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Abstract: In extreme value theory, the so-called extreme-value index is a
parameter that controls the behavior of a distribution function in its right
tail. Knowing this parameter is thus essential to solve many problems re-
lated to extreme events. In this paper, the estimation of the extreme-value
index is considered in the presence of a random covariate, whether the
conditional distribution of the variable of interest belongs to the Fréchet,
Weibull or Gumbel max-domain of attraction. The pointwise weak consis-
tency and asymptotic normality of the proposed estimator are established.
We examine the finite sample performance of our estimator in a simulation
study and we illustrate its behavior on a real set of fire insurance data.
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1. Introduction

The problem of studying extreme events arises in many fields of statistical ap-
plications. In hydrology, one could for instance be interested in forecasting the
maximum level reached by the seawater along a coast over a given period, or
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studying extreme rainfall at a given location; in actuarial science, it is of pri-
mary interest for a company to estimate the probability that a claim which
represents a threat to its solvency is filed. The pioneering result in extreme
value theory, known as the Fisher-Tippett-Gnedenko theorem (see Fisher and
Tippett [13] and Gnedenko [19]) states that if (Y;,) is an independent sequence
of random copies of a random variable Y such that there exist normalizing non-
random sequences of real numbers (a,,) and (by,), with a,, > 0 and such that the

sequence
1
— [ max Y; — b,
ap \1<i<n

converges in distribution to some nondegenerate limit, then the cumulative dis-
tribution function (cdf) of this limit can necessarily be written y — G- (ay +b),
with @ > 0 and b, v € R where

exp (—(1+’yy)_1/7) if y#0and 1+~y >0,
Gy (y) = .
exp (— exp(—y)) if v=0.

If the aforementioned convergence holds, we shall say that Y (or equivalently,
its cdf F') belongs to the max-domain of attraction (MDA) of G, with + being
the extreme-value index of Y, and we write F' € D(G,). Clearly, v drives the
behavior of F' in its right tail:

e if v > 0, namely Y belongs to the Fréchet MDA, then 1 — G is heavy-
tailed, ¢.e. it has a polynomial decay;

e if v < 0, namely Y belongs to the Weibull MDA, then 1 — G, is short-
tailed, i.e. it has a support bounded to the right;

e if v = 0, namely Y belongs to the Gumbel MDA, then 1 — G, has an
exponential decay.

The knowledge of 7 is therefore necessary to tackle a number of problems in
extreme value analysis, such as the estimation of extreme quantiles of Y, which
made its estimation a central topic in the literature. Recent monographs on
extreme value theory and especially univariate extreme-value index estimation
include Beirlant et al. [3] and de Haan and Ferreira [21].

In practical applications, it is often the case that the variable of interest Y can
be linked to a covariate X . In this situation, the extreme-value index of the con-
ditional distribution of Y given X = x may depend on z; the problem is then
to estimate the conditional extreme-value index x +— ~y(z). Motivating examples
in the literature include the description of the right tail of the distribution of
claim sizes in insurance or reinsurance (see [3]), the estimation of the maximal
production level as a function of the quantity of labor (see Daouia et al. [6]),
studying extreme temperatures as a function of various topological parameters
(see Ferrez et al. [12]), the estimation of some quantitative physical character-
istics of Martian soil (see Gardes et al. [17]), or analyzing extreme earthquakes
as a function of the location (see Pisarenko and Sornette [26]).
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In most recent works, this problem has been addressed in the “fixed design”
case, namely when the covariates are nonrandom. For instance, Smith [27] and
Davison and Smith [10] considered a regression model while Hall and Tajvidi [22]
used a semiparametric approach in this context; a nonexhaustive list of fully
nonparametric methods include Davison and Ramesh [9] for a local polynomial
estimator, Chavez-Demoulin and Davison [5] for a method using splines, Gardes
and Girard [14] for a moving window approach and Gardes and Girard [15] who
used a nearest neighbor approach.

By contrast, the case when the covariate is random, which is very interesting as
far as practical applications are concerned, has only been tackled in even newer
works. In the actuarial science setting, one could for instance think of a situation
in which an insurance firm covers damage done to policyholders by natural
disasters: a typical covariate in this case is the location where a natural disaster
happens. Another situation, which will be examined in this paper, is the case of
an insurance firm covering damage done by fire accidents: a possible covariate of
the claim size is the total sum insured by the firm. We refer to Wang and Tsai [28]
for a maximum likelihood approach, Daouia et al. [7] who used a fixed number
of nonparametric conditional quantile estimators to estimate the conditional
extreme-value index, Gardes and Girard [16] who generalized the method of [7]
to the case when the covariate space is infinite-dimensional, Goegebeur et al. [20]
who studied a nonparametric regression estimator and Gardes and Stupfler [18]
who introduced a smoothed local Hill estimator. Besides, the method of [7] was
recently generalized in Daouia et al. [§] to a regression context with a response
distribution belonging to the general max-domain of attraction: the latter study
is the only one in this list which is not restricted to the case of the Fréchet MDA.

The aim of this paper is to introduce a moment estimator of the conditional
extreme-value index, working in the three domains of attraction. In Section 2,
we define our estimator of the conditional extreme-value index. The pointwise
weak consistency and asymptotic normality of the estimator are stated in Sec-
tion 3. The finite sample performance of the estimator is studied in Section 4. In
Section 5, we illustrate the behavior of the proposed estimator on a real set of
fire insurance data. Proofs of the main results are given in Section 6 and those
of the auxiliary results are postponed to Section 7.

2. Estimation of the conditional extreme-value index

Let (X1,Y7),...,(X,,Y,) be n independent copies of a random pair (X,Y)
taking its values in E x (0,00) where E is a metric space endowed with a
metric d. For all z € E, we assume that the conditional survival function (csf)
F(-|z) =1—F(-|z) of Y given X = z belongs to D(G.,(y)). Specifically, we shall
work in the following setting:

(M) Y is a positive random variable and for every x € E, there exist a real
number «y(z) and a positive function a(-|x) such that the left-continuous inverse
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U(-|z) of 1/F(:|x), defined by U(z|x) = inf{y € R|1/F(y|z) > z} for every
z > 1, satisfies

@) 1
Ve >0, tlgn U(tz|x)t— U(t|z) ) if y(z) #0
OO a(tlz) log z if v(z) = 0.

Model (M) is the conditional analogue of the classical extreme-value framework,
see for instance [21], p.19. In this model, for every € E, the function U(-|z) has
a positive limit U(oco|x) at infinity; the function U(co|-) is called the conditional
right endpoint of Y.

We now introduce our estimator, which is an adaptation of the moment esti-
mator of Dekkers et al. [11]. To this end, we let, for an arbitrary « € E and
h = h(n) — 0 as n — oo, Ny(z,h) be the total number of observations in the
closed ball B(z, h) having center z and radius h:

n
Nu(z,h) = ix,ep@ny Wwith B(xz,h) = {2’ € E|d(z,2') < h},

=1

where 1y is the indicator function. The purpose of the bandwidth sequence
h(n) is to select those covariates which are close enough to x. Given N, (x,h) =
p > 1, welet, fori =1,...,p, Z; = Z;(x,h) be the response variables whose
associated covariates W; = W;(x,h) belong to the ball B(xz,h). Let further
Zip < --- < Z,, be the related order statistics (this way of denoting order
statistics shall be used throughout the paper) and set for j = 1,2

ka
Z log(Z p— z+1p) IOg(Zp—kwm)]J

i=1

1
M(])(x k’x,h k_

if k € {1,...,p—1} and 0 otherwise. Given N, (x,h) = p, the random variable

(ac ky,h) is then computed by using only the response variables whose
values are greater than the random threshold Z,_j , and whose associated
covariates belong to a (small) neighborhood of x. For j = 1, this statistic is an
analogue of Hill’s estimator (see Hill [24]) in the presence of a random covariate;
see also [15] for a nearest neighbor analogue of this quantity in the fixed design
case. Our estimator, in the spirit of [11], is then

an(xa kiba h) = an,Jr(xa kiba h) + a’ﬂ,*(xa kiba h)
where

/’y\n,+(x7k:cah) = M}Ll)(.ﬁ,k’x,h)
1 2\

and Yn (T, Ry, = -5 -
2 M (2, ky, )
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2
it [MSY (&, h)} £ M (2, kg, h), with Fp._ (2, ke, h) = 0 otherwise.

The assumption that Y is a positive random variable makes the quantities
My(f )(ac, ks, h) well-defined for every k,. This simplifies somewhat a couple of
technical results (see for instance Lemma 3). We point out that since we shall
only compute our estimator using upper order statistics of the Z;, this hypoth-
esis may be replaced by the assumption U(oo|z) > 0 for every x € E, at the
price of extra regularity conditions on the joint cumulative distribution function
F of the pair (X,Y).

3. Main results
3.1. Weak consistency

We first wish to state the pointwise weak consistency of our estimator. To this
end we let, for € E, n, = nz(n,h) = nP(X € B(z,h)) be the average total
number of points in the ball B(z, h) and we assume that n,(n,h) > 0 for every
n. Let k, = k,(n) be a sequence of positive integers; furthermore, let F},(:|z) be
the conditional cdf of Y given X € B(xz, h):

Fh(y|$) = P(Y <y | X € B(xvh))

and Uy, (-|z) be the left-continuous inverse of 1/F(-|x). For u, v € (1, 00) such
that v < v, we introduce the quantity

Up(z|x)
U(z|z)

w(u,v,z,h) = sup
z€[u,v]

log

Recall the notation a A b = min(a,b) and a V b = max(a,b) for a, b € R. Our
consistency result is then:

Theorem 1. Assume that (M) holds. Pick x € E. We assume that ngy — 00,
ky — 00, ky/ngs — 0 and for some § >0

U(nx/kz|:c)w ( Ny
a(ng /ke|z) (1+0)k,’

Then, setting v4(x) =0V v(x) and v—(x) = 0 Ay(x), it holds that

nﬁlﬁ‘s,z,h) —0 as n— oo. (1)

Bt (@, oy h) = 74 (2) and Ao, (2, ke, h) = v-(x) as n— o0

and therefore 7, (x, ks, h) N v(x) as n — 0.

Theorem 1 is the conditional analogue of the consistency result proven in [11]; see
also [21], Theorem 3.5.2. As far as the hypotheses of Theorem 1 are concerned,
note that conditions n, — oo, k; — oo and k, /n, — 0 are standard hypotheses
for the estimation of the conditional extreme-value index: they are the exact
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analogues of the conditions n — oo, k& = k(n) — oo and k/n — 0 needed
to ensure the convergence of Hill’s estimator. Moreover, condition n, — oo is
necessary to make sure that there are sufficiently many observations close to =,
which is a standard assumption in the random covariate case.

Condition (1) is somewhat harder to grasp. To analyze this hypothesis further,
we introduce the following conditions:

(€) E is a linear space.

(A1) For every x € E, U(:|z) is a continuous increasing function on (1, 00)
and for every y € R, the function F(y|-) is continuous on FE.

We may now state the following result, which relates the behavior of the function
log Up(z]+) around z to that of log U(z|):

Proposition 1. Assume that (£) and (Ay) hold. Assume further that x € E is
such that
Vz' € B(z,h), Vr >0, P(X € B(z',r)) > 0.

Then for every x € E and for every z > 1, it holds that

U(z]2")
Ulzlz) |

Un(z|z)
U(z|z)

< sup

z’'€B(x,h)

‘log log

Note that if £ = R? with X having a probability density function f on this space
and with x being such that f(z) > 0 and f is continuous at z, the condition

Va' € B(z,h), Vr >0, P(X € B(z/,r)) >0
appearing in Proposition 1 is satisfied when n is large enough.
With this result at hand, we define for u, v € (1, 00) such that u < v:

Ul(z]2)
U(z|x)

Q(u,v,2,h) = sup  sup
z€[u,v] z' € B(x,h)

log

Proposition 1 entails that

Ng 146 <0 Ny 148
“((H(S)kz’”@‘ ’"’”’h)— ((1+6>kx’”ﬂ‘ h)

Consequently, if conditions (£) and (A;) are satisfied, a sufficient condition
for (1) to hold is

a(ng/ks|z) ¢ <(1 + o)k,

which is a hypothesis on the uniform oscillation of log U in its second variable.
To understand more about condition (2), we introduce an additional regularity
assumption:

ny“s,z,h) —0 as n— o0 (2)
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(A2) The function v is a continuous function on E.

If we omit the case y(x) = 0 of the Gumbel MDA, then under (As), condition (2)
can be made more explicit:

e If y(z) > 0, namely F(-|x) belongs to the Fréchet MDA, then Lemma 1.2.9
in [21] entails that a(-|2)/U(-|x) converges to v(z) at infinity. Condition (2)
then becomes

Q (mnig)k,niJr‘s,x,h) —0 as n— oo. (3)
€T

Since 7 is continuous, one has y(z') > 0 for 2’ close enough to z. Corollary
1.2.10 in [21] then yields for n large enough and every a2’ € B(x, h)

Vz>1, Uzla’) = 27 L(z|2')

where for every @’ € B(z, h), L(:|2) is a slowly varying function at infinity.

Letting N
Vz > 1, L(z]z') = c(z]2’) exp </ Mdv) (4)
1 v

be Karamata’s representation of L(-|z’) (see Theorem 1.3.1 in Bingham et
al. [4]), where c(-|z’) is a positive Borel measurable function converging to
a positive constant at infinity and A(:|2’) is a Borel measurable function
converging to 0 at infinity, condition (3) is thus a consequence of the
convergences

logn, sup |y(z') —~(z)] — O,
z’'€B(x,h)

sup  sup |loge(z|a') —loge(zlx)| — O,
2€Ky 5 2’ €B(x,h)
and logn, sup sup |A(z]2) —A(z|z)] — 0
2K, s 2’ €B(x,h)

as n — oo, where K, 5 = [n,/[(1 + §)ks, nLT?]. Besides, if 7, logc and A
satisfy some sort of Holder condition, for instance

sup  [y(z') —y(2)] = O(h%), (5)
z’'€B(x,h)
sup  sup |loge(z|x') —loge(z|x)| = O (h%) (6)
2€K; s ' €B(x,h)
and sup sup |A(z]2') — A(z|z)] = O(h%) (7)

z€K, s x'€B(x,h)

for some a € (0, 1] as n — oo, then condition (3) becomes h*logn, — 0
as n — oo. The regularity conditions above are fairly standard when
estimating the conditional extreme-value index in the Fréchet MDA, see
for instance [7].
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e If v(z) < 0, namely F(-|z) belongs to the Weibull MDA, then according
to Lemma 1.2.9 in [21], one has

U(oolz) = U(z]z)
a(z|) V()

as z — OQ.

Furthermore, since one has v(z’) < 0 for 2’ close enough to x, Corollary
1.2.10 in [21] yields for n large enough and every a’ € B(x, h) that

Vz > 1, Uoold’) — U(zla’) = 27 L(z|2")

where for every @’ € B(z, h), L(:|z) is a slowly varying function at infinity.
Especially

Uzlr)  U(oolz) 27
a(zlz) (@) L(z|ac)(1+0(1)) as z — oo.

Consequently, in this framework, condition (2) becomes

(g /ky) 1) Ny

ny“s,z,h) —0 as n— oo. (8)

Write then for an arbitrary z > 1 and for 2’ € B(z, h)
logU(z|2") — logU(z|x)

U(oo|z) o 1 — [U(oo|z")] 227 L(z|a)
U(oola) T g( 1= [U(oolz)| 127 @ L(z]z) ) ©)

= log

The first term on the right-hand side in (9) is readily controlled if the
conditional right endpoint = — U(oo|x) is a positive Holder continuous
function on E:

sup
z'€B(x,h)

s - of gy -

z'€B(x,h)
= 0o (10)

say, with 8 € (0, 1]. The second one can be bounded from above as follows:
since ny /ky — 0o and 27@ L(z|x) — 0 as z — oo (see Proposition 1.5.1
in [4]), we can write for n large enough

1 — [U(ocla’)] 27V L(z|")

[~ [U(oc2)] 2@ L(z]z)

IN

2 }[U(OOII)]”Z”(”)L(ZII) — [U(oola)] 27O L(zla)

_ [U(oolz") @) L2
- [T) S

227(‘”)L(z|x)

U(oola) )
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for every z > n,/[(1 + §)k,]. Note now that for every z € K, 5 we have

1@ (2] '
log (m < (140)logn, sup |y(z') — ()]

z'€B(x,h)
L(z]z’)
+  sup sup |log
2€Ky 5 2’ €B(x,h) L(Z|$)

Using Karamata’s representation of L(-|2’) (see (4)) and assuming that
for some « € (0, 1]

sup  |y(2') —y(@)| = O(h?), (12)
z’€B(z,h)
sup  sup |loge(z|z') —loge(z|z)] = O(h®), (13)
2€Ky 5 2’ €B(x,h)
and sup sup |A(z|]2') — A(z|z)] = O(hY) (14)

2€EK, 5 2’ €B(x,h)
as n — 0o, then using the inequality
VEeR, lef —1] < [t]el (15)

it is readily seen that if h*logn, — 0 as n — co, we have

sup  sup — 1| = O(h*log ny). (16)

2K, s 2’ €B(x,h)

Note that conditions (12), (13) and (14) are exactly (5), (6) and (7).
Equations (10), (11), (16) and inequality (15) now entail

sup  sup
2€Ky 5 2’ €B(x,h)

L— [U(oofa)] ' 2 L(zla’)
1 — [U(oco|z)]~t27*) L(z|x)

= 0 <(ha logn, V h?) sup Z’Y(I)L(zkﬂ)) .
z€EK, 5

Potter bounds for the regularly varying function z +— 27@) L(z|z) (see
Theorem 1.5.6 in [4]) yield

5 2@ L(z|z)
1m su su
n—><>op zGKgg (na/kx)v(x)L(na/kalx)

< 0

so that
sup sup 1—[U(OOIx’)]‘IZV‘“'/’L(ZII’)_
2K, sareB(ah) | 1 — [U(oo]x)]~127@) L(z|x)
= O (h®logn, Vv hP)——2L22 ) 17
(1o v 1) L) (17)
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Finally, use together (9), (10) and (17) to get

Q (ﬂfﬁ,niw,x,h) =0 (h5 v [(ha 1ognx)%]) . (18)

Equation (18) makes it clear that in this case, condition (8) shall be sat-
isfied provided it holds that h®logn, — 0 (which was already required in
the Fréchet MDA) and

(nx/kx)_”(x)

n? =0 .
L [l ) —0 as n— o0

We can conclude that compared to the case of the Fréchet MDA, there is
an additional condition for the pointwise consistency of our estimator to
hold in the Weibull MDA. This condition compares the oscillation of the
conditional right endpoint to the proportion of order statistics used in the
expression of the estimator.

We end this paragraph by noting that Theorem 1 is only a pointwise result. In
the case when £ = R? and X has a probability density function f whose support
S has a nonempty interior, it may be possible to obtain a uniform consistency
result on every compact subset €2 of the interior of S, using for instance a method
introduced by Hirdle and Marron [23]: since ) is a compact subset of R? we
may, for all n € N'\ {0}, find a finite subset €2, of {2 such that

Vo e Q, Ix(z) € Qy, |lz—x(@)|| <n™" and Je >0, |2, = O (n)

as n — oo, where [Q,,| stands for the cardinality of €, and n > 0 is suitably
chosen (i.e. large enough). In other words, we may cover for every n the set
by a finite number of balls having a common radius which converges to 0 at a
polynomial rate; we may also require that the set £2,, of the centers of these balls
is such that the cardinality of €2,, grows at a polynomial rate. If v is continuous
on S, it is then enough to prove that for every ¢ > 0,

90l sup Bl k) =) >8) = 0 (19
welly
and P (sup 5 (5, s ) = @) oo 0] > 0) > 0 (20)
zEQ

as n — 00. Showing (19) involves finding a uniform bound for the probabilities
P('ﬁn(kawvh) - 7(w)| > 6)) w e Qn

while the proof of (20) relies on a careful study of the oscillation of the random
function x — J,(x, ks, h). This is of course a challenging task, which shall be
part of future research on this estimator.
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3.2. Asymptotic normality

To prove a pointwise asymptotic normality result for our estimator, we need to
introduce a second-order condition on the function U(-|z):

(M3) Condition (M7) holds and for every = € E, there exist a real number
p(x) <0 and a function A(|z) of constant sign converging to 0 at infinity such
that the function U(-|x) satisfies

Utzle)=U(tlz)  20®_q
a(t|z) ()
Altl) = H,(2),p()(2)

z T
Ho(2),p(a)(2) = / (@1 [/ Sﬂ(x)lds} dr.
1 1

Hypothesis (Mz) is the conditional analogue of the classical second-order con-
dition on U, see for instance Definition 2.3.1 and Corollary 2.3.4 in [21]: the
parameter p(z) is the so-called second-order parameter of Y given X = x. Note
that Theorem 2.3.3 in [21] shows that the function |A(-|z)| is regularly vary-
ing at infinity with index p(x). Moreover, as shown in Lemma B.3.16 therein,
if (M3) holds with v(x) # p(z) and p(z) < 0 if y(x) > 0, then defining
q(-]x) = a(-|z)/U(:|z), a second-order condition also holds for the function
log U(-|z), namely:

Vz >0, lim
t—o0

where

log U(tz|z)—logU(tlz) 7= _3
q(tlz) v-(x)
Q(tlr) =y @@ ()

Vz >0, lim (21)
t—o0

with

)

(@) i) < pla)

N

PEV=9 20 10 <) < —pl
px) i (0<(2)

)

where we have defined

f(z) = lim (U(t|x) ““'x))

t—=00 V()

and Q(-|z) has ultimately constant sign, converges to 0 at infinity and is such
that |Q(-|z)| is regularly varying at infinity with index p’(z); note that Lemma
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B.3.16 in [21] entails that one can choose

A(t|z) it y(z) <plx) <0
a(t|z) it p(x) <v(z) <0
Q(tl) =4 )~ Ty s 353 < :Zgig and {(z) #0
p(x) - if 0<vy(z)<—p(x)and l(x) =0
@+ o or o< () <)

Besides, if y(z) > 0 and p(x) = 0, then according to Lemma B.3.16 in [21], one
has

log U(tz|1‘()|—1)og U(tlz) 1ng
. q(t|x o
Vz >0, tlggo Q) =0 (22)
for every Q(:|z) such that A(t|x) = O(Q(t|x)) as t — oo; especially, we can and
will take Q(+|x) = A(:|z) in this case.

We can now state the asymptotic normality of our estimator.

Theorem 2. Assume that (Ms) holds. Pick x € E. We assume that ngy — o0,
ky — 00, ky/ne — 0, Vkz Q(ng/kz|x) — A(z) € R and for some § >0

U(ng/k:|z) Ny 146
xr ) ? ) : 2
Vk a(nm/kx|x)w AT ok, n, % x,h] =0 as n— o0 (23)
Then if y(x) # p(x), it holds that ki (Fn(x, ke, h) — y(x)) is asymptotically
Gaussian with mean \(x)B(v(z), p(z)) and variance V(y(x)) where we have set

(1 —7(@)(A = 2v(2))
(1 =) = p(@))(1 = 2v(x) — p(x))
v(@)(1 +7(z))
(1 =7(x)(1 = 3v(z))

if (@) < pla) <0

if  plx) <v(x) <0

__w i 0<a@) < —pl)
B(y(x), p(z)) = (1+~(x))? and l(z) #0
1) — (z)p(a) + ple) P A
p(x)(1 = p(z))? or  0< —p(z) <~(x)
1 if  0=p(z) <~y(z)
and
7 (x) +1 ify(x) 20
YO =) @@ = 2@ 1@ s 62@)

(1 = 3y(2))(1 — 4y(x))
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G. Stupfler/A moment estimator for the conditional extreme-value index 13

Theorem 2 is the conditional analogue of the asymptotic normality result stated
in [11]; see also Theorem 3.5.4 in [21]. In particular, the asymptotic bias and
variance of our estimator are similar to those obtained in the univariate setting.
Note that in this result, contrary to the asymptotic normality result of [18], we
do not condition on the value of N,,(x, h). Besides, condition \/k, Q(ns/k.|z) —
AMz) € R as n — oo in Theorem 2 is a standard condition needed to control the
bias of the estimator. Finally, hypothesis (23) can be replaced by a hypothesis
on the uniform relative oscillation of the function log U in its second argument,
see Proposition 1, which in turn can be made explicit if suitable regularity
conditions are satisfied, see Section 3.1.

To illustrate this last remark, we use Theorem 2 to obtain optimal rates of
convergence for our estimator. For the sake of simplicity, we assume that £ =
R4, d > 1 is equipped with the standard Euclidean distance and that X has
a probability density function f on R? which is continuous on its support S,
assumed to have nonempty interior. If = is a point lying in the interior of S
which is such that f(z) > 0, it is straightforward to show that

Ny :n/ f(u)du = nh®Vf(x)(1+0(1)) as n — oo
B(xz,h)

with V being the volume of the unit ball in R%. Letting

Ky
b= hiV f(z)
it becomes clear that k, = kh9Vf(x) and that hypotheses n, — 0o, k; — oo
and k,/n, — 0 asn — oo are equivalent to kh? — oo and k/n — 0 asn — oo. If
k and h have respective order n® and n=%, with a, b > 0, the rate of convergence
of the estimator 7, (x, ky, k) to v(z) is then n(@=*)/2_ Under the hypotheses of
Theorem 2, provided that (A7) and (As) hold, one can find the optimal values
for @ and b in the case y(x) # 0:

e If v(z) > 0, then under the Holder conditions (5), (6) and (7), hypothe-
sis (23) shall be satisfied if

VEh?h®log(nh?) — 0 as n — oc.

Recalling the bias condition Vkhe Q(n/k|x) — Az)//Vf(z) E R asn —

oo and letting
pl(x) if p(z) <0
ey = [P@ (@)
0 if p(x) =0
the problem is thus to maximize the quantity a — bd under the constraints
a€(0,1),a—0bd >0,
a—b(d+2a)

<
and a —bd+2(1 —a)p”(z) <
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The solution of this problem is

* _(d + 20&)p”($) * —p”(I)
“ = a— (d+2a)p" (z) and b7 = a— (d+2a)p" ()
for which ey
af —b*d = —20p (Z)

a—(d+2a)0" (@)’
The optimal convergence rate for our estimator in this case is therefore

n(@* b d)/2 _ o —ap" (2)/(a—(d+20)p" (x))

If v(z) < 0, then under the Holder conditions (10), (12), (13) and (14),
hypothesis (23) shall be satisfied if

VERIh® log(nh®) = 0 and M(nékjld ) h? =0 as n — oco.

Recalling the bias condition Vkhe Q(n/k|z) — N x)/\/Vf(z) € Rasn —
o0, the problem thus consists in maximizing the quantlty a — bd under the

constraints a € (0,1), a — bd > 0,
~b(d + 2)

a—>bd+2(1—a)p(z)
and a—2(1 —a)y(x) —b(d+25)

IAINCIA

To make things easier, we shall assume that the conditional right endpoint
U(o0l-) is not more regular than -, or in other words, that 5 < «. In this
case, since v(x) < 0, the constraints reduce to a € (0,1), a — bd > 0,

a—bd+2(1—a)(z) < 0
and a—2(1 —a)y(z) —b(d+28) < 0.
The solution of this problem is
oo —@+20)p (@) —dy(z) Lo —'(x) = y(x)
B (d+20)0/(x) — dy(a) B (d+20)0(x) — dy(@)
for which
a* _b*d: —2ﬁp/($)

B—(d+2p)p () — dy(z)

The optimal convergence rate for our estimator in this case is then

(@™ =b"d)/2 _ = Bp (2)/(B—(d+28)p' (2) —dv (2))
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4. Simulation study

To have an idea of how our estimator behaves on a finite sample situation, we
carried out a simulation study in the case F = [0,1] C R equipped with the
standard Euclidean distance with a covariate X which is uniformly distributed
on E. Furthermore, we let v : E— R be the positive function defined by

2 1
Vo e [0,1], v(z) = 3 + 3 sin(2mx).
We consider three different models for the csf of Y given X = x: the first one is

— _7.17'
vy >0, Fi(yle) = (1+y7) 7,

where the parameter 7 is chosen to be independent of x and its value is picked
in the set {—1.2,—1,—0.8}. In other words, Y given X = x is Burr type XII
distributed; note that in this case the csf F';(-|z) belongs to the Fréchet MDA
for every z € E, the conditional extreme-value index is v(z) and the conditional
second-order parameter is p(x) = 7y(z) (see [3], p.93). The second model is

Yy € [0,g(x)], Fa(ylz) = % // ( )t1/v(z)71(1 7t)1/'y(z)71dt

where I' : (0,00) — R is Euler’s Gamma function, defined by
[ee]
Va >0, T'(«a) :/ et tdt
0

and the frontier function ¢ is defined by
Vo € [0,1], g(x) =1—c+ 8cx(l —x)

with the constant ¢ > 0 being picked in the set {0.1,0.2,0.3}. In this case,
given X =z, Y/g(z) is a Beta(1/v(x), 1/v(z)) random variable: this conditional
model is contained in the Weibull MDA with the conditional extreme-value index
being —v(x). The final model is

oo — pu(x))?
vy >0, Fs(ylz) = 1 ﬁe){p (%) “

where p and o are the functions defined by
2 1.
Vo e [0,1], plx) = 3 + 3 sin(2rz) and o(z) = 0.7+ 2.42(1 — x).

In this model, Y given X = x has a log-normal distribution with parameters
p(x) and o?(z), which is an example of a conditional distribution belonging to
the Gumbel MDA.
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The aim of this simulation study is to estimate the conditional extreme-value
index on a grid of points {z1,...,za} of [0,1]. We need to choose two param-
eters: the bandwidth h and the number of upper order statistics k,. We use a
selection procedure that was introduced in [18], which we recall for the sake of
completeness.

1)

For every bandwidth h in a grid {hy,...,hp} of possible values of h,
we first make a preliminary choice of k;. Let 7; ;(k) = Ay (24, k, h;) and
|-] denote the floor function: for each ¢« € {1,...,M}, j € {1,..., P}
and k € {qiyj + ]., .. .,Nn(l'i,h]’) — qi,j}a where qi,j = LNn(SL'“hJ)/].OJ \Y
1, we introduce the set E; ;1 = {7 ;(¢), ¢ € {k—qij,....k+q,;}}. We
compute the variance of the set £; ; . for every possible value of k and we
record the number K ; for which this variance is minimal. More precisely,

1 k+qi,; 9
K;; = argmin-——— (‘y\lﬁ fik)
’ ko 2¢i5+1 e:g—:qq, ) 0 ()
1 k+qi,j
with 5,50 = 5—7 X2 (0.
%i.j l=k—qi;

We record the value k;; such that 7, ;(k; ;) is the median of the set
E; j k. ;- For the sake of simplicity, the estimate 7; ;(k; ;) will be denoted
by 7i,j-

We now select the bandwidth h: let ¢’ be a positive integer such that
2¢ +1 < P.Foreachi e {l1,...,M} and j € {¢ +1,...,P —¢'}, let
Foj={ien te{i—4q¢,....j+q}} and compute the standard deviation
oi(j) of F; ;:

1 j+d’ 1 j+d’
o; (j) = 2 + 1 ) Z l(’)’z,é ’Yz',j) with Vi = 2 +1 , Z /%,e.
=j—q =j—q

Our stability criterion is then the average of these quantities over the grid
{xla"'a'rM}:

o) = 37 > i)

We next record the integer j* such that 7(j*) is the first local minimum
of the application j — @(j) which is less than the average value of 7. In
other words, j* = ¢’ + 1 if 7 is increasing, j* = P — ¢/ if 7 is decreasing
and

j* = min {j such that 7(j) <7(j —1) AT(j +1)

1 '
and 7(j) < F2g > a(z)} (24)

l=q'+1
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otherwise, where we extend & by setting 7(¢') =7(¢' + 1) and (P — ¢’ +
1)=3(P—¢).

The selected bandwidth is then independent of x and is given by A* = h;- where
J* is defined in (24). The selected number of upper order statistics is given, for
x = x;, by kj, = ki j~. The main idea of this procedure is that the bandwidth
and the number of upper order statistics are selected in order to satisfy a stabil-
ity criterion. This estimation procedure is carried out on N = 100 independent
samples of size n = 500. The conditional extreme-value index is estimated on a
grid of M = 50 evenly spaced points in [0, 1]. Regarding the selection procedure,
P = 25 values of h ranging from 0.05 to 0.3 are tested; the parameter ¢ is set
to 1.

To have an idea of our estimator behaves compared to another estimator in the
conditional extreme-value index estimation literature, we introduce the estima-
tor yp = P! of [8]. Let K be the triweight kernel:

K() = 50— 21 (0)

Let F'(-,h|z) be the empirical kernel estimator of the csf:

1 & z— X;
WZK( h ) LIS
i=1
1 " ])—Xi

and let @, (-, h|z) be the generalized inverse of F(-, h|z): for a € (0,1),

F(y, hlz) =

Gu(o,hlo) = inf {y € R, F(y,hlr) < a}.

The quantity @, (-, h|x) is the empirical estimator of the conditional quantile
function. The estimator ¥p is then

_ 1 an(an,:mhlx) _/q\n(an,m/?’;h'x)
—log3 an(an,z /3, h|z) — Gn(an,/9, h|T)

where o, , — 0 as n — 0o is a nonrandom sequence. This estimator is exactly
the estimator 7771 of [8] with J = 3 and r = 1/J; it is a kernel version of the
Pickands estimator, see Pickands [25]. To choose the parameters oy, , and h for
p, we restrict our search to a parameter o, , having the form k; /N, (z;, hj),
so that we are led to a choice of k, and h just as for our estimator, and we use

the procedure detailed above.

%D(x7anﬂah)

We give in Table 1 the empirical mean squared errors (MSEs) of each estimator,
averaged over the M points of the grid. Table 1 shows that our estimator out-
performs the estimator 7p in terms of MSEs in every case except the Gumbel
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one. Besides, one can see that in the Fréchet MDA, the MSEs of both estimators
increase as |p(z)| gets closer to 0, which was expected since p(z) controls the rate
of convergence in (Ms): the closer |p(x)]| is to 0, the slower is this convergence
and the harder is the estimation. Some illustrations are given in Figures 1-3,
where the estimations corresponding to the median of the MSE are represented
in each case for both estimators. One can see on these pictures that our estima-
tor generally oscillates less than 7p; in the case when the conditional survival
function belongs to the Fréchet or Weibull MDA, it also does a better job of
mimicking the shape of the conditional extreme-value index.

5. Real data example

In this section, we introduce a real fire insurance data set, provided by the rein-
surance broker Aon Re Belgium. The data set consists of n = 1823 observations
(Si, C;) where C; is the claim size related to the i—th fire accident and S; is the
associated total sum insured. It was, among others, considered by Beirlant and
Goegebeur [2] and Beirlant et al. [1]; see also [3]. Our variable of interest is the
ratio claim size/sum insured: in other words, we focus on the random variables
Y; = C;/S;i. The covariate we consider is the total sum insured, which we can
also consider as random; specifically, we let X; = log.S;. A scatterplot of the
data is given in Figure 4.

In Section 7.6 of [3], the authors show that the distribution of the Y; given log S;
can be approximated rather well by a General Pareto (GP) distribution. Our
goal is then to provide an estimate of the conditional extreme-value index of the
Y; using our estimator. To this end, we use the selection procedure detailed in
Section 4: the bandwidth A is selected among hy < --- < hos where the h; are
evenly spaced and

hl = 0-05(Xn,n — le) and h25 = 0-3(Xn,n — Xl,n)

with Xy, < ... < X, , being the order statistics deduced from the Xj. This
leads us to choose h* =~ 1.35; a boxplot of the proportions k. /Ny (z;, h*) of
order statistics used to compute the estimator is given in Figure 5. This allows
us to give an estimate of the conditional extreme-value index, see Figure 6.

The first conclusion we draw from this study is that v(x) > 0 for all x. This
is somewhat surprising since one could expect the random variables Y; to be
bounded from above by 1. However, the GP fits discussed in [3] and the esti-
mations carried out in [2] and [1] also lead to the same conclusion. One can
think that in this case, modelling the distribution of the Y; given log.S; by a
distribution belonging to the Fréchet domain of attraction is accurate in the
“intermediate—upper” tail, namely, not too far into the upper tail of the distri-

bution; an element backing this intuition is the exponential quantile plot given
in Figure 7.17 of [3].

A second information is given by the shape of the estimated conditional extreme-
value index. One can see that the estimator returns values that are greater than

imsart-ejs ver. 2013/03/06 file: EJS846.tex date: September 17, 2013



G. Stupfler/A moment estimator for the conditional extreme-value index 19

1.1 for every considered value of the covariate. The study in [2], which considered
the random variables C; as variables of interest and splitted the random sample
into three subgroups according to the type of buildings insured (which is an
additional covariate information that we do not consider in this paper), provides
estimations ranging from 1.027 to 1.413, while [1], which did not consider any
covariate information at all, gives the estimate ¥ = 1. Our estimate can therefore
be considered as a somewhat conservative one, especially when logS; > 19.5.
Note that in this particular range, there are only very few (if any) high values
of Y; in the sample, which may be the cause for this phenomenon.

All in all, we can conclude that this study confirms previous findings about this
data set, although the proposed estimator may at times give fairly conservative
results. A possible direction for future research on this estimator is therefore
to correct this behavior. One should keep in mind though that the essential
advantage of the estimator studied in this paper is the fact that it works in
every domain of attraction, making it superior to most others in this respect.

6. Proofs of the main results
6.1. Weak consistency

We start by proving the pointwise weak consistency of our estimator at a point
z lying in E. To this end, since the ,(Lj )(:c, ks, h) are defined conditionally on
the value of the total number N, (x, h) of covariates belonging to B(x, h), which
is random, a natural idea is to condition on this value. A preliminary classical

lemma is then required to control this random variable.
Lemma 1. If n, — oo as n — oo then for every 6 > 0

Ny (z, h)

Ny

nglf‘s

P
1‘—)0 as n — oo.

From Lemma 1, we deduce that if
I, =NnN [(1 — n;1/4) N, (1 + n;1/4) na} ,

it holds that N, (z, h) lies in I, with arbitrarily large probability as n — oco; in
other words,

Z P(N,(z,h) =p) -1 as n — oo.

pEly
Furthermore, since k;/n, — 0 as n — 0o, we may and will, in the sequel, take
n so large that k, < inf I.

The next step is to show that when n is large, studying the convergence in prob-

ability of the quantities Mr(lj )(x, k., h) is equivalent to studying the behavior of
analogous quantities defined in terms of upper order statistics of a sample of
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independent and identically distributed random variables having cdf F(-|x). To
achieve that we begin by stating a lemma which gives the conditional distribu-
tion of the random variables Z;.

Lemma 2. Given N,(x,h) = p > 1, the random variables Z;, 1 < i < p, are
independent and identically distributed random variables having cdf Fp,(-|x).

Letting T}, @ > 1 be independent standard Pareto random variables, i.e. having
cdf t = 1 — 1/t on (1,00), we deduce from this result that the distribution
of the random vector (Z1,...,Z,) given N, (z,h) = p > 1 is the distribution
of the random vector (U (Th|z),. .., Un(Tp|z)). In other words, since Up(-|z) is
nondecreasing, we may focus on the behavior in probability of the quantities

1 &

gm(]) ke, h)
(1’ ij

log Un(Tp—iy1,plr) —log Un(T),— k¢p|m)]
=1

for p > k, and j = 1,2. Lemma 3 below is the desired approximation of the
statistics 9)?53,2 (,kzy h).

Lemma 3. Given N,(x,h) =p > 1, one has if p > k, that
‘mg]}(x,kz,h) . Mgg(z,km,h)\ < 20(Tytoy s Tpops 2 )
and
‘mg‘i}(x,kz,h) — M) (2, ks, h)‘
< 4w(Tp—k,,ps Tp,ps v, h) [W(Tp—kw,vap,pvxv h) + M%Ip) (z, K, h)}

where for j =1,2, we let
1 &

G) (2. ky .h)
M (, =

logU(Tp—it1,plz) — logU(Tp,kmpm)]j.
=1

The final lemmas are technical results. The first one is a simple result we shall
repeatedly make use of.

Lemma 4. Let (R;j), (R};), 1 < j < i be triangular arrays of random vari-
ables. Assume that there exist £, £’ € R and a sequence of non-empty sets (I,,)
contained in {1,...,n} such that for everyt >0

sup P(|Rpp — €| >t) = 0 and sup P(|R},, —{'[>t) =0 as n — oo.
peln peln

Then for every Borel measurable function h : R? — R which is continuous at
(£,0"), one has for every t >0

sup P(|h(Ryp, R;,,) — h(€,07)] > t) = 0 as n — oo.
pEln
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The following result is the main technical tool we shall use to prove our asymp-
totic results. It is basically a conditional analogue of the additive version of
Slutsky’s lemma.

Lemma 5. Let r be a positive integer, (Sp,) = (Sr(ll), ey S’r(f)) be a sequence of
random vectors and S = (SM ... S")) be a random vector. Assume that there
exist

1. a triangular array of events (Aij)o<j<i and a sequence of non-empty sets
(I,) contained in {1,...,n} such that

o for every n the Anp, 0 < p < n have positive probability, are pairwise

disjoint and
n

e it holds that
Z P(A,,) =1 as n — oo;
pel,

2. two triangular arrays of random vectors

(Dij = (D), ..., D\ <jei and (Rij = (RY),...,R))i<j<i

VA ) )

such that
o for 1 < p <mn, the distribution of S,, given Ay, is the distribution of

Dyp + Rup;
e it holds that for every t = (t1,...,t,) € R"

sup |Elexplit' Dy,)] — Elexp[it’S]]| = 0 as n — oo
peln

where t' is the transpose vector of t;

e it holds that for every t >0 and every j € {1,...,r}

sup IP’(|R$£| >t) =0 as n — oo.

p€ln
Then S, 4y S asn— oo In particular, if D;; = 0 for every 1 < j <1, then
Shn L0 asn— oo

The next lemma, which specifies the asymptotic behavior in probability of the
order statistic Tj_r, , uniformly in p € I, shall be used several times.

Lemma 6. Assume that n, — oo, ky — 00 and ky/ny — 0 as n — co. Then
for every t > 0 it holds that

ke
sup P (}—Tpkmp - 1‘ > t> —0 as n— oo.
pEl, p
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Especially, for everyt >0

sup P (T, p <t) =0 as n— o0
pel,

and for every function @ which is regularly varying at infinity, we have both
T, o(T,
supP<‘wl‘>t)%0 and sup]P’<‘M1‘>t)%0
pEIl, (P(p/k:c) pEl (n:c/k'
as n — oo.

Lemma 7 below is a useful corollary of Rényi’s representation (see e.g. [21],
p.37).

Lemma 7. For every Borel measurable functions [ and g, every p > 2 and
ke{l,...,p— 1}, the random vectors

(150 (e i) L3 (e )

Z (og T, )

and

P?‘I*-‘

< ZflogT

have the same distribution.

The final lemma shows that the asymptotic behavior of the random variables
M5f,2 (x,kz, h) is in some way uniform in p € I,. Before stating this result, we
note that applying Theorem B.2.18 in [21], condition (M) entails that there
exists a positive function go(-|z) which is equivalent to a(-|z)/U(-|z) at infinity
such that the following property holds: for each € > 0, there exists tg > 1 such
that for every t > to and z > 0 with tz > g,

logU(tz|z) —logU(tlz) 27~ —1

— 2= (78 v 2.
20 (D) @ FE Ve @)

Lemma 8. Assume that (My) holds, and n, — oo, ky — 00 and ky/ny — 0 as
n — 00. Then for every t > 0 the convergences

M) (@, ko, ) 1
sup P P >t| — 0,
mi( wp/klr)  T-7 (@)
/\/1512)(30 kg, h) 2
and sup P prom >t] — 0
pel, ( @ p/kelz) (1 —7-(2))(1 = 27-(2))

hold as n — oo.

We are now in position to examine the convergence in probability of the statistics
My(f ) (x, ks, h), of which the consistency of our estimator is a simple corollary.
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Proposition 2. Assume that (My) holds, that n, — 00, ky — 00, ki /Ny — 0
and for some d >0

U(nx/kz|:c)w ( Ny
a(ng /kz|z) (1+0)k,’

Then it holds that
U(Ny(z,h)/ky|)

ni”,:c,h) —0 as n — oo.

1
MO (@, ke, h)

(N, 1) g 2) )
I (A  R . 2
I a<Nn<x,h>/kx|x>] M e h) == T~ 2r @)
as n — Q0.

This result is the analogue of Lemma 3.5.1 in [21] when there is a covariate: of
course, a major difference here is that the total number of observations N, (z, h)
is random.

Proof of Proposition 2. We start the proof by remarking that with the no-
tation of (25), applying Lemma 1 yields

U(Nn(z,h)/ks|z)

a(N,(z, h) ks |z) qo(Nn(z, h)/ ks |) 251 as no oo (26)

Pick then an arbitrary ¢ > 0 and introduce the two events

A = MT(LI)(xv kg, h) . 1 S ¢
" qo(Nn (2, h)/k|z)  1—7-(2)
Mr(LQ) (-% ks h) 2

and A% = {

>t}.

From (26), it is enough to prove that P(A%l)) — 0 and P(Ag)) — 0 asn — 0.

43 (N (z, h) [kalz) (1= v-(2))(1 = 27-())

We start by controlling P(A%l)). Note that according to Lemma 2, one has
> t> |

MY (@, by, ) 1
wo(p/kelz)  1—v_(2)
20(Tp—kyps Tpps T, h)
q0(p/ka|z) '

My (0, kah) 1
q(p/kslz)  1—~_(x)

Moreover, Lemma 3 entails

My (@, kayh) 1
qo(p/ k) -~ (z)
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Introducing for an arbitrary ¢’ > 0

1
uB = p Ms”’)(x’k”’h) — 1 <
np
w(p/kslz)  1—7-(2)
and U’S‘L1];2) = P (w(TPkw,vapﬁpvxvh) > t/) 7
90 (p/kz|x)
Lemmas 4 and 5 with A4,, = {N,(z,h) = p} make it enough to prove that
uS},;]) — 0 as n — oo uniformly in the integers p € I, for every j € {1,2}.

To control u%lp’l) we apply Lemma 8 to obtain the convergence

sup usllp’l) —0 as n— oo. (27)
pEly

To control usllp’m we recall that the function go(-|x) is regularly varying at infinity
with index v_(x) so that we can apply a uniform convergence result (see e.g.
Theorem 1.5.2 in [4]) to get

Ikﬂf
sup M71 — 0 as n — oo.

pEl, qo(p/kz|)

Especially, for n large enough, recalling that go(-|z) and a(-|z)/U(-|z) are equiv-
alent at infinity, we have
1 »/kz
sup < oU(na/kelz)
pel, 9o(p/kz|x) a(ne/ka|x)

(28)

This inequality gives for n sufficiently large

2/ K t
Mw(Tp,ka,Tp@,z,h) > —) .

sup uslm) <supP 5

pel, " p€El, ( a(ng/kz|2)
Using condition (1), we get for n large enough
(1,2) P <{T L} 146 >
sup u < sup ke < UTpp>n .
vel np pel. P P (1 +(5)k'l~ { p,p T }

Because the random variables T; are independent standard Pareto random vari-
ables, one has for n sufficiently large

(12) < qip P (T < L) + [1 —(1—notd ”}
sup u,,,~ < su ke, su n,
pGIF:: P ;DEE poker (1 + 5)ka pGII?: ( )
Ny _1_§\3nz/2
< supP|T,_ < — +{1— 1—n } 29
peflz. ( p—kz,p (1 +5)kx) ( x ) ( )

and the right-hand side in the last inequality converges to 0 as n — oo, by
Lemma 6. Collecting (27) and (29) shows that ]P’(Agll)) — 0 asn — oo.
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>t>.

Let us now consider IP(A%Q)). Applying Lemma 2, one has

(2)
P(Ag)'Nn(f, h) = p) =P <‘9ﬁnp (ka:c; h) _ 2

@ (p/kalz) (1= (2))(1 = 27-(x))

Lemma 3 yields

M) (2, ko h) 2
@ (p/kelx) (1 =7-(2))(1 = 27-(x))

45 (p/ k) (1 —7-(2))(1 = 2y-(z))
[QW(Tp—kwmanmamah)r 4w(Tp—t, ,ps Tpp> T, h)

M (z, ke, ) 9 ‘

1
MO (@, ka, h).

>t’>,

QO(p/kx|x) q%(p/kﬂ:ﬂ)

Letting for an arbitrary ¢ > 0

U(2’1) _
Z P<qmwm> 0@~ 27-()
u(2,2) - P ({M(Tp—km,vap,p’x’h)]Q > tl>

M (2, k) 9

w qo(p/kz|z)
2,3)  _ W(Tpka,pa Typ» T, h) 1
and u? = ¥ ( @3 (p/kal|) M (ke ) > 1)

Lemmas 4 and 5 with A,, = {N,(z,h) = p} make it enough to prove that
u%]) — 0 as n — oo uniformly in the integers p € I, for every j € {1,2,3}. We
start by noting that Lemma 8 leads to

sup u%l) —0 as n— (30)
pEl,

and since

T, Tppx,h)
2.2) _p (W( p—ka,ps Lp.ps T \/_,)
U = >Vt
" q0(p/kz|x)

this term is similar to u%}m and therefore we obtain from (29) that

sup uﬁfp’” —0 as n— 0. (31)
pEls

Finally, the obvious inequality
W(Tp—ky,p, Tpp, T h)
a5 (p/ka|x)
[W(Tp—kzmanmvxvh)} ‘M%lp)(ac,kx,h) 1

1
MW (@, by, h)

20(p/kal) w@/klz)  1—7 ()
w(Tp,kmp, Tpps h) 1
*[ 20(p/Fal) }1—%@
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together with (27), (29) and Lemma 4 entails

sup uﬁfpﬂ) —0 as n— oo. (32)
pEly

Collecting (30), (31) and (32) shows that P(Ag)) — 0 as n — oo which com-
pletes the proof. [ |

Proof of Theorem 1. Using Lemma 1.2.9 in [21] yields a(t|z) /U (t|x) — v4(x)
as t — oo. Applying Proposition 2, we get
At (@, ki h) = 74 (2) and Ao (2, ke, h) = y_(z) as n — oo.

The result then follows from summing these two convergences. [ |

We conclude this section by proving Proposition 1. To this end, we state a couple
of preliminary results. The first one of them links the behavior of a function

having the form 1/F, where F is a csf on R, to that of its left-continuous
inverse.

Lemma 9. Let F be a csf on R and U be the left-continuous inverse of 1/F.

1. If U s a continuous function on (1,00) then
Vy eR, F(y) € (0,1)=Vs >0, F(y+ ) < F(y).

2. If U is an increasing function on (1,00) then the function F is continuous
on R and

Vz > 1, m:

The second lemma examines the properties of the csf Fj,(-|x).

Lemma 10. Assume that (£) and (A1) hold. Assume further that x € E is
such that
Va' € B(x,h), Vr >0, P(X € B(z',r)) > 0.

Then it holds that the function Fy(-|z) is continuous on R and
Vy €R, Fu(ylz) € (0,1) = V6 >0, Fu(y+dlz) < Fr(ylr).
As a consequence

1
VZ > ]., = = Z.
Fn(Un(z]z)|z)

We may now show Proposition 1.

Proof of Proposition 1. We introduce the functions Fni, and Fiax defined
by

Vy €R, Fuin(ylz) = inf F(yla') and Fua(ylz) = sup  F(yla').
z'€B(z,h) z'€B(z,h)
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With this definition, we get

]E(F(y|X)]1{XeB(x,h)})

Fan(yl) < Frl2) = =55 500 )

< Frax(ylz).  (33)

Applying Lemma 9, we obtain

Finax sup  Ul(z|z))
x'€B(xz,h)

— 1
x| < sup FU(z|2)|z) = -
z'€B(x,h) z

which, recalling (33), clearly entails

Un(zlz) < sup  U(z]2). (34)
z'€B(x,h)

Likewise,

Fmin< inf U(z|2)
z’'€B(x,h)

:c) > inf  F(U(z]2))]2") = %

 2’€B(x,h)
Q.
Applying Lemma 10 once again leads to the inequality

inf U "\ <U, . 35
L0 UGela!) < Un(ele) (35)

From (34) and (35) we deduce that
) U(z|z') U (z|z) Ul(z|z')
inf lo <lo < sup lo
weBan L UGR) PTG weson © U)

Inequality (33) and Lemma 10 therefore entail

_ 1 — _
Fh(Uh(Z|l‘)|l‘) = ; < Fy <;c’elél(fz‘c B U(Z|l‘l)

because the logarithm function is increasing. This yields

([]}ﬁﬁ? - [bg %5)] v [ o %5)]

U(z]a") [ . U(z|x’)]
su lo V|— inf lo . (36
x’EB(E)c,h) ¢ U(zlz) a’'€B(z,h) & U(z|x) (36)

log

A

The obvious inequality

U(zl2’) U(z]2") U(z]a")
— < |L
S UGl | = UG = [ UGk
leads to
U(z|a") U(z|a")
sup log < sup |log 37
oo BT = S| T e
: U(zlz') U(zlz')
and — inf log < sup |log . 38
veBlen' B TER = LS| T %)
Collecting (36), (37) and (38) concludes the proof. [ |
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6.2. Asymptotic normality

We proceed by proving the pointwise asymptotic normality of the estimator
at a point € E when condition (Ms) holds. We shall use the same ideas
as in the proof of Proposition 2 to examine the asymptotic behavior of the
statistics M,(Lj)(ac7 kg, h): if y(z) # p(z) and p(z) < 0 if y(z) > 0, then from (21)
and Theorem 2.3.6 in [21], there exist functions qo(-|z) and Qo(-|z) which are
equivalent to ¢(-|x) and

——Q(12) Ly () <0y + QU |2) Ly (2)=0} (39)
p'(x)

respectively at infinity such that for every e > 0 there exists tg > 1 such that
for every t >ty and z > 0 with tz > to,

log U(tz|z)—log U(tlz) 7= _1

th\xé}o(t'z) T e (2)]| < e @@ ey o
where o
e <o
Yy (2),p (2) (2) = %)(;O)gz if y_(z) < p/(z) =0,
%(log z)? if v-(2) = p'(x) = 0.

If now y(z) > 0 and p(z) = 0, recalling the equality ¢(-|x) = a(-|z)/U(:|z), we
get from Lemma B.3.16 in [21] that
q(tlz) —v(x) = Q(tlx)(1 +0o(1)) as t — oo. (41)
Equation (22) thus yields
¥z >0, lim logU(tz|x) —logU(t|x) — vy(z)log = ~log>.
t—00 Q(tlx)

We may now apply Theorem B.2.18 in [21] to obtain that for every € > 0 there
exists tg > 1 such that for every t >ty and z > 0 with ¢tz > to,
logU(tz|x) —logU(t|x) — v(z)log z
Q)
Using together (41), (42) and the fact that the function z +— (2°V 27%)"!log 2

is bounded on (0, c0), we get that for every £ > 0 there exists to > 1 (possibly
different) such that for every t > ¢y and z > 0 with ¢z > ¢,

—logz| <e(zfVz7%). (42)

log U(tz|x)—log U(t|x)
q(t|z)

Q(t|z)

—log 2

<e(zfVzTo).
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The following result is the analogue of Lemma 3.5.5 in [21] when there is a
random covariate: let V(y(x)) be the matrix

1 4
1 1—3y_(x)
(1 =7 (2))*(1 = 27-(2)) 4 A5 — 11y (x))

=37 (@) (-2 @)1 - 37— @)1 - 41 (2))

and note that if y(z) > 0 then

Vo) =(§ a0 )

Lemma 11. Assume that (Ms) holds, that n, — oo, ky — 00, ky/n, — 0,
Vky Q(ng/kzlx) — AMx) € R and for some § >0

U(ng/ke|x) Ny 1+5
kﬂ: b x ) 5h/ M
RV a(nx/kx|x)w (1—}—5)1% n T —0 as n— o

o Ify(x) # p(x) and p(x) < 0 if y(x) > 0, it holds that the distribution of
the random vector

Mip (¢, kayh) 1 M (w, karh) 2
Vi <qo(Tp—kw,p|w) 1—9-(2)" @(Tproplz) (1—7-(2))1—27-(2))

is the distribution of a random vector (Dsllp) + Rsllp), DSZ,? + Rﬁ)) where
— the triangular array (DE;), DEJQ‘))lgjgi is such that for every (ti,ts) €
R2,

squ E[exp[i(t1D7(12+t2D,(121;)]—E[exp[i(thl—i—tng)]]‘ —0 as n—
peEl,

where (Py, Py) is a Gaussian random vector having mean (m™ (x), m®3 (x))

with
Ty, x)<0
m(z) = ) (% + ﬂ{p’(w):O}) E(Yy_(2),p' () (1)),
s (21 <0 T7-(@) _q
016 =200 (S B ) (S5 )

and covariance matriz V(y(z));

— the triangular arrays of random variables (Rg;))lgjgi and (Rg?))lgjgi
are such that for every t >0 and j € {1,2},

sup ]P’(|R$£| >1t) =0 as n— oo.
pEly
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o If v(xz) > 0 and p(x) = 0, it holds that the distribution of the random

vector ) )
\/E mgll))(xakmh) 1 mglp)(xakzah) _9
q(Tp—kz,p|$) q2(Tp—kw,p|x)

is the distribution of a random vector (Dsllp) + Rsllp), DSZ.? + Rﬁ?) where

— the triangular array (DE;),

R2,

Dg)hgjgi is such that for every (t1,t3) €

sup E[exp[i(tlD%)+t2D£l2p))]—E[exp[i(thl—i—tng)]] —0 as n—
pEly

where (P, Py) is a Gaussian centered random vector having covari-
ance matriz V(y(z));

— the triangular arrays of random variables (Rg;))lgjgi and (Rg))lgjgi

are such that for every t >0 and j € {1,2},

sup IP’(|R$£| >t) =0 as n— oo.
PEl

This result paves the way for a proof of Theorem 2.

Proof of Theorem 2. According to Lemma 2, the distribution of the random
pair (Yn,+ (2, kz, h), An,— (@, ks, h)) given Ny, (x, h) = p is that of

—1

2
MY (z, ko h)}

1
mszl)(kamah)a]-*_ 1-
! 2 M) (2, ke, )

Arguing along the first lines of the proof of Theorem 3.5.4 in [21] and applying
Lemmas 4 and 5 with A,,, = {N,(z,h) = p} together with Lemma 11 and the
continuous mapping theorem, we then get that

( Vg (n+ (@, ke, h) — 74 () >
Vky (n,— (@, ke, h) — - ()
Nz
Y4 () Pr + #_)(x) (L (@)>p@)=0y = Lip(e)<r(a)<0})

(=2 @)1 = 1-@)? (3 -2-@) P -2

as n — oo, where (Pp, P») is the limit vector in Lemma 11. The result thus
follows from Lemma 11 and some straightforward but lengthy computations. B
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7. Proofs of the auxiliary results
Proof of Lemma 1. The proofis a straightforward consequence of the fact that
N, (z,h) is a binomial random variable with parameters n and P(X € B(z, h))
and of Chebyshev’s inequality. [ ]

Proof of Lemma 2. If (z1,...,2,) € (0,1)?, then since the random pairs
(X, Y;) have the same distribution, it holds that

P <ﬂ{zi < zi}, Np(x, h) = p) (Z)IP’ <ﬂ {V; <z, X € B(x,h)})

i=1 i=1

X

H P (X, ¢ B(z,h)).

_pJ,»l

The definition of Fj(-|z) and the independence of the random pairs (X;,Y;),
1 =1,...,n entail that the above probability is

n

HFh(zi|x) x <Z> I[P X € B, ) x [ B(X: ¢ Bla, b))

i=1 i=p+1

Since N, (x,h) is a binomial random variable with parameters n and P(X €
B(x,h)), it becomes clear that given N,(x,h) = p, the Z;, i = 1,...,p are
independent and identically distributed random variables having cdf Fj,(-|x),
from which the result follows. [ ]

Proof of Lemma 3. We start by writing the obvious inequality
log Un(Tp—is1,plx) =108 U(Tp—iy1,p]7)| < W(Tp—,.p) Tppy @, 1) (43)

valid for every i € {1,...,k; + 1}. The first part of the result is thus a straight-
forward consequence of (43) and the triangle inequality. To prove the second
part, note that according to (43), for every i = 1,...,k,

Un(T, p—itl p|$ } { U(Tp—i+1 p|x)r
log —————"| — |log —— =
{ 8 Un(Tp—k, p|z) 5 U(Tp-k,pl®)

Un(T, p—i+l p|x) U(Tp7i+17p|z)

< 2w(Tp—ky.ps Tp.p,x, h) |lo +1o
ot Ty W) 08 7 o ) VT, )
U(Typ—it1p]2)
< ATy Ty ) [Tt g Ty )+ log =)

The result on 93?%2,,) (x, ks, h) then follows from the triangle inequality and from
summing the above inequalities for i = 1,..., k. [ |
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Proof of Lemma 4. Since h is continuous at (¢, ¢'), we can write
Vi >0, 6(t) >0, |z — £ V]y—L| <) = |h(z,y) — h(, )] <t

In other words, one has

|W(Rnp, Ry,p,) — h(£, )] > t = |Ryp — |V |Ry,, — U] > 6(2).
This entails
sup P(|h(Rpp, R,,,) — h(6,0')| > 1) < sup P(|Ryy — €] > 0(t))
p€ln pEly
+  sup P(|R;,, — {'| > (1))
peln

and the right-hand side converges to 0 as n — oo, which completes the proof. B

Proof of Lemma 5. Start by writing, for every ¢t = (¢1,...,t.) # (0,...,0)
- E[exp(n'S)]} P(Ano)

Elexp(it'S,)] — Elexp(it'S)] = [E[exp(it'SnHAno]

[E[exp(it'SnﬂAnp] - E[exp(it'S)]}P(An,,).

NE

4+
1

P
Pick an arbitrary § > 0: for n large enough, the triangle inequality yields

‘E[exp(zt )] — Efexp(it’ S)]‘

<0y sup [Elexpit' (Do + Ry} ~ Elexp(it5)] ‘ (44)
We now bound the term on the right-hand side of this inequality as
sup [Efexplit/(Day + Ronp)]] = E[exp(it’S)]‘
pEin
< sup [Blexplit/(Duy + Rop)]] - E[exp[it’an]]‘
pEin
+ sup [Efexplit D) - E[exp[it’S]]‘. (45)
pEin

The second term of the above inequality is controlled using the hypothesis on
the array (D;;): we have for n sufficiently large
(46)

= >

sup |Elexplit' Dy,)] — E[exp[it'S]]‘ <
pEln
Besides, using once again the triangle inequality entails, if ||¢]|ococ = maxi<j<, [t}

[Elexplit'(Dup + Rup))] — Elexp(it' Duy)]|
.7
= E {' exp(it' Rup) = Ul o \R%\gé/wtnw}}
)
+ 9P <1@?§T IRY)| > 5/8r||t||oo> .
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Applying the mean value theorem to the function z — e?* and using the hy-
pothesis on the array (R,p) leads to

(47)

RS

sup. |Blexplit/(Dup + Rup)]] — Elexp(it' Dp)]| <
pEln

for n large enough. Collecting (44), (45), (46) and (47) makes it clear that
‘E[exp(it’sn)] - E[exp(it’S)]‘ <6
for n large enough. Using the Cramér-Wold device concludes the proof. [ |

Proof of Lemma 6. Pick t € (0,1), p € I, and write, if ¢/ = log(1 + ) A

ky
_Tpka,p — 1‘ > t)

(5

P <1og(Tpkw,p) ~log (%) > log(1 + t)>

P <1og(Tpkw,p) ~log <k£> < log(1 — t)>

x
o (

log(Tp—r, p) — log (kﬂ) ‘ > t/) .
It is therefore enough to prove that
- p ’
Upp =P ( log(Tp—k, p) — log (k_) ‘ >t ) —0
uniformly in p € I, as n — oco. To this end, since the random variables log T7,

1 < ¢ < p are independent standard exponential random variables, we get
according to Rényi’s representation

+

IN

r ke log T,
d J
log(T,— = —_— 48
Og( p kz7p) ]=21 p7‘7+1 ( )
Besides, the inequalities
1 Pty P P d
() [T b [ e (2)
kp + 1 el U S PGl v ki
yield
p_kw -1
P 1 D p+1 14k,
1 — | - — | <1 — ] -1 =1 .
°g<kx> 2 55| = °g<kx> °g<kx+1> °g<1+p—1

J=1

Using the classical inequality log(1 + s) < s valid for every s > 0, we get for n
large enough the inequality

p\ P 1
sup |log [ — | — — | < — < - 49
pEIIi g(kx) ;p*]*Fl ka 2 ( )
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Applying (48) and (49) then entails for n large enough

ke
tl
SUp Upy < sup P >— . 50
pel, | pel Zjl *J + 1 2 (50)

Furthermore, Chebyshev’s inequality and a comparison with an integral give

—ka tl p—ka
sup P > — <
4

as n — oo. Collecting (50) and (51) yields the first result. The second result is
then a simple consequence of the first result and of the inequality

k 1
sup P(Tp—p,p <t) < supP (_pr—kz,p -1< ——)
pel, pel, p

valid for n large enough. The third result is obtained by noting that since ¢ is
regularly varying at infinity, writing

SOQE»%?ZZ’)’)) B <p(p}kz)sp (k% {%T”_k””}) ’

then Theorem 1.5.2 in [4] shows that there exists ¢ > 0 such that for n large

enough
ke T,
{ —lTp—kw,p _ 1‘ < t'} C {‘w _ 1‘ < t}
P o(p/kz)
for every p € I.; the first result then applies to yield
T,
supP(‘w—l‘ >t) —0 as n— co.
pEl, @(p/kx)
Finally, since
sup ﬂ—l‘—>0 as n — 00,
pel, | T

applying once again Theorem 1.5.2 in [4] gives

ke
sup M—l‘—)O as n — oo.
pel, | p(nz/kz)
Using Lemma 4 completes the proof. [ |

Proof of Lemma 7. If T is a standard Pareto random variable, then logT
is a standard exponential random variable. One can thus use the Cramér-Wold
device and argue along the lines of the proof of Lemma 3.2.3 in [21]. [ |
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Proof of Lemma 8. We start by proving the first statement. Pick d, t > 0 and
e € (0,1) such that
2e
t(1 = (y-(z) +¢))
With the notation of (25), letting By, = {Tp—k, p < to}, Lemma 6 shows that
P(B,p) — 0 uniformly in p € I, as n — oco. For every p € I, on the complement
By, of By, one can apply (25) to write

< % (52)

log U(Ty—it1,pl2) = 1ogU(Ty-i, pl2) _ (T7(p)) —1

Q0(Tp—k,,pl2) B v-(z)
(53)

and

< log U(Tp7i+17p|x) — log U(Tp*kw,pm)
B QO(Tp—kw,p|x)

— e (TZ*(p))’Y— (z)+e

(54)
where T#(p) = Tp—it1,p/Tp—k,p > 1 for every p € I, and i = 1,...,k;. Us-
ing (53) and (54), the probability of the event

- t}

cnp{

is then bounded from above by P(Bp,) + P(C') + P(CLY)) < 6/2 + P(CSy) +
P(C’%)) uniformly in p € I, for n large enough, where

Mip (ke h) 1
qo(Tp—k, p|®) 1—v-(x)

1 < (T (p) ") —1 1 t
Cr%) _ _Z( 7 (p) _ S L
kg i—1 - (I) 1- 7—(‘%) 2
and €@ — LS (@ L1
np by & 2
Apply Lemma 7 to get for every p € I,
1 en 1" 1 1

.
2

= (@) 1-7-(2)

1 b (2) t
Pl—N 17"+~ ).
<km;’ 2e

x

P(C)) = P(—

and ]P’(C’,%) )

Because

E

77177(1) -1 7 1
v-() | 1-7-(a)

Chebyshev’s inequality leads to the inequality ]P’(C’%)) < §/4 for n large enough,
uniformly in p € I,. Furthermore, since ¢ € (0,1), using together (52) and
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Markov’s inequality yields IP(C,%)) < §/4 for every p € I,. Hence for n large
enough the inequality

sup P(Cyp) < 6.

pEl,
In other words, it holds that for every ¢ > 0
M (@, ky, ) 1

sup P >t =0 as n— oo. (55)
pElL

Recall that go(-|x) is regularly varying at infinity with index ~_(x) and apply
Lemma 6 to get for every ¢t > 0

QO(Tp—kw,p|$) 1 — 7 ()

T,—
supp(w—l‘>t)—>0 as n — oc. (56)
pel, qo(p/kalz)
Finally, writing
M) (@, by, ) 1 Go(Ty—r, pl) [ M (2, Ky, ) 1

qo(p/kz|z) 1—v_(x) qo(p/kzlz) | qo(Tp—k, p|7) - 7-(z)
1 90 (Tp—k, pl7) _
o e

and applying Lemma 4 together with (55) and (56) gives the first part of the
result. To obtain the second part, square the inequalities (53) and (54) with
e < 1/2 small enough, use the equality

-0 1] 2
V- (x) T (1= (2)(1 - 27-(2))
and use the ideas developed for the proof of the first statement. [ |

Proof of Lemma 9. To prove the first statement, pick yo € R such that 1/a =
F(yo) € (0,1) and assume that for some § > 0, one has F'(yo+0) = F(yo). Then,
since the function F' is nonincreasing, it is constant equal to a on [yo, yo + 0]
Thus o

Ula+e)=inf{y e R|1/F(y) >a+e} >yo+6
for every e > 0. Taking the limit ¢ | 0 yields U(«) > yo + ¢, which is a
contradiction.
To show the second statement, assume that F is not continuous at gy € R: in
other words, since F' is right-continuous and nonincreasing,

B = yli_}l’glo F(y) > F(yo) =: B+.
A
It follows that for every 2 € (1/8-,1/B84), one has U(z) = yo, which is a
contradiction. Finally, note that by the right-continuity of F:

F(U(2))
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If one had n > 0, then it would hold that
U(z+n) =inf{y e R[1/F(y) > 2 +n} <U(2)
which is a contradiction. [ |

Proof of Lemma 10. Write for every y € R

E(F(y|X)ﬂ{XeB(z,h)})

Falvle) = —5% < Be. )

The continuity assertion on F,(-|x) then follows from Lemma 9 and the dom-
inated convergence theorem. Pick now y € R such that F(y|z) € (0,1) and
6 > 0. One has:

E([F(y|X) = F(y +01X) i xeB(,n)})

Fu(ylz) — Fr(y +dlz) = P(X € B(x,h))

Assume that F(y|z) = Fu(y + 6|x). In this case, since for every 2’ € E the
function F'(-|«’) is nonincreasing, we get

[F(y|X) = F(y +6|X)1ixeB(an) =0 almost surely. (57)
Besides, since F,(y|x) € (0, 1), there exist measurable sets Ay and A; such that

Va' € Ao N B(z,h), F(y|z') >0 and P(X € Ay N B(x,h)) > 0,

Vo' € Ay N B(z,h), F(y|z') <1 and P(X € A; N B(x,h)) > 0.
Since the ball B(xz,h) is a connected set in E because it is arc-connected, one
may therefore apply the intermediate value theorem to the continuous map
x' — F(y|z') to obtain that there exists 2’ € B(x, h) such that F(y|z’) € (0,1).
Using once again the continuity of this map, we deduce that there exists r > 0,
which we may choose in order to have B(z',r) C B(x,h), such that

va' € B(a',r), F(y|z") € (0,1). (58)

Because P(X € B(a/,r)) > 0, using together (57) and (58) leads to the existence
of some 2" € B(x, h) such that

F(y|z") = F(y +6|z”) and F(y|2") € (0,1)

which, in view of Lemma 9, is a contradiction. Finally, note that together with
the intermediate value theorem, the two properties of F;(-[z) we have shown
here entail that for every z € (1, 00), the inverse image of z under 1/F, consists
of a unique point. Hence this point must be Uy (z|z): consequently
1
Fp(Un(2]2)l)

=z
which completes the proof. [ |
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Proof of Lemma 11. We only consider the case y(z) # p(z) and p(z) < 0 if
~v(x) > 0, the proof being entirely similar in the case y(z) > p(z) = 0. According
to Lemma 3, the distribution of the random vector

Ve (m%?(x,kx,h) 1 (@, ke h) 2 )

q0(Tp—k, p|7) S 1- V() qg(Tp—kw,p|x) N (1 =79-(2)(1 = 2v-(x))

is the distribution of the random vector

N ./\/lsllp)(:c,kx,h) _ 1 Mﬁi}(z,kx,h) B 2
q0(Tp—k, p|2) L=y (x)’ qg(Tp—kw,pm) (I —7=(2))(1 = 2y—(2))
+ (), (59)
where
T Tpp,x,h)
741)‘ < 9 /kxw( pkep Tppy 1Y)
" 90(Tp—k, p|2)
(2) w(Tp*kx,pa Tp,pa Z, h) w(Tp*kx,pﬂ Tp,pa Z, h) + M7(11;D) (Za ke, h)
Tnp| = Wk, 2 .
qO(Tp_kwap|x)

Recall that go(-|z) is equivalent to ¢(-|x) at infinity, which is itself regularly
varying at infinity with index v_(z). As a consequence, applying Lemma 6, we
get for every t > 0 the convergence
T,
sup PP ( q0(Tp—k. p|2)
pEl, QO(p/kx|$)

Besides, using (28) and (29) in the proof of Proposition 2, we get for every ¢ > 0

sup P (Mw(Tpkw,pan,p,x, h) - t)

1‘>t>%0 as n — oo. (60)

pel, qo(p/kz|z)
U(ng/kz|2) t
< Pl vVk,——————w(T)— Sy, — 1
— sgg ( k a(na:/kzLT) w( p—kz,ps Lp,p € h) > 9 (6 )

for n large enough. Using condition (23), the right-hand side of the above in-
equality is bounded from above by

(1,2) P ({T L} 148 >
sup u < sup N U Tpp >ng
pel, np pel, p—ka,p (1+5)kx { PP T }

for n sufficiently large; consequently (see (29))

o/kaz t
sup P <\/kIMw(Tpkmp,Tp7p,x, h) > §> — 0 as n — 0.

pEle a(ng/ka|z)
Inequality (61) thus yields the convergence
W(Tp—ksp> Tpp, 2, 1) )
sup]P’< ky > : >t)] =0 as n — 0. 62
b BV o/ Ealo) o
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Applying (27), (60), (62) and Lemma 4 we then obtain for every ¢t > 0:

sup PP ( r,(llp) rﬁfp)

pEly

>t) — 0 and supP(
pEl,

>t)—>0 as n — oo. (63)

As in the proof of Lemma 8, letting B, = {Tp—, p < to}, Lemma 6 shows that
P(Byp) — 0 uniformly in p € I, as n — oo. Pick ¢, ¢ > 0 and choose € € (0,1)
such that

e O (M55 e )| <5 @0

For n large enough, one has P(B,,) < ¢/4 for every p € I,. Furthermore, on
the complement By, of By, one can apply (40) to write

T} (p)- ™ -1 «
% + Qo(Lp—kr p|2) W05 @), (17 ()
5|Q0(Tp—kw,p|$)|(Tz'*(p))% @)+ (2)+e
log U (Tp—it1,p|z) = logU(Tp—k, plz)

qo(TP*kw,Pm)

Tr(p))-® — 1 )
% + Qo(Lp—k.p|2)¥0s @), (17 ()
+ elQu(Tpk, pla)| (T} (p))7- () (@)t (65)

where T*(p) = Tp—itv1,p/Tp—k,p > 1 for p € I, and i = 1,...,k,. Note now
that (39) implies that |Qo(-|z)| is regularly varying at infinity, so that Lemma 6
entails for every ¢/ > 0

T,
supP(‘M—l‘>t’)—>0 as m — oo. (66)
pEl, Qo(ng/ke|x)
Applying Lemma 7 and Chebyshev’s inequality leads to

1 &= t
= D Uy @0 @) (T (0) = B (a) () (T))| > 3]0 (67)
T =1

sup P
pElL

as n — oo. Besides, (39) and the hypothesis vk, Q(nz/kz) — A(z) as n — oo
yield

Iy
Vs Qo(naks) — Ma) (%50} + n{p/(x)=0}> as 1 — oo (68)

so that collecting (66), (67) and (68) and applying Lemma 4 shows that

t
sup P >—-]1 =0
pEl, 3

(69)

k,
— 1 .
ko Qo(Tp—ta.pl ) 1= D Uy @@ (T () = mM (@)
T =1
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as n — co. Meanwhile, letting
Qo(Tp—rk..p|2) ‘ 1}
Cop =4 |77 —-1|> =
! {‘ Qo(na/ks|x) 2
then (66) entails that P(C,,) — 0 as n — oo, uniformly in p € I,; on C,

holds that for n large enough
3
5 V kz|Q0(nz/kx|x)|

V2| Qo(Tpor, plz)| <
< 2 {1 + })\(:E) (% + ﬂ{p’(;c):O}) H . (70)

Therefore, letting n be so large that P(Cyp) < 6/4 for every p € I, Lemma 7

Markov’s inequality and (52) together imply that
ke

SU}DP <€\/ 2|Qo(Tp—rs pl)| 1~ Z(Ti*(p))”(m)“ (+e > 6

pe i=1

Collecting (65), (69) and (71), we get for n large enough

M (@ ke h) 1 S (T 1
sup P | |/ k np @k, h) 1 p— —mW(z)| >t] <4
pEly p kzﬁolx kl i=1
Recalling (63) and applying Lemma 4, we obtain that
1
\/E M'Slil’)(zakxvh) B 1 +7,(1)
Q0 (Tp—k,plz)  1—7-(2) "
! (1) (1)
+m(z) + R, (72)

B 1 & (T -1
‘@%mg; (@) 1—7_(2)

with R%lp) as in the statement of the result.
(2, ks, h), we note that using (66), (68),

To obtain a similar result for M,,
Lemma 7 and Chebyshev’s inequality, we have for every ' > 0

>t’>a0

1 & (TF(p))- @ — 1 . @
sgPIP’ 2V ks Qo(Tp—rk, plz) k—z—)ww(z),p’(z)(Ti (p)) =m™(x)
pCiz T =1

(73)

as n — oo. Besides, picking § > 0, inequality (70), Lemma 7 and Markov’s

inequality yield for n large enough

= >

L Wm‘ﬂﬁ@www@ﬁ>0g
(7

ks
| Fa
sup P <E\/kzx|Q0(Tp_kzm|x . Z

pEl, i=1

imsart-ejs ver. 2013/03/06 file: EJS846.tex date: September 17, 2013



G. Stupfler/A moment estimator for the conditional extreme-value index 41

if £ > 0 is chosen small enough. Using once again (66) and the convergence of
Qo(-|z) to 0, we get

sup P (\/ka%(Tp_kz,pM) > t') —0 as n— o0
pely

which, together with Lemma 7 and Markov’s inequality, entails

kw
Sél}D P <\/ 2 Q5 (T k“p|=’ﬂ) Zl/fg,(z),pf(z)(Tf(p)) > t’) —0 (75)
P =1
and
ko
sup P (\/ +Q5(Tp- ke pl) 252(7}*(1?))2(7‘ (@te @+ > t') =0 (76)
p i=1

as n — 00. Square now the inequalities (65) and use (73), (74), (75) and (76)
to obtain for n large enough
> t) <.

(2) ko y-(@) —
wp P (‘ R S (= ] @)
Ti=1

pel, Typ- kz,p|$ ()

Finally, recall (63) and apply Lemma 4 to get

M (@, ko h) 2 ©
Ve ( Bl glv) (17— (@)( - Wx))> I

B 1 ()W -1\ 2
- W[kz( v (@) ) (17(56))(127(1))]

i=1

+ m(2( ) R(2 (77)

with Rffp) as in the statement of the result. Letting

ko
1 _ 15 (T7(p)- ™ —1 _ ! m (x
an - m[kx; ’y,(x) 1*77(1) " ( &
k 2
@ _ i | LSS (@ 1y = m®(a
D = Vk, [kﬂ ) T m)

and applying Lemma 7, it is obvious that for fixed n and every p > k,, the
random pair (D%), Dﬁi.)) has the same distribution as (DS), Dg)) where

ks v—(x)
1 _ R -1 ! mM (z
DY = Vs lkm ; 7- () @) (),
ko v—(x) 2
@ _ | L T; -1y 2 m® (z
DY = Vhe ke ; ( - () ) T @i @| " “
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The standard central limit theorem and some cumbersome computations show
that the random vector (Dg), Dg)) is asymptotically Gaussian with mean (m™ (z), m® (z))
and covariance matrix V(y(x)), so that clearly

sup |Elexpli(ti DY) + t:D2)] ~ Elexpli(ti Pr + t2P)]]|
PEl
= ‘E[exp[z‘(tlp,@ + t,DP)] — Elexpli(t, P, + tQPQ)]]‘ —0 as n— o0

for every t1, t2 € R. Now, according to (59), (72) and (77) the distribution of
the random vector

Vi <zm§},2 (2, kg, ) 1 M2 (2, ky, h) 2 )

W0 (Tproplt)  1=7-(2) @G(Tp-rplr) (1 —-(2)(1 —27-(2))

is the distribution of (D%) + R;lp), D%’ + Rﬁ)), which completes the proof. M
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Situation | Moment estimator 5 | Estimator ¥p of Daouia et al.
Model 1

T=-0.8 0.1496 0.1962

T=—1 0.0781 0.1616

T=-1.2 0.0553 0.1586

Model 2

c=0.1 0.0686 0.1329

c=0.2 0.0689 0.1257

c=0.3 0.0825 0.1313

Model 3 0.3384 0.2801

TABLE 1
MSEs associated to the estimators in all cases.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fic 1. Model 1, case T = —1: the true function v (solid line), its estimators 5 (dashed line)
and ¥p (dashed-dotted line), each corresponding to the median of the MSE.
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-0.6

-16 T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fic 2. Model 2, case ¢ = 0.3: the true function v (solid line) and its estimators 5 (dashed
line) and Yp (dashed-dotted line), each corresponding to the median of the MSE.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

F1G 3. Model 3: the true function vy (solid line) and its estimators ¥ (dashed line) and 7p
(dashed-dotted line), each corresponding to the median of the MSE.
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F1a 4. Scatterplot of the Aon Re insurance data: x—azis: logarithm of the sum insured, y—axis:
ratio claim/sum insured.
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Fic¢ 5. Aon Re insurance data: boxplot of the proportions of order statistics used.
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2.1+
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1.8 o

1.7 A
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1.5 o

1.4

1.3 o

1.2

1.1

F1G 6. Aon Re insurance data: x—axis: logarithm of the sum insured, full line: estimate 7y, .
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