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NONPARAMETRIC DENSITY ESTIMATION FOR MIXED POISSON
PROCESSES.

F. COMTE! AND V. GENON-CATALOT?

ABSTRACT. In this paper, we consider the observation of n i.i.d. mixed Poisson processes with
random intensity having an unknown density f on RT. Depending on the observation time, we
propose two nonparametric adaptive strategies to estimate f. We use an appropriate Laguerre
basis to build adaptive projection estimators and also propose kernel estimators with adaptive
bandwidths. Non-asymptotic bounds of the L2-integrated risk are obtained in each case. The
procedures are illustrated on simulated data. July 25, 2013
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AMS Classification. 62G07 - 62MO09.

1. INTRODUCTION

Consider n independent Poisson processes (N;(t),j = 1,...,n) with unit intensity and n 7.i.d.
positive random variables (Cj,j = 1,...,n). Assume that the processes (N;(t),j = 1,...,n)
and the sequence (Cj,j = 1,...,n) are independent. Under these assumptions, the random time
changed processes (X;(t) = N;(Cjt),t > 0) are i.i.d. and such that the conditional distribution
of X; given C; = c is the distribution of a time-homogeneous Poisson process with intensity c.
The process X is known as a mixed Poisson process (see e.g. Grandell (1997), Mikosch (2009)).
Such processes are of common use in non-life insurance mathematics as well as in numerous other
areas of applications (see Fabio et al. and references therein). The value X;(t) represents for
a subject j the number of occurence of an event during the time interval [0,¢] (e.g. the claim
number in insurance mathematics). The randomness of the intensity C; takes into account the
heterogeneity among subjects which is more realistic. For instance, the distribution of C; may
be a mixture of distributions. The mixed Poisson process belongs to the more general class of
mixed-effects models where parameters are assumed to be unobserved random variables.

In this paper, we assume that the random variables C; have an unknown density f on
(0,+00) and our concern is the nonparametric estimation of f from the observation of a n-
sample (X;(T),j = 1,...,n) for a given value T. We investigate this subject for large n and
both for fixed T and large T" with two different methods. The fixed T" method performs well for
small T' (e.g. T'=1) and deteriorates as T" increases while the large T' method performs better
and better as 7' increases. Thus, the two methods are complementary.

In Section 2, we consider the case T = 1. The distribution of X;(1) = N;(C}) is given by:

1

(1) P(N;(C)) =) = au(f) =

which can be estimated by:

+oo
/ e_ccgf(c)dc, £>0,
0

n

2) Ge=2D lovep=n: (20
j=1

! MAP5, UMR CNRS 8145, Université Paris Descartes, Sorbonne Paris Cité.
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2 F. COMTE AND V. GENON-CATALOT

In Simar (1976), it is proved that the cumulative distribution function F'(z) of C; can be consis-
tently estimated using (d&y). The method is theoretical and concrete implementation is not easy.
Noting that ag(f) is simply the Laplace transform of f, Karr (1984) studies the properties of g
to estimate ag(f) in the more general context of mixed point Poisson processes.

Our approach is a penalized projection method (see Massart (1997)) which provides a concrete
adaptive estimator of f. It is based on the following idea. By relations (1), ay(f) is the L? scalar
product of f and the function ¢ — e~¢¢?/I!. This leads us to assume:

(H) f € L2((0,+00)).
Then choosing an orthonormal basis (@) of this space, (1) can be written as:

ar(f) =D 0.0

k>0

where 0, ng) are respectively the k-th component of f and e~¢c?/I! on the basis. The problem is
to choose a basis such that the mapping (0, k > 0) — (ay(f),¢ > 0) can be simply and explicitly
inverted. Then, by plugging the estimators &, in the inverse mapping, we get estimators of the
coefficients 6, and deduce estimators of f. A relevant choice of the basis (¢y) is thus a key tool.
In what follows, we consider the basis

(3) op(t) = V2L,(20) e k>0

where (Lg(t)) are the Laguerre polynomials. This choice is justified by the fact that Ql(f) =0
for all £k > ¢ and the matrix €, = (Qy))ogi?jgg is lower triangular and explicitly invertible

(Propositions 2.1 and 2.2). This yields that the following linear mapping on R is explicit for
all £:

o= () k=0, 0) =0 = (O, k =0,....0) =9\

with a crucial consistency property: the first £ — 1 coordinates of @y and 0} are equal to those of
dy_1 and 55,1.

Consequently, we define a collection of estimators of f by fg = Zi:o ékgok and study their
IL2-risk (Proposition 2.3). By introducing appropriate regularity subspaces of L2((0, +00)), the
regularity of f is measured in terms of the convergence of series associated with the coefficients
(0x). The justification is detailed in the Section 8. Using these regularity spaces, we discuss
the possible rates of convergence of the L2-risk of fg. Smooth functions f yield rates of order
O((logn)™*). "Super-smooth” functions yield rates of order O(n™%), b < 1. Afterwards, we
propose a data-driven choice ¢ of the dimension ¢ and study the L2-risk of the resulting adaptive
estimator (Proposition 2.1).

In Section 3, we interpret the results of Section 2 in the case where the observation is
(N;(C;T),j =1,...,n). This amounts to a change of scale which multiplies the variance term
of the risk by a factor T" and implies a deterioration of the estimator as 71" increases.

Section 4 is devoted to the estimation of f for large T'. Our methods rely on the property that

~

for each j, Cjr = N;(C;T)/T is a consistent estimator of the random variable Cj as T" tends to

~

infinity. Then, we use the i.i.d. sample (C}1)i1<j<n, to build estimators of f. First we propose
a kernel estimator with an adaptive bandwidth selection (Proposition 4.1, Theorem 4.1). Then
we study projection estimators on the Laguerre basis (3) with an adaptive choice of the space
dimension (Proposition 4.2, Theorem 4.2).

Section 5 gives numerical simulation results and some concluding remarks are stated in Section
6. Proofs are gathered in Section 7. In Section 8, regularity spaces associated with Laguerre
bases are discussed and auxiliary results are recalled.
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2. ESTIMATION FOR T' = 1.
2.1. Preliminaries. The Laguerre polynomials given by
k .
R\
@) =3 (5) 5 k=0
=0 J/) 7

are orthonormal polynomials with respect to the weight function w(t) = e~* on (0, +00), i.e.,
for all k, k',

+o0 ,
/ Li(t) Ly (t)e~tdt = 6F
0

where 5’12/ is the Kroenecker symbol and the sequence (L) is an orthonormal basis of the space
L2((0,+00),w). Consequently, for all positive a, (v/aLg(at),k > 0) is an orthonormal ba-
sis of L2((0, +00),w(a.)). Equivalently, (v/aLy(at)\/w(a.),k > 0) is an orthonormal basis of
L2((0,+00)). The choice a = 2 is especially well fitted to our problem. By (H), f admits a
development on the basis (3)

“+o00o
) F=Y b where 6= [ fOpuepe
k>0 0
Developing the function ¢ — c¢fe=¢/¢! on the same basis, we get
+oo
(6) Z Qk or(c), where Q(E) i / V2L (20)e > de.
k>0

As (V2Lp(2c),k > 0) are orthogonal polynomials w.r.t. the weight function w(2c) = e~%¢,

Ql(f) = 0 for k > ¢ (see Section 8 for more details). Thus,
1 ‘ [4
o 76_2919 vr(c) and ag(f):ZHkQ,i)

The coefficients Q,(f) are given in the following proposition.

Proposition 2.1. The coefficients Qg) defined by (6) are equal to

—1)k /¢
(7) ) = (\/;ge <k>1(kse)-

Define the vectors

0= Ok =0,....0) @ = (ap(f),k=0,...,0

and the triangular matrix

o o 0
oV o o

(8) Qp = ,
Q(()Z) Qgé) Qy)

where the diagonal terms are QZ@ = (—=1)"/(v/2 2%). The matrix € is therefore invertible and its
inverse is explicitly computed in the following proposition.
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Proposition 2.2. The following equality holds:

0 =2 ((_1)k (J>2k1(k§j)> :
k 0<k,j<t
Therefore 0} = le&’g.

Note that since both €, and Qzl are lower triangular, we have the consistency property: the

first £ — 1 coordinates of &y and 0} are equal to those of @y_; and @_1.
2.2. Estimation of the density of the random effect.

2.2.1. Projection estimators. We consider the empirical estimators (2) of ay := ax(f) and set
(9) &EZ t(a()aala"'adf)

The vector 55 = (O, k =0,...,¢) of components of f is estimated by 0, = QZIOZ.
By the triangular form of €2, &g and ég have their first £ — 1 coordinates equal to those of
o:;g,l and 1. Denote by fr the orthogonal projection of f on
Sp = span(eo, @1, - - -, Pe),

namely f;, = Zi:o 0,0,. We estimate f by f; = Zi:o 0rr. We denote by ||.|| the L2-norm
of L.2((0, +00)) and by |.| the usual Euclidean norm in R+, The following risk decomposition
holds.

Proposition 2.3. The estimator of f defined by

¢ B
(10) fo=>"brow, 60=9,"a
k=0
where & is defined by (2) and (9) and Qy by (7)-(8), satisfies
; 16 24
E(|fe — fII?) < |f = foll? + — .
(Lfe = £I7) < I1f = fell™ + 15—

Let us discuss the possibles rates implied by Proposition 2.3. Consider the following regularity
function spaces, for s,u,v > 0,
(11) W RY, K) = {h:RY - R,h € LA(R"), Y " k* exp(uk”)67(h) < K < 400}
k>0
where 0;(h) = O+OO h(u)pr(u)du. For u = 0, we simply note W*(R*, K). Regularity spaces

linked with Laguerre bases are discussed in Section 8. In particular, for s integer, if h : (0, +00) —
R belongs to L?((0, +00)),

(12) Dk (0(h))? < +oo.

k>0

is equivalent to the property that f admits derivatives up to order s — 1, with f (s—1) absolutely
continuous and for m = 0,...,s — 1, the functions §™ o ... 06" o §°f belong to L?((0,+00))
where 0% f = \/zf' + %(\/5 - %)f Thus, W#(R*, K) corresponds to a space of functions with

regularity s. For any h € W5(R", K), we have ||h — hy||* = Y7, 07(h) < K/¢* where hy is
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the orthogonal projection of h on Sy.
Consequently, for f € W$(R™, K), the risk bound in Proposition 2.3 writes

E(lfe— fIP) < 35+ 15—

The variance term has exponential order 2% with respect to £. Thus, we can not make the classical
bias variance compromise and must choose ¢ so that the variance term does not explode. The
bias becomes the dominating term. For instance, we can choose ¢ such that 2% /n = 1/\/n,
which yields ¢ = log(n)/(8log(2)) and a rate of order O([log(n)]~*).

Note that analogous rates occur in the context of deconvolution for ordinary smooth function
and super-smooth noise (severely ill-posed problem). Nevertheless, the logarithmic rate is proved
to be optimal, see Fan (1991).

The logarithmic rate can be improved for f € WS%V(R*, K) with u > 0. For instance, consider
for f an exponential density £(6). In this case,

“+o00 k ke 2]' too
O, = / gok(c)ﬂefecdc:\/iﬂg (_1)J('>7/ =0+ g,
0 » J) it Jo
Jj=0

gt () (o) - e ()

7=0

As a consequence

[e%e) 2(0+1

o= Y =0 (0
k=6+1
Note that the bias is null for 8 = 1, since then, f = pg. Choosing
1

(log(2) + log(|(6 +1)/(6 — 1))

0 =Ly = Nlog(n) with A= 5

yields the rate
21log(2)
log(|(0+1)/(6 = 1)])

The rates depend on # and can be O(n~") for any b < 1. For instance if § = 5/3 the rate is
O(n~'/?), and it tends to O(n~"') (the parametric rate) when 6 tends to 1.
This kind of result can be generalized to the case of a distribution f defined as a mixture of

exponential distributions and to Gamma distributions I'(p, ), with p an integer. More precisely,
if f, is the density I'(p, §),

\/§ o ’ 2 i ! p—1 k
Or(fp) = m (9—4—1) Sp k <0—+1> , with S, p(x) = vl L (1—xz)*|.

This term can be computed explicitly and we get, for £ > p — 1,

O(n~YO+1)  with p =

L, (0 —1)\2 D) _
SO < (57— C(p,0), with 0< C(p,1) < +o0.
~ 0+1

Note that the bias is null for § = 1, which is expected since f,, € S,—1. Moreover, the bias order
depends on #, which can be seen in simulations.
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2.2.2. Model selection. Now we have to define an automatic selection rule of the adequate di-
mension £. We make the selection among the following set, which guaranties that the variance

remains bounded. Let
11
M, = {e €{0,1,.... Ly}, Ly = [ Og(”)] +1}

41og(2)
where [z] denotes the integer part of the real number z. For x a numerical constant, we define
/ ; 24
(13) { = arg min {—Hngz +pen(€)}, with pen(f) = k—.
teMn n

We can prove the following result

Theorem 2.1. Consider the estimator f;; defined by (10) and (13). Then there exists k > 0
such that

. C
E(1f; — £IP) < inf (3llfe = fI + dpen(0)) + .

The infimum in the right-hand-side of the inequality above shows that the estimator is indeed
adaptive.

Note that the penalty is, up to a constant, equal to the variance multiplied by £. This implies
a possible negligible loss in the rate of the adaptive estimator w.r.t. the expected optimal rate.

3. ESTIMATION FOR GENERAL FIXED T

Let us now assume that the observation is (NV;(C;T),7 = 1,...,n). The previous method
applies directly to estimate the density fr de C;T i.e. fr(t) = (1/T)f(t/T). We can deduce the
results for f(c) =T fr(Tc).

Developping fr on the basis (g, k > 0) yields coefficients 6x(fr),k > 0. Now, developping f on

the basis (go,(gT) = VTpp(T.), k > 0) yields coefficients
0. (/) = VT0y(fr).
Let us denote by

4
=300 (e
k=0

the orthogonal projection of f on the space SéT) spanned by (go,(gT), k < {). The following relation

holds for all £ > 0:
FPe) =T fro(eT)

where fr, denotes as above the orthogonal projection of fr on the space S, spanned by (¢, k <
). This implies:

1f = U2 = Tl fr — frell?

The coefficients

are estimated by

. 1
(14) A= Z Lvo5my=r), k20
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To estimate f(c) =T fr(T'c), we set for all ¢,

A T ~
Fi7(0) = Tfre(Te)
where fATl is the estimator built for fr using (N;(C;T),7 =1,...,n). Therefore,

~ T ~
177 = £I7 = Tl fre = FIP.
Consequently, applying Proposition 2.3 for fr yields the following result.

Proposition 3.1. The estimator fE(T) of f satisfies

A 16 24
E(If = £12) < IF = PP+ T

The construction of the estimator f'Z(T) uses the basis (gol(cT)). The variance term in the L2-risk

is multiplied by a factor T'. This explains the deterioration of the method when T increases.
With ¢ defined in (13), we set f gT)(c) =T fT, /(T'c). The following result holds for the adaptive
estimator.

Theorem 3.1. There exists k > 0 such that

cT

E(F" ~ FIP) < inf (315" = FIP +4Tpen(e)) + =

4. ESTIMATION FOR LARGE T

Let us set

~ 1
ij = ?Nj(CjT).

Conditionally to C; = ¢, we know that éj,T converges almost surely to ¢ as T tends to infinity.

~

Consequently, C; 1 converges almost surely to C'j. We now use the i.i.d. sample (Cjr1)i<j<n to
build estimators of f.

4.1. Kernel estimator and adaptive bandwidth. Consider K : R — R a C? function,
integrable, with [p K (u)du =1 and

(15) / K%(u)du < +o0, /(K”)Q(u)du < +00.

R R
Let Kx(.) = (1/h)K(./h) and set for h > 0,

A 1 — T — @-T

1 =— ) K|— R.
19 o= oK () e
Obviously f = flfso. To distinguish the L?-norm on R of the L%norm on RT, we set ||h||3 =
f]R f2(:v)d:6.

The following Proposition gives the risk of the kernel estimator (16) with fixed bandwidth.

Proposition 4.1. Consider the estimator fy given by (16) under (H) and (15). Assume more-

over that E(C?) < +oco. Then
K03 201K 2y, E(C1)
an T owre PO TR

where fr(z) = f* Kp(x) and * denotes the convolution product.

(17) E(|fn = fII5) <201f = full5 +
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Under weak regularity assumptions on f, the bias term || f — f3,]|3 tends to zero when h tends
to zero. On the other hand, the bandwidth h must be such that 1/(nh)+1/(T?h%) tends to zero.
Since n is the number of 4.4.d. observations, we express the rate of the LL?-risk as a function of
n and let T and h be also expressed as functions of n.

Recall that a kernel of order /¢ satisfies fR SCkK(SC)dSC =0for k=1,...,¢. For constants 5 > 0
and 3 > 0, the Nikol’ski class N (3,3) is defined by:

N(B,%) = {f ‘R—R: [/ (f<’f>(x+t) — f<’f>(x))2dx}

where ¢ = |5].
The following corollary holds:

Corollary 4.1. Assume that f belongs to N (B,X) and that the kernel K has order £ = | 3] with
Je |2|?| K (z)|dx < +0c0. Under the condition

1/2
< 2|t VteR} ,

(18) h nil/@ﬁ‘l’l) and T2 > n(25+5)/(25+1)7
we have
(19) E(||fn — f||2) < Cn~28/28+1),

Corollary 4.1 standardly follows from Proposition 4.1. Indeed, if f belongs to N(3,%) and
if the kernel K has order ¢ = |3], then |f — ful|3 < C?h?F with C = X [, [ul’|K (u)|du/e!
(see Tsybakov, 2009). For the first two terms in the r.h.s. of (17), the classical rate-optimal
compromise imposes that h oc n~ /8D thus implying h2° + 1/(nh) o n=28/Z8+1) " Fitting
the last term with this rate requires that 1/(T2h%) < n=28/B+1) If T2 > p(2A+5)/26+1)  then
7”L5/(25+1)/T2 < n~28/(2F+1) | This constraint holds for any nonnegative 3 if T' > n®/2.

The conditions in (18) yield the rate (19).

We now define a data driven selection of the bandwidth h. The method developed by Golden-
shluger and Lepski (2011) using iterated kernel estimators is applied. Here we have moreover to

deal with the substitution of the unobserved C;’s by the @»,T’s. As usual, bandwidth selection
has to reproduce the bias-variance compromise. This requires to estimate the right-hand side of
(17) for all h. Let

n ~

E(Cl) ~ 1 o C',T
sy = 3E(C?) + 7 and 5=~ 2[3(0ﬂ)2 — 2%].
]:
As
~ Cit  ~ 3N;(C;T)—2
3(Cir)* — 2= = Cijr——— >0,
59 > 0. Elementary computations using conditioning on C; show that E(32) = so. We denote by
_ _ 2 [IK13 _ 2 I3
(20)  V(B) = V() + Va(h) where Vi(h) = ma| K B2, Va(h) = ol KB,

and k1 and ko are two numerical constants. Note that |K||; > 1. The term V'(h) is, up to
multiplicative constants, an unbiased estimator of the variance term in the bound (17). To
estimate the bias term ||f — f4]|3, we introduce the iterated kernel estimators fy () = Kp *
fh(ac) The idea is to estimate the bias term by supy, Hfh,h’ - fh/H%, where i’ is in an appropriate
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finite set denoted by H,, 7. However this introduces an additional variance term which must be
subtracted. Hence, to estimate the bias term, we set

(21) Ay = sup (1 fuw — furlf = V(H))
hWeHn T +

The adaptive bandwidth is now defined by

22 h= in (A(h) +V(h)).

(22) arghénﬁﬁT( (h) +V(h))

We consider the adaptive estimator fﬁ, for which a risk bound is given in Theorem below.

Theorem 4.1. Assume that [ |K(u)|*3du < +oo and E(Cf) < 400. Assume moreover that the
bandwidth collection Hy, 1 is such that: card(Hn1) <n, Vh € Hpr,1/(nh) <1 and 1/(h5T?) <
1, and for any ¢ > 0, there exists a finite constant (c) (independent of n and T') such that
(23) > hPeh < 5(e) .
hEHn,T

Recall that fr, = Ky = f. Then there exist constants k1, ke such that

; , K|RIK3 | [IK]FIK" (352 1
24 E( - 2><C ¢ 2 K17 2 1 2 o'
e (1= fg)<c e (I - g+ e R

where C is a numerical constant and C' is a constant depending on 2, | K43, || K]|2-
/3

The estimator f'ﬁ is indeed adaptive: the infimum in the right-hand-side of Inequality (24)
shows that the bias variance compromise is automatically realized.

For instance, if T > n®/2, we can choose Hor={1/k, k=1,...,/n}or Hpr = {1/2% k=
1,.... [log(n)/1og(2)] .
4.2. Projection estimator and model selection. Kernel estimators are classical, but have
the drawback to provide estimators on R, which may show a boundary effect at 0, as the function
to estimate is null on (—oo,0]. This is why we study the same projection estimators as in Section
2, using the Laguerre basis. The difference lies in the estimation of the coefficients 6.

Let us set:

1 n
_ - - 1 ~
(25) Ji =Y Owens Oi= > enl(Cir).
k=0 j=1

We obtain the following risk bound.

Proposition 4.2. Recall that f; is the orthogonal projection of f on Sy = span(pg,...,pe).
Then

N (+1  8(0+1)5s
BUFT - A7) < 1f - fll+ 2222 4 o2,

where we recall that the norm ||.|| is the L2-norm on [0, +00).
Now, we define the penalization procedure by setting
Moz = {e €{0,1,..., My}, My<n, M,< T5/2}
and

J_ ; CNnFfMy2 | ==
(26) I=arg, min {7 +pan(o)}
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with .
__ . (+1 . (+1)
pen(l) = m( - ) + /€2( e ) 3.

Theorem 4.2. Let féT) the estimator defined by (25) and (26). Then there exist numerical
constants K1, ke such that

1 8((+1) c’
+ (+)s2>+_

N | g
B - P <0t (17— P+ 250 4 2 -

n,T

where C is a numerical constant and C' a positive constant.

5. NUMERICAL SIMULATIONS

In this paragraph, we illustrate on simulated data the two adaptive projection methods using
the Laguerre basis: method 1 corresponds to Section 2 when T' = 1, method 2 corresponds to
subsection 4.2 for large T

FIGURE 1. Estimation of the Gamma(3,1) density with method 1 (top left n =
10000 and top right » = 100000, for 7" = 1) and method 2 (bottom left, n =
1000,7" = 10 and bottom right n = 4000, 7 = 40): true -thick (blue) line and 25
estimated (dashed (red) lines). Most of the time ¢ = 2 for both methods.

We consider different distributions for the C}’s:
(1) a Gamma I'(p,0) for p=3,0 =1,
(2) a mixed Gamma density 0.31'(3,0.25) 4+ 0.71'(10, 0.6).
(3) an exponential £(0), with 6 = 1/2, fa(x) = e 1,0,

a Pareto density (@) =p(l+pbx) "~ z>0, With p =5 an = ,
4) aP density f(, 0 1+ pbz)~1-1/r1 ith p =5 and 6 = 1/2
5) a Weibull density o) =0p "z" e~ 1,50 for p =3 an = 2.

Weibull density f(, g Op 00 te= (/01 g £ do
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FIGURE 2. Estimation of the mixed Gamma density with method 1 (top left
n = 10000 and top right n = 100000, for 7" = 1) and method 2 (bottom left,
n = 1000,7 = 10 and bottom right n = 4000,7 = 40): true -thick (blue) line
and 25 estimated (dashed (red) lines). The selected ¢ is 3 except for the bottom
right plot where it is 4.

Note that, as § = 1, the density (1) has only three nonzero coefficients 6y, 61, 65 in its exact
development in the Laguerre basis. We thus expect the reconstruction to be perfect. On the con-
trary, for density (3), we know that the rate of the IL? risk depends on the value of 6, see Section 2.

In Figures 1-5, we illustrate the first method for 7' = 1 and n = 10000, n = 100000 and the
second for sample sizes n = 1000 and T = 10, and n = 4000, T" = 40, for the five densities
defined above. We plot 25 consecutive estimates on the same picture together with the unknown
density to recover, to show variability bands and illustrate the stability of the procedures.

e Comments on method 1. The method is easy to implement. We have selected the constant
k = 0.001 in the penalty, after preliminary simulations. The adaptive estimator performs reason-
ably well for large values of n (n > 10000) but is very sensitive to the parameter values for distri-
butions Gamma or exponential, as expected. The mixture density and the Pareto and Weibull
densities, which do not admit finite developments in the basis, are correctly estimated. Increas-
ing n improves significantly the estimation. We choose to select ¢ in {0,1,...,2|log(n)| — 1}.
On the examples, the algorithm selects values of 1 belonging to {0,1,...,4}.

e Comments on method 2. The method is also easy to implement. We have selected the constants
k1 = 1.5, ko = 107°. The very small value of &y simply kills the effect of the second term in
the penalty in order to allow not too large values of T'. This second method gives better results
than the first method, as soon as 7' > 10 (even T' > 5 provides good estimators). The number of
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observations need not be very large. We kept the same set of possible values for £ in the selection
algorithm; here again, the selected values ¢ are in {0,1,...,4}.

FIGURE 3. Estimation of the Exponential density with projection method 1 (top
left n = 10000 and top right n = 100000, for 7" = 1) and method 2 (bottom left,
n = 1000,7 = 10 and bottom right n = 4000, 7" = 40): true -thick (blue) line
and 25 estimated (dashed (red) lines). Most of the time ¢ = 2.

6. CONCLUDING REMARKS

In this paper, we study the nonparametric density estimation of a positive random variable C
from the observation of (N;(C;T),j = 1,...,n), where (IN;) are i.i.d. Poisson processes with unit
intensity, (C;) are i.i.d. random variables distributed as C', and (N;) and (C}) are independent.
Under the assumption that the unknown density f of the unobserved variables (C;) is in L#(R™)
and for a fixed value T', we express the nonparametric problem as an inverse problem, which can
be solved by using a Laguerre basis of L?(RT). Explicit estimators of the coefficients of f on the
basis are proposed and used to define a collection of projection estimators. The space dimension
is then selected by a data driven criterion.

For large T', estimators Cj 7 of the C}’s are used to build adaptive kernel and adaptive projec-
tion estimators in the Laguerre basis. The interest of projection estimators on the Laguerre basis
is that the unknown density is directly estimated on R™, contrary to standard kernel estimators.
Moreover, the order of the bias term can be simply evaluated for functions in Sobolev Laguerre
regularity spaces.

The numerical simulation results show that the Laguerre basis is indeed appropriate, to obtain
estimators with no boundary effects at 0.

Possible developments of this work are the following.

e We may use specific kernel estimators on R, as in Comte and Genon-Catalot (2012), to
compare them with projection Laguerre estimators.
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FIGURE 4. Estimation of the Pareto density with projection method 1 (top left
n = 10000 and top right n = 100000, for 7" = 1) and method 2 (bottom left,
n = 1000,7 = 10 and bottom right n = 4000, = 40): true -thick (blue) line
and 25 estimated (dashed (red) lines). Most of the time ¢ = 2 for the top pictures
and 0 for the bottom ones.

e We may enrich the data by considering several observation times, see Fabio et al. (2012).
e We may extend the results to mixed compound Poisson processes by using the approach

of Comte et al. (2013) based on observation of Y;(t) = ZN 5(Ct) & with & i.i.d. random
variables independent of (Nj,Cj);.
e We may investigate the case of mixed Lévy processes.
7. PROOFS

7.1. Proof of Proposition 2.1. Using (4), we have

0 _ 1y~ v g2y e, 1 1§ +))!
0= 3 () [ e e ()
Finally,
O 1 o~ (RN ). (e
(27) % = 7o D () j!

where we know that Q(g) =0 for k > ¢. Therefore ¢ — 25(21(5) is a polynomial of degree k which
is equal to O for £ = 0, 1, ...,k — 1. Hence, we have:

20" (- 1)t —2)... (L —k+1).
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FIGURE 5. Estimation of the Weibull density with method 1 (top left n = 10000
and top right n = 100000, for 7' = 1) and method 2 (bottom left, n = 1000, 7 = 10
and bottom right n = 4000,7 = 40): true -thick (blue) line and 25 estimated
(dashed (red) lines). The selected ¢’s are 2, 3 or 4.

The proportionality coefficient is equal to the coefficient of £* is (—1)*/(v/2 k!). Hence the result.
U

7.2. Proof of proposition 2.2. Denote by R/[X] the space of polynomials with real coefficients
and degree less than or equal to £. The transpose of the matrix /2§, represents the linear
application

Rg[X ] — R@[X ]

P(X) —» P(&5).

in the canonical basis (1, X,..., X Z).The inverse linear mapping is

{Rg[X] — R@[X]
QLX) — Q-2X).

hence the result. [
7.3. Proof of Proposition 2.3. We have
E(Ife—£1% = If — fol® + E(lfe — fell?)

¢
If = fel* +E <Z(ék - 9k)2>

k=0

If = foll* + E(Q (& — o))



MIXED POISSON PROCESS. 15

Next, we write the variance term as follows:
(28) E(|, ' (ar — a)]’) =E (t(gve —ap) ', (A - 070) :
Now, note that, if M = (m;;)o<ij<e is a (€ + 1) x (£ + 1) matrix,

E( (e — d)M (&g — dp)) = Y cov(dy, a;)m,
0<i,5<4

where cov(d;, ;) = (aiég — ojaj)/n and 5g is the Kronecker symbol. Thus, for M symmetric
and nonnegative,

E( (& — dg)M(Gp — @) < Tr(MDy)/n
where D, = diag(ay, ..., ap). Here, we get

. 1 1
(29) E(lfe = FIIP) < (1f = fell® + - T 0,10 Da).
Since 0 < o, < 1 and [tﬂg_lﬁzl]hk > 0 for all k, we have
. 1 e
E(|lfe = fI1") < IIf = fell® + ~ (07 '),

Note that Tr( tQZlQZl) is known as the squared Frobenius norm of the matrix le. It follows
from Proposition 2.2

(30) Tr( Q100 = Qké]io <(;€>>2 92

First write that

Now, notice that

We get
24(“1) 1 16
31 vt <) ot =S - < o
(1) Z S ENE
As a consequence, we obtain the risk decomposmon announced in Proposition 2.3.[]

7.4. Proof of Proposition 2.1. For simplicity, we set L, = L. We define S, = {t =
to,t1,...,14,0,...,0) € REF1Y which can also be associated with the function ¢ = Zi:o Lk Ok

in Sy and [t] = ||¢]].
Now define, for t in any of the S,’s with ¢ < L,
T(t) = [t]? = 2(t, Q7 ar).
For t € Sy, note that v,(t) = |t(€)|2 — 2t lec:@, where t) = {tq,t1,...,t;). Moreover, the
vector f, = t(éo, 00,0, ... ,0) is such that f, = arg minges, 7, (t) and satisfies

m(®e) = |l fell? = — &[> = -9 4.
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For s € Sy and t € Sy, the following decomposition holds:
Yu(t) = (s) = [t = FII* = l|s = £I* — 2(t — 5,97 (61 — L))

where ||t — f]|? = Zé’zo(tk — 0p)? + > pe 41 07, for all k, 0, = (f,r) and teyq,..., ¢ are null
when t € Sy. X
The integer £ is given by

(= argﬁmj\i/rll (v (£s) + pen(?)), where £, = {0y, ...,0,,0,...,0) e REFL,
EMn

By definition of /,
n(E) + pen(d) < a(£s) + pen(?)
which implies

15— FIP < fe— FI + pen(6) + 2(F; — £, Q7 (A1 — L)) — pen(?).

Now we have

A 1,7 . 1 1,7 R
2<fé—fg,QL1(aL—aL)> < Z’fé—f€’2+4 sup (t,QLl(aL—aL)>2
tES;, p0/t/=1

and [E; — 22 < 2 f; — I + 2] f — f]|*. Thus we get

E(|f; = fI*) < 3lfe— fI*+ 2pen(¢) + 8E (t S 1<t,951<a?L —ap))? - pw,é))
€4y prltI=

(32) +E(8p(¢, £) — 2pen(f)).
The following Proposition gives the appropriate choice for p(¢, ¢').
Proposition 7.1. Let p(¢,0') = 20*2** /n with £* = £V {'. Then, we have

/
E ( sup  (t,Q; (4 — ar))? —p(u)> < ¢
te

Sy, eltl=1 n n

The result of Proposition 7.1 inserted in Inequality (32), shows that for k > 8, we obtain
4p(¢,¢) < pen({) + pen(¥) and
. 9 9 8C’
E(1f; — £17) < 3llfe — £ + dpen(t) + 2
which is the result of Proposition 2.1. [

Proof of Proposition 7.1. We apply the Talagrand Inequality recalled in Lemma 8.4 of Section
8.1. First note that

E( sup (6,97 (aL —da)?—p¢,0)
t€S,, ,lt1=1 .

< Y E ( sup  (t, Q7 (ar — dp))? — p(l, e’))
reM,, teS,y, 1, [t|=1 "

Let us define ||M||? = Tr( M M) and p?(M) the largest eigenvalue of ‘M M. We consider the
centered empirical process given by
1 & - 1 & - -
W(t) == (€,Q (B —ar)) = — i0) — Eve(5;
vn() = ~ > (6,97 Bz — dp)) = — > _(We(Bir) — Eve(Fir)

i=1 i=1
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where tﬁ_;-JJ = (In,(c;0)=05 - - > In,(c;0)=1) are L + 1-dimensional i.i.d. vectors and ¢¢(7) =
(6, Q71F). Tt tis in Sy, v (t) = (£, 9, (ar — ap)).
Recall that ¢* = ¢V ¢' and define the unit ball for the maximization by By = {t € Sy«, [t| = 1}.
To apply Lemma 8.4, we specify e, H>, M and v?.
Clearly

) N S 5
E( sup v, (t) | S E(Q. (dp — dp=)|") < — — = H".

tEBg* - 15 n

This bound was obtained in the computation of (29) (see (28), (30), (31)).

Next since 6_;,[, has only one nonzero coordinate, equal to 1, we have to bound ¢ (Z) =
(t,Q; %) for ¥ = e; vector of the canonical basis of RE*!, with j < ¢* and t € By«. For such
vectors I,

e (@) < p(Q:1) < 191 < V/16/15 2 = M.

Lastly

. 15 _4p
sup Var(v1(Fi,0)) < p*(Q:DE(I5iL %) < p*(2:1) < 11917 < 2 =
tEB[*

as E(||65,1?) = B(XZk0 13, cy) = P(Ni(Ci) € {0,1,...,L}) < 1.
We have nH/M = /n and nH?/v?> = 1. We take €2 = §¢* and for  to be chosen afterwards,
we get

— C * * /Sp*
E sup  (t,Q; (@ —ar))? — 21+ 250 H? | < =L (246 e~ 208" 4 =Cavol ”>
tES,yp,[t1=1 i n

where we used that M?/n < 2 by definition of the set M,, and where Cy, Cy, C3 are numerical
constants. Then choosing § > log(2)/C2 + 1 and ¢£* > 1 gives the result. [

7.5. Proof of Proposition 4.1. Classically,

E(|f - fuld) = Hf—E(fh)H%+E<||fh—}E<fh>||%> A A
< 2 = full3 + 205 — EF)3 +E(fn — E(f)]3)-

The last term is the usual variance term and is bounded by

2
) E(lf~BUIR) = + [ Var(Ei(e - Cur)ide < 1E [ (Roa — Cur) tgy < S

The first term is a usual bias term. The specific term is the middle one. We note that fj,(z) =
E(Kp(x — C1)) and we apply the Taylor Formula with integral remainder:

N C —C _
Kn(z — Crr) — Kp(z — C1) = (1h721T)K/<x hC1)

¢y —Cir)? [ 1 C
HOZG0? M e (Ko u@ -Gy ) i
0
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Noting that E(@LT\C&) = C1, we get E((Cy — alT)K’(L,Fl)) = 0. Using the Cauchy Schwarz
inequality twice yields

Ifn —E(f)lE = /(E(Kh(x—élj) Knp(z —Ch)) >2d9€

- /{IE (Cl_hﬁ/ol(l—ul(”(lx—Cl+U(Cl clT)))d]}de

A 4,1 1

< /E %/(1—u K”2<Ex—01+u01 CLT))>du]dx.
0

1

G (€ - C)!] [P

For N a Poisson variable with parameter A E((N =N = )\(1 + 3A). This implies

3‘

<

(34) E:Bcn——iﬁgd] —-T4 E(C1T(1+3C1T)) = — <3E(cg) %?)).
Consequently,
(35) I~ BOGIE < ga7s (38D + 207 ) [

Then (33) and (35) imply the announced result. [J
7.6. Proof of Theorem 4.1. For all h € H,, T,

1 = 113
3If, = Fuills + 301 Fy i — full3 + 31Lfn — FII3
< 3(Am) + V() +3 (AR + V(W) +3lfn - I3

< 6A(R) +6V(h) + 3] fu — fI13 -
Indeed, the second inequality holds by the definition of A(h), ie. for all h,h' € H,r we
have A(h) + V(1) > Hfh,h’ — fwl3. The last inequality holds by the definition of h, that
is A(h) + V(h) < A(h) + V(h) for all h € H,r. The bound for E [Hfh - fH%} is given by
Proposition 4.1.

Hence, it is sufficient to study the term E[A(R)].
We state that

IN

N

(36) AR = sup [lfuw — fulll = V(K)] <5(Di+ Do+ Dyt Di+Ds),
hWeHn T +
where D1 = sup Hfh,h’ - fh’||%>
hWeHn T
N . ‘/1 hl A~ ~ V1 h,
Dy = sup (Hfh/ Efu |3 — 1(0 )> , D3 = sup (Hfh,h/ —Efnwlls — 1(0 ) ;
WeHn + W EHn 1 N

Di= sup (HE o) = fwla— VQ(h) — e (HE(fh,m Fsl - (h)) -
+ +

WeHo 10 WeH, r 10
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Applying Young’s Inequality | f * gll, < [|fl1llgll, for p = 2, we get

I e = fulls = 1Kw * (fn = DI < NEw 31 = FII5 = 1K) fn = FI5,
and Dy < K3 fn — fl3.
Next, to study Do, we write
I fw —Efwll3 = sup  [vnw(D)?,
teL2,tl|2=1

where
n

Vpn(t) = (t, frr — Efpr) = % 3 [t x K, (Cjr) —E(t* Kh*(@j,T))}
j=1
and K, (z) = Kj(—x).
We have

Va(h
E(D) < Y. E<sup Wy ()2 — 11(0 )>
B E€Hp 1 teB(1) n

where B(1), is the set of functions t of L? with ||| = 1. We apply the Talagrand Inequality 8.4.
To that aim, we need to evaluate the quantities M, H and v?. First,

sup sup |(t, K (- — )| < sup [tz Kwllz = | K2/ VA := M.
teB(1) = teB(1)

Next,

o “ K 2
§ ( 50 [”nvh'@)F) — E(lfu ~ EG)?) < | h',’Q
tEB(l) n
The most difficult is to obtain v?. We split the term
sup E(t+K;(Cur))* <2 sup E(t+K,(C1)*+2 sup Elts(K,(Crr) ~ Ki(C)) = T{+TS.
tEB(l) tEB(l) tEB(l)

First

= H?

E(t + K, (C1))* = /[t + Ky (o) f(e)de < || fllallt * K[
By the Young Inequality (see Section 8.1) for p = 2 and r = 4 thus ¢ = 4/3, we obtain
[t * K, |17 < ||t||%||K;,||i/3 Consequently 72 < HngHKHi/B/\/W := v}, For the other term, we
write with the mean value Theorem that

1
Kh/(.%' — Cl,T) — Kh/(.%' — Cl) = (Cl — Cl,T)/ (Kh/)'(x — Cl + ’U,(Cl — CLT))du
0

so that

1 2
tx Kh_/(é\LT) — &% Kh_,(Cl) ? = (Cl — @LT)z (/t(x)/o (Kh/)’(x - C1+ U(Cl — él,T))dudx>

1
< (€=l [ [ 180 @ = €1+ u(Ch = o) Pdud

< (€= Cun? [ i)y,

Thus, using E[(aLT — C1)?] =E(C1)/T and T < (B')%/? by definition of H,, 1, we obtain

E ([t * K&(@LT) . Kh/(Cl)]2> < HK;’(Q}?)(BCH < HK/’%(C&)
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We obtain T3 < |K’||3E(Cy)/vVH :=v3. Thus v?> = v} + v3. The Talagrand Inequality yields,
with v2 = Ag/V/A and Ao = | {5 K2 5 + [K[BE(CY),

Vi(h') < Ay LefAQ/\/WJFLefAS\/ﬁ ’
n \H nh!

for constants A;, i = 1,2,3 depending on K and f. Using that 1/(nh) <1 for h € H,, , we get,
for k1/10 > 4 (we take €2 = 1/2),

A e \f C
E(Dy) <= > e~ C'/Vh <=
n hEHnT\/_

under ), g h1/2e=C"/Vh < Y(C) < 400, VC > 0.

E( sup [vpn(t)]? —
(mn[ O

Next, D3 is analogous to Do except that Kp is replaced by Kj, x K, so that, by using Young’s
Inequality, all the bounds are simply multiplied by ||K|; for M, ||K||? for H? and v2. For v?,
we can also remark that (Kj « Kp/) = K, * (Kp)'.

Now, we turn to D4. We have, by definition of H,, T,

Dy = sup <||E<fh/> fwl - <h')>+

heH, T 10
; KoLy oo |13
< E(fu -
< sw <|| (Fw) = fwllz = T3 KN 5752 N

+1—0HKH ) [13( 82 —52)+

The bound proved in (35) implies that, for m2/20 > 1/3 i.e. ko > 20/3, then

. K??H
i mlGIEE Y
(V=) — gl S5 IR ) =0

N s
Q:{‘SQ_SQ‘Sg}.

E(Dy) < 1—0HKH 157 13E( ( s2 = 52)+1oc)

since (%82 — 59)4+1g = 0. Therefore,

Let

We get

E(D4) < —HKH HK”HZEW[(2 2 — 52)} P1/2(0°).

By the Markov inequality, we have P(Q¢) < S—4E(]§2 — 59|*) and we use the Rosenthal Inequality
2
to get
E([s2 = s2|') < Cp(n™>miy +n”2m3)
where my is the fourth centered moment of X; = 36?7T - 26]-,T /T and m3 the variance of Xj.
We write
2 .~ 2 3

X;—E(X;) = 3(Cjr— C;)* +3(C; —E(C})) +6(C; — 7)(Cir = Cj) = 7 (C —E(C))) + 7 E(Cy).
After some elementary computations using the centered moments of a Poisson distribution, we
obtain that, if E(C]g) < +00, then there exist constants c;,co such that mﬁ < ¢ and m% < ¢9.



MIXED POISSON PROCESS. 21

Thus we get that E(D,) < C/n. Lastly, Ds is similar to D, with additional factor ||K||? which
explains the ||K||; added. O

7.7. Proof of Proposition 4.2.

Lemma 7.1. Vo > 0, |px(z)| < V2, ¢} ()] < V2(2k + 1) < 2v2(k + 1) and |¢}(z)] <
2v2(k + 1)2.

As a consequence, h_o¢3(@) < 20+ 1), Yook (@) < 80+ 12, Th_olgl@)]? < 8(¢+ 1)
Proof of Lemma 7.1. The proof uses the Laguerre polynomials L¢, see the Appendix, Section
8, and relies on the relations [L%(2)] = —L{"](z) and the bound (47). Recall that ¢x(z) =
V2Li(2z)e™® = \/2LY(22)e~®. Bound (47) implies straightforwardly that |¢y(z)| < V2, V2 > 0.
The second bound is obtained by writing that ¢} () = v2(2L},(2z) — Li(2z))e %and |L}(z)| =
|—L}_,(2)| < ke®/? and the third one by computing ¢ () = v/2(4L}(2x) — 4L, (2)+ Ly (2z))e/?

and |Lj(x)| = | - [L}_, (2))] = |Li*2<x>| < k(k—1)e*/?/2. O

First, by Pythagoras, [|f{") — fI? = | ;" = E(F{") + E(F{") = foll® + || fe — £I|* and next,
(37) E(IF7 = £I1) =ENF" = B + IEFD) = foll? + 11 fo — £

We have

)4 )4
E(If;" - E(; )I?) =E (Z(éj - E@»))Z) = =3 Var (45(Cur)

which yields with Lemma 7.1,

(33) E(17 - EGIP) < 2B ¢3(Cur)) <

On the other hand, for some &7 € (C1, él,T),
4

¢
EG) = P = 3 [BeiCrr) — wi(C0)] = S [B(Cur - o) en)P?

j=0 Jj=0
4
< E {(C1 r—C)* Z[‘P;’(&)P}
=0
(39) < SE[(Cir — C)Y(L+1)° = g\t ;21 : s2 (see (34)).
Gathering (37), (38) and (39) yields the result. [J

7.8. Proof of Theorem 4.2. Let
1

—Z Cir) — (t, )] = va(t) + R(t),
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Let ’yn t) = [|t]|? —2n~! Z?Zl t(@,T), and remark that fZ(T) = arg mingeg, ¥, (t) and :yn(féT)) =
f|| "/ ||2 Moreover we have
Fn(t) = An(s) = It = fI? = lls = FI* = 27a(t — 5)
and by definition of the penalty, ¥/ € M,, 1,
Fn(F7) + pen(d) < Fn(fe) + pen(o).
Therefore
(40) 17 = £I7 < [lfe = £I? + pen(e) + 2m (1 — fo) — pen(d).

Using that ¢ +— 7,,(t) is linear and 22y < 22/4 + 4y?, we get

- - 1 -
21 (FE = o) 2T = foll sup [ra®)] < ZIF7 = felP+ 4 sup |m(0).

eSZ\/Z teSZvl

Plugging this in (40) and using that HféT) —f? < QHJFZET) — fIP+2lf = foll? , we get

A5~ FI2 < 31fe — fI? +2060(6) +8 sup |7 ()| — 2pen(?)

tGSsz

< 3|fe— fII> + 2pen(¢) + 16 ( sup vy (8)]* — p1(C, 2))
+

tGSsz

t€Ssy, n

We define p;(¢,¢') in the following results:
Proposition 7.2. Define p1(¢,0') =4(( V' +1)/n, then

(41) E( sup ()P —pi(6,0)) <2,
teSZ\/Z n n
where ¢ 1s a positive constant.
Define pa(£,0') = 835(£V €' +1)3 /T2, then
~ Cl
(42) E (| sup |R#)> —pa(l,0)] <=
tESEVZ n n

where ¢ is a positive constant.

The proof of Proposition 7.2 follows the same line as the bounds for Dy and Dy in the proof
of Theorem 4.1 and is therefore omitted. Now, the definitions of py, p2 and pen(.) imply that

8p1 (f, €/) + 8po (f, €/) < ﬁéﬁ(ﬁ) + f)%?l(el)
for &1 > 32 and &g > 64, V0" € M,, 7. Therefore, we obtain

)7

5 — C
17 = 717 < 3lLfe = FI + 4pen(e) + —

which ends the proof of Theorem 4.2. [
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8. APPENDIX.

Laguerre polynomials and associated regularity spaces.
For p: RT™ — R™ a Borel function, let

—+o00
L%WWF%WR+%RA P(@)p(x)dz = g]]2 < +o0}.

When p = 1, we denote this space as usual by L?(RT) with ||g||? = 0+O° g*(z)dx. Obviously,
g € L*(R", p) is equivalent to g\/p € L*(R") and |g||, = [lg\/p||- For any orthonormal basis
(¢f) of L2 (R, p), (\/p#,) is an orthonormal basis of L?(RT). We are especially interested in
the weight functions

(43) p(x) =x2% " =wy(r), a>0

and the associated orthonormal bases of L?(R™, w, ), namely the Laguerre polynomials.
Consider the second order differential equation:

k—1
(44) o)y +7(x)y + \y =0 with A =\, = —k7' — k‘TO'”,
and the weight function p given by [o(x)p(x)]" = 7(x)p(x). For o(x) =z, 7(x) = a+1—=z, p(z) =
wq (), the solution of (44) is yi(x) = L§(x) the Laguerre polynomial with index o and order k.
The function Lf is a polynomial of degree k, and the sequence (L) is orthogonal with respect
to the weight function w,. The orthogonality relations are equivalent to:

+oo
(45) / 2 LY (x)we (x)de =0 for k> L.
0

We have

a 1 T, —a dk k+a  —x
Li(z) = i (:C e ) .
The following holds:

o o 0 L(k+a+1
(16) e L
Moreover, we have the bound (see Abramowitz and Stegun 22.14.13)

> > k
(47) Va >0, Vk >0, |[Li(z)] < ET (o +1) €

1/2
Setting ¢} (z) = Li(z) (%) , the sequence (¢f),k > 0) constitutes an orthonormal

basis of the space L?((0,4+0oc),w,). In particular,
O(x) = Li(@) = Li(w),k > 0
constitute an orthonormal basis of L2((0, +00),w), with w = wg. Noting that
(w““e_x)/ =z% “(a+1-—u1),
we obtain, using (44) and (46),
d

o (zTte LYt (x)) = 2% kLY (z).

We can now prove the following result.

(48)

Proposition 8.1. For s integer, w(z) = e * and g : (0,4+00) — R, the following two statements
are equivalent:
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(1) g admits derivatives up to order s —1, g~V s absolutely continuous and for 0 < m < s,
™26 belongs to L*((0,400),w) (¢ is the Radon-Nikodym derivative of g~ ).
(2) g belongs to L*((0,+00),w) and

(49) Sk rk(g) < +ox,
k>0

where T, (f) = O+OO f(z)Li(z)w(x)dx is the k-th component of g on the basis (L, k' > 0)
of L*((0, +00), w).

Proof. Recall that, for a function g : (0,4+00) — R,
2™%g e L2((0,+00), w) <= g € L*((0,+00), wn)

and [|z7/?g|)%, = [ 2™ g (@)w(z)dz = | g3,
We start by proving that (1) = (2). For h € L2((0, +00),w,), let

+o0
() = /0 h(a) g (2)de

denote the k-th component of h on the basis (¢, k' > 0), and for o = 0, 70(h) = 74(h). The
proof relies on the following Lemma:

Lemma 8.1. Leta > 0. If g : (0, +00) — R is absolutely continuous with /g € L*((0,400), w)
and z(@tD/2g" € L2((0,+00),w), then for all k > 1,

Vir(g) = =25 ).

Proof. By the assumption, g is continuous on (0, +00). For k > 1, using (48) yields
+o0 3 +o0 d 1 1
k/o g(x)Lg(z)x“e *de = /0 g(x)@ (2T e LT (2)) da

+oo
= [g(x)xo‘ﬂe_xLerll(x)];roo—/o g'(x)xo‘ﬂe_xllgfll(x)dx

where the integrals are well-defined by assumption. We multiply both sides by ((k — 1)!/T'(k +
a +1))/2. On the left-hand side, appears VEk¢¢, on the right-hand side, gi)girll Hence, to get
the result, it is enough to prove that |[.. .](J)roo = 0. Using that 2% < 2%t for > 1, we get

1+oo e %g*(x)x® tdx < +oo, and

+oo —+00 “+00
! o, —T 2 2 o, —x / 2 o, —x
(/1 lg(x)g' (z)|x“e "dx) S/l g°(z)x%e dnv/1 (¢'(x))*x%e Fdx < +00.

Thus,

+00 +o0
/ g (x)a%e dr = —[g? (x)ae | > + / e " (2g(x)g (x)2" + ag® (x)x® ) d,
1 1

The integrals in the left-hand side and right-hand side above are finite. Therefore, the limit of
g*(z)z%e™" as x tends to infinity exists. As 1+OO g*(z)x%e*dx < +o0, this limit is necessarily
equal to 0. This implies lim,_, o0 g(x)z*2e~%/2 = 0. Therefore,

mli)gr_loog(:c)xaﬂe*ngjll (x) =0.
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The assumption on g implies fo “g(x)|z*e*dr < +oo and f0+oo lg' (z) |z e %dz < +o0.
Thus, fol lg(z)|z“dr < 400 and fO |9/ ()| dr < +00. We have:

1 1
/ T e / g (@) dx.
0 0

a+1

Therefore, the limit of g(z)z**! as 2 tends to 0T, exists and is finite. As fol x%|g(z)|dx < 400,
this limit is necessarily equal to 0. This implies

1 —zratly .y _
ili%g( r)x® e LY (x) = 0.
O
Now, let g satisfy (1). By the Lemma, Vk7i(9) = —7} (¢), VEk — 17} _(¢) = =77 (")
and so on. By elementary induction, we get for m =0,1,...,s and k > m,

(k(k—1) ..., (k —=m+1)"27(g) = (1), (g"™).

Therefore,
2
SRk 1) (k= s+ Do) = X (26™) = 19912, = [#/26) < +oo.
£>0 £>0

So we have (2). Moreover

1
— 2 < (s/2) o(8)|]

Let us prove that (2) = (1). We have an analogous lemma.

Lemma 8.2. Let a > 0. Assume that g : (0,4+00) — R belongs to L*((0,+00),w,) and that
dksok (T8 (g ))? < +oo. Then, g is absolutely continuous, g’ belongs to L*((0,+00), war1) and

for all k > 1, 7211 (g") = —VET(9).
Proof. We have g =3, -, 7(9)¢) with ¢f a constant. Thus,
y
=m0 [ Grwya = - Vi) [ sgtio
k>1 z k>1

The function h(t) = > ;54 VETE(9)¢ O‘Jrl( t) is well-defined and hyn(t) = Zk VETE(9)6 O‘Jrl(t)
converges to h in L2((0, +00), wa1), thus in L*((0, +00), wa1) also. Consequently, for 0 < z <

Y,
Yy Yy
inf (uo‘+1e_“)/ |hn (t) — h(t)|dt < / | (t) — h(t)[t* e tdt =y 100 0.

u€lz,y]
This implies g(y) — g(z) = — [Yh(t)dt. Thus, g is absolutely continuous with ¢’ = h and
—2t ) = VErra(g). As > k>0 k(18(9))* < +o0, ¢’ € L?((0,400), wa+1) which is equivalent
to t(@FD/2¢ € L2((0, +o00), w). O

Now, let g satisfy (2). Applying the lemma, we get that g is abolutely continuous and that
= =Yk VEre(g9)¢r_,(t) belongs to L2((0,+00),w1). Then, we have that ¢’ is absolutely
continuous with ¢” = (—1)? Y ko VE(k — 1)7k(9)d%_5(t) belonging to L2((0, +00), w2).

By induction, for m = 0,...,s, g™ belongs to L2((0, +00), w,,) with
g = (=)D (k= 1) (k= m+ 1) Pi(g) b,

k>m
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Thus, t™/2¢(™) belongs to L2((0,+00),w) for m = 0,...,s. So the proof of the proposition is
complete. O

Let us turn now to bases of L2((0, +00)) and to the definition of Laguerre-Sobolev spaces. For
more details, we refer to in Bongioanni and Torrea (2009). The Laguerre functions are defined
using the normalized Laguerre polynomials by:

Ly () = e P24 (x).

The sequence (£, k > 0) constitue an orthonormal basis of L?((0,+0c)). They are connected
with the operator

_ n gl E a_
Lof =—af" ~ '+ (G+ DS
The following relations hold
1
La(ef) = (h+ 2L, k>0,
Now, let us introduce the operators
1 « 1 a+1
6& _ / - o 604 * — _ ! - o
F=VEF 4 SVE- T 0 F = Va5 VE - T,
where (6%)* denotes the (formal) adjoint of 6% in IL?((0, +00)). The following relations hold for
f twice derivable :

a+1
Lof = (76" + %= .
The operator L, is linked with the operator L, given by L,g = 29”4+ (a+1—x)g" corresponding
to the Laguerre polynomials by the relation:
a+1
2 I

We can now interpret the two Lemmas 8.1 and 8.2 in terms of Laguerre functions instead of
Laguerre polynomials.

xo‘/2e_z/2La(em/2x_°‘/2f) =—Lof +

Lemma 8.3. o If f belongs to L2((0,+00)), is absolutely continuous and §%f belongs to
L2((0,4+00)), then,

(50) VRO (f) = —63H (5% )
where 07(f) = O+OO f(x)LY(x)dx is the k-th component of f on the basis (Lf) of
L2((0,+00)).

o If f belongs to 1L*((0, +00)) and 3,~q k(05 (f))* < 400, then, f is absolutely continuous,
§%f belongs to L2((0,4+00)) and the relation (50) holds.
Proof. Note that g € L2((0,+00),wq) is equivalent to f = g 2%/2e~%/2 € L2((0, +00)) and f is
abolutely continuous if and only if ¢ is. A simple computation yields:

5af _ g/efz/Qx(aJrl)/Q'
We can apply Lemma 8.1 to g. Observing that
Vi (9) = VRO, Tt (g) = 0571 (5 ))

yields (50).
The second item is obtained analogously using that ¢’ € L2((0,400),way1) is equivalent to
5 f € L2((0, +00)). a
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Let us now introduce the Laguerre-Sobolev space W* for s integer as the set of functions
f € L%((0,+00)) admitting derivatives up to order s — 1, with £~ absolutely continuous and
dMmo...0o8todf € L2((0,4+00)),m =0,1,...,s — 1. Then,

FeWs &>k (0(f)? < +oo.
k>0
For all 0 <m < s and k > m,
(k(k—1)...(k—m+1))Y200(f) = (=)0, (6™ ' o...08"f)

so that
S k(k—1)... (k—m+ 1)) =[6" " o.. 08 f|%
k>m
These properties can be deduced from Lemma 8.3 by iterating relation (50). The space W¥ is a

special case of the Laguerre-Sobolev spaces WA in Bongioanni and Torrea (2009) (see Definition
4 and Theorem 3, p.150).

8.1. Useful inequalities.

e First we recall the Talagrand inequality. The result below follows from the Talagrand con-
centration inequality given in Klein and Rio (2005) and arguments in Birgé and Massart (1998)
(see the proof of their Corollary 2 page 354).

Lemma 8.4. (Talagrand Inequality) Let Y1, . .., Y, be independent random variables, let vy, y (f) =
(1/n) >0 [f(Y:) — E(f(Y7))] and let F be a countable class of uniformly bounded measurable
functions. Then for € > 0

E [ sup [y () — 2(1 + 26) H2
fer

with C(e?) =V1+e2 -1, K1 = 1/6, and

4 [(v? _ 2nH? 98M?  _2KiC(P)enn
} < (e T s e e ),
+ Ki \(n K1n2C?(e?)

n

1
sup [ flloe < M. E|sup vy (f)]] < H, sup =3~ Var(f(¥3) < o2,
fer JeF fern i —

By standard density arguments, this result can be extended to the case where F is a unit
ball of a linear normed space, after checking that f — v,(f) is continuous and F contains a
countable dense family.

e Next, we give the Young Inequality (see Hirsch and Lacombe (1999)). Let f be a function
belonging to LP(R) and g belonging to LY(R), let p,q,r be real numbers in [1,4o00] and such

that
1 1 1
—+-=—+1
b q r

Then

1 gllr <1 f1lp lgllq-
where f*g is the convolution product and || f||} = [ |f(z)|Pdz. In particular, forp=1,r = ¢ = 2,
we have [|f + gll2 < [|fll1 llgllz-
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e The Rosenthal inequality is given in e.g. Hall and Heyde (1980, p.23). Let (X;)i<i<n be n
independent centered random variables, such that E(]X;|?) < 4oo for an integer p > 1. Then
there exists a constant C'(p) such that

p/2

(51) ElD> x| )<l | D _E(XP)+ [ D EXD)
=1 1=1 =1
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