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A moment estimator for the onditional extreme-value indexGilles Stup�erAix Marseille Université, CERGAM, EA 4225,15-19 allée Claude Forbin, 13628 Aix-en-Provene Cedex 1, FraneAbstrat. In extreme value theory, the so-alled extreme-value index is a parameter that ontrolsthe behavior of a distribution funtion in its right tail. Knowing this parameter is thus essential to solvemany problems related to extreme events. In this paper, the estimation of the extreme-value index isonsidered in the presene of a random ovariate, whether the onditional distribution of the variableof interest belongs to the Fréhet, Weibull or Gumbel max-domain of attration. The pointwise weakonsisteny and asymptoti normality of the proposed estimator are established and some illustrationson simulations are provided.AMS Subjet Classi�ations: 62G05, 62G20, 62G30, 62G32.Keywords: Extreme-value index, moment estimator, random ovariate, onsisteny, asymptotinormality.1 IntrodutionThe problem of studying extreme events arises in many �elds of statistial appliations, suh as lima-tology, hydrology, atuarial siene or �nane, to name a few. The pioneering result in extreme valuetheory, known as the Fisher-Tippett-Gnedenko theorem (see Fisher and Tippett [9℄ and Gnedenko [13℄)states that if (Yn) is an independent sequene of random opies of a random variable Y suh that thereexist normalizing nonrandom sequenes of real numbers (an) and (bn), with an > 0 and suh that thesequene
1

an

(
max
1≤i≤n

Yi − bn

)onverges in distribution to some nondegenerate limit, then the umulative distribution funtion (df)of this limit an neessarily be written y 7→ Gγ(ay + b), with a > 0 and b, γ ∈ R where
Gγ(y) =




exp

(
−(1 + γy)−1/γ

) if γ 6= 0 and 1 + γy > 0,

exp (− exp(−y)) if γ = 0.1



If the aforementioned onvergene holds, we shall say that Y (or equivalently, its df F ) belongs tothe max-domain of attration (MDA) of Gγ , with γ being the extreme-value index of Y , and we write
F ∈ D(Gγ). Clearly, γ drives the behavior of F in its right tail:

• if γ > 0, namely Y belongs to the Fréhet MDA, then 1 − Gγ is heavy-tailed, i.e. it has apolynomial deay;
• if γ < 0, namely Y belongs to the Weibull MDA, then 1−Gγ is short-tailed, i.e. it has a supportbounded to the right;
• if γ = 0, namely Y belongs to the Gumbel MDA, then 1−Gγ has an exponential deay.The knowledge of γ is therefore neessary to takle a number of problems in extreme value theory, suhas the estimation of extreme quantiles of Y , whih made its estimation a entral topi in the literature.Reent monographs on extreme value theory and espeially univariate extreme-value index estimationinlude Beirlant et al. [1℄ and de Haan and Ferreira [15℄.In pratial appliations, it is often the ase that the variable of interest Y an be linked to a ovariate

X . In this situation, the extreme-value index of the onditional distribution of Y given X = x maydepend on x; the problem is then to estimate the onditional extreme-value index x 7→ γ(x). In mostreent works, this problem has been addressed in the ��xed design� ase, namely when the ovariatesare nonrandom. For instane, Smith [19℄ and Davison and Smith [7℄ onsidered a regression modelwhile Hall and Tajvidi [16℄ used a semiparametri approah in this ontext; a nonexhaustive list offully nonparametri methods inlude Davison and Ramesh [6℄ for a loal polynomial estimator, Chavez-Demoulin and Davison [3℄ for a method using splines, Gardes and Girard [10℄ for a moving windowapproah and Gardes and Girard [11℄ who used a nearest neighbor approah.By ontrast, the ase when the ovariate is random, whih is very interesting as far as pratialappliations are onerned, has only been takled in even newer works. We refer to Wang and Tsai [20℄for a maximum likelihood approah, Daouia et al. [4℄ who used a �xed number of nonparametrionditional quantile estimators to estimate the onditional extreme-value index, Goegebeur et al. [14℄who studied a nonparametri regression estimator and Gardes and Stup�er [12℄ who introdued asmoothed loal Hill estimator. Besides, the method of [4℄ was reently generalized in Daouia et al. [5℄to a regression ontext with response distributions belonging to the general max-domain of attration:the latter study is the only one in this list whih is not restrited to the ase of the Fréhet MDA.The aim of this paper is to introdue a moment estimator of the onditional extreme-value index,working in the three domains of attration. In Setion 2, we de�ne our estimator of the onditionalextreme-value index. The pointwise weak onsisteny and asymptoti normality of the estimator arestated in Setion 3. The �nite sample performane of the estimator is studied in Setion 4. Proofs ofthe main results are given in Setion 5 and those of the auxiliary results are postponed to Setion 6.2



2 Estimation of the onditional extreme-value indexLet (X1, Y1), . . . , (Xn, Yn) be n independent opies of a random pair (X,Y ) taking its values in E ×
(0,∞) where E is a metri spae endowed with a metri d. For all x ∈ E, we assume that the onditionalsurvival funtion (sf) F (·|x) = 1−F (·|x) of Y given X = x belongs to D(Gγ(x)). Spei�ally, we shallwork in the following framework:

(M1) Y is a positive random variable and for every x ∈ E, there exist a real number γ(x) and apositive funtion a(·|x) suh that the left-ontinuous inverse U(·|x) of 1/F (·|x), de�ned by U(z|x) =
inf{t ∈ R | 1/F (t|x) ≥ z} for every z ≥ 1, satis�es

∀ z > 0, lim
t→∞

U(tz|x)− U(t|x)
a(t|x) =





zγ(x) − 1

γ(x)
if γ(x) 6= 0

log z if γ(x) = 0.Model (M1) is the onditional analogue of the lassial extreme-value framework, see for instane [15℄,p.19. In this model, for every x ∈ E, the funtion U(·|x) has a positive limit U(∞|x) at in�nity; thefuntion U(∞|·) is alled the onditional right endpoint of Y .We now introdue our estimator, whih is an adaptation of the moment estimator of Dekkers et al. [8℄.To this end, we let, for an arbitrary x ∈ E and h = h(n) → 0, Nn(x, h) be the total number ofobservations in the losed ball B(x, h) having enter x and radius h:
Nn(x, h) =

n∑

i=1

1l{Xi∈B(x,h)} with B(x, h) = {x′ ∈ E | d(x, x′) ≤ h},where 1l{·} is the indiator funtion. The purpose of the bandwidth sequene (h(n)) is to selet thoseovariates whih are lose enough to x. Given Nn(x, h) = p ≥ 1, we let, for i = 1, . . . , p, Zi = Zi(x, h)be the response variables whose assoiated ovariates Wi = Wi(x, h) belong to the ball B(x, h). Letfurther Z1,p ≤ · · · ≤ Zp,p be the related order statistis (this way of denoting order statistis shall beused throughout the paper) and set for j = 1, 2

M (j)
n (x, kx, h) =

1

kx

kx∑

i=1

[log(Zp−i+1,p)− log(Zp−kx,p)]
jif kx ∈ {1, . . . , p− 1} and 0 otherwise. Given Nn(x, h) = p, the random variable M (j)

n (x, kx, h) is thenomputed by using only the response variables whose values are not less than the random threshold
Zp−kx,p and whose assoiated ovariates belong to a (small) neighborhood of x. For j = 1, this statistiis an analogue of Hill's estimator (see Hill [17℄) in the presene of a random ovariate; see also [11℄ fora nearest neighbor analogue of this quantity in the �xed design ase. Our estimator, in the spirit of [8℄,is then

γ̂n(x, kx, h) = γ̂n,+(x, kx, h) + γ̂n,−(x, kx, h)3



where
γ̂n,+(x, kx, h) =M (1)

n (x, kx, h) and γ̂n,−(x, kx, h) = 1− 1

2


1−

[
M

(1)
n (x, kx, h)

]2

M
(2)
n (x, kx, h)




−1

if [M (1)
n (x, kx, h)

]2
6=M

(2)
n (x, kx, h), with γ̂n,−(x, kx, h) = 0 otherwise.The assumption that Y is a positive random variable makes the quantities M (j)

n (x, kx, h) well-de�nedfor every kx. This simpli�es somewhat a ouple of tehnial results (see for instane Lemma 3). Wepoint out that sine we shall only ompute our estimator using upper order statistis of the Zi, thishypothesis may be replaed by the assumption U(∞|x) > 0 for every x ∈ E, at the prie of extraregularity onditions on the joint umulative distribution funtion F of the pair (X,Y ).3 Main results3.1 Weak onsistenyWe �rst wish to state the pointwise weak onsisteny of our estimator. To this end, let, for x ∈ E,
nx = nx(n, h) = nP(X ∈ B(x, h)) be the average total number of points in the ball B(x, h): we assumethat nx(n, h) > 0 for every n. Let kx = kx(n) be a sequene of positive integers; furthermore, let
Fh(·|x) be the onditional df of Y given X ∈ B(x, h):

Fh(y|x) = P(Y ≤ y |X ∈ B(x, h))and Uh(·|x) be the left-ontinuous inverse of 1/Fh(·|x). For u, v ∈ [1,∞) suh that u < v, we introduethe quantity
ω(u, v, x, h) = sup

z∈[u,v]

∣∣∣∣log
Uh(z|x)
U(z|x)

∣∣∣∣ .Reall the notation a∧ b = min(a, b) and a∨ b = max(a, b) for a, b ∈ R. Our onsisteny result is then:Theorem 1. Assume that (M1) holds. Pik x ∈ E. We assume that nx → ∞, kx → ∞, kx/nx → 0and for some δ > 0

U(nx/kx|x)
a(nx/kx|x)

ω

(
nx

(1 + δ)kx
, n1+δ

x , x, h

)
→ 0 as n→ ∞. (1)Then, setting γ+(x) = 0 ∨ γ(x) and γ−(x) = 0 ∧ γ(x), it holds that

γ̂n,+(x, kx, h)
P−→ γ+(x) and γ̂n,−(x, kx, h)

P−→ γ−(x) as n→ ∞and therefore γ̂n(x, kx, h) P−→ γ(x) as n→ ∞.Theorem 1 is the onditional analogue of the onsisteny result proven in [8℄; see also [15℄, Theorem3.5.2. As far as the onditions of this result are onerned, note that onditions nx → ∞, kx → ∞ and4



kx/nx → 0 are standard hypotheses for the estimation of the onditional extreme-value index: theyare the exat analogues of the onditions n → ∞, k = k(n) → ∞ and k/n → 0 needed to ensure theonvergene of Hill's estimator. Moreover, ondition nx → ∞ is neessary to ensure that there aresu�iently many observations lose to x, whih is a standard assumption in the random ovariate ase.Condition (1) is somewhat harder to grasp. To analyze further this hypothesis, we assume that
(A1) For every x ∈ E, U(·|x) is a ontinuous inreasing funtion on [1,∞).We may now state the following result, whih relates the behavior of the funtion logUh(z|·) around xto that of logU(z|·):Proposition 1. Assume that (M1) and (A1) hold. Then for every z > 1, it holds that

∣∣∣∣log
Uh(z|x)
U(z|x)

∣∣∣∣ ≤ sup
x′∈B(x,h)

∣∣∣∣log
U(z|x′)
U(z|x)

∣∣∣∣ .With this result at hand, we de�ne for u, v ∈ [1,∞) suh that u < v:
Ω (u, v, x, h) = sup

z∈[u,v]

sup
x′∈B(x,h)

∣∣∣∣log
U(z|x′)
U(z|x)

∣∣∣∣ .Proposition 1 entails that
ω

(
nx

(1 + δ)kx
, n1+δ

x , x, h

)
≤ Ω

(
nx

(1 + δ)kx
, n1+δ

x , x, h

)
.Consequently, if (A1) is satis�ed, a su�ient ondition for (1) to hold is

U(nx/kx|x)
a(nx/kx|x)

Ω

(
nx

(1 + δ)kx
, n1+δ

x , x, h

)
→ 0 as n→ ∞ (2)whih is an hypothesis on the uniform osillation of logU in its seond variable. To understand moreabout this ondition, we introdue an additional regularity assumption:

(A2) The funtion γ is a ontinuous funtion on E.If we omit the ase γ(x) = 0 of the Gumbel MDA, then under (A2), ondition (2) an be made moreexpliit:
• If γ(x) > 0, namely F (·|x) belongs to the Fréhet MDA, then Lemma 1.2.9 in [15℄ entails that
a(·|x)/U(·|x) onverges to γ(x) at in�nity. Condition (2) then beomes

Ω

(
nx

(1 + δ)kx
, n1+δ

x , x, h

)
→ 0 as n→ ∞. (3)Sine γ is ontinuous, one has γ(x′) > 0 for x′ lose enough to x. Corollary 1.2.10 in [15℄ thenyields for n large enough and every x′ ∈ B(x, h)

∀z ≥ 1, U(z|x′) = zγ(x
′)L(z|x′)5



where for every x′ ∈ B(x, h), L(·|x′) is a slowly varying funtion at in�nity. Letting
∀z ≥ 1, L(z|x′) = c(z|x′) exp

(∫ z

1

∆(v|x′)
v

dv

) (4)be Karamata's representation of L(·|x′) (see Theorem 1.3.1 in Bingham et al. [2℄), where c(·|x′)is a positive Borel measurable funtion onverging to a positive onstant at in�nity and ∆(·|x′)is a Borel measurable funtion onverging to 0 at in�nity, ondition (3) is thus a onsequene ofthe onvergenes
lognx sup

x′∈B(x,h)

|γ(x′)− γ(x)| → 0, (5)
sup

z∈Kx,δ

sup
x′∈B(x,h)

| log c(z|x′)− log c(z|x)| → 0, (6)and lognx sup
z∈Kx,δ

sup
x′∈B(x,h)

|∆(z|x′)−∆(z|x)| → 0 (7)as n → ∞, where Kx,δ = [nx/[(1 + δ)kx, n
1+δ
x ]. Assuming that L(·|x′) is normalised for x′ ∈

B(x, h), namely that c(·|x′) is onstant equal to c(x′) > 0, ondition (6) above redues to aontinuity assumption on the funtion log c. Besides, if γ and ∆ satisfy some sort of Hölderondition, for instane
sup

x′∈B(x,h)

|γ(x′)− γ(x)| = O(hα) and sup
z∈Kx,δ

sup
x′∈B(x,h)

|∆(z|x′)−∆(z|x)| = O(hα) (8)for some α ∈ (0, 1] as n→ ∞, then onditions (5) and (7) beome hα lognx → 0 as n→ ∞. Theregularity onditions above are fairly standard when estimating the onditional tail-index in theFréhet MDA, see for instane [4℄.
• If γ(x) < 0, namely F (·|x) belongs to the Weibull MDA, then aording to Lemma 1.2.9 in [15℄,one has

U(∞|x)− U(z|x)
a(z|x) → − 1

γ(x)
as z → ∞.Furthermore, sine one has γ(x′) < 0 for x′ lose enough to x, Corollary 1.2.10 in [15℄ yields for

n large enough and every x′ ∈ B(x, h) that
∀z ≥ 1, U(∞|x′)− U(z|x′) = zγ(x

′)L(z|x′)where for every x′ ∈ B(x, h), L(·|x′) is a slowly varying funtion at in�nity. Espeially
U(z|x)
a(z|x) = −U(∞|x)

γ(x)

z−γ(x)

L(z|x) (1 + o(1)) as z → ∞.Consequently, in this framework, ondition (2) beomes
(nx/kx)

−γ(x)

L(nx/kx|x)
Ω

(
nx

(1 + δ)kx
, n1+δ

x , x, h

)
→ 0 as n→ ∞. (9)Write then for an arbitrary z > 1 and for x′ ∈ B(x, h)

logU(z|x′)− logU(z|x) = log
U(∞|x′)
U(∞|x) + log

(
1− [U(∞|x′)]−1zγ(x

′)L(z|x′)
1− [U(∞|x)]−1zγ(x)L(z|x)

)
. (10)6



The �rst term on the right-hand side in (10) is readily ontrolled if the onditional right endpoint
x 7→ U(∞|x) is a positive Hölder ontinuous funtion on E:

sup
x′∈B(x,h)

∣∣∣∣
U(∞|x′)
U(∞|x) − 1

∣∣∣∣ = O

(
sup

x′∈B(x,h)

|U(∞|x′)− U(∞|x)|
)

= O(hβ) (11)say, with β ∈ (0, 1]. The seond one an be bounded from above as follows: sine nx/kx → ∞and zγ(x)L(z|x) → 0 as z → ∞ (see Proposition 1.5.1 in [2℄), we an write for n large enough
∣∣∣∣∣
1− [U(∞|x′)]−1zγ(x

′)L(z|x′)
1− [U(∞|x)]−1zγ(x)L(z|x) − 1

∣∣∣∣∣ ≤ 2
∣∣∣[U(∞|x)]−1zγ(x)L(z|x)− [U(∞|x′)]−1zγ(x

′)L(z|x′)
∣∣∣

≤ 2
zγ(x)L(z|x)
U(∞|x)

∣∣∣∣∣1−
[
U(∞|x′)
U(∞|x)

]−1
zγ(x

′)L(z|x′)
zγ(x)L(z|x)

∣∣∣∣∣ (12)for every z ≥ nx/[(1 + δ)kx]. Note now that for every z ∈ Kx,δ we have
∣∣∣∣∣log

(
zγ(x

′)L(z|x′)
zγ(x)L(z|x)

)∣∣∣∣∣ ≤ (1 + δ) lognx sup
x′∈B(x,h)

|γ(x′)− γ(x)|+ sup
z∈Kx,δ

sup
x′∈B(x,h)

∣∣∣∣log
L(z|x′)
L(z|x)

∣∣∣∣ .Using Karamata's representation of L(·|x′) (see (4)) and assuming that for some α ∈ (0, 1]

sup
x′∈B(x,h)

|γ(x′)− γ(x)| = O(hα), (13)
sup

z∈Kx,δ

sup
x′∈B(x,h)

| log c(z|x′)− log c(z|x)| = O(hα), (14)and sup
z∈Kx,δ

sup
x′∈B(x,h)

|∆(z|x′)−∆(z|x)| = O(hα) (15)as n→ ∞, then using the inequality |et − 1| ≤ |t|e|t| valid for every t ∈ R, it is readily seen thatif hα lognx → 0 as n→ ∞, we have
sup

z∈Kx,δ

sup
x′∈B(x,h)

∣∣∣∣∣
zγ(x

′)L(z|x′)
zγ(x)L(z|x) − 1

∣∣∣∣∣ = O(hα lognx). (16)Note that onditions (13) and (15) are exatly (8); ondition (14) is a strengthened version of (6),whih redues to a simple Hölder ondition if the slowly varying funtion L(·|x′) is assumed tobe normalised for every x′ ∈ B(x, h). Equations (11), (12) and (16) now entail
sup

z∈Kx,δ

sup
x′∈B(x,h)

∣∣∣∣∣
1− [U(∞|x′)]−1zγ(x

′)L(z|x′)
1− [U(∞|x)]−1zγ(x)L(z|x) − 1

∣∣∣∣∣ = O

(
(hα lognx ∨ hβ) sup

z∈Kx,δ

zγ(x)L(z|x)
)
.Potter bounds for the regularly varying funtion z 7→ zγ(x)L(z|x) (see Theorem 1.5.6 in [2℄) yield

lim sup
n→∞

sup
z∈Kx,δ

zγ(x)L(z|x)
(nx/kx)γ(x)L(nx/kx|x)

<∞so that
sup

z∈Kx,δ

sup
x′∈B(x,h)

∣∣∣∣∣
1− [U(∞|x′)]−1zγ(x

′)L(z|x′)
1− [U(∞|x)]−1zγ(x)L(z|x) − 1

∣∣∣∣∣ = O

(
(hα lognx ∨ hβ) L(nx/kx|x)

(nx/kx)−γ(x)

)
. (17)Finally, use together (10), (11) and (17) to get

Ω

(
nx

(1 + δ)kx
, n1+δ

x , x, h

)
= O

(
hβ ∨

[
(hα lognx)

L(nx/kx|x)
(nx/kx)−γ(x)

])
. (18)7



Equation (18) makes it lear that in this ase, ondition (9) shall be satis�ed provided it holdsthat hα lognx → 0 (whih was already required in the Fréhet MDA) and
(nx/kx)

−γ(x)

L(nx/kx|x)
hβ → 0 as n→ ∞.We an onlude that ompared to the ase of the Fréhet MDA, there is an additional onditionfor the pointwise onsisteny of our estimator to hold in the Weibull MDA. This onditionompares the osillation of the onditional right endpoint to the proportion of order statistisused in the expression of the estimator.3.2 Asymptoti normalityTo prove a pointwise asymptoti normality result for our estimator, we need to introdue a seond-orderondition on the funtion U(·|x):

(M2) Condition (M1) holds and for every x ∈ E, there exist a real number ρ(x) ≤ 0 and a funtion
A(·|x) of onstant sign onverging to 0 at in�nity suh that the funtion U(·|x) satis�es

∀z > 0, lim
t→∞

U(tz|x)−U(t|x)
a(t|x) − zγ(x)−1

γ(x)

A(t|x) = Hγ(x),ρ(x)(z)where
Hγ(x),ρ(x)(z) =

∫ z

1

rγ(x)−1

[∫ r

1

sρ(x)−1ds

]
dr.Hypothesis (M2) is the onditional analogue of the lassial seond-order ondition on U , see forinstane De�nition 2.3.1 and Corollary 2.3.4 in [15℄: the parameter ρ(x) is the so-alled seond-orderparameter of Y given X = x. Note that Theorem 2.3.3 in [15℄ shows that the funtion |A(·|x)| isregularly varying at in�nity with index ρ(x). Moreover, as shown in Lemma B.3.16 therein, if (M2)holds with γ(x) 6= ρ(x) and ρ(x) < 0 if γ(x) > 0, then de�ning q(·|x) = a(·|x)/U(·|x), a seond-orderondition also holds for the funtion logU(·|x), namely:

∀ z > 0, lim
t→∞

logU(tz|x)−logU(t|x)
q(t|x) − zγ−(x)−1

γ−(x)

Q(t|x) = Hγ−(x),ρ′(x)(z) (19)with
ρ′(x) =





ρ(x) if γ(x) < ρ(x) ≤ 0

γ(x) if ρ(x) < γ(x) ≤ 0

−γ(x) if 0 < γ(x) < −ρ(x) and ℓ(x) 6= 0

ρ(x) if (0 < γ(x) < −ρ(x) and ℓ(x) = 0) or 0 < −ρ(x) ≤ γ(x)where we have de�ned
ℓ(x) = lim

t→∞

(
U(t|x)− a(t|x)

γ(x)

)

8



and Q(·|x) has ultimately onstant sign, onverges to 0 at in�nity and is suh that |Q(·|x)| is regularlyvarying at in�nity with index ρ′(x); note that Lemma B.3.16 in [15℄ entails that one an hoose
Q(t|x) =





A(t|x) if γ(x) < ρ(x) ≤ 0

γ+(x) −
a(t|x)
U(t|x)

if ρ(x) < γ(x) ≤ 0or 0 < γ(x) < −ρ(x) and ℓ(x) 6= 0or 0 < γ(x) = −ρ(x)

ρ(x)

γ(x) + ρ(x)
A(t|x) if (0 < γ(x) < −ρ(x) and ℓ(x) = 0) or 0 < −ρ(x) < γ(x).Besides, if γ(x) > 0 and ρ(x) = 0, then aording to Lemma B.3.16 in [15℄, one has
∀ z > 0, lim

t→∞

logU(tz|x)−logU(t|x)
q(t|x) − log z

Q(t|x) = 0 (20)for everyQ(·|x) suh that A(t|x) = O(Q(t|x)) as t→ ∞; espeially, we an and will takeQ(·|x) = A(·|x)in this ase.We an now state the asymptoti normality of our estimator.Theorem 2. Assume that (M2) holds. Pik x ∈ E. We assume that nx → ∞, kx → ∞, kx/nx → 0,
√
kxQ(nx/kx|x) → λ(x) ∈ R and for some δ > 0

√
kx
U(nx/kx|x)
a(nx/kx|x)

ω

(
nx

(1 + δ)kx
, n1+δ

x , x, h

)
→ 0 as n→ ∞. (21)Then if γ(x) 6= ρ(x), it holds that √

kx(γ̂n(x, kx, h) − γ(x)) is asymptotially Gaussian with mean
λ(x)B(γ(x), ρ(x)) and variane V (γ(x)) where we have set

B(γ(x), ρ(x)) =





(1− γ(x))(1 − 2γ(x))

(1− γ(x)− ρ(x))(1 − 2γ(x)− ρ(x))
if γ(x) < ρ(x) ≤ 0

γ(x)(1 + γ(x))

(1− γ(x))(1 − 3γ(x))
if ρ(x) < γ(x) ≤ 0

− γ(x)

(1 + γ(x))2
if 0 < γ(x) < −ρ(x) and ℓ(x) 6= 0

γ(x) − γ(x)ρ(x) + ρ(x)

ρ(x)(1 − ρ(x))2

if 0 < γ(x) < −ρ(x) and ℓ(x) = 0or 0 < −ρ(x) ≤ γ(x)

1 if 0 = ρ(x) < γ(x)9



and
V (γ(x)) =





γ2(x) + 1 if γ(x) ≥ 0

(1 − γ(x))2(1− 2γ(x))(1 − γ(x) + 6γ2(x))

(1− 3γ(x))(1 − 4γ(x))
if γ(x) < 0.Theorem 2 is the onditional analogue of the asymptoti normality result stated in [8℄; see also [15℄,Theorem 3.5.4. In partiular, the asymptoti bias and variane of our estimator are similar to thoseobtained in the univariate setting. Note that in this result, ontrary to the asymptoti normality resultof [12℄, we do not ondition on the value of Nn(x, h). Besides, ondition √
kxQ(nx/kx|x) → λ(x) ∈

R as n → ∞ in Theorem 2 is a standard ondition needed to ontrol the bias of the estimator.Finally, hypothesis (21) an be replaed by an hypothesis on the uniform relative osillation of thefuntion logU in its seond argument, see Proposition 1, whih in turn an be made expliit if suitableregularity onditions are satis�ed, see Setion 3.1.4 Simulation studyTo have an idea of how our estimator behaves on a �nite sample situation, we arried out a simulationstudy in the ase E = [0, 1] equipped with the standard Eulidean distane with a ovariate X whihis uniformly distributed on E. Furthermore, we let γ be the positive funtion de�ned by
∀x ∈ [0, 1], γ(x) =

2

3
+

1

3
sin(2πx).We onsider three di�erent models for the sf of Y given X = x: the �rst one is

∀y > 0, F 1(y|x) =
(
1 + y−τ

)1/τγ(x)
,where the parameter τ is hosen to be independent of x and its value is piked in the set {−1.2,−1,−0.8}.In other words, Y given X = x is Burr type XII distributed; note that in this ase the sf F 1(·|x)belongs to the Fréhet MDA for every x ∈ E, the onditional extreme-value index is γ(x) and theonditional seond-order parameter is ρ(x) = τγ(x) (see [1℄, p.93). The seond model is

∀y ∈ [0, g(x)], F 2(y|x) =
∫ 1

y/g(x)

t1/γ(x)−1(1− t)1/γ(x)−1dtwhere the frontier funtion g is de�ned by
∀x ∈ [0, 1], g(x) = 1− c+ 8cx(1− x)with the onstant c > 0 being piked in the set {0.1, 0.2, 0.3}. In this ase, given X = x, Y/g(x) is aBeta(1/γ(x), 1/γ(x)) random variable: this onditional model is ontained in the Weibull MDA withthe onditional extreme-value index being −γ(x). The �nal model is

∀y > 0, F 3(y|x) =
∫ ∞

log y

1√
2πσ2(x)

exp

(
− (t− µ(x))2

2σ2(x)

)
dt10



where µ and σ are the funtions de�ned by
∀x ∈ [0, 1], µ(x) =

2

3
+

1

3
sin(2πx) and σ(x) = 0.7 + 2.4x(1− x).In this model, Y given X = x has a log-normal distribution with parameters µ(x) and σ2(x), whih isan example of a onditional distribution belonging to the Gumbel MDA.The aim of this simulation study is to estimate the onditional extreme-value index on a grid of points

{x1, . . . , xM} of [0, 1]. We need to hoose two parameters: the bandwidth h and the number of upperorder statistis kx. We use a seletion proedure whih was introdued in [12℄, whih we reall for thesake of ompleteness.1) For every bandwidth h in a grid {h1, . . . , hP } of possible values of h, we �rst make a preliminaryhoie of kx: in what follows, we let γ̂i,j(k) = γ̂n(xi, k, hj). For eah i ∈ {1, . . . ,M}, j ∈
{1, . . . , P} and k ∈ {qi,j+1, . . . , Nn(xi, hj)−qi,j}, where qi,j = ⌊Nn(xi, hj)/10⌋∨1, we introduethe set Ei,j,k = {γ̂i,j(ℓ), ℓ ∈ {k − qi,j , . . . , k + qi,j}}. We ompute the variane of the set Ei,j,kfor every possible value of k and we reord the number Ki,j for whih this variane is minimal.More preisely,
Ki,j = argmin

k

1

2qi,j + 1

k+qi,j∑

ℓ=k−qi,j

(
γ̂i,j(ℓ)− γ̂i,j(k)

)2 with γ̂i,j(k) = 1

2qi,j + 1

k+qi,j∑

ℓ=k−qi,j

γ̂i,j(ℓ).We reord the value ki,j suh that γ̂i,j(ki,j) is the median of the set Ei,j,Ki,j
. For the sake ofsimpliity, the estimate γ̂i,j(ki,j) will be denoted by γ̃i,j .2) We now selet the bandwidth h: let q′ be a positive integer suh that 2q′ + 1 < P . For eah

i ∈ {1, . . . ,M} and j ∈ {q′+1, . . . , P −q′}, let Fi,j = {γ̃i,ℓ, ℓ ∈ {j − q′, . . . , j + q′}} and omputethe standard deviation σi(j) of Fi,j :
σi(j) =


 1

2q′ + 1

j+q′∑

ℓ=j−q′

(γ̃i,ℓ − γ̃i,j)
2



1/2 with γ̃i,j = 1

2q′ + 1

j+q′∑

ℓ=j−q′

γ̃i,ℓ.Our stability riterion is then the average of these quantities over the grid {x1, . . . , xM}:
σ(j) =

1

M

M∑

i=1

σi(j).We next reord the integer j∗ suh that σ(j∗) is the �rst loal minimum of the appliation
j 7→ σ(j) whih is less than the average value of σ. In other words, j∗ = q′ + 1 if σ is inreasing,
j∗ = P − q′ if σ is dereasing and

j∗ = min

{
j suh that σ(j) ≤ σ(j − 1) ∧ σ(j + 1) and σ(j) ≤ 1

P − 2q′

P−q′∑

ℓ=q′+1

σ(ℓ)

} (22)otherwise, where we extend σ by setting σ(q′) = σ(q′ + 1) and σ(P − q′ + 1) = σ(P − q′).11



The seleted bandwidth is then independent of x and is given by h∗ = hj∗ where j∗ is de�ned in (22).The seleted number of upper order statistis is given, for x = xi, by k∗xi
= ki,j∗ . The main idea ofthis proedure is that the bandwidth and the number of upper order statistis are seleted in order tosatisfy a stability riterion. This estimation proedure is arried out on N = 100 independent samplesof size n = 500. The onditional extreme-value index is estimated on a grid of M = 50 evenly spaedpoints in [0, 1]. Regarding the seletion proedure, P = 25 values of h ranging from 0.05 to 0.3 aretested; the parameter q′ is set to 1.To have an idea of our estimator behaves ompared to another estimator in the onditional extreme-value index estimation literature, we introdue the estimator γ̃D = γ̂RP,1

n of [5℄. Let K be the triweightkernel:
K(t) =

35

32
(1 − t2)31l[−1,1](t).Let F̂ (·, h|x) be the empirial kernel estimator of the sf:

F̂ (y, h|x) =

1

nhd

n∑

i=1

K

(
x−Xi

h

)
1l{Yi>y}

1

nhd

n∑

i=1

K

(
x−Xi

h

)and let q̂n(·, h|x) be the generalized inverse of F̂ (·, h|x): for α ∈ (0, 1),
q̂n(α, h|x) = inf{y > 0, F̂ (y, h|x) ≤ α}.The quantity q̂n(·, h|x) is the empirial estimator of the onditional quantile funtion. The estimator

γ̃D is then
γ̃D(x, αn,x, h) =

1

− log 3
log

(
q̂n(αn,x, h|x)− q̂n(αn,x/3, h|x)
q̂n(αn,x/3, h|x)− q̂n(αn,x/9, h|x)

)where αn,x → 0 is a nonrandom sequene. This estimator is exatly the estimator γ̂RP,1
n of [5℄ with

J = 3 and r = 1/J : it is a kernel version of the Pikands estimator, see Pikands [18℄. To hoose theparameters αn,x and h for γ̃D, we restrit our searh to a parameter αn,x having the form kx/Nn(xi, hj),so that we are led to a hoie of kx and h just as for our estimator, and we use the proedure detailedabove.We give in Table 1 the empirial mean squared errors (MSEs) of eah estimator, averaged over the Mpoints of the grid. Table 1 shows that our estimator outperforms the estimator γ̃D in terms of MSEsin every ase exept the Gumbel one. Besides, one an see that in the Fréhet MDA, the MSEs of bothestimators inrease as |ρ| gets loser to 0, whih was expeted sine ρ ontrols the rate of onvergenein (M2): the loser |ρ| is to 0, the slower is this onvergene and the harder is the estimation. Someillustrations are given on Figures 1�3, where the estimations orresponding to the median of the MSEare represented in eah ase for both estimators. One an see on these pitures that our estimator12



generally osillates less than γ̃D; in the ase when the onditional survival funtion belongs to theFréhet or Weibull MDA, it also does a better job of mimiking the shape of the onditional extreme-value index.5 Proofs of the main results5.1 Weak onsistenyWe start by proving the pointwise weak onsisteny of our estimator at a point x lying in E. Tothis end, sine the M (j)
n (x, kx, h) are de�ned onditionally on the value of the total number Nn(x, h)of ovariates belonging to B(x, h), whih is random, a natural idea is to ondition on this value. Apreliminary lassial lemma is then required to ontrol this random variable.Lemma 1. If nx → ∞ as n→ ∞ then for every δ > 0

√
n1−δ
x

∣∣∣∣
Nn(x, h)

nx
− 1

∣∣∣∣
P−→ 0 as n→ ∞.From Lemma 1, we dedue that if Ix = Ix(n) = N ∩
[(

1− n
−1/4
x

)
nx,
(
1 + n

−1/4
x

)
nx

], it holds that
Nn(x, h) lies in Ix with arbitrarily large probability; in other words,

∑

p∈Ix

P(Nn(x, h) = p) → 1 as n→ ∞.Furthermore, sine kx/nx → 0, we may and will, in the sequel, take n so large that kx < inf Ix.The next step is to show that when n is large, studying the onvergene in probability of the quantities
M

(j)
n (x, kx, h) amounts to studying the behavior of analogous quantities de�ned in terms of upper orderstatistis of a sample of independent and identially distributed random variables having df F (·|x).To ahieve that we begin by stating a seond lemma whih gives the onditional distribution of therandom variables Zi.Lemma 2. Given Nn(x, h) = p ≥ 1, the random variables Zi, 1 ≤ i ≤ p, are independent andidentially distributed random variables having df Fh(·|x).Letting Ti, i ≥ 1 be independent standard Pareto random variables, i.e. having df t 7→ 1 − 1/ton [1,∞), we dedue from this result that the distribution of the random vetor (Z1, . . . , Zp) given

Nn(x, h) = p ≥ 1 is the distribution of the random vetor (Uh(T1|x), . . . , Uh(Tp|x)). In other words,sine Uh(·|x) is nondereasing, we may fous on the behavior in probability of the quantities
M

(j)
np (x, kx, h) =

1

kx

kx∑

i=1

[logUh(Tp−i+1,p|x) − logUh(Tp−kx,p|x)]jfor p > kx and j = 1, 2. Lemma 3 below is the desired approximation of the statistis M(j)
np (x, kx, h).13



Lemma 3. Given Nn(x, h) = p ≥ 1, one has if p > kx that
∣∣∣M(1)

np (x, kx, h)−M(1)
np (x, kx, h)

∣∣∣ ≤ 2ω(Tp−kx,p, Tp,p, x, h)and
∣∣∣M(2)

np (x, kx, h)−M(2)
np (x, kx, h)

∣∣∣ ≤ 4ω(Tp−kx,p, Tp,p, x, h)
[
ω(Tp−kx,p, Tp,p, x, h) +M(1)

np (x, kx, h)
]where for j = 1, 2, we let M(j)

np (x, kx, h) =
1

kx

kx∑

i=1

[logU(Tp−i+1,p|x)− logU(Tp−kx,p|x)]j .The �nal lemmas are tehnial results. The �rst one is a simple lemma we shall repeatedly make useof.Lemma 4. Let (Rij), (R′
ij), 1 ≤ j ≤ i be triangular arrays of random variables. Assume that thereexist ℓ, ℓ′ ∈ R and a sequene of non-empty sets (In) ontained in {1, . . . , n} suh that for every ε > 0

sup
p∈In

P(|Rnp − ℓ| > ε) → 0 and sup
p∈In

P(|R′
np − ℓ′| > ε) → 0 as n→ ∞.Then

sup
p∈In

P(|Rnp +R′
np − (ℓ+ ℓ′)| > ε) → 0 and sup

p∈In

P(|RnpR
′
np − ℓℓ′| > ε) → 0 as n→ ∞.The following result is the main tehnial tool we shall use to prove our asymptoti results. It isbasially a onditional analogue of the additive version of Slutsky's lemma.Lemma 5. Let r be a positive integer, (Sn) = (S

(1)
n , . . . , S

(r)
n ) be a sequene of random vetors and

S = (S(1), . . . , S(r)) be a random vetor. Assume that there exist1. a triangular array of events (Aij)0≤j≤i and a sequene of non-empty sets (In) ontained in
{1, . . . , n} suh that

• for every n the Anp, 0 ≤ p ≤ n are pairwise disjoint and ∑n
p=0 P(Anp) = 1;

• it holds that
∑

p∈In

P(Anp) → 1 as n→ ∞;2. two triangular arrays of random vetors
(Dij = (D

(1)
ij , . . . , D

(r)
ij ))1≤j≤i and (Rij = (R

(1)
ij , . . . , R

(r)
ij ))1≤j≤isuh that

• for 1 ≤ p ≤ n, the distribution of Sn given Anp is the distribution of Dnp +Rnp;
• it holds that for every t = (t1, . . . , tr) ∈ R

r

sup
p∈In

∣∣∣E[exp[it′Dnp]]− E[exp[it′S]]
∣∣∣→ 0 as n→ ∞where t′ is the transpose vetor of t; 14



• it holds that for every ε > 0 and every j ∈ {1, . . . , r}

sup
p∈In

P(|R(j)
np | > ε) → 0 as n→ ∞.Then Sn

d−→ S as n→ ∞. In partiular, if Dij = 0 for every 1 ≤ j ≤ i, then Sn
P−→ 0 as n→ ∞.The next lemma, whih spei�es the asymptoti behavior in probability of the order statisti Tp−kx,puniformly in p ∈ Ix, shall be used several times.Lemma 6. Assume that nx → ∞, kx → ∞ and kx/nx → 0 as n → ∞. Then for every t > 0 it holdsthat

sup
p∈Ix

P

(∣∣∣∣
kx
p
Tp−kx,p − 1

∣∣∣∣ > t

)
→ 0 as n→ ∞.Espeially, for every t > 0

sup
p∈Ix

P (Tp−kx,p ≤ t) → 0 as n→ ∞and for every funtion ϕ whih is regularly varying at in�nity, we have both
sup
p∈Ix

P

(∣∣∣∣
ϕ(Tp−kx,p)

ϕ(p/kx)
− 1

∣∣∣∣ > t

)
→ 0 and sup

p∈Ix

P

(∣∣∣∣
ϕ(Tp−kx,p)

ϕ(nx/kx)
− 1

∣∣∣∣ > t

)
→ 0 as n→ ∞.Lemma 7 below is a useful orollary of Rényi's representation (see e.g. [15℄, p.37).Lemma 7. For every Borel measurable funtions f and g, every p ≥ 2 and k ∈ {1, . . . , p − 1}, therandom vetors

(
1

k

k∑

i=1

f

(
log

Tp−i+1,p

Tp−k,p

)
,
1

k

k∑

i=1

g

(
log

Tp−i+1,p

Tp−k,p

)) and (
1

k

k∑

i=1

f(logTi),
1

k

k∑

i=1

g(logTi)

)have the same distribution.The �nal lemma shows that the asymptoti behavior of the random variables M(j)
np (x, kx, h) is in someway uniform in p ∈ Ix. Before stating this result, we note that applying Theorem B.2.18 in [15℄, (M1)entails that there exists a positive funtion q0(·|x) whih is equivalent to a(·|x)/U(·|x) at in�nity suhthat the following property holds: for eah ε > 0, there exists t0 ≥ 1 suh that for every t ≥ t0 and

z > 0 with tz ≥ t0,
∣∣∣∣
logU(tz|x)− logU(t|x)

q0(t|x)
− zγ−(x) − 1

γ−(x)

∣∣∣∣ ≤ εzγ−(x)(z−ε ∨ zε). (23)Lemma 8. Assume that (M1) holds, and nx → ∞, kx → ∞ and kx/nx → 0 as n → ∞. Then forevery t > 0 the onvergenes
sup
p∈Ix

P

(∣∣∣∣∣
M(1)

np (x, kx, h)

q0(p/kx|x)
− 1

1− γ−(x)

∣∣∣∣∣ > t

)
→ 0,and sup

p∈Ix

P

(∣∣∣∣∣
M(2)

np (x, kx, h)

q20(p/kx|x)
− 2

(1− γ−(x))(1 − 2γ−(x))

∣∣∣∣∣ > t

)
→ 0hold as n→ ∞. 15



We are now in position to examine the onvergene in probability of the statistis M (j)
n (x, kx, h), ofwhih the onsisteny of our estimator is a simple orollary.Proposition 2. Assume that (M1) holds, that nx → ∞, kx → ∞, kx/nx → 0 and for some δ > 0

U(nx/kx|x)
a(nx/kx|x)

ω

(
nx

(1 + δ)kx
, n1+δ

x , x, h

)
→ 0 as n→ ∞.Then it holds that

U(Nn(x, h)/kx|x)
a(Nn(x, h)/kx|x)

M (1)
n (x, kx, h)

P−→ 1

1− γ−(x)and [
U(Nn(x, h)/kx|x)
a(Nn(x, h)/kx|x)

]2
M (2)

n (x, kx, h)
P−→ 2

(1− γ−(x))(1 − 2γ−(x))as n→ ∞.This result is the analogue of Lemma 3.5.1 in [15℄ when there is a ovariate: of ourse, a major di�erenehere is that the total number of observations Nn(x, h) is random.Proof of Proposition 2. We start the proof by remarking that with the notation of (23), applyingLemma 1 yields
q0(Nn(x, h)/kx|x)

a(Nn(x, h)/kx|x)/U(Nn(x, h)/kx|x)
P−→ 1 as n→ ∞. (24)Pik then an arbitrary t > 0 and introdue the two events

A(1)
n =

{∣∣∣∣∣
M

(1)
n (x, kx, h)

q0(Nn(x, h)/kx|x)
− 1

1− γ−(x)

∣∣∣∣∣ > t

}and A(2)
n =

{∣∣∣∣∣
M

(2)
n (x, kx, h)

q20(Nn(x, h)/kx|x)
− 2

(1− γ−(x))(1 − 2γ−(x))

∣∣∣∣∣ > t

}
.From (24), it is enough to prove that P(A(1)

n ) → 0 and P(A
(2)
n ) → 0 as n→ ∞.We start by ontrolling P(A

(1)
n ). Note that aording to Lemma 2, one has

P(A(1)
n |Nn(x, h) = p) = P

(∣∣∣∣∣
M

(1)
np (x, kx, h)

q0(p/kx|x)
− 1

1− γ−(x)

∣∣∣∣∣ > t

)
.Moreover, Lemma 3 entails

∣∣∣∣∣
M

(1)
np (x, kx, h)

q0(p/kx|x)
− 1

1− γ−(x)

∣∣∣∣∣ ≤
∣∣∣∣∣
M(1)

np (x, kx, h)

q0(p/kx|x)
− 1

1− γ−(x)

∣∣∣∣∣+
ω(Tp−kx,p, Tp,p, x, h)

q0(p/kx|x)
.Introduing for an arbitrary t′ > 0

u(1,1)np = P

(∣∣∣∣∣
M(1)

np (x, kx, h)

q0(p/kx|x)
− 1

1− γ−(x)

∣∣∣∣∣ > t′

) and u(1,2)np = P

(
ω(Tp−kx,p, Tp,p, x, h)

q0(p/kx|x)
> t′

)
,Lemmas 4 and 5 with Anp = {Nn(x, h) = p} make it enough to prove that u(1,j)np → 0 as n → ∞uniformly in the integers p ∈ Ix for every j ∈ {1, 2}.16



To ontrol u(1,1)np we apply Lemma 8 to obtain the onvergene
sup
p∈Ix

u(1,1)np → 0 as n→ ∞. (25)To ontrol u(1,2)np we reall that the funtion q0(·|x) is regularly varying at in�nity with index γ−(x) sothat we an apply a uniform onvergene result (see e.g. Theorem 1.5.2 in [2℄) to get
sup
p∈Ix

∣∣∣∣
q0(nx/kx|x)
q0(p/kx|x)

− 1

∣∣∣∣→ 0 as n→ ∞.Espeially, for n large enough, realling that q0(·|x) and a(·|x)/U(·|x) are equivalent at in�nity, wehave
sup
p∈Ix

1

q0(p/kx|x)
≤ 2

U(nx/kx|x)
a(nx/kx|x)

. (26)This inequality gives for n su�iently large
sup
p∈Ix

u(1,2)np ≤ sup
p∈Ix

P

(
U(nx/kx|x)
a(nx/kx|x)

ω(Tp−kx,p, Tp,p, x, h) >
t′

2

)
.Using ondition (1), we get for n large enough

sup
p∈Ix

u(1,2)np ≤ sup
p∈Ix

P

({
Tp−kx,p <

nx

(1 + δ)kx

}
∪
{
Tp,p > n1+δ

x

})
.Beause the random variables Ti are independent standard Pareto random variables, one has for nsu�iently large

sup
p∈Ix

u(1,2)np ≤ sup
p∈Ix

P

(
Tp−kx,p <

nx

(1 + δ)kx

)
+ sup

p∈Ix

(
1− n−1−δ

x

)p

≤ sup
p∈Ix

P

(
Tp−kx,p <

nx

(1 + δ)kx

)
+
(
1− n−1−δ

x

)nx/2 → 0 as n→ ∞ (27)by Lemma 6. Colleting (25) and (27) shows that P(A(1)
n ) → 0 as n→ ∞.Let us now onsider P(A(2)

n ). Applying Lemma 2, one has
P(A(2)

n |Nn(x, h) = p) = P

(∣∣∣∣∣
M

(2)
np (x, kx, h)

q20(p/kx|x)
− 2

(1− γ−(x))(1 − 2γ−(x))

∣∣∣∣∣ > t

)
.Lemma 3 yields

∣∣∣∣∣
M

(2)
np (x, kx, h)

q20(p/kx|x)
− 2

(1− γ−(x))(1 − 2γ−(x))

∣∣∣∣∣ ≤
∣∣∣∣∣
M(2)

np (x, kx, h)

q20(p/kx|x)
− 2

(1− γ−(x))(1 − 2γ−(x))

∣∣∣∣∣

+

[
ω(Tp−kx,p, Tp,p, x, h)

q0(p/kx|x)

]2

+
ω(Tp−kx,p, Tp,p, x, h)

q20(p/kx|x)
M(1)

np (x, kx, h).Letting for an arbitrary t′ > 0

u(2,1)np = P

(∣∣∣∣∣
M(2)

np (x, kx, h)

q20(p/kx|x)
− 2

(1 − γ−(x))(1 − 2γ−(x))

∣∣∣∣∣ > t′

)
,

u(2,2)np = P

([
ω(Tp−kx,p, Tp,p, x, h)

q0(p/kx|x)

]2
> t′

)and u(2,3)np = P

(
ω(Tp−kx,p, Tp,p, x, h)

q20(p/kx|x)
M(1)

np (x, kx, h) > t′
)
,17



Lemmas 4 and 5 with Anp = {Nn(x, h) = p} make it enough to prove that u(2,j)np → 0 as n → ∞uniformly in the integers p ∈ Ix for every j ∈ {1, 2, 3}. We start by noting that Lemma 8 leads to
sup
p∈Ix

u(2,1)np → 0 as n→ ∞ (28)and sine
u(2,2)np = P

(
ω(Tp−kx,p, Tp,p, x, h)

q0(p/kx|x)
>

√
t′
)
,this term is similar to u(1,2)np and therefore we obtain from (27) that

sup
p∈Ix

u(2,2)np → 0 as n→ ∞. (29)Finally, the obvious inequality
ω(Tp−kx,p, Tp,p, x, h)

q20(p/kx|x)
M(1)

np (x, kx, h) ≤
[
ω(Tp−kx,p, Tp,p, x, h)

q0(p/kx|x)

] ∣∣∣∣∣
M(1)

np (x, kx, h)

q0(p/kx|x)
− 1

1− γ−(x)

∣∣∣∣∣

+

[
ω(Tp−kx,p, Tp,p, x, h)

q0(p/kx|x)

]
1

1− γ−(x)together with (25), (27) and Lemma 4 entails
sup
p∈Ix

u(2,3)np → 0 as n→ ∞. (30)Colleting (28), (29) and (30) shows that P(A(2)
n ) → 0 as n→ ∞ whih ompletes the proof.Proof of Theorem 1. Using Lemma 1.2.9 in [15℄ yields a(t|x)/U(t|x) → γ+(x) as t → ∞. ApplyingProposition 2, we get

γ̂n,+(x, kx, h)
P−→ γ+(x) and γ̂n,−(x, kx, h)

P−→ γ−(x) as n→ ∞.The result then follows from summing these two onvergenes.We onlude this setion by proving Proposition 1.Proof of Proposition 1. We introdue the funtions Fmin and Fmax de�ned by
Fmin(z|x) = inf

x′∈B(x,h)
F (z|x′) and Fmax(z|x) = sup

x′∈B(x,h)

F (z|x′).The inequality
∀v, α > 0, ∀x′ ∈ B(x, h), F (v + α|x′) ≤ F (v|x′)shows that these funtions are noninreasing. With this de�nition, we get

Fmin(z|x) ≤ Fh(z|x) =
E(F (z|X)1l{X∈B(x,h)})

P(X ∈ B(x, h))
≤ Fmax(z|x)We now remark that beause (A1) holds, the funtions 1/F (·|x) and U(·|x) are in fat true ontinuousinverses of eah other for every x ∈ E. This entails

Fmax

(
sup

x′∈B(x,h)

U(z|x′)
∣∣∣∣∣ x
)

≤ sup
x′∈B(x,h)

F (U(z|x′)|x′) = 1

z18



and likewise
Fmin

(
inf

x′∈B(x,h)
U(z|x′)

∣∣∣∣x
)

≥ inf
x′∈B(x,h)

F (U(z|x′)|x′) = 1

z
.An easy onsequene of these two inequalities is that

inf
x′∈B(x,h)

U(z|x′) ≤ Uh(z|x) ≤ sup
x′∈B(x,h)

U(z|x′)and therefore, beause the logarithm funtion is inreasing:
inf

x′∈B(x,h)
log

U(z|x′)
U(z|x) ≤ log

Uh(z|x)
U(z|x) ≤ sup

x′∈B(x,h)

log
U(z|x′)
U(z|x) .This entails

∣∣∣∣log
Uh(z|x)
U(z|x)

∣∣∣∣ =

[
log

Uh(z|x)
U(z|x)

]
∨
[
− log

Uh(z|x)
U(z|x)

]

≤
[

sup
x′∈B(x,h)

log
U(z|x′)
U(z|x)

]
∨
[
− inf

x′∈B(x,h)
log

U(z|x′)
U(z|x)

]
. (31)The obvious inequality

−
∣∣∣∣log

U(z|x′)
U(z|x)

∣∣∣∣ ≤ log
U(z|x′)
U(z|x) ≤

∣∣∣∣log
U(z|x′)
U(z|x)

∣∣∣∣leads to
sup

x′∈B(x,h)

log
U(z|x′)
U(z|x) ≤ sup

x′∈B(x,h)

∣∣∣∣log
U(z|x′)
U(z|x)

∣∣∣∣ (32)and
− inf

x′∈B(x,h)
log

U(z|x′)
U(z|x) ≤ sup

x′∈B(x,h)

∣∣∣∣log
U(z|x′)
U(z|x)

∣∣∣∣ . (33)Colleting (31), (32) and (33) onludes the proof.5.2 Asymptoti normalityWe proeed by proving the pointwise asymptoti normality of the estimator at a point x ∈ E whenondition (M2) holds. We shall use the same ideas as in the proof of Proposition 2 to examine theasymptoti behavior of the statistis M (j)
n (x, kx, h): if γ(x) 6= ρ(x) and ρ(x) < 0 if γ(x) > 0, thenfrom (19) and Theorem 2.3.6 in [15℄, there exist funtions q0(·|x) and Q0(·|x) whih are equivalent to

q(·|x) and
1

ρ′(x)
Q(·|x)1l{ρ′(x)<0} +Q(·|x)1l{ρ′(x)=0} (34)respetively at in�nity suh that for every ε > 0 there exists t0 ≥ 1 suh that for every t ≥ t0 and

z > 0 with tz ≥ t0,
∣∣∣∣∣∣

logU(tz|x)−logU(t|x)
q0(t|x)

− zγ−(x)−1
γ−(x)

Q0(t|x)
− ψγ−(x),ρ′(x)(z)

∣∣∣∣∣∣
≤ εzγ−(x)+ρ′(x)(zε ∨ z−ε) (35)

19



where
ψγ−(x),ρ′(x)(z) =





zγ−(x)+ρ′(x) − 1

γ−(x) + ρ′(x)
if ρ′(x) < 0,

zγ−(x) log z

γ−(x)
if γ−(x) < ρ′(x) = 0,

1

2
(log x)2 if γ−(x) = ρ′(x) = 0.Besides, if γ(x) > 0 and ρ(x) = 0, then realling the equality q(·|x) = a(·|x)/U(·|x), we get fromLemma B.3.16 in [15℄ that

q(t|x) − γ(x) = Q(t|x)(1 + o(1)) as t→ ∞. (36)Equation (20) thus yields
∀z > 0, lim

t→∞

logU(tz|x)− logU(t|x) − γ(x) log z

Q(t|x) = log z.We may now apply Theorem B.2.18 in [15℄ to obtain that for every ε > 0 there exists t0 ≥ 1 suh thatfor every t ≥ t0 and z > 0 with tz ≥ t0,
∣∣∣∣
logU(tz|x)− logU(t|x)− γ(x) log z

Q(t|x) − log z

∣∣∣∣ ≤ ε(zε ∨ z−ε). (37)Using together (36), (37) and the fat that the funtion z 7→ (zε ∨ z−ε)−1 log z is bounded on (0,∞),we get that for every ε > 0 there exists t0 ≥ 1 (possibly di�erent) suh that for every t ≥ t0 and z > 0with tz ≥ t0, ∣∣∣∣∣∣

logU(tz|x)−logU(t|x)
q(t|x) − log z

Q(t|x)

∣∣∣∣∣∣
≤ ε(zε ∨ z−ε).The following result is the analogue of Lemma 3.5.5 in [15℄ when there is a random ovariate: de�ne

V(γ(x)) = 1

(1− γ−(x))2(1− 2γ−(x))




1
4

1− 3γ−(x)

4

1− 3γ−(x)

4(5− 11γ−(x))

(1− 2γ−(x))(1 − 3γ−(x))(1 − 4γ−(x))


and note that if γ(x) > 0 then

V(γ(x)) =




1 4

4 20


 .Lemma 9. Assume that (M2) holds, that nx → ∞, kx → ∞, kx/nx → 0, √kxQ(nx/kx|x) → λ(x) ∈ Rand for some δ > 0

√
kx
U(nx/kx|x)
a(nx/kx|x)

ω

(
nx

(1 + δ)kx
, n1+δ

x , x, h

)
→ 0 as n→ ∞.

• If γ(x) 6= ρ(x) and ρ(x) < 0 if γ(x) > 0, it holds that the distribution of the random vetor
√
kx

(
M

(1)
np (x, kx, h)

q0(Tp−kx,p|x)
− 1

1− γ−(x)
,
M

(2)
np (x, kx, h)

q20(Tp−kx,p|x)
− 2

(1− γ−(x))(1 − 2γ−(x))

)is the distribution of a random vetor (D
(1)
np +R

(1)
np , D

(2)
np +R

(2)
np ) where20



� the triangular array (D
(1)
ij , D

(2)
ij )1≤j≤i is suh that for every (t1, t2) ∈ R

2,
sup
p∈Ix

∣∣∣E[exp[i(t1D(1)
np + t2D

(2)
np )]− E[exp[i(t1P1 + t2P2)]]

∣∣∣→ 0 as n→ ∞where (P1, P2) is a Gaussian random vetor having mean (m(1)(x),m(2)(x)) with
m(1)(x) = λ(x)

(
1l{ρ′(x)<0}

ρ′(x)
+ 1l{ρ′(x)=0}

)
E(ψγ−(x),ρ′(x)(T ))and m(2)(x) = 2λ(x)

(
1l{ρ′(x)<0}

ρ′(x)
+ 1l{ρ′(x)=0}

)
E

(
T γ−(x) − 1

γ−(x)
ψγ−(x),ρ′(x)(T )

)and ovariane matrix V(γ(x));� the triangular arrays of random variables (R
(1)
ij )1≤j≤i and (R

(2)
ij )1≤j≤i are suh that forevery ε > 0 and j ∈ {1, 2},

sup
p∈Ix

P(|R(j)
np | > ε) → 0 as n→ ∞.

• If γ(x) > 0 and ρ(x) = 0, it holds that the distribution of the random vetor
√
kx

(
M

(1)
np (x, kx, h)

q(Tp−kx,p|x)
− 1,

M
(2)
np (x, kx, h)

q2(Tp−kx,p|x)
− 2

)is the distribution of a random vetor (D
(1)
np +R

(1)
np , D

(2)
np +R

(2)
np ) where� the triangular array (D

(1)
ij , D

(2)
ij )1≤j≤i is suh that for every (t1, t2) ∈ R

2,
sup
p∈Ix

∣∣∣E[exp[i(t1D(1)
np + t2D

(2)
np )]− E[exp[i(t1P1 + t2P2)]]

∣∣∣→ 0 as n→ ∞where (P1, P2) is a Gaussian entered random vetor having ovariane matrix V(γ(x));� the triangular arrays of random variables (R
(1)
ij )1≤j≤i and (R

(2)
ij )1≤j≤i are suh that forevery ε > 0 and j ∈ {1, 2},

sup
p∈Ix

P(|R(j)
np | > ε) → 0 as n→ ∞.This result paves the way for a proof of Theorem 2.Proof of Theorem 2. Aording to Lemma 2, the distribution of (γ̂n,+(x, kx, h), γ̂n,−(x, kx, h)) given

Nn(x, h) = p is that of

M

(1)
np (x, kx, h), 1−

1

2


1−

[
M

(1)
np (x, kx, h)

]2

M
(2)
np (x, kx, h)




−1

 .Arguing along the �rst lines of the proof of Theorem 3.5.4 in [15℄ and applying Lemmas 4 and 5 with

Anp = {Nn(x, h) = p} together with Lemma 9 and the ontinuous mapping theorem, we then get that



√
kx (γ̂n,+(x, kx, h)− γ+(x))

√
kx (γ̂n,−(x, kx, h)− γ−(x))




d−→




γ+(x)P1 +
λ(x)

1− γ−(x)

(
1l{γ(x)>ρ(x)=0} − 1l{ρ(x)<γ(x)≤0}

)

(1− 2γ−(x))(1 − γ−(x))
2

[(
1

2
− γ−(x)

)
P2 − 2P1

]


as n → ∞, where (P1, P2) is the limit vetor in Lemma 9. The result thus follows from Lemma 9 andsome straightforward but lengthy omputations. 21



6 Proofs of the auxiliary resultsProof of Lemma 1. The proof is a straightforward onsequene of the fat that Nn(x, h) is a binomialrandom variable with parameters n and P(X ∈ B(x, h)) and of Chebyshev's inequality.Proof of Lemma 2. If (z1, . . . , zp) ∈ (0, 1)p, then sine the random pairs (Xi, Yi) have the samedistribution, it holds that
P

(
p⋂

i=1

{Zi ≤ zi}, Nn(x, h) = p

)
=

(
n

p

)
P

(
p⋂

i=1

{Yi ≤ zi, Xi ∈ B(x, h)}
)
.Using the de�nition of Fh(·|x) and the independene of the random pairs (Xi, Yi), i = 1, . . . , p leads to

P

(
p⋂

i=1

{Zi ≤ zi}, Nn(x, h) = p

)
=

[
p∏

i=1

Fh(zi|x)
]
×
[(

n

p

) p∏

i=1

P (Xi ∈ B(x, h))

]
.The identity

P(Nn(x, h) = p) =

(
n

p

) p∏

i=1

P (Xi ∈ B(x, h))makes it lear that given Nn(x, h) = p, the Zi, i = 1, . . . , p are independent and identially distributedrandom variables having df Fh(·|x), whih is the result.Proof of Lemma 3. We start by writing the obvious inequality
|logUh(Tp−i+1,p|x) − logU(Tp−i+1,p|x)| ≤ ω(Tp−kx,p, Tp,p, x, h) (38)valid for every i ∈ {1, . . . , kx + 1}. The �rst part of the result is then a straightforward onsequeneof (38) and the triangle inequality. To prove the seond part, note that aording to (38), for every

i = 1, . . . , kx
∣∣∣∣∣

[
log

Uh(Tp−i+1,p|x)
Uh(Tp−kx,p|x)

]2
−
[
log

U(Tp−i+1,p|x)
U(Tp−kx,p|x)

]2∣∣∣∣∣

≤ 2ω(Tp−kx,p, Tp,p, x, h)

∣∣∣∣log
Uh(Tp−i+1,p|x)
Uh(Tp−kx,p|x)

+ log
U(Tp−i+1,p|x)
U(Tp−kx,p|x)

∣∣∣∣

≤ 4ω(Tp−kx,p, Tp,p, x, h)

[
ω(Tp−kx,p, Tp,p, x, h) + log

U(Tp−i+1,p|x)
U(Tp−kx,p|x)

]
.The result on M

(2)
np (x, kx, h) then follows from the triangle inequality and from summing the aboveinequalities for i = 1, . . . , kx.Proof of Lemma 4. Reall the obvious inequalities

P(|Rnp +R′
np − (ℓ+ ℓ′)| > ε) ≤ P(|Rnp − ℓ| > ε/2) + P(|R′

np − ℓ′| > ε/2)and
P(|RnpR

′
np − ℓℓ′| > ε) ≤ P

(
|Rnp − ℓ| >

√
ε/3
)
+ P

(
|R′

np − ℓ′| >
√
ε/3
)

+ P(ℓ′|Rnp − ℓ| > ε/3) + P(ℓ|R′
np − ℓ′| > ε/3).Using the hypotheses on (Rij) and (R′

ij) onludes the proof.22



Proof of Lemma 5. Start by writing, for every t = (t1, . . . , tr) 6= (0, . . . , 0)

E[exp(it′Sn)]− E[exp(it′S)] =
[
E[exp(it′Sn)|An0]− E[exp(it′S)]

]
P(An0)

+

n∑

p=1

[
E[exp(it′Sn)|Anp]− E[exp(it′S)]

]
P(Anp).Pik an arbitrary δ > 0: for n large enough, the triangle inequality yields

∣∣∣E[exp(it′Sn)]− E[exp(it′S)]
∣∣∣ ≤ δ

2
+ sup

p∈In

∣∣∣E[exp[it′(Dnp +Rnp)]]− E[exp(it′S)]
∣∣∣. (39)We now split the term on the right-hand side as

sup
p∈In

∣∣∣E[exp[it′(Dnp +Rnp)]]− E[exp(it′S)]
∣∣∣ ≤ sup

p∈In

∣∣∣E[exp[it′(Dnp +Rnp)]]− E[exp[it′Dnp]]
∣∣∣

+ sup
p∈In

∣∣∣E[exp[it′Dnp]]− E[exp[it′S]]
∣∣∣. (40)The seond term of the above inequality is ontrolled using the hypothesis on the array (Dij): we havefor n su�iently large

sup
p∈In

∣∣∣E[exp[it′Dnp]]− E[exp[it′S]]
∣∣∣ ≤ δ

4
. (41)Besides, using one again the triangle inequality entails, if ||t||∞ = max1≤j≤r |tj |,

∣∣∣E[exp[it′(Dnp +Rnp)]]− E[exp(it′Dnp)]
∣∣∣ ≤ E

[
| exp(it′Rnp)− 1|1l

{max1≤j≤r |R
(j)
np |≤δ/8r||t||∞}

]

+ 2P

(
max
1≤j≤r

|R(j)
np | > δ/8r||t||∞

)
.Applying the mean value theorem to the funtion z 7→ eiz and using the hypothesis on the array (Rnp)leads to

sup
p∈In

∣∣∣E[exp[it′(Dnp +Rnp)]]− E[exp(it′Dnp)]
∣∣∣ ≤ δ

4
(42)for n large enough. Colleting (39), (40), (41) and (42) makes it lear that

∣∣∣E[exp(it′Sn)]− E[exp(it′S)]
∣∣∣ ≤ δfor n large enough. Using the Cramér-Wold devie onludes the proof.Proof of Lemma 6. Pik t ∈ (0, 1), p ∈ Ix and write

P

(∣∣∣∣
kx
p
Tp−kx,p − 1

∣∣∣∣ > t

)
= P

(
log(Tp−kx,p)− log

(
p

kx

)
> log(1 + t)

)

+ P

(
log(Tp−kx,p)− log

(
p

kx

)
< log(1− t)

)

≤ 2P

(∣∣∣∣log(Tp−kx,p)− log

(
p

kx

)∣∣∣∣ > log(1 + t) ∧ (− log(1 − t))

)
.Pik an arbitrary t′ > 0: it is therefore enough to prove that

unp = P

(∣∣∣∣log(Tp−kx,p)− log

(
p

kx

)∣∣∣∣ > t′
)

→ 023



uniformly in p ∈ Ix as n→ ∞. To this end, sine the random variables logTi, 1 ≤ i ≤ p are independentstandard exponential random variables, we get aording to Rényi's representation
log(Tp−kx,p)

d
=

p−kx∑

j=1

logTj
p− j + 1

. (43)Besides, the inequalities
log

(
p+ 1

kx + 1

)
=

∫ p+1

kx+1

dv

v
≤

p−kx∑

j=1

1

p− j + 1
≤
∫ p

kx

dv

v
= log

(
p

kx

)yield ∣∣∣∣∣∣
log

(
p

kx

)
−

p−kx∑

j=1

1

p− j + 1

∣∣∣∣∣∣
≤ log

(
p

kx

)
− log

(
p+ 1

kx + 1

)
= log

(
1 + k−1

x

1 + p−1

)
.Using the lassial inequality log(1 + s) ≤ s valid for every s > 0, we get for n large enough theinequality

sup
p∈Ix

∣∣∣∣∣∣
log

(
p

kx

)
−

p−kx∑

j=1

1

p− j + 1

∣∣∣∣∣∣
≤ 1

kx
≤ t′

2
. (44)Applying (43) and (44) then entails for n large enough

sup
p∈Ix

unp ≤ sup
p∈Ix

P



∣∣∣∣∣∣

p−kx∑

j=1

log(Tj)− 1

p− j + 1

∣∣∣∣∣∣
>
t′

2


 . (45)Furthermore, Chebyshev's inequality and a omparison with an integral give

sup
p∈Ix

P



∣∣∣∣∣∣

p−kx∑

j=1

log(Tj)− 1

p− j + 1

∣∣∣∣∣∣
>
t′

2


 ≤ 4

t′2
sup
p∈Ix

p−kx∑

j=1

1

(p− j + 1)2
≤ 4

t′2kx
→ 0 as n→ ∞. (46)Colleting (45) and (46) yields the �rst result. The seond result is then a simple onsequene of the�rst result and of the inequality

sup
p∈Ix

P (Tp−kx,p ≤ t) ≤ sup
p∈Ix

P

(
kx
p
Tp−kx,p − 1 < −1

2

)valid for n large enough. The third result is obtained by noting that sine ϕ is regularly varying atin�nity, writing
ϕ(Tp−kx,p)

ϕ(p/kx)
=

1

ϕ(p/kx)
ϕ

(
p

kx

{
kx
p
Tp−kx,p

})
,then Theorem 1.5.2 in [2℄ shows that there exists t′ > 0 suh that for n large enough

{∣∣∣∣
kx
p
Tp−kx,p − 1

∣∣∣∣ ≤ t′
}

⊂
{∣∣∣∣
ϕ(Tp−kx,p)

ϕ(p/kx)
− 1

∣∣∣∣ ≤ t

}for every p ∈ Ix; the �rst result then applies to yield
sup
p∈Ix

P

(∣∣∣∣
ϕ(Tp−kx,p)

ϕ(p/kx)
− 1

∣∣∣∣ > t

)
→ 0 as n→ ∞.Finally, sine

sup
p∈Ix

∣∣∣∣
p

nx
− 1

∣∣∣∣→ 0 as n→ ∞,24



applying one again Theorem 1.5.2 in [2℄ gives
sup
p∈Ix

∣∣∣∣
ϕ(p/kx)

ϕ(nx/kx)
− 1

∣∣∣∣→ 0 as n→ ∞.Using Lemma 4 ompletes the proof.Proof of Lemma 7. Use the fat that if T is a standard Pareto random variable, then log T is astandard exponential random variable and argue along the lines of the proof of Lemma 3.2.3 in [15℄.Proof of Lemma 8. We start by proving the �rst statement. Pik δ, t > 0 and ε ∈ (0, 1) suh that
2ε

t(1− (γ−(x) + ε))
≤ δ

4
. (47)With the notation of (23), letting Bnp = {Tp−kx,p ≤ t0}, Lemma 6 shows that P(Bnp) → 0 uniformlyin p ∈ Ix as n→ ∞. For every p ∈ Ix, on the omplement Bc

np of Bnp, one an apply (23) to write
logU(Tp−i+1,p|x)− logU(Tp−kx,p|x)

q0(Tp−kx,p|x)
≤ (T ⋆

i (p))
γ−(x) − 1

γ−(x)
+ ε (T ⋆

i (p))
γ−(x)+ε (48)and

(T ⋆
i (p))

γ−(x) − 1

γ−(x)
− ε (T ⋆

i (p))
γ−(x)+ε ≤ logU(Tp−i+1,p|x)− logU(Tp−kx,p|x)

q0(Tp−kx,p|x)
(49)where T ⋆

i (p) = Tp−i+1,p/Tp−kx,p ≥ 1 for every p ∈ Ix and i = 1, . . . , kx. Using (48) and (49), theprobability of the event
Cnp =

{∣∣∣∣∣
M(1)

np (x, kx, h)

q0(Tp−kx,p|x)
− 1

1− γ−(x)

∣∣∣∣∣ > t

}is then bounded from above by P(Bnp) + P(C
(1)
np ) + P(C

(2)
np ) ≤ δ/2 + P(C

(1)
np ) + P(C

(2)
np ) uniformly in

p ∈ Ix for n large enough, where
C(1)

np =

{∣∣∣∣∣
1

kx

kx∑

i=1

(T ⋆
i (p))

γ−(x) − 1

γ−(x)
− 1

1− γ−(x)

∣∣∣∣∣ >
t

2

}and C(2)
np =

{
1

kx

kx∑

i=1

(T ⋆
i (p))

γ−(x)+ε
>

t

2ε

}
.Apply Lemma 7 to get for every p ∈ Ix

P(C(1)
np ) = P

(∣∣∣∣∣
1

kx

kx∑

i=1

T
γ−(x)
i − 1

γ−(x)
− 1

1− γ−(x)

∣∣∣∣∣ >
t

2

)and P(C(2)
np ) = P

(
1

kx

kx∑

i=1

T
γ−(x)+ε
i >

t

2ε

)
.Beause

E

[
T

γ−(x)
i − 1

γ−(x)

]
=

1

1− γ−(x)
,Chebyshev's inequality leads to the inequality P(C

(1)
np ) ≤ δ/4 for n large enough, uniformly in p ∈ Ix.Furthermore, sine ε ∈ (0, 1), using together (47) and Markov's inequality yields P(C

(2)
np ) ≤ δ/4 forevery p ∈ Ix. Hene for n large enough the inequality

sup
p∈Ix

P(Cnp) ≤ δ.25



In other words, it holds that for every t > 0

sup
p∈Ix

P

(∣∣∣∣∣
M(1)

np (x, kx, h)

q0(Tp−kx,p|x)
− 1

1− γ−(x)

∣∣∣∣∣ > t

)
→ 0 as n→ ∞. (50)Reall that q0(·|x) is regularly varying at in�nity with index γ−(x) and apply Lemma 6 to get for every

t > 0

sup
p∈Ix

P

(∣∣∣∣
q0(Tp−kx,p|x)
q0(p/kx|x)

− 1

∣∣∣∣ > t

)
→ 0 as n→ ∞. (51)Finally, writing

∣∣∣∣∣
M(1)

np (x, kx, h)

q0(p/kx|x)
− 1

1− γ−(x)

∣∣∣∣∣ ≤ q0(Tp−kx,p|x)
q0(p/kx|x)

∣∣∣∣∣
M(1)

np (x, kx, h)

q0(Tp−kx,p|x)
− 1

1− γ−(x)

∣∣∣∣∣

+
1

1− γ−(x)

∣∣∣∣
q0(Tp−kx,p|x)
q0(p/kx|x)

− 1

∣∣∣∣and applying Lemma 4 together with (50) and (51) gives the �rst part of the result. To obtain theseond part, square the inequalities (48) and (49) with ε < 1/2 small enough, use the equality
E

[
T

γ−(x)
i − 1

γ−(x)

]2
=

2

(1− γ−(x))(1 − 2γ−(x))and use the ideas developed for the proof of the �rst statement.Proof of Lemma 9. We only onsider the ase γ(x) 6= ρ(x) and ρ(x) < 0 if γ(x) > 0, the proof beingentirely similar in the ase γ(x) > ρ(x) = 0. Aording to Lemma 3, the distribution of the randomvetor
√
kx

(
M

(1)
np (x, kx, h)

q0(Tp−kx,p|x)
− 1

1− γ−(x)
,
M

(2)
np (x, kx, h)

q20(Tp−kx,p|x)
− 2

(1− γ−(x))(1 − 2γ−(x))

)is the distribution of the random vetor
√
kx

(
M(1)

np (x, kx, h)

q0(Tp−kx,p|x)
− 1

1− γ−(x)
,
M(2)

np (x, kx, h)

q20(Tp−kx,p|x)
− 2

(1− γ−(x))(1 − 2γ−(x))

)
+ (r(1)np , r

(2)
np ), (52)where

∣∣∣r(1)np

∣∣∣ ≤ 2
√
kx
ω(Tp−kx,p, Tp,p, x, h)

q0(Tp−kx,p|x)and ∣∣∣r(2)np

∣∣∣ ≤ 4
√
kx
ω(Tp−kx,p, Tp,p, x, h)

[
ω(Tp−kx,p, Tp,p, x, h) +M(1)

np (x, kx, h)
]

q20(Tp−kx,p|x)
.Reall that q0(·|x) is equivalent to q(·|x) at in�nity, whih is itself regularly varying at in�nity withindex γ−(x). As a onsequene, applying Lemma 6, we get for every t > 0 the onvergene

sup
p∈Ix

P

(∣∣∣∣
q0(Tp−kx,p|x)
q0(p/kx|x)

− 1

∣∣∣∣ > t

)
→ 0 as n→ ∞. (53)Besides, using (26) and (27) in the proof of Proposition 2, we get for every t > 0

sup
p∈Ix

P

(√
kx
ω(Tp−kx,p, Tp,p, x, h)

q0(p/kx|x)
> t

)
≤ sup

p∈Ix

P

(√
kx
U(nx/kx|x)
a(nx/kx|x)

ω(Tp−kx,p, Tp,p, x, h) >
t

2

) (54)26



for n large enough. Using ondition (21), the right-hand side of the above inequality is bounded fromabove by
sup
p∈Ix

u(1,2)np ≤ sup
p∈Ix

P

({
Tp−kx,p <

nx

(1 + δ)kx

}
∪
{
Tp,p > n1+δ

x

})for n su�iently large; onsequently (see (27))
sup
p∈Ix

P

(√
kx
U(nx/kx|x)
a(nx/kx|x)

ω(Tp−kx,p, Tp,p, x, h) >
t

2

)
→ 0 as n→ ∞.Inequality (54) thus yields the onvergene

sup
p∈Ix

P

(√
kx
ω(Tp−kx,p, Tp,p, x, h)

q0(p/kx|x)
> t

)
→ 0 as n→ ∞. (55)Applying (25), (53), (55) and Lemma 4 we then obtain for every t > 0:

sup
p∈Ix

P

(∣∣∣r(1)np

∣∣∣ > t
)
→ 0 and sup

p∈Ix

P

(∣∣∣r(2)np

∣∣∣ > t
)
→ 0 as n→ ∞. (56)As in the proof of Lemma 8, letting Bnp = {Tp−kx,p ≤ t0}, Lemma 6 shows that P(Bnp) → 0 uniformlyin p ∈ Ix as n→ ∞. Pik δ, t > 0 and hoose ε ∈ (0, 1) suh that

4ε

t(1− (γ−(x) + ρ′(x) + ε))

∣∣∣∣λ(x)
(
1l{ρ′(x)<0}

ρ′(x)
+ 1l{ρ′(x)=0}

)∣∣∣∣ ≤
δ

4
.For n large enough, one has P(Bnp) ≤ δ/4 for every p ∈ Ix. Furthermore, on the omplement Bc

np of
Bnp, one an apply (35) to write

∣∣∣∣∣∣

logU(Tp−i+1,p|x)−logU(Tp−kx,p|x)
q0(Tp−kx,p|x)

− (T⋆
i (p))γ−(x)−1

γ−(x)

Q0(Tp−kx,p|x)
− ψγ−(x),ρ′(x)(T

⋆
i (p))

∣∣∣∣∣∣
≤ ε(T ⋆

i (p))
γ−(x)+ρ′(x)+εwhere T ⋆

i (p) = Tp−i+1,p/Tp−kx,p ≥ 1 for p ∈ Ix and i = 1, . . . , kx as in the proof of Lemma 8.Consequently, for i = 1, . . . , kx,
(T ⋆

i (p))
γ−(x) − 1

γ−(x)
+Q0(Tp−kx,p|x)ψγ−(x),ρ′(x)(T

⋆
i (p))− ε|Q0(Tp−kx,p|x)|(T ⋆

i (p))
γ−(x)+ρ′(x)+ε

≤ logU(Tp−i+1,p|x)− logU(Tp−kx,p|x)
q0(Tp−kx,p|x)

≤ (T ⋆
i (p))

γ−(x) − 1

γ−(x)
+Q0(Tp−kx,p|x)ψγ−(x),ρ′(x)(T

⋆
i (p)) + ε|Q0(Tp−kx,p|x)|(T ⋆

i (p))
γ−(x)+ρ′(x)+ε. (57)Note now that (34) implies that |Q0(·|x)| is regularly varying at in�nity, so that Lemma 6 entails forevery t > 0

sup
p∈Ix

P

(∣∣∣∣
Q0(Tp−kx,p|x)
Q0(nx/kx|x)

− 1

∣∣∣∣ > t

)
→ 0 as n→ ∞. (58)Applying Lemma 7 and Chebyshev's inequality leads to

sup
p∈Ix

P

(∣∣∣∣∣
1

kx

kx∑

i=1

ψγ−(x),ρ′(x)(T
⋆
i (p))− E(ψγ−(x),ρ′(x)(T ))

∣∣∣∣∣ > t

)
→ 0 as n→ ∞ (59)for every t > 0. Finally, (34) and the hypothesis √kxQ(nx/kx) → λ(x) as n→ ∞ yield

√
kxQ0(nx/kx) → λ(x)

(
1l{ρ′(x)<0}

ρ′(x)
+ 1l{ρ′(x)=0}

) as n→ ∞ (60)27



so that olleting (58), (59) and (60) and applying Lemma 4 shows that for every t > 0

sup
p∈Ix

P

(∣∣∣∣∣
√
kxQ0(Tp−kx,p|x)

1

kx

kx∑

i=1

ψγ−(x),ρ′(x)(T
⋆
i (p))−m(1)(x)

∣∣∣∣∣ > t

)
→ 0 as n→ ∞. (61)Meanwhile, letting

Cnp =

{∣∣∣∣
Q0(Tp−kx,p|x)
Q0(nx/kx|x)

− 1

∣∣∣∣ >
1

2

}then (58) entails that P(Cnp) → 0 as n → ∞, uniformly in p ∈ Ix; on Cc
np it holds that for n largeenough

√
kx|Q0(Tp−kx,p|x)| ≤

3

2

√
kx|Q0(nx/kx|x)| ≤ 2

∣∣∣∣λ(x)
(
1l{ρ′(x)<0}

ρ′(x)
+ 1l{ρ′(x)=0}

)∣∣∣∣ . (62)Therefore, letting n be so large that P(Cnp) ≤ δ/4 for every p ∈ Ix, Lemma 7 and Markov's inequalitytogether imply that
sup
p∈Ix

P

(
ε
√
kx|Q0(Tp−kx,p|x)|

1

kx

kx∑

i=1

(T ⋆
i (p))

γ−(x)+ρ′(x)+ε >
t

2

)
≤ δ

2
. (63)Colleting (57), (61) and (63), we get for n large enough

sup
p∈Ix

P

(∣∣∣∣∣
√
kx

[
M(1)

np (x, kx, h)

q0(Tp−kx,p|x)
− 1

kx

kx∑

i=1

(T ⋆
i (p))

γ−(x) − 1

γ−(x)

]
−m(1)(x)

∣∣∣∣∣ > t

)
≤ δ.Realling (56) and applying Lemma 4, we obtain that

√
kx

(
M(1)

np (x, kx, h)

q0(Tp−kx,p|x)
− 1

1− γ−(x)

)
+ r(1)np

=
√
kx

[
1

kx

kx∑

i=1

(T ⋆
i (p))

γ−(x) − 1

γ−(x)
− 1

1− γ−(x)

]
+m(1)(x) +R(1)

np (64)with R(1)
np as in the statement of the result.To obtain a similar result for M(2)

np (x, kx, h), we note that using (58), (60), Lemma 7 and Chebyshev'sinequality, we have for every t′ > 0

sup
p∈Ix

P

(∣∣∣∣∣2
√
kxQ0(Tp−kx,p|x)

1

kx

kx∑

i=1

(T ⋆
i (p))

γ−(x) − 1

γ−(x)
ψγ−(x),ρ′(x)(T

⋆
i (p))−m(2)(x)

∣∣∣∣∣ > t′

)
→ 0 (65)as n→ ∞. Besides, piking δ > 0 then (62), Lemma 7 and Markov's inequality yield for n large enough

sup
p∈Ix

P

(
ε
√
kx|Q0(Tp−kx,p|x)|

1

kx

kx∑

i=1

(T ⋆
i (p))

γ−(x) − 1

γ−(x)
(T ⋆

i (p))
γ−(x)+ρ′(x)+ε > t′

)
≤ δ

4
(66)if ε > 0 is hosen small enough. Using one again (58) and the onvergene of Q0(·|x) to 0, we get

sup
p∈Ix

P

(√
kxQ

2
0(Tp−kx,p|x) > t′

)
→ 0 as n→ ∞
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whih, together with Lemma 7 and Markov's inequality, entails
sup
p∈Ix

P

(
√
kxQ

2
0(Tp−kx,p|x)

1

kx

kx∑

i=1

ψ2
γ−(x),ρ′(x)(T

⋆
i (p)) > t′

)
→ 0 (67)and sup

p∈Ix

P

(
√
kxQ

2
0(Tp−kx,p|x)

1

kx

kx∑

i=1

ε2(T ⋆
i (p))

2(γ−(x)+ρ′(x)+ε) > t′

)
→ 0 (68)as n → ∞. Square now the inequalities (57) and use (65), (66), (67) and (68) to obtain for n largeenough

sup
p∈Ix

P

(∣∣∣∣∣
√
kx

[
M(2)

np (x, kx, h)

q20(Tp−kx,p|x)
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i=1
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i (p))
γ−(x) − 1

γ−(x)

)2
]
−m(2)(x)

∣∣∣∣∣ > t

)
≤ δ.Finally, reall (56) and apply Lemma 4 to get

√
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np (x, kx, h)

q20(Tp−kx,p|x)
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+ r(2)np
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√
kx
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1
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np (69)with R(2)
np as in the statement of the result. Letting
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np =

√
kx
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1
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]
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√
kx
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+m(2)(x)and applying Lemma 7, it is obvious that for �xed n and every p > kx, the random pair (D(1)
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np )has the same distribution as (D(1)
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n ) where

D(1)
n =
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T
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+m(2)(x).Some umbersome omputations show that the random vetor (D(1)

n ,D(2)
n ) is asymptotially Gaussianwith mean (m(1)(x),m(2)(x)) and ovariane matrix V(γ(x)), so that learly

sup
p∈Ix
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∣∣∣→ 0 as n→ ∞for every t1, t2 ∈ R. Now, aording to (52), (64) and (69) the distribution of the random vetor
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M
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M
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np +R

(1)
np , D

(2)
np +R
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np ), whih ompletes the proof.29
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ρ = −0.8 0.1496 0.1962
ρ = −1 0.0781 0.1616
ρ = −1.2 0.0553 0.1586Model 2
c = 0.1 0.0686 0.1329
c = 0.2 0.0689 0.1257
c = 0.3 0.0825 0.1313Model 3 0.3384 0.2801Table 1: MSEs assoiated to the estimators in all ases.
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Figure 1: Model 1, ase ρ = −1: the true funtion γ (solid line), its estimators γ̂ (dashed line) and γ̃D(dashed-dotted line), eah orresponding to the median of the MSE.
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Figure 2: Model 2, ase c = 0.3: the true funtion γ (solid line) and its estimators γ̂ (dashed line) and
γ̃D (dashed-dotted line), eah orresponding to the median of the MSE.
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Figure 3: Model 3: the true funtion γ (solid line) and its estimators γ̂ (dashed line) and γ̃D (dashed-dotted line), eah orresponding to the median of the MSE.
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