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Energy, decay rate, and effective masses for a moving polaron
in a Fermi sea: Explicit results in the weakly attractive limit

CHRISTIAN TREFZGER AND Y VAN CASTIN

Laboratoire Kastler Brossel, Ecole Normale Supérieure and CNRS, UPMC, 2/ rue Lhomond, 75231 Paris, France

PACS 03.75.S8s — Degenerate Fermi gases

Abstract —We study the properties of an impurity of mass M moving through a spatially homoge-
neous three-dimensional fully polarized Fermi gas of particles of mass m. In the weakly attractive
limit, where the effective coupling constant ¢ — 0~ and perturbation theory can be used, both
for a broad and a narrow Feshbach resonance, we obtain an explicit analytical expression for the
complex energy AE(K) of the moving impurity up to order two included in g. This also gives
access to its longitudinal and transverse effective masses m|(K), m’ (K), as functions of the im-
purity wave vector K. Depending on the modulus of K and on the impurity-to-fermion mass ratio
M /m we identify four regions separated by singularities in derivatives with respect to K of the
second-order term of AF(K), and we discuss the physical origin of these regions. Remarkably,
the second-order term of mjj(K) presents points of non-differentiability, replaced by a logarithmic
divergence for M = m, when K is on the Fermi surface of the fermions. We also discuss the

third-order contribution and relevance for cold atom experiments.

Introduction. — Recent cold atom experiments have
reached an unprecedented accuracy in measuring the equa-
tion of state of an interacting Fermi gas [1-4]. This has
allowed to confirm that in strongly spin-polarized configu-
rations the minority atoms dressed by the Fermi sea of the
majority atoms form a normal gas of quasiparticles called
Fermi polarons [5-7].

While the problem of a single impurity at rest in a
Fermi sea has been thoroughly studied [5-15], previous
works on a moving impurity have focused only on its de-
cay rate [10,16]. However, the real part of the polaronic
complex energy is also of theoretical interest and is exper-
imentally accessible [17]. Whereas most theories for the
impurity at rest successfully used a variational ansatz [6],
this ansatz is not reliable anymore for a moving polaron
with momentum 2K since at low K it wrongly predicts a
zero decay rate in contrast to the K*-law found in [10,16].

In this work, we focus on the weakly attractive regime
kra — 07, where a is the s-wave scattering length of a
minority atom and a fermion and kp is the Fermi wave
number of the majority atoms. Using a systematic ex-
pansion in powers of krpa, we go beyond the Fermi liquid
description of [16]: We determine not only the decay rate,
but also the real part of the polaronic complex energy,
and being not restricted to low momenta, we have access
to momentum-dependent effective masses of the polaron.

Within our microscopic approach we have a complete de-
scription of the system: We determine regions of parame-
ters separated by singularities in derivatives of the second-
order term of the polaronic complex energy, as shown in
Fig.1. We discuss the physical origin of the singularities
and the relevance for current cold atom experiments.

The model. — At zero temperature, we consider
in three dimensions an ideal Fermi gas of particles of
same spin state and mass m perturbed by the presence
of a moving impurity of mass M and momentum AK.
While we assume no interactions among the fermions (con-
trary to [18]), the impurity interacts with each fermion
through a s-wave interaction of negligible range. The sys-
tem is enclosed in a quantization volume V with periodic
boundary conditions, and is described by the Hamiltonian
ﬁ = I‘AIO + V:

I‘AIO = Z (EkﬁLﬂk + Ekci;r(czk) , (1)
k
N go mo M b ~
Vo= v Z 5k1ﬁk2,k3+k4d;f<4u;f<3ukzdk17 (2)
ki,ko
ks, kg

where iy (di) annihilates a fermion (impurity) with wave
vector k and kinetic energy ex = % (Ex = @2]\’22). To

avoid ultraviolet divergences we use a standard lattice
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Fig. 1: Regions of the moving polaron in the M/m — K/kr
plane, where the second-order correction to the complex energy
is a smooth function of K/kr. On the dashed line, K = kr,
and on the solid line, K = kpM/m, a logarithmic divergence
(discontinuity) appears in the nth order derivative with respect
to K of the real part (imaginary part) of the second-order term
of the polaronic complex energy (9): n = 3 for the dashed line,
n = 4 for the solid line, n = 2 at the point (M = m,K = kr).

model where the positions of the particles are discretized
on a cubic lattice of elementary step b < kg 1 and bi-
nary interactions between the impurity and a fermion take
place at the same lattice site with a bare coupling con-
stant go. In momentum space this takes the form Eq. (2).
The model provides automatically a cutoff in the Fourier
space since wave vectors are restricted to the first Bril-
louin zone. In Eq. (2), the modified Kronecker delta is
to be understood modulo a vector of the reciprocal lattice
and ensures conservation of the quasi-momentum. The
bare coupling constant gg is then related to the scattering
length a through the formula [19]

1 1

go g

/ 3k 2pu and 2nh%a
S — n =
rez (27)3 W?k? g wo

where the integral is taken in the first Brillouin zone,
FBZ = [-m/b,w/b[3, and p = mM/(m + M) is the re-
duced mass. In practice, at the end of the perturbative
calculations to come, we will take the thermodynamic
limit, where V — +o00, and also the continuous space limit
b — 07, so that the first Brillouin zone will converge to
the whole Fourier space.

The goal is to calculate the complex energy of an im-
purity of wave vector K moving in the zero temperature
Fermi gas of N particles. The ground state of the N
fermions is the usual Fermi sea |FS : N) of energy Epg(N).
In the absence of interactions the ground state of the sys-
tem is given by the free impurity immersed in the Fermi
sea

(3)

[ ©(K)) = di|FS : N), (4)

with an energy, measured with respect to the energy of

the Fermi sea, given by
AEO(K) = (O (K)[Ho[v” (K)) — Eps(N) = Ex. (5)

We now consider the weakly interacting case a — 07,
where a quasiparticle polaronic ground state is known to
exist [5-7,11]. For a fixed lattice spacing b, in the limit
where |a| < b we can Taylor expand the bare coupling

constant (3):
g’ /
FBZ

and in this weakly attractive limit one can treat V in the
Hamiltonian with usual perturbation theory. Up to second
order in V, we find in the thermodynamic limit that the
energy of the moving polaron is complex:

3k 2u
(2m)3 h2k?

+0(s°),  (6)

do =
g—0—

' drdq_ g3
Fkyq(K)

+0(g3),
(7)

where the prime on the integral means that it is restricted
to g < kr and to k > kp, and we have introduced the mean
density of the Fermi sea p = N/V related to the Fermi
wave number kr by the usual relation kp = (67r2p)1/ 3,

_ Mkp
EF T 2m 0

AE(K) = E _
( )g_>o— K + P90 /FBZ2 @ny

and we have defined

(8)

with . — 07. Substituting Eq. (6) into Eq. (7) and
keeping only terms up to order g2, as announced we get a
finite expression for a vanishing lattice spacing

Fk7q(K) = EK+q—k + ek —E€q — Fx — i,

AE(K) :07 Fx + pg + %f(ff/kp)ﬁLO(gg) (9)

g—

The dimensionless complex function f(K/kp) is an
isotropic function of K defined as follows:

Bk [ 2 Y(k—kp)
/(27r)3 [h2k2  FqK) |’
(10)

K - EF ! d3q
/ (k_) =2 ) ey

where Y (x) is the Heaviside function, and the integral over
k is now taken over the whole Fourier space.

Results. — The integral in Eq. (10) can be calculated
exactly, as it will be detailed elsewhere [20]. Using the
Dirac relation lim,_,q+ (z — in) ™! = P1 +ind(x), where P
is the principal value and §(z) the Dirac distribution, we
can separate the integral into its real and imaginary parts.

The imaginary part of Eq. (9) reveals that due to scat-
tering of the impurity with the fermions, a moving polaron
radiates particle-hole pairs [16] and thus decays out of its
initial momentum channel, at a rate I'g given by

(pg)?
Er

hhy
2 g0

Sf(K/kp) + O(g?). (11)

This polaron decay rate coincides with the Fermi golden
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Fig. 2: (Color online) Function —S3 f (k) entering the imaginary
part of Eq. (9) (row 1), and its second derivative entering the
imaginary part of the inverse effective mass Eq. (20) (row 2), for
various mass ratios. Dashed lines correspond to the asymptote
of Eq. (15). Red vertical lines correspond to the boundaries at
k=1and at Kk = M/m.

rule result, as best seen from Eq. (7). Depending on the
impurity-to-fermion mass ratio r = M/m and on the mod-
ulus of K, Sf(K/kp) assumes different piecewise smooth
(indefinitely derivable) functional forms on the four differ-
ent regions represented in Fig. 1. (i) The low-K region,
0 < K/kp < min(1,r), where

3r 4

—Sfk) =

= 12
region1 207 ( )

As expected, Sf(0) = 0. (ii) The » < 1 (light impurity)
crossover region, min(1,7) < K/kp < max(1,r), where

_ 3rr
reg£n2 20(7’2 — 1)2

X [(r2 = 2)s* + 1082 — 207k + 1572 — 49° k]

— S/ (k)

(13)

(iii) The r > 1 (heavy impurity) crossover region,
min(1,r) < K/kr < max(1,r), where

3nr
& "
\Yf(’i) region 3 20(7‘2 — 1)2
4 6 2 2
x| 5 = 1082 4+ 100 + 1)k — 1507 4 2 (14)
T K

There is no crossover region for a unit impurity-to-
fermion mass ratio, r = 1. (iv) Finally the high-K region,
max(1,r) < K/kp, where

3nrr 5r2 —2r — 1

= 15
K) region 4 10(7“ =+ 1)2 K ( )

Egs. (12,15) generalize to r # 1 the results of [10]. Eq. (12)
differs from the K — 0 Fermi liquid theory of [16] by a

M/m = 0.1505 M/m =1 M/m = 6.6439
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Fig. 3: (Color online) Function Rf(x) entering the real part
of Eq. (9) (row 1), and its second derivative entering the real
part of the inverse effective mass Eq. (20) (row 2), for various
mass ratios. Dashed lines: Asymptotic behavior (18). Red
vertical lines: Boundaries at k = 1 and at kK = M/m. Insets:
Enlargements showing the non-differentiability of the second-
order term of M/mj(K) at K = k.

numerical coefficient, but [16] considers momentum rather
than population decay. In Fig. 2 we plot the function
—SQf (k) for different values of the mass ratio between the
impurity and the fermions.

For a large impurity wave vector, K/krp > max(1,7),
the asymptotic value of —S f (k) is given by the asymptotic
expansion of Eq. (15), and is linear in K. This can be
quantitatively recovered with a simple kinetic argument:
For K > (r 4+ 1)kp, due to conservation of energy and
momentum, the fermionic wave number k after scattering
with the impurity is > kp except in a small cone in the
forward direction, so that the Pauli blocking effect may be
neglected. Also the impurity-to-fermion relative velocity
is v ~ hK /M, which leads to a collision rate Ty ~ pow,
where p is the fermionic density and o = 4ma? is impurity-
to-fermion scattering cross section.

Let us now discuss the real part of the polaronic complex
energy (9) for which much less was known. We find that

3r 3r (r?—-1)
r+120(r21)2{[ p (4 20r=9)

:‘i—l‘

Rf(k) =

+ @[K(H +3)(r? = 2) +6r% — 2] In

S (o o]

where k = K/kp and the notation x — —x means that
has to be replaced by its opposite in all terms within the
main square brackets. This function is plotted in Fig. 3
for different values of the impurity-to-fermion mass ratio
r. The locus of points where the moduli in the argument
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of the In functions vanish forms the boundaries of the same
physical regions discussed for S f(K/kr), and sketched in
Fig. 1. We have numerically observed that Eq. (16) is a
monotonically decreasing function of . It has a vanishing
derivative at the origin, Rf’(0) = 0, where it reaches its
maximum value

9r(1—7r%+2r%nr)
K2 1)

Rf(0) = (17)

Eq. (17) was obtained in [8,9] in the context of a A-particle
in a Fermi sea of nucleons with v = 4 spin-isospin states,
hence an extra factor v in those references, and also in
[21] for a Bose-Fermi mixture. Eq. (16) vanishes at large
K//{ZF

r

st 22 TOA/R

Rf (k)

This indicates that, for large K/kr and up to second-order
in g, the dispersive effect of the Fermi sea on the energy of
the impurity reduces to the mean-field term pg. Remark-
ably, Eq. (16) has a finite limit for a unit mass ratio

(18)

3 3 ([11
li_}mlﬁ?f(m):5—4—0{[?—1—&2—1—(2&34—4%2—1—6&—}—3)

X @mm— 1 —254ln|/ﬁ|} + [m—> —m]}, (19)

and as well as for S f(K/kr) the crossover region is absent
in this special case M = m. In the weakly attractive
limit, ¢ — 07, the second-order effect of the Fermi sea
on the energy of the impurity moving through it can then
be summarized as follows for an arbitrary mass ratio: On
the real (imaginary) part of the resulting complex energy
the effect of the medium is maximal (minimal) when the
impurity is at rest, K = 0, while the effect of the medium
is minimal (maximal) when the impurity is moving fast.
A related observable of interest is the effective mass of
the polaron. Since the impurity is moving with momentum
hK, one can define the effective mass mj(K) along the
direction of K, and the effective mass m* (K) along the
direction perpendicular to K [22]. mj(K) is related to
the second derivative of the complex energy Eq. (9) with
respect to the impurity wave number K = rkkp as follows:

M . f(ﬁ

_ ar 3
TR ) 140, (20

and m* (K) is related to the first derivative:

M Hr(ﬂ)%'(ﬁ)

0 EF K

m* (K) g—o- 2

+0(g%).  (21)
When K — 0, Egs. (20, 21) have the same limit, which
coincides with the result of [10], and one recovers the
usual rotational symmetry of the effective mass tensor.
At non-zero K, Eq. (21) is a differentiable function of
K, whereas Eq. (20) presents interesting singularities and

is non-differentiable in x = 1 as shown in Figs. 2, 3.
Furthermore, for r = 1, Rf”(k) presents a logarithmic
divergence « In|k — 1| in K = 1, as can be seen in

Eq. (19). This suggests that for r = 1, M/mﬁ(K) can-
not be Taylor expanded in powers of g at the point Kk = 1,
as e.g. the function ¢g?In|g|, and a non perturbative ap-

proach must be used [20]. Instead, S f”(k) has a jump
J=Sf"AT) =Sf"(17)=9n/4in k=1 for r = 1.

Physical interpretation. — We now interpret the
boundaries between regions in Fig. 1. Intuitively, singu-
larities in the polaron complex energy may originate from
the fact that (i) the energy denominator in Eq.(7) can van-
ish, and (ii) the domains of variation of k and q in Eq.(7)
have sharp boundaries k = ¢ = kp. One thus investigates
the form of the Fourier space domain where the energy
denominator vanishes for k and q both at the Fermi sur-
face. For K < kp, it is found that this domain supports
all values of 6 € [0,7/2], where 6 is the angle between K
and k — q. For K > kp, on the contrary, the allowed val-
ues of 0 range from arccos(kr/K) to w/2. This designates
K = kg as a first peculiar line in the plane M/m — K/kg.
Note that m — 26 is the scattering angle of an incoming
impurity of wave vector K on the Fermi sea when both
the resulting scattered fermion and hole are at the Fermi
surface. To obtain the second peculiar line in Fig. 1, we
introduce the additional idea that the energy denominator
as well as its first order derivatives with respect to k and
to q vanish at k = ¢ = kg, which indeed leads to K = rkp.

Narrow Feshbach resonance. — In a recent experi-
ment [17] impurities of K were immersed in a Fermi sea
of 8Li, where the s-wave interaction between the impurity
and each fermion has a non-negligible range due to the
presence of a narrow Feshbach resonance. Such a situa-
tion differs from the one we have considered so far: A new
length appears in the system, namely the Feshbach length
R.., which at the experimental density [17] was of the or-
der of R, ~ kg ! and thus not negligible. This physical
situation can be described by a two-channel model (see
e.g. [13] and references therein). For simplicity we keep in
the two-channel model the same lattice model as for the
single-channel Hamiltonian (1,2). The Hamiltonian of the
system then becomes H = 7:[0 + W+ Emol]vmol, with

Ho = Ho+ ; bl (22)
W= % Z 61?10—31(2,1(3 (6L3ak2dk1 +h.c.)(23)

k1 ,ko,ks
and Npol = >k Z;I(l;k is the number of closed-channel

molecules operator. Here IA)k annihilates a closed-channel
molecule with wave vector k, kinetic energy h%k?/[2(M +
m)] = ex/(1 + r) and internal energy E,,. The relation
between Fy), the interchannel coupling A, the Feshbach
length R. and the s-wave scattering length a is

A
Eyol=—— and R, = 55—
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where g is still given by Eq. (3). For a fixed lattice spac-
ing b and Feshbach length R.., one sees that in the weakly
attractive limit @ — 0~ the energy of the closed-channel
molecule diverges, E.,,1 — —+oo. Therefore, in such a
limit we introduce the hermitian projector P onto the low-
energy subspace in which closed-channel molecules are ab-
sent, and the projector Q = 1—P. Within this low- energy
subspace one can derive an exact effective Hamiltonian de-
pending on a complex energy z [23]:

Fo () = PRP + PWO—%
20— QHQ

The complex energy Eps(N) + AE of the impurity must
then be (in the thermodynamic limit and under appropri-
ate analytic continuation) an eigenvalue of /)f[eff(EFS (N)+
AFE), which constitutes an implicit equation. Here we
solve it perturbatively up to order g2 by making an asymp-
totic expansion of (25) in powers of Ep,, to obtain in the
subspace of momentum AK:

QWP. (25)

Her(Eps(N) + AE) = PHP

g—0—

~ g PWQIFic + s () ~ ol QWP+ O(gl), (20
where we used —EI;;PVAVQWP = PV P and the fact that
AFE = Ex + O(go). Remarkably, one recovers as the first
term the single-channel model Hamiltonian (1,2) modified
by the second term of (26), which is an effective-range
correction proportional to R,, that vanishes, as it should,
when R, — 0. It remains to apply the usual second-
order perturbation theory in gg to the effective Hamilto-
nian (26). This amounts to adding to the already calcu-
lated single channel result the contribution of the second
term of (26) simply treated to first order in perturbation
theory, which is real since this term is hermitian. After

thermodynamic and zero-lattice spacing limits we obtain:

(pg)?

AE(K) o Ex +pg+-p— f(K/kp) +O(g°), (27)
where
fo = 10 - s (2 + X Y hemes 29)

The correction to f(k) is a smooth function of k so that
the regions of Fig. 1 remain unchanged for f.

At this point a comparison with the hard-sphere result
[10] at K = 0 is possible with some care. First, one for-
mally identifies the effective range r. = —2R.. of the two-
channel model with the one 2a/3 of the hard-sphere model,
which turns the second term of (28) into an energy cor-
rection of order a®. Second, this energy correction must
appear in the theory of [10] as a single T-matrix vertex,
that is in the contribution €1, see Eq. (3.5) of [10]. Third,
one must include the fact that the hard-sphere interaction

also scatters in the p-wave channel, with a scattering vol-
ume V; = a3/3 for the convention of [24], which leads to
an energy shift given by first order perturbation theory
applied to the pseudo-potential of [25]. Then we find con-
sistency between our result and the one of [10] at K = 0.

Validity conditions. — For our perturbative treat-
ment to apply, the impurity-to-fermion scattering must
be in the Born regime, with a scattering amplitude f; , =
—a/[14 a(ikye + ko> R+ )] ~ —a at the relative wave num-
ber kyel = p|K/M — q/m| < (K +rkp)/(1 + 1), so that

krala] <1 and  ke’|a|Ry < 1. (29)
However, this is not sufficient when K = K/(147) > kg:
In this regime one can use the T-matrix formalism [10]
to first order, neglecting the initial momentum of the
fermions, to obtain AE(K) — Ex ~ —p(27h?/p) f. Re-
quiring that, in the real part of this result, the terms of

order three in a are small as compared to the a? ones gives

2
kFa k_ —aKQR* ’

221 — A
K] 67(1 +7) K2

K?R?| < (30)

the first term in the right-hand side coming from Eq. (18).

Experimental feasibility. — To determine the ex-
perimental relevance of this work we refer to the experi-
mental conditions [17], where for kr|a] < 2 the real part
(imaginary part) of the polaronic complex energy can be
measured with a precision of 5 x 1073Fr (10~*Er). Then
our theory for a moving polaron may be tested experimen-
tally for a finite scattering length when two conditions hold
on krlal: (i) the second-order correction in Eq. (27) must
be sufficiently large to be observed, and (ii) the third-order
correction AE®)| which is neglected in Eq. (27), must
be sufficiently small. Extending the perturbative method
used to derive Eq. (26) up to order gi we obtain

AE® (K) = 3/’ d3q 1 Eu + €K+q
A B CYSER I Gl R
7/ Bk [ 20 Yk—kn)]\® 500
213 | 72k2 ~  Fieq(K) e

>y d*k U dq Y (k - mr (31)
IV CLER VARG I S

with Fx o defined in Eq. (8). The first (third) contribution
originates from the subspace with one hole and two parti-
cles (one particle and two holes), and the second contribu-
tion originates from a conspiracy between the mean-field
and the effective-range terms within the subspace with one
hole. At K =0 and R, = O(a), Eq. (31) reproduces [10].
We have performed explicit calculations for kpa =
—0.46, which is intermediate between weakly and strongly
interacting regime: In Fig. 4b we show that, for the real
part of the complex energy, the condition of experimen-
tal observability is indeed satisfied over the useful range
0 < K < 2kp, with a reasonably small correction due to
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Fig. 4: For a *°K impurity interacting with a Fermi sea of °Li
(r = 6.6439) on a narrow Feshbach resonance with krR. = 1
as in [17], and kra = —0.46. Imaginary part (a), and real part
(b) of the complex energy counted with respect to the mean
energy of the ideal Fermi gas, as a function of its reduced wave
number £ = K/kr. In (b) the mean-field prediction Fx + pg
was subtracted for clarity. Dashed (solid) lines: Perturbative
calculation up to order two (three) in g. Circles: The single
particle-hole ansatz. On the left of the vertical dotted line of (a)
the ansatz incorrectly predicts a zero imaginary part. Inset in
(a): magnification with vertical axis in log-scale. Perturbative
calculation up to g2 generalized at finite temperature T, for
kT = 0.05EF as in [26]: dotted line; star: Eq. (15) of [21].

RAE®)(K); we further test the real part of our perturba-
tive result up to n = 3 (solid line) against the real part
resulting from the single particle-hole ansatz (12) of [13]
(circles), showing reasonable agreement. Instead for the
imaginary part in Fig. 4a, while JAFE?) (K) is measurable
within the experimental precision [17] for K > 0.5kp, the
correction due to SAE®)(K) is not negligible, and the
full perturbative result up to n = 3 differs qualitatively
from the ansatz (12) of [13]. The reason for this difference
has to be sought in the ansatz, which wrongly predicts a
zero decay rate of a moving impurity with wave number
K < K., due to the fact that the effect of the interac-
tion is incorrectly described in the particle-hole contin-
uum, which gives a wrong (here zero) value to the lower
border of that continuum (see Eq. (24) of [13]). To find
K., one simply note that within the ansatz approach a
real solution to the moving polaron is then always possi-
ble if AE(K) < 0 [13], which at the mean-field level leads
for g — 07 to K. ~ kp[2(r 4+ 1)kp|a|/(37)]/2, already a
good approximation for Fig. 4.

We have also included in Fig. 4 a finite-temperature
calculation, by generalizing Eq. (10,26) for fermions at
thermal equilibrium with density p, and by numerically
evaluating the resulting integrals. At kpT = 0.05E% as
in [26], the correction to the real part is small, but the
imaginary part no longer tends to zero at K = 0 [27].

Conclusion. — In the weakly attractive limit, both for
broad and narrow Feshbach resonances, we have calculated
analytically, up to second order in the interaction strength
g, the energy, the decay rate, and the effective masses of
an impurity moving with momentum AK through a fully

polarized Fermi sea, extending known results for K = 0
to finite momenta. At that order, our results show the
existence of four regions separated by singularities of sys-
tem’s observables, as e.g. the effective mass. We have
characterized the degree and the physical origin of these
singularities, which lays in the impurity-to-fermion scat-
tering at the Fermi surface. For realistic values of the
parameters we have shown that our second order correc-
tion is experimentally observable with the radio-frequency
spectroscopic technique. We have also given an integral
expression for the third-order complex energy, so as to
estimate the neglected terms in the second-order theory.
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