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Abstract We propose a nonlinear elasticity model for vesicle membranes which
is an Eulerian version of a model introduced by Pantz and Trabelsi. We describe
the limit behavior of sequences of configurations whose energy goes to O in a
fixed domain. The material is highly anisotropic and the analysis is based on some
rigidity estimates adapted to this anisotropy. The main part of the paper is devoted
to these estimates and to some of their consequences. The strongest form of these
estimates are used in a second article to derive the thin-shell limit bending theory
of the model.
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1 Introduction

In an aqueous environment, the components of biological or artificial vesicles self-
assemble spontaneously to form large structures. Usually these components are
phospholipid molecules with a hydrophilic head and two hydrophobic hydrocar-
bon chains. This variation of the solubility along the molecules drives the aggre-
gation process. To lower their energy, the phospholipids form small spheres called
micelles, with heads pointing towards the surrounding aqueous medium and tails
pointing towards the center. They also aggregate to form large membranes made
of two mono-molecular layers with all hydrophobic tails pointing toward the in-
terior — see Figure 1.1. Because open sheet configurations would involve a huge
edge energy, the bilayers form closed encapsulating structures. The enclosed vol-
ume and the bilayer membrane are called a vesicle. The composition of the fluid

Benoit Merlet
Centre de Mathématiques Appliquées (CMAP), Ecole Polytechnique, 91128 Palaiseau, France.

E-mail: merlet@cmap.polytechnique.fr



2 Benoit Merlet

inside a vesicle may differ from that of the surrounding medium. For this reason,
vesicles play a crucial role in the organization of substances in living cells.

heads

tails

Fig. 1.1 Main phospholipid structures. Fig. 1.2 A minimizing configuration for the model
of Peletier and Roger.

The vesicle membranes are a few nanometer thick whereas their size can
reach the order of tenth of micrometers. In such a situation we can consider
that the size of the vesicle is large with respect to the thickness of its membrane
(diam (S) > 2¢) and it is tempting to model the membrane as a surface £ = 9O
and to define its free energy as a function of its geometry. This point of view
has been introduced by Canham [3] and Helfrich [7] — see also the review pa-
per by Seifert [16] for a description of such models and comparisons to experi-
ments. Vesicle membranes do not behave as other interfaces as their shapes are
well described by the optimization of a bending energy and not by surface-tension
theories. In the seminal paper [7], Helfrich considers an inextensional membrane
represented by the surface X whose elastic energy is given by the integral over X
of a second order polynomial function of its principal curvatures. This assumption
includes the invariance of the stored energy function with respect to rotations in
the tangent plane to the surface X. Under these conditions, he deduces the general
form of the free energy of a membrane:

WH@Z<Z) = K]A|h—u|2 +KZAK —I—K'y%ﬂz(Z).

In this formula / denotes the scalar mean curvature of X and K denotes its Gauss
curvature. These quantities are derived from the second fundamental form of X
which is defined as I = —Vsn where n is the outward unit normal to X = 0O.
With this notation, K := detll and h := Trll = —Vy - n — notice that the sign of
the scalar mean curvature depends on the choice of the orientation on X. Thanks
to the Gauss-Bonnet formula, the second term in the definition of #;(X) only
depends on the genus of X and by assumption, the last term is a constant. Hence
as soon as we only care about energy fluctuations it is equivalent to consider the
energy

u(x) = [ In—np. (1.1)
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The parameter tt € R accounts for the spontaneous curvature of the membrane
which may arise for instance from differences between the properties of the envi-
ronment on both sides of the membrane. When u = 0, the energy simplifies to the
Willmore functional

W(E) = /2|h|2. (1.2)

Our purpose is to derive rigorously the Helfrich energy %/, as a limit as £ goes
to 0 of a 3-D nonlinear elasticity theory for vesicle membranes with small but
positive thickness 2& > 0.

Our work follows other attempts in this direction. Let us mention a very interesting
model involving thick membranes introduced by Peletier and Roger in [12]. Their
model is based on the description of the location of the tails and the heads of
the lipid molecules thanks to density functions — see Figure 1.2. The Willmore
energy appears as a second order term in the I"-limit expansion of the family of
energies that they consider.

The Helfrich energy also arises as the I'-limit of some phase field models, see
e.g. [2,9]. Such models are used to approximate the Willmore energy in image
processing and our work may appear as an alternative in this field.

One can already find formal derivations of the energy of vesicle membranes from
3-D elasticity theory [15,4]. In these papers it is either assumed that the lipid
molecules are rigid rods, or that the deformation of the material varies linearly in
the out-of-plane direction. The model proposed below is also similar to a model
proposed by Turner and Joanny [17] for diblock copolymer chains.

Depending on its composition, the composition of the aqueous solution and
the temperature, the membrane of the vesicle displays a variety of qualitatively
distinct mechanical properties. Indeed, the lipids in the bilayer can be organized
in different ways and form different phases, see e.g. the phase diagram in [16]
p12. One can find solid phases, gel phases and liquid phases. Let us mention the
existence of models for 2D membranes with phase coexistence [14,5] and of a
model for 2D membranes in gel phase which includes the local orientation of
the lipids [1]. In contrast, in the present articles we consider thick membranes in
liquid phase. In this case the membrane can be seen as a fluid of rods where at the
microscopic level, each lipid molecule is modeled by an elastic rod. The absence
of rigidity in the directions tangent to the membrane surface leads us to consider
an anisotropic elasticity theory which is degenerate in these directions.

Our choice of a continuum mechanics description is disputable. Indeed, since
the thickness of a vesicle membrane is of the same order as the length of the
molecules that make it up, we believe that an accurate model should be based on
quantum mechanics or, at least, on a discrete description of the material. The finite
thickness model for vesicle membranes is relevant as an intermediate description
between a two-dimensional bending theory and Molecular Dynamics simulations.
Our model is also oblivious to various phenomenons such as phase transitions in
the membrane, fluid flows or the possible presence of a cytoskeleton strengthening
the membrane.
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1.1 A highly anisotropic model in nonlinear elasticity

The global structure of the vesicle membrane is not due to chemical bonds be-
tween lipids but to hydrophobic effects which prevent them from escaping from
the bilayer. In contrast, nothing stops the lipids from moving about and chang-
ing places with one another within the bilayer. Hence, the membrane behaves as
a two dimensional fluid. On the other hand, the membrane is a structure which
resists to stretching and bending and it can also be considered as a solid. Here, we
propose to model the vesicle membrane as a degenerated elastic material. In the
sequel, we will switch to an Eulerian formalism but we start from the more famil-
iar Lagrangian description. We represent a piece of membrane as the result of the
deformation of a reference domain I :=I" x (—&,€) where I' is a surface and 2¢
is the natural thickness of the membrane. The deformation and displacement of
the membrane are given by a (one to one) mapping,

& I, — R.

The free energy associated to such deformation reads

Z(®) = | f(DP(x))dx,

where f: R>3 — R, is the so called stored energy function. For simplicity, let
us assume that I" C R? is a piece of a plane and that f(Id) = 0.!

Since, the membrane is a two dimensional fluid, the stored energy function has to
be anisotropic. For an isotropic material, the symmetries of the problem are given
by the relations f(D®(x)R) = f(D®P(x)) for any R € SO(3). Here, we expect that
for any deformation @ of the form

D(x) = (P (x1,x2),x3) with @ € C'(I",R?) volume preserving,  (1.3)

we have f(D®(x)) = 0. We deduce that f(D®P(x)A) = f(DP(x)) for any A €
SL(3) such that Ae; = e3 and Ae3 C e5. This leads to

FDD()) = (A1 B(x) x D (x), s D(x), (14)
for some g : R® x R® — R. Moreover,
HP(x) x hP(x) = hP((x) €S> — f(DP(x)) =0. (1.5

Notice that there exist smooth functions f complying to the above symmetries
for which equivalence holds — for instance f(D®(x)) = |d;P(x) x drP(x) —
AP (x)|> + (|05P(x)|> — 1). The set of zero-energy deformations is larger than
in the isotropic case. In this sense, we consider a highly anisotropic model.

Such stored energy functions have been proposed and studied by Pantz and
Trabelsi in [11] where they perform a formal asymptotic analysis. With their nota-
tion, the present model corresponds to # = 0. It is fair to mention that the present
study has been suggested by Olivier Pantz.

! These restrictions rule out non-vanishing spontaneous curvatures but we will recover the
general case in the Eulerian setting, at the end of the next subsection.
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Fig. 1.3 A tilt deformation.

o = arccos(e-e3)
o

We have described the set of zero-energy deformations. Before switching to
the Eulerian setting, let us briefly describe the simplest elements of the comple-
ment of this set: linear deformations which are penalized by an energy cost. In
view of (1.5) the linear deformations which may cause an increase of the free
energy are combinations of the form & = Ro @ o &, o @3 where R is a rotation
and at least one these elementary linear deformations @; is not the identity. These
elementary deformations are:

— a variation of the width of the membrane ®; (x',s) = (¥'/v/A,As) with A > 0,

— an isotropic variation of the density of the material, @, (x) = Ax,,

— a tilt deformation of the form @;(x',s) = Ax’ + se, with > 0, e € S? and
det D@3 = A%e-e3 = 1 — see Figure 1.3.

1.2 Eulerian version of the model

In order to achieve a rigorous I"-limit analysis, we have to establish some compact-
ness results for sequences of deformations satisfying uniform energy bounds. For
this task, the Lagrangian point of view is troublesome. Indeed, since any planar
volume preserving rearrangement of the form (1.3) does not affect the energy, any
compactness statement can only conclude to convergence up to right composition
by such rearrangement. We avoid these difficulties by considering the Eulerian
counterpart of the above model. This is also consistent with the fluid nature of the
membrane.

Let us set Q = &(I;) and rewrite the energy as a function of ¥ = &~ !. We
obtain formally,

Feu(#.2) = | fO¥ ) dD¥0)dy = [ fr09).
The symmetry hypotheses on the Lagrangian model translate as follows:

fEu(AD!PQ})) = fEu(D'P(Y))

for any A € SL(3) such that Ae; = e3 and Ae; C e3. The counterparts of (1.4)
and (1.5) write,

e DP(y)) = geua(VHI(y) x VI (y), V().

VH (y) x VE(y) = V() €5* = fru(DP(D)) = feu(ld). (1.6)
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Let us now get rid of the Lagrangian formalism. From the reverse deformation ¥,
we only need to keep track of the two following fields defined on €,

o :=V¥Y xV¥ and 1 :=%.

By Piola identity, we know that V- o = 0 in 2. We also see that |¢| < € in Q and,
if @ is sufficiently smooth, that 7 = +€ on dQ. Our model then rewrites formally
as,

Fuu(0.1.2) = [ ge(0(),7())db.

where €2 is an open set, o is a divergence free vector field on Q2 and where there
exists t € C(Q,[—¢,€]) such that Q = [|¢t| < €] and T = Vr.

The quantities ¢ and 7 have natural physical meanings. We can see the refer-

ence shape I' X (—¢&, €) as a collection of fibers with length 2¢, indexed by X’ € I
and oriented by e3. Given x’ € I', the corresponding reference fiber is described
by (', s) where the abscissa s on the fiber ranges from —é€ to €. The deformation
of this fiber is given by @y (s) = ®(x',s). If we consider a single deformed fiber
passing at some point y € , then #(y) gives the abscissa at this point on the cor-
responding reference fiber, that is the natural abscissa of this point on the fiber at
rest. On the other hand, the relation ¥ = ®~! shows that o(y) = V¥ x V¥ (y)
is the flux of fibers passing at point y.
Therefore, o gives the local direction of the oriented fibers and T = V1 is orthogo-
nal to the level sets of the fiber natural abscissa. The relations on the left hand side
of (1.6) mean that these directions are equal (no tilt), that the local elastic fiber is
not stressed and that the local density of matter is the density at rest.

Eventually, we want to model closed membranes which separate the inside
from the outside. To achieve this we assume that we can extend ¢ as a continuous
function on R? with values into [—¢, &]. By convention, we assume ¢ = ¢ in the
neighborhood of infinity. The domain of the membrane is still [|#| < €] and the set
[t = —&] defines the interior of the vesicle.

1.3 Non-vanishing spontaneous curvature

In order to take into account a non-vanishing spontaneous curvature (i, we return
to the Lagrangian description and endow the reference shape with a non-constant
metric m. Namely, for x € I; and £,{ € T.I; ~ R>, we set

<€ > C>m(x) = P(Nx3)§/ ’ CI + §3C3a

where we note &' = (&;,&,) the planar components of a tangent vector and where
p : R— (0,4e0) is a smooth function satisfying

p(0)=1 and p’'(0)=—1.

The physical meaning of the metric is the following: given an open subset Yy C I
and a height t € (—¢,¢€), the quantity of rods which cross the oriented surface
(y x {t},e3) is p(ut)#(y) and the “mass” of material inside a volume @ C I;

is
/ p(px3)dx.
w
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Now, we consider a smooth deformation @ : Iz — R>. In the m(x)-orthonormal
basis (p~'/2(x)e;, p~'/?(x)ea, e3) the components of its differential at x write

D@ (x) := M(x3)DP(x), with M(x3) := diag <\/p(1ux_o,)7 \/p(1/,Lx3),1>-

The energy associated with this deformation is

Z(®) = | f(DuP(x))p(pxs)dx.

The symmetry hypothesis (1.4) now reads,
f(Du®(x)) = f(M(x3)DP(x)) = g([1/p(1x3)]01P(x) x P(x), 3P(x)),
and (1.5) is replaced by

[1/p(1x3)]0 P (x) X h®P(x) = sP(x) € = f(Dp®P(x)) = 0.

Assuming that @ is a smooth diffeomorphism onto its image Q = &(I;), we
define ¥ = &~ as above. In the Eulerian setting, the energy rewrites as

F(®) = Fel¥,Q) = | fel$50).D¥0)dy,
with
feu(t,A) := p(ur)detA f(M(t1)A™") forr e (—€,€) and A € GL3(R).

According to the symmetry hypothesis, the integrand rewrites as

Fou (9. D¥) = p(us) detDLPg( 910 % docb] oW [agcb]oqf) .

1
p(uF5)
The identity (ComA)” = (detA)A~! applied to A = D¥ and A = D® yields

(3P 0¥ = (detD¥) VW, x V¥,  [01P x 0, P|oW¥ = (detD¥) V¥,

‘We deduce that

V¥, V¥ x V¥
fEu(%,D%:p(%)dethfg( > - 2).

p(u¥;) detD¥’  detDW
Now, let us define
=¥ and o =p(ut)V¥Y x V.

When p # 0, the definition of ¢ is different from the definition of Section 1.2,
here we substitute for the divergence free condition, the condition

V-[(p(ut))'o] =0  inQ. (1.7)
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With this notation (and since p(u%¥5)det DY = 6 - Vr) we obtain,

Sfeu(W5,D¥) = (G-Vt)g( ) =: gpu(0,Vt).

Vt, ——oc
oc-Vt c-Vt

Notice that we still have the implication

o(y) = Vi(y) €* = gr(c(y).Vi(y)) = 0.

As a conclusion, we have recovered the Eulerian model of Section 1.2 with the
more general condition (1.7) on . To fix the ideas, in the sequel, we set p(¢) :=
e~" which corresponds to a constant growth of the “thickness” of the rods along
their abscissa.

1.4 The general model in dimension d and its zero energy configurations

Since it does not create any additional difficulty, we fix an integer d > 2 and set
the problem in R?. The physical case corresponds to d = 3.

Given u € R and € > 0, a membrane of thickness 2¢ in R? is modeled by a
bounded open set 2 C R? and two mappings 7 € L>(R? R) and ¢ € L*(Q,R?).
These objects are subjected to a set of constraints:

e there exists 7 € WILCZ(R‘I) NC(R?,[—¢,¢]) such that T = Vz.
e Q ={ycR?: |t|(y) < e}
e V.[eto] = 0 in 2'(Q).

We will say that a configuration a = (o, V¢, Q) complying to these hypotheses is
an £-membrane.

The elastic energy associated to an €-membrane has the form
Fla) = [ flo(). Vi)

where f € C(R? x R?,R ) depends on the material. In our context, the stored-
energy functions f of interest vanish on the sphere

st = {(e,e):eESdfl} CRYxRY,

We assume that the stored energy function is not degenerated with respect to this
property, that is f(.)/d(-,S%~")? is bounded from below by a positive constant on
RY x R?\ S,
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1.5 Heuristic for thin vesicle membranes

For an e-membrane (o, Vi, Q) with moderate energy, the vector fields Vz and &
should be close to one another, with magnitudes close to 1. If we have exactly
(0,Vt) € S then

At = V-{e MM o]} = —uVi-6 = —pu. (1.8)

We conclude that T = V7 is a unit magnitude harmonic vector field in €2 for which
the following Liouville type property holds.

Let O C RY, open. If 7: 0 — SN is harmonic, then 7 is locally constant. (1.9)

Proof (of (1.9)) Let B C B C O be an open ball with center y. Using |7| = 1 and
the mean value property, we compute,

o 2
ﬁ% . 1_T<y>./3f = 1-[zO)] = 0,

and 7 is constant in B. O

In this zero energy case, the domain = [|¢| < €] can only be a disjoint union of
plates with width 2¢. It can not model a finite closed membrane: in our setting,
membranes are always stressed.

Remark 1.1 Notice however that if we substitute another metric for p(t) = e *
(but still assuming p(0) = 1 and p’(0) = —pu) then (1.8) does not hold in general
and zero-energy €-membranes may exist. For instance, let R > 0 and € € (0,R)
and let us set p(t) := (1 +1/R)?~! — the spontaneous curvature is defined as
U :=—p’(0) = —(d—1)/R. In this setting their exists a zero-energy €-membrane
of domain Q := {y € R? : R—¢ < |y| < R+¢} with Vi(y) = o(y) :=y/|y|. A
direct computation shows that V - [p~!(¢)o] vanishes in Q as required.

To treat the case of a small but non-vanishing energy, we establish below rigid-
ity inequalities which roughly state that if (o, Vi) is close to SY~! in some domain,
then o and V¢ are close to the same constant vector field in this domain. We expect
that for configurations with a moderate energy, (2 is almost the &-neighborhood
of some close surface X and that o and Vr are close to the unit normal to X.

To get a more intuitive understanding of the link between our finite thickness
model and Helfrich bending theory for surfaces, let us consider a fixed smooth hy-
persurface ¥ = d0 C R? and let us build a family of e-membranes with moderate
energy and whose domain is the £-neighborhood of X.

Let 1 € R and let O C R¥ be a smooth bounded open set, let £ = 9O and v be the
outward unit normal on dO. We first define the function ¢ as the signed distance
function from X.

t(y) := d(»,0)~d(»R"\0).
Then for € > 0, we set Qc = {y: |t(y)| < €} and

R t<y> lny QS:
e (v) = {ie if £1(y) > e.
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For € > 0 small enough the function #¢ is smooth in Q. and |Vte| = 1 in Q;.
We then need to define a vector field o, € L?(£;), close to Vi, which satisfies
V.0 = U in 2'(;). For this, we consider the mapping

v:ZxR =R y(x,s) == x+sv(x).

There exists €, > 0 such that y is a smooth difeomorphism from X x (—&,, &)
onto its image ,. The inverse mapping is given by ¥~ = (7,1) where 7 is the
orthogonal projection on X.

Let us now define the vector field 6 : 2, — R? as

e Mt (y)
o0 = )V ED)]

We have to check that e’ o is divergence free, that is

vi(y), (1.10)

O(p) = / e MoV =0 for every @ € Z(Q,).
Q.

Indeed, using the change of variable y = ¥(x,s) and noticing that the Jacobian
determinant of ¥ is Jy (x,s) = det [I; +sVyv(x)], we get

&

0p) = [ [ Slotetsvia)] dsar ! (x) = o.
XJ—g ds

Substituting y = y(x,s) in (1.10) and expanding the determinant with respect to

s, we obtain

ox+sv(x)) = v(x)+s(h(x) —p)v(x) +0(s),

where h(x) = —Vy - v(x) is the scalar mean curvature on X.
Now, for € € (0, &), we set

Ge(y) = {0 ify e RY\ Q.

For x € X and s € (—¢,¢€), we have Vi (x +sv(x)) = v(x) and o (x +sv(x)) =
v(x) —s(h(x) — 1) v(x) +O(s?). Taking into account the identity Df = 0 on S~ !,
we see that the energy of ag = (O, Vt¢, Q¢) expands as

F(ag) = 83/2c(sz(v,v))(h—u)zd%d_l +o(e"),

where the function ¢ depends on the Hessian matrix of f on S?~!.

In view of these computations, we expect that under symmetry hypotheses on f,
the Helfrich energy (1.1) arises as the limit as € tends to 0 of the family {.% /&’ }
defined on €-membranes. This analysis is performed in the second part [10] of
this paper in the case ¢t = 0 and under further hypotheses and volume constraints.
In the language of I'-convergence, we prove a compactness result, a lower bound
result and we establish the matching upper bound in the smooth case. The corre-
sponding analysis for the case p # 0 is also discussed in the concluding section
of [10], albeit not completely detailed.
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1.6 The vanishing energy limit

From now on we assume ¢ = 0 and, in this first part, we consider the stored energy
function f = fo, with

folu,v) == Ju—v]*+ (Ju| = 1)*+(Jv| = 1)* for every u,v € RY.

. 2 . . .
Notice that fo(u,v) ~ [d((u,v),S97")]” so this case illustrates non degenerate sit-
uations. The respective energy functional is denoted by

Fo(0,7,Q) /fo ) dy. (1.11)

As a first step toward the I'-limit analysis of [10], we study the vanishing en-
ergy limit for configurations with fixed typical membrane width. When (o, Vi, Q¢)
is an e-membrane, we can perform the scaling

Q) = e ' Q, t(e)()’) = 5_1t£<SY)7 G(e)()’) = oe ().

We easily see that (0(¢), Vi(¢), 2(¢)) is a 1-membrane and

F0(0(e), T(e): Re)) = € Fo(0e, Te, Q).

It is thus sufficient to consider membranes of width 2. We prove the following
compactness/structure result.

Theorem 1.1 Let O C R? be a bounded open set.
Consider a sequence ap = (0, Vi, Oy), k > 1 such that

i) Oy C O is open;
ii) o€ L? (ZOk,Rd is divergence free;
iii) tp € WH2(0,[—1,1)), satisfies t, = +1 in O\ Oy;
iv) (t) is umformly equi-continuous on O;
v) we have
ﬁo(ck,Vtk,Ok) —0  askToo.

Then, there exists t, € W'2(0)NC(0,[—1,1]) such that, up to extraction,

tx — t. uniformly in C(0), weakly in W'?(0),
and strongly in lecz(O*) with O, = {y € 0:t|(y) < 1}.

Moreover, Vt, is locally constant with unit magnitude in O.

More explicitly, the structure of the limit 7, is the following.

The function ¢, is constant (equal to &1) on any connected component of O\ O,.
For any connected component % of O,, there exist e € $¢~! and yy € R? such
that 7,(y) = (y — yo) - e for y € €. In particular % is a connected component of
ON{y € R?:|(y—yp)-e| <1} (see Figure 1.4). Let us observe that this struc-
ture corresponds to a union of plane membranes with thickness 2 and with fibers
aligned along the normal direction.
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Remark 1.2 Let us comment the equi-continuity assumption (iv) of the theorem.
In general (iv) is not a consequence of the uniform bound on the energy provided
by (v). However, by Morrey-Sobolev embedding, (iv) follows from the bound

sup [ |Vi|P < oo for some p >d.
k>1J0

In particular, if we substitute for ., the energy,
F(6.,1,Q) = Fo(0,7,Q) + K‘/ (|Ve| - 1)7,
Q

for some x > 0 and p > d, then (iv) follows from

E(Gk,vtk,Ok)—)O as k 1 oo. W)

N N
/7

—

Fig. 1.4 Example of a vanishing energy limit state for which O, has four connected components.

1.7 Rigidity estimates

The proof of Theorem 1.1 is based on some rigidity estimates. However the more
precise rigidity estimates and their corollaries established in the present paper are
not required for this task but are motivated by the I'-convergence analysis exposed
in the second part. In particular € — d type statements are not sufficient for this
analysis and we need precise quantitative estimates.

For the compactness and lower bound results of [10], we are led to consider
families {ae } = {(0¢, Ve, Q2¢) fo<e<1 such that ae is an e-membrane and satisfies
the energy bound,

Folag) < Eoe’. (1.12)

We also require that the total mass of the membrane is 2S¢ for some fixed S > 0,

/ og -Vt = 28e.

€
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In the proof of the compactness result we build a smooth hypersurface X, with
total volume #¢~!(X;) = S+ o(1). This hypersurface represents the membrane
(0¢, Te, Q2¢) in the sense that Q. is close in L' to the e-neighborhood of X, and
that the normal v, on X, is close to V¢, and o. We then need to establish that the
vector field Vi, (y) is close in ¢ to the normal v, (x) of a smooth surface passing
through some point x near y. This normal defines a “thickness” direction for the
membrane. A natural candidate for such a direction is Vt, this choice amounts to
define X as a level set of .. Since V¢ may not be continuous, this choice is not
reasonable without preparation: we first need to mollify Vz.. We are then led to
consider averaged quantities and address the following issue:

Consider a closed ball Bg,(x) C Qg, where § > 0 is a small radius. Does their
exist a direction Ve (x) € S9! such that Vz, is close to Ve (x) in L?(Bge(x)) ?

The relevant tool to tackle this problem is the energy bound (1.12). Since €2 has
volume 7741 (Q¢) = 2S¢ + o(€), this bound indicates that

1
(2, [, foloe.vie) = 0(e?).

Hence fy (0, Vt¢) has typical order of £2. This implies that V7, is close to S9! in
L?(Q;) but also that z, is almost harmonic in the following sense.
For every y € Z(Bs¢(x)), we have, since o is divergence free:

1/2
[oovevy= [ teeo vy ([ peavi) 19w
Bje (x) JBse () JBse (x)

Hence, ”At&‘”?i—l(B&(x)) < fBge(x)fO(G&TE) = 0(£d+2)'

It is convenient to introduce the scaled function ¢(y) := %tg (x+ €y). The preced-
ing argument implies that the local energy

o 12 2
£ = [ (VoI +1400 1,

has typical order of €.

In the limit case & = 0, V@ is a harmonic vector field with unit magnitude in
Bgs. The rigidity property (1.9) implies that V¢ is constant in Bg. In this case, the
natural normal direction is the constant unit vector e = V.

For & >0, & ~ &2, we establish rigidity estimates associated to (1.9). The weakest
form of these estimates states that:

vn>0,3 >0 suchthat &< = milnl Vo —ell 25, <M.
ecSi—
The minimizer e, € S9! of |V —e|| 12(8) then provides an average “thickness”
direction.

Remark that the rigidity property (1.9) is related to the Liouville theorem: if
O C R is an open set then for every y € WH!(0,RY),

Vy €S0O(d) ae. = Vwyislocally constant.
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The associated L’-rigidity estimate established by Frieseke, James and Miiller
in [6] is now classical: if O C R? is a Lipschitz, bounded and connected open
set, then,

inf /|VIII—R|2 < C(o)/d(vw,SO(d))2 for every y € W'(0,RY).
ReSO(d) Jo Jo

In the same spirit, we establish some rigidity inequalities associated to (1.9).

It turns out that when we apply these rigidity estimates to a harmonic function
¢, they provide some control on the curvature of the level sets of ¢. In particular
we can deduce bounds on their Willmore energy (1.2). These bounds are a key in-
gredient of the compactness step in [10]. Indeed, the main part of the hypersurface
X is defined as a piece of a level set of some harmonic function. For this reason,
the rigidity estimates stated in the present article are complemented by corollaries
about level sets of harmonic functions.

1.8 Notation

Throughout the paper, the letter C denotes a non negative constant which is either
a universal constant or only depends on the dimension d. For constants which
also depend on other parameters, o, -- -, 0k, we write C(ot, -+, 04). As usual,
the values of these constants may change from line to line.

We write B,(y) to denote the open ball in R? with center y and radius r > 0 or
simply B, for B,(0).

The k-dimensional Hausdorff measure of a set E C RY is denoted by % (E).

For e € §4~!, 1, denotes the orthogonal projection on the space
et={yeR":y.e=0},

thatis m,(y) =y — (v-e)e.
We also identify e} with R?~! and for y € R? we write y = ()/,y,4) with y =
(yly"' ayd—l) = ﬂé‘d(y)'

1.9 Outline of the first part

In Section 2 we establish some local rigidity estimates associated to the Liou-
ville property (1.9). We start with Theorem 2.1 which only applies to harmonic
functions ¢. This result will allow us to control the average Willmore energy of
the level sets of such harmonic function (Corollary 2.1). Another application of
Theorem 2.1 is the weak rigidity estimate (Theorem 2.2) which states that the
L?-distance from V¢ to S~ is controlled by the square root of the L>-norm of
[Vp| — 1. At the end of the section, we prove Theorem 1.1 as a consequence of
this rigidity estimate.

In Section 3, we improve the rigidity estimates and obtain a linear control of
the Willmore energy of the level sets of ¢ with respect to the integral of (|Vo| —
1)2 (Corollary 3.1).
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2 Weak rigidity estimates and proof of Theorem 1.1

As stated above, if O C RY is a non empty connected open set and if ¢ : O — R is
harmonic and satisfies |[V@| = 1 in O then V¢ is constant. We prove here various
estimates associated to this rigidity property.

We begin by relaxing the constraint |[V¢| = 1, still assuming that ¢ is har-
monic. As in [6], the first step relies on the Bochner idendity,

@ harm.
AllVe’] = 2Vp-VAp+2iD%¢? "=" 2|D*g[%.

Theorem 2.1 (Weak rigidity estimate, harmonic case)
Let O C R be a nonempty open set and let @ : O — R be a harmonic function. We
assume moreover that ¢ is nowhere locally constant, i.e. the interior of its critical

set {y € O;V(y) =0} is empty.
Then, for 0 < o < d/(d — 1), the function |D*@|?/|V@|% is locally integrable and
we have the estimate,

D9 _ 1 Vo> ~*
o Vo[ X = T-ad—1DjdJo 2—a

Ay, 2.1

forevery y € 2(0,R..).

Remark 2.1
i. The case a = 0 corresponds to Step 2 in the proof of Proposition 3.4 in [6].
ii. The proof combines the Bochner identity and the simple pointwise inequal-
ity (2.5). This line of reasoning is well known in the Geometric Analysis commu-
nity (see e.g. [8], [13]). However, we did not find the estimate (2.1) in the litera-
ture. For example, it follows from [8]-Lemma 7.2 and [8]-Lemma 6.1 applied to
|Vp|(4=2)/(4=1) that for 0 < @ < d/(d — 1) and Oy CC O,

/ VIVell?

o < C(00,0.0) | [Vl “. 22)
0

In this inequality, the weight A ¥ which appears in the right hand side of (2.1) is
missing. This weight (or any other bounded weight with vanishing mean value) is
necessary to establish Corollary 2.1.b below.

iii. An interesting consequence of the lemma is that for ¢ harmonic in O and
B:=1—a/2>(d—2)/2(d—1), we have

Vol? € W2 (0). 23)
In particular, in any dimension, \/|V@| € Wchz(O)

iv. The result does not hold in general if ¢ is not harmonic, even if V@ is. For
instance, if we choose @(y) = y?/2, then

D>/ |Ve|* =1/Iy1|* &Lj,(R?) for o> 1.

v. It transpires from the proof below that we have equality in (2.1) if for every
y € 0, Vo(y) is an eigenvector of D*¢(y) associated to its eigenvalue with largest
absolute value. Since this holds when 0 ¢ O and ¢ is proportional to the Green
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kernel of the Laplacian in R?, i.e. Vo(y) = c|y| ™%y, we see that (2.1) is sharp. As
shown by the counterexample ¢(y) = yy,, the conditions a < 2, 8 > 0 for (2.2)
and (2.3) are optimal in dimension d = 2. In higher dimensions, we do not know
the optimal exponents.

Proof (of Theorem 2.1) Let O, ¢ and y be as in the statement of the theorem, let
0 < o <2andletn > 0 be a small parameter.

We start with the identity A[|V@|?/2] = |D?@|*> which holds for any harmonic
function ¢. Mutliplying this identity by x/(n2 + [V|*)%/? and integrating by
parts, we get,

[ IVel(VIVel-Vx) a/ __|D*¢-Vo|* 7/ Do .
o (N*+|Ve[)*/2 0 (2 +|Ve|?) zik (n2+|Ve[2)e2

Using the notation,

A(y) := D*@(y) and ny(y) = Vo(y)/\/n2+|Vo[2(y),

the above identity rewrites as,

AR — afany J—
Ar— el [ 1YP__ygye|.v
et = o wemE IOl v

We simplify the right hand side by using the identity,

(> +|VeP)' 2| _ Vo
2-a (n*+[Ve[2)*/2

v V|Vel.

Integrating by parts, we get

PR oy R Lo o
o (N*+|Vel2)e/? 0 2-a ' '

Now, let us fix y € O and let us estimate from below the quantity |A|*(y) —
|Any|?(y) which appears in the left hand side.
Since ¢ is harmonic, the symmetric matrix A(y) = D?¢(y) has zero trace. Let A;,
i=1,---,d be the eigenvalues of A(y), sorted from least to greatest absolute value
(in particular, |44 = max [A;]). Using |ny(y)| < 1, we have,

AP = o AW)my () = Y A7 — oA = [AD)P (1 -ap]),

where we have set f; := A;/|A(y)].
Minimizing the last term under the constraints Y4, f; = 0 and Y, B? = 1, we
obtain (1 —af8?) > (1 —o(d —1)/d). Hence, for & < d/(d — 1),

ADP- A = (1-a® ) AR es)
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Assuming o < d/(d — 1), and using this inequality in (2.4), we get,

_ 212 2 2\1—a/2
g4 / Do x g/(” Vel T,
d ) Jon*+|Ve)*/> = Jo 2«

Letting 7 | 0, we get by the monotone convergence theorem,

. 2 12 2—o
g4y f1ptel Vel
d o |Vo|* Jo 2—a

Ay.

This proves the theorem. ]

For our purpose, the interest of Theorem 2.1 resides in that it allows us to
control the second fundamental form of the level sets of ¢ in L?.

Corollary 2.1 Let O C RY be a connected, non empty open set and let ¢ : O — R
be a harmonic function.
Then, for almost every s, the set I'* := ¢~ ' ({s}) is either empty or an analytic
hypersurface. Moreover:

a) We have the following control on the (d — 1)-volume of these hypersurfaces,

lkwwﬂm—%mﬂgéwqu

b) Let Oy CC O and let us set y* := 1N Oy for s € R. We have the following
control on the curvature of these level sets,

/R{/YS|”s|2(J’)d%d_l(y)}ds < C(OO,O)/O||V(p|_1|7

where Il denotes the second fundamental form on y°.

Remark 2.2 Thereafter, we improve the control on the Willmore energy of the
level sets of ¢ in domains where we already know that |V¢| is bounded from
below by a positive constant. The strength of Theorem 2.1 and Corollary 2.1 lie in
their robustness as they are valid in the neighborhood of the critical set [V = 0).

Proof (of Corollary 2.1)

(a) By Sard theorem, for almost every s, the vector field V¢ does not vanish
on I'*. For such s, I'* is either empty or an analytic hypersurface. Now, by the
co-area formula, we have,

/O|V<P| = /R[/Fxlod%d‘l] ds = /R%d_l(l“s)ds.

Writing [, |Vo| = 24(0)+ [,[|Ve| — 1], we obtain the first estimate.

(b) Let us introduce a unit normal at the point x € I'* as n(x) :=V@/|Ve|(x).
Then, for v,w € n(x)*,

Do)

L)) = —"Vn(@w = ——Fors
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In particular, |II5|(x) < |D?*¢|/|V¢|(x). Squaring and integrating on ¥, and then
in s, the co-area formula leads to,

_ D*¢|? _ |D* gl
IL|* d.#? 1}ds < /{ | dx" 1}ds :/ }
/R{/ys| | R [y |Vo|? 0, Vol

Applying Theorem 2.1 with & = 1 and x € C°(O,R.) such that y > 1¢,, we get

Do
/ < d [ [Volax = d [ (V9| - 1Az < €(00,0) [ Vgl -1].
o) |V(P| o Jo 0

Combining the two last estimates leads to the desired result. ]

Now, we also relax the condition A ¢ = 0. In our context, the relevant quantity
for measuring the distance from the constraints is the (local) energy,

& = /(|V(p|—1)2+inf{/ lo—Vol|? : ceLZ(O)d,V-czo}. (2.6)
o o

Notice that by definition of % (see (1.11)), we have & < Zy(V¢,o,0) for any
divergence free vector field ¢ € L?>(0)“.

When O is bounded and V¢ € L?(0), the infimum appearing in the right hand
side of (2.6) is equal to ||A(P||§1_| (o) Indeed, the minimizer o satisfies the Euler-

Lagrange equations
/(6 —V@)-6 =0, foreveryécL?(0)? st.V-6=0in2'(0).
By De Rham theorem, we see that 6 — V¢ = Vp where p solves
~Ap=A¢ in2'(0), peW,’(0). Q2.7)
The infimum in (2.6) is thus HVpHIZ‘Q(O) = ||A(p||§i,l(0) < &.
The notation (2.6) is used throughout this paper. We also use the decomposi-

tion ¢ = ¢ — p where p solves (2.7). By construction, the function ¢ € W!?(0)
is harmonic and

Lvl-17 <2 [ (gl - 1742 [ 9P = 26,

We use Theorem 2.1 to control the distance (in L?(0)) from V¢ to the set of
constant functions with values into §¢~!.

Theorem 2.2 (Weak rigidity estimate) Ler O C R? be a Lipschitz bounded and
connected open set, then for every ¢ € W12(0),

inf /|qu—e|2 < C(O)< H0)E +<§’). (2.8)
o

ec§d—1
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Remark 2.3 By homogeneity, the constant K := C(O) in (2.8) only depends on
the shape of O, i.e. if O' = ARO, A > 0, R € O(d) then (2.8) also holds in O’ with
C(0") =K.

Proof We split @ in ¢ = ¢ — p as above. We have ||V — V(pHIZP(O) < &, soitis

sufficient to establish the lemma for the harmonic function ¢. From now on we
assume that ¢ is harmonic.

Step 1. Let us denote by 7 the distance function 1 := d(+,d0). In this step, we
establish the following estimate.

[ 1p2oPn? < ¢ [ |IvoP-1. 2.9)
o o
Let us consider a partition ¢ of O in cubes of the form K = yx + px[—1,1)¢ such
that

K = yx+px[-2,2)YcO,  d(yg,R*\0) < 4diam (K)

and for every z € O, #{KG%:ZGI?} < 2,

To build such a partition, we start with a cube Ko O O and subdivide it in 24 half-
cubes Ki,---K,a. For every i, we check whether K; C O. If this is true, we pick
K; (that is K; € %), if not, we divide K; into 24 equal subcubes K; 1, - ,Ki72d and
proceed recursively.

Applying Theorem 2.1 in a cube K = y+p[—1,1)d € ¢ with o« =0 and x €
2(K)(y)) such that ¥ > 1k and |Ax| < C/p?. We obtain,

p? [ D%l <C [ IVoP 1]
JK JK

By construction, for every z € K, d(z,d0) < 4v/2d px. Summing over all the ele-
ments of %, we obtain (2.9).

Step 2 (Weighted Poincaré-Wirtinger inequality) Since O is a Lipschitz, con-
nected and bounded domain, the following weighted Poincaré inequality holds:

V=Vl <CO) [ [VWPn® forevery yeW'2(0),  @.10)
where we use the notation ¥ = f, y.

Let us establish this estimate for the convenience of the reader. For € > 0, we
denote by d: O the set

9.0 := {y€0;d(y,00)<¢}.
Let us first assume that there exist € > 0 and T € W'**(0,R?) such that

1
O\ ;0 is connected, V.t> 3 in d¢ O, 7=0 on dO0. (2.11)

Then, let y € W!2(0) and m € R, we compute

V-A(y—m)?t} = (y—m)’V-T+2(y —m)T-Vy.
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Integrating this identity on O, the left hand side vanishes since T = 0 on dO. Using
the (middle) inequality in (2.11) and the Cauchy-Schwarz inequality, we obtain,

1
s [ < 19nle [ wemey) [ p-mey [ v
%0 Jo\a:0 0 Jo
Using 2ab < a®/4+4b* to bound the last term leads to
1 2 1 2 2 2
- —m)- < V- T|le+ = / —m +4/T Vyl|~.
Lt < (sl ) [ s [ oy

Next, we set m = /fO\ 2.0 W and we estimate the first term by applying the standard
Poincaré-Wirtinger inequality in the (connected) open set O \ d: 0. We get,

1
7 [w-mp < c.0\0:0) [ [vyPr4| [P vyl
4 Jo JO\0e0 Jo

Eventually let us notice that 17/|7| is bounded from below in O\ d; O by a positive
number and that | 7| < ||V||7 (because T =0 on dO). We thus have,

[w=m? < co) [ nvyP,
o %

and since m — [,(y —m)? has its minimum at ¥, we have established (2.10).

In order to conclude, we have to build T € W'*(0,R?) and & > 0 comply-
ing to (2.11). By hypothesis, we can cover O with finitely many open subsets
Qo,- -+ ,0n such that Q9 CC O and for 1 < k < N, there exist p > 0, a nega-
tive Lipschitz continuous function f; : By, "RY~! — R and an isometry of RY,

Ii(z) = It (0) + Rz, such that Q; = I;Q; with
O := {z€R? : 0<|d| < pr, fild) <24 <0}
andy € Q; N0 if and only if z =1 (y) satisfies || < py and zg = fi(Z').

Now, let xo, - - -, xnx be a smooth partition of unity associated to Qy, - - - On, We set

T, with  T(Ik(2)) = [z — fi(Z)]Reeq for z € Oy.

I
M=

k=1

It is a simple matter to check that (2.11) holds for € > 0 small enough.
Step 3 (Conclusion) The estimates (2.9) and (2.10) with y = V¢ lead to

[ 1ve-oF < clo) [ Vel -1].

On the other hand, by the Cauchy-Schwarz inequality,

2_ 1] = _ _ d
LImver=1] = [ Ivel-1]|(ve|-1+2) < £+2)/#(0)6 .
Hence,
_va2 d
/0|V(p Vol < C(0) (@@ﬂ/yf (0)(5). 2.12)
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Next, writing ||[Vo| — 1| < [|Vo| — 1| + |V — V|, we also obtain,
N 2
2#4(0) (|V<p| - 1) < c(0) <£+ %d(0)£> . (2.13)

Considering separately the cases |[V@| < 1/2 and |V@| > 1/2, we deduce that
there exists e € S7~! such that

'/0|V(p—e|2 < ¢(0) (éa—h/%”d(O)éa).

Indeed, in the case |[V¢| < 1/2, the inequality is obvious for any e € §9=1 Tn the
second case, it follows from (2.12) and (2.13) with e := V¢ /|V¢|. This proves the
theorem. o

To close the section, we establish Theorem 1.1. The main tool here is the weak
rigidity inequality of Theorem 2.2.

Proof (of Theorem 1.1)

Let O and (O, #, Ox) be as in the statement of the theorem. By assumption the
sequence (f;) is bounded in W'2(0) and uniformly equi-continuous, so, up to
extraction, there exists a (not relabeled) subsequence of (#;) weakly converging in
W!2(0) and strongly converging in C(0) to some t, € W'?(0)NC(0,[—¢,¢]).

Now, let O, :={y € O : |t.(y)| < €} and let B CC O, be an open ball. By
uniform convergence, there exists ky > 1 such that B C Oy, for k > k¢. By definition
of & (see (2.6) and the ensuing discussion) we have

G = /B(|Vtk|—1)2+\|Atk\|;_1(3> 0 askf o,

Applying Theorem 2.2 with ¢ = 1 on the ball B, there exists (V) C S?~! such

that,

koo
IVtk = Viell 25,y — 0.

Since t; — t, in 2'(B), it follows that Vt, = e in B for some e € S~ m]

3 Strong rigidity estimates

The weak rigidity estimate of Theorem 2.2 and Theorem 1.1 are used in the proof
of the compactness result of [10] as -6 statements. They enable defining a local
normal direction in the bulk of the membrane, at least away from a controlled
number of balls of radius of order of €. However, the sublinear growth of the right
hand side of (2.8) with respect to the local energy & prevents deducing uniform
I*-bounds on the variation of this normal. For this, one could think about using
an estimate of the form,

inf [ |[Vo—e> < C(0)& forevery o € W'2(0). (3.1
o

ecsd—1
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If d = 1 and O is a non empty interval, this estimate is obviously true. It also holds
for d =2 when O is a bounded and connected Lipschitz open set (see Remark 3.2)
but not in higher dimensions.

Proof (Counterexample for (3.1) in the case d > 3)
Let y € W!2(0) be harmonic. If (3.1) were true, writing @(y) = y; +nw(y), and
sending 7 to 0, we would obtain,

inf / Vy—w? < c<0)/ ERR
o o

L
WEed

If y is a harmonic function that does not depend on y, and is not affine, the right
hand side vanishes whereas the left hand side is positive. Since for d > 3, such
functions do exist, this yields a contradiction. ]

Although (3.1) is too strong to be true, there is room for improving the estimate
of Theorem 2.2 by lowering the left hand side. We find out a relevant correction
by linearizing the constraints |[V¢@| = 1 and A¢ = 0 around @y(y) = e -y. Setting
V¢ = e+ Vy we have at leading order, e- Vi = 0 and Ay = 0. This suggests the
following estimate.

inf /|V(p—e—Vl//|2 < C(0)é, (3.2)
WELO,(’ o

where e € argmin{ [, [V —e|* : e€ S9!} and
Lo == {y : O =R : yisharmonicand e-Vy =0}.
Unfortunately, (3.2) is wrong in general.

Proof (Counterexample for (3.2))
Let us assume that O is the unit ball in R3, let p > 1 be an integer and let us set
(using cylindrical coordinates),

o(r,0,z) := z+nzr’sinph.

By symmetry, the infimum in (3.2) is reached at point e = e, with y = 0. Sending
n to 0, (3.2) leads to the contradiction p> < C. ]

On the other hand, substituting a relatively compact convex subset Oy for O in the
left hand side of (3.2)leads to a correct statement.

Theorem 3.1 Let O be an open set, let e € S°~ and let Oy CC O. Then, for every
¢ cW'2(0),

weiIngoJ'V(p_e_VWHiQ(Oo) < C(00,0) (£+||V<p—e||‘gz<0)). 3.3)
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Remark 3.1 i. The condition, ¥ € Lo, . does not imply ¥ = y’ ox, for some

function v’ € W'2(1,(0y)). We obtain a counterexample in dimension 3 by con-
sidering the helix shape domains

Oy := {(rcos0,rsin6,z) : re(1/2,2),0 € (0,4n), |z— 6| < 1/2},
and O := Op + By /4. The function defined on O by

w(rcos@,rsinf,z) = \/rcos(0/2), with @ suchthat |6 —z| <7

is harmonic and we have d3y = 0 but since W (y1,y2,z2+27) = —¥(y1,2,2), We
have [|§’ o 7, — Vy[|12(0,) > @ > 0 for every vector field & € L*(m,(0y), R?).
Now, setting @, = e3 + 7Ny and sendig 17 | 0, we obtain

iél/fHV(pn—e3—€/oﬂe||l%2(00) > a’n?

> [1Von] — 1220+ IV0n — esllfzo, = O01).

ii. However, if Oy is convex or simply e-convex, then for ¥ € Ly, . there exists a
unique harmonic function ¥’ on 7, (Qp) such that y = v/ o 7,.

Proof (of Theorem 3.1.)
In view of Theorem 2.2, we can assume & < 1. As above, we decompose ¢ =

¢ — p with @ harmonic and p € WOI’Z(O) such that ||Vp||i2(0) < &. We see that it

is sufficient to establish (3.3) substituting ¢ for ¢. Eventually, by isometry invari-
ance, we can assume e = e.
From now on we assume & < 1, ¢ harmonic and e = ¢,. To lighten notation, we

set Q 1= HV(P _edH‘Ltz(O)‘

Step 1 (finite cylinder case). Let us first assume that Oy is a finite cylinder with
direction e, and height 2: let D’ be a smooth bounded open subset of ej =R,
we assume that

Oy =D :={yecR?:yeD —1<y;<1}. (3.4)

Let us also fix A > 1 such that AD C O.
Let us write V@ = e; + Vw and let us establish the inequality,

2 2 4
[ 1amwP <2 [ (Vol-1P+4 [ [l <4640 G

Letus fix y € AD and let us set a := dyw(y), b := |Vw|*(y) > a®. We start with the
identity |Vo|(y) = v/1+2a-+ b so that

a = (IVoly)-1)— (VIT2a+b—1-a).

Assuming a > —1/2, we estimate the last term as

b—a? b—a?
\/1+2a+b—1—a‘ = O+ |1+ et < < b.
a
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Therefore, if dyw(y) > —1/2, we have

[0aw|(y) < [IV@I(y) = 1]+[Vw*()

In the case d;w(y) < —1/2, we use |dygw(y)| < 2|Vw|?(y). Squaring and integrat-
ing these estimates over AD, we obtain (3.5).

Now, let 6 € Z(—1,1) satisfying [0 = 1 and let us define

v.(y) = /G(S)w(y’,s)ds, for every y € AD'.
By Poincaré-Wirtinger inequality, we have,
W=l o |72 ap) < CO0awl2p): (3.6)
Let us write Y (') = (/) + {'(y') where {’ € W, *(D') is the variational solu-

tion of
—A'{" = Ay, inAD', ¢'=0 ond[AD].

We compute,

AL) = [oamty s)ds T [R5 3 s)ds.
s
Therefore,
||AICIH12‘2(;LD/) < C(e)Ha(IW”[z}()LD)- (3.7)

We deduce from (3.6) and (3.7) that the harmonic function y = Y/ o 7, , satisfies

(3.5)
W= l720p) < CD,0)0awllfo ) < C(D,0)(E+0Q).
By harmonic regularity, we conclude to:
IV9—ea =Vl = VW=V, < CD,0)(E+0).

This establishes the theorem, for O of the form (3.4) and e = ¢,.

Step 2 (stack of cylinders) Let us now assume that Oy has the following form.
Let N > 1 and DY, --,Dj} such that for every 0 < k <N, D) is either empty or a
smooth open subset of RY! we assume that

N —_
Oy is the interior of the set U Dy where Dy =D} x (k,k+1). (3.8)
k=0

For o > 0, let us note Bl the (d — 1)-ball {y’ € R~ |y/| < a}. By assumption ,
there exists o« > 0 such that setting

N
0y =D}, with D} :=Dy+ By x (—a,a)],
k=0

we have Oy CC 0} CC O.
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Now, let ¢ € W'2(0). We first apply Step 1 in the sets D}i CC O. For every
0 <k <N, there exist a harmonic function y; : DZ — R such that d,; ¥, =0 and

Vo —eq— V|2, < C(00,0)(E+0). 3.9)
L*(Dy)

Notice that we can add any locally constant function to y; without altering the
above properties. On this basis, we assume without loss of generality that

/X & = 0 on each connected component X of D}i, (3.10)

where & : D} — Ris defined as & (y) := @(y) —ya — Wi(y).
Let us also introduce for 0 < k < N, the harmonic function 1//,2 : D,b(/ — R such that
Vi = Yo,

Let us now estimate the differences y; — y; in Hl'-norms. Let 0 < k <N —1
such that I} :== D; N D), # ¢. Using

L = 4By x (k+1—o,k+1+a) C D,ND},

and (3.9) for k and k+ 1, we first deduce:

1
IV = VWil ) = NeT VW = V¥l 2
1

< — VE: < C(0g,0 10,
< m/e{gﬂ}n éjHL2(lk) < C(0¢ )\/—Q

Similarly, we compute, using (3.10) and the Poincaré-Wirtinger inequality,

1
”lVIIc_Wi-Q—lHLZ(I,’(-Q—B&) < \/? Z ||‘§j||L2(1k)

jelkk+1}

(3.9)
< Y CODIVEllap = C000)VE+Q.

jefkk+1}

We summarize the two last inequalities as
||V’llc_‘l’f<+1||w'>2(1£+31x) < C(00,0)V/E+ Q. (3.11)

Next, for 0 < k <1 < N, we note J,’CJ = ﬁkgng?/. In particular, J,’gk+1 =1, +By,
for k <N —1, and J; , is non-decreasing with respect to k and non-increasing with
respect to /. 7

Writing W, — v = Zl/_:}c(lllj+] — ;) and noticing that J; ; C I+ By, for k < j </,
we deduce from (3.11), '

7 ‘I’IICHWIJ(JA[) < €(00,0)V/&+0Q. (3.12)
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In order to define a global correction Y, (y) = Yo wi(y) Wi ()'), we need to
build a partition of unity wy on Oyp. For this, let us introduce a last sequence of
(eq-convex) sets. For every 1 <k < N, we define

Ty = [U T x (Lk+1]
1<k

U D} % (0,1) U lu T 14 1)
I>k

We now build a partition of unity with the required properties.
Claim There exist weight functions w, € W1 (0g,R, ), k =0,--- N such that

N
wr = 11in Oy and for0 <k <N, Jw;=0in0Oy and suppwy C Tx.
k=0
(3.13)

Proof (of the claim) Let us introduce the relation ~ on Oy defined as y ~ z if and
only if y € z4+Rey and [y, z] C Oy, or equivalently, if and only if y and z belong to
the same connected component of [z+ Re,] N Oy. For y € Oy, we denote by y the
class of y in the quotient space 00/~ and we denote by P the canonical projection
from Op onto Og/~.
We define a distance on OO/N. For this, we first set,

o [y —Z| if there exists A € R such that (y/,A) € yand (Z,1) € Z,
d\(y,2) = { .

o0 in the other cases.

Notice that we have d, (¥,z) > |y — 2| for very y',z" € Op. We then set,
d(y,2) =

R
inf{zdl<)_’ia)_’i+l) :R>0,50=9, Jp+1 =7 and y; €M fori=1,--- ,R}.
i=0

We easily check that d defines a distance with values into [0, +0] on Og/~ . More-
over, we still have d(y,Z) > [y — 7|

Notice also that for £ C OO/N, the mapping dg : y € Op — d(3,E) is Lipschitz-
continuous on its domain § = [dg < oo, with the bound ||Vdg |7~ (s) < 1. Indeed,
let y € Op such that dg(y) < e and let 0 < k < N and U be a neighborhood of y
such that y € U C Dy. By definition of d, we have dg(z) < dg(y) + |Z— | for ev-
ery z € U. By exchanging the roles of y and z, we conclude that |dg(y) — dg(z)| <
y—2.

We are now ready to define the weight functions. We first set, for 0 < k < N,

d(y7P<Dk)>>

Ok(y) := max (0,1— ol

so that 6, = 1 on Dy, |V6] < 1/(2ct) on Op and 6y is constant on every segment
of the form y+ (a,b)ey C Op. Moreover, if y € supp 6, then d(y,P(T;)) < a and
by definition of d, there exists a finite chain yo,---,yg+1 € Op with ¥y =y and
Vr+1 C Dy such that Y, d; (¥;,¥i+1) < a. By downward induction on i, we see that
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y; C Ty forevery R+ 1 > i > 0. In particular y C T} and thus supp 6 C Ty.
Eventually, we define recursively,

i<k

wo := 6y and wy = (1—Zwi>9k fork=1,---,N

We easily check that the family (wy) complies to (3.13). a
We can now define v, € W'2(0y) as

N
- Zwk(y)%(y') for y € 0.

By construction, d; ¥, = 0 in Og. In particular, for 1 < k < N, the restriction of
V. (y) to Dy does not depend on y,. We note ., € W!2(D)) the function such

that y, := y, , om,, on Dy.
Using Y w; = 1 and Vwy = — Y4 Vw;, we obtain for y € Dy,

N
vy — )y Z Y)Vwi(y)-

1=
z

V(Wi —wi)(y) =

=1

Taking into account (3.9), (3.12) and the fact that suppw; N Dy C Ji; for k <1
(respectively J; ; if k > [), we obtain:

Ve —es—V¥ili2 0 < €(00,0)(&+0). (3.14)

Now let us set y := y, + { where { € W!2(0yp) is the variational solution to
—AL = Ay, in Oy, {=0onTl, ;=0 onI"’,

where I' = UdDj x (k,k+ 1) denotes the vertical part of dOp and I’ := 9Oy \ I"
is the horizontal part, i.e: I = dOpN [Uf{vjll RY~! x {k}]. In particular, the out-
ward unit normal to Og on I'" is +e,, so that { satisfies homogeneous Neumann
boundary condition on I"’.

The function y is harmonic in Oy and since d,; & solves A(d;€) =0in Oy, d;§ =0
on d0y, we have d;{ = 0 and thus d;y = 0. Eventually, we compute

N
IV¢1z200) = /0 Vy,-V{ = k;l/l)kw*.vc

i barm. Z/ V(v —w)-VE <

N
;IIV(WL,k—WI’C)Hy(D@ IVEIlz2(0,)

(3.14)

< C 007 \/ £+Q HVC”L2 (09)"

Hence, we can substitute ¥ for y, in (3.14). This establishes the theorem for O
of the form (3.8) and e = ¢,.

Step 3 (general case)
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Let Oy CcC O C RY. For every direction e e S9-1 there exist a set 0% of the
form (3.8) and 0° C R¥ such that Oy CC OE CC 0’ CC 0, we can apply Step 2

to 0} C O’ and deduce the theorem for e = ¢’ and with a constant C(¢’,0,0").
The only remaining issue is that the constant in the right hand side of (3.3) should
not depend on the particular direction e.

Now, for every ¢’ € S9!, there exists a neighborhood .4 of Id in SO(d) such
that

Oy CC RO) CC RO’ cC O  foreveryRe A"

By isometry invariance, the lemma also holds with the constant C (eb, O%, Ob) for
any direction e € .4 e, By compactness of ¢~ !, we deduce that the lemma holds
for any e € S~ with the constant C(Op, 0) := max,,, C(e’,0),0") where [ is
some finite subset of $¢~! such that Upe ,/V be? = gd—1, O

Combining Theorem 2.2 and Theorem 3.1 we deduce the following result.

Theorem 3.2 (Strong rigidity inequality) Ler O be an open subset of R and let
0o CC O be connected then for every @ € W'2(0) we have the estimate,

inf Vo —e, —Vy|> < C(B,0) &.
‘VELOO,e* JOp

where e*eargmin{/ Vo —el? : eESdl}.
Jo

Remark 3.2 In dimension d = 2 the set Lo, ., reduces to the space of affine func-
tions ¥ : Op — R such that Vi = w for some w € e;. By Theorem 2.2, we have
w2 < V&, soif we set e := (e, +w)/|ex +w| = ex +w+ O(V/&), Theorem 3.2
yields

/ Vo —e> < C(B,0)&.
0o

Then, reasoning as in [6] (Proof of Theorem 3.1 from Proposition 3.4), we see
that (3.2) holds in any connected and bounded Lipschitz domain.

When ¢ is harmonic, Theorem 3.2 leads to an optimal control on the mean
curvature of the level sets of @. This result improves Corollary 2.1 in the sense
that the right hand side is now linear in &.

Corollary 3.1 Assume that O is the non empty open ball B,(x). Let ¢ : O — R be
harmonic and let I := {y € O : ¢(y) = @(x)}.

There exists By > 0 such that if & < Bor? then ' N B, /2 (x) is an analytic hyper-
surface and we have the estimate,

m*(x) < crr@ e, Ih|?(x) < crr@+2e, (3.15)

where Il denotes the second fundamental form of I and h its mean curvature.
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Proof Using, the change of variable @ (y) = r~'[@(x+ ry) — ¢(x)], we see that we
may assume that O = By and ¢(0) = 0.
First, by Theorem 2.2 and harmonic regularity, we have,

IV0— e, < CVE+E),

with e, € argmin{ [ [V — e|> 1 e € 771}, So, there exists By > 0 such that if
Cg) S B07

Vo —eullfogs, ,) < CVE < 1/2. (3.16)
Assuming, from now on, & < ), we have |[V¢| > 1/2 in By and the implicit

function theorem implies that I" N B/, is an analytic hypersurface. In fact, it is
easy to see that "M By, is a graph splitting By into two topological balls.

Next, let us denote by n(x) = V@/|V@|(x) the unit normal to I" atx € ' N B, /5.
We compute for x € I' N By 5, and v,w € n(x)*,

VIVa(x)w = [Vl (x)vT D> (x)w. 3.17)
Taking into account [V¢|(0) > 1/2 and (3.16) we get by harmonic regularity,
[11*(0) = |Vn[*(0) < 2|D*¢[*(0) < CV&. (3.18)

Let us now estimate the mean curvature /(0). Solving the optimization prob-
lem which defines e, we see that e, =m/|m| withm = fp V¢. By the mean value

property we have m = V¢(0), hence
e, =n(0).

Let us come back to (3.17). Taking the trace of Vn(0) on n(0)~* and using A@ =0,
we obtain,

h(0) = —Vr-n(0) = [Vo|~'(0) [n" D*¢n] (0).
By Theorem 3.2, there exists Y : By, — R, harmonic, such that n(0)-Vy =0 and
_ _ 2

By harmonic regularity, we deduce |D*(¢ — w)|(0) < C\/&. In particular, since
D>y (0)n(0) = 0, we have |[D?@n|(0) < Cv/&. Therefore,

|h|?(0) < 4" D*@n|*(0) < C&.

Unscaling (3.18) and this last estimate, we have established (3.15). O
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