 1.2.1 to find a level set Z(S;) such that Z(S;) NUe) satisfies conve-
nient bounds. We then set E(bs) = E(SS) NU).
e Step 3. Eventually, we complete the construction of E(bs) ux

in the gap U (*8) \U (be) with boundary X

*
(e
* b * b
() UOZ(g) C UG UIU,.

Let us fix £ = n = 1 /4. With the notation of Corollary .3.1 , Lemma 2.4 and Lemma 2.7, we
define,

) by adding a smooth hypersuface

N
B := min (ﬁoé*(d”),ﬁl(a),&,n)), U = Up = |JBo(y). (2.20)
i=1

Let us recall that N < C¢83_d. We also note
N
U* = UB]g(y,'), G* = Rd\U*.
i=1

Step 1. We set,

= 2'nGn
By Lemma 2.4, X* is an analytic hypersurface. Moreover, * C Bg /¢ and its boundary lies on the
spheres dBj3(y;).

Now, for every x € X*, we have by Corollary 2.1, Bs«(x) C Og and applying Corollary 1.3.1 with
¢ = u in the ball Bs«(x), we obtain

C
h2(x) < 7/ Vu|—1)?,
A" (x) < 5 BS*(X)(I ul—1)
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where /1 denotes the mean curvature on X°. Integrating on £*, and using Fubini, we get

C .
JoPart < g [ A B )NV ) 1

By Lemma 2.4.b, we have

A (Bs(y)NZ%) < C for every y such that d(y, Z*) < §*.

Hence,

C _
| Pzt W/ (IVul(y) — 1)2dy < Cye>. 2.21)

Similarly, using Lemma 2.4.b and Lemma 2.1, we obtain,

HNEY) < CHN Q) < CSe' T Ce® . (2.22)

Step 2. We now define the hypersurface X* inside the balls Byg(y;). Let us first consider the

union of interior balls U” = UBy(y;) CC U*. By Corollary 2.1, for any point y € R such that
lu(y)| < 1/2, we have Bg«(y) C Og, that is u is harmonic in Bg«(y). For such a point y, we can
apply Corollary I.2.1 .b to u in Bg«(y). We get

// L2 dort ds < (C/5*2)/ V| 1],
R JZSNBgx /3 (y) Bgx(y)

where II; denotes the second fundamental form on X*. Applying Vitali covering theorem to a
coverof {y € U : |u(y)| < 1/2} with balls of the form Bs/3(y) and summing the estimates, we

deduce,
/ / mL2det " ds < ( c/5*2/ 1V —1].
1/2 550U

Next, by Cauchy-Schwarz inequality,

/ / L2d ' ds < (C)6*) \/%d U*) / (V| — 172 < Cped.
1/2J2snU d
On the other hand, by Corollary 1.2.1.a, we have

/ AN NUYds < ANU) HCpe < Cped .

R

Let us now introduce a small parameter so € (0,1/4) to be fixed later. From the above bounds,
there exists s” € [—50,50] such that X=X NU"is an analytic hypersurface satisfying

A2 + L b PP d?™1 < Cpe® 4 /s. (2.23)

Step 3. We have to build a hypersurface in U* \ U ’ connecting X* to X’. For this, let us
introduce a nonincreasing cut off function ¥ € C*(R;) such that y =1 on [0,1], x =0 on
[3,4c) and 0 > x’ > —1. We also introduce a nondecreasing truncating function 7' € C*(R.)
such that 7(0) = 0,7 =1 on [1,+o0) and 0 < 7’ < 2. We then set

= {xeR?: ux)—50(x) = 0} with 6(y (Z){ (y,Bo(yi)) )
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Since 8 = 1in U’ and 6 = 0 in G*, we obviously have XNG* = X*, XN U’ = X’ and in fact

Y = X% in some neighborhood of W ¥ = X% in some neighborhood of G*. Notice that the balls
Bs3(y;) are disjoint. Hence, there exists K > 0, only depending on d such that the number P(y) of
non-zero elements in the sum which defines 6(y) satisfies P(y) < K.

Let us note v(y) = u(y) — 5”6 and let us fix z € £ N [U*\ U]. We compute at point z,
VVI(2) = [Vul(z) = |$'][VO](2) = 1/2=2|"|P(2)|1 [l = 1/2—2K .

Now, we fix
so = 1/(4K),

so that
IVv|(z) > 1/4.

Consequently, X = v~ ({0}) is a smooth hypersurface.

Let us now estimate the (d — 1)-volume and the L? norm of the second fundamental form of
X N[U*\ U]. We consider again a point z € XN [U*\ U]. We have |u(z)| < |s’| < 1/4 and by
construction, &3(z) < B1(®,1/4,1/4) so we can apply Lemma 2.4 at this point with & =n = 1/4.
Assuming without loss of generality that z = 0, n(z) = e; and using the notation of Lemma 2.4.b
we have fory’ € D} and —1/2 <s < 1/2,

V(Y +s5eg) = 0 = W ,90(Y +seq)) = s.
Now, let us set,
Z(y,s):i=s =W, 5.0y +seq)), fory e D}, —1/2<s<1/2.
We have £Z(y/,+1/2) > 1/2—n=1/4>0and £Z(y',s) > 1 —n]so|||6']|. > 15/16 > 0, s0
for every y' € D/, the equation Z(y',s) = 0 admits a unique solution s = {(y’). In other words,
(D} x (—=1/2,1/2)e4] N X is the graph of the mapping {. By regularity of ¥ and 6, we also have
IV¢le< ¢, D¢ < C.

We deduce the inequality

AN([D) < (—1/2,1/2)eq) NE) + mPaxt' < c.
[D) x(=1/2,1/2)eq]NE

Using Vitali covering theorem and the bound 774 (U*\ U’) < Cge3~9, we get,
2N (EnUY) +/ \lP2dot—t < cpet . (2.24)
EnU*
Taking into account (2.21),(2.22),(2.23) and (2.24), we have established
AN (E) < CSe'T 4 Cy, and W(Z) < Cyet (2.25)

Eventually, we set M := {y € R? : t(y) = —1}and O := {y € R? : v(y) = u(y) —5,0(y) <
0}. We have O C By /e and d0 = X. Moreover, taking into account Lemma 2.1 and the bound

AU U*) < Cge’~¢, we have

1o — 1|l < 2Se'4+Cpe? . (2.26)
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Putting back the subscripts (&), we note Xy := X, O(g) := O, M(g) := M, U(*g) :=U* and G?g) =

G*. Returning to the original variables, we set X := (1/€)X), Og := (1/€)O() and M, :=
(1/€)Mg). Unscaling the inequalities (2.25)(2.26), we obtain the estimates of Proposition 2.1.b.

For later use, we remark here that
A (By(y) NZe) < C, for every y € G*. (2.27)

*

Indeed, by construction, By (y) N Xy = B1(y)N Z(OE) forevery y € G( ¢) and we can apply Lemma 2.4.b

to any point z € B (y) N X(g).
In the sequel, we consider bad sets which write, using the notation of Lemma 2.7.a, as %) =
U(e),pr- We deduce from Lemma 2.7.a (2.24) and (2.27) that

A (2 (U U 2e)) ) < Co(BE.

More generally, for A > 0, we have

€)

el (z(g)m[(U(* uézz(g))JrBl]) < G A)E. (2.28)

2.5 Alternative construction of X.. Proof of Proposition 2.1.d

In this subsection (and only here) we assume that d = 3 and that Hypothesis 2 holds.

Letusfix § =1/4andletn € (0,1/4) to be fixed later. We then define 8 by (2.20). The definition
of the bad set is not the same as in the previous subsection: we use here the union of distant open
balls provided by Lemma 2.7.b. Let us set

U* = Up+Bi = U Bygs1)(z1), G = R*\U". (2.29)

In the good set we will define X* as XN G*. For the present alternative construction of X*
inside the bad balls, we need that the trace of some X* on the boundary of bad balls meets some
regularity properties. For this, we establish a quantitative Sard like result.

Claim There exists kK > 0 only depending on @, Ey and 1 such that for any 1 < i < N’ there exist
si € [—1/8,1/8] and r; € [0, 1/2] satisfying

X € X NIBy(giry(zi) = |n(x) x Vi(x)] > K, (2.30)
where V;(x) = (x —z;)/|x —z] is the outward unit normal on dBgg,,)(Zi)-
The claim means that the intersections X% N 8B9(ai+ri) (z;) are uniformly transverse.
Proof (of the claim) Let us recall the properties:

1< <2V, N <N<C,
|lull <1, u is @*-continuous and u is harmonic in [|u| < 1 /2] + Bg-.
Moreover, ¥y € Bogy 1) (z) \Bogg (i) ul(y) < 1/2 = [Val(y) > 1/2.

Let us assume by contradiction that for every k > 1, there exist

o oy € [1,2N71];
e u;:R? — [—1,1], ®*-continuous, harmonic in [|uz| < 1/2] + Bg-, satisfying

[9ak<|yy<9<ak+1) and |uk](y)§1/2} — |Val(y) > 1/2;
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e amapping (r,s) € [0,1/2] x [—1/8,1/8] > x,(r,s) € R? such that for every (r,s) € [0,1/2] x
[—1/8,1/8],

ulxp(r,s))=s, |x(rns)|=9ax+r) and |Vu(x(r,s))xx(r,s)] < 1/k.
By diagonal extraction, we may assume that o — o € [1,2N *]], X — Xy On
P := (QxQ)N([0,1/2] x[-1/8,1/8])

and by equicontinuity of (i) that uy — u, in Cjo(R?). Since uy is harmonic in [|ug| < 1/2] + Bg-,
we also have uy — u, in C}, ([|u| < 1/2] + Bs+) and u, is harmonic in [|u| < 1/2] + Bgs-. Passing
to the limit, we conclude that for every (r,s) € P,

(X (ry8)) =5,  |x(rs)| =90 +7r), Vue(xi(r,s)) xXx(r,s) = 0. (2.31)

Now, for every (r,s) € [0,1/2] x [—1/8,1/8]\ P, we can extract a sequence of elements of P,
(rj,sj) — (r,s) such that x(rj,s;) converges towards some limit denoted x,(r,s). By continu-
ity, (2.31) holds for every (r,s) € [0,1/2] x [—1/8,1/8].

To conclude, we consider the mapping ¢ : y — (|y|,u(y)) defined on the open set
{yeR? : 9a, < |y| <9(ot+1/2), |ui|(y) < 1/2}.
This mapping is smooth and by (2.31) every element of
(90,90, +9/2) x (—1/8,1/8)
is a critical value of ¢. Indeed, for every (r,s) € [0,1/2] x [—1/8,1/8],
O(x.(r,s)) = (9(a+r),s) and rank DY (x.(r,s)) = 1 < 2.
This contradicts Sard theorem. ad

We now define the set of bad balls as U* := U;Bg(q, ) (zi) and the good set as G* := R¥\ U*. Let
us notice that since r; < 1/2, we have

d(By(a;11,) (i), Bo(ay1r)(2)) 29 for 1 <i<j<N'

Using the cut-off function y as in the previous subsection, we set
N
St ={xeG" i u(x)—06%(x) = 0} with 6%(x) := Y six(d(x, Bo(gyry (2i)))-
i=1

In particular, £* coincides with £° in G* and £* = X% in the neighborhood of Bo(a,1,)(2i). We
also define
0" .= {yeG" : u(y)-6*(y) < 0}.

So that £# \ﬁ =d0* \W Proceeding as in the previous subsection, X* is a smooth surface and
we have the estimates

AN EN) < eslet ey, W(EF) < Gy (2.32)
and 1ot — Lyl < 28/€*+C/SEy/€* 4 Cy. (2.33)

Now, let us consider the mapping

@ : (y1)e X x[-1,1] > x+ (t/4)n(x) € R®.
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For the moment, the construction depends on the parameter 1 € (0,1/4). By Lemma 2.4, there
exists 1o € (0,1/4) such that for n € (0,7n0),

@ is a smooth diffeomorphism, and + & (X x {£1}) > 1/10. (2.34)

From now on, we fix 1 := 1o/2 (notice that 1 is a universal constant, in particular, it does not
depend on £). By Hypothesis 2, £* is homeomorphic to a closed subset of the go-torus.

We have to complete X* inside U* to form a connected compact surface with genus at most g.

Let us first describe the trace of £* on JU* = UidBoy(g;+r,)(2i). To lighten notation, we note S;
the sphere dBy(q, ) (zi). Let us fix 1 <i <N’ and set

I;:=x"ns;.
Let x € I;. By Lemma 2.4.b there exists a radius » > 0 only depending on 71} such that
B (x) :=B,(x+r(x)) C{y : £(u(y)—s;) > 0}.

Recall that o; > 1. By (2.30) the trace of BT (x) (respectively B~ (x)) on S; contains a geodesic
ball of radius p which is tangent to I; at x and where p > 0 depends monotonically on k and r
(see Figure 2.3). As a consequence, the set I; C S; has the exterior and interior ball properties with

0,sinf > K

e

~2p

Fig. 2.3 Cross-sectional view near x € I;. Fig. 2.4 Labelling the components of I;.

balls of radius p in the sense that for any x € I; there exist two distinct geodesic open balls on S;
with radius p which both contain x on their boundary and do not intersect I;. Hence I; is a smooth
curve on S; with curvature bounded by 2/p (the factor 2 accounts for the difference between the
geometries in R3 and in S;). Moreover, I; has a finite number M; of connected components which
are closed Jordan curves on S; and the geodesic distance between two distinct components is at
least 2p. Notice that M; < C(x) < Cy. Let us denote by %; the set of connected components of I;.

Before describing further the construction, let us discuss what has to be proved. By Hypothe-
sis 2, the set ut] < 1/10] is connected. By Lemma 2.4 and the choice of 7, this implies that the
union X* U U* is connected. Let us denote by

et — {Zf,"wzf,;#}

the set of connected components of ¥, It may happen that U* is empty. In this case £* has only
one connected component and is a smooth surface of genus go, we then set £ = X¥ 0 = 0% and
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with (2.32)(2.33) Proposition 2.1.b is proved. In the other case, the boundary of any element of
%* is formed by a finite union of curves of U;;. Let us consider a connected component E;f* c¢?
and let us denote by ¥;1,---,¥jk; the topological circles forming its boundary. Considering 2;*
as an abstract manifold, we can fill its holes by adding K; topological disks with boundaries
Vit Vik- We obtain an abstract compact surface 2}. The genus of Ef 1s then defined as the
genus of the 2}. More generally, we can define the genus of any relatively compact surface whose
boundary is made of a finite union of topological circles. For example, the genus of the periodic
strip S' x (0,1) is 0 and the genus of a torus from which we have removed a topological disk is
1. Let us recall the basic genus arithmetic which is used thereafter. Given two disjoint connected
surfaces X!, X2 with geni g', g2 and common boundary U{:]}/,- where the 7; are disjoint Jordan
curves, there holds:

genus [21U22U(U{:1?’i)] =gitge+(l-1).

From the above discussion, a way to connect the surfaces Ef without increasing the total genus
ji< J-Zj*, for
j=2,---,M*. Our construction is not that simple because we can not choose the order of the
connections. We proceed as follows.

Step 1. We close every hole of the connected components of X# with topological disks contained
in U*.

Step 2. We define a family of possible necks which connect two components of £¥, we show that
there exists a subfamily of necks connecting X# without redundant connections.

Step 3. Eventually, we regularize the resulting surface.

Yy g’; is to add recursively exactly (M* — 1) necks (periodic strips) connecting Z;* toU

Step 1. Closing the holes. Let us fix 1 < i < N’ and let us consider the ball Bo(a; 1)) (z;). Without
loss of generality, we assume z; = 0 and to lighten notation, we set R; := 9(0; +r;) € [9,9(2V ! +

1]

Notice first that every curve y € ¢; splits S; into two topological disks Dy 1, Dy>. Let us order
these sets such that #2(Dy,1) > *(D,,). Now let ¥° be a curve maximizing .7 (Dy ;) and
letus note Ao = Do . By maximality, Ao contains all the elements of % \ YL

Next, every curve of ¥ € %\ {Y°} is the boundary of a topological disk in Ay, that we denote

by Ay. We consider the partial order on %; defined by y < ¥ if and only if A, C Ay. This order
defines an oriented graph with the elements of %; as vertices. In fact, the corresponding non-
oriented graph do not have loops, that is: if 71 < 5 < 95 and y; < 7 < 93 then either y» < 7, or
%<

Indeed, we have Ay, Ay D Ay, # ¢ which implies 7> < 5 or 4 < 5 or 12N # ¢ which in turn
implies ¥} = .

As a consequence, the above oriented graph is a finite oriented tree. The only maximal element
is 7, so the tree is connected with root .

We use the paths from Y” to the elements of €;\ {}°} in the oriented tree for labelling these
elements. More precisely, every element y of 4;\ {{°} is labelled y = Vi, j, Where k is the

height of ¥ in the tree and (ji,- -, ji) describe the path from 7" to 7. Then the maximal chain
from 7y to 7° is

V=Yg < Yinedir < 000 < Y <7
See an example in Figure 2.4.

We are now able to perform the construction of Step 1. Let K be the height of the tree and for
k=0,---,K,let 4 := (k+1)/(K+1). We define a “closing” surface X/ as the union over all the
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elements ¥, .., € ¢; of

z

Tk

= Ay, U {MAYJIA---J,( P <A< 1}.
As required, 2},], o is a tological open disk with boundary 8Ayi1_'_jk. By construction, these
surfaces do not intersect, see the example Figure 2.5.

Eventually, we define the surface

5=ty [uﬂ\’z'lz,.’]

which is the disjoint union of M* closed surfaces with genii gf, e ,gff,,.

(00
V.0,
[/,
[0,
Gy,

Fig. 2.5 Step 1. Example, with K = 2. Fig. 2.6 Step2. 7,1, €4 N, EAN .

Step 2. Connections. Let 1 <i < N’ and let us use the notation of Step 1. For y € %;, we call
A;, the connected component of S; \ I such that A;, CAyand y€ 8A;,. Equivalently, (See again
Figure 2.4)

! _
ij1 ik _ ij] ok \ U AY]] RN N AR

>k
For every element y € 4, there exists a geodesic open disk Dy C A;, with radius p /2 and such
that d(Dy,I;) > p /2.
Given y € ; with height & in the tree and a surface X which contains A;_ IA/}, and 7LkA/y we define
the operation of adding the neck Ny as

Y = X\[Ak_lDyUlkDy] U {A 1 <AL A,k}aDy.

We will write ¥ = X + N,. Notice that by construction £ contains Ax—1A% and LAY, for any ¥ € €

with height k. Moreover, the additions of different necks Ny do not create crossings since the A;,
are disjoint sets. Now, we see that

N
o+ Z Z Ny  is a connected surface without boundary.
i=1ye%;
Hence, there exists a minimal subset .4 of {y € 4; : 1 <i <N} such that

b ._ ¥
Pi=2+)Y N
yeN
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is connected (see Figure 2.6). If there were redundant connections, then we could remove a neck
and still have a connected surface, so the genus of s exactly

M#
#
g =) g < go
i=1

Step 3. Smoothing.

By construction, s piecewise smooth and the smooth pieces meet on a finite number of
smooth curves and form angles larger than arcsin k. Moreover, there exists p* > 0 only depending
on Ep and @ such that every singular curve has curvature bounded by 1/p* and the distance
between two distinct singular curves is at least p*. From the regularity of £* in G* and the
regularity properties of the singular curves, we can mollify X’ in the neighborhood of the singular
curves to obtain a surface £ homeomorphic to X° such that £#\ U* = £\ U* and such that the
total area and maximal curvature of X inside U* are bounded by Cy. Notice that the smooth
surface £ C R? is compact and connected, hence it is orientable and splits R? into exactly one
unbounded and one bounded component. We define O as the bounded connected component of
R?\ . We have O* C O and O\ O* C U*. Taking into account (2.32) and (2.33), we see that
XY and O satisfy (2.25) and (2.26) (with d = 3). We conclude by unscaling as in the previous
subsection.

We also see that (2.27) and (2.28) still hold for this construction with U* and G* given by (2.29).

2.6 Proof of Proposition 2.1.c

In Sections 2.4 and 2.5, we have built the open sets O¢ and X, satisfying the estimates of Proposi-
tion 2.1.b. We now establish Proposition 2.1.c. Let ¢ € C(RY x R?) such that sup [|@(y,v)|/(1+ [v[*)] <
oo, In scaled variables, we have to prove that

).
2)0
Proof (of (2.35))
Step 1. Mollification
Let us introduce the quantities,

d—1

el0
£ =8

¢(e2,Vi(e)(2)) dz— / @ (ex, V() (x))d ™ (x) 0. (2.35)

Z(e)

(e)

1 , _
Qule)=3 [, oleaVie@ds Qololi= [ olenvil)dr (),

Let y € C7(R?,[0,1]) be a cut-off function satisfying ¥ = 1 in B, and let us set ¢'(y,v) =
X (v)@(y,v). We obviously have Q’( &) (@] = Qz &) [@]. On the other hand, we compute

d—1
d-1 / € /
€ - < — £z, Vt dz.
Q) [0 — ]| < 2 [|Vt£|>2]’<P|( 2, Vi(e)(2)) dz
Since |@|(y,v) < C(@)(|v|—1)? for |v| > 2, this leads to,

_ Clo)ed—! CO)EE? o0
oty ol < S [ (wigl- 17 < SRS o
(

€)

As a consequence, we may assume that ¢ is compactly supported in Bgy1 X By.
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Let ¢ € C.(R? x R?), we deduce from the estimates of Proposition 2.1.b,

e 09— ]| < & A9 0ll=/2 < D0l
e [0y [ — ]| < &N (20) 16— 9lle < CellG— 9l

Thus, by density, we may also assume that ¢ is smooth and compactly supported.

Step 2. Cut-off procedure.

From now on, we consider a fixed test function ¢ € Z(R¢ x RY). In order to ease the estimate

below, we perform partitions of R? into good sets and bad sets. Let us introduce a small parameter
& €(0,1/2) and let us set

9(%2 = {z2€ Q4 : lte)l(x) <1-&/2}.

By Lemma 2.4 and Lemma 2.5, there exists 3, > 0 only depending on & such that if x € Z(OE)

satisfies &7¢) 3(x) < B then
2
4D (ney(x)) € Q)7

and we have the estimate,

o
- V1) (z) — ey (x))|dz < E. (2.36)
HDY) J[+05 ()] (&) (&)
Now, for z € .Q(és/)z, we set
g ._ 1 & d—1
q(g)<Z) = WD?)/ZO 0 (Z—x;n(s)@))d%ﬂ (x),

(€)

where for 7 € $4~!, y — 05 (y, 1) denotes the characteristic function of Df (7).
By Lemma 2.6 there exists 8, > 0 only depending on & such that if z € .Q(i/)z satisfies &{¢) 3(x) <
By, then

47— 1] < & 2.37)
Let us set B := min(f,, Bp) and let us define the bad sets
%e) = [UE:;)UU(S),&B} +B\/§ C 62/(/8) = ?/(8)—}—32,
and the corresponding good sets
_ Rd Rl
Doy = RNy D Gy = RN Y.

By Lemma 2.7, we have
AN Upy) < CplE) e (2.38)

We now introduce a cut-off function Y ¢ € C=(R%,[0,1]) such that

Xepe =1 on%, Xe)e = 0 on ), VX elle < 1.
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We set @ £ (V) == Z(e) £ ((1/€)5) 9 3, v). We have,

(2.38)
e 0e) [0ee —0l| < l@lle” N U2 < Ce(9,6)E7,
(

2.28)
el 92— 0] < llgle! AN (T V%) S Colo,E)e
Therefore,
_ p
gd-1 HQ(S)[‘P&E] - Q/(g)[(Pe,é]} - {Q(g)[(p] — Q/(S)[(p]}‘ < Cg((P,§)82 8_) 0.

As a consequence, we can substitute @, ¢ for ¢ in (2.35). The rest of the proof consists in estab-
lishing

limsupe 10(6)[e 2]~ Qe [e]| < Celo)E: (239)
E

Sincem & € (0,1/2) is arbitrary, this proves the desired convergence result (2.35).

Step 3. Proof of (2.39).
Let us enumerate the benefits of the cut-off procedure. Since @, ¢ is supported in ¥, ¥ RY,
we may substitute 2(08) for X in the definition of Q’(s)[(p&g]. Moreover (2.36) hold for any

xe 2?8) N%(e) and (2.37) hold for any z € Q(i/)z N%Ye). Eventually, @ ¢ satisfies

[@eelleo < 1@llee; (VP glli=igzirey < VOl

To lighten notation we write Q¢ for Q(¢)[@¢ ¢] and Q’(E) for QO &) [@¢ ¢]. With this notation, we
have to show that

limsupe?~! ‘Q(s)—Q/(S) < Cg(9)S.

|0

For this, we introduce the intermediate quantities

1
Q(e)(é) = 2 /o (ps,§<8Z>Vt(e) (2))dz,
(€)

and
1

(e (E) = — e.e (€2, Vi) (2))dz p d#" ! (x).
A= [, { ST 8 ] 555 V100 z} )
We prove (2.39) by estimating successively Q(e) —Q(¢)(§), Q) (&) — Qze) (€) and Qze) (&)— Qze).

In these estimates, apart from the conclusions, we drop the subscripts (€).
Step 3.1. Estimating Q(e) — Q(¢)(8).

Using (2.3) in Lemma 2.1 with (a_,a:) = (—1,—1+&/2) and (0—,01) = (1=-§/2,1), we
obtain,

0-0) = i (orspygrsn) < ol (S5, GO Y

2 \gd 17 ganne

Hence,

limsup e~ Q) ()] < l|@ll=SE /2. (2.40)
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Step 3.2. Estimating Q) (&) — Q;S) &).

Changing the order of integration in the definition of Q" (&), we obtain,

Q&) = | ,,0es(ea,V1(2)g" (2)dz.
Qs/2

Hence, by (2.37), we have,

0©) -2 @) < lpl-r@) 2 (Gt i) &

Again, this leads to

limsup &~ 1016)(&) = 0l (€)] < oS¢ 241)

Step 3.3. Estimating Q' (§) — Q.

We have
0E) -0 < [ aarn' ),
with
1
00) = g 8l =g e (e T

Letus set " = %' +B ;5 and 9" := R4\ %". For x € 20N %", we use the rough estimate

q(x) < 2||@|. Forx € £°N%", we have ¢, : = ¢ in [x—i—Df (n(x))] x R and we estimate g(x)
as follows.

a(x) < Jolexn(x)| [1 - #9(D%)/ 2 (DY)

1

Wz

/[”D? (n() |¢(ez, Vi(z)) — p(ex, nlx))| dz

V@l
< 2/|@)[wl + | V2|Vt + / Vi(z) —n(x)|dz
i ( Vol D0 [HD?(n(x))]l (z) —n(x)|

(2.36)
< (2@l + V2Vl + [ Vo) &

Thus,
Q&) -0 < 20l (E"N%") 42 @l (E)E < Celg)(e> ' 1),

‘We conclude that

lim sup e’ 100 (&) — Q| < Cel(e)E. (2.42)

Step 3.4. Conclusion.
Gathering (2.40)(2.41)(2.42), we have established (2.39). This proves (2.35). O
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2.7 Proof of Theorem 1.1

Let R, S > 0 and let us consider a family {ag }o<e<1 With ag = (O¢, Ve, Q¢) € (R, S) satisfying
the hypotheses of Theorem 1.1. In this case, the conclusions of Proposition 2.1 hold. We use the
notation of the proposition.

Let us call ¥/ = ¥ (X¢,n¢) the oriented (d — 1)-varifold associated to Xz = dO; and let ¢ €
C(R? x 841, Proposition 2.1.c applied to the test function @(y,v) = @(y,v/|v|)x*(|v|) reads

(Y (ae); @) —(V2;9) — 0 ase 0.
Now, since x*(1) = 1, we have (¥/;¢) = (¥/; ¢) and we conclude that
V¥ (ag)— ¥ — 0  weaklyin .#(R? x5 V) ase | 0. (2.43)

As a consequence, the compactness and limit properties of { ¥/} transfer to the family { % (a¢)}
and it is sufficient to study the former.

The Radon measures {7/} are non negative and supported in Bg ¢ x S¢~!. By the second
estimate of Proposition 2.1.b, their total mass || 7{ ||(RY x §9~1) = (#{;1) is uniformly bounded.
Thus, there exists a (not relabelled) sequence € | 0 and an oriented (d — 1)-varifold % such that
up to extraction,

Y = Y in#(RYxS N ase | 0.
The estimates of Proposition 2.1.b show that the sequence of varifolds ¥/ = ¥ (Z¢, v¢) satisfies
the requirements of (1.3). There fore, %) € %%(R,S). Moreover, in the case d = 3 and under
Hypothesis 2, the surface X has genus smaller than go;, By definition, we have %, € %%y (R, S, go)
in this case. This establishes parts (c) and (d) of the theorem.

We easily see that % is non negative and compactly supported in Bz x S¢~! and that its total
mass is given by

176 (R x $971) = (#:1) =Tim (#51) "2 Jim (4 (ac)s 1) = .
el0 el0
The last identity follows from the second estimate of Proposition 2.1.a. Taking into account
¥ *(ag) — ¥ — 0, we have established part (a) of the theorem.

Next, let us study the compactness properties of the family T, = (€ —t¢) /2¢€. These functions
are compactly supported in Bg and by Proposition 2.1.a the sequence (7¢) is uniformly bounded
in BV (R?). Hence, up to a second extraction, we may assume that (7;) (weakly) converges in
BV (R?) towards a function 7 € BV (R?) which is compactly supported in Bg. Moreover, by
Proposition 2.1.a, 7 (Q¢) ~ Se and since {y € R?: Te(y) ¢ {0,1}} C Q¢, we have T € {0,1}
almost everywhere in RY. Therefore, there exists a set of finite perimeter Oy C Bp such that

Te — T =1g, weakly in BV(R?) as € | 0.

(For properties of BV functions and sets of finite perimeter, we refer to the books by Ambrosio,
Fusco and Palara [3] or Evans and Gariepy [5]).

Let us now apply Proposition 2.1.c with ¢(y,n) = w(y) - n for any vector field w € C.(R?,R?).
Passing to the limit € | 0, we get

/dVIOO W = — (A% ), forevery v e C.(R?,RY).
R

Hence, A% = —V1g,. This identity uniquely defines the limit 7 = 1¢,, so the second extraction
was not necessary.
This establishes part (b) and ends the proof of Theorem 1.1.
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3 Construction of a recovery family in the smooth case. Proof of Theorem 1.3

We consider an energy .7 (0, T) = [, f(0, T) with stored energy function f € C (RYx, R R,).
We assume that f satisfies (1.1) and (1.6), (1.7), namely: f = 0 on the sphere S*~! = {(e,e): e €
§4=11, f is of class C? in some neighborhood .4 of SY~! in RY x R? and f is invariant under
change of orthonormal coordinates in this neighborhood, i.e. f(Qvi,Qv;) = f(v1,v2) for every
(vi,v2) € A and every (orientation preserving) Q € SO(d).

We begin first describe the structure of the Hessian matrix of f at some point of S~

Lemma 3.1 Let e € S~ and by,--- ,by_1 € S* such that (by,--- ,by_1,e) is an orthonormal
basis of R%. We define an orthonormal basis of R? x R? as

KB = ((b],O) ’) T (bd,],O) ) (07b1)7 ) (O,bd,]), (6,0) ) (an))
Then there exists a > 0 and a 2 X 2 non negative symmetric matrix L which do not depend on e,

such that, in the basis 9B, the Hessian matrix of f at point (e, e) reads

ClId_l —ClId_l 0
D*f(e,e) = | —aly_y alyy 0. (3.1)
0 0 L
(Is—1 denotes the identity matrix of size (d —1) x (d —1).)
Moreover, if (1.2) also holds (f > K fo for some k > 0), then a and L are positive.
Proof In the basis %, we can write D f (e, e) on the form,

A B M,
D’f(e;e) = | BT C My |, (3.2)
M mI L
where A, B, C, My, M, L are real matrices, A, B,C € #y_14-1(R), M{,M> € My_1,(R), L €
A>2(R) and A, C and L are symmetric.

Let us consider the action of rotations with axis e : for every Q € SO(d — 1) and every x,y € e* =
R4 C R?, we have f((e+Qx), (e +Qy)) = f((e+x),(e+y)), which yields,

0"AQ Q"BQ MQ
D*fle,e) = | O"BTQ QTCQ M0 for every Q € SO(d — 1).
MO)" M) L

Identifying this expression with (3.2), we see that M| = M> = 0 and that for K = A, B,C we have
O'KQ = K forevery Q € SO(d —1), (3.3)

Let us split B into its symmetric and skew-symmetric parts: B = By, + By, so that (3.3) also holds
for K = By, and K = By. Since A, B, and C are symmetric, hence diagonal in some orthonormal
basis, this implies that these operators are diagonal in any orthonormal basis. Hence, there exists
a,b,c € R such that

A = ClIdfl, Bsy = bIdfl, C = CId,].
At this point, in the basis %, D f (e, e) writes

alg—y bly1+Bg 0
sz(e,e) = bld,1 _Bsk CId,1 0
0 0 L
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Now, for a fixed z € S“" ! Nne', we observe that d((e,e) +r(z,z),S%"!) = O(r?). Since f is
minimal on S?~!, we have f((e,e) +r(z,z)) = O(r*) and the second order derivative of r —
f((e,e) + r(z,z)) vanishes at r = 0. From the last expression for D’ f(e,e), this second order
derivative equals a|z|?> +b|z|? 42T Bgz +b|z|* — 2T Bgz+ c|z|* = a+2b +c. Hence

b= —(a+c)/2.

Next, the space T = span {(e,0), (0,e)} is stable under the action of the symmetric oper-
ator D?f (e, e). Since this operator is non negative, for every v € T we have v/ D*f(e,e)v >0 .
Choosing v = (z, A7) with z,7’ € e™, this inequality reads

c|PA?+2(bz-Z +2 By ) A+alz> > 0 forevery A €R. (3.4)

Choosing z = 7 € S4~ ! Net, the term 77 Byz' vanishes and we end up with the condition cA? +
2bA +a > 0 forevery A € R. This leads to > < ac which together with the identity b= —(a+c) /2
yields

a=c= —b

Let us now establish that By = 0. Since By € #y_1 4—1(R) is skew-symmetric, we have By =0
if d = 2. Now, we assume d > 3 and we apply 3.4) with A =1,z € S ' Net and 7/ = z+ry
for some y € e Nzt. We deduce 77 By = O(r). Hence, 7' By = 0 for every y € e Nz which
yields the conclusion:

By = 0.

We have established that D? f (e, e) has the form stated in the lemma. The non-negativity of a
and L follow from that of D?f (e, e). Eventually, assuming f > k fy for some k > 0, we obtain
D*f(e,e) > kD? fy(e, e) which easily yields a > 0 and L positive definite. O

Now let us establish Theorem 1.3. Let Oy C R¢ be a smooth bounded open subset of R, let
Vo the outward unit normal to Og and let Xy := 9 Oy.
We introduce the mapping

v:ZyxR—RY y(x,s) = x+svo(x).

There exists €, > 0 such that y is a smooth (and bi-Lipschitz) diffeomorphism from Xy x (—&,, &)
onto its range £2,. The inverse mapping is given by ¥ ~! = (1, Z) where 7 is the orthogonal pro-
jection on Xy and where Z(y) := d(y, Oy) —d(y,R?\ Oy) is the signed distance function to .
Let us extend Vy as a mapping ng : 2, — S~ by no(y) = vo(m0(y)) = VZ(y).

We are going to build a quasi optimal family {ar} = {(0¢, V¢, Q¢)} such that 6, and Vi, are the
restrictions to 2, of vector fields ¢ and V¢ defined on £,.

For symmetry reasons, we look for vector fields o and V¢ which are collinear to ng in
and equal to vy on Xy. Under this ansatz the only possibility for the divergence free vector field
o:Q, - R%is to set

o(y) = (det [I;+Z(y)Dvo(m(y))]) ' no(y) for every y € Q,. (3.5)

Let us check that ¢ is divergence free in £2,. Equivalently, we have to show that fQ* Vo-o
vanishes for every ¢ € 2(Q,). We perform the change of variable y = ¥(x,s). The Jacobian
determinant of ¥ is Jy(x,s) = det [I; +sDvy(x)] and we indeed obtain,

Vo) olv)dy = [ { I [vo<x>-v1<p<x+svo<x>>ds}d%d*(x) — 0.

Q, X —&
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Then we set

where a € C' (X)) has to be optimized. Eventually, for € € (0, ¢,), we define Q¢ := Xy + Be =
Y(Xy X (—¢€,€)),

_ o) ifyeQe, i) ifxe Qe
0cly) = {0 ify e R\ Q, o) = +e if +1(y) > g,

By construction, we have ag 1= (Og, Vi, ¢) € % (R) for some large R > 0. Writing y = ¥(x, 5),
we compute the expansions

Oe(x+svo(x)) = vo(x) — sho(x)vo(x) + 0<S2>,
Vi (x+5vo(x)) = Vo(x) +sa(x) Vo (x) + O(s?),

where ho(x) = V- ng(x) is the scalar mean curvature of Xy. Taking into account Lemma 3.1, we
have for every y = ¥ (x,s) € ¢,

S2
F(0e(v): Vie(y)) = 5 (=ho(x), @(x))" L(=ho(x), &(x)) +0(s”).

Optimizing with respect to ¢ (x), we get a(x) = (L;.2/L22)ho(x) which yields

det L
F(0e(y), Vie(y) = hj(x)5— 5* +o(s?).
2 Lz,z
The energy of ae then expands as
det L 3

This is the expected expansion, however, the volume constraint is not exactly satisfied. We only
have

(0e, Vi) = /Q c-Vi = 2e#71(Zy) 4+ 0(€?).

We recover the exact constraint 2(o}, Vil) = 2e.#971 (%)) by substituting a, = (o}, Vt}, QL)
for a; with

0 (v) = Oe((1/2e)y),  te(y) = Aete((1/Ae)y), Q¢ = AeLe,

where the magnification factor is defined as

2(0e,Vee) 1
g 1= {%} = 1+0(¢).

The convergence properties of { ¥ (a)} towards ¥ (X, vp) and of the sets {[r, = —¢|} towards
Oy are straightforward by construction. This ends the proof of Theorem 1.3.
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4 Oriented varifolds with L2-generalized mean curvature

In order to prepare the proof of Theorem 1.2, we gather here well known facts about oriented
integer varifolds. In particular, we extend the Willmore functional to the elements of .2%.

Let us first introduce a suitable generalization of Definition 1.1.b extending the notion of
hypersurface.

Definition 4.1 (oriented integer rectifiable (4 — 1)-varifolds)
a) Given:
i. a (d — 1) rectifiable set ¥ C R, that is:
o 17 1(X) < ooand X is 57! -measurable,
e there exists a countable set of Lipschitz continuous functions L : RY~! 5 R4, such that
A E\ Ul (RT1)) =0
ii. two positive integer valued .7/~ !-integrable functions 8,0 : £ — N\ {0}.

We define the oriented (d — 1)-varifold ¥ = ¥ (X,v,0%,07) by

(Vi) = /Z{9+(X)<P(x,V(X))+9_(X)<P(x,—V(X)>}d%”d_l(@-

b) The set of all such oriented integer rectifiable (d — 1)-varifolds is denoted by I'V. In the sequel,
we only write integer varifold for oriented integer rectifiable (d — 1)-varifold. We also introduce
the set

IVy = {”// €IV :AY = VU forsome U € .@'(Rd)}.

Equivalently, this set is formed by integer varifolds whose associated current has vanishing
boundary (see Remark 1.1.b).

Remark 4.1
i. The total mass of ¥ = #(XZ,v,0%,07)is (v; 1) = [(6T +07)d#? " and AV = (87 —
0 )vorilLx.

ii. The functions 6,0~ account for multiplicity: the above formula means that the generalized
surface pass at point x € X, 6 times with orientation v(x) and 6~ (x) times with opposite orien-
tation.
iii. By continuity of the mapping A : . (RY x $¢=1) — 2'(R%)?, the space { ¥ € .4 (R? x §9~1)
AV =0} is closed in . (R? x §¢71).

Another important tool in the context of area minimization is the first variation 67 (X) of a
(d — 1)-varifold. If 7" = ¥/ (X, v) is the oriented (d — 1) varifold associated to a smooth hyper-

surface X = d O, this quantity describes the initial rate of change of the total mass of ¥ under the
flow generated by X € Z(RY,R?). It is defined as

SV (X) = /diszd%”dl, (4.1)
X

Recall that for every x € X, if (e, ---,e4_) denotes an orthonormal basis of v(x)*, we have

d—1
divy X (x) = ZeiTVX(x)ei.
i=1
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The right hand side of (4.1) naturally extends as a linear continuous functional defined on the
space of (d — 1)-varifolds: for every 7 € . (RY x 9~ 1), we set

8§V (X) := (¥; (y,n) > div, . X(y)), forevery X € 2(R? RY).

In general, 87 is a distribution of 2'(R?)¢. However, if £ C R? is a smooth (d — 1)-submanifold
with tangent hyperplane v (x), then the first variation of # = #/(X,v) can be related to the
vectorial mean curvature H : £ — RY defined by H = hv = (V- v)v. The vector field H only
depends on the local geometry of X: it does not depend on the local orientation £v. With this
notation, the tangential Green formula reads,

/ H-Xdxw' ' = / divy X d.#?~! forevery X € Z2(R?,RY). 4.2)
b b
In particular, the first variation of 7 is a measure given by
SV (X) = / H-Xdnw? ! (4.3)
b

Now let R,S > 0 and let us consider an element %) € <% (R, S) and an associated sequence of
varifolds %, = ¥/ (Zy, vx) complying to (1.5). The estimates of (1.5) and the Cauchy-Schwarz
inequality easily imply

167(X)| < K||X|| forevery X € 2(R?,R?),

for some constant K > 0. By the Riesz representation theorem, this implies 6% € .# (R?)? for
any k > 1 with the uniform bound

187]I(RY) < K. (4.4)

We can now state a compactness result due to Hutchinson [10]. It extends Allard’s compactness
theorem for (non-oriented) integer varifolds [1] to oriented integer varifolds.

Theorem 4.1 ([10] Theorem 3.1.') Ler K > 0 and let Ex be the set of varifolds V' € IV{ such
that 8 is a Radon measure of .# (R?)? and

7R < s + 87 (RY) < K.
Then Ex is compact in # (R x §9=1).
We can apply this result to the sequence (7;) and deduce,
% =7 (Zo,n0,6,",0, ) € IV, 4.5)

We now have to prove that %, admits a L-generalized mean curvature. Let us introduce this
notion.

Definition 4.2 (L>-generalized mean curvature. Willmore energy of a varifold)

a)Let ¥ € .#(R% x S 1) and let ¥ € .# (RY) be the pushforward of # by the mapping
(y,n) € R x 8471 y € RY, thatis [t/ ](E) = ¥ (E x §¢7 1) for every Borel set E C RY.
We say that 7 admits a L?-generalized curvature, if there exists K > 0 such that

67 (X) < K[ X|j2rt zy) Tor every X € C!(R?)“.

' We only use the special case of oriented integer varifolds without boundary
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Since 7 is a Radon measure, it is regular and the space C! (R?)? is dense in L?(R?, |7])?. Con-
sequently, if we assume the above bound, we can apply the (Hilbert space) Riesz representation
theorem to deduce the existence of a 77 -measurable mapping H : supp(n?’) — RY, such that

oV (X) = /RdH~Xd[7r”//] for every X € C!(R?)%.

This formula extends (4.3) and we will say that H is the (L>-)generalized (vectorial) mean cur-
vature of V.

b) If ¥ € .4 (R¥ x §9~1) admits a L?-generalized mean curvature H, we define its Willmore
energy as

YY) = / HPd[xY).
R4
If ¥ does not admit a L2-generalized mean curvature, we set # (#) = oo,

Remark 4.2

a) Of course if ¥ = ¥ (X,v), where X is a smooth compact surface oriented by v, then it ad-
mits a generalized vectorial mean curvature which matches the usual definition H = (divy v)v.
Moreover, [17] = 4 WLE so W (V(Z,v)) =¥ (X).

b)For ¥ =7 (X,v,0%,07) €IV, then [t7]= (014607 )#¢ ' LX.If ¥ admits a L>-generalized
mean curvature H : £ — R9, then H is 7%~ !-measurable and we have,

() = /Z|Hyz(9++e)djfd‘.

¢) If a rectifiable varifold ¥ = ¥ (X,v,0%,07) admits a generalized mean curvature H, then H
is [w¥]-almost everywhere collinear to v (see K. Brakke [4]).

It is easily seen that the extension of the Willmore energy defined above is lower semi-continuous
with respect to the convergence of Radon measures. Indeed, let (%) C .# (R? x §~1) converging
to ¥ and assume without loss of generality that liminf W (7;) < e. Using the Cauchy-Schwarz
inequality, we have, with obvious notation: for every X € Cc1 (Rd)d,

SHX) = (i HeX) < VIR wsny = VIO (His X ).
By the convergence ¥ — ¥ as k 1 oo, the left hand side converges towards §7/(X) and || X|| 2 (e z7,) —
X1l 22 (ra z9)- SO,

§7(X) < /lminf 7 (%) |X |l 2t ) (4.6)

Hence, ¥ admits a L?-generalized vectorial mean curvature H € Lz(Rd, 7r”//)d. Now, by density
of C!(RY) in L>(RY,w¥ )¢, we have
VI (V) = |Hl2rezyy = sup(V3X-H) = sup 8V (X),

where the suprema are taken over all X € C;(R?) such that [|X||;2ge zy) < 1. With (4.6), this
yields

W (V) < lillginfyﬂ(”//k), 4.7)
as claimed.

In our context, if ¥y € %, then it is the limit of a sequence ¥ = ¥ (X, vx) of smooth
oriented integer varifolds with uniformly bounded Willmore energy. We conclude that 7y =
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Y (Zo, 0,0, ,6, ) €IV} admits a L?-generalized mean curvature Hy, the formula of Remark 4.2.b
provides a more explicit expression for # (%p):

W (%) = //S \Ho|* (6, + 6, )do? . (4.8)
0

5 Lower bound. Proof of Theorem 1.2

In this Section, we assume that the stored energy function f satisfies (1.1), (1.2) and (1.6), (1.7)
and we consider an oriented (d — 1)-varifold 7 and a sequence (ag, )x>0 With & | O such that
ag, € g, (R,S) for some R,S > 0 and 7, (ag,) — %0 as & | 0.

The lower bound result being obvious in the case liminfy .# (ag, )/ 8,? = o0, we assume without
loss of generality, that there exists £y > 0 such that

Fo(ag,) < Ep 8,3, for every k > 0.
Consequently, the constructions and estimates of Proposition 2.1 and Theorem 1.1 apply to the
sequence {ag, } and #p. In particular #) € %% (R,S) and by Section 4 7 = 7' (Zo, vo, 90+, 6, ) is
an oriented integer rectifiable (d — 1)-varifold which admits a L*-generalized mean curvature. To
lighten notation, we drop the subscripts k in the sequence &. We use the notation of Section 2 for

the objects constructed along the proof of Proposition 2.1: ug, Og¢, X¢, Ve and the corresponding
rescaled objects u(g), O(e), L(e), V(e)s €tC.

By lower semi-continuity of the Willmore energy (see (4.6)) we have

W (V) < liminf# (X).
el0

However, there is little hope for deducing the lower bound of Theorem 1.2 from this inequality.
Indeed, the mean curvature /¢ of X¢ is loosely and non locally related to the data a, through the
harmonic function u. Remark that u does not even depend on o¢. In short (and omitting cut-off
issues) our strategy is the following.

i. In Section 5.1, we define an approximate mean curvature he(x) as the dot product of 6 with a
particular test function supported in the cylinder x + SD?Z ¢ (v(x)), where § € (0,1/4) is a small
parameter. We also establish that /4, is indeed an approximation of /¢ in a weak sense. We deduce
the inequality

W (%) < liminf/ e 2dd . G.1)
el0 Jx
ii. In Section 5.2, we introduce local minimization problems of the form
e(n,&.f) = int|F (o", V", D o (ea)) / ¥

where the infimum ranges over all admissible vector fields 6, V* with approximate mean cur-
vature h* € (—m,1)\ {0} at x = 0. With this notation, we deduce from (5.1)

. f) W (F6) < liminf —

Z 28 d—1
elo & Lem[mgkn/e]J<G£(x>’w£(x)’x+w (V5<x))) dA ().

1-2¢
We then show that the above integral is bounded by [1 + 5(1)]#¢~1(D}).7 (a¢) with s(n) — 0
asn | 0 and get
d—1 / . . g(ag)
c(M,&, 1) (M) < [1+s(n)]x?~1 (D)) h%nf o
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Eventually we study these local problems and establish

liminf liminf c(n,&, f) > 291D/ ,
uglﬁ)n 111%})n c(n, &, f) > (D)eco(f)

which will lead to the desired lower bound.

The above description leaves aside the following technical difficulties: 1/ we are only able
to define the approximate mean curvature in a good set, so we need to perform a cut-off and
control the volume of the bad set; 2/ we need also to control the (d — 1)-volumes of the sets
%N [|he| > n/€]; 3/ for compactness issues we introduce a small parameter o > 0 and (with
obvious notation), we substitute

< Vit D?g 25) +a/33m9# [fo(o®, Vi) + |V — vi* 7]

for 7 (o*,Vit*, D*

1o ‘5) in the local optimization problem.

5.1 Definition and properties of the approximate mean curvature.

We already know that o approximates V¢, so a naive way to build an approximation of the
total curvature on X by means of the data (O, Vze) is to set fig(x) := divy, G (x). However, the
regularity of o is too weak to provide a robust definition under sole energy bounds. The next idea
consists in using a weak notion for the mean curvature where, thanks to integration by parts, the
space derivatives on o are transferred to a test function. The relevant tool for this is the tangential
Green formula.

Let us consider a smooth compact hypersurface I' C R with normal v and mean curvature /. Let
X € C'(I',R?) of the form X (x) = @(x)v(x) and let us extend it as a mapping X € C} (R4 ,R?).
For such a test vector field, the tangential Green formula (4.2) reads,

/(p}z\/cl%””l_1 = /Vp¢d%d_l for every @ € 2(R?). (5.2)
r r

Assume for simplicity that 0 € I" with v(0) = e; and let us localize the above identity around 0.
For this, we introduce a function of the form

O yva) = 25(1YDxL ),

with x, x1 € Z(R,Ry) even and such that y, (0) [ga-1 X (|y'|)dy’ = 1. Using the test function

o(y) =n'""9¢((1/n)y) in (5.2), taking the scalar product with v(0) = e, and sending 1] to 0, we
obtain after some Taylor expansions,

df
ho) = . n/ x1(za) Vi) (2) - Vo () dt ™ (z).

where I,y is the hypersurface (1/n)I" and vy (2) := v(nz).

We mimic this formula for defining an approximate mean curvature on X. For this, we choose
1 = € and we substitute the vector field o(¢) for the outward unit normal V(;;) = V(¢). This sub-
stitution closely connects the approximate curvature to the data. We also thicken the domain of
integration by substituting the cylinder D(]) C R for the piece of hypersurface Z(g) Msupp {. The
precise construction is detailed below.
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Definition 5.1 Let x;, %1 € W!(R,R) be two nonnegative, even cut-off functions which are
compactly supported in (—1, 1) and satisfy

( R“X//(|Y'|)d%d_l(ﬂ)> </R%J_(S)ds> = 1.

We define a Lipschitz test function { € WH=(R? x §¢~1 R.,), by setting

=70 with G (ya)i=x(v-n), Cyvn):=xy(|myl).

Notice that for 77 € $?~!, the function y ~— {(y;71) is compactly supported in DY(7). In the
sequel, we fix & = &({) € (0,1/4) such that

supp{(+71) €D, () forie st

Notice also that
Cna)dy = 1.
Rd

Definition 5.2 Let us introduce a small parameter 1 € (0,&/2) and let us set

ﬁn = min(ﬁl(w7§>n)>ﬁ3<w>§/27n>)> (5.3)

where the functions f; and f3 are given in Lemma 2.4 and Lemma 2.6. Using the notation of
Lemma 2.7, we define the two bad sets (union of bad bad balls),

Uy = [U(*s) UU(em,ﬁn] +Byy € Uy = U +By,
and the corresponding good sets

. d . d
Germ = RN Ueyn, DO Yoy = RNy

Finally, we define a cut-off function x(¢) , € Z (RY, [0, 1]) satisfying

Xepn=lonYy . Xen =0 on ey, Ve nll-=<1.

The approximate (scalar) mean curvature of X, at some point x € X, is defined as

A GE (ex)

he() = TP | e+ €2)- 7 (V) (2 Ve) d.

Eventually, the approximate mean curvature is defined as He (x) := he (x) Ve (x).

Remark 5.1 To lighten the notation in the above definitions we did not emphasized the depen-
dencies in { and 1. Below, the main computations are carried out for a fixed test function { and a
fixed parameter 1. Only at the end, we send 7 to 0 and we optimize the lower bound with respect

to C.

The next proposition states that /1, approximates /e, at least in a weak sense in L2 (Ze, 2971,
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Proposition 5.1 Let h¢ be given by Definition 5.2:
a) We have the following uniform bound in €,

[ hePdr 't < cu(gom).
b) Moreover; for every ¢ € C(RY),
/ ¢ [he — he] vedt™" £ 0.
Ze

Proof Letus fix € € (0,1] and for x € X(¢), let us set

il(g) (x) = Silg(S.x).
We now drop the subscripts (€): we write £ = X ), U* = U(*E), An = X(e) > et
In rescaled variables, we have for x € X,

h(x) = —xn (%) /R O +) - (£0V,8) (v (@) dy: (5.4)

Recall that in the above integral we can reduce the domain of integration to D?‘Ez ¢ (v(x)).

We start with a few remarks. Let us consider the piece of hypersurface,
Iy == XNsuppxy-

By definition of x5, we have supp xn +B, 5 CU * so that XN (supp xn +B \/5) C X9 In particular,
I C Xy and v(x) = n(x) on Iy,

By definition of B, Lemma 2.4 and Lemma 2.5 apply to any point of I,. Following the notation
of these lemmas, we define for every x € Iy,

Di(x) 1= x+D7°p(n(x) € D) = x+D5 ,(n(x) < Q.

The inequalities (2.12) and (2.14) apply at x and moreover, £ N D(x) = £°N D(x). Eventually,
since N < £ /2, Lemma 2.4 implies || < 1 —& /2 in D(x); so Lemma 2.6 apply to any element
y€D(x), x€Iy.

(a) We have to estimate the quantity

[ Rawtt = e [ pant
Le

In

Let x € I, and let y, be the harmonic function provided by Lemma 2.5. ¢). Since n(x) - Vy, =0
and 7,(,) V¢, =0, we have

[ VG i) S in() dy = — [ Ay VEin(x)dy = 0.
R R

This identity and n(x) - V{, = 0 allow us to rewrite (5.4) as

A~

h(x) = —%n(X)/Rd [o(x+y) = n(x) = Vyr(x+3)] - (£LV)) (vin(x)) dy.
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Then (2.14) and the Cauchy-Schwarz inequality yield |2|>(x) < C(&)&(D(x)). Integrating on
I, and using Fubini, we obtain

[ikantt < c@) [, (0,90 +Vu— Vi 0)a o) dy.
I; Q

1-&/2

with the notation Q'~5/2 := [|t| < 1—&/2] and
6£0) = [ 08— dor ().
n

where 6% (-,n(x)) is the characteristic function of D;:_ : (n(x)).
By inequality (2.19) of Lemma 2.6, we have |¢%(y)| < C(n). Hence,

(Lemma 2.2)

e [ JiPatt < et | [flo. v+ vu-viP] LT o).

This establishes Proposition 5.1.a.

(b) Let ¢ € C(R?). In scaled variables we have to bound the vector Q(S) (@] — Oe)[@] € R,
with

D)l = &2 s @(x) e (xX)n(e) (x) d 7 (x),
(e)

Quolg) i= &% [ olenhe e )

The scaling factors 772 come from 7~ 1(Z;) = e\ #7971 (£,)) and he(x) = £ gy (€7 ).

Let us drop again the subscripts (€). Recall that X C By /e» SO We can assume that ¢ is com-
pactly supported. We can in fact assume that ¢ is Lipschitz continuous by density of lew(ﬁ/g)
in C(Bg/¢). Indeed, ¢ — (Q — 0)[@] is linear and by part (a) and the bounds of Proposition 2.1.b,

Q- 0)loll < lplleyf260-3 [ iR+ IiRasa-1 \[e L1 (2) < Culgmlgle

Now, we claim that we can somehow assume that ¢ is supported in %’] Let us introduce a cut-off
function x5, € Z(R?,[0,1]) satisfying

Iy =1 on¥y, Xn =0 on %, IVanlle < 1.
with the larger bad set and smaller good set:
"o, / no._ pd "
Uy = Uy+B s, Y, =R \02/,7.
We then define
Pn(y) = 2 ((1/€)y)@ ().

Since |y — @] is supported in %, and bounded by [|¢||.., we have, proceeding as above and
using (2.28):

Q- 0loy 9l < (203 [+ Edorit el (0% fole

10
< Ce(¢,m)|@lle = 0.
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Therefore, we may and do substitute ¢, for ¢ and assume ¢ € W!=(R?) in the proof of (b).
Remark that albeit not explicitly written, @, depends on €. Let us summarize the properties of

Pn:
lonllwr= < C(@),  suppoy C %y

In particular ), = 1 on the support of @, and we can drop the factor x, and replace X by I, C Xy
in the definitions of Q(,)[¢n] and Q(S) (o).

In the sequel we write Q and O for Q[pn] and Q[(p,ﬂ. Using formula (5.4), we rewrite Q as an

integral over (x,y) € X x R, Then, performing the change of variable z=x+yc R, x=xc X
and using Fubini, we obtain, fori=1,--- d —1,

0 = ¢ [ 0(2)- )z
with the notation O = (Q1,---,0,) and
4i(z) = /F —@n(ex0)ni(x) [C1V,§)] (2= xin(x) d" (). (5.5)
n

Here n;(x) denotes the i-est component of n(x). Next, having in mind the identities 7z V) (y; 1) =
V&) (y:n) and mzV,Cy (y;71) = 0, we compute the expansion,

ﬂn(x) Vi |:(PT] (SX)C(Z —X n(x))ni (X)} = ai(xaz) +b; (X, Z) + On (Sx) ﬂn(x) Ci(X,Z), (5.6)

where:

a. The term a;(x,z) involves the gradient of the function z — {(z;7),

ai(x,2) = —@n(ex)ni(x) [CL V)] (2 —x;n(x)).

Remark that a;(x, z) is the integrant in (5.5).
b. The term b;(x,z) involves the gradient of x — @ (€x).

bi(x,z) = €{(z—x;n(x))ni(x) Ty V@ (€x).

c. The last term ¢;(x, z) involves the gradient of n(x). It can be written on the following form,

d — X713 d
ci(x,z) = ];1 9l (- x )] Vi (x) = Z ci j(x:2)Vnj(x). (5.7)

ity ii = n(x) =

We have supplc; j(+:2)] € D, 5(z) and ||c; jl|l < C(E).
Integrating (5.6) on Iy, and applying the Green formula (5.2) to the left hand side, we get,

i@ = [ alx2art e
- /r On(€x)¢ (2= xsn(x) )i (x)h(x)n(x) d A~ (x)

~ /E7 bi(x,2) dA (x) — /Fn O (€2) L, ci(x,2) d A (x).
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Taking the dot product with 6 (z) = n(x) + [0(z) — n(x)], integrating in z € R? and changing back
the variables of integration to y = z — x,x = x, we obtain,

Qi = Qi,l + Qi,z + Qi,3 + Qi,47
with

01 = Sdz/
I

n

Qin = Ed_z/
ip

n

Qi3 = —Sd_l/
I

n

d
Qia:= —ed_zjzl/rn [/Rd cij(x,x+-)o(x+")

[ RdC(-;n(x))} h(x) gy (ex)ni(x) d A" (x)

[ RdC<’;n<x>)(6<x+'>_”<x>)} n(xX)h(x) Py (£x)ni(x) d ! (x)
T

[ RdC(-;n(x))o(er.)] T Vo (€3) d. 7 (x)

T
n-n(x) an (x) Pn <8x> djiﬂd_l <x> :

Le us consider QA,‘7]. By definition of {, the term into brackets is equal to 1. Therefore,

Oi1 = 0. (5.8)
We have to establish that the three remaining terms go to 0 as € | 0.

Let us fix a point x € Iy. The harmonic function Y, given by Lemma 2.5.c applied in x +
Dig (n(x)) satisfies Vi (x) = 0 and n(x) - Vy, = 0. In particular, we can substitute [o(x+-) —

n(x) — Vyy(x + )] for [6(x+-) —n(x)] in the definition of Q;,. Using (2.14) and the Cauchy-
Schwarz inequality, we compute

0ia] < C(é)H(PH«»S”/F & (B /5 (1) |l (x)d7" (x)

< CS)lloll-e /e (X) \/8”"3/F E(B 5(x))dA (x).

Using Fubini and taking into account Lemma 2.2, we obtain

0ial < CEmlolee e D), fe [ 1o,

Unscaling, we get

el0

02| < CE.N)||@llo/# (Ze) VEoe — 0. (5.9)

Next, we consider (; 3. We first notice that n(x) - T,(x) = 0 so that we can substitute [0(x+-) —
n(x)] for o(x+-) in the integral into brackets. Now, since n(x) - Vy, = 0 and {(-;n(x)) is radially
symmetric with respect to the direction n(x), the mean value property yields

[, COm00) Vi3 dy = Vi) = 0. (5.10)
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Therefore, we can substitute [o(x + ) —n(x) — Vg (x+ )] for o(x+-) in the definition of 0; 3.
Proceeding as above, we obtain

0l < COITOn e [ o0 fe- 1) e
10

< G)IVeyll-e — 0. (5.11)

For the last term, we can obviously substitute [o(x+ -) — n(x)] for o(x+ ) but we can still
also substitute [o(x+ ) —n(x) — Vyi(x+ )] as in fact

d
[y X e e 0 VUL (3) 0 Yy () dy
j=1

= /Rd Vi (x+) Ty ci(x,x+y))dy = 0. (5.12)

To see this, we have to go back to the definition (5.7) of ¢;. Without loss of generality, we assume
that x = 0 and n(x) = e4. By (5.7), we have for 1 <i<d—1,

a(0.2) = LzeVm(©)  E [ V() m,e(0.2) = 0.

For i = d, we have

Cd<0,Z) =

Writing z = (7, z4) and taking into account the relations
£ za)iea) = C((d—2a)iea),  {(Rz:RA) ={(z:m) forevery R € SO(d),

we have using rotations in the plane (ex,ey),

% (@aym)| (i)
iy

=0 fork=1,---,d—1.
8I7lk ’ or ’ ’

ﬁ:ed ﬁ:ed

Hence, since Vi (7/,z4) does not depend on z,, we have

[,V mejcal0.2) = 0.
R4

Therefore, (5.12) holds. .
Substituting [o(x+ ) —n(x) — Vyi(x+-)] for o(x+ -) in the definition of Q; 4 and using (2.12)
to bound |Vn|(x) = |I|(x) and (2.14) as above, we deduce

0 < C@)ollae [ [5B50)] " ar

n
(Holder)

< C@loll [e“ /F nw@(%(x))dﬁfd‘l(x)} h e ()] Ve

= ) Voyl-ve <5 0. (5.13)

Proposition 5.1.b then follows from (5.8),(5.9),(5.11) and (5.13). O
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5.2 Passage to the limit € | 0, computation of the lower bound

Proceeding in the same way as to obtain the lower semicontinuity of % (see (4.7)), we deduce
from Proposition 5.1 that

W () = / (6 + 65 )| Ho2dod ! < limﬁ)nf/ lhe|2ded 1, (5.14)
o € e

By definition of he, we can replace the domain of integration by I¢  := €l (¢, in the last integral.
Let us recall the definition of the local energy at some point x € I¢) 5,

8ley(x) 1= /BS(X)QQS [fo(O(e)s Vie) + [Vugey = Vi) ]

We introduce another local energy. Let & > 0 be a small parameter, we set,

Fre) ) ::/ F(Gre), Vi) + 0l ().
(e).a 028y (00 V) + 060

Remark 5.2 We add the term a &) for compactness reasons. This terms controls oscillations of
Vu and thus of X°.

We then consider local optimization problems associated to this local energy. By frame invari-
ance, we only have to consider the case x = 0 and n(x) = e,.

Definition 5.3 Let {, £ = &({), a > 0and n € (0,£/2) as above. We set

S 210
ctnalf) = (D) 1nf{m# 2(a¥)

ca' e Yf;, h* (a") #0},

where:
(1) YT# is the set of quadruplets a* = (¢, *,u*, £*) with:

o* e [2(B5,RY), * uf e W' 2(Bs,[~1,1]), T'* cD*(ey),

such that:
t* is ®-continuous, u* is @*-continuous, u* = ¢* in {|¢*| > 9/10},
the vector field 6* is divergence free in Z'([|t*| < 1]),

u* is harmonic and |Vu*| > 1/2 in D}/z(ed),

I'# is the hypersurface:

r* = [u* =0]ND}*(eq),

and moreover, 0 € I'* and Vu* /|Vi*|(0) = e,
we have the energy bound (see (5.3))

/Bm# (fo(o®, Vi) + |V —Vi|?) < By.
A
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(ii) The local energy .%{(a*) is modeled on Fe)a

FUa) = [, S0 i)+ ast ),

D%y
with
EH(at) = / [fo(c* Vi*) + Vit — Vi)
B3N[|t#|<1]

(iii) The approximate curvature i*(a*) is defined as (compare to (5.4)):
(@) = = [ 0" (V.5 e dy.

The parameter 1 € (0,&/2) being fixed, according to the above definition we have for every
x €I, €€ (0,1]:

O p— :

N Cg,n,a(f) A (Dll)
Using this inequality in (5.14), we obtain

ey Z(e),a0)- (5.15)

cenal )W (W) < hmmf gl” 3/ J(s YdA# (). (5.16)

1
d—1(p (D]

Let us consider the integral in the right hand side. Replacing .7(¢) 4 (x) by its definition, applying
Fubini and taking into account Lemma 2.4, we get

/ Fey(x)dA" ! (x) < 5/2f(0(s Vie))d(e)
Ite)n ( )

+o /Q [fo(d(s),vt(s)) + |Vu(8) — Vt(s) |2] q/(g) .
(e)

wuh:zf/z 1)) < 1-&/2],

4e)(y) = A" ({xe UOE RN €x+D1§2r§( (x))}) '

and g, (v) = 2" (Z(}, N B3(y))-
By inequality (2.19) of Lemma 2.6, we have g(¢)(y) < 24~ '(D})(1+s(n)) with s(17) — 0 as

1 1 0. On the other hand, thanks to (2.27), we have qz £) < C¢. Hence,

1 / d—1
[ Z o 0d T () < (14s(n Vi +Cya.
D) I, (e),0(X) (x) < (1+5(n))F (0(e), Vi(e), Q(e)) +C¢

Putting this estimate in (5.16), unscaling and sending 1 to 0 and then o to 0, we end with

.. . F(0g, Ve, Q)
liminf liminf #(Y) < liminf ——————=.
[lglilon 111111¢1()n cenaH) |7 () < ug:lﬁ)n 3

Theorem 1.2 then follows from the next lemma which states the required lower bound for the
local optimization problems.



An anisotropic nonlinear elasticity model for vesicles. II. 49

Lemma 5.1 (Local optimization)
(a) For every o > 0, there holds:

liminf ¢y olf) = coc(f) = b
mint ¢ C, =
nJ/O CJLO‘ — ng 2L272

(o0 ], uiPirendy)

where L is the 2 x 2 matrix defined in Lemma 3. 1.

(b) There exists a sequence of convenient functions (§;.) C W1’°°(Rd x 541, R.) (i.e. & complies
to the constraints of Definition 5.1) such that

ktoo detL
CO,Ck<f) — CO(f) = 3L22'

Proof Let us fix o > 0 and let { be as in Definition 5.1. We first establish (a). For this, we
consider a minimizing sequence af = (o}, Vi, Vul, X¥) C Y,fk such that 1 | 0, hg (af) # 0 and

Faa}) d—1
8 = (D)) liminf c¢ .
koo |12 (al') (DY) nlo em

Using the reflection symmetry with respect to the hyperplane ej, we assume without loss of
generality that fzz (af) > 0.

We start by proving that c¢ j o (f) is uniformly bounded with respect to 1. Lemmas 2.4 and 2.5
have been stated for the quadruplets

0
<G<e>af<e>’ ”<s>72(g>)
but by definition of the sets 5”# they obviously also apply to the elements of the sequence (af) at
point x = 0. In particular, o} — ¢, in L? (fo £ ), which implies fz’é(a}f) — 0.
Now let i € (0,1] and let us define a* := (o*,*, u*, £*), as

1
0") = et h (G ~vuea) o 0) =) =yae E' =D,

We easily check that fz’z (a*) = h, that a* € 5’,’; for n € (0,7m0) for some 1y > 0 depending on &
and that .
Fald') < C(f)R* = C(f) 1" ().

Therefore, c¢ p o(f) < C:(f)/%”d_l(Sd_l) and since (a!) is a minimizing sequence, we may
assume F4(af) < C(f) i*(a})>
Using the notation 7 := /*(af), we now assume

Fhal) < c(n)ml> 25 o. (5.17)

Let us call V/,f the harmonic function given by Lemma 2.5.c applied to af and let us set l[/,E =
(1/v/T) wi. We define a vector field 6 and a function #; on D%é_zg by

of = eq+ VI Vi +mo), Vil = eg+/Tu Vi + B Vi, (5.18)
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(To fix the the constant, we assume fog X t,E =0)

Using (5.17) in the estimates of Lemma 2.5.c, we have

VW 1R e+ IV e < O 8) (5.19)

Hence, up to extraction, there exist two functions u/fo,tfo S WI’Z(D%Z@) and a vector field Gfo S
[? (D%é_2 £ R ) such that l[/fo is harmonic, d, l[/fo =0, o, is divergence free and

vy 15 vyl ince (ﬂ) , (5.20)

of "% ol v T3 Vi weaklyinL}(D,,). (5.21)

To study the asymptotic behavior of ffg(af), we are going to use (5.18) and a Taylor expansion

of f. The latter requires point-wise bounds. First, by (5.20), there exists a constant K > 0 such
that
sup [Vyg| < K.
DO
1-2¢

We do not have pointwise bounds on the sequence (G]E , Vt,E) and we are led to reduce the domains
of definition of these functions.

For this, let us introduce a small parameter p > 0. By the preceding estimate, for k large enough,
say k > ko(p), there holds

VIV < p on D?fzé.
Now, for k > 0, we set

Spa = {y e DI 10020, VO] < p /Il

Notice, for later use, that since (o) and (V#;) are bounded in L? (D%é_2 §> and 7 — 0, we have
_ koo
ANDE L\ Spr) 5 0. (5.22)

Since f is of class C? in some neighborhood of S?~!, there exists py > 0 and a sublinear modulus

of continuity @y (r) 9 0 such that for o',7,6",v" € By,(eq), we have
ID*f(c”,7")~D*f(c’,7)] < ws(|(c” —0', 7" —7))). (5.23)

Let us now assume p € (0,p0/2) and let us fix for a moment k > ko(p) and y € S; so that by
construction, we have o (y), Vf (y) € Bp,(eq)). We set

m:=eq+ /T Vi (y), n:=m/|mj,

(we also have n € By, (e4)). Let us also introduce the pairs of vectors,

M:=(mm), N:=(nn), and Q::ﬁk(cg@),w,i(y)),
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We estimate f(of (y),Vtf(y)) from below by using (5.18) and a Taylor expansion of f at N.
Taking into account f(N) =0, Df(N) = 0 and (5.23), we obtain

N)
f(l (). Vi{(y) = f(N+(M—N+Q))
>

1 1
5 (M—N+Q) D’f(N)(M—N+Q)— Ea)f(Zp)]M—N+Q|2.
We rewrite the quadratic term as

D’f(N) = D*(f(ea,eq)) + [D*f(N) — D*(f(ea,eq))-

Since, |n

f(of ), Vif(y))

> % (M—N+0Q)" D*f(eq,eq) (M —N+Q) — s (2p)|M—N+0QJ>. (5.24)

Now performing a Taylor expansion of m — n, we get
Ty
m—n = 7|VW/E|2(Y)€¢1 +0(|n K.

Hence, setting
h12
b , IVl

b|2
vV, = O+ 5 eq,

Vg,
) €d,

T,E = Vt,E +

we obtain,
M=N+0Q = i (V%) + Ol K?).

Substituting this expansion in (5.24), dividing by (#;)? and integrating on Sp x> We get
1 T
mpZtad) 2 5 [ (V0)LR0) D teaen) (i), 50)

—20,(2p) <2C(K)j€”d’l (D)) +C(a,§)> . (5.25)

where we have used (5.19) to bound the remainder.
Let X, « be the characteristic function of S, ;. We deduce from (5.20) (5.21) and (5.22), that

(%p,kWEaXp,kT/E) m (vfo,rfo) = <G + Vv. 7 |2ed, tho+ %ec)
weakly in L? (Dlg 2§)
By positivity of D?f(e4,eq), the functional
W e LZ(Df‘Ezé) = /OWTDZf(ed,ed)W
is lower semicontinuous with respect to the topology of weak convergence in L?. Therefore,

sending k to +oo in (5.25), then sending 1 to 0 and taking into account the fact that p > 0 is
arbitrary, we end with

i 1(1)/) [hmmf CCna} > 2/2(5 fo)TDZf(ed,ed)(Vfo,Tfo).
Dy 2§



52 Benoit Merlet

We simplify further the right hand side by using the structure of D? f (e4, e4) described in Lemma 3.1.

Calling p = ( o> T ) the last components of the vector fields v7,, 77, we obtain,

21 (D)) [hmlnf CCHQ} > 2/25 Lp. (5.26)

125

where the positive symmetric 2 x 2 matrix L is defined by (3.1).
Now we pass to the limit in the affine constraint. Putting the expansion (5.18) of Gk in the defi-

nition of Ay = hz* (ak) and using the facts that l//k is harmonic and does not depend on y,, we see
that

_/Rd G’E'(CLVyC//)(y;ed) dy = 1.

Passing to the limit k 1 oo, Gfo satisfies the constraint
_/Rd ol (£1Vy8)) (viea) dy = 1. (5.27)
Since V- 62 = 0 and { is compactly supported, this amounts to
[ 00, C ey dy = 1.

Now, since p; = fo 4T |Vy2,|2/2 and V2, does not depend on y,, we also have
/del<y>3ydé (vieq) dy = 1. (5.28)

Eventually, we have to optimize the right hand side of (5.26) with respect to the elements
pel? (Df 2§,R2) satisfying the constraint (5.28). Since L is positive definite, the existence of
a unique minimizer relies on the Lax-Milgram theorem. The Euler-Lagrange equations lead to

Popt = A0y, C(-se4)L7! ((1)), where the Lagrange multiplier
B detL
L2205, € Crea) o

is fixed by the constraint. The minimal energy is A /2. Together with (5.26), this leads to

detL
01D [hminfc ] > ’
nl0 ¢na 2L272||8ydC( é’d)”Lz (DY)

and (a) is proved.

(b) We now optlmlze in . We are looking for the largest possible lower bound so the smallest
possible ||y, & ||? 2(00ea)" Minimizing this quantity under the constraints fD?(ed)C =1,9,0€

L2(DY(eq)) and { =0 on {y € dD{(ey) : ys = £1}, we obtain as unique minimizer
3
— T (1—=4? ith d—lD// ) 2 _
CO()’) 4%51,](1)11) ( yd) Wi % ( 1) D?(Ed)| ydCO|

As required, we have ¢ ¢ (f) = (det L)/(3Lz2) and §,)y is a product of smooth functions de-
pending on tangential and thickness coordinates respectively. However, we can not use {p in
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Definition 5.1 because it is not compactly supported in D(l)(ed). Anyway, we can approximate &

by a sequence of compactly supported function (;) € WH=(D9(e4) x S?~1) that comply to the
requirements of Definition 5.1. For example:

+1 0y 1
Ci(R(Y,ya)iRea)) := &i((',ya)sea) = JJ; 16 H<u L CO( | Jj d>,

with 6; € 2(D},|0,1]) satisfying 8;(y") =1 for |[y'| < 1 —2/j. For such a sequence, we have
co,z;(f) = (det L)/(3La2) as j T e which establishes part (b) of the lemma. O

6 Concluding remarks
6.1 The uniform continuity and confining assumptions

We would like to get rid of the uniform continuity hypothesis on x — £~ '#¢(£x) (Hypothesis 1)
and establish the compactness result under sole energy bounds.
We could try to relax the hypothesis by approximating the functions

e € WH(R? [—g,¢])

loc

by Lipschitz continuous functions. In fact, proceeding as in Evans and Gariepy [5], (Section 6.6.3,
Theorem 3, see also the appendix of [6]), it is not difficult to establish that for such function, there
exists fe € W (R?,[—¢, €]) and an open set U such that fe = t¢ in R?\ Ug, || Vie || <2 and

AW+ [ Vie=VieP < [ (Ve 12
R R4

The last term is controlled by the energy .%o (0¢, V¢, £¢) and we can think of substituting 7, for 7,
to derive our estimates. This implies that we should also substitute Q¢ = [|7¢| < €] for the domain
Q. and find a vector field 6; which approximates o, and is divergence free on Q. We did not
find a solution to this last problem. In fact, given a vector field ¢ € W!?(Q,R?) and an open set
U C R, itis not true in general that we can extend ¢ as a divergence free vector field in Q UU or
even that we can find a vector field which is reasonably close to ¢ in €2 and which is divergence
free in Q UU. The difficulty arises from the topology of 2 UU which may differ from that of Q.
For instance, if o = x/|x|¢ in By \ B, then we can not extend ¢ as a divergence free vector field
in B 1.

We would also like to weaken the confining hypothesis: [t = €] in the complement of Bg. This
is feasible, at least for d =2 and d = 3.

In dimension d = 2, the bad sets introduced in the compactness step are empty for € small
enough: indeed, the number of bad balls in Lemma 2.7 is subjected to N < Cy¢(f3)e. Therefore,
the one dimensional set X is, for € small enough equal to [ug = 0] which is a finite union of non-
intersecting analytic Jordan curves. The total length of these curves is uniformly bounded, as well
as their elastic energy # (X ). Substituting the condition “z¢ = € in the neighborhood of infinity”
for the confining assumption, we can track the different connected components by using finitely
many translations and obtain at the limit a finite number of W' Jordan curves with total mass
S. Alternatively, we can assume that [|f¢| < 1/2] is connected, the lemmas of Section 2.3 then
imply that X, reduces to a single Jordan curve. Assuming |7¢(0)| < 1/2 to anchor the membranes
or using a translation, we obtain a bounded sequence of uniformly bounded Jordan curves with
uniformly bounded lengths and uniformly bounded elastic energy.

In these cases, the conclusion of the compactness result is the same as in [13].
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In dimension d = 3, the number of bad balls is only uniformly bounded: N < C¢(f3). Sub-
stituting the condition “z¢ = € in the neighborhood of infinity” to the confining assumption and
assuming that [|t¢| < 1/2] is connected, we see that

diam (Z¢) < Y diam (Zf)+Cy,
i

where the Zé are the connected components of X.. We invoke a result of Simon [16], Lemma 1.1
which states that for such connected components, there holds

diam (£) < C\/ A4\ (Z0)w (£5).

Therefore,

diam (Z¢) < C\/ A4 (Ze) W (Ze) +Cy < Cp,

and, up to translations, we recover the confining hypothesis.

6.2 The case of a material with non vanishing spontaneous curvature

The model introduced in [12] is more general than the one we have discussed so far. In Section
I.1.3, the divergence free condition is relaxed to

Vo =pu in2(Q), 6.1)

where (1t € R is a parameter which characterizes the spontaneous curvature of the material. As
expected in [12], the results of the present paper extend to this case. More precisely, we claim
that if we substitute for the Willmore functional, the following energy introduced by Helfrich [9],

Hul®) = [ Ih—pPart,

then Theorems 1.1, 1.2 and 1.3 generalize to this setting without further changes. Let us indicate
the main adjustments that must be made to the proof.

6.2.1 Changes in the compactness step

The proof of Proposition 2.1.arelies on Lemma 2.1. In rescaled variables, (6.1) reads V- o) = e
in £2). Proceeding as in the original proof of Lemma 2.1 and taking into account this modifica-
tion, the identity (2.7) is replaced by the inequality

90 (e) gd—1

Continuing the proof of the lemma and performing straightforward modifications to treat the
above right hand side, we conclude to a weaker version of Proposition 2.1.a : we have to sub-
stitute Cg (€ + gd=1)/2) for Cg€ in the estimate of Proposition 2.1.a. This only concerns the case
d = 2 and does not affect the rest of the paper — in fact we only need this term to go to O as € | 0.

< €|u|%d(9(g) NO).

For the construction of the hypersurface X, the definition of the harmonic extension ug) of
Section 2.2 does not change. However, the proof of the inequality

/R Vi) = Vi |* < Cpe¥™? (6.2)
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is more involved. Indeed, Lemma 2.2 was based on the fact that u () was a minimizer of J(¢) =

Jra VO — o|? in the set of W!2-functions equal to I(e) On Flgy 5. Now, we have to consider the
functional

J(9) 32/ |V<P—G(e)|2—2ﬂs/ (0 —1e)-
R4 0(£>’5

The inequality J(u(g)) < J(t()) yields
/ |Vu(8) — G(g)|2 < C¢83id +2"Ll’8/ ’u(g) — l‘(g)|. (6.3)
R4 0(£>’5

To bound the last term, we first use the maximum principle which implies |u(g) —f(¢)| < 4 and the
bound 74 (Q)) < Cge' . This leads to the weaker estimate

/R Ve = Vi) < G (6.4)

To improve this estimate, we notice that €2, is ideally a set of width 2 for which the following
Poincaré inquality should hold:

/Q ly|* < Cg/g IVy|?  for every VIEW()I’Z(Q(S)).
(e) (e)

Applying such Poincaré inequality to ¥ = u(g) — (¢ to estimate the right hand side of (6.3) would

lead to
1/2
2 —d 2
/RdW”(s)—G(e)l < Cpe ™+ Celule [ 4 (Qe)) (/RdW“(e)—G(s)' ) '

We could conclude to the desired estimate:
/R Vuge — o> < G (6.5)

Unfortunately, the domain €2,y may contain large balls and the above Poincaré inequality does
not hold in general. Our strategy is to apply the Poincaré inequality in good cylinders.
As in the original proof, we introduce the local energy

g(O) = / [fo(G(g),Vl‘(g)) + ]Vu(g) — Vtg|2] .
0NQe)
We also still set 2(05) := [u(g) =0]. Forx € 2(05) and y € R?, we introduce the vector field:

Ole)(X+Y) = Oe)(x+y) — HEY - V() (X)V(e) (%)

This vector field is divergence free in €2(¢) and will be used in place of o) to derive slightly
modified versions of the “cylinder” lemmas 2.4, 2.5 and 2.6. For this, we define a new local
energy:

(0) = /0 i [olG) Vi) + Ve — Vief?].
We have &¥(B3(x)) < & (B3(x)) + Ce2|u|2 so that for & > 0 small enough and > 0 small
0

enough, we deduce from Lemma 2.4 applied to (52‘8),%(8),9(5)) that if x € 2( ) is such that
& (B3(x)) < B then

D = x+D} P (ne)(x) € Qe
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and #(¢)(z) = u(e)(z) for every z € D such that |(z —x) - n(g) (x)| > 9/10.
Applying the Poincaré inequality to u.) —(¢) in such cylinder D, we get

/D|l/l(£) _t(s)|2 < C/D |Vu(8) - Vt(s) |2. (6.6)

Now, from (6.4), the total energy &) (Rd ) is bounded by ngzfd. Hence, the volume of bad points

such that & (B3(x)) > B is also bounded by Cye>~¢. Using a covering argument and applying (6.6)
in good cylinders and the rough bound ]u(g) — t(8)| < 4 in the bad set, we deduce (6.5) from (6.3).

No major difficulties appears in the remaining parts of the proof of Theorem 1.1. The other
changes concern the use of 52‘8) to derive adapted versions of the “cylinder” lemmas.

6.2.2 Changes in the upper and lower bound steps

In the proof of the upper bound, we have to modify the construction of the vector field ¢
defined in a neighborhood of Xy. As in [12] (heuristic section 1.1.4.), we substitute for (3.5), the
formula

14+u /Os det(I; +rDvo(my(y))dr
det(Is +Z(y)Dvo(m0(y)))

o(y) = vo(y)-

This yields the expansion & (x4 sy (x)) — uvo(x) = Vo(x) —sho(x)Vo(x) + O(s?). The rest of the
proof is not modified.

For the proof of the upper bound, no modifications are required until the definition of the local
problem: we still define the approximate mean curvature as in Definition 5.2 and the proof of

Proposition 5.1 is still valid.
The local optimization problem introduced in Definition 5.3 is modified as follows. We now set,

o Fy(a*)
enall) = ST ‘“f{ [ — P a)

cad'e yﬁ,ﬁ#(a#) #0},

where the infimum now ranges over quintuplets a* = (o*, u*,*, u*, £#) with u* € R and where
the divergence free condition on ¢* is replaced by

v.o =p* in[f| <1].
With this definition (5.15) becomes

1 1
CC,n,a(f) %dil(Dll)

e — e (x) <

T
(

F e),a<x>-
In place of (5.16), we now deduce,

1 o _ .
CCJIvO‘(f) %(%) S W(l)ll) llreli%)nf gd 3 1_{ ) f(8)7a<x> d%d ]<X>.
£)n

To conclude we have to solve the new optimization problem.
We claim that Lemma 5.1 is still valid. Indeed proceeding as above, we consider a minimizing
sequence

<a#l:) = (Gli“litlf?”tzlf)'
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The normalizing factor is now define as
B = h(a) —pf - 0.

We expand G,f and t,f around e, and after extraction of a subsequence, we obtain the same limit
objects o, V2, Vl;ffo with the same properties except that 07, is now subjected to the constraint,

Vool = ul inD,, 6.7)

where p12, € R is the limit normalized spontaneous curvature. Passing to the limit in the linear
constraint, the identity (5.27) now becomes

- /Rd 0L (§LVy8)) (viea) dy—pl, = 1.

Integrating by parts in the horizontal hyperplanes and using (6.7) we obtain (5.28) as before. The
proof then continues without further changes.
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