N

N

Adaptive Laguerre density estimation for mixed Poisson
models

Fabienne Comte, Valentine Genon-Catalot

» To cite this version:

Fabienne Comte, Valentine Genon-Catalot. Adaptive Laguerre density estimation for mixed Pois-
son models. Electronic Journal of Statistics , 2015, 9, pp.1112-1148. 10.1214/15-EJS1028 .  hal-
00848158v2

HAL Id: hal-00848158
https://hal.science/hal-00848158v2
Submitted on 13 Mar 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est

archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Copyright


https://hal.science/hal-00848158v2
https://hal.archives-ouvertes.fr

ADAPTIVE LAGUERRE DENSITY ESTIMATION FOR MIXED POISSON
MODELS.

F. COMTE! AND V. GENON-CATALOT?

ABSTRACT. In this paper, we consider the observation of n i.i.d. mixed Poisson processes
with random intensity having an unknown density f on R". For fixed observation time T, we
propose a nonparametric adaptive strategy to estimate f. We use an appropriate Laguerre basis
to build adaptive projection estimators. Non-asymptotic upper bounds of the L-integrated risk
are obtained and a lower bound is provided, which proves the optimality of the estimator. For
large T', the variance of the previous method increases, therefore we propose another adaptive
strategy. The procedures are illustrated on simulated data. March 13, 2014

Keywords. Adaptive estimators. Inverse problem. Laguerre basis. Nonparametric estimation. Poisson
mixture.

AMS Classification. 62G07 - 62C20.

1. INTRODUCTION

Consider n independent Poisson processes (N;(t),j = 1,...,n) with unit intensity and n i.i.d.
positive random variables (Cj,j = 1,...,n). Assume that the processes (N;(t),j = 1,...,n)
and the sequence (Cj,j = 1,...,n) are independent. Under these assumptions, the random time
changed processes (X;(t) = N;(Cjt),t > 0) are i.i.d. and such that the conditional distribution
of X; given C; = c is the distribution of a time-homogeneous Poisson process with intensity c.
The process X is known as a mixed Poisson process (see e.g. Grandell (1997), Mikosch (2009)).
Such processes are of common use in non-life insurance mathematics as well as in numerous other
areas of applications (see Fabio et al. and references therein).

In this paper, we assume that the random variables C); have an unknown density f on
(0,+00) and our concern is the nonparametric estimation of f from the observation of a n-
sample (X;(T),j = 1,...,n) for a given value T. We investigate this subject for large n and
both for fixed T" and large T" with two different methods. The fixed T" method performs well for
small T' (e.g. T = 1) and deteriorates as T' increases while the large 7" method performs better
and better as 1" increases. Thus, the two methods are complementary.

In Section 2, we consider the case T'= 1. The distribution of X;(1) = N;(C}) is given by:

1 [T
1) PN(C) =) = o) = [ e Flede, €20,
which can be estimated by:
N R
(2) == lcp—e £20.
j=1

The problem of estimating f from the discrete observations (N;(Cj),j7 = 1,...,n) is thus an
inverse problem, the problem of estimating a mixing density in a Poisson mixture. Several
authors have considered this topic whether by kernel or projection methods, see Simar (1976),
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2 F. COMTE AND V. GENON-CATALOT

Karr (1984), Zhang (1995), Loh and Zhang (1996, 1997), Hengartner (1997). These authors are
mainly interested in estimating f on a compact subset of (0,+00). We discuss with more details
the links between the present results and the previous references in subsection 2.4.

In this paper, we assume that

(H) f € L2((0,+00))
and propose a solution without any constraint on the support of the unknown function. We
study the LL2((0, +00))-risk and prove upper and lower bounds on an adequate function space.
Our approach is a penalized projection method (see Massart (1997)) which provides a concrete
adaptive estimator of f easily implementable. It is based on the following idea. By relations (1),
ay(f) is the L2 scalar product of f and the function ¢ — e~¢cf/¢!. Choosing an orthonormal
basis () of L2((0,4+0oc)), (1) can be written as:

() =Y ou(H)ey

k>0

where 0 ( f),Q,(f) are respectively the k-th component of f and e¢c‘/¢! on the basis. The
problem is to choose a basis such that the mapping (0x(f),k > 0) — (au(f),¢ > 0) can be
simply and explicitly inverted. Then, by plugging the estimators &, in the inverse mapping, we
get estimators of the coefficients 0 (f) and deduce estimators of f. An appropriate choice of ()
is thus a key tool: we consider the Laguerre bases defined by ((v/aLy(at)e=%/2 k > 0)) where
(Lk(t)) are the Laguerre polynomials. Here, the choice a = 2 is especially relevant. Indeed, with

(3) or(t) = V2Lip(2t)e ™t k>0, >0

Q,(f) = 0 for all £ > ¢ and the matrix €, = (Q;(j))ogi,kgﬁ is lower triangular and explicitly
invertible (Propositions 2.1 and 2.2). Therefore, the inverse problem has a solution: the linear
mapping on R+

(4) dr=(an(f)k=0,...,0) = 0= Ok(f),k=0,....0) = Q. d,.

Moreover, a crucial consistency property holds: the first £ — 1 coordinates of @, and 0y are equal
to those of @y_1 and @_1. Note that, in Comte et al. (2013), another type of inverse problem
involving functions of L?((0, +00)), has been solved also using a Laguerre basis.

So, we define a collection of estimators of f by fy = Zi:o Orn, where (0) are defined
using (2) and (4). We study their L?-risk (Proposition 2.3). For this, we introduce appropriate
regularity subspaces of L.?((0, +00)), the Sobolev-Laguerre spaces with index s > 0. These spaces
are defined in Shen (2000) and Bongioanni and Torrea (2009). We precise (see Section 7) the
rate of decay of the coefficients of a function f developed in a Laguerre basis when f belongs
to a Sobolev-Laguerre space with index s. This allows to evaluate the order of the bias term
||f — fel> where ||| denotes the L2((0, +0c))-norm. Using these regularity spaces, we discuss the
possible rates of convergence of the L2-risk of f;. Functions belonging to a Sobolev-Laguerre ball
with index s yield rates of order O((logn)~*). This rate is optimal, as we prove a lower-bound
result. Afterwards, we propose a data-driven choice ? of the dimension ¢ and study the L2-risk
of the resulting adaptive estimator (Theorem 2.2). We interpret the results in the case where
the observation is (N;(C;T),7 = 1,...,n). This amounts to a change of scale which multiplies
the variance term of the risk by a factor 7" and implies a deterioration of the estimator as T
increases.

Section 3 is devoted to the estimation of f for large T'. Our method relies on the property that

~

for each j, Cjr = N;(C;T)/T is a consistent estimator of the random variable C; as T" tends

~

to infinity. Then, we use the i.i.d. sample (Cj7)i<j<n to build estimators of f. We propose
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projection estimators on the Laguerre basis (3) using other estimators of the coefficients 0y (f)
together with an adaptive choice of the space dimension (Proposition 3.1, Theorem 3.1). The
criterion for the model selection is non standard: it involves a penalization which is the sum of
two terms, one depending on n, ¢ and the other on T, /.

Section 4 gives numerical simulation results and some concluding remarks are stated in Section
5. Proofs are gathered in Section 6. In Section 7, regularity spaces associated with Laguerre
bases are discussed and useful inequality is recalled in Section 8 .

2. ESTIMATION OF THE MIXING DENSITY FOR T = 1.

2.1. Projection estimator. The Laguerre polynomials given by

K R\

5) =3 -19(1) 5 k=0

gt i) Jj!
are orthonormal polynomials with respect to the weight function w(t) = e~* on (0,+00), i.e
for all k, k&, O+OO Ly (t) Ly (t)e tdt = 5’12/ where 5’12/ is the Kronecker symbol and the sequence
(Lg) is an orthonormal basis of the space L2((0,+00),w). Consequently, for all positive a,
(v/aLy(at), k > 0) is an orthonormal basis of L2((0, +00), w(a.)). Equivalently, (v/aLy(at)y/w(a.),k >
0) is an orthonormal basis of L?((0, +00)). The choice a = 2 is especially well fitted to our prob-
lem. By (H), f admits a development on the basis (3)

+oo

(6) F =Y 0k(f) or, where Oi(f) = f(e)er(c)de

k>0 0

Developing the function ¢ — c¢fe~¢/£! on the same basis, we get

1, . n 1 [T o
(7) —cge = ZQk @i (c) where Ql(g) = E/ V2L (2¢)e *de.
k>0 0
As (V2Lg(2¢),k > 0) are orthogonal polynomials w.r.t. the weight function w(2c) = e2¢,
Q,(f) = 0 for k > ¢ (see Section 7 for more details). Thus,
¢
1 —c
e ZQk pr(c) and ae(f) = > 0u(H)Q))
k=0
The coefficients Ql(f) are given in the following proposition.
Proposition 2.1. The coefficients Q,(f) defined by (7) are equal to
—1)k ¢
8 o = <o)
(8) kT 5t \k )1 ks0
Define the vectors 0, = (0x(f),k = 0,...,0) (f),k = ,0) and the triangular

matrix Qp := (Q]E;))0<z k<¢ where the diagonal terms are Q =(-1) /(f 2%). The matrix €2 is

therefore invertible and its inverse is explicitly computed in the following proposition.

Proposition 2.2. The following equality holds:

0t =2 ((—1)k <2> 2k1(k§j)) :
0<j,k<t
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Therefore §g = Qzlc_ig. Note that since both €2, and Qzl are lower triangular, we have the

consistency property: the first £ — 1 coordinates of @y and gg are equal to those of @y_; and 9}_1.
Now we have to define estimators of (0;(f)). For this, consider the empirical estimators (2)
of ap := ai(f) and set

(9) Gy = b, b1,...,6)

The vector 6 = (Hk(f) k = O .., 0)" of components of f is estimated by ¢9g Q, Lay. By the

triangular form of Qg, ag and Hg have their first £ — 1 coordinates equal to those of & Oég 1 and Hg 1-

Denote by f; = Zk:o 0k (f)pr the orthogonal projection of f on Sy = span(go, ¥1, ..., @e)-
We define the following collection of estimators of f by

J4
(10) = bOrpr, 0, = O tay, >0
k=0

Recall that ||.|| denotes the L2-norm of IL?((0, +00)). The following risk decomposition holds.
Proposition 2.3. The estimator f; of f defined by (2)-(8)-(9)-(10) satisfies

A ¢
E(Lfe — fIP) < IIf = foll + 35—

Proposition 2.3 states a squared-bias/variance decomp081t10n, and we need now to specify the
bias order on adequate functional spaces, in order to evaluate optimal rates.

2.2. Rates and rate optimality. As it is always the case in nonparametric estimation', we
must link the bias term ||f — f¢||> with regularity properties of function f. In our context,
these should be expressed in relation with the rate of decay of the coefficients (0(f))x>0. The
Laguerre-Sobolev spaces described in Section 7 provide an adequate solution.

For s > 0, let

(11) W5((0,400), K) = {h : (0,+00) = R, h € L%((0, +00)), Z E*07(h) < K < 400}
k>0

where 0y (h fo (u)du. The subscript 2 corresponds to the scale parameter a = 2 of
the basis. In partlcular for s integer, if h : (0, +00) — R belongs to L?((0,+o0)),

(12) Dk (0(h))? < +oo.
k>0

is equivalent to the property that h admits derivatives up to order s — 1, with A1) absolutely
continuous and for m = 0,...,s — 1, the functions

m+1 1
x(m-l—l)/?(hea:)(m-i-l)e—w _ p(m+1)/2 Z <m + >h(j)
=0 N/

belong to L2((0, 4+00)). Moreover, for m = 0,1,...,5 — 1,

||x(m+1)/2(hez)(m+1)ef:v‘|2 _ Z k;(k; — 1) L. (k‘ — m)@ﬁ(h)
k>m+1

1Kernel methods use Holder spaces for pointwise estimation, Nikol’ski classes for global estimation; projection
methods use, on Fourier basis, Sobolev spaces, on wavelet bases, Besov spaces.
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For any h € W5((0,+00), K), we have ||h — hy||* = Y72, 07(h) < K/¢* where hy is the or-
thogonal projection of h on .Sy.

Proposition 2.4. Let for 0 < e <1,

_ (1 —¢)log(n) L[ -
be = 4log(2) and " = 410g(2) (log(n) slog log(n)) V1.
We have
3 4log(2)\* . 161
sup E ||| fe. — fI? §K<7> log(n))™* + ——,
FEW5((0,+00),K) [H ¢ H } 1—¢€ ( ( )) 15 ne
and

s Blfer — 117 < <K(410g<2))s - 9) (log(n)) (1 + o(1))

FEWS((0,400),K) 15

Note that £, does not depend on s and is thus adaptive. With ¢* the bias and variance
terms have the same order (log(n))™*®, which is better. In addition, the constant is improved.
Nevertheless, this choice depends on s.

Proof. For f € W3(0,+00), K), the risk bound in Proposition 2.3 writes

; 2
E(fe= 117 < 5+ =
The variance term has exponential order 2% with respect to £. Thus, we can not make the
classical bias variance compromise. First we can choose ¢ such that the bias term dominates:
this is obtained by choosing ¢ = f.. Second, a more precise tuning of both terms is obtained
with ¢ = ¢*. In both cases, the rate is of order O([log(n)]™®). O

We now prove that, for densities lying in Laguerre-Sobolev balls W5 ((0,+00), K), the rate
(logn)~* is optimal.?

Theorem 2.1. Assume that s is a positive integer and let K > 1. There exists a constant ¢ > 0
such that

liminf (log(n))® inf sup Es {an - fH2] >c
n—+co frn fEW#((0,400),K)

where inf ; -~ denotes the infimum over all estimators of f based on (N;(Cj))i1<j<n-

The proof uses several lemmas established in Zhang (1995) and Loh and Zhang (1996).

2.3. Model selection. Model selection is justified as the bias may have much smaller order.
For instance, it can be null if f admits a finite development in the Laguerre basis. Exponential
distributions also provide examples of smaller bias. Indeed, consider f an exponential density

£(0). Then

oo » r ENY [T 0 [0-—1\F
Gk(f):/o wr(c)fe % de =20 (~1) (j)ﬁ/o de Cdc:\/§9+—1 <9—+1) .
j=0 '

2Note that analogous rates occur in the context of deconvolution for ordinary smooth function and super-
smooth noise (severely ill-posed problem). Nevertheless, the logarithmic rate is proved to be optimal, see
Fan (1991).
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As a consequence

> 0 /60— 1)U+
- = > -3 (5) -

k=041 0+1
Choosing
1
0=Vl = Nlog(n) with X\ =
i = Alosl) 21og(@) + log((6+ /0~ 1))
yields the rate
21og(2)

O(n~VU+1)  with p = log(|(0+1)/(60 —1)|)°

The rate depends on # and can be O(n™?) for any 8 < 1. For instance if § = 5/3 the rate
is O(n=1/2), for § = 1/2, the rate is O(n="*) (see Section 4) and it tends to O(n~!) (the
parametric rate) when € tends to 1, which is coherent with the fact that the bias is null for
0=1.

This kind of result can be generalized to the case of a distribution f defined as a mixture of
exponential distributions and to Gamma distributions I'(p, ), with p an integer. More precisely,
if f, is the density I'(p, 6),

V2 (0 N 2 _ L .
Hk(fp) - Tp) <H—H> Spvk (0—H> s with Sp,k(x) = dxp—l €T (1 _ II,') .

This term can be computed explicitly and we get, for £ > p — 1,

L (06— 1)) _
S b)) < (57— C(p,0), with 0< C(p,0) < +o0.
= 0+1

Note that the bias is null for § =1 and ¢ > p — 1, which is expected since f, € S,—1. Moreover,
the bias order depends on #, which can be seen in simulations.

Now we have to define an automatic selection rule of the adequate dimension £. We make the
selection among the following set:

M, = {e €1{0,1,..., Ly}, Ly = [bg(”)} n 1}

log(2)
where [z] denotes the integer part of the real number z. For x a numerical constant, we define
) ; 24
(13) { = arg min {—Hngz +pen(€)}, with pen(f) = k—.
teMn n

We can prove the following result

Theorem 2.2. Consider the estimator flg defined by (10) and (13). For any k > 8, we have
. C
E(|f; — fII*) < inf (3| fe— f]* + 4pen()) + —.
(17 = 1) < ,inf (3llfe = FI + 4pen(0)) +

The infimum in the right-hand-side of the inequality above shows that the estimator is indeed
adaptive. Note that the penalty is, up to a constant, equal to the variance multiplied by ¢. This
implies a possible negligible loss in the rate of the adaptive estimator w.r.t. the expected optimal
rate.

Remark. Let us now assume that the observation is (N;(C;T'),j = 1,...,n). The previous
method applies directly to estimate the density fr of C;T i.e. fr(t) = (1/T)f(t/T). We can

deduce the results for f(c) = Tfr(Tc). The function f is developed on the basis (gol(CT) =
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VT(T.),k > 0) and the following relation holds HI(CT)(f) = VTOu(fr) =< f, <p§€T) >. Denote

by fé(T) the orthogonal projection of f on the space SéT) spanned by (gp,(ﬁT), k < {). To estimate
fle) =T fr(Tc), we set for all ¢,

F(e) i= T fro(Te)

where fT,g is the estimator built for fr using (N;(C;T),j =1,...,n). The estimator fAE(T) of f
satisfies

E(If" - IP) <IIf = £OIP + T2~

Moreover, with ¢ defined in (13), there exists £ > 0 such that

R ' cT
E(I7" = £ < int (3145~ fIP +4Tpen(6)) + =

The variance term in the L?-risk is multiplied by a factor 7. This explains that the method may
be worse when T increases. Actually, this was clear on simulated data.

2.4. Related works. In Simar (1976), it is proved that the cumulative distribution function
F(x) of Cj can be consistently estimated using (éy). The method is theoretical and concrete
implementation is not easy. Noting that ag(f) is simply the Laplace transform of f, Karr (1984)
studies the properties of G to estimate a(f) in the more general context of mixed point Poisson
processes.

For comparison purposes, we detail some of the results of Zhang (1995), Hengartner (1995)
and Loh and Zhang (1996, 1997) in the case of Poisson mixtures. In the case where f has
compact support [0,60*], Zhang (1995) gives a kernel estimator of f(a) and studies pointwise
quadratic risk on Holder classes with index r (i.e. functions f admitting [r] derivatives such
that f("})3 is » — |r|-Holder). The estimator has a MSE of order [log(n)/loglog(n)] =" which
does not correspond to his lower bound which is [log(n)]~2". In the case of non compact support
for f, the kernel estimator MSE has order (log(n))~"/2, with no associated lower bound. Loh
and Zhang (1996) generalize the results of Zhang (1995) by studying a weighted-L,-risk.

Hengartner (1997) considers the case where f has a compact support. He builds projection
estimators using orthogonal polynomials on the support. The upper bound of MISE has order
[log(n)/loglog(n)]~2" on the same class as above and on Sobolev classes with index r. On the
latter classes, he proves a lower bound of order [log(n)/loglog(n)]=2".

Loh and Zhang (1997), in the case of non compact support for f, use Laguerre polynomials
and build projection estimators. Thus, the function is estimated by a polynomial; they study
a weighted L2-risk. The upper bound is O([log(m)]~™/2) on the class of functions such that
ZjijmTjQ(f) < M where 7;(f) is the coefficient of f on the development with respect to the
Laguerre polynomials. Their lower bound is O([log(n)]~""), which does not correspond to the
upper bound.

In all cases, the number of coefficients in the projection estimators does not depend on the
regularity space. In this sense, the above methods are adaptive.

Let us now clarify our contribution. First, we use a L?((0, +00))-basis and a usual MISE, which
is more fitted to the problem. Second, we clarify the functional spaces associated to the context
of Laguerre bases on (0,+400) and provide explicit links between regularity and coefficients of
a development on these spaces. Upper and lower bounds match globally and without weights.

3where |r| is the largest integer previous r
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Here, the proof of our lower bound is inspired of Loh and Zhang’s constructions. Therefore, our
results synthesize and improves all these previous works.

Lastly, when the function under estimation has stronger regularity properties than considered
in lower bounds, we show that the rate can be improved (polynomial instead of logarithmic).
This justifies the proposal of an adaptive procedure, see Theorem 2.2, which is moreover non
asymptotic.

3. ESTIMATION FOR LARGE T
Let us set ]
Cj,T = ?NJ(CJT)

Conditionally to C; = ¢, we know that éj,T converges almost surely to ¢ as T tends to infinity.

~

Consequently, C; 1 converges almost surely to Cj. We now use the i.i.d. sample (Cjr1)i<j<n to
build projection estimators of f, where the coefficients 0y (f) are now estimated as follows.

l n
_ _ 1 N
(14) féT) = § Orpr, Op = - E or(Cjr).
k=0 j=1

Note that Sy has the norm-connection property:

(15) Vte Sy, |t|loo := sulzr [t(z)| < 200+ 1),
TSI

as can be seen from Lemma 6.1. We obtain the following risk bound.

Proposition 3.1. Recall that f; is the orthogonal projection of f on Sy = span(pg,...,pe).
Then

- (+1  8(L+1) E(Ch)

E (T) o 2 < _ 2 2 .

(7D~ £ < 1f - ol +2551 4 28 =

The bound contains the usual decomposition into a squared-bias term || f — f/||?> and a variance
term. The latter term is the sum of two components: the first one 2(¢ + 1)/n is classical and no

S9, S = 3E(012) +

more exponential in £, the second one is due to the approximation of the C;’s by the aij’s and
gets small when T increases. To define a penalization procedure, we must estimate so. Let

~

N 1 — ~ Cir
(16) Sy = = ;[3(0ﬂ)2 - 2%].
]:

As 3(6]-3)2 - 26'j7T/T = 6j7T(3NJ’(CjT) —2)/T > 0, $2 > 0. Elementary computations using
conditioning on C; show that E(32) = s2. Now, set

Mor = {O,l,...,nAT2/5}

and

~ i 5
(17) 7= arg ZE%S’T {_Hfz(T)||2 + ﬁéﬁ(ﬁ)} with pen(f) = &y < ;t D) + ko ¢ ;21) s

The following holds.

Theorem 3.1. Assume that E(CY) < +oo. Let féT) the estimator defined by (14) and (17).
Then there exist numerical constants ki, ko such that

F . _l4+1  8Rke(£+1)%s C’
B(IFD - 117 < €, inf Ou_mp+%l . 8o >2)+_

Mn,T n T2 n
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where C is a numerical constant and C' a positive constant.

Thus, the estimator féT) is adaptive and its risk automatically reaches the order of the bias-
variance compromise.

4. NUMERICAL SIMULATIONS

In this paragraph, we illustrate on simulated data the two adaptive projection methods using
the Laguerre basis: method 1 corresponds to Section 2 when T' = 1, method 2 corresponds to
section 3 for large T'.

FIGURE 1. Estimation of the Gamma(3,1) density with method 1 (top left n =
10000 and top right » = 100000, for 7" = 1) and method 2 (bottom left, n =
1000,7" = 10 and bottom right n = 4000, 7 = 40): true -thick (blue) line and 25
estimated (dashed (red) lines). Most of the time ¢ = 2 for both methods.

We consider different distributions for the Cj’s:
(1) a Gamma I'(p,0) for p=3,0 =1,
(2) a mixed Gamma density 0.31'(3,0.25) 4+ 0.71'(10, 0.6).
(3) an exponential £(0), with 6 = 1/2, fa(x) = e 1,0,
(4) a Pareto density f(,g)(z) = p(1 + pfz) "1 1/P1, o0, with p=5 and § = 1/2,

(5) a Weibull density f,q)(z) = Op—029-Le=@/P)1,_( for p=3 and 6 = 2.
Note that, as @ = 1, the density (1) has only three nonzero coefficients 6y, 61, 02 in its exact
development in the Laguerre basis. For density (3), we know that the rate of the IL? risk depends
on the value of § (n="44 for § = 1/2, see Section 2). In Figures 1-5, we illustrate the first method
for T'=1 and n = 10000, n = 100000 and the second for sample sizes n = 1000 and T = 10,
and n = 4000, T" = 40, for the five densities defined above. We plot 25 consecutive estimates on
the same picture together with the unknown density to recover, to show variability bands and



10 F. COMTE AND V. GENON-CATALOT

FIGURE 2. Estimation of the mixed Gamma density with method 1 (top left
n = 10000 and top right n = 100000, for 7" = 1) and method 2 (bottom left,
n = 1000,7 = 10 and bottom right n = 4000,7 = 40): true -thick (blue) line
and 25 estimated (dashed (red) lines). The selected ¢ is 3 except for the bottom
right plot where it is 4.

illustrate the stability of the procedures.

e Comments on method 1. The method is easy to implement. As it is standard for penalized
methods, the theoretical constant is too large and in practice, is calibrated by preliminary sim-
ulations. We have selected the constant xk = 0.001 in the penalty. This prevents from possible
explosion of the variance, which has exponential order. The adaptive estimator performs reason-
ably well for large values of n (n > 10000) but is very sensitive to the parameter values for distri-
butions Gamma or exponential, as expected. The mixture density and the Pareto and Weibull
densities, which do not admit finite developments in the basis, are correctly estimated. Increas-
ing n improves significantly the estimation. We choose to select ¢ in {0,1,...,2|log(n)| — 1}.
On the examples, the algorithm selects values of ¢ belonging to {0,1,...,4}.

e Comments on method 2. The method is also easy to implement. We have selected the constants
f1 = 1.5, Ry = 107°. The very small value of &y simply kills the effect of the second term in
the penalty in order to allow not too large values of T'. This second method gives better results
than the first method, as soon as 7' > 10 (even T' > 5 provides good estimators). The number of
observations need not be very large. We kept the same set of possible values for £ in the selection
algorithm; here again, the selected values { are in {0,1,...,4}.
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FIGURE 3. Estimation of the Exponential density with projection method 1 (top
left n = 10000 and top right n = 100000, for 7= 1) and method 2 (bottom left,
n = 1000,7 = 10 and bottom right n = 4000, = 40): true -thick (blue) line
and 25 estimated (dashed (red) lines). Most of the time ¢ = 2.

5. CONCLUDING REMARKS

In this paper, we study the nonparametric density estimation of a positive random variable
C from the observation of (N;(C;T),j = 1,...,n), where (N;) are ii.d. Poisson processes
with unit intensity, (C;) are i.i.d. random variables distributed as C, and (N;) and (C}) are
independent. Under the assumption that the unknown density f of the unobserved variables (C;)
is in L2((0, +00)) and for a fixed value T, we express the nonparametric problem as an inverse
problem, which can be solved by using a Laguerre basis of L2((0, +00)). Explicit estimators of the
coefficients of f on the basis are proposed and used to define a collection of projection estimators.
The space dimension is then selected by a data driven criterion. For functions belonging to
Sobolev-Laguerre spaces described in Section 2, f is estimated at a rate O((log(n))™*). So, an
interesting question is to know whether there exist other functions than those of these spaces
estimated at the same rate. This problem amounts to finding maximal functional classes for
which a given rate of convergence of the estimators can be achieved.

For large T, estimators éj,T of the Cj’s are used to build adaptive projection estimators in
the Laguerre basis. In this approach, a moment condition on C is required.

The numerical simulation results show that the Laguerre basis is indeed appropriate, to obtain
estimators with no boundary effects at 0.

Possible developments of this work are the following. We may use specific kernel estimators
on RT, as in Comte and Genon-Catalot (2012), to compare them with projection Laguerre
estimators. As in Fabio et al. (2012), we may enrich the data by considering several observation
times. Another relevant extension is to study mixed compound Poisson processes, e.g. using the
approach of Comte et al. (2014), or more general mixed Lévy processes.
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FIGURE 4. Estimation of the Pareto density with projection method 1 (top left
n = 10000 and top right n = 100000, for 7" = 1) and method 2 (bottom left,
n = 1000,7 = 10 and bottom right n = 4000, = 40): true -thick (blue) line
and 25 estimated (dashed (red) lines). Most of the time ¢ = 2 for the top pictures
and 0 for the bottom ones.

6. PROOFS

6.1. Proof of Proposition 2.1. Using (5), we have

k
1 oo _(2¢) , 1
Q(E il Z 2c -
7 E:O < > ; V2 de = NG

o (5)

]l

Finally,

Ea

(18)

_1)j</?> (€+j)(€+jj—!1)...(e+1)

where we know that Ql(f) =0 for k > ¢. Therefore ¢ — QEQI(f) is a polynomial of degree k which
is equal to 0 for £ =0,1,...,k — 1. Hence, we have QEQ,(P xl(l—1)¢—2)...(¢ —k+1). The
proportionality coefficient is equal to the coefficient of £¥ is (—1)*/(v/2 k!). Hence the result. [J

6.2. Proof of proposition 2.2. Denote by R,/[X] the space of polynomials with real coefficients
and degree less than or equal to ¢. The transpose of the matrix /2§, represents the linear
application of Ry[X], P(X) — P (%), in the canonical basis (1, X, ..., X?). The inverse linear

mapping is Q(X) — @ (1 — 2X). Hence the result. O

6.3. Proof of Proposition 2.3. We define by |.| the usual Euclidean norm in R*!.
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R reer e

FIGURE 5. Estimation of the Weibull density with method 1 (top left n = 10000
and top right n = 100000, for 7' = 1) and method 2 (bottom left, n = 1000, 7 = 10
and bottom right n = 4000,7 = 40): true -thick (blue) line and 25 estimated
(dashed (red) lines). The selected ¢’s are 2, 3 or 4.

We have

E(|lfe - fI?)

¢
If = fell> +E(fe = fell®) = |1 f = fel >+ E <Z(ék - W)

k=0
= || = fell® + (2 (ée — dn)?).
Next, we write the variance term as follows:
(19) E(|9; (e — ap)]?) = E (t(éz — ) "0, G - 070) :
Now, note that, if M = (m; ;)o<ij<¢ is a (€ +1) x (£ 4 1) matrix,

E((bg — @)M(Gp — dp) = Y cov(y,a;)mi;
0<i,5</

where cov(d;, &) = (aiég — ojaj)/n and (5? is the Kronecker symbol. Thus, for M symmetric
and nonnegative,

E( {éy — @) M (G — @) < Te(MDy)/n

where D, = diag(ao, ..., ay). Here, we get

(20) E(1fo — FIP) < IIf — ol + ~Te('07' ;" Do)
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Since 0 < o < 1 and [tQZlQZl]k;k > 0 for all k, we have

B~ 7I7) < 15 — FolP + T 010,

Note that Tr( 2ﬁﬂe_lﬁg_l) is known as the squared Frobenius norm of the matrix Q;l. It follows

from Proposition 2.2 that

(21) Tr(@nggl)ZQi:Zk:(<§>)222jSQIéQ%i)«I;)Y

k=0 j=0
Noting that

k 2
2k> 2%—1
) <2,
we get
24(“1) 1_16,,
1 < 24k « - 2
(22) (0,10, Z — <

As a consequence, we obtain the risk decomposmon announced in Proposition 2.3.0J

6.4. Proof of Theorem 2.1. From Tsybakov (2009) Chapter 2, we have to define two functions

fons fin such that

(1) fon and fi,, are densities,
(2) For some K >0, fo, and f1,, belong to W5 ((0, +c0), K),
(3) For j =0,1, let Pj,, = (az(fjn),z € N), then

“+00

V(Pin, Pon) = Z laz(fin) — az(fon)| = O(1/n).

=0
(4) [[fon = f1nll* = C(log(n))~*.

For the construction of the f;y,j = 0, 1, we follow Loh and Zhang (1996,1997). Let fo(c) =

0<cy<e <b<ceg<eg, and
Jup(c) = 1[60,61[(0)61,%1}(0) + 1[01,02[(0)’%,1}(0) + 1[02763[(0)62,%0(0)7

where 7,,(c) = (v*/T(u))c* te ¢ is the gamma density with parameter (u,v), £y, i =

are polynomials of degree 2s 4- 1 such that f,, is of class C°. We set
Up = 0plogn :=u, v, =u,/b:=wv.

Set Xi(c) = 1, .c,,1((¢), i = 0,1,2. Then, for € > 0, we set

Jon(e) = fole) +3(e/u") (c2/w)*"? (fu(€) = wonfo(e)).
We choose wy, such that [ fo, =1. As [ fo =1, we find

c3
— [ unteyte
co
Now, we define

Fin(€) = fonle) + (&1 (ea/0)"2 (o8 (w22 = s ) sl

—C

1,2

)
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Then, wy,, is chosen such that f f1n = 1 which yields:
c3 b
Win = / COs (u—>fu U( )dC
co C2
Finally, dg is chosen by

ca/(c3 — ca) 2 1 1
log (c3/c2) "log (14 b%2/c3)" ¢1/b—1 —log (c1/b) ¢a/b— 1 —log (c2/b)

e Step 1: wo, =14 0(1), fjn >0,5 =0,1.

(23) dp = max{

}

Proof. We first study fo,. By construction,
00(c0) = 15, (e3) = 0, €7 (e1) = vF)(er), (), (2) =Fh(ea), G =0,
On the space of polynomials of degree 2s + 1 on [¢g, ¢1],
S
1Rl =D 1QY (o) + QY (cx)]
j=0
is a norm and all norms are equivalent. Therefore, there exists C' such that
S S
1£100X0llo0 < Cllerupxollo=C D ()], ompxzlloo < CD - ¥l(e2)].
j=0 j=0

By Lemma 3 of Loh and Zhang (1996), \’yuy(cl)] + h/uv e)| = uj+(1/2))’ and [0 (1
Licy, cg])Hp =O0(1)n~ uP=1/(2p) ,1 < p < oo. Thus,

Z (e = O VD), (1= 1oy o) oo = O(1)n /2,
We deduce
C1 c2 c3
Won = / Crup + / Yupw + / by =1+ O(ul/z/n) + (us+(1/2)/n)0(1) =1+o(1).
co c1 (&)
We have
fon(xo +x2) = folxo+ x2)(1 — 3(6/u1/4) (cz/u)s/2 Won)

+3(e/ut) (ca/w)*"* (U1 X0 + LouvXa)

and |[€1.u0X0 + L2ueX2lloo = (w172 /n)O(1). Therefore, provided that ¢ is small enough, the
first term of fo,(x0 4 x2) is lower bounded as ¢y > 0 and the second term is O(u(*/2+(1/4) /n) =
o(1). Thus, we can choose ¢ small enough to have fo,((xo0 + x2) > 0.
Then, fonx1 >0 and fonlig,cqe > 0. Therefore, fo, > 0.
We have
c2
0l < [+ (@ m)OW) = oy + 01,
c1

We check that fi, > 0 in the same way as for fo,. O

e Step 2. For j = 0,1, fj, € W3((0,+00), K) for all K > 1.
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Proof. This part is specific to our context as we do not have the same function spaces as Loh
and Zhang (1996,1997). Step 2 is equivalent to proving that

EinlllZ = 12 (fin(e)e) S eel> =3 k(k — 1) — s+ 1)0;(fin) < K
k>s

Note that, for a function f,

o2 (o) e =3 (4 e
=0

We apply Lemmas 3 and 4 of Loh and Zhang (1996). We have, for j =0,...,s,

—1us+1/2) Hl(] —1u5+1/2).

HllquOHQ :O(TL qu2H2 O(n

Moreover, for j =0,...,s, u*1/4H’y(j)H = O(u//?). Consequently,
cu 1/4( /u s/2||Cs/2 Z < ) H2 Ceu71/4(62/u)s/202/2 Z <5.>uj/2u1/4
- J
7=0
= Cecd* (1 +u?)(cy/u)*? = £O(1).

IN

Recall that
fon(€) = fo(e)(1 = B(e/u"*) (ca/u)** won) + 3(e/ul!*) (ca/u)*'? fuu(c)
where the coefficient of fy(c) is 1 4 o(1). Therefore
I fonllls < llfollls(1 + €0(1)) + €O(1).

We have 0o(fo) = v2/2, 0i(fo) = 0,k > 1. Therefore, ||| fol||? = 1/2 and ||| fonll|? = (1/2)(1 +
£0(1)). The same holds for f1,,. We can choose any K > 1. O

e Step 3. wip/won, = O(1/n) and

+o0
V(Pin, Pon) = Z |az(fin) — az(fon)| = o(1/n).

Proof. The proof is identical to Step 2 of Theorem 3 in Loh and Zhang (1996), p.574-575 (o/ = s).
The choice of dp by formula (23) is used in particular here and comes from Zhang (1995). O

e Step 4. There exists C' > 0 such that
| fin = foull® = C(logn) >

Proof. This part is also specific to our study: we only use two functions instead of three and our
bound is global and not local. We have

e2¢s c—b c—b
(fin — fOn)2 = 1/2is (0052 (u ) — 2w1p /wop cOS (u—> + (wln/wOn)2> f’g,qn
C2

C2

where wi, /wo, = o(1/n) and | cos| < 1. Therefore, it is enough to bound from below:
/ f2 . (c) cos? (uc — b>dc.
’ Co

Hgl,u,vXO + g2,u,vX2||2 = (us+(1/2) /n)O(l)’

And as
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we only look at

_ 1 _
/X1(C)%3U(C) cos? <uc b)dc =5 /X1(C)%3v(0) (1 + cos <2uc b)) de:=T +Ts
) Co ? Co

First Ty = O(y/u) because, by Lemma 3 of Loh and Zhang (1996, p.573),

1/2

u
0 el =)l = 0.

Il ~ ——
Yu,v /b

Next, we write

1 +OO 2 C — b 1 JrOO 2 C — b / i
Ty == Y o(c) cos | 2u de — = (1 = x1(c))vs5 ., (c) cos | 2u de:=Ty + T,
2 0 ’ Co 2 0 ’ Co
and as above Ty = u'/2/n?0(1). Moreover

1 v* T(2u—1) * 24y e=b
) c
= §F2(u) (2v)2u71 Re (/0 ’Y2u—1,20(c)e 2 de

Now, notice that
v¥ T(2u — 1)
I2(u) (20)21

= ruol® = O(Vu).

Moreover

J > 20t ;2ub 20 et ;2ub 1 2u—l
= — cle 2 dc=e “2 _ = e °2 N —
/0 T20-12(C) 2y _ 2u 1—ibjca :

c2

so that

u—l

2 1/2 2

1 b2 —80log(1+%)

|J| = —1+E :(1+C_2> n 008t 2 :O(l/nQ)
2 2

by the choice of dy. Therefore Th = O(y/u/n?). Consequently

T+ Ty = 2\/1%\/5 (1 + O(%)) .
It follows that
o e 1 e2c5 1
| fin — foull” = PR VEE=y u(l1+0(1/n)) = 2\/%;(1 +O(1/n)).
This concludes step 3 as u = dglog(n). O

6.5. Proof of Theorem 2.2. For simplicity, we set L,, = L. We define Sy = {t = Y(to,t1,...,1s,0,...

RE+1} ) which can also be associated with the function ¢ = Zi:o trpr in Sy and [t| = ||¢].
Now define, for t in any of the S,’s with ¢ < L,

() = [t]? = 2(t, Q7 ar).
For t € Sy, note that v,(t) = |t(€)|2 —2(t) Qzlc:@, where t) = {tq,t1,...,t;). Moreover, the

vector f, = t(éo, oy 0,,0,. .. ,0) is such that f, = arg minges, 7, (t) and satisfies
o) = =1 fell? = —1E* = —|Q; &>,

For s € Sy and t € Sy, the following decomposition holds:
Yo (t) = u(s) = [t = FI* = l|s = £I* — 2(t — 5,9, " (61 — L))
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where ||t — f||? = Zé:o(tk: —0k)* + > ope 41 07, for all k, 0, = (f, ) and teyq, ...tz are null
when t €S,
The integer £ is given by

(= argem/&/rll (v (£s) + pen(?)), where £, = 1@y, ...,0,,0,...,0) e RFFL,
EMn

By definition of 7, ’Yn(fg) + pen(f) < v, (f) 4+ pen(f) which implies

er — fI? < |lfe = FI? + pen(e) + 2<flf — £, Q7 (ar, — @1)) — pen(d).
Now we have
f -1 = La -1,z -
2(f, — £,Q; (&L — ap)) < i f2+4 sup (t,Q7' (4 —ap))?
teS;, . ltI=1

and |f; — £[2 < 2||f; — fII> + 2[|fe — f]|>. Thus we get

E(If; — fII*) < 3lfe— fII* + 2pen(l) + SE <t S 1<t,ﬂzl<67L —ap))? —p(e,é>>
€S pltl=

(24) +E(8p(¢, ) — 2pen(l)).
The following Proposition gives the appropriate choice for p(¢,¢').
Proposition 6.1. Let p(¢,0') = 20*2** /n with £* = £V {'. Then, we have

/
E( sw (697" G —an)?-ped)) <<
teSs 0 t[=1 P

The result of Proposition 6.1 inserted in Inequality (24), shows that for k > 8, we obtain
4p(¢,0) < pen(¢) + pen(¢) and
. ) 5 8C’
E(1f, — F12) < 3l = £1 + dpent) + <

which is the result of Proposition 2.2. [J
Proof of Proposition 6.1. We apply the Talagrand Inequality recalled in Lemma 8.1 of Section
8. First note that
E ( sup  (t,9Q7 (ag, — ar))? —p(e,é)>
teS,, . lt|=1 N

< D B[ suwp (4,971 (ar —an)* - p(t )
vem, tE€Sx,[t]=1

Jr
Let us define ||M]|? = Tr( !M M) and p?(M) the largest eigenvalue of ‘M M. We consider the
centered empirical process given by

n n

1 I 1 R R
vn(t) =~ ;@, QH(Bip —dn)) = - ;wt(ﬁi,m — B¢e(Bi.L))
where tﬁ_;-JJ = (In,(c;0)=05 - - > In,(c;0)=1) are L + 1-dimensional i.i.d. vectors and ¢¢(7) =

(6,Q717). Tt tis in Sy, v (t) = (t, 9, (ar — ).
Recall that ¢* = ¢V ¢' and define the unit ball for the maximization by By = {t € Sy«, [t| = 1}.
To apply Lemma 8.1, we specify e, H>, M and v?.
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Clearly

I &
— .

s 1, (22)).

Next since ;1 has only one nonzero coordinate, equal to 1, we have to bound 4 (Z) =

(t, QE%E) for ¥ = e; vector of the canonical basis of R+ with j < ¢* and t € By-. For such
vectors T,

E|( sup va(t) | <E(Q.: (@ — ) < =
tEBg* 15
(

This bound was obtained in the computation of (20) (see (19), (2

[0e(@)] < p(Q") < 191 < V16/15 2% = M.
Lastly
= _ =g _ _ 15 *
sup Var(¢y(8i1)) < p*(QE(1Bil?) < Q") < 19517 < =247 = 0?
teB 16
as E(|5i.L %) = E(Ci_o 13 (i) = POVi(Ci) € {0,1,..., L}) < 1.
We have nH/M = \/n and nH?/v? = 1. We take €2 = §¢* and for  to be chosen afterwards,

we get

— C * * * *
E sup <t,QZl(@L - @L)>2 B 2(1 + 2(56*)1{2 < “1 (242 e~ C20¢ + e~ C30t Vn+44 10g(2))
tES,|t|=1 n n
< & (2“* —O0* +e—036£*\/ﬁ/2>’
n

where C4,Cy,C5 are numerical constants, provided that 6 > 8log(2)/Cs. Then choosing § >
max(log(2)/Cs + 1,8log(2)/C3) and £* > 1 gives the result. [J

6.6. Proof of Proposition 3.1.

Lemma 6.1. Vo > 0, |pp(z)| < V2, ¢, (2)] < V2(2k + 1) < 2v2(k + 1) and |¢}(z)] <
2v2(k 4+ 1)2.
As a consequence, Yj,_o pf (@) < 2(0+1), i oleh(@)]* < 8(E+1)%, Sy _olef(@)]” < 8(+1)°.

Proof of Lemma 6.1. The proof uses the Laguerre polynomials L$, see Section 7, and relies on
the relations [L¢(z)] = —L*!(z) and the bound (34). Recall that ¢(2) = v2Li(22)e™® =
V2LY(2z)e™®. Bound (34) implies straightforwardly that |pg(z)| < V2, V& > 0. The sec-
ond bound is obtained by writing that ¢} (z) = v2(2L}(2x) — L(2z))e ®and |L}(z)| = | —
L} ()] < ke®/? and the third one by computing ¢} () = V2(4L{(2x) — 4L} (z) + Lj(2x))e®/?

and |L)(z)] = | - [L}_, (@))'| = |L2_y(2)| < k(k — 1)e*/2/2. O
First, by Pythagoras, || i) — f|* = ||} ((T))HE(f ) — foll2+ 1l fe — fII? and next,
(25) E(I/ - £ =B/ - E(ff’)\\ )+ IEGT) = £l + 11 £ — £I>
We have
0 0
BT - EGOIP) =& [ S0 - E@)? | = 3 Var (5(Cur)
j=0 j=0

which yields with Lemma 6.1,

(26) E(I7" ~EGEIP) < TEQ- (Cur)) <
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Note that, for IV a Poisson variable with parameter A, E((N — A)*) = A(1+ 3)). This implies

52

(27) E [(Cl — 611) } (ClT(l + 3ClT)) T2.

T4
Now, for some &7 € (Cf, 6177“), using Lemma 6.1 and (27), we get

¢ ¢
[EG) = P = 3 [BeiCrir) — wi(C0)] = Y [B(Cur - o2} en)P

0
4
(28) < E {(al,T — )t ZM’(ST)]Z} < 8(6;721)582-

Gathering (25), (26) and (28) yields the result. [J

6.7. Proof of Theorem 3.1. Let

Let ,(t) = [[t]|* — 2n~" Zj 1 _]T) Remark that fE(T) = argmingeg, Y, (t) and f?n(ﬂ(T)) =

I, g(T) |>. Moreover we have

Fn(t) = An(s) = It = fI? = lIs = FI* = 27a(t — 5)
and by definition of the penalty, V¢ € M,, 1, ﬁn(ng)) + pen(f) < A, (fe) + pen(f). Therefore
(29) 17 = £I7 < [Ife = £I? + pen(e) + 2m(F1 — fo) — pen(d).

Using that t > 7,(¢) is linear and 2zy < 22/4 + 4y2, we get

AT AT (T
%Mﬁ)—MS%W)—hprhxﬂ_ﬁv’ Fll?+4 sup |r(t)?,
t€B;y, t€Bgy,
where By, = {t € S, ||t]] = 1}. Plugging this in (29) and using that ||j;£T) — foll? < 2Hf§T>
FIZ+20f = fell? , we get

1A — FI2 < 31fe— FI? +2080(6) +8 sup | (1) — 2pen(?)

t€Bp,

3(| fe — fII* + 2pen(¢) + 16 ( sup |7, ()] —m(ﬂ@)
.

IN

teBZ\/Z

+16 ( sup [R(t)]* = pa(t, 5)) +16p1 (£, €) + 16pa(¢,£) — 2pen(l).
+

t€By,

We define p;(¢,¢') in the following results:
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Proposition 6.2. Assume that E(C?) < +oo. Define p1(£,0') = 4((V ' + 1)/n, po(L, ') =
832(¢ V' +1)5/T2. Then

Slo
3o

E ( sup |7;n(t)|2 pl(g’g)> S
+

t€By,

E( sup |R(t)[? —pz(f,g)> <
+

t€Bzy,
where ¢, c are positive constants.
The proof of Proposition 6.2 is given in Section 6.8. Now, the definitions of p;, p2 and pen(.)
imply that
8p1 (L, €') + 8p2(¢, £') < pen(¢) + pen(')
for &1 > 32 and &g > 64, VY, 0" € M,, 7. Therefore, we obtain

99

~T o C
1757 = £IP < 3ILfe = £IP + 4pen(e) + —
which ends the proof of Theorem 3.1. [

6.8. Proof of Proposition 6.2. First we study 7,,(¢) and apply the Talagrand Inequality. To
do this, we evaluate the bounds H?, M, v as defined in Lemma 8.1. Clearly

o eve'
1+evye
E( sup |7, (t)] 2) <ZVar Un(pr)) ZVar ClT M::Hz

teByry,, n

by Lemma 6.1. Moreover, using (15), on By, ||t]jcc < v/2(€V €' + 1) := M. Next, to find v,
we split in two parts:

sup Var(t(Cy7)) < 2(T1 4+ Tp)

t€Byry,
where
1/2
Ti= sup E@(Cir) < suwp il ( [e] f2> < VATV O]
t€8yry, t€Byryy

and
Ty := sup E[t(Ciz)—t(Cir))?.

t€Byry,
We write that

4
(t(Crr) = t(C1r)? = (Crr) = Cor)*[t (&) < (Crr) — Crr)* Y (h(ér))?
k=0

where we apply the Taylor Formula and &7 € (Cf, 6177“). Using Lemma 6.1 again, we get
Ty <E[(Chr) — Crr)?8(1 + £V £)3.

To conclude we use that E[(@T) — C1.7)?] = E(C1)/T and that by definition of M, r, (1 +
(V2 )T < /T+ V. Therefore, we obtain v = Cy/1+ £V . Now the Talagrand Inequality
implies that there exist constants A;, i = 1,2, 3 such that

/ /
E ( sup  [a(t)? — SLEEVE) )> <A <(€v€’) ~avET | LV e—fwﬁ)

t€By,y n n n
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so that as

E<sup rﬂn<t>12—p1<e,é>> < ¥ E<sup \ﬂn@)P—M) <c/n
- +

t€Bsy, veM, T t€Byr v, n

which is the announced bound.

Now we study R(t). Let D = (SuptEBsz |R(t)]? — pg(f,g)>+.

YAVZ4

E(D) < Z E Z {E[%‘(alj) - <Pj(01)]}2 - 482(1+—W

l 2
veM =0
n,T J

s ~ 1+0Ve)°
+E <8(§2 - 82)+%)

By Inequality (28), the first rhs term is zero. To deal with the second term, let Q = {|s2 — sa| < s2/2} .
Using the definition of M,, 7, we get

E(D) < E(8Tae(5 — 52)+).

since (359 — $)41g = 0. By the Markov inequality, we have P(Q°) < (2/s2)*E(|$2 — s2|?) and
we use the Rosenthal Inequality (see Hall and Heyde (1980, p.23)) to get

E(|s2 — 32]4) < Cp(n_gmﬁ + n_Zmé)

where my is the fourth centered moment of X; = 36']2T — 26'3'77“ /T and m% the variance of Xj.
We write

X;—E(X;) = 3(Cjr — Cj)* +3(C} —E(C?)) +6(C; — %)(@,T —Cj)— %(Cj —E(Cy))+ %E(Cj)'

After some elementary computations using the centered moments of a Poisson distribution, we
obtain that, if E(C]S) < +00, then there exist constants ¢, co such that mﬁ < ¢; and m% < ¢9.
Finally E(D) < ¢/n.

7. SOBOLEV-LAGUERRE SPACES

7.1. Laguerre polynomials and associated regularity spaces: General properties. For
p: Rt — RT a Borel function, let

400
LY(R*,p) = {g: R* > R, /0 P(@)p()dz = ]2 < +00}.

When p = 1, we denote this space as usual by L?(RT) with ||g[|?> = f0+oo g*(z)dx. Obviously,
g € L*(R", p) is equivalent to g,/p € L*(R") and |g||, = [lg\/p||- For any orthonormal basis
(¢f) of L2(R™, p), (\/p#,) is an orthonormal basis of L?(RT). We are especially interested in
the weight functions

(30) p(x) =2%"" =wa(r), a>0

and the associated orthonormal bases of L?(R*, w,,), namely the Laguerre polynomials. Consider

the second order differential equation:

(31) Log = —kg, with Log=2x¢"+ (a+1—1)4.



ADAPTIVE LAGUERRE ESTIMATION FOR POISSON MIXTURES. 23

The solution is g(x) = L{(x) the Laguerre polynomial with index o and order k. The function
Ly is a polynomial of degree k, and the sequence (L) is orthogonal with respect to the weight
function w,. The orthogonality relations are equivalent to:

+oo
(32) / ' LY (x)we (x)de =0 for k> L.
0
We have
(33) Li(@) = me"s ™" (;c’” e ) (L3 (2) = —Lo*L(x).
The following holds, for all integer k and o > 0 :
Feo I'k+a+1) I'k+a+1)
4 e 2 __\vreT 2 e <c VTR x/2
B [ ) e - L e () < St

Setting

1/2
) 60 =180 (Frass)

the sequence (¢%),k > 0) constitutes an orthonormal basis of the space L?((0,400),w,). In
particular, ¢9(x) = LY(x) = Ly(z),k > 0 constitute an orthonormal basis of L?((0, +00), w),
with w(z) = wo(z) = e~*. Noting that (waﬂe*“)/ = z% *(a+ 1 — x), we obtain, using (31)

and (33),

d
o (zTte LYt (x)) = 2% kLY (z).
For these formulas, see Abramowitz and Stegun (1964).

We can now prove the following result.

(36)

Proposition 7.1. For s integer, w(z) = e % and g : (0,400) — R, the following two statements
are equivalent:

(1) g admits derivatives up to order s —1, g~V s absolutely continuous and for 0 < m < s,
™2 g™ belongs to L*((0,400),w) (¢ is the Radon-Nikodym derivative of g~ ).
(2) g belongs to L*((0,+00),w) and

(37) ZkST,f(g) < 400,
k>0
where Ti(g) = f0+oo g(x) L (z)w(x)dx is the k-th component of g on the basis (L, k' > 0)
of L2((0, +00), w).
For allm = 0,...,s, ||z™/2¢g™)|2 = S, k(k —1)...(k —m + 1)72(g). If my denotes the
orthogonal projection of g on the space spanned in L2((0, +00),w) by (Ly, k < £),

1
- 2 < s/2 (k) 2
Hg nguw = e(g_ 1)(6—84— 1)HIL' g Hw

We can now define for s > 0, the Sobolev-Laguerre space* with weight function w by:

(38) W*((0, +00),w) = {g € L*((0,+00),w), Y  k*7i:(g) < +00}.
k>0

4Bongioanni and Torrea (2009) introduce Sobolev-Laguerre spaces but do not establish the link with the
coefficients of a function on a Laguerre basis.
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Consider, for a > 0, the space L?(R",w(a.)) corresponding to the weight function w(az) =
e~ . The sequence (y/aLy(at)) is an orthonormal basis of L?(R* w(a.)). Setting g,(t) =

(t/Va)g(t/a)),
+o0
real) = [ gle)Val, (aa)oas)ds = mi(a.)
So we can define

(39) W*((0, +00), w(a.)) = {g € L*((0,+00),w(a.), > _ k*7} ,(9) < +00}.

£>0
For s integer, g € W*((0,+o0),w(a.)) is equivalent to g € L?((0,+00),w(a.)) and g admits
derivatives up to order s — 1, ¢~V is absolutely continuous and for 0 < m < s, z"/2g(™)
belongs to L?((0, +00),w(a.)).

Let us now interpret the result of Proposition 7.1 in terms of bases of L2((0,40oc)). The
Laguerre functions are defined using the normalized Laguerre polynomials by

(40) Li(x) = e~ 22260 (x),

where ¢¢ is defined in (35). The sequence (L, k > 0) is an orthonormal basis of L?((0, +00)).
With L, given in (31), we have
a+1 a?

£, with Lof = —xf"—f’+(§ +f.

xa/Qefz/QLa(e:cﬂxfa/Qf) _ _Eozf +
Now,
feL2((0,400)) <= g = fel®/? € L2((0, +00), w)

and .
Te(g) = OR(f) == / F(@)L0(x)da.
0
We can thus set:

(41) W*((0,+00)) = {f € L*((0,+00)), D K*(6R(f))* < +o0}.
k>0

We have to deduce the properties of W#((0,+00)) from those of W#((0, +00),w). Using that
f E€L2((0,40)) <= ga € L*((0,+00),wy), with g, = fo~ %2/
and the fact that f is abolutely continuous if and only if g, is, a simple computation yields,

(42) ghe 2Ot N2 _ 50 f where 5% = Tf + }(\/— _ Yy
2 NG

Observing that 77 (ga) = 0+°° ga ()0 (x)dx = 05(f) = 0+°O f(x) L3 (x)dx, we get T,?‘fll(g(;) =
001 (5% f) and

gh € L2((0, +00), way1) <= 2*TD2gl € L2((0,+00),w) <= §*f € L*((0,+00)).
We can state:

Proposition 7.2. For s integer, the following properties are equivalent:

(1) feW*((0,400)) <= g = fe*/? € W5((0,400), w),
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(2) f € L2((0,400)), f'sf" ..., f6=V exist, £~ is absolutely continuous and for m =
0,...,8—1,6m0...06"08°f € L2((0, +00)), where, with §* given in (42), we have

0Mmo... .06 0d'f = x(m+1)/29(m+1)e—$/2

(43) and Y k(k—1)...(k—m+1)(00(f)* = [l o...08f|.

k>m

The proof of the above proposition is simply deduced from Proposition 7.1 that is proved
below.

It remains to interpret also the results for the scale changed bases (yv/aLy(ax)e(=%/2) k> 0)
of L2((0,+00)). For all a > 0 and a > 0,

fe L2((0, +00)) <= Ga,a € LQ((O, +00), 2% ), with gaq = fx—oz/26aq;/2’
and
(44) "E(a+1)/2€7az/2'gl — 5(1](‘ Wlth 5af — \/gf/ + f(a\/i . « )
a,a aJ> a —2 —2\/5

Noting that with g = fe®*/2,

+00 too
T;S@(g) - / g(@)Valy(az)e " dr = Hg,a(f) - / f(ﬂ:)\/aLk(ax)e(*m/Q)dx,
0 0

we can set:

(45) W3((0,4+00)) = {f € L*((0,400)), Y _ k* (6 ,(f))*}-
E>0

We have

feWs((0,400)) < g = fe"/? € W*((0,+00), ™)

and the statement analogous to Proposition 7.2 holds with 6% instead of 0% and w(az) = e™**

instead of w.
Let us state the analogous of Proposition 7.2 with the scaled-changed basis corresponding to
a=2.

Proposition 7.3. For s integer, the following properties are equivalent:

(1) f € W3((0,400)) <= g = fe® € W*((0,400),w(2.)),
(2) f € L2((0,400)), [/ f" ..., f6= exist, £~ is absolutely continuous and for m =
0,...,5—1, 00 0...08 0d)f € L2((0,+0c0)), where, with §& given in (42), we have

m—+1
B 0. 08k 08y f = amHD/2(fer)m il = ymin/2 3 <m ! 1) 7o,
; J
7=0

(46) and Y k(k—1)...(k=m+1)(0,()” =65 o... 08 f|*.

k>m

In the text, we have set 9272(]’) = 0,(f) and @k (t) = V2L (2t)e™ .
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7.2. Proof of Proposition 7.1.

Proof. Recall that, for a function ¢ : (0,4+00) — R,

a™?g € L2((0,+00), w) < g € L*((0,400), wp)

and [la™/2g|3, = [ 2™ g (2)w(x)dx = ||glf3,,-

We start by proving that (1) = (2). For h € L%((0,+00),ws,), let 78(h) = O+OO h(x)o% (x)dx
denote the k-th component of h on the basis (¢, = Ly, k' > 0), and for a = 0, 70 (h) = 73(h).
The proof relies on the following Lemma:

m/2

Lemma 7.1. Let oo > 0. If g : (0, 4+00) — R is absolutely continuous with */>g € L?((0,400), w)
and 2@TV/2¢" € L2((0,+00),w), then for all k > 1, VEkr&(g) = -0 (g)).

Proof. By the assumption, g is continuous on (0, +00). For k > 1, using (36) yields
+0o0 +0o0 d 1 1
k‘/o g(x)Li(x)x%e Fdx = /0 g(:c)% (22t e "Ly (2)) da

+oo

= [g(x)xo‘“e*ngfll(x)}g_oo —/ g'(x)xo‘“e*zLZ‘fll(x)dx
0

where the integrals are well-defined by assumption. We multiply both sides by ((k — 1)!/T'(k +

a+ 1))1/ 2. On the left-hand side, appears vk¢®, on the right-hand side, gbgfll Hence, to get

the result, it is enough to prove that [...]§> = 0. Using that 2¢ < 29! for z > 1, we get

1+oo e %g*(x)x® tdx < +oo, and

+oo —+00 “+00
/ o, —x 2 2 o, —x / 2 o —x
(/1 lg(x)g (z)|z“e™"dx) S/l g“(x)z%e d:c/l (¢ () z% *dr < +00.

Thus,

+00 +o0
/ g (x)ae dr = ~[g* (x)ae | > + / e " (2g(x)g (x)2" + ag®(x)x® ) d,
1 1

The integrals in the left-hand side and right-hand side above are finite. Therefore, the limit of
g*(z)z%e™" as x tends to infinity exists. As 1+OO g*(z)x%e*dx < +o0, this limit is necessarily
equal to 0. This implies lim,_, o0 g(x)z*?e~%/2 = 0. Therefore,
. a+t+l —zrya+l _
mll)rfoog(:c)x e "Ly (z) = 0.

The assumption on g implies [;" |g(z)[z%e "dx < +oo and [;"|¢ (2)|z*F e dz < +o0.
Thus, fol lg(z)|z*dr < 400 and fol g/ ()| dr < +00. We have:

1
/ J (z)zdz.
0

Therefore, the limit of g(z)z*"! as z tends to 07, exists and is finite. As fol x%g(x)|dr < 400,
this limit is necessarily equal to 0. This implies

1
a—+1

/1<>“d— L gzt -
Og:cx x—a+1g:cx 0

iii% g(z)z* e Lot (z) = 0.
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Now, let g satisfy (1). By the Lemma, \/ETk(g) = —Tkl;_l(g’), vk — 17',%_1(9’) = —T,?_Q(g”)

and so on. By elementary induction, we get for m =0,1,...,s and k > m,

(k(k—=1) ..., (k = m+1)"?7(g) = (1)1, (g"™).

Therefore,
2
S k(k—1)...(k—s+ i) = (T;i(g(s))) = g9, = 12/l < +o00.
k>0 k>0

So we have (2). Moreover ||g —mpg||2, < [0(£—1)... (0 —s+1)] " [|2*/2)g()||,,. Let us prove that
(2) = (1). We have an analogous lemma.

Lemma 7.2. Let a > 0. Assume that g : (0,+00) — R belongs to L?((0,+00),ws) and that
Y rsok (T8 (g ))? < 4+o0. Then, g is absolutely continuous, g’ belongs to L*((0,+00),we11) and

forall k > 1, TIS‘+11( " = —VEkT(g).
Proof. We have g =3, -, 7(9)¢) with ¢f a constant. Thus,
y
0 =X rilo) [ rya =Y Vi) [ ot
E>1 z k>1

The function h(t) = > ;5 VET(9) O‘H(t) is well-defined and hy(t) = Zk. VETE(9) O‘H(t)
converges to h in IL?((0, +00), wast1), thus in L1((0,4+00), wa 1) also. Consequently, for 0 < x <

Ys

y
1nf ] (u*tte™ / |hn (t) — h(t)|dt < / | (t) — h(t)[t* et dt =y 100 0.
Ty T
This imphes g(y) — = — [Yh(t)dt. Thus, g is absolutely continuous with ¢’ = h and
—2t M) = \/_Tka( ) As > k>0 k:(T,g‘(g))2 < 400, ¢ € L2((0,+00), wa+1) which is equivalent
to t@tD/2¢ € L2((0, +o00), w). O

Now, let g satisfy (2). Applying the lemma, we get that g is absolutely continuous and that
9 ==Y VEre(g9)¢r_,(t) belongs to L2((0,+00),w1). Then, we have that ¢’ is absolutely
continuous with ¢” = (—1)? Y ko VE(k — 1)7k(9)d%_5(t) belonging to L2((0, +00), w2).

By induction, for m = 0,...,s, g™ belongs to L2((0, +00), w,,) with

g = (—1)™ ST (k1) . (= m+ 1) Y20
k>m

Thus, t™/2¢("™) belongs to L2((0,+00),w) for m = 0,...,s. So the proof of the proposition is
complete. O

8. A USEFUL INEQUALITY.

We recall the Talagrand inequality. The result below follows from the Talagrand concentration
inequality given in Klein and Rio (2005) and arguments in Birgé and Massart (1998) (see the
proof of their Corollary 2 page 354).

Lemma 8.1. (Talagrand Inequality) Let Y1, ..., Y, be independent random variables, let vy, y (f) =
(1/n) >0 [f(Y:) — E(f(Y7))] and let F be a countable class of uniformly bounded measurable
functions. Then for € >0

E [ sup [y (/) — 2(1 + 26 H2

2 2 )‘12 K € nH
i| 4 </U €7K162L’02 98 2 IC( ) T;W > ’
feF

< _— V2
- Ki K1n202(€2)6
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with C(€2) = V1+ €2 -1, K1 = 1/6, and

1 n
sup [ flloe < M. E|sup vy (f)]] < H, sup =3~ Var(f(¥3) < v2.
feF feF fer i —

By standard density arguments, this result can be extended to the case where F is a unit
ball of a linear normed space, after checking that f +— v, (f) is continuous and F contains a
countable dense family.
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