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Using a Boltzmann equation approach, we analyze how the spin drag of a trapped interacting
fermionic mixture is influenced by the non-homogeneity of the system in a classical regime where the
temperature is much larger than the Fermi temperature. We show that for very elongated geometries,
the spin damping rate can be related to the spin conductance of an infinitely long cylinder. We
characterize analytically the spin conductance both in the hydrodynamic and collisionless limits
and discuss the influence of the velocity profile. Our results are in good agreement with recent
experiments and provide a quantitative benchmark for further studies of spin drag in ultracold
gases.
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In the recent years, ultracold atoms have become a
unique testing ground for quantum many-body physics.
Their study has favored the emergence of novel exper-
imental and theoretical techniques which have led to
an accurate quantitative understanding of the thermo-
dynamic properties of strongly correlated dilute gases
at equilibrium [1]. An important effort is now devoted
to the exploration of the out-of-equilibrium behavior of
these systems, and in particular to the determination of
their transport properties. For instance, recent experi-
ments have probed the transport of an ultracold sample
through a mesoscopic channel [2], and time of flight ex-
pansions have been used to measure the gas viscosity in
the strongly correlated regime [3] where it is predicted
to be close to the universal limit conjectured by string
theory [4].

In this Letter we focus on spin transport properties of
a Fermi gas which have now received considerable atten-
tion in the cold atom community [5–11] after previously
being studied in the context of liquid 3He [12], ferromag-
netic metals [13] and spintronic materials [14]. Recent
measurements of the spin drag coefficient [15, 16] have
shown that the most challenging aspect of these studies
is how to extract the homogeneous gas properties from
measurements performed in harmonic traps. The trap-
ping potential creates a density inhomogeneity which can
significantly alter the transport behaviour of the gas, be-
cause the local mean free path can vary strongly from
point to point in the trap leading to a coexistence of
regions, from hydrodynamic near the cloud center to col-
lisionless at the edge [17]. For the same reason, the veloc-
ity during the relaxation to equilibrium is not constant
as a function of radius and it is essential that it be accu-
rately known in order to find the correct values of trans-
port coefficients. Previous theoretical attempts to cope
with these problems have included making unverified as-
sumptions about the velocity profile of the gas [18–20] or

treating the problem in the hydrodynamic approxima-
tion with spatially varying spin diffusivity [17]. In this
last work, no quantitative conclusion could be obtained
due to the importance of the collisionless regions of the
cloud.

Here we present a systematic study of the spin trans-
port in an elongated harmonic trap based on the Boltz-
mann equation using a combination of analytical and nu-
merical methods in the dilute limit and for small phase-
space density. In this regime we are able to analyze the
behavior of the trapped gas, allowing us to deal ab ini-

tio with the spatial density changes without any uncon-
trolled approximations. In particular we are able to make
definite predictions for the spin drag coefficient and the
transverse velocity profile in both the collisionless and hy-
drodynamic regimes. Due to the fact that the trapping
is much weaker in the axial than the radial direction, we
can use the local density approximation to relate the lo-
cal spin conductance in each slice perpendicular to the
axis of the trap to the spin conductance in an infinite
trap with the same central density.

Consider an ensemble of spin 1/2 fermions of mass m
confined in a very elongated harmonic trap with axial fre-
quency ωz and transverse frequency ωx = ωy ≡ ω⊥ ≫ ωz.
Each atom has s = ± spin with equal numbers of atoms
in each spin state. In the initial thermal equilibrium
state the two spin species are separated from each other
by an average distance of ±z0 along the symmetry axis
of the trap as in [15]. Then we let the system relax to-
wards equilibrium and, as observed experimentally, the
relaxation of the motion of the centers of mass of the two
clouds occurs at a rate ∝ ω2

z/γcoll, where γcoll is the colli-
sion rate [15]. In the very elongated limit ωz ≪ ω⊥, γcoll
the momentum and spatial transverse degrees of freedom
are therefore always thermalized and we can assume that
the phase space density of the spin species s = ± is given
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by the ansatz

fs(r,p, t) = f0(r,p)(1 + sα(z, t)), (1)

where f0 is the equilibrium phase-space density. As long
as interparticle correlations are weak, the single particle
phase space density encapsulates all the statistical in-
formation on the system. In the rest of the Letter we
will restrict ourselves to such a regime. Since the ex-
periment [15] was performed at unitarity, this condition
is achieved when the temperature is much larger than
the Fermi temperature. As a consequence, we can also
neglect Pauli blocking during collisions.
Let n̄s(z, t) =

∫
d2ρd3pfs(r,p, t) = n̄0(z)(1 + sα(z, t))

be the 1D-density along the axis of the trap, where ρ =
(x, y). Due to particle number conservation we have

∂tn̄s + ∂zΦs = 0, (2)

where Φs =
∫
d2ρd3pfs(r,p)vz (with vz = pz/m, the

axial velocity) is the particle flux of spin s in the z di-
rection. If the trap is very elongated we can define a
length scale ℓ much smaller than the axial size of the
cloud, but much larger than its transverse radius, the in-
terparticle distance or the collisional mean-free path so
that for distances smaller than ℓ along the z axis, the
physics can be viewed as being equivalent to that of an
infinitely elongated trap (ωz = 0) with the same central
density. In this setup the two spin species are pulled
apart by a force Fs = −∇V − (∇Ps)/ns where V is
the spin independent trapping potential, Ps is the pres-
sure of the spin species s and ns(r, t) =

∫
d3pfs(r,p, t)

is the associated density. We consider here a classical
ideal gas, for which Ps = nskBT . Using the ansatz (1),
we see that the force field is uniform and is given by
Fs = −skBT∂zαez ≡ Fsez, where ez is the unit vector
along z, since ∂zα can be considered constant to leading
order on the length scale ℓ.
In the regime of linear response, the particle flux is pro-

portional to the drag force and we can write Φs = GFs,
where G is the “spin conductance” that a priori depends
on the 1D-density of the cloud. Inserting this law in
Eq. (2) and substituting α(z, t) = e−γtα0(z), which cor-
responds to the exponential decay of the perturbation
close to equilibrium, we see that α0 is solution of

γn̄0(z)α0(z) + kBT∂z (G(n̄0(z))∂zα0(z)) = 0. (3)

The exponential coefficient γ defines the decay time close
to equilibrium and thus the spin drag. This equation
can be derived more rigorously from a systematic expan-
sion of Boltzmann’s equation (see Supplemental Mate-
rial) and is equivalent to the Smoluchowski equation de-
rived in [17] if one takes for the spin diffusion coefficient
D = kBTG/n̄. Eq. (3) is supplemented by the condition
Φs(±∞) = 0 imposed by particle number conservation.
Since, as we will show below, the spin conductance is
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FIG. 1: Color online. Spin conductance G vs. ω⊥/Γ0. The
blue dashed line corresponds to the collisionless limit G ≃

15.87n0/Γ0 for a Maxwellian gas while the red-dotted line
is the hydrodynamic prediction G ≃ (2πn0/Γ0) ln Γ0. The
solid line is the semi-analytical prediction for the Maxwellian
gas (see Supplemental Material). The blue dots are the re-
sults of the molecular dynamics simulation for a constant
cross-section. The red open diamonds correspond to a mo-
mentum dependent cross-section with ktha = 2, where kth =
√

mkBT/~2 is the thermal wavevector.

a (non-zero) constant in the dilute limit, this constraint
yields the boundary condition ∂zα0 = 0 at z = ±∞.
Before solving this equation to find γ, we need to

know the expression of the spin conductance G. We
first consider the simpler case of a uniform gas of den-
sity n+ = n− = n0 = const. Using the method of
moments [18], the velocity is solution of the equation
∂tvs + Γ(n0)vs = Fs/m, where the spin damping rate Γ
is given by

Γ(n0) =
1

n0

∫
d3pf

(H)
0 (p)pzC[pz ], (4)

where f
(H)
0 (p) = n0e

−p2/2mkBT /(2πmkBT )
3/2 is the

Gaussian phase-space density of a homogeneous gas and
C[α] is the linearized collisional operator defined by

C[α](p1) =

∫
d3p2f

(H)
0 (p2)vrelσ(vrel) (α2 − α1) , (5)

where vrel = |p2−p1|/m, σ is the s-wave scattering cross-
section and αi stands for α(pi) [24]. Generally speaking,
Γ is proportional to the collision rate, with a numerical
prefactor depending on the actual form of the scatter-
ing cross-section. In the homogeneous case the station-
ary velocity is simply given by vs = Fs/mΓ(n0). In a
trap, the density profile is inhomogeneous, which leads
to a shear of the velocity field and a competition be-
tween viscosity and spin drag. Let Rth =

√
kBT/mω2

⊥

be the transverse size of the cloud and ν its kinematic
viscosity. Viscosity can be neglected as long as the vis-
cous damping rate ν/R2

th is smaller than Γ(n0). Since
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FIG. 2: Color online. Transverse velocity field vs(ρ) in units
of mΓ0/F in the infinitely elongated trap. Top: hydrody-
namic regime, Γ0/ω⊥ ≃ 100; Bottom: collisionless regime
Γ0/ω⊥ ≃ 2. The blue dots are simulation results for the con-
stant scattering cross-section and the red solid line is the pre-
diction vs(ρ) = Fs/mΓ(n0(ρ)) for the hydrodynamic regime.
On the lower graph, the empty red diamonds are simula-
tion results for the momentum dependent cross-section at
ktha = 2 and the red-dashed line represents the velocity field
of a Maxwellian gas in the collisionless limit (see Supplemen-
tal Material).

viscosity scales like v2th/γcoll, with the thermal velocity

vth =
√
kBT/m, this condition is fulfilled as long as

Γ ∝ γcoll ≫ ω⊥, in other words when the cloud is hydro-
dynamic in the transverse direction. In this regime we
can therefore neglect viscous stress and the local velocity
vs(ρ) =

∫
d3pfs(ρ,p)vz/ns(ρ) is simply given by vs(ρ) =

Fs/mΓ(n0(ρ)), where n0(ρ) = n0(0) exp(−ρ2/2R2
th) is

the local equilibrium density of the cloud.

This scaling for the velocity field is however too
simple. Indeed, we have Φs =

∫
d2ρn0(ρ)vs(ρ) ∝∫

d2ρn0/Γ(n0(ρ)), and since Γ ∝ n0, the integral is di-
vergent. This pathology is cured by noting that the hy-
drodynamic assumption is not valid in the wings of the
distribution where the density, and therefore the colli-
sion rate, vanish. The breakdown of the hydrodynamic

n 0 −1 −2

Variational lower bound 14.5 15.87 17

Molecular dynamics 15.4 - 18.9

TABLE I: Values of k for a scattering cross-section σ(p) ∝ pn

for a constant cross-section (n = 0), a Maxwellian gas (n =
−1), and a unitary gas (n = −2). For the Maxwellian gas,
the lower bound is actually the exact result.

approximation occurs when Γ(n0(ρ)) <
∼ ω⊥, i.e. when

ρ >
∼ ρmax = Rth

√
2 ln(Γ0/ω⊥), with Γ0 = Γ(n0(0))

the local spin damping at the trap center. Consider-
ing ρmax as a cut-off in the integral for G we see that
G ≃ 2πρ2maxn0(0)/mΓ0 ∝ ln(Γ0)/Γ0.

In the opposite regime, when the gas is collisionless in
the transverse direction, we expect viscous effects to flat-
ten the velocity profile. Assuming a perfectly flat velocity
field, then vs ∝ Fs/mΓ0 and thus G = Φs/Fs ∝ n̄0/mΓ0.

To make this scaling argument more quantitative, we
calculate G for different physical situations. First we cal-
culate it numerically using the Boltzmann equation sim-
ulation described in [21, 22]. We initialise the axially
homogeneous system at thermal equilibrium and then
switch on the constant pulling force at t = 0. We observe
that in a few collision times, the total spin current of the
cloud defined by Φs(t) = 〈vz〉s =

∫
d3rd3pfs(r,p, t)vz

converges to a constant asymptotic value from which we
extract the spin conductance G(n̄0). Figure 1 shows our
results for the spin conductance for a constant cross sec-
tion σ = 4πa2 and a momentum-dependent cross sec-
tion σ = 4πa2/(1 + p2rela

2/4) near the unitary limit [25].
When G/n0(0) is plotted versus Γ0 = Γ(n0(0)) the data
points overlap, showing that the drag coefficient depends
only weakly on the actual momentum dependence of the
scattering cross-section. To interpolate between the con-
stant and the unitary cross section we also study the
Maxwellian cross section σ ∝ 1/p for which we could
find a semi-analytical expression of the spin conductance
(see Supplemental Material).

Using these approaches, we find the following asymp-
totic behaviors. As expected, in the (transverse) colli-
sionless limit Γ0 ≪ ω⊥ the spin drag coefficient scales
like G ≃ kn0(0)R

2
th/mΓ0, where k ≃ 16 is a numerical

coefficient, the value of which depends on the momentum
dependence of the scattering cross-section (see Table I).
In the case of a Maxwellian gas, we find that k = 15.87
(see Supplemental Material). For more general cases, a
variational lower bound based on the exact Maxwellian
solution yields an estimate very close to the numerical re-
sult obtained from the molecular dynamics simulation. In
the opposite (hydrodynamic) limit Γ0 → ∞, we recover
the expected behavior G ≃ 2πn0(0)R

2
th ln(Γ0/ω⊥)/mΓ0.

We also calculate the transverse velocity profile vs(ρ)
and confirm that it obeys the expected behavior, see
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Fig. 2. For Γ0/ω⊥ ≫ 1, we recover the viscousless pre-
diction vs ∝ 1/Γ(n0(ρ)) while for Γ0

<
∼ ω⊥ we obtain a

flatter velocity profile as a result of the transverse shear-
ing. We see that in both regimes the velocity profile is
not flat, and this explains the discrepancy between exper-
iment and previous theoretical models based on uniform
velocities.

Let us now return to the case of a three-dimensional
trap and to the determination of the spin damping rate
γ. According to Eq. (3) γ appears as an eigenvalue of

the operator Ŝ = kBT n̄
−1
0 ∂z (G(z)∂z ·). This operator

is hermitian on the Hilbert space of functions having a
finite limit and zero derivative at z = ±∞ and since at
long times the decay is dominated by the slowest mode,
we focus on its smallest eigenvalue. We first consider the
collisionless limit. In this regime, G ∝ n0/Γ0 is position
independent and can be considered as constant. Using
the shooting method [23] we then obtain

γ ≃ 1.342
kω2

z

2πΓ0
. (6)

where the value of k is given in Table I. For arbitrary
values of Γ0/ω⊥, we solve Eq. (3) using for G a Padé
interpolation of the simulation results presented in Fig.
1 (see Supplemental Material). Following [15], we take
ΓSD = ω2

z/γ and in Fig. 3a we plot ΓSD/ω⊥ vs. Γ0/ω⊥.
We compare our model to the experimental results of Ref.
[15] and to a direct molecular dynamics simulation of the
Boltzmann equation [21]. In this simulation, the atoms
are prepared in a harmonic trap of axial frequency ω⊥ =
8ωz. We displace their centers of mass by a distance
±z0, where z0 is much smaller than the axial size of the
cloud, and we fit the relative displacement vs time to an
exponential from which we extract ΓSD. The results of
these simulations are displayed in Fig. 3a where they are
compared to the solutions of Eq. (3). We observe that
the two approaches coincide both for the constant and
momentum-dependent cross-sections [26].

As observed in Fig. 3b, theory and experiment
agree remarkably as long as T/TF

>
∼ 2. Beyond that

limit, we enter the quantum degenerate regime where
the Boltzmann equation is no longer valid and, as ex-
pected, we observe that experiment and theory deviate
from each other. In the high-temperature, collisionless
limit, we find for the “unitary” value k = 18.9, ΓSD ≃
Γ0/4.03. This result differs from the high-temperature
value ΓSD ≃ Γ0/5.7 found in [15]. We interpret this dis-
crepancy by noting that the theoretical asymptotic be-
havior Eq. (6) is valid for Γ0/ω⊥

<
∼ 5, while the exper-

imental value was obtained by linear-fitting the points
with Γ0/ω⊥

<
∼ 15, i.e. in a regime where the gas was likely

less collisionless. Fitting our data on the same scale using
a linear law would indeed give ΓSD ≃ Γ0/5.0. We also
note that our scaling ΓSD = ω⊥f(Γ0/ω⊥) contradicts the
scaling ~ΓSD = EF g(T/TF ), where EF and TF are the
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FIG. 3: (Color online). Spin-drag coefficient ΓSD in a har-
monic trap. Top: theoretical predictions. For a constant
cross-section the red solid diamonds are the results of the
molecular dynamics simulation and the red solid line is the nu-
merical resolution of the eigenequation (3). For a momentum
dependent cross-section close to the unitary limit (ktha = 2,

with kth =
√

kBT/~2 the thermal wave-vector), the blue open
diamonds correspond to the molecular dynamics simulation
while the the blue dashed line is the solution of Eq. (3). The
red dotted line is the collisionless prediction ΓSD = Γ0/4.03
for a unitary gas. Bottom: comparison with the experimen-
tal results of Ref. [15] at unitarity (blue dots). The green
triangles represent the associated values of T/TF. As above,
the blue open diamonds correspond to the molecular dynamic
simulation at ktha = 2. Blue-dotted line: experimental fit
ΓSD ≃ Γ0/5.7. For the experimental data, Γ0 is calculated
using the theoretical value Eq. (4) for the unitary gas.

Fermi energy and temperature, used in Ref. [15] to ana-
lyze the experimental data. The two scalings agree only
in the collisionless limit where f is linear, hence outside
of the region explored by experiments.

In summary, we have studied the classical dynamics of
spin transport in a trap using the Boltzmann equation
approach. By taking into account ab initio the trap in-
homogeneity we are able to reproduce the experimental
results without uncontrolled approximations and obtain
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several robust results which allow for a more rigorous ex-
traction of transport coefficients from measurements in
trapped cold gases. We highlight the competition be-
tween viscosity and spin drag in the shape of the velocity
profile which is a crucial ingredient in the understanding
of transport properties in a trap. We also demonstrate
the breakdown of the universal scaling used to interpret
the data of Ref. [15] in the experimentally relevant range
of parameters. In the future we anticipate extending this
approach to lower temperatures where many-body inter-
actions and Pauli blocking play a significant role.
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