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Abstract We propose a nonlinear elasticity model for vesicle membranes which is an Eulerian
version of a model introduced by Pantz and Trabelsi. We describe the limit behavior of sequences
of configurations whose energy goes to 0 in a fixed domain. The material is highly anisotropic
and the analysis is based on some rigidity estimates adapted to this anisotropy. The main part of
the paper is devoted to these estimates and to some of their consequences. The strongest form
of these estimates are used in a second article to derive the thin-shell limit bending theory of the
model.

Keywords Calculus of Variation - Helfrich functional - Willmore functional - Rigidity estimates -
Non-linear elasticity - Lipid bilayers

Mathematics Subject Classification (2000) 49Q10 - 74B20 - 74K25 - 74K25

1 Introduction

In an aqueous environment, the components of biological or artificial vesicles self-assemble spon-
taneously to form large structures. Usually these components are phospholipid molecules with a
hydrophilic head and two hydrophobic hydrocarbon chains. This variation of the solubility along
the molecules drives the aggregation process. To lower their energy, the phospholipids form small
spheres called micelles, with heads pointing towards the surrounding aqueous medium and tails
pointing toward the center. They also aggregate to form large membranes made of two mono-
molecular layers with all hydrophobic tails pointing toward the interior — see Figure 1.1. Because
open sheet configurations would involve a huge edge energy, the bilayers form closed encapsulat-
ing structures. The enclosed area and the bilayer membrane are called a vesicle. The composition
of the fluid inside a vesicle may differ from that of the surrounding medium. For this reason,
vesicles play a crucial role in the organization of substances in living cells.

The vesicles membranes are a few nanometer thick whereas their size can reach the order
of tenth of micrometers. In such a situation we can consider that the size of the vesicle is large
with respect to the thickness of its membrane (diam (S§) > 2¢) and it is tempting to model the
membrane as a surface X = dO and to define its free energy as a function of its geometry. This
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Fig. 1.1 Main phospholipid structures. Fig. 1.2 A minimizing configuration for the model of Peletier and
Roger.

point of view has been introduced by Canham [2] and Helfrich [5] — see also the review paper by
Seifert [13] for a description of such models and comparisons to experiments. Vesicle membranes
do not behave as other interfaces as their shapes are well described by the optimization of a
bending energy and not by surface-tension theories. In the seminal paper [5], Helfrich considers
an inextensional membrane represented by the surface X whose elastic energy is given by the
integral over X of a second order polynomial function of its principal curvatures. This assumption
includes the invariance of the stored energy function with respect to rotations in the tangent plane
to the surface X. Under these conditions, he deduces the general form of the free energy of a
membrane:

Vet = rq/Z!h—u!z —f—KzLK +K3°(X).

In this formula / denotes the scalar mean curvature of X and K denotes its Gauss curvature. These
quantities are derived from the second fundamental form of X which is defined as Il = Vyn where
n is the outward unit normal to X = dO. With this notation, K :=detll and h :=Trll =Vy -n —
notice that the sign of the scalar mean curvature depends on the choice of the orientation on X.
Thanks to the Gauss-Bonnet formula, the second term of #,; only depends on the genus of X
and by inextensionality, the last term is a constant. Hence, it is equivalent to consider the energy

Wy = /th—uyz. (1.1)

The parameter it € R accounts for the spontaneous curvature of the membrane which may arise
for instance from differences between the properties of the environment on both sides of the
membrane. When y = 0, the energy simplifies to the Willmore functional

W(E) = /th|2. (1.2)

Our purpose is to derive rigorously the Helfrich energy 7, as a limit as € goes to 0 of a 3-D
model of nonlinear elasticity for vesicle membranes with small but positive thickness 2& > 0.
Our work follows other attempts in this direction. Let us mention a very interesting model in-
volving thick membranes introduced by Peletier and Roger in [10]. Their model is based on the
description of the location of the tails and the heads of the lipid molecules thanks to density
functions — see Figure 1.2. The Willmore energy appears as a second order term in the I'-limit
expansion of the family of energies that they consider.

The Helfrich energy also arises as the I'-limit of some phase field models, see e.g. [1,7]. Such
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models are used to approximate the Willmore energy in image processing and our work may ap-
pear as an alternative in this field.

One can already find formal derivations of the energy of vesicle membranes from 3-D elasticity
theory [12,3]. In these papers it is either assumed that the lipid molecules are rigid rods, or that
the deformation of the material varies linearly in the out-of-plane direction.

Our choice of a continuum mechanics description is disputable. Indeed, since the thickness
of a vesicle membrane is of the same order as the length of the molecules that make it up, we
believe that an accurate model should be based on quantum mechanics or, at least, on a dis-
crete description of the material. The finite thickness model for vesicle membranes is relevant as
an intermediate description between a two-dimensional bending theory and models accounting
for interactions between discrete objects. Our model is also oblivious to various phenomenons
such as phase transitions in the membrane, fluid flows or the possible presence of a cytoskeleton
strengthening the membrane.

1.1 A highly anisotropic model in nonlinear elasticity

The lipids in a vesicle membrane are held together by non-covalent bonds. If the aqueous en-
vironment prevents membrane lipids from escaping from the bilayer, nothing stops them from
moving about and changing places with one another within the bilayer. Hence, the membrane
behaves as a two dimensional fluid. On the other hand, the membrane is a structure which resists
to stretching and bending and it can also be considered as a solid. Here, we propose to model the
vesicle membrane as a degenerated elastic material. In the sequel, we will switch to an Eulerian
formalism but we start from the more familiar Lagrangian description. We represent a piece of
membrane as the result of the deformation of a reference domain S x (—¢,€) where S is a sur-
face and 2¢ is the natural thickness of the membrane. The deformation and displacement of the
membrane are given by a (one to one) mapping,

D : Sx(—¢€) — R

The free energy associated to such deformation reads
F@) = [ fDP)d
Sx(—¢,€)

where f: R*® — R, is the so called stored energy function. For simplicity, let us assume that
S C R? is a piece of a plane and that f(Id) = 0.!

Since, the membrane is a two dimensional fluid, the stored energy function has to be anisotropic.
For an isotropic material, the symmetries of the problem are given by the relations f(D®(x)R) =
f(D®P(x)) for any R € SO(3). Here, we expect that for any deformation @ of the form

D(x) = (D' (x1,x2),x3) with @ € C'(S,R?) volume preserving, (1.3)

we have f(D®(x)) = 0. We deduce that f(DP(x)A) = f(DP(x)) for any A € SL(3) such that
Ae; = e3 and Ae3L C e3L. This leads to

f(DP(x)) = g(P(x) x hP(x),d3P(x)), (1.4)
for some g : R3xR? =R Moreover,

f(DP(x) =0 <= D) xhd(x) = Ad(x) €52 (1.5)

! These restrictions rule out non-vanishing spontaneous curvatures but we will recover the general case in the Eulerian setting,
at the end of the next subsection.
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Notice that there exist smooth functions f complying to the above symmetries for which equiv-
alence holds — for instance f(D®(x)) = |01 P (x) x A P(x) — A D(x)|> + (|3 P (x)|> — 1)%. The
set of zero-energy deformations is larger than in the isotropic case. In this sense, we consider a
highly anisotropic model.

Such stored energy functions have been proposed and studied by Pantz and Trabelsi in [9],
where they perform a formal asymptotic analysis. With their notation, the present model cor-
responds to #p = 0. It is fair to mention that the present study has been suggested by Olivier
Pantz.

We have described the set of zero-energy deformations. Before switching to the Eulerian set-
ting, let us briefly describe the simplest elements of the complement of this set: linear deforma-
tions which are penalized by an energy cost. In view of (1.5) the linear deformations which may
cause an increase of the free energy are combinations of the form @ = Ro @ o &, 0 @3 where R is
a rotation and at least one of the elementary deformation @; is not the identity. These elementary
deformations are:

— a variation of the width of the membrane ®; (¥, s) = (X' /v/A, As) with 4 > 0,

— an isotropic variation of the density of the material, ®,(x) = Ax with A > 0,

— atilt deformation of the form ®3(x’,s) = Ax’ +se, with A > 0, e € S? and det DP; = A%e-e3 =
1 — see Figure 1.3.

o = arccos(e- e3)

Fig. 1.3 A tilt deformation.

1.2 Eulerian version of the model

In order to achieve a rigorous I -limit analysis, we have to establish some compactness results
for sequences of deformations satisfying uniform energy bounds. For this task, the Lagrangian
point of view is troublesome. Indeed, since any planar volume preserving rearrangement of the
form (1.3) does not affect the energy, any compactness statement can only conclude to conver-
gence up to right composition by such rearrangement. We avoid these difficulties by considering
the Eulerian counterpart of the above model. This is also consistent with the fluid nature of the
membrane.

Let us set 2 = ®(S x (—¢,¢€)) and rewrite the energy as a function of ¥ = @~ !. We obtain
formally,

TV, Q) / f( D'P y))detD¥(y)dy = / SfEu(DY).
The symmetry hypotheses on the Lagrangian model transpose as

Jeu(ADY(y)) = feu(D¥(y))

for any A € SL(3) such that Ae; = e3 and Aes C e5. The counterparts of (1.4) and (1.5) write,
Je«(D¥(y)) = gea(VHI(y) x VI2(y), VH5(¥)),

fed(DP(y)) = 0 = V() xV(y) = VH(y) €5 (1.6)
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Let us now get rid of the Lagrangian formalism. From the reverse deformation ¥, we only need
to keep track of the two following fields defined on €2,

o = V¥Y xV¥ and 1 = Y.

By Piola identity, we know that V.o = 0 in Q. We also see that |f| < € in Q and, if @ is
sufficiently smooth, that = +¢€ on d Q. Our model then rewrites formally as,

Fuu(0.7.2) = [ gu(0(),7()d.

where €2 is an open set, 0 is a divergence free vector field on 2 and where there exists ¢ €
C(Q,[—¢,¢]) such that Q = [|¢t| < €] and T = V¢.

The quantities ¢ and ¢ have natural physical significations. We can see the reference shape
S x (—&,¢€) as a collection of fibers with length 2¢, indexed by X' € § and oriented by e3. Given
x' € S, the corresponding reference fiber is described by (¥, s) where the abscissa s on the fiber
ranges from —& to €. The deformation of this fiber is given by @ (s) = ®(x',s). If we consider a
single deformed fiber passing at some point y € ©, then #(y) gives the abscissa at this point on the
corresponding reference fiber, that is the natural abscissa of this point on the fiber at rest. On the
other hand, the relation ¥ = @~! shows that 6(y) = V¥ x V¥4(y) is the flux of fibers passing
at point y.
Therefore, ¢ gives the local direction of the oriented fibers and T = V¢ is orthogonal to the level
sets of the fiber natural abscissa. The relations on the right hand sides of (1.6) mean that these
directions are equal (no tilt), that the local elastic fiber is not stressed and that the local density of
matter is the density at rest.

In order to take into account a possible spontaneous curvature of the membrane, we relax the
divergence free condition on ¢ to the condition,

V.o=u in Q.

The parameter 1 € R depends on the material. At micro-scale, this amounts to consider that fibers
have a linearly varying “thickness” along their abscissa. We can also obtain this spontaneous
curvature model from the Lagrangian model by considering stressed reference shapes.

Eventually, we want to model closed membranes which separate the inside from the outside.
To achieve this we assume that we can extend ¢ as a continuous function on R? with values
into [—¢, €]. By convention, we assume ¢ = € in the neighborhood of infinity. The domain of the
membrane is still [|¢| < €] and the area [r = —&] defines the interior of the vesicle.

1.3 The general model in dimension d and the zero energy limit

Since it does not create any additional difficulty, we fix an integer d > 2 and set the problem in
R?. The physical case corresponds to d = 3.

Given i € R and € > 0, a membrane of thickness 2¢ in R? is modeled by a bounded open set
Q C R? and two mappings 7 € L*(R¢,R¥) and ¢ € L?(2,R¥). These objects are subjected to a
set of constraints:

e there exists 7 € Wllo’cz(Rd) NC(RY,[—¢,€]) such that T = V¢ and ¢(y) = ¢ for |y| large enough.
e O ={ycR?: |f|(y) <&}

e V.o =y in2'(Q).
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We will say that a configuration a = (o, V¢, Q) complying to these hypotheses is an e-membrane.

The elastic energy associated to an €-membrane has the form
F(a) = [ f(60). Vi) db.

where f € C(R? x R?,R ) depends on the material. In our context, the stored-energy functions
f of interest vanish on the sphere

sl = {(e,e):eESd*]} CRYxRY,

We assume that the stored energy function is not degenerated with respect to this property, that is
f(.)/d(-,S41)? is bounded from below by a positive constant on R? x R?\ §¢~ 1,

1.4 Heuristic for thin vesicle membranes

For an e-membrane (o, V¢, Q) with moderate energy, the vector fields V¢ and ¢ should be close
from one another, with magnitudes close to 1. If we have exactly (o,V¢) €S9~ ! then At =V .0 =
1. We conclude that T = V¢ is a unit magnitude harmonic vector field for which the following
Liouville type property holds.

Let O C R?, open. If 7: O — SV is harmonic. Then 7 is locally constant. (1.7)

Proof (of (1.7)) Let B C O be an open ball with center y. Using |t| = 1 and the mean value
property, we compute,

_ 2
FEOE i) fo = 1-pa0)? = 0,

and 7 is constant in B. O

In this zero energy case, the domain Q = [|¢| < €] can only be a disjoint union of plates with width
2¢. It can not model a finite closed membrane: in our setting, membranes are always stressed.

To treat the case of a small but non-vanishing energy, we establish below rigidity inequalities
which roughly state that if (o, Vi) is close to S?~! in some domain, then ¢ and Vr are close to
the same constant vector field in this domain. We expect that for configurations with a moderate
energy, 2 is almost the €-neighborhood of some close surface X and that o and V7t are close to
the unit normal to X.

To get a more intuitive understanding of the link between our finite thickness model and
Helfrich bending theory for surfaces, let us consider a fixed smooth hypersurface ¥ = 90 C R?
and let us build a family of €-membranes with moderate energy and whose domain is the &-
neighborhood of X.

Let u € R and let O C R? be a smooth bounded open set, let £ = dO and v be the outward unit
normal on dO. We first define the function 7 as the signed distance function from X.

1(y) = d(y,0)—d(y,R"\ 0).
Then for € > 0, we set Q. = {y: |t(y)| < €} and

e t<y> lfyGQg,
e(0) = {is if +1(y) > €.
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For € > 0 small enough the function ¢ is smooth in Q¢ and |Vz¢| =1 in Q.. We then need to
define a vector field o, € Lz(_Qs), close to Ve which satisfies V- 6z = 1t in 2’ (). For this, we
consider the mapping

v:ZxR—=RY y(x,s) == x+sv(x).

There exists &, > 0 such that y is a smooth diffeomorphism from X x (—¢&,, &) onto its image
Q.. The inverse mapping is given by ¥ ! = (1) where 7 is the orthogonal projection on X.
As an ansatz, we look for a vector field o : Q, — R? of the form

_ A(m(y),t(y))
o) = Gelia+10)Vev (o) )

with A(x,0) = 1 for x € X. The condition V-6 = u in £, is equivalent to

/ V-0 = —u/ [0) for every ¢ € 7(£,).
Q, 0,

Using the change of variable y = ¥(x,s) and noticing that the Jacobian determinant of ¥ is
Jy(x,s) = det [I;+sDv(x)], we get

/):/8; A, s)% W(x+sv(x))] dsd™ (x)

= —H/Z/_E; W(x+sv(x))det(Id +sVyv(x))dsd ().

Integrating by parts in s in the left hand side, we deduce that A satisfies the ordinary differential
equation, dsA (x,s) = pdet(ld +sVsv(x)). With the condition A (x,0) = 1 on X, we obtain

1-|-,LL/ det(Id+rVygv(x))dr
0
det(Id +sVgv(x))

o(x+sv(x)) = v(x).

Expanding the determinant with respect to s, this yields
o(x+sv(x)) = v(x)—s(h(x)—p)v(x) +0(s?),

where h(x) = Vx - v(x) is the scalar mean curvature on X.
Now, for € € (0, &, ), we set

o G(y) ifyGQ&‘a
Ge(y) = {0 if y e RY\ Q.

Forx € X and s € (—¢,€), we have Vg (x+sv(x)) = v(x) and 0g(x+sv(x)) = v(x) — s(h(x) —
W) v(x) + O(s?). Taking into account the identity Df = 0 on S?~!, we see that the energy of
ag = (0g, Vg, Q¢ ) expands as

Flae) = € [ (D F(v.v) (- +0(e"),
where the function ¢ depends on the Hessian matrix of f on S¢~ 1.

In view of these computations, we expect that under symmetry hypotheses on f, the Helfrich
energy (1.1) arises as the limit as & tends to 0 of the family {.% /&’} defined on &-membranes.
This analysis is performed in the second part [8] of this paper in the case u = 0 and under further
hypotheses and volume constraints. In the language of I'-convergence, we prove a compactness
result, a lower bound result and we establish the matching upper bound in the smooth case.
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1.5 The vanishing energy limit

From now, on we assume y = 0 and, in this first part, we only consider the non-degenerated case
f = fo where

folu,v) i= |u—v]>+(Ju| = 1)>+(]v| = 1)> for every u,v € RY.

The energy functional associated to this particular function is denoted by

Fo(6,7,Q) /fo ). (1.8)

As a first step toward the I'-limit analysis of [8], we study the vanishing energy limit for
configurations with fixed typical membrane width. When (g, V¢, Q¢ ) is an €-membrane, we
can perform the scaling

Q=€ 'Qe, 1)) =€ te(€y), 0()(y) 1= 0e(eY).

We easily see that (0(g), V), 2(¢)) is a I-membrane and that

g()(G(S), T(S), Q(e)) = 83_d3?0(68, Te, .Qg>.

It is thus sufficient to consider membranes of width 2. We prove the following compactness/structure
result.

Theorem 1.1 Let O C R? be a bounded open set.
Consider a sequence ay = (0y, Vg, Ox), k > 1 such that

i) O C O is open;

ii) o € L? (ZOk,Rd is divergence free;
iii) tpy eWh 1,1]), satisfies ty = +1 in O\ Oy;
v) (t) is umformly equi-continuous on O;

v) we have

Fo (Gk,vtk,0k> —0 askToo.

Then, there exists t, € W2(0)NC(0,[—1,1]) such that, up to extraction,

te — t, uniformly in C(0), weakly in W'*(0),
and strongly in WIZCZ(O*) with O, = {y€ O:|t(y) < 1}.

Moreover, Vi, is locally constant with unit magnitude in O,..

More explicitly, the structure of the limit ¢, is the following. L

The function 7, is constant (equal to 1) on any connected component of O\ O,..

For any connected component €’ of O, there exist e € S~ and yo € R? such that £,(y) = (y —
yo)-e fory € €. In particular ¢ is a connected component of O N {y ER?:|(y—yo).e| < 1} (see
Figure 1.4). Let us observe that this structure corresponds to a union of plane membranes with
thickness 2 and with fibers aligned along the normal direction.
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Fig. 1.4 Example of a vanishing energy limit state for which O, has four connected components.

1.6 Rigidity estimates

The proof of Theorem 1.1 is based on some rigidity estimates. However the more precise rigidity
estimates and their corollaries established in the present paper are not required for this task but
are motivated by the I'-convergence analysis exposed in the second part. In particular € — § type
statements are not sufficient for this analysis and we need precise quantitative estimates.

For the compactness and lower bound results of [8], we are led to consider families {ae} =
{(0¢, Vte, Q¢) fo<e<1 such that a, is an e-membrane satisfying the energy bound,

Folag) < Eoe’. (1.9)

In the proof of the compactness result we build a smooth hypersurface X¢ which represents the
membrane (O, Te, ;) in the sense that £ is close in L' to the e-neighborhood of X, and that
the normal Ve on X is close to Vz, and o,. We then need to establish that the vector field Vz¢(y)
is close in Q to the normal Vg (x) of a smooth surface passing through some point x near y. This
normal defines a “thickness” direction for the membrane. A natural candidate for such a direction
is Vtg, this choice amounts to define X, as a level set of 7. Since Vz; may not be continuous,
this choice is not reasonable without preparation: we first need to mollify Vz.. We are then led to
consider averaged quantities and to address the following issue:

Consider a closed ball Bs,(x) C £¢, where 6 > 0 is a small radius. Does their exist a direction
Ve(x) € 8971 such that Vt, is close to Ve(x) in L?(Bgg(x)) ?

The relevant tool to tackle this problem is the energy bound (1.9). This bound indicates that
fo(0e, Te) has typical order of 2. This implies that Vz, is close to §4-1in L?(£¢) but also that 7

is almost harmonic in the following sense.
For every ¥ € Z(Bg¢(x)), we have, since o is divergence free:

1/2
Bse (x) Bse(x) Bse (x)

Atellg1(85, ) = Joze( f0(Oer Te) = O(X).
It is convenient to introduce the scaled function ¢(y) := %tg (x+ €y). The preceding argument
implies that the local energy

Hence,

._ 2 2
6= [ (V0117 + 10l 14
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has typical order of €.

In the limit case & = 0, V¢ is a harmonic vector field with unit magnitude in Bg. The rigidity
property (1.7) implies that V@ is constant in Bg. In this case, the natural normal direction is the
constant unit vector e = V.

For & > 0, & ~ €2, we establish rigidity estimates associated to (1.7). The weakest form of these
estimates states that:

vn >0,3B >0 suchthat &£<f — rniin1 HV(P—eHLz(BS) <.
ecS4—

The minimizer e, € S~ ! of |V —e||,2 (Bs) then provides an average “thickness” direction.

Remark that the rigidity property (1.7) is related to the Liouville theorem: if O C R? is an
open set then for every w € W1 (0,R?),

Vy €SO(d)ae. = Vyislocally constant.

The associated L>-rigidity estimate established by Frieseke, James and Miiller in [4] is now clas-
sical: if O C R is a Lipschitz, bounded and connected open set, then,

inf /|V1//—R|2 < C(O)/d(Vl//,SO(d))2 for every y € W1?(0,RY).
ReSO(d) Jo o

In the same spirit, we establish some rigidity inequalities associated to (1.7).

It turns out that when we apply these rigidity estimates to a harmonic function ¢, they provide
some control on the curvature of the level sets of ¢. In particular we can deduce bounds on their
Willmore energy (1.2). These bounds are a key ingredient of the compactness step in [8]. Indeed,
the main part of the hypersurface X, is defined as a piece of a level set of some harmonic func-
tion. In the sequel, we state the consequences of our rigidity estimates on level sets of harmonic
functions which are relevant for this purpose.

1.7 Notation

Throughout the paper, the letter C denotes a non negative constant which is either a universal con-
stant or only depends on the dimension d. For constants which also depend on other parameters,
oy, -, 0, we write C(ay,- -, 04). As usual, the values of these constants may change from line
to line.

We write B,(y) to denote the open ball in R? with center y and radius » > 0 or simply B, for
B,(0).

The k-dimensional Hausdorff measure of a set E C R? is denoted by sZ*(E).

For e € S~!, 1, denotes the orthogonal projection on the space
et ={yeR?:y.e=0},

thatis m,(y) =y — (y-e)e.
We also identify e with R?~! and for y € RY, we write Y/ = (y1,"++,ya_1) = T,,y. Hence, y =
()’/a)’d>-
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1.8 Outline of the first part

In Section 2 we establish some local rigidity estimates associated to the Liouville property (1.7).
We start with Theorem 2.1 which only applies to harmonic functions ¢. This result will allow us
to control the average Willmore energy of the level sets of such harmonic function (Corollary 2.1).
Another application of Theorem 2.1 is the weak rigidity estimate (Theorem 2.2) which states that
the L2-distance from V¢ to S~ is controlled by the square root of the L?-norm of |[V¢| — 1. At
the end of the section, we prove Theorem 1.1 as a consequence of this rigidity estimate.

In Section 3, we improve the rigidity estimates and obtain a linear control of the Willmore
energy of the level sets of ¢ with respect to the integral of (V| —1)? (Corollary 3.1).

2 Weak rigidity estimates and proof of Theorem 1.1

As stated above, if O C R? is a non empty connected open set and if ¢ : O — R? is harmonic and
satisfies |[V@| =1 in O then V¢ is constant. We prove here various estimates associated to this
rigidity property.

We begin by relaxing the constraint
first step relies on the Bochner idendity,

V| = 1, still assuming that ¢ is harmonic. As in [4], the

A[VoP] = 2Ve-VAg+2[D%p? *=™ 2D,

Theorem 2.1 (Weak rigidity estimate, harmonic case)
Let O C R? be a nonempty open set and let @ : O — R be a non locally constant harmonic
function.

Then, for 0 < o < d/(d — 1), the function |D*@|?>/|V@|% is locally integrable and we have the

estimate,
2 012 2—a
/ [D79| 1< 1 / Vo Ay, @.1)
o |[Vol|® l—a(d—1)/dJo 2—a

forevery x € 2(O,R.).

Remark 2.1

i. The case o = 0 corresponds to Step 2 in the proof of Proposition 3.4 in [4].

ii. The proof combines the Bochner identity and the simple pointwise inequality (2.5). This
line of reasoning is well known in the Geometric Analysis community (see e.g. [6], [11]). How-
ever, we did not find the estimate (2.1) in the literature. For example, it follows from [6]-
Lemma 7.2 and [6]-Lemma 6.1 applied to |V¢|@=2/(¢=1) that for 0 < a < d/(d — 1) and
Oy CC O,

VIVell? / 2o
———— < C(0y,0,0 \Y% . 2.2)
|, el = €0, [ vol (
In this inequality, the weight Ay which appears in the right hand side of (2.1) is missing. This

weight (or any other bounded weight with vanishing mean value) is necessary to establish Corol-
lary 2.1.b below.

iii. An interesting consequence of the lemma is that for ¢ harmonic in O and 8 :=1— 0 /2 >
(d—2)/2(d—1), we have

Vol? € WgZ(0). 23)
In particular, in any dimension, \/|V¢| € Wllo’cz(O)
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iv. The result does not hold in general if ¢ is not harmonic, even if V¢ is. For instance, if we
choose ¢(y) = y3/2, then

ID*¢*/|Ve|* =1/|y1|* ¢L,.(RY) for o> 1.

v. As shown by the counterexample @(y) = y;y2, the conditions o < 2, B > 0 for (2.2) and (2.3)
are optimal in dimension d = 2. In higher dimensions, we do not know the optimal exponents.

Proof (of Theorem 2.1) Let O, ¢ and ) be as in the statement of the theorem, let 0 < a < 2 and
let n > 0 be a small parameter.
We start with the identity A[|[V@|?/2] = |D?¢|?> which holds for any harmonic function ¢.

Mutliplying this identity by x /(12 +|V¢|*)%/? and integrating by parts, we get,
_ [ IVOI(VIVe|- Vi) a/ De-Vol* / Dol
o (n*+[Ve[?)*/? 0 (n2+|Vel?) 2! o (n*+|Vel[?)*/

Using the notation,

A(y) == D*@(y) and ny(y) := Vo) /\/n*+|Ve2(»),

the above identity rewrites as,

|A]> — &l Ang|? / Vo
X = - VIVel|-Vx
/o (M2 +|Vo[?)e/> 0 (N2 +|Ve[?)/?
We simplify the right hand side by using the identity,
(> +|Ve[H)! 2| Vol
2-«a (n*+[Ve[?)*/2

\Y%

VIVe|.

Integrating by parts, we get

/ L ) / (n” +VoP)=e 2.4)
o (n*+|Ve[2)*/? 0 2-a ' '

Now, let us fix y € O and let us estimate from below the quantity |A|*(y) — a|Any|*(y) which
appears in the left hand side.
Since ¢ is harmonic, the symmetric matrix A(y) = D>¢(y) has zero trace. Let A;,i = 1,---,d be
the eigenvalues of A(y), ordered by magnitude (in particular, |14 = max |A;|). Using |1y (y)| <1,

we have,
AW —alAM)m ) = Y A7 —ari = |AQ)IP (1-aBj).
where we have set f3; := A4;/|A(y)].
Minimizing the last term under the constraints ¥¢  ; = 0 and Y'¢, B? = 1, we obtain (1 —
af3) > (1—o(d—1)/d). Hence, for a <d/(d — 1),

D)= el P = (1-a ) Ao)P, 23)

Assuming @ < d/(d — 1), and using this inequality in (2.4), we get,

. 212 2 2\1—0r/2
(1_ad 1)/ D ¢|"x S/(n HIVel)
d ) Jom*+|Vel)* ~ Jo 2-a
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Letting 1 | 0, we get by the monotone convergence theorem,

d—1 |D*gl? Vo[> *
1— < — Avy.
( “a >/o!V<pI“X‘/o 2—a F

This proves the theorem. ad

For our purpose, the interest of Theorem 2.1 resides in that it allows us to control the second
fundamental form of the level sets of ¢ in L.

Corollary 2.1 Let O C R? be a connected, non empty open set and let ¢ : O — R be a harmonic
function.
Then, for almost every s, the set I'* := @~ '({s}) is either empty or an analytic hypersurface.
Moreover:

a) We have the following control on the (d — 1)-volume of these hypersurfaces,

[t ryas —%d<0>\ < [Ivol-1

b) Let Og CC O and let us set v* := 1IN Oy for s € R. We have the following control on the
curvature of these level sets,

/R{/y Illslz(y)d%d‘(y)}ds < C(OO,O)/0||V(I)|_]|’

where Il denotes the second fundamental form on y°.

Remark 2.2 Thereafter, we improve the control on the Willmore energy of the level sets of ¢
in domains where we already know that |V¢| is bounded from below by a positive constant.
The strength of Theorem 2.1 and Corollary 2.1 lie in their robustness as they are valid in the
neighborhood of the critical set [V = 0].

Proof (of Corollary 2.1)
(a) By Sard theorem, for almost every s, the vector field V¢ does not vanish on I'*. For such
s, I'* is either empty, either an analytic hypersurface. Now, by the co-area formula, we have,

| vel = /R{/ﬁlod%d‘} as = [ () ds

Writing [, |Vo| = 5%(0)+ [,[|[Ve| — 1], we obtain the first estimate.

(b) The unit normal at some point x € I'* is defined as n(x) := V@ /|V@|(x). Then, for v,w €
n(x)*

(x)(v,w) = v Va(x)w = %

In particular, |IIj|(x) < |[D*@|/|V@|(x). Squaring and integrating on ¥ and then in s, the co-area
formula leads to,

/{/ lzpyzdjfd—l}ds < /{ |D2¢|2d%d_l}ds :/ Do
R | /p ~ R Uy [Vol? 0, Vol

The conclusion follows from Theorem 2.1 with o = 1. O
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Now, we also relax the condition A¢ = 0. In our context, the relevant quantity for measuring
the distance from the constraints is the (local) energy,

& = /<ywp|—1>2+inf{/ c— Vol : aeL2<0)d,v-czo}. 2.6)
o o

Notice that by definition of .%( (see (1.8)), we have & < Zy(V @, 0, 0) for any divergence free
vector field o € L*(0)“.

When O is bounded and V¢ € L?(0), the infimum appearing in the right hand side of (2.6) is
equal to ||A(p||%1,1 (o) Indeed, the minimizer o satisfies the Euler-Lagrange equations

/(6—V(p)-6 = 0, forevery6ecL?*(0)! st.V-6=0in 2'(0).

By De Rham theorem, we see that c — V¢ = Vp where p solves

~Ap=A@ inZ'(0), peW,*0). 2.7)
The infimum in (2.6) is thus ||Vp|y§2(0) = ||A(p||i,,l(0) <é&.

The notation (2.6) is used throughout this paper. We also use the decomposition ¢ = @ — p
where p solves (2.7). By construction, the function ¢ € W!?(0) is harmonic and

Laval-0? < 2 [ (vel-17+2 [ Vo < 26,
0 0 0

We use Theorem 2.1 to control the distance (in L?(0)) from V ¢ to the set of constant functions
with values into §¢~ 1.

Theorem 2.2 (Weak rigidity estimate) Ler O C R? be a Lipschitz bounded and connected open
set, then for every ¢ € W'2(0),

inf /0|V(p—e]2 < C(0)< H(0)& +£). (2.8)

ecSd—1

Remark 2.3 By homogeneity, the constant K := C(0O) in (2.8) only depends on the shape of O,
ie.if O =ARO, A >0, R € O(d) then (2.8) also holds in O' with C(O’) =K.

Proof We split @ in ¢ = @ — p as above. We have ||V — V(p||%2(0) < &, so it is sufficient to

establish the lemma for the harmonic function @.

We now assume that ¢ is harmonic. Let € be a partition of O in cubes of the form K = yx +
px|—1,1)¢ such that

K = yk+px[-2,2) CO, d(yk,R?\ 0) < 4diam(K)
and for every z € O, #{KG%:zel?} < 24,
Remark 2.4 To build such a partition, we start with a cube Ky O O and subdivide it in 24 half-

cubes K1, - - - K,4. For every i, we check whether I?i C O. If this is true, we pick K; (that is K; € €),
if not, we divide K; into 2¢ equal subcubes K1, ,K; ,a and proceed recursively.
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For each cube K = y+p[—1,1)¢ € €, we apply Theorem 2.1 with o = 0 and y € Z(K)(y)) such
that y > 1 and |Ay| < C/p?. We obtain,

p> [ D] < C [ IVoP 1.
K K

By construction, for every z € K, d(z,00) < 9v/dpg. Summing on all the elements of €, we get

/ID2<p!2n2 < C/ Vo> —1],
[0 0]

where 1 denotes the distance function 1 :=d(-,d0).
Since O is a Lipschitz connected domain, the following weighted Poincaré inequality holds:

[v=Vliz0) < €(0) [ [VyPn?  forevery y € W'3(0),

where we use the notation ¥ = f,, y.

Remark 2.5 This inequality is easy to establish in dimension 1 for functions in W!2(0, R;) which
vanish at 0 and with n(y) = y.
Then consider a domain of the form

Q={yeR?:0<y<Rifori=1,---d—1and0<y;— f(y1, - -ya_1) <Rg}

with f Lipschitz continuous and Ry, ---,R; > 0. Applying the 1D result in direction e;, we see
that the inequality holds for functions of W'?(Q) that vanish on the bottom dQ;, := {y € Q; yq =

JO1,---ya-1)} and with n(y) = no(y) := ya = f(y1, -+, ya-1)-
The result on a general connected and bounded Lipschitz domain O is obtained as follows. Cover

O with a finite collection of sets, each one being either a ball B CC O or a rigid displacement
of a set of type Q. Apply the last result on each subdomain of the form Q. Eventually, notice
that d(y,d0) < no(y) for y in such domain Q, sum the estimates and use the Poincaré inequality

Jorco W) —w(z)> <C(0) HVI//H%Z(O,) valid for Lipschitz bounded open sets O’ C R¢.

Returning to the proof, this leads to

[ 1vo-ol* < c(0) [ |IVol~1].
o o

On the other hand, by the Cauchy-Schwarz inequality,

/0\|V<p|2—1\ = /0||V<P|—1||(|V<p|—1+2) < E424/H4(0)E .
/0|V<P—V_<P|2 < C(0) <é"+\/%d(0)£). (2.9)

Next, writing ||[Vo| — 1| < ||[Vo| - 1|+ |Vo—Ve

#4(0) (yv_<py—1)2 < ¢(0) <£+,/%d(0)£>. (2.10)

Considering separately the cases [V@| < 1/2and |V¢| > 1/2, we deduce that there exists e € $¢~!

such that
/OIV<p—e|2 < €(0) <5+\/¢%ﬂd(0)g>.

Indeed, in the case [V¢| < 1/2, the inequality is obvious for any e € §4=1, In the second case, it
follows from (2.9) and (2.10) with e := V¢ /|V¢|. This proves the theorem. O

Hence,

, we also obtain,
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To close the section, we establish Theorem 1.1. The main tool here is the weak rigidity in-
equality of Theorem 2.2.

Proof (of Theorem 1.1)

Let €, O and (o, #, Oy ) be as in the statement of the theorem. By assumption the sequence (%)
is bounded in W‘*z(O) and uniformly equi-continuous, so, up to extraction, there exists a (not
relabeled) subsequence of (1) weakly converging in W!2(0) and strongly converging in C(0O) to
some t, € W'2(0)NC(0,[~¢,¢]).

Now, let O, :={y € O:|t.(y)| < €} and let B CC O, be an open ball. By uniform convergence,
there exists ky > 1 such that B C Oy for k > ky. By definition of & (see (2.6) and the ensuing
discussion) we have

& = /B(w 12 Al > O asktee.
Applying Theorem 2.2 with ¢ = f; on the ball B, there exists (v;) C S¢~! such that,
Jetoo

Since #;, — t, in 2'(B), it follows that V¢, = e in B for some e € §d-1, O

3 Strong rigidity estimates

The weak rigidity estimate of Theorem 2.2 and Theorem 1.1 are used in the proof of the com-
pactness result of [8] as €-0 statements. They enable defining a local normal direction in the bulk
of the membrane, at least away from a controlled number of balls of radius of order €. However,
the sublinear growth of the right hand side of (2.8) with respect to the local energy & prevents
deducing uniform L?-bounds on the variation of this normal. For this, one could think about using
an estimate of the form,

inf | |[Vo—e> < C(0)& forevery p € W!'2(0). 3.1
ecsd=1.Jo

If d =1 and O is a non empty interval, this estimate is obviously true. It also holds for d =2 when
O is a bounded and connected Lipschitz open set (see Remark 3.2) but not in higher dimensions.

Proof (Counterexample for (3.1) in the case d > 3)
Let w € W!2(0) be harmonic. If (3.1) were true, writing ¢(y) = y; + nw(y), and sending 1 to
0, we would obtain,

inf / Vy —w|* < C(O)/ AV

WEej 0 o
If y is a harmonic function that does not depend on y; and is not affine, the right hand side
vanishes whereas the left hand side is positive. Since for d > 3, such functions do exist, this
yields a contradiction. O

Although (3.1) is too strong to be true, there is room for improving the estimate of Theorem 2.2
by lowering the left hand side. We find out a relevant correction by linearizing the constraints
IVo| =1 and Ap = 0 around ¢y(y) = e-y. Setting Vo = ¢+ Vy, we have, at leading order,
e-Vy =0 and Ay =0. This suggests the following estimate.

inf /|V(p—e—V1//|2 < Cl0)é, (3.2)
WELO,e (0]
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where e € argmin{ [, [Vp —e¢|* : e€ S} and
Lo, := {y : O—=R : yisharmonicand e- Vy =0}.
Unfortunately, (3.2) is wrong in general.

Proof (Counterexample for (3.2))
Let us assume that O is the unit ball in R3, let p > 1 be an integer and let us set (using cylindrical
coordinates),

¢o(r,0,z) := z+nzr’sinpb.
By symmetry, the infimum in (3.2) is reached at point e = e, with y = 0. Sending 1 to 0, (3.2)
leads to the contradiction p? < C. O

On the other hand, substituting a relatively compact convex subset Og for O in the left hand side
of (3.2) leads to a correct statement.

Theorem 3.1 Let O be an open set, let e € S~ and let Oy CC O. Then, for every ¢ € W'2(0),

. 2 4
S Vo —e =Wyl g, < C00.0) (6419 —eliq)- (33)
Remark 3.1 i. The condition, ¥ € Lo, does not imply y = y’ o 7, for some function y' €

W!2(m,(0y)). We obtain a counterexample in dimension 3 by considering the helix shape do-
mains
Oy := {(rcosO,rsinB,z) : re(1/2,2),0 € (0,4x), |z— 6] < 1/2},

and O := Og + By /4. The function defined on O by
y(rcos8,rsin0,z) = \/rcos(6/2), with 8 suchthat |0 —z| <=

is harmonic and we have d3y = 0 but since W(y;,y2,z+2%) = —y(y1,y2,2), we have ||’ o1, —
V|20, = @ > 0 for every vector field &' € L?(m,(0),RY).
Now, setting @ = e3 + Ny and sendig 1 | 0, we obtain

ig/fHV(pn —e3 —5’07@”%2(00) > o’n?

> [IVonl = 10, + V0 —eslltz o) = O(T).

ii. However, if Oy is convex or simply e-convex, then for y € Lo, . there exists a unique harmonic
function y’ on 7, (0p) such that y = y/ o 7,.

Proof (of Theorem 3.1.)

In view of Theorem 2.2, we can assume & < 1. As above, we decompose ¢ = @ — p with @
harmonic and p € WO1 2(0) such that IVpll7, 0 < &. We see that it is sufficient to establish (3.3)
substituting @ for ¢. Eventually, by isometry invariance, we can assume e = ;.

From now on we assume & < 1, ¢ harmonic and e = ¢;. To lighten notation, we set Q :=

Hv(p_edHiZ(O)-

Step 1 (finite cylinder case). Let us first assume that Oy is a finite cylinder with direction e,
and width 2: let D’ be a smooth bounded open subset of ej = R4 we assume that

Oy =D :={yeR:yeD —1<y,<1}. (3.4)
Let us also fix A > 1 such that AD C O.
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We have, by harmonic regularity,
IVe —eallj=up) < C(AD,0)\/0. (3.5)

Thanks to this inequality, we can linearize the penalization on |V¢@| — 1. Indeed, writing V¢ =
eq+Vw, we have ||[Vo| — 1 — dyw| < C|Vw|?. Hence,

1
é">/ \% —12>—/ p) 2—C/ Vwl|?.
> w(| 0] )_Zwldw| w’ w|

With (3.5), this yields
/ lgw]* < 2&+C(A,D,0)0. (3.6)
AD

Now, let 6 € Z(—1,1) satisfying [ 6 = 1 and let us define
v.(y) = /G(S)w(y’,s) ds, foreveryy € AD'.
By Poincaré-Wirtinger inequality, we have,
||W_‘/’io7red|’i2(gy) < C(G)Hadwﬂiz(u)). (3.7)
Let us write ¥/ (') = w,(y') — {'()) where §’ € WO1 (D'} is the variational solution of
—A'l" = Ay, in AD/, ¢'=0 ond[AD].

We compute,

AC(Y) = /Q(S)A/w(y/,s)ds v harm. +ivp Cji—e(s) ow(y,s)ds.
s
Therefore, ) ,
HA,C/HH(AD’) < C(G)HadeLz(lD). (3.8)

We deduce from (3.7) and (3.8) that the harmonic function y = y/ o7, , satisfies

(3.6)
HW_‘//HiZ(,lD) < C(D',G)Ho"’de%z(M)) < C(LD’an)(@@"’Q)-

By harmonic regularity, we conclude to:
IV9 —ea = VYIZ ) = IV = VY2 < CD.0)E+0Q).

This establishes the lemma, for O of the form (3.4) and e = ¢,.

Step 2 (stack of cylinders) Let us now assume that Og has the following form. Let N > 1 and
D/,---,D) such that for every 0 < k < N, D), is either empty or a smooth open subset of RY1,
We assume that

N
Oy is the interior of the set U Dy where Dy :=Dj x (k,k+1). (3.9)
k=0

For o > 0, let us note B), the (d — 1)-ball {y/ € R¥~!| |y/| < a}. By assumption, there exists
o > 0 such that setting

N
Oy =D}, with D} :=D} x (k—a,k+1+a), D} := Dy+B,,
k=0
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we have Oy CC O(b) CcCO.

Now, let ¢ € W'2(0). We first apply Step 1 in the sets D,bC CC O. Forevery 0 < k <N, there
exist a harmonic functions y; : D}t — R such that d,; ¥, =0 and

Vo —eq— V‘lkaiz(Dz) < C(00,0)(E+0Q). (3.10)

We note y;, the harmonic function defined on D,bc, such that W = y; om,,. We also set for y € D,
E(y) := @(y) —ya — wi(y). Up to the addition of locally constant functions to the W, we assume
that fork=0,---,N,

/X & = 0 on each connected component X of D}t. 3.11)

Let 0 <k <N —1 such that [ := D}t/ ﬂD%c/H # 9. Using
L = [ x(k+1—o,k+1+a) C D,ND],
and (3.10) for k and k+ 1, we first deduce:

1
VW= VWil = NG VW= Vsl 2
1
< — = Z HvéjHLZI) < C(00>0>\/@@+Q-
V20 e ity e
Similarly, we compute, using (3.11) and the Poincaré-Wirtinger inequality,

1
— Lo< 2 .
7 ‘l’/lc+1HL2(Ik) - \/ﬁje{ HéJHLZUk)

kk+1}
b (3.10)
< Y CODIVEllaw < C00,0)VEFQ.
je{kk+1} :

We summarize the two last inequalities as
1V = Wi llwr 2y < €(00,0)/E+Q. (3.12)

Next, for 0 <k <1 <N, we note J, , := ﬂkgng?/. In particular, J; | = I for k <N —1, and
J;.; is non-decreasing with respect to k and non-increasing with respect to /.
Writing v — y; = 25_:}{(1//]'4_1 — ;) and noticing that J; ; C I for k < j <, we deduce from (3.12),

Wi = Villwiagy ) < C(00,0)V/E+Q. (3.13)

In order to define a global correction W, (y) = Y2_owk(y) ¥/ (y/), we need to build a partition
of unity {wy} on Og. For this, let us introduce a last sequence of (e;-convex) sets. For every
1 <k <N, we define

T = | T x (LI+1]

<k

U D} x (k,k+1) U [U T > [LI+1)
>k

We now build a partition of unity with the required properties.
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Claim There exist weight functions wy, € W' (0¢,R ), k=0, ---,N such that

N
Y wi=1in0y  andfor0<k<N, Jdywi=0in0o, suppwy C T;. (3.14)
k=0

Proof (of the claim) Let us introduce the relation ~ on O defined as y ~ zif an only if y € z+Rey
and [y, z] C O, or equivalently, if and only if y and z belong to the same connected component of
[z+Rey] N Oy. For y € Oy, we denote by ¥y the class of y in the quotient set OO/N.

We define a distance on OO/N. For this, we first set,

0(5.7) = |y'—7/| if there exists A € R such that (1,y’) € yand (4,7) €%,
8= e in the other cases.

Notice that we have d;(y,Z) > |y — Z/| for very y/, 7 € Op. We then set,
dy,z) =

R
inf{Zdl()Ti,y,-—H) :R>0,y% =Y, Vry1 =2z and y; € OO/N forizl,---,R}.
i=0

We easily check that d defines a distance with values into [0, +ec] on OO/N. Moreover, we still
have d(y,z) > [y —7/|.
Notice also that for £ C OO/N, the mapping dg : y € Og — d(3,E) is Lipschitz-continuous on
its domain § := [dr < o], with the bound ||Vd/||;=(s) < 1. Indeed, let By(y) C Op such that
dg(y) < eo. By definition of d, we have dg (z) <dg(y)+|z—y| forevery z € By (y). By exchanging
the roles of y and z, we conclude that |dg(y) —dg(z)| < 1.
We are now ready to define the weight functions. Let us denote by P the canonical projection
from Og onto OO/N. We set, for 0 < k<N,

Ok(y) := max (0, 1— M) ,

2a

so that 6 =1 on Dy, |V < 1/(2ex) on Op and 6 is constant on every segment y € Oo/~ t.
Moreover, if y € supp 6, then d (¥, P(T;)) < a and by definition of d, there exists a finite chain
Y0, ,YR+1 € OO/N with yg =y and ygy1 C Dy such that ¥;d;(3;,yi+1) < . By downward
induction on i, we see that y; C T; for every R+1 > i > 0. In particular y C 7} and thus supp 6; C
T;.

Eventually, we define recursively,

i<k

wo = 6y and wy = <1—Zw,~> 6, fork=1,---,N.

We easily check that the family (wy) complies to (3.14). O

We can now define y, € W12(0y) as

N
v(y) == I;)Wk<y>%(y/) for y € Op.
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By construction, d; ¥, = 0 in Op. In particular, for 1 < k < N, the restriction of y,(y) to Dy does
not depend on y,4. Using } w; = 1 and Vwy = — 3,4, Vw, we obtain for y € Dy,

2

V(y, - Z, —y)0)+ Z(vfz W) () Vwi(v)-

Taking into account (3.13) and the fact that
suppw; Dy C J,’(,l X (kyk+1) fork <lI, suppw; NDy C Jl',k X (kyk+1) fork>1,

we obtain:
IVo —ea = Vi3, < C(00,0)(E+0). (3.15)

Now let us set y := y, + ¢ where { € W!2(0y) is the variational solution to
—Af = Ay, in Oy, {=0onT, ;=0 onI",

where I' = UdD; x (k,k+ 1) denotes the vertical part of dOg and I'' := dOp \ I is the horizontal
part, i.e: I'" = d0p N [UYARY™! x {k}]. In particular, the outward unit normal to Oy on I"' is
+ey, so that { satisfies homogeneous Neumann boundary condition on I,

The function y is harmonic in Oy and since d,;& solves A(d;€) =0 in O, d;& =0 on 0y, we
have d;¢ = 0 and thus d,; ¥ = 0. Eventually, we compute

N
V|2 :—/V*.V:— /V*V
H CHLZ(OO) 0o |4 C k;o Dy |4 C

Y, harm. N
K2 _Z/ V(V[*_
k=0"Drk

1
2

Zuv )y | 19¢020,

(3.10),3.15)
< C(00,0)vVE+Q V|20

Hence, we can substitute y for y, in (3.15). This establishes the theorem for Oy of the form (3.9)
and e = ¢y.

Step 3 (general case)
Let Oy CC O C R¥. For every direction ¢ € S9! there exist a set O(b) of the form (3.9)
and 0° C R such that Oy CC O(b) CC O’ CC 0, wecan apply Step 2 to O% C O’ and deduce the

theorem for e = ¢” and with a constant C(¢”, O(b), 0°). The only remaining issue is that the constant
in the right hand side of (3.3) should not depend on the particular direction e.
Now, for every e e §9-1 there exists a neighborhood ./ > of Id in SO(d) such that

Oy CC RO) cC RO’ cc O  foreveryRe .A".

By isometry invariance, the lemma also holds with the constant C (eb, O(b), Ob) for any direction
ec N, By compactness of S, we deduce that the lemma holds for any e¢ € S¢~! with
the constant C(Qp,0) := max, E,C(eb, 0),0°) where I is some finite subset of $¢~! such that
U 61‘/Vb b:Sdfl. 0

Combining Theorem 2.2 and Theorem 3.2 we deduce the following result.
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Theorem 3.2 (Strong rigidity inequality) Let O be an open subset of R¢ and let Oy CC O be
connected then for every ¢ € W'2(0), if

e*eargmin{/ Vo —e|? : eESdl},
0

inf Vo —e, —Vy|*> < C(B,0) &.
WELOO,L’* 0()

then,

Remark 3.2 In dimension d = 2 the set Lo, ., reduces to the space of affine functions ¥ : Oy — R
such that Vy = w for some w € e;-. By Theorem 2.2, we have |w|?> < /&, so if we set e :=
(ex+w)/|ex +w| = e, +w+ O(V&), Theorem 3.2 yields

/ Vo —e|> < C(B,0)&.
0o
Then, reasoning as in [4] (Proof of Theorem 3.1 from Proposition 3.4), we see that (3.2) holds in

any connected and bounded Lipschitz domain.

When ¢ is harmonic, Theorem 3.2 leads to an optimal control on the mean curvature of the
level sets of ¢. This result improves Corollary 2.1 in the sense that the right hand side is now
linear in &.

Corollary 3.1 Assume that O is the non empty open ball B,(x). Let ¢ : O — R be harmonic and

letI":={y€ 0:9(y) = p(x)}.
There exists By > 0 such that if & < Bor? then I' N B, /2(x) is an analytic hypersurface and we
have the estimate,

' (x) < e, (n(x) < Cr @, (3.16)
where Il denotes the second fundamental form of I' and h its mean curvature.

Proof Using, the change of variable @(y) = r~1[@(x +ry) — @(x)], we see that we may assume
that O = By and ¢(0) = 0.
First, by Theorem 2.2 and harmonic regularity, we have,

199~ ecleis, ) < CVE+E),
with e, € argmin{ [ [V — e|? : e € S91}. So, there exists By > 0 such that if & < By,
Ve —e*Hiw(B]/z) < CVE < 1)2. (3.17)

Assuming, from now on, & < f§y, we have [V@| > 1/2 in B}, and the implicit function theorem
implies that I' N By, is an analytic hypersurface. In fact. it is easy to see that I'N By, is a graph
splitting By /, into two topological balls.

Next, let us denote by n(x) = V¢ /|V@|(x) the unit normal to I at x € I" N By ;. We compute
forx € I'N By, and v,w € n(x)*,

VIVa(x)w = |Vo|  (x)vI D*o(x)w. (3.18)
Taking into account [V¢|(0) > 1/2 and (3.17) we get by harmonic regularity,
[H1*(0) = |Va*(0) < 2|D*¢*(0) < CV&. (3.19)
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Let us now estimate the mean curvature 4(0). Solving the optimization problem which defines
ex, we see that e, = m/|m| with m = fz V@. By the mean value property we have m = V¢(0),

hence
e, =n(0).

Let us come back to (3.18). Taking the trace of Vn(0) on n(0)* and using A@ = 0, we obtain,
H(0) = Vr-n(0) = —[Vo|~'(0) [T D*pn] (0).

By Theorem 3.2, there exists y : B ;, — R, harmonic, such that n(0) - Vy =0 and [V —n(0) —
VlIjHiz(Bl/z) =Cé.

By harmonic, regularity, we deduce |D?(¢ — w)|(0) < Cv/&. In particular, since D*y(0)n(0) =0,
we have |[D?¢@n|(0) < Cv/&. Therefore,

1h)2(0) < 4|n"D*@n|?(0) < C&.

Unscaling (3.19) and this last estimate, we have established (3.16). O
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