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BOUNDARY VALUE PROBLEMS FOR DEGENERATE
ELLIPTIC EQUATIONS AND SYSTEMS

PASCAL AUSCHER, ANDREAS ROSEN, AND DAVID RULE

ABSTRACT. We study boundary value problems for degenerate el-
liptic equations and systems with square integrable boundary data.
We can allow for degeneracies in the form of an As weight. We
obtain representations and boundary traces for solutions in appro-
priate classes, perturbation results for solvability and solvability in
some situations. The technology of earlier works of the first two
authors can be adapted to the weighted setting once the needed
quadratic estimate is established and we even improve some results
in the unweighted setting. The proof of this quadratic estimate
does not follow from earlier results on the topic and is the core of
the article.
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1. INTRODUCTION

In the series of articles [21, 19, 20], degenerate elliptic equations in
divergence form with real symmetric coefficients are studied. There,
the degeneracy is given in terms of an A, weight or a power of the
jacobian of a quasi-conformal map. The first article gives interior es-
timates, the second article deals with the Wiener test and the third
one study boundary behavior and harmonic measure. Further work
along these lines, for example [22, 13], has been done. However, little
work on the fundamental L, Dirichlet and Neumann problems in the
degenerate setting seems to have been done. Here, we want to initiate
such study of boundary value problems, with L, boundary data, for a
large class of weights, in the case of domains which are Lipschitz dif-
feomorphic to the upper half space RI™™ := {(t,z) € R x R": ¢ > 0},
n > 1. Thus, our work includes the case of special Lipschitz domains.
Another difference to earlier work that we want to stress is that we
consider general elliptic divergence form systems, and not only scalar
equations, as this is the natural setting for the methods used. In this
generality, interior pointwise regularity estimates fail in general, even
in the uniform elliptic case. However, we emphasize that the methods
used in this paper do not require such pointwise estimates.

We consider divergence form second order, real and complex, de-
generate elliptic systems

(1) ZZ@(AO"thau(tx)>:0,0z:1,...,m

,j=0 B=1
in ]R}f", where Jy = % and 0; = %, 1 <7 < n, which we abbreviate
7

as divAVu = 0, where
(2) A= (AT ()5

yeeey Tl

We assume A to be degenerate in the sense that for some w € Ay(R™)
and C' < oo,

(3) |A(t,2)| < Cw(z), for ae. (t,z) € RI™

and elliptic degenerate in the sense that w=1A is accretive on a space
H° that we define below. This ellipticity condition means that there
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exists k > 0 such that

(4) Re/n(Af(x) dx>/{ZZ/ £ () Pw(x) d

=0 a=1

for all f € H® and a.e. t > 0. We have set

(Ag,€) = Z Z ASP (¢, )8) €7

1,7=0 a, =1

The space H° is the closed subspace of L*(R",w; C™(+™)) consisting
of those functions with curl,(f);=1.., = 0 for all a. The case of
equations is when m = 1 or, equivalently, when Afff = A; j0q,5. In this
case, the accretivity condition becomes the usual pointwise accretivity

(5) Re Z Ai JSJ& > “Z |€z|2

4,j=0

for all ¢ € C*™ and a.e. (t,2) € RI™. Observe that the function
(t,z) = w(r) is an Ay weight in R if w is an Ay weight in R™.
So, the degeneracy is a special case of that considered in the works
mentioned above. However, for the boundary value problems we wish
to consider, this seems a natural class. To our knowledge, this has not
been considered before.

A natural question is whether weights could depend on both variables
or only on the t-variable. Already in the non-degenerate case there are
regularity conditions without which the Dirichlet problem is ill-posed.
As for the degenerate case, the well known example from [14] when
A = t"%] 0 < s < 1, leading to representation of the fractional
Laplacian (—A)® as the Dirichlet to Neumann operator, is of a nature
that our theory cannot cover. In fact, our weights need to have a
trace at the boundary in some sense. Another option is to assume the
weight depends on the x-variable only and put the ¢-perturbations in
the coefficients. See below in this introduction and Section 4.

The equation (1) must be properly interpreted. Solutions are taken
with u and Vu locally in L?(RT™ w(z)dadt), and the equation is taken
in the sense of distributions. Note that we allow complex coefficients
and systems, so most of the theory developed for real symmetric equa-
tions does not apply, and even for real coefficients we want to develop
methods regardless of regularity theory.

The boundary value problems can be formulated as follows: find
weak solutions u with appropriate interior estimates of V,; ,u satisfying
one of the following three natural boundary conditions.

e The Dirichlet condition u = ¢ on R", given the Dirichlet datum
p € L*(R™,w;C™).
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e The Dirichlet regularity condition V,u = ¢ on R", given the
regularity datum ¢ € L*(R",w;C™) satisfying curl,¢ = 0.
Alternately, ¢ is the tangential gradient of the Dirichlet datum.

e The Neumann condition d,,u = (AV,,u,ez) = ¢ on R", given
o € L*(R™,w™;C™). Here ¢ is the upward unit vector in the
t-direction.

Observe that the natural space for the gradient at the boundary is
L*(R",w; C™1+™) and since A is of the size w, multiplication by A
maps into L?(w™'). Thus the weight w™! is natural for the conor-
mal derivative. In order to work with the same weighted space for all
three problems, we shall consider the w-normalized conormal derivative
Oy, _y uli=o = w10, uli—o € L*(R", w; C™).

Boundary value problems can be formulated for LP data with p # 2.
This is for later work and here we restrict our attention to p = 2.
We mention that there are also “intermediate” boundary value prob-
lems for regularity/Neumann data in some negative Sobolev spaces
based on L?(w) using fractional powers of the Laplacian —A,, (de-
fined later) that can be treated by the same methods. One important
case is the treatment of variational solutions in this context, i.e. those

with [[pien [Vul? dw(z)dt < oo, in which these problems are always
+

well-posed. In the case w = 1, the methods have been worked out
completely in [34].

Let us also comment on the corresponding degenerate inhomoge-
neous problem divAVu = f, with divAVu denoting the left hand side
in (1). A study of such equations would be of interest in its own right,
but could also prove useful in the study of boundary value problems
of the type we study here. Such applications were implemented in
[17, 16] in the non-degenerate setting where the coefficients of the op-
erator were assumed to satisfy a Carleson measure condition in place
of t-independence. In [17] a duality argument reduced the desired es-
timate for solutions to the homogeneous equation to an estimate on
a solution to an inhomogeneous equation, which could subsequently
be proved. While such investigations in the degenerate setting would
certainly make the theory more complete, studying the inhomogeneous
equation is not our goal here.

We shall obtain a priori representations of solutions and existence of
boundary traces (in the almost everywhere sense) for appropriate so-
lution spaces together with various estimates involving non-tangential
maximal functions, a characterization of well-posedness, a duality prin-
ciple between regularity and Dirichlet problems, perturbation results
for well-posedness on perturbing the coefficients, and well-posedness
for hermitian systems and some block-triangular coefficients.

To this end, we follow the two step strategy developed in [3] and [4]
and we assume the reader has these references handy. The first step is
to obtain a priori representations and boundary traces (in weighted L?
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and almost everywhere) for solutions in appropriate classes. Actually,
we shall even improve upon known results on almost everywhere con-
vergence when w = 1. The starting point is to transform the second
order equation to a first order system in the w-normalized conormal
gradient

V-14U = {ay%_uu} )

U

and then prove a weighted quadratic estimate and a non-tangential
maximal estimate for functions of a bisectorial operator DB when
the coefficients are t-independent. Then one can develop a semigroup
representation of those w-normalized conormal gradients. This semi-
group method for t-independent A and their ¢-dependent perturba-
tions is presented in such an abstract way in [3] that it applies in
the weighted space without any change once the initial quadratic es-
timate is established. We shall basically define the necessary objects
and prove only what is not mutatis mutand: the same. Here, the dis-
crepancy function should be renormalized by the weight, so it reads
w(x)(A(t,z) — A(0,x)), and it is measured by a weighted Carleson-
Dahlberg condition. Also some estimates such as weighted Carleson
embedding require the fact that dw is doubling, which follows from the
A, condition.

The quadratic estimate for bisectorial DB is also a fundamental
ingredient in the proof of non-tangential maximal estimates and almost
everywhere convergence. As in [4], the almost everywhere convergence
is not in a pointwise sense but in some averaged sense on Whitney
regions approaching the boundary. We obtain convergence results for
solutions in spaces relative to the Dirichlet problem, and for solutions,
their gradients and w-normalized conormal derivatives for solutions in
spaces relative to the regularity and Neumann problems. We stress
that even when w = 1, this convergence at the level of gradients is new
in this generality.

Once representations and boundary traces of solutions are obtained,
the second step is to formulate the boundary value problems and show
that solvability amounts to inverting boundary operators. As for posi-
tive results, we shall obtain well-posedness results for t-independent A
which, in addition, are hermitian, block-diagonal, block-triangular or
merely satisfy a divergence free condition on the triangular block. Let
us remark that in the non-degenerate case w = 1, all these BVPs are
well posed with constant matrices. Here, constant would mean that
A is a constant multiple of w, or that DB comes with constant B.
However, we do not know well-posedness for such B, in particular for
the example below with € ~ 2. As usual, all positive well-posedness re-
sults are stable under perturbation, that is, when w™!(A’ — A) is small
in L>°. We also obtain perturbation results for well-posedness with
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t-dependent coefficients A under smallness of the discrepancy function
w(A(t,z) — A(0,x)) in a weighted Carleson-Dahlberg sense.

The key result is therefore the quadratic estimates for bisectorial op-
erators DB in Ly(R", w), stated in Theorem 3.3. The differential op-
erator D, although not explicit in our notation, depends on the weight
w as well. The structure of the operator dictates a different reduction
to a Carleson measure estimate than in the uniformly elliptic case. In
particular there appears a dyadic averaging/expectation operator FE;
which acts on vector valued functions by unweighted averages of some
components and weighted averages of some other components. It seems
therefore from the proof that the As condition on the weight is sharp
for this quadratic estimate, since the Ly(R™ w) bound of F; requires
the Ay condition. In particular, our method does not to apply to the
quasiconformal Jacobians mentioned above.

The quadratic estimate from Theorem 3.3 is the central estimate
without which the method breaks down. We summarize the harvest of
results using in an essential way this quadratic estimate:

1. The estimates of the functional calculus in Proposition 3.19;

2. The non-tangential maximal estimates in L? and almost every-
where convergence in Theorem 4.9;

3. The estimates, through operational calculus, of the singular inte-
gral with operator-valued kernel Sg in Theorems 4.11 and 4.12;

4. The perturbation results for boundary value problems in Theo-
rems 5.4 and 5.5.

The proof of the quadratic estimate is not an easy matter and will
be the hard part of the article. Let us comment on this. First, it does
not follow from available extensions of the proof of the Kato square
root problem such as the ones in [10], [6] or [12]. This is because D will
no longer be a constant coefficient operator. Let us give an example to
illustrate the differences. When w = 1, the basic example is

0 —i}
D= dz | |
2
On R, if B is any constant elliptic matrix, the domain of DB is the
Sobolev space H'(R;C?). This can be seen using a Fourier transform
argument. If w # 1, then D becomes

10 —%%w
D—{% o}

and (the column vector) (f,g) is in the domain of D if and only if
f € H'(R,w) and wg € H'(R,w™') (the weighted Sobolev spaces).
Note that elements in these spaces are absolutely continuous functions
when w € A,. Let B be the constant matrix

[ 9).
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Then for any € # 0, the domain of DB cannot be the same as the
domain of D. Indeed, the conditions to be in the domain of DB are
w(g+ef) € HY(R,w™) and f € H'(R,w). If wg were in H(R,w™!),
then so would w f, and both f and w f would be continuous on R, which
is a restriction on f.

Moreover, D cannot be coercive on its range. In the previous exam-
ple, that would lead to an estimate like ¢’ controlled by +(gw)’, which
is absurd.

Nevertheless, Cruz-Uribe and Rios [15] recently proved the Kato con-
jecture for square roots of degenerate elliptic operators —divgn AVgn

on R™, which corresponds here to the special case of block diagonal,
(1) ufol A} . The preceding
example indicates that non-block terms introduce a difficulty that was
not in the above work; indeed, it makes the argument harder. Let us
explain where this difficulty appears in the proof and how we overcome
it. As is customary in this area, we look for a Th argument to prove
a Carleson estimate which proceeds via a stopping time argument on
the averages on dyadic cubes of some test functions. In our situation,
averages are taken with respect to both the unweighted and weighted
measure dr and w(x)dzx. But if the weight varies too much on a given
cube @, the stopping time does not give useful information. We are
forced to organize the collection of all subcubes of () in subclasses on
which the dz-averages of w do not vary too much from a parent cube.
The ideal situation is that all cubes fall into one of these subclasses.
This is not the case, but the next best thing happens, namely that the
those subcubes which are left out satisfy a packing condition with uni-
form, possibly large, constant. This organization of cubes is intrinsic
to the given weight and is in fact a weighted version of a result found
in Garnett’s book [24]. Here, it allows us to run the stopping time on
the test functions for the Carleson estimate. In the situation of [15],
one can split things so as to run two separate stopping time arguments
each concerned with one measure so this step is not necessary.

To conclude this introduction, we discuss two different boundary ge-
ometries. First, all of the results here are invariant under bilipschitz
changes of variables. Thus, whenever one can pull back a boundary
value problem on a special Lipschitz domain to one that fits our hy-
potheses, one obtains a result for the initial problem. As an exam-
ple, this shows that if w € As(R™), the three boundary value prob-
lems for —div, (w(z)Vyu)(x,t) = 0 with appropriate interior esti-
mates (see Section 5) are well-posed on any special Lipschitz domain
Q = {t > p(x)} when the corresponding datum is in L?(9;wdo)
where o is the surface measure and w(p(z)) := w(x). Applying the
standard pullback (z,t) — (y,t — ¢(y)) = (y,s), we obtain an equa-
tion of the form div, (A(y)V,sv)(y,s) = 0 that is degenerate elliptic.

bounded, measurable and accretive B =
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Secondly, it is natural to expect results on bounded domains. Bilips-
chitz invariance implies that one can look at the case of the unit ball as
the non-smoothness is carried by the coefficients. There, the setup of
[4] applies to radially independent weights and degenerate coefficients,
and perturbations of the latter. It will be clear from the present article
that it all depends on the weighted quadratic estimate on the boundary.
This requires a proof that is left to further work.

The first author was partially supported by the ANR project “Har-
monic analysis at its boundaries” ANR-12-BS01-0013-01. The second
one was supported by the Grant 621-2011-3744 from the Swedish Re-
search Council, VR. The first author wants to thank Yannick Sire for
bringing his attention to this problem.

2. PRELIMINARIES ON WEIGHTS

2.1. Muckenhoupt weights. Recall that for a weight w on R"™ and
p > 1, the A, condition reads

) p/p’
(fwd:c) (][ w!l™P dx) <,
Q Q

for all cubes @) with p’ the conjugate exponent to p. The smallest
possible C' is denoted by [w]4,. The notation f, means the average
with respect to the indicated measure on F.

We identify w with the measure dw = w(x)dz and write w(E) for
[ dw while |E| = [, dz. Recall that w € A, implies w € A, for all
q > p — ¢ where € > 0 depends on [w]s,. Every w € A, is an A
weight: there exist constants 0 < o0 <1 < 7 < 0o such that

® (121 < 28) (12

Q| w(@) ~\ Q)
for all cubes @ and measurable subsets F of @ (actually, 7 = p if
w € A, and (1/0)" is the reverse Holder exponent of w, which can be

arbitrary in (1,00]). In particular, dw is a doubling measure. There
also exists a constant ¢y > 0 such that

(7) fQ Inw(z)dz < In <]é w(:p)dx) < fQ Inw(z)dz + o,

the first inequality being Jensen’s inequality and the second being a
reverse form of it.

Denote LP(w;C?) = LP(R",w;C?) for d > 1, and L?(w) = LP(w; C).
IfweA,

1/p
®) ]{2 ) dy < [ (72 If(y)l”dw(y)) .
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In particular, for w € Ay, since w € Ay, for some p > 1, this implies
Muckenhoupt’s theorem: the Hardy-Littlewood maximal operator M
with respect to dz is bounded on L*(w).

2.2. A corona decomposition for A, weights. We use the follow-
ing dyadic decomposition of R™. Let A = J72 JA Ny where Ao :=
{27(k + (0,1]*) : k € Z"}. For a dyadic cube Q € Ay, denote by
0(Q) = 27 its sidelength and by |Q| = 2™ its Lebesgque volume. We set
AN =Ny if 271 <t <27,

Here we describe a decomposition of a dyadic cube () € A with
respect to a Muckenhoupt weight w € A,.

We follow a construction of Garnett [24]. For a fixed o, > 0, to be
chosen later, we consider B*(()) the collection of those (“bad for Inw”)
maximal sub-cubes of () for which

(Inw)p — (Inw)g| > o4.

In this section, we use the notation fo = (f)g := fQ f dx. We can then
define BY(Q) inductively as BY’(Q) = B*(Q) and for j =2,3,... by

B'(Q) = |J B"“(R), andset B;U(Q):GB;“(R

ReB}”_1 (Q)

The following proposition shows that the “number” of cubes on which
the oscillation of Inw differs too much from the one on some ancestor
can be controlled.

Proposition 2.1. For a cube R € A, if R C @ is not contained in a
cube of BY(Q) then |(Inw)p — (Inw)g| < 0. We also have that

) > w(k) <
ReBY(Q) v

for some C' < oo which depends only on [w] 4,.

Proof. The first statement of the Proposition is clear from the definition
of B¥(Q), so we only need to prove (9).

For each R € B¥(Q), there is a unique R’ € B¥(Q)U{Q} such that
R € BY(R'), that is, R’ is the stopping-time parent of R. Thus

R) S/B|(lnw)R ;2(lnw)R/|2d

and so

Z Siz Z /|lnw r— (Inw)p|* dw

ReBr(Q) Re
1
- o2

1R|(lnw)R - (lnw)R/|2) dw,
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where 1p is the characteristic function of the set R. For any b €
L} .(R" dz) consider the square function

Oc s = (X bl

ReBY(Q)

For any w € A we have (see Lemma 6.4 in [24] for the unweighted
estimate and [30] for the weighted one) the estimate

[SO)Pdw < [ [M(®)]*dw,
Rn Rn

where M is the Hardy-Littlewood maximal operator with respect to
dx. Applying this to b(z) := (Inw(z) — (Inw)g)1lg(z) and using Muck-
enhoupt’s theorem, it suffices to show that

(10) /Qunw— (Imw)ol2 dw < w(Q).

This inequality follows from the fact that Inw € BMO(R", dx) when
w € Ay and the fact that BMO(R", dz) = BMO(R"™, dw) with equiv-
alent norms for w € A,,. The latter statement is a consequence of the
John-Nirenberg inequality and reverse Holder inequality for w. How-
ever, we present a direct proof. It follows from Jensen’s inequality and
the A5 condition on w that

/ e|1nw(m)7(lnw)Q| dr g |Q‘
Q
Setting M) ={z € Q; |lInw(z) — (Inw)g| > A}, we can write

00 [lnw(z)—(lnw)g|
/ 6)‘|M)\|d)\:// eAdAde/ellnw(w)—(lnw)Qldx’
0 QJ0 Q

SO

| hninsion
0
Similarly,

/ | Inw — (Inw)g|* dw :/ 2 w(My)dA.
Q 0

Condition (6), in which we take o < 1 as one can always do, ensures
that

|t [ (‘f‘g')ow
(@ [ (Fe) pean

w - MGA )0 ( - 6—)\0 1/(1—0) )10
cuio ([ o) (["oempoon

S w(@Q),
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which proves (10) and with it the proof of the Proposition. O

2.3. Review of weighted Littlewood-Paley inequalities. We re-
call here a few facts of Littlewood-Paley theory. The treatment in
Wilson’s book used in [15] is not completely adapted for our needs. In
particular, we use Calderéon’s reproducing formula in a different way.
Here w denotes a weight in A;. We begin with approximation issues.

Lemma 2.2. Let ¢ € LYR"™) with a radially decreasing integrable
magorant ¢. Let p.(x) = "p(z/e) for e > 0.
e Convolution with . is a bounded operator on L*(w), uniformly
with respect to €.
o For every f € L*(w), wex f — cf and @1/- % f — 0 in L*(w)
as e — 0, where ¢ = [, () dx.

Proof. For the first point, we observe that sup. |p: * f| < [|¢]1 M f
almost everywhere (See [25, Corollary 2.1.12]) and recall that M is
bounded on L?(w). For the second point, it is easy to see that LS°(R™),
the set of bounded functions with bounded support, is dense in L?(w).
Thus, it is enough to assume f € L°(R™). Then p.x f—cf and ¢; /% f
converge almost everywhere (for dz, thus for dw) to 0 as ¢ — 0 (See
25, Corollary 2.1.19]). The conclusion follows using the dominated
convergence theorem in L?(w) as M f € L*(w). O

Corollary 2.3. C5°(R") is dense in L*(w). Also the space € of func-
tions of the form faR Ve x fL where [ € CP(R™), () = t"(z/t)
with ¢ € S(R™) with Fourier transform supported away from 0 and oo,
e>0,R < o0 and [[Z(t&) % =1 for all§ # 0, form a dense subspace
of L2( ). [Here, § is the Foumer transform of g in R™.]

Proof. As L5°(R") is dense in L?(w), choosing ¢ € C§°(R™) in the pre-
vious lemma proves the ﬁrst den51ty Next, with ¢ as in the statement,

it is easy to see that p(&) == [T¥(t&) € =1 — fo (t&) % for £ £ 0
and ¢(0) = 11is a Schwartz class functlon and that fe wt fé =
we * f —@gr* f. So the lemma follows. U

Corollary 2.4. Assume v and ¢ are mtegmble functions, that o is
as in Lemma 2.2 with [ ¢ =1 and that f (t) % = @(ef) — ¢(RE)
forall £ € R",0 < e < R. Set Qif = Y+ [. Then the Calderdon
representation formula fooo Qtf% = f holds for all f € L*(w) in the

sense that faR Quf % converges to f in L*(w) as € — 0 and R — oc.

Proof. The lemma follows immediately from the formula fER Ve * f % =
ve * f —pr* f and Lemma 2.2. U

Next, we recall that any Calderéon-Zygmund operator in the sense
of Meyer’s book [33] is bounded on L?*(w) (the sharp dependance of
the norm with respect to [w]a, has been obtained by T. Hytonen [28§]
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but we do not need such a refined estimate). This result extends to
vector-valued Calderén-Zygmund operators, and consequently we have
the following useful corollary.

Lemma 2.5. Let ¢ be an integrable function in R™ with [y, v (x)dr =
0 and such that (Y (x—y))i>o is an L*(Ry, %)-valued Calderén-Zygmund
kernel and set Qif =y f. Then for all f € L*(w),

°° dt
|10 5 < Cosl

Proof. Note that T': f — (Q.f )0 is a Calderén-Zygmund operator,
bounded from L*(R") to L*(R", L*(Ry, %)). Thus weighted L? theory
for Ay weights applies (see [23], Chapter V). O

To conclude this section, we recall a trick proved by Cruz-Uribe and
Rios [15] originating from the proof of [18, Corollary 4.2].

Lemma 2.6. If T is a linear operator that is bounded on L*(w) for any
w € Ay with norm depending only on [w]a,, then for any fizred w € As,
there exists 0 € (0,1) and C' > 0 such that ||T|| z(z2(w)) < C’||T||9L(L2(dx)).

2.4. Weighted Sobolev spaces and the gradient operator. For
1 < p < oo, WHP(w) is the closure of C°(R™) in the norm

([ asrwsman)”

For p = 2, we set H'(w) = Wh2(w).
It follows from [21, Theorem 1.5] that w € A, satisfies a Poincaré
inequality:

1/p 1/p
(11) (/ o — c\pdw) <1Q) (7[ \vw\pdw)
Q Q

where ¢ € C§°(R"), ¢ is the mean of ¢ with respect to either dw
or dz and the implicit constant depends only on [w]4,, n and p. In
particular, this implies that WP (w) can be identified with a space of
measurable functions imbedded in LP(w). The gradient (taken in the
sense of distributions) extends to an operator on W1?(w), still denoted
by V, and the Poincaré inequality extends to all WP (w) functions.
The space of Lemma 2.3 is also dense in W'?(w) when w € A,.
We shall need the following result.

Proposition 2.7. Ifw € Ay, the spaces WP (w) interpolate by the real
or complex methods for r(w) < p < oo where r(w) < 2 is the infimum
of exponents p for which w € A,.

Proof. This follows from N. Badr’s interpolation theorem [11, Theorem
8.4], using the Poincaré inequality and doubling of dw. O
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We denote the Riesz transforms by R;, j = 1,...,n. Set Rf =
(Rif,...,Rof) and R*g = Rig1 + -+ + R, g, where R} = —R;, the
adjoint being for the L?(dz) duality. The Riesz transforms are bounded
on L?(w).

In this paper, if A is an unbounded linear operator on a Banach
space, then D(A),N(A), R(A) denote respectively, its domain, null space
and range. Closure of the range is denoted by R(A).

Lemma 2.8. Let w € Ay. The following statements hold.

(1) The operator V on L*(w) into L*(w; C") with domain D(V) =
H'(w) is densely defined, closed and injective.

(2) Its adjoint V* := —div,, := —=divw is also closed, densely de-
fined and R(V*) = L*(w). Moreover, ~Cg°(R";C") is a dense
subspace of D(div,,).

(3) The operator A, = =V*V = div,,V constructed by the method
of sesquilinear forms from f]R" Vu-Vudw on H'(w) is a negative
self-adjoint, injective operator on L*(w).

(4) The operator Ry, = V(=Ay) "2 is bounded from L?*(w) into
L?*(w; C™) and its range is R(V).

(5) R(V) = R(L*(w)).

(6) Moreover R(V) = V(C(R")) = {g € L*(w;C"); curlg =0}.

As we can see, the closure of the range of V has several character-
izations: the one in (4) comes from spectral theory for the weighted
Laplacian, the one in (5) comes from weighted theory for the usual
Laplacian. Both will be useful.

Proof. To prove (1), observe that V is densely defined by construction
and the fact that it is closed is proved in [21]. Injectivity follows from
Poincaré inequalities: indeed if w € H'(w) such that Vu = 0 implies
u constant. As w is doubling and R™ is unbounded, we have that
w(R™) = 400, so that the constant must be 0.

The first part of (2) follows upon standard functional analysis from
(1). To show the density of -C§°(R"; C") in D(div,), we note that
this is equivalent to the density of Cg°(R™;C") in D(div) := {f €
L*(w™'C"); divf € L*(w™')} (equipped with the graph norm). This
equivalent statement follows using regularisation by convolution as in
Lemma 2.2 and smooth truncations.

The construction in (3) is classical (see for example, Kato’s book
[31]). The injectivity follows from that of the gradient. Next, the
boundedness of R, in (4) follows from the equality |V f|| = [|(=Aw)Y2f]],
which itself is obtained using self-adjointness and the form. The iden-
tification of its range follows immediately.

Let us turn to (5). As the Riesz transforms are bounded on L?(w)
when w € Ay and R*R = I, R(L*(w)) is a closed subspace of L?(w; C").
For f in the dense subspace £ of Corollary 2.3, it is easy to see that
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Rf = Vg with g = (=A)"Y2f € S(R") using the properties of the
function . Thus, R(£) C R(V) so that R(L*(w)) € R(V). Con-
versely, if g belongs to this dense subspace £ then Vg = Rf for
f = (=A)2g € S(R"). Thus V() C R(L*(w)) and, by density,
R(V) C R(L*(w)).

We now prove (6). We introduce H'(w) as the closure of C§°(R™) for
the semi norm ||V f||L2(w,cn). We claim that this space coincides with
the space of f € L _(w) such that Vf € L*(w;C"). In one direction,
if one has a Cauchy sequence Vg in L?(w) with g, € C5°(R"), then
using the Poincaré inequality, if ¢ is the mean of g, on the unit ball,
one can see that g; — ¢, converges in L _(w) to some g and thus Vg
converges to the distributional gradient of ¢ in L?*(w; C"). Conversely,
if g€ L} (w) and Vg € L?(w; C"), then set gy, = (g — cx)px Where ¢y, is
the mean of g on the ball B(0,2"") and ¢y (z) = ¢(27%z) with ¢ is a
smooth function that vanishes outside B(0,2) and that is 1 on B(0, 1).
It follows from Poincaré’s inequality that Vg, converges weakly to Vg
in L?(w). By Mazur’s theorem, this implies that a sequence of convex
combinations converges strongly to Vg. Noticing that g, € H'(w)
in which C§°(R™) is dense concludes the proof of the claim. Clearly,
R(V) = V(H'(w)), so this proves the first equality.

Next, we have V(Cg°(R")) C {g € L*(w;C"); curlg = 0}. This
inclusion is preserved by taking the closure in L?*(w;C") as the sec-
ond set is clearly closed. Conversely, using the boundedness of the
Riesz transforms, the idendity ¢ = (I — RR*)g + RR*g holds for
g € L*(w;C™). Moreover div((I — RR*)g) = 0 and curl(RR*g) = 0 in
the distributions sense. Indeed, it is certainly true for g € C§°(R™; C")
and one can use a limiting argument. If one assumes curlg = 0 then
one also has curl((I — RR*)g) = 0. Hence (I — RR*)g is constant
as a distribution, and this equals to 0 since it is in L?(w;C"). Thus

g=TRR*g € R(L*(w)) and we conclude using (5). O

3. THE MAIN QUADRATIC ESTIMATE

3.1. Review of the DB formalism. Let H be a separable complex
Hilbert space. Ome uses (, ) and || || for the hermitian product and
norm on H. Let D be an unbounded self-adjoint operator on H. There
is an orthogonal splitting

(12) H =N(D)®R(D).
Define closed double sectors in the complex plane by
S, ={ze€C:|arg(£z)| < u}U{0}.

Consider B € L(H) and assume that B is (strictly) accretive on R(D),
that is, there exists x > 0 such that

(13) Re(Bv,v) > k|[v||?, Vv € R(D).
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In this case, let

w(B) = sup |arg(Bv,v)| <7/2
vER(D),v#0
denote the angle of accretivity of B on R(D). Note that B may not
be invertible on H. Still for X a subspace of H, we set B™'X = {u €
H; Bue X}.

Proposition 3.1. With the above assumptions, we have the following
facts.
(i) The operator DB, with domain B~*D(D), is u(B)-bisectorial,
i.e. o(DB) C Syp) and there are resolvent bounds [[(A —
DB)7Y| < 1/dist (A, S,) when X ¢ S, u(B) < p < m/2.
(ii) The operator DB has range R(DB) = R(D) and null space
N(DB) = B7YN(D) such that topologically (but not necessarily
orthogonally) one has

H = R(DB) & N(DB).

(iii) The restriction of DB to R(D) is a closed, injective operator

with dense range in R(D). Moreover, the same statements on
spectrum and resolvents as in (i) hold.

(iv) Statements similar to (i) and (i) hold for BD with D(BD) =
D(D), defined as the adjoint of DB* or equivalently by BD =
B(DB)B~" on R(BD) N D(D), with RBD) := BR(D) and
BD =0 on the null space N(BD) := N(D).

For a proof, see [1]. Note that the accretivity is only needed on R(D).
For t € R, we shall

R = (I +itDB)™*,

1
QF = ?<Ri ~ RPY=tDB(I +*DBDB)™",
1
1
PP = §(RZ +RP)=(I+t#*DBDB)™".

It follows from the previous result that RZ, PP and QF are uniformly
bounded operators on H.

3.2. The main theorem. Let us specify in this section the operator
D we consider throughout. In C™"*) = C"@C™ = C™ @ (C™®C"),
we use the notation v = Zﬁ ,withv, e C"and v, e C™ =C" @ C"
I

which we call respectively the normal (or scalar) and tangential parts
of v. To simplify the exposition, we carry out the detailed proof only in
the “scalar 7 case m = 1 as it carries in the vector-valued case m > 1
without change. See Section 3.9 for the notation.

Proposition 3.2. Let w € Ay(R"™) and set H = L*(w;C"™) with
norm || f|| = (fgn [fI? dw)'/2.
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(1) The operator D := [_OV digw] with domain {Dl(jéz> )] is self-
adjoint. N
(2) [iCCSJgT]E%]%T()C")] is a dense subspace of D(D).
_ | Lw)
) RDI= [ 50|

) RD) = |ty = (0 € @ ) curl() = 0),

where the closure is taken in H and R(D) N C§e(R™; C™1) is

dense in R(D).
The proof is a direct consequence of Lemma 2.8. We omit the details.

Let us specify the required assumption on B: this is the operator of
multiplication by an (n+ 1) X (n+ 1) matrix B(z) which has bounded
entries and is accretive on R(D). Associated to B are the constants
| B||oo and (the best) x > 0 in (13).

In this section, || f|| systematically designates the weighted L?(w;C%)
norm with d = 1,n or n 4+ 1 depending on the context.

Theorem 3.3. With the preceding assumptions, one has
o dt
(14) | e S sl porat ven
0

Theorem 3.3 differs from previous results in the field. First, D
still being a first order differential operator, no longer has constant
coefficients. Secondly, the coercivity assumption ||Vul| < || Du| for
u € R(D) N D(D) which is of utmost importance in other proofs can-
not be true here, thus we cannot apply the metric measure space (here
R™ with Euclidean distance and measure dw) generalisation made by
Bandara [12] of the Euclidean results in [10] or [6].

Note that the block-matrix case B = {(1) 2]
C & C™ gives a proof of the Kato conjecture for degenerate operators,
first proved by Cruz-Uribe and Rios [15]. See Section 3.10.

Our strategy to prove Theorem 3.3 is to follow the line of argument in
[6] but with some necessary twists. In particular, we will use different
spectral decompositions on the scalar and tangential parts. Also the
stopping-time argument requires the use of the Corona decomposition
for w (Proposition 2.1).

in the splitting C"*! =

3.3. Reduction to a Carleson measure estimate.

Lemma 3.4 (Off-diagonal decay). For every integer N there exists
Cy > 0 such that

(15) I1e Rfull + |1p Q7 ul| < Cn(dist (£, F)/[t]) ™ Ju]
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for all t # 0, whenever E, F C R"™ are closed sets, u € H is such that
suppu C F. We have set (x) := 1+ |z| and dist (E, F') := inf{|z —
yl;z e Eiye F}.

Proof. Repeat the argument in [6, Proposition 5.1], which only uses
that D is of order 1 and that the commutator [y, D] of D with a
Lipschitz function y is bounded on the space H. More precisely, it is
the pointwise multiplication by

(16) {VOX —(Zx)t] .

We omit further details. O

Let A; be the dyadic averaging operator with respect to Lebesgue
measure and A" the one with respect to dw. Set

s <[5 [ 00

where @ is the unique dyadic cube @ € A; that contains z. The
notation for dyadic cubes is the same as in Section 2.2. Recall that fQ
means the average on () with respect to the indicated measure. We

also set
 [fouely) dw(y)
Faou = |:QfQull<y> dy ] '

Observe that F; acts as a linear operator componentwise. Using the
inequality (8) with p = 2, we have that F; is a bounded operator on
‘H, uniformly in ¢. We also have the pointwise estimate

sug) |Evu| < Mgplu, |+ Ma|uy|
t>

where My, is the dyadic maximal function with respect to dw and M,
the dyadic maximal function with respect to dz. Both are bounded on
L?(w) by the Hardy-Littlewood theorem for the doubling measure dw
and by Muckenhoupt’s theorem since w € Ay. Thus, u +— sup,. |Erul
is bounded from H into L*(w).

Definition 3.5. By the principal part of (Qf);>0, we mean the function
(x,t) — v (x) defined from Rﬁ“ to L(CnJrl) by

Ye(2)z = (QF2)(x)

for every z € C*"™. We view z on the right-hand side of the above
equation as the constant function valued in C"*! defined on R"™ by
z(z) := z. We denote by |v(z)| its norm in £(C"*!) subordinated to
the hermitian structure on C"*'. We identify ~;(x) with the (possibly
unbounded) multiplication operator v, : u(z) — v(z)u(x), u € H.
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Lemma 3.6. The operator QF extends to a bounded operator from
L>(w; C"™Y) into Hipe = L7 (w; C*"™Y).  In particular we have v; €

loc

L2 (w; L(C™)) with bounds

][ )P duo(y) < 1
Q

for all Q € A;. Moreover, v E; are bounded on H with ||vEwu| <
| Evul| uniformly for allt > 0 and u € H.

Proof. Fix a cube Q € A, and u € L>®(w; C"*!) with ||ul|c = 1. Then
write u = ug + uy + us + ... where ug = u on 2Q) and 0 elsewhere and
if j >1,u; =wuon277Q\ 27Q and 0 elsewhere. Then apply QF and
use Lemma 3.4 for each term QFu; with N large enough and sum to
obtain

]{2 (QPu) ) duly) < C.

If we do this for the constant functions with values describing an or-
thonormal basis of C"*! and sum, we obtain an upper bound for the
desired average of ;. Next, for a function © € H and Q) € A;, as Eyu
is constant on (),

| @Bl dow) < [ @ dot) < f 1B do)
Q Q

Thus

Bl S S /Q Bau(y)* dw(y) = | Bl S lul®
QeEN

O
As QP vanishes on N(DB), it is enough to prove the quadratic esti-

mate (14) for v € R(DB) = R(D). Our principal part approximation
reads as follows.
Proposition 3.7. We have

t _

OO d
an [P Bl S Sl v e RD)
0

The function from R"™ to R, defined by (z,t) + |v(2)|? is a
weighted dyadic Carleson function if there exists C' < oo such that

/ /Q ()2 2D )

t

for all dyadic cubes Q C R™. Here @ = @ x(0,1(Q)] is the Carleson box
over (. We define the dyadic Carleson norm ||7y||c to be the smallest
constant C' for which this inequality holds. The form of Carleson’s
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lemma that we need and will apply componentwise is the following
(see [9], p.168 and references therein).

Lemma 3.8. For allu € H,
/0 H%EtUHQ ‘< H%HcllsuplEtule S el fleel®.

Corollary 3.9. If |%(a:)\ is a weighted dyadic Carleson function, then
Theorem 3.3 holds.

This corollary clearly follows from the above lemma and (17).

3.4. Proof of the principal part approximation. We begin the
proof of the principal part approximation (17) with some further no-
tation. Define

(I —t*A,)7 ! 0

Fi= 0 (I = 2A) ' Ien

Here A, = div,,V is the negative self-adjoint operator on L?(w) de-
fined in Lemma 2.8 while A is the usual negative Laplacian on L?(dx).
From Lemma 2.2, the convolution operator (I — t?A)~! is bounded
on L*(w) uniformly with respect to ¢t > 0: It is indeed classical that
(I —t*A)~! is the convolution with ¢ "Gy(z/t) where the Bessel po-
tential G is integrable and radially decreasing (see [25, Chapter 6]).
Thus, P, is uniformly bounded on H.

Lemma 3.10. For all v € R(D), one has
o dt
(18) | ez = Ryl < ol

Proof. The key point is that R(D) is preserved by P,. This follows from

o Yo o L*(w) .
the characterization of R(D) in Proposition 3.2 as {R(LQ(w))], since

the Riesz transforms and (I — t?A)~! commute and R(—A)Y? = V.

SRR B i 2
Write v = [Rg , with f, g € L*(w). Then,

- —tzAw([ — tzAw)‘lf

(I = PJo= l—tQA(I - tZA)—le
_ [=t?div, V(I = 2A

t2V(—A)1/2 t2A

0 [t( A2(T — mf }

tV(I —t2A,)!
Thus using that tQF D is uniformly bounded on H, it suffices to prove

/0 V(1 2an) " 2SS P
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and
/0 Jt(-2)72(1 —22) gl L < gl

The first estimate is a simple consequence of the construction of —A,, as
the self-adjoint operator V*V on L?*(w). Indeed, ||V(I —t2A,) " f| =
(=AY (I—t?A,)~" f|| and one concludes using the spectral theorem
for the self-adjoint operator A,, that [J° [tV (I—t2A,) " f[2 L = || f|?

with ¢ = [[“¢(1 + t*)7'%. The second estimate is a consequence of

Lemma 2.5 as soon as the conditions for the function ¢ defined on the
Fourier transform side by (&) = |€](1+|£]?) ! have been checked. [

Lemma 3.11. For allv € R(D), one has
=B o dt 2
1QF Prv = wEeProll” — S (ol
0

Proof. We remark that for ¢ > 0 fixed and x € R", we have
(QF Pv — v B P)(w) = QF (u — ug) (),

where v = P, () is the unique dyadic cube in A, containing = and ug
is the value of Fyu on Q. Define Cp(Q) = 2Q and C;(Q) = 277'Q\ 27Q
if j € N*. Then,

1QF P — B Pal? = 3 / QP (u — ug) P duw

QeN

<y ( (/|@t (Lo — Q) dw)1/2>2

QeN

E (5w

QGAt _]>0

ZZZ jN/ lu — ugl? dw

Qel j=0 @

<D0 2NNy / Vufdw

Qely j>0 2+1Q

Sy 2 Nomityn [Vl du.
>0 R

S YVl

We used the Minkowski inequality on the second line, off-diagonal de-
cay on the third, Cauchy-Schwarz inequality on the fourth, Poincaré
inequality on the fifth (recalling that one can take the average with re-
spect to either dx or dw), and a telescoping argument which produces
the doubling exponent d of w, the covering inequality ZQE A, Loitig S
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27" and £(Q) ~ t on the sixth. Finally, we choose N > n+d+ 2 in the
last. Hence

o dt o dt
| 1arre — Pl S 5 [ evre
0 0

For the scalar part of v, we have to control the weighted quadratic
estimate for tV(I — t*A,) 'v, which we have seen already. Using
v € R(D), the tangential part v, is of the form Rg for some g € L*(w).
Hence we have to control the quadratic estimate of tV (I —t?A)"'R;g =
RyRt(—A)V2(I —t2A)"Lg for j = 1,...,n. We can eliminate R; and
R as the Riesz transforms are bounded on L?*(w) and the weighted
Littlewood-Paley estimate for ¢(—A)2(I — t2A)~" has been already
seen. u

Lemma 3.12. There are constants C' < oo and 7y € (0,1) such that
for all f € D(div,) and all dyadic cubes @,

1—

bédivwfdw‘ < ﬁ(g)ﬁ Gg\divwf\de) ) (]£|f\2dw)2.

Proof. Observe that if f has support contained in @), then |, Q div,, f dw =
0. Thus this lemma follow from [12]. Here is a simple proof in our situa-

1/2 1/2
tion. Let A = (fQ |divwf|2dw> and B = (fQ \f|2dw> 1B > Al

a simple application of the Cauchy-Schwarz inequality gives the result.

Assume next that B < Al. Let ¢: R® — [0, 1] be a smooth function
which equals to 1 on (1—¢)Q, 0 on Q¢ with ||V||s < C(t£)~! for some
t € (0,1) to be chosen. We can write

][divwfdw :][cpdivwfdw+][(1—go)divwfdw:IJrII.
Q Q Q

Using that —div,, is the adjoint of V (writing the integral as an integral
on R" thanks to the support of @),

1] = V Vgofdw‘ < C(t)'B.
Q

For 11, using Cauchy-Schwarz inequality and the right hand side of (6)
with E being the support of 1 — ¢ in @),

EEPE EU<<1Q;12Q)U2 < 0 A,

Hence, choosing t'7°/2 = B/Al, we obtain the inequality with 7 =

/2
1+0/2° ]
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Lemma 3.13. There are constants C' < oo and 15 € (0,1) such that
for all g € D(V) and all dyadic cubes @Q,
72

17y T2
Vng:c dw) (7[ \g|2dw)
Q Q

Proof. The proof follows a similar pattern to that of Lemma 3.12. Let
1/2 1/2
A= (fQ |Vg|2dw> / and B = (fQ |g|2dw> / . If B > Al a simple
application of (8) with p = 2 gives the result.
Assume next that B < Al Let ¢: R" — [0, 1] be a smooth function
which equals to 1 on (1—#)Q, 0 on Q¢ with || V|| < C(¢£)~! for some
t € (0,1) to be chosen. We can write

][ngx ][¢ngx+][(1—g0)ngx:I+Il.
Q

Interpreting I as a distribution-test function pairing, we may integrate
by parts coordinatewise, and using that w € Ay we find

1| = Vngp dz| < C(té)lf 9| dz < Clw]a,(t0)™
Q Q

For 11, pick p > 1 such that w € Ay, and use Holder’s inequality with
conjugate exponents p and p’, the support properties of 1 — ¢, and the
fact that w € Ay, to conclude that

1/p
ms(f Vopds) 0 <l A

Hence, choosing t'*1/?" = B/Al, we obtain the inequality with 7, =

L/p’
T+1/p 0

Lemma 3.14. For all u € H = L?(w;C"*1),
> dt
| IR = Dyl Sl
0

Proof. 1t follows from Lemma 3.6 that ||vEy(P—Du|| < || Ed(Be—1)u||.
Given the definitions of E; and P;, the lemma reduces to the scalar
inequalities

/0 47— 280)7 = DA E < 1P
and -
/0 4T~ 22y = 7P T < 1512

For the first one, we follow [10] with a minor snnpliﬁcation. Let Q¥ =
s2A,e*"2  Then for f € L?(w) we have by the spectral theorem, f =
8 [;7(QY)*f % and also || f[|* =8 [ [|Q¥ f]|*“. By Schur’s lemma, it
is enough to show that the operator norm of A¥((I —t*A,)~! — QY
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in L?(w) is bounded by h(s/t) with & > 0 and [;° h(u) & < co. We
shall find h(u) = Cinf(u™, u™?).
Ift < s,

AP (T = £280) ™ = DQYFII S (T = £#Au) ™ = D)s*Aye™ 2 f|
S Ct/s)’IfI-
If s <t,
AP (T = A8, QUFI S (T = A,) T s*Age™ 2 f|
< Cls/O?IIf1-

Thus, it remains to study the operator norm of AYQY for s < ¢. For
this, we remark that APQY f(x) is an average with respect to dw of
div,,(sg) with g = —sVe*2v f so that we can use Lemma 3.12. Thus,

2

14PQU I = 3 w(@) V divo(sg) duw

QeA:

< t2T1 G[ |div,, (sg)|? dw) (][ |sg|2dw)
QEeA:
- ( [razirar) " ([ pwersssran)

QeA:

82

t27‘1

827'

< T

where we used Hoélder’s inequality for the sum.

The proof of the second inequality is as follows. Setting @, =
s2Ae’’® | as before we have that the operator norm of A,((I —>A)~!
I)Q, on L*(dz) is bounded by h(s/t) with h similar to above. As this
operator is also bounded on L?(w) uniformly in s and ¢ for all w € A,
(for the convolution operators, it follows from Lemma 2.2 and for A,
this has been seen before), its operator norm on L?(w) is bounded by
h(s/t)? for some power 6 > 0 depending only on w using Lemma 2.6.
Thus, we can use the fact that the integral f = 8 fooo Qs) f ds converges
in LZ( ) from Corollary 2.4, Schur’s Lemma and that [ HQ fIPe <
| f]|* from Lemma 2.5. &

< S QU s Ve e P

Proof of Proposition 3.7. 1t is enough to write
QFU —nEw = QF(I - P)v+ (prtv — B Po) + By (P — T

and to use successively Lemma 3.10, Lemma 3.11 and Lemma 3.14. [
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3.5. Preamble to the Carleson measure estimate. We are now
ready to prove that |y:(z)|? is a weighted dyadic Carleson function
and so, via Proposition 3.7, complete the proof of Theorem 3.3. The
first step towards this is a compactness argument. As was seen in
the solution of the Kato square root problem ([7]), the application of
a stopping-time argument was made possible by restricting ;(z) so
that, once normalised, it is close to a fixed element in the unit sphere
of L(C'™), the set of bounded linear transformations on C'*". We
will make use of the same stopping-time argument, but also require a
second stopping-time related to the oscillation of the weight, and with
it comes a second compactness argument which restricts our attention
to Whitney boxes on which the average of the weight is close to that
of the top cube.

A convenient way to define the Whitney box Wy associated to a
given dyadic cube @ is Wy = {(z,t); 2 € Q,Q € A;}. With our
definition @\ is the union all W for which @' is a dyadic subcube of
Q.

Consider the compact unit sphere in £(C'*") and the compact in-
terval [0, cp], where ¢g is as in (7). For each v € L(C'™) such that
lv| =1, 7 € [0,¢] and 01,09 > 0, define G, ,, as the union of those
Whitney boxes W, for which |In(wg) — (Inw)g — 7| < 02, and
(19)

(@) = {w:) if 54(2) # 0,

0 otherwise.

e~ ”’ <oy and (2,1) € Gro,,

We recall the notation B*(Q) from Section 2.2 and set
Q9(Q) = Q \ Upepw (@) R.

Lemma 3.15. Suppose that we can show

1 _ dw(x)dt
K:supsup—// ()|} —— < o0
v,T QEA U}(Q) w(@Q) | t( )| t

for some choice of parameters o1 and oo depending only on || B||s, K,
[w]a, and n. Then |vy(x)|* is a weighted dyadic Carleson function.

Proof. Fix o1 and o9 so that the hypothesis applies. Let Q € A.
Observe that the sets Q¥(R) form a partition of ) when R runs over
elements of BY(Q) U {Q}. Thus, by the hypothesis and Proposition
21,

//émxwwz )3 //w(R)m(:c)PM

ReBY(Q)U{Q}
<k Y wr) < 2@ + K@)

o
ReBy(Q)U{Q} v
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By the compactness of the unit sphere in £(C'*") and the interval
[0, co], there exist a finite index set A C N and, for each j € A, choices
of v; and 7; such that |y.(2)]* < >0._, 77 (2)|?, where 7 () = 7,(z)
with the choice v = v; and 7 = 7;. This completes the proof. O

3.6. Stopping-time arguments for test functions. We fix an ar-
bitrary vector £ in the unit sphere of C'*". For any Q; € A and o3 > 0
to be chosen, define a test function

—1

(20)  f5 = (1+ (0st@)DB)*) (10,6 = Plygy (10,6,

where 1g, is the indicator of ;. Note that Hfng2 S w(®y) and
Hagé(Ql)DBfélHZ < w(@) with uniform implicit constants with re-

spect to [£] = 1, 03 > 0 and @1, as can be seen using the uniform
boundedness in ¢ > 0 of QF and PP.

Lemma 3.16. There exist a constant ¢ depending only on || B||w, ~,
[w]a, and n, and a constant § > 0 depending only on [w]a,, such that

for all such &, Q1 and o3,
|Eq, (f5,) — €| < co.

Proof. We have EQl(fCSl) — ¢ = Eg, Du with
ui=—(036(Q))’BDB(I + (03(Q)DB)’) " (19,8)

and notice that Fg, D acts on u = {Zl componentwise by averaging
2

div,,uy with respect to dw and Vu; with respect to dxr. Lemma 3.12
says

1 1

C = 3
divyus dw| < ——r div,u 2dw) (7[ Uu de)
b[l ? ' N g(Ql)Tl (][Q1 | 2| 1 | 2‘

71 il

N |ogf<Q1>DBf§1|2dw) B

< Co}' = féfdw)

Q1 Q1

< Coy'

and Lemma 3.13 says
1—

C 2T2 %2
Vudz| < (7[ Vu 2dw) (7[ U 2dw)
o] < g (f 7 A

<cop (f le- s Pac) (£ leat@opBss Faw)
Q1 1

< Co3’.

T2

So taking § = min(7y, 72) completes the proof. O
Recall that wq = f, w dr and similarly for (Inw)g.
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Lemma 3.17. Fiz 7 € [0, ¢o] and £ in the unit sphere of C1*". Let

—T—(lnw)Ql 0
T UJQIG
SQl o [ 0 ]:| )

and define the collection of ‘bad’ cubes B™(Q1) to be the set of mazimal
Q' € A such that Q' C Q, and

: ' 0
either |EQ/(fél)| > U%l or Re (Sél(f), {wQ éle [] EQ’(ffgl)) < 0.

We can then choose positive o3, 04 and o5 depending only on || B,
K, [w]a, and n, in particular independently on 7,&, Q1, so that

(21) S w(R) < (1-o5)w(@),
ReB™£(Q1)

Proof. There are two sets of cubes to consider. The first is the set of
those maximal )" for which

(22) Re (sg?l@), {“’Q’éw@ ﬂ Eol fél)) <os

By (7), we know that
—co <In(wg,) —7— (Inw)g, < ¢

SO Sgh is a constant self-adjoint matrix with e™] < 5651 < e®].
Applying Lemma 3.16,

Re (S5,(€), Bq,(f£5,)) = (55,(),€) +Re (S5, (£), Eo, (f5,) — €)

1
(23) > e %0 — ce®ol > 56"30,

on choosing o3 so that 2co§ < e, Consequently, setting G = Q; \
(UQ’) and fg = Bﬁl] we have

w(@1) Jo, frdw
|Q1| Q1 f2 dx

Eq,(f§,) = [

Z ||Q| {UJQ éle ﬂ Eo(f5,) +

w(Ql) fG frdw
o Jo f2dz
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where the subcubes @ are those of (22). Using (22) and (23), we
obtain

™ < Re (87, (6), B, (£5,))
<0 |Q ‘ T w&Ql) fG frdw
5Z| <SQ1(§)’ [ ‘Q_ll‘fozd:L’
w(Ql) fG h dw] )

|Q1\ Jo frdx

< o5+ Re (S&l(é),

and, using the estimate |, 15,12 dw < w(Q:) and again the A, con-

dition for w,
fG frdw
el f2 dx

|(SQ1<5> i
 (fnran) + S (fperan))

WG
s
[on
G)

<eco(

<<w<G>>W w™H(G)) Y 2w(Q1) A (w (@)
~ \w(@) (w=1(@Q1) Q1]

(i)~ (men) = ()

1

for some # > 0 by (6) applied to w™
enough choice of o5, we have that

and w. Therefore, for a small

( w(G) )9 -

w(@i)/) ™

which implies that w(G) > 206w(Q);) for some small o > 0 and so
(24) > w(@) < (1= 206)w(Qu),

Q/

where the sum is taken over those cubes @' which satisfy (22).

Now we consider the set of maximal dyadic subcubes @' of ()1 for
which

¢ 1
(25) Bo(§,)] > -

Then w(Q') < 7% [, |5, [?dw and

Su@) <3t [ g <ot [ 1ffFaw S otui@)
Q/ 1

Q/
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where the sum is now over those cubes )" which satisfy (25). So we
can choose o4 so small that

(26) ZUJ(QI) < o6 w(Q1).

Q/
Combining (24) and (26) proves the lemma. O

3.7. Conclusion of the Carleson measure estimate. Consider 7;(x)

depending on v and 7 as defined in (19). Associate to v a vector
¢ € C' such that |[v(¢)] = 1 and |¢] = 1. Such a £ may not be
uniquely defined but we pick one. For a cube Q1 SVAW COHSldGI‘ the

test function fQ of (20) and set Q7¢(Q,) = 0, \ Uremé(@n) R with
74(Q1) defined in Lemma 3.17.

Lemma 3.18. Suppose that o3, o4 and o5 are chosen as in Lemma
3.17 so that (21) holds. Then there exists a choice of 0., o1 and o S0
that for all Qy, Q1 € AN with Q1 C Qq, and all v and T,

(27) @) < CluBi(f,) (@), for (x,1) € 2°(Qo) NQT4(Qu),

where C' > 0 depends only on the choice of o, 01, 02, 03, 04 and os.

Proof. We assume that Q“(Qo) N Q™¢(Q;) is non-empty, otherwise,
there is nothing to prove. Recall that it is a union of Whitney boxes

Weqr and (27) follows from Ye(2) (EQ/(fél))‘ 2 1 for (z,t) € Wy with

1% ()]

Fi(x) # 0. For a Whitney box W C Q¥(Qo) N Q™4(Q;) we have that
(Inw)g — (Inw)g,| < ow,
1
Eo(f8 )] < — and
B (751 < = an

re (55,0, ["5" ] Eatsg)) 2 o

The last two inequalities are the definition of Q™(Q1). The first comes
from the fact @’ is not contained in a cube of B ((Qy) by Proposition
2.1. As @' C @1 C Qo, Q1 is also not contained in a cube of B¥(Qy)
and we also have

|(1nw)Q1 - (1nw)Q0| < Ow.
Moreover, recall that if 5;(x) # 0, then
Ye(x)
|5¢()]
Finally, if 4;(z) # 0 and (x,t) € W then

—v| <oy.

| In(wg) — (Inw)g — 7] < 0s.

Clearly then, we may assume the six inequalities above.
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We begin by observing that

wQ//le 0 or eln(le)fo(lnw)Ql 0
0 @ 0 I

and
| In(wg) — 7 — (Inw)g,| < |In(wg) — (Inw)g — 7

+ |(Inw)g — (Inw)g,| + [(Inw)g, — (Inw)g,|
(28) < 09+ 0y + 0y

Recall that we chose o3 in (23) so that 0 < cof < e720/2 < 1/2.
Therefore, using Lemma 3.16,

v (B (1)) 2 v @] - |v (B £,) — §)| 21— cof 2 1/2

and

Re (& Ear(f5,)) = (6:€) + Re (& Eq(f5,) =€) <1+ cof <2,
S0
1
v (Ea(£5))] = {Re (¢ Ea5))
It then follows that for (x,t) € Wy with 4;(z) # 0,

L (Bos5,)|

|Ye(

)
= | (rotst) |- | (R ) (et

1
£ 1
> ; Re (S,EQ/(fQI)) -
1 6ln(le)fﬂ-f(lnw)Q1 0 ¢
L (A e o ts5)
1 1 — eln(wQ/)fo(lnw)Ql 0 ¢ o4
wyre ([P 0| &Pt ) - 2

> 1R (55,020 ]| BsS)) - Sioa+20) - 2
1

> 295~ 0%(0'2 + 20y + 01).

We have used (28) and |1 —e*| < ew if u is a real with |u| < 1, assuming
o9 + 20, < 1. We have already chosen o4 and o5, but we are still free
to choose 0y, o1 and 0y small so that (27) holds. O

Proof of Theorem 5.53. By Corollary 3.9 and Lemma 3.15, we know it
is enough to show, for fixed v and 7, and for any cube @)y, that

(29) //Qw(Qo <t >dt Kw(Qo).
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Fix Q1 € A with 1 C Q. Having fixed the parameters in Lemma
3.18, we apply (27) in the first inequality to obtain

// () [ dw(x)dt
Q¥ (Qo)NQ™4(Qu)

//Q1 Ve ( le |2 ( )dt

, : (Mt
5/5@qun———

s [ 1@p - m s, - 10O
Q1

_'_/65\1 |(Qf_’7tEt)<1Q1£)(x)‘2 M

dw(z)dt
t

Since QF f, = mPtB(agé(Ql)DBfgl), one has that

b 2 dw@)dt 19 t2||<fsf(Q1)DBlell2 i _
[[1@psgp et < [ EI G P )

and, by Proposition 3.7 because fél —1,£ € R(D),

x)dt

d
[ 1@t =6, - 10.0@F L S 155, 1061 S wiQ)

For the last term, using that by definition Q7 — ~;E; annihilates con-
stants and E;((1g, — 1)€)(z) = 0 when (z,t) € @1, we can rewrite

(QF =B (10, (2) = (QF =1 E) (1, ~1)€)(2) = Q7 (1o, —1)§) ().

Using off-diagonal estimates for QF as in Lemma 3.6, one can easily
show ff@ |Qf((12Q1—1)§)(x)|2M < w(@). Next, decompose 201\

Q1 = Oa(r) U (2Q1 \ Oar)) where a(t) = /t/€(Q1)l(Q1) and 0, = {y ¢
Q1; d(y, Q1) < a}. Again, using the off-diagonal estimates for each
¢, the function 1sg,\s,, contributes w(@1). It remains to control the

integral corresponding to 1p, . From the uniform boundedness of QF,
one has

dw(z)d Q) d
[ e, 0@ R < [ v
(Q1) A 0 d
/ C< ) fu@)

U}

A\
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using (6) and “ g; “ < (e(Ttl))l/ ? obtained from elementary observations.

Summarizing the estimates above, we have proved that

- dw(z)dt
I/ Ao Y < i)
Q¥ (Qo)NQ™E(Q1)

We can now prove (29). Define

By*(Qo) = {Qo}.  BT*(Qo) = B™(Qy),
BIH(Qo) = Unesré (@, \B™(R) for j=1,2,...,
and BI*(Qo) = Ui B} *(Qo)-
Using
- dw(z)dt dw(x)dt
L F@r R [ R
“(Qo) 01B74(Q0) Y (Qo)NQE(Q1)
and summing the estimate above together with an iteration of Lemma
3.17 imply
- dw(x)dt
J[ mwp ™ 5wy
(o) Q1€BI%(Qo)
<D (1= 06)w(Qo) S w(Q),
j=0
which proves (29) and with it Theorem 3.3. O

3.8. The case of block matrices. We show how to simplify the ar-
gument in this case. Recall that B isa (n+1) X (n+1) matrix. Assume
here that it is block diagonal, namely

2@ = "% ula)

with a(x) scalar-valued and d(x) n x n matrix-valued. Define the nor-
mal and tangential spaces
_ PR, w; C) B 0
H, = [ 0 ] and H, = {LQ(Rn’w;Cn)} .

In this case, both operators BD and DB swap the normal and tangen-
tial spaces. So do QP and multiplication by 7;. This means that

Yi(x) = [Bt?x) atéxq

so that the Carleson function norms for |ay(x)|* and |3;(z)|* can be
estimated separately. The normal and tangential parts of our test
functions can be used in two separate stopping-time arguments, which
do not require the Corona decomposition (Proposition 2.1), following

‘ 2
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the usual proof in the unweighted case, since for each stopping-time we
use the average against one measure: either dz or dw.

3.9. A vector-valued extension. The proof of the main quadratic
estimate carries straightforwardly to the case of systems where
o H = Ly(R", w; C™+M) where C™(1H7") = (C™)1+n,
e D acts componentwise on H by (Du)* = D(u®) fora=1,...,m
(in other words, the new D is D ® Icm but we shall not use this
notation), and
e B(x) is an (n 4+ 1) x (n + 1) matrix whose entries are m X
m matrices and the multiplication by B(z) is assumed to be
bounded on ‘H and accretive on R(D).

3.10. Consequences. We gather here some consequences on the func-
tional calculus for the convenience of the reader.

Proposition 3.19. Let w, D and B be as above. If T = DB or T =
BD, then one has the equivalence

(30) / 1tT(1 + t2T2)_1u||2% ~ [Jul|?, for all uwe R(T).
0

Proof. First, the square function estimate for BD follows from that
for DB. Indeed, on N(BD), tBD(1 + t*(BD)*)"'u = 0. On R(BD),
BD is similar to DB so the square function inequality for BD follows.
We conclude using the splitting H = N(BD) @ R(BD). Now, if one
changes B to B*, this means we have proved (14) for both 7" = DB
(resp. T'= BD) and its adjoint. It is classical ([1]) that this implies

the equivalence on the range. O

The next result summarizes consequences of quadratic estimates that
are needed.

Proposition 3.20. Let T' be an w-bisectorial operator on a separable
Hilbert space H with 0 < w < w/2. Assume that the quadratic estimate

o dt —
(31) / [#7(1 4 £2T2) " w2 - |u||* holds for all u € R(T).
0

Then, the following statements hold.

e T has a bounded holomorphic functional calculus on R(T) on
any bisector | arg(+2)| < p for any w < p < /2, which can be
extended to all H by setting f(T) = f(0)] on N(T') whenever f
1s also defined at 0.

e The comparison

> dt DI
(32) / | (¢T)u))® -~ |u||? holds for all u € R(T).
0

for any w < p < w/2 and for any holomorphic function v in
the bisector |arg(xz)| < w, which is not identically zero on
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each connected component of the bisector and which satisfies
|Y(2)] < Cinf(|z|*,|2|~*) for some C' < 0o and a > 0.

o The operator sgn(T) is a bounded involution on R(T).
e R(T) splits topologically into two spectral subspaces

(33) R(T) =H; & H;

with Hy = EX(R(T)) and Ef = x*(T) are projections with
xE(2) =1if £Rez > 0 and x=(2) = 0 otherwise.

o The operator |T| = sgn(T)T = /T2 with D(|T|) = D(T) is a
w-sectorial operator and —|T'| generates an analytic semigroup
of operators (e_Z|T‘)|argz|<ﬂ/g_w.

e For h € D(T), h € Hz if and only if |T|h = £Th. As a con-
sequence e are well-defined operators on Hz respectively,
and e *TE} and e™*TE; are well-defined operators on H for
|largz| < 7/2 — w.

As announced in Section 3.2, we recall here why this implies the
Kato conjecture for block diagonal

a 0
5=[i
identifying the functions a and d with the corresponding multiplication
operators. We have

| 0 adiv, s | —adiv,,dV 0
BD = [—dv 0 }  (BD) —[ 0 —dVadiv,|"

so that for v € H'(R™, w;C™), v = {BL] € D(BD) = D(|BD]) and

IV —adivydVul| ~ [[[BD]v]| ~ | BDv|| ~ [|dVul| ~ [[Vu].

4. REPRESENTATIONS FOR SOLUTIONS OF DEGENERATE ELLIPTIC
SYSTEMS

From now on, we write points in the upper half-space Rf” as X =
(t,z),t >0,z € R".

4.1. From second order to first order. We shall now follow closely
3], and its extension [34], but in the weighted setting. It is necessary
to have these references handy. The estimates of these two articles ob-
tained in abstract Hilbert spaces evidently apply here. Some other es-
timates use harmonic analysis (tent spaces, maximal functions). Thus
we shall try to extract the relevant information and give proofs only
when the argument uses a particular feature of the weighted situation.

We recall the notation H = L?(R", w; C™(+™)) and use H° = R(D)
where D was defined in Section 3.9. Beware that in [3], H was taken as



34 P. AUSCHER, A. ROSEN, AND D. RULE

R(D). We continue to use || || to denote the norm in H, and occasionally
use other notation when needed.

We construct solutions u to the divergence form system (1), by solv-
ing the equivalent vector-valued ODE (35) below for the w-normalized
conormal gradient

0, U
fszflAu: [ vxu :|7

and 9, _, wu denotes the upward (hence inward for RY™) w-normalized
conormal derivative of w.

Using the normal/tangential decomposition for C™(+") = C™ @
Cm = C™ @ (C™ ® C") (see Section 3.2), we write matrices acting
on C™1+7) a5

MLL ML||:|

the entries being matrices acting from and into the various spaces in
the splitting.

Proposition 4.1. The transformation

I 0 } [Cu CL] o _ [ Cco! -CT10,

Cs C = _ a
[Cnl Cu 0 I C.CIl Cy—C.ClCy

s a self-inverse bijective transformation of the set of operator-valued
matrices which are bounded on H and accretive on R(D).

The proof is analogous to that of [3].
We set

wlA=B
in what follows. Our assumption is that as a multiplication opera-
tor, wLA(t,-) is bounded on H and accretive on R(D) for a.e. t > 0
with uniform bounds with respect to ¢. In particular, the matrix
w™lA,,(,-) is invertible as an operator acting on L*(R™; w; C™), hence
it is also invertible in L*(R™, £(C™)), with uniform bounds a.e. in
t > 0. Thus, B(t,-) is also a multiplication operator.
We now introduce some notation. Let
o, - [, FELC
w -1 Yoo (ml+n. rvmn
w GG (R Cmm)

Let Curlyy = {f € D'(R*;C™+™); curl, f, = 0}, where the curl

operator is computed componentwise. Let Hipe = L2 (R", w; C™(1+),

Proposition 4.2. For a pair of coefficient matrices A and B related
by A = wB, or equivalently B = w~'A, the pointwise map g
f= {(wlAg)l

p } gives a one-to-one correspondence, with inverse g =
I
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[(ij ).

], between solutions g to the equations

g € L%OC(R+; 7—[loc)7
(34) div, ,(Ag) =0,

curl; g = 0,
in the sense of distributions on RX™ and solutions f to the generalized
Cauchy—Riemann equations

{ f e L2 (Ry; Hie N Curly),

loc

(35) 8,f + DBf =0,

i the weak sense
(36) | 0w+ BrDp =0 voeD,
0

where (, ) is the complex inner product with respect to dw.

The proof is almost completely identical to the one in [3].

(w™'Ag).

9
invertible on L2 (R,;H'"). Consider a pair of functions g and f in
L% (R, ;H"°c) related in this fashion. Equations (34) for g are equiva-
lent to

Proof. The transformation g — f = [ } is easily seen to be

Oi(Ag). + dive(AjLg. + Ayg) =0,
(37) atgu — V9. =0,
curl,g, = 0,

each in the sense of distributions on ]Rif". The last equation is equiv-
alent to f; = f(t,-) € Curl,o. Moreover, using that (w'Ag), = fi,
g = fy and g, = (Bf), = Al (wf, — A, f,), the first two equa-
tions are seen to be equivalent to the equation d,f + DBf = 0 in the
prescribed sense. O

Next, the strategy in [3] is to integrate the weak differential equation
(36) to obtain an equivalent formulation in the Duhamel sense. Again,
this can be followed almost line by line, once we have the following
density lemma.

Lemma 4.3. The space D, is dense in H}(Ry;H) N LR, ; D(D)),
where the subscript ¢ means that elements have compact support in
Ry. Thus, if f € L} (Ry;H?), (36) holds for any ¢ € HY (R, ;H) N

L2(R; D(D)) if it does for any @ € D,,.
Proof. The density of D,, in H!(R,;H) N L?(R,;D(D)) can be eas-

ily established using (2) in Proposition 3.2 and standard truncation
and regularization in the {-variable. If f € L2 (R,;H°) and ¢ €

loc
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HY R ;H)N L2(Ry;D(D)) then the integral in (36) makes sense and
vanishes by approximating ¢ by elements in D,,. O

In the above proposition, we are mostly interested in having g €
(Ry;H). Recall that

H° =R(D) = L*(R™,w; C™ ™) 0 Curl, o = H N Curly .
In particular, g € L2 (R, ;H) if and only if f € L2 (R, ;H°) and we

loc loc

can apply the above lemma. Formally writing 0,f + DByf = D(Ef),
& = By— B, where By is now multiplication by a ¢t-independent matrix,
the integration of (36) leads to the following equation

(38) fo=e"PPESRT + (Saf),

for a unique h* € Hjz and where Sy is the vector-valued singular
integral operator given

L2

loc

t 00
(39) (Saf)::= / e TIPPEEDE, fods — / e IPBESDE, f, ds.
0 t

Here Ef = x*(DB,) are the projections defined in Section 3.10 and
HE By = Eoi’H are the ranges of the respective projections. We also use
the notation g; = g(¢, ). This operator can be rigorously defined using
the maximal regularity operator for |DBy| viewed from the operational
calculus point of view as F'(|DBy|) with F(z) being the operator-valued
analytic function given by

t
(F(z)g); == / ze”(179%g ds, Rez > 0,
0

so (39) becomes
(40) Su=F(|DBy|)ESE + F*(|DBy|)E; €,

where EF are bounded operators on H such that EfD = (DBy)Eg .
These two representations and Proposition 3.19 allow us to prove most
relevant boundedness results concerning the regularity and Neumann
problems. For the Dirichlet problem, they can be used as well in an
appropriate sense (see [34]) but there is another useful representation
using the operator

t 00
(41)  (Saf): = / e~ IBDEre £ ds — / esBDEog f o ds,
0 t

where Ef = y*(ByD), and the vector field defined by

vy = e_tBODESLiL+ + (gAf)t,
for some A*. From the intertwining property b(DBy)D = Db(B,D) of
the functional calculi of DBy and ByD, one has DS4 = S4, so that the
relation Dht = h*, which uniquely determines a choice h* € Hf .

shows that Dv = f. Solutions u to the second order equations are
related to v in the sense that there exists a constant ¢ € C™ such that
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u = c—v, . This means that the tangential part —v; encodes a conjugate
to the solution u. This notion of conjugate was further developed in
[4].

These representations are justified provided one has the operator
bounds in the next section.

4.2. Functions spaces and operator estimates. Here, we give the
definition of the functions spaces associated to the BVPs. What changes
compared to [3] is that the Lebesgue measure dz on R™ is replaced by
dw and Lebesgue measure dx = dtdz on R'™™ by dw = dtdw where w
is the Ay weight on R defined by w(t, x) = w(x). The only property
required for w in this section is the doubling property of dw, except
when we use the quadratic estimate which uses the A, property. Also
we incorporate the posterior duality and multiplier results of [29] (for
dx), which can be extended to the weighted setting too. See below.

Definition 4.4. For an L]  function f, 1 < ¢ < oo, define W, f(t,z) =

1/q
(fw(t o) |f|? dw) with the usual essential supremum definition if ¢ =

oo and where W (t,z) := (cy't,cot) x B(w;cit) is a Whitney region,
for some fixed constants ¢g > 1, ¢; > 0. The weighted non-tangential

mazimal function of an L2 function f in RI™ is

N.(f)(x) :=sup Wa f(t, z), xr € R",

t>0

1

ioe function f is

The weighted Carleson functional of an L

1
C = — d R"
S = [ Gl re®

where the supremum is taken over all cubes () in R" containing x, with
0(Q) denoting their sidelengths. The modified weighted Carleson norm
of a measurable function g in RL*" is

lgll == IC(Wao(lgl? /D12

We will use the modified Carleson norm to measure the size of per-
turbations of t-independent coefficients Ay. The proof of Lemma 2.2 in
3] adapts to show that if there exists Ag(x) with ||w™ (A — Ap)|. < oo,
then it is unique and w~! Ay is bounded, and accretive on R(D), so that
we may call Ay the trace of A.
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Definition 4.5. Define the Banach/Hilbert spaces
X = {f € Lipo(RY™ Cm): INL()]] < 0o},

loc

C:={f € Li, (R C™H): [O(Waf)|| < oo},

loc

V= {f € L} (R Cmttn)y; / £l tdt < oo},
0
* L 2 1+n. rvm(14n)y . * 2 dt
V= {f S Ll0c<R+ 7(C ) HftH 7 < 00}7

0
with the obvious norms.

We use the same notation as in [3], but of course, here all norms are
weighted. Note that )* is the dual space of ) with respect to the inner
product (, ), of H = L2(RY™, dw; Cm3+7)),

Lemma 4.6. There are estimates
1 2t ) - - ) - ) ) dS
sup - [ [I£[IPds S IN(HI S 1 fsll® —-
t>0 ¢ 0 S
In particular Y* C X.

A fundamental quantity is the norm of multiplication operators map-
ping X into Y* or ) into C.

Lemma 4.7. The dual of X with respect to the pairing ( , ), is C. For
functions € : R — £(C™HM) | we have estimates

1€]loc S €N« ~ sup [[EF]

~

v+~ sup [[Ef]lc.
I fllx=1 Iflly=1

Proof. When w = 1, the duality was established in [29] and recently
another more direct proof was given in [27]. This second proof passes
to the doubling measure setting (personal communication of Amenta
and Huang). Next, the first inequality is proved in a similar way than
in [3]. The equivalences for the pointwise multiplier operator norms
were also established in [29], and reproved in [27] when w = 1, and the
latter proof extends in a doubling measure context as well (personal
communication of Amenta and Huang). t

Proposition 4.8. Let u € W2 (RY™ w) be such that | N.(Vy.u)| <
0o. Then there exists uy € H'(R™, w) (as defined in the proof of Lemma

2.8) such that ||us—uo|| < t, [[Vaeuol| S ||N*(Vmu)||, and for dw almost
every xo € R”,

(12) f ot — o) 2 duw < g (zo)-
W(t,xo)

with g € LYR™, w). Conversely, if ug € H'(R™,w), then u = 2wy,
satisfies | Nu(Vizuw)|| < [[Vauoll.
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Proof. The first part is the weighted version of a result in [32]. First,
it is easy to show ||u; — uy|| < [t — t'| by using uy — upy = f; Osus ds,
Cauchy-Schwarz inequality and the left hand inequality in Lemma 4.6.
This gives the existence of ug € L2 _(R™, w) with |Ju; —ug| < ¢ (observe
that only the difference is in L?*(R™, w)). Next, the Poincaré inequality
and a telescopic sum argument implies

][ udw —f u dw’ < CTNN(V, 4u)(xo)
W(t xo) W(t’ $0)

whenever ¢, < 7 up to using a non-tangential maximal function with
appropriately large Whitney regions and N! is the analogue of N, with
L'-averages. Thus for every x, where uo(xo) exists

’][ udw — ugp(zo)
W(t,xo)

and N,}(Vtxu) € L*(R™,w) by equivalences of norms if we change the
Whitney regions. By the Poincaré inequality again,

2
% u — % Uu
W (tyx()) W (t,l‘o)

dw < Ct2N,(Vy4u)(x0)
and we deduce (42) on combining the last two inequalities. Finally,
note that if g, yo are different points and ¢ = 10(co + ¢1)|xo — yol, then

jf uc@_][ udw'gcuo—yow,}(vt,xu)(xo)
W (t,x0) W (' yo)

S NI (Vi0u) (20)

again with slightly larger Whitney regions in the definition of 1\7*1, SO
that combining with inequalities above, we obtain

[uo (o) = wo(yo)| < Claro = yol (N} (Vizw) (o) + NE(Vizu) (30))-

Using the theory of Sobolev spaces on the complete doubling metric-
measure space (R”,| |,w), it follows that uy € H'(R",w) (identified
with the Hajlash space), see [26].

The converse will be proved after Theorem 4.9. U

At this stage, we do not know if V; ,u has almost everywhere limits or
even strong L?(w) limits in the above averaged sense (although weak
L?(w) convergence can be shown as in [32]). This will be the case,
however, when u is a solution of our systems. We remark that in
comparison, the space defined by [ ||V, .u|* tdt < oo does not have
a trace on R".

With the above notation, we can state our main theorem for t-
independent By, thus for semigroups only.

Theorem 4.9. Let T'= DBy or BogD. Then one has the estimate
(43) le" Rl x ~ |2l ~ (|8~ ||y, Vh € R(T).
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Furthermore, for any h € H (not just R(T)), we have that the Whitney
averages of e YTIh converge to h in L? sense, that is for dw almost
every ro € R™,

(44) lim le=*ITIh — ()] dw = 0.

t—0 W (t,z0)
In particular, this implies the dw almost everywhere convergence of
Whitney averages

(45) lim e*IIh dw = h(z).

t—0 W(t,:vo)
More generally, one can replace e=*'T! by any o(sT) where ¢ is holo-
mophic and bounded in some bisector containing o(T) and satisfies
lo(2)] < |2|7% and |@p(z)—al| < |2|* for some a > 0, a € C. In this case,

convergence is towards ah, and only the upper bound ||o(tT)h||x < ||h]|
holds if a = 0.

The proof of this theorem will be given in Section 6. The last equiv-
alence in (43) is nothing but (32), we put it here for completeness.

If By = I, then T? = D? = [‘ﬁw —V?iiv } so that

2Dy, —2Dp2 | U _ [ —t2D? 0
Vit = (De |:O:| )” ; (e |:qu0:| )II

t2 A, o —t2D? 0
Ve Uy = (QtDe {Vmuo} )L

Thus, ||N*(Vt,xet2AWUo)|| < |[Vaugl| follows from this result, proving
the converse statement in Proposition 4.8. B

We observe that only the weak type bound || N.(e TIh)| 120y S
||| holds if A € N(T). Concerning the convergence (44), this is new
even when w = 1 for 7' = DB, in this generality. What was proved
in [4] is (44) for |Boe "PPolh, — (Byh)(z0)|? (which is also true in this
situation), and the removal of By was done only when B! is given by
pointwise multiplication. It turns out this is not necessary. This will
yield the almost everywhere limits in full generality in Theorem 4.13
as compared to [4].

and

Remark 4.10. the almost everywhere limit (45) is stated with respect
to dw, which is natural. However, as they are derived from the weighted
L*(w) limits (44), using that w € Ay, we also have unweighted L'
averages that converge to 0 almost everywhere. This means that (45)
holds also with Lebesgue measure replacing dw.

The next two theorems are for the t—dependegt S ajld S A. Ngte
that we may rewrite Syf = S(Ef) := Sef and Saf = S(Ef) := Sef

where £ may not be related to A. We use this notation in what follows.
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Theorem 4.11. Assume that ||E||. < co. Then we have the following
estimates for arbitrary f € X.

(46) 1Se fll S NE N[N 2-
The function h™ = — [~ e*PPOET DE, fods belongs to EgH = Hpp,
and
(47) 1A S NEN A Flle
(48) I1Sef = PP By b [y S €N £,
2 2

(49) limt‘lf 1(Sef)s —h™||?ds = 0 = lim t_1/ 1(Se f)sl*ds,

t—0 ' =00 t
and
(50) lim |Sef — h™ (m0)]? dw = 0, for a.e. 7y € R™.

t—0 W (t,z0)

Moreover, h™ := — [ ePPE €, f, ds satisfies Dh~ = h™ € EyH,
(51) 1(Sef)e = Al S HUE Nl

In addition, if |E||« is sufficiently small and & satisfies the t-reqularity
condition |[t0,E]|« < oo, then

62)  [Se Ny < €l + [aENNFllx + N E ol O f ]y,

and one has t — (Sgf); is continuous into H if || fllx + |0:f|ly < oo
with improved limaits

(53) lin [[(Se /) — ™[ = 0= Jim [[(Se/)i].

Theorem 4.12. Assume that ||E]|. < co. Then we have the following
estimates for arbitrary f € ).

(54) 1Seflly S €Ny
The operator Se maps Y into C([0,00); H) with
(55) sup [|(Se£)ell S €N f1y-
£>0
Moreover, h™ = — fooo eSBoDEJSSfS ds € EJ'H =Hp,ps
(56) lim [|(Sg f)e = h7|| = 0= Jim [|(Se.f)ill

Furthermore, if p < 2 and Nf 15 the p-modified version of N, by taking
W, functionals on Whitney regions,

(57) INP(Se )l S NENNf 1y

and

(58) ][ 1Sef — h™(x0)|” dw = 0, for a.e. zo € R™.
W(t@o)
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These two theorems can be proved following the corresponding re-
sults in Sections 6, 7, 8, 9 and 10 of [3] (some of the arguments were
simplified in [34]) and, concerning the almost everywhere convergence
limits (50) and (58), in Section 15 of [4] : they hold in a doubling
weighted context when coming to use maximal functions and Carleson
estimates. The inequality (51) is not proved in [3] and merely sketched
in [4, Section 13], but is easy to prove following the same decompo-
sitions as there. We shall not give details. We just mention that
h~ in Theorem 4.11 is not an element of H: it is only defined as a
limit of the integrals truncated away from 0 and oo in the sense that
— faR DesBoP ESE, f, ds converges to h™ in H. Thus, only the difference

(Sef)e—h~ in (51) makes sense in H. The scalar part of h~ belongs to
the homogeneous Sobolev space H'(R™, w; C™) (as defined in the proof

of Lemma 2.8) and as such is also an L? (w) function.

4.3. A priori estimates. In this subsection, we derive a priori esti-
mates for solutions of divAVu = 0 with Vu € X or ). Again, these are
obtained as in [3], together with [4] for the almost everywhere state-
ments and the improvements noticed in Theorem 4.9.

Theorem 4.13. Consider coefficients w™tA € L®°(RY™; £(CmI+m))
such that w1 A is accretive on H° and assume there exists t-independent
measurable coefficients Ay such that ||w™ (A — Ag)|l. < oo or equiva-
lently that ||E]l, ~ ||[w™ (A — Ay)|l. < oo where & = By — B and
B=w'4,By = w'A,. B

Let u be a weak solution of diivAVu = 0 in RY™ with | N,(V,.u)| <
co. Then

2t 2t
lim t_l/ |Vs2tts — gol|*ds =0 = tlim t_l/ Vs 2us|*ds,
t o0

t—0 ¢

for some gy € L*(R",w; C™+™)  with estimate ||gol| < ||]\~f*(Vmu)||,
which we call the gradient of u at the boundary and we set Vy yuli—o =
go. Furthermore, one has that for dw almost every xy € R",

(59) lim Vst dw = go(zo).
t—0 W(t7$())

All three limits hold with Vu, gy replaced by the w-normalized conormal
(w™" Aogo) L

(90),
ticular, they hold for the w-normalised conormal derivative 9, _, ).

Moroever, one has the representation
(60) Vu-14U = e thBop+ 4 Sa(Vy-1au).

for a unique h* € Hf g and

gradient f = V-12u and fo = ] = V-14Uli=0 (in par-

(61) Vs gl = A+, h= = — / 3PP B DE(V oy 41) s,
0
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Finally, there exists uy € H'(w) (as defined in Lemma 2.8) such that

Vo = (go); and one has |[uy — wol|| S t and for dw almost every
ro € R
(62) lim udw = ug(xg).

t—0 W(t,:l)o)

Remark /.10 about replacing dw by Lebesque measure in the almost
everywhere limit applies here too.

Theorem 4.14. Consider coefficients w™tA € L®(RY™; £(CmI+m))
such that w™ A is accretive on H° and assume there exists t-independent
measurable coefficients Ag such that |[w™ (A — Ag)|l. < oo, or equiv-
alently that ||E||. ~ JJlw™ (A — Ag)|ls < oo where & = By — B and
B=w "4, By=w A

Let u be a weak solution of divAVu = 0 in R}f" and assume that
I NIV gul|? tdt < co. Then u = i+ ¢ almost everywhere, for a unique
constant ¢ € C™ and 4 € C([0,00); L*(R"™, w; C™)) given by 4@ = —v,
with

(63) v=ePPRt 4 §4(Viau),

for a unique ht e ESF”H Moreover,
(64) vo = ht 4+ h” with b~ = —/ e*PL B £,(V y-1.41), ds,
0

and we call —v the conjugate system associated to w. In addition, we
have Dv = V -1 4u.
Identifying the functions u and 4 + ¢, we have limaits

lim ||u; — G — ¢|| =0 = lim ||u; — |
t—0 t—o0

for g = —(ht) . € L*(R™, w; C™), and we have the estimates
1/2

ool w1 @l sup ) 5 ([ 19500l )
0

Finally, for dw almost every xy € R",

(65) lim udw = uy(zo).

t—0 W(t,l‘(})
Remark /.10 about replacing dw by Lebesque measure in the almost
everywhere limit applies here too.

The representation formula suggests a possible construction of solu-
tion given h'* provided ||£]|. is sufficiently small. This is what leads to
well-posedness results.

Remark 4.15. We also have the representation (60) with both e =P 5ol
and h™ interpreted in a suitable sense with Sobolev spaces of order
s = —1. This point of view is developed more systematically in [34]
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when w = 1 and with Sobolev regularity —1 < s < 0. We refer the
reader there to make the straightforward adaptation, as it is again
an abstract argument. We just warn the reader that the £ in [34] is
not exactly the same as ours because the author assumed pointwise
accretivity to simplify matters. One should use representation (39) for
S 4 instead.

Corollary 4.16. Assume that A satisfies |[w™ (A — Ap)||. < oo for
some t-independent Ag and is such that all weak solutions u to the
system divAVu = 0 in a ball B C RI™ satisfy the local boundedness

property
1/2
suplu] < C ( / |u|2dw) ,
aB BB

for any fized constant a < 3 < 1, with C independent of u and B. Then
any weak solution w with [ ||V, ul/*tdt < oo or |[N.(V,zu)|| < oo
converges non-tangentially almost everywhere to its boundary trace.

The proof is a straightforward consequence of the more precise almost
everywhere convergences we stated in the previous section. We skip
the details. This result applies in particular to real equations as a
consequence of [21].

5. WELL-POSEDNESS
5.1. Formulation and general results.

Definition 5.1. Fix w € Ay(R"). Consider degenerate coefficients A
with w4 € L®(RM"; £(C™1+7)) such that w4 is accretive on
HO.

e By the Dirichlet problem with coefficients A being well-posed,
we mean that given ¢ € L?(R", w; C™), there is a unique weak
solution w solving (1), with [*||V,ul[?tdt < oo and trace
Ug = P.

e By the regularity problem with coefficients A being well-posed,
we mean that given ¢ € L*(R" w;C™), where ¢ satisfies
curl = 0, there is a weak solution u, unique modulo constants,
solving (1), with || N.(V¢u)|| < oo and such that V,uli—g = ¢.

e By the Neumann problem with coefficients A being well-posed,
we mean that given ¢ € L*(R", w; C™), there is a weak solution
u, unique modulo constants, solving (1), with || V. (Vi u)|| < oo
and such that 8uw_1AU|t=0 = .

We write A € WP(BVP), if the corresponding boundary value problem
(BVP) is well-posed with coefficients A.

We remark that the definition does not include almost everywhere
requirements. For the regularity and Neumann problems, one can
make sense of the trace in a weak sense, but for the Dirichlet problem,
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the trace may not even make sense. However, as soon as we assume
|w™ (A — Ap)||+ < oo, which will be the case here, we know exactly
the meaning of the trace from the results in Section 4.3.

The most important observation following the a prior: estimates in
Theorems 4.13 and 4.14 is the fact that in the ¢-independent coefficient
case, we completely identify the trace spaces: H}  is the trace space
of w-normalized conormal gradients for solutions with || N, (V,.u)|| <
oo; Hjp is the trace space of conjugate systems v for solutions with
J7 [IVizul|? tdt < co. In each case this is an isomorphism.

This leads to the following characterisation of well-posedness.

Theorem 5.2. Consider coefficients w'A € L®(RY™; £(Cm(+m))
such that w™'A is accretive on Hy. Assume that A has t-independent

coefficients. Let B = w-lA. Then A € WP(Reg)/WP(Neu)/WP(Dir)
if and only if

Hip — {g € L*(R",w;C"™): curl,g = 0} : f —> f,
Hig — L*(R",w;C™): f— f1,
Hip — L*(R",w;C™): f— f1,
are isomorphisms respectively.

Observe the change of space in the third line.
Let us mention a connection to so-called Rellich estimates. The
isomorphisms imply the Rellich estimates

LfLl S WAl V€ Hpp,
LAl S NfLll V€ Hpp,

LA S NfLll V€ Hip,

respectively. Assuming the Rellich estimates is not enough to conclude
well-posedness because this only gives injectivity with closed range.
The surjectivity usually follows from a continuity argument starting
with a situation where one knows surjectivity. Thus, if, in a connected
component of validity of a Rellich estimate, there is one B for which
surjectivity holds, then surjectivity holds for all B in this connected
component and the corresponding BVP is well-posed for all B in this
connected component. Usually one considers B = [ so that, here,
A =wl. See [5] for a discussion which applies in eztenso. We remark
that this depends on the continuous dependence on B € L* of the
projections Ej and E;, which follows from Theorem 3.3. Let us men-
tion also the duality principle between Dirichlet and Regularity, whose
proof is the same as that of Proposition 17.6 in [4].

Theorem 5.3. Let w'A € L®(RY™; L(C™H+")) such that wA is
accretive on H°. Assume there exists t-independent measurable coeffi-
cients Ao such that ||w™ (A — Ao)|l« < e. If € is small enough, then
A € WP(Dir) if and only if A* € WP(Reg).
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We now turn to perturbation results for both ¢-dependent and t-
independent coefficients. Adapting [2, 5], see especially Lemma 4.3
in [5], one obtains that each WP(BVP) is open under perturbation
of t-independent coefficients in wL>®. We refer to [3] for the proofs
of the t-dependent perturbations, which carry over without change to
our setting. We gather these observations together in the following
statement.

Theorem 5.4. Assume the Neumann problem with t-independent Ay
is well-posed. Then there exist g > 0 and €1 > 0 such that if |[w™(A—
ANl < &1 and Ay has t-independent coefficients with |[w™(A; —
Ap)lle < €0, then the Neumann problem with coefficients A is well-
posed.

The corresponding result holds when the Neumann problem is re-
placed by the regularity problem.

Moreover, for all such A, the solutions u of the BVP satisfy

INA(Veau)l| = [lgoll = [l

with ¢ the w-normalized Neumann data or the regularity data, and one
has the limits and regularity estimates as described in Theorem /.15.

With the duality principle above, we obtain.

Theorem 5.5. Assume the Dirichlet problem with t-independent Ay is
well-posed. Then there exist g > 0 and &1 > 0 such that if ||[w™ (A —
Al < &1 and Ay has t-independent coefficients with |[w=(A; —
Ap)llee < €0, then the Dirichlet problem with coefficients A is well-
posed. Moreover, one has

1/2

14, ()| ~ sup ]| ~ ( / ||vt,xu||2tdt) ~ el
t>0 0

if v is the Dirichlet data, and one has the limits and reqularity estimates
described in Theorem 4.14.

5.2. Well-posedness for t-independent hermitian coefficients.

Proposition 5.6. Assume that A = A* and that A is t-independent
and satisfies the usual degenerate boundedness and accretivity on H® =
R(D) conditions. Then the reqularity, Neumann and Dirichlet problems
with coefficients A are well-posed.

Proof. Let B = w14 and f € EfH = H} 5. Theorem 4.13 in the case
of t-independent coefficients implies that the vector field F, = e7*PBf
in Rf” is such that 0,F; = —DBF;, lim;_, F; = 0 and lim;_,o F; = f.

Let N := {_0[ ?] and note that DN + ND = 0. Now, the definition

of B = w-14 and the Hermitian condition A* = A imply BN = NB.
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Using the hermitian inner product ( , ) for dw, we have

8,(NF,, BF,) = (NDBF,, BF,) + (NF,, BDBF,)
— (NDBF,, BF,) + (DB*NF,, BF;) = ((ND + DN)BF,, BF,) = 0.

Hence, integrating in ¢ and taking into account the limit at co gives us
(Nf,Bf)=0. Thus, separating scalar and tangential parts, we obtain
the Rellich equality:

(66) (fan) :2(f¢,(Bf)L) :2<fH7<Bf)H)'

Consider first the Neumann problem. It follows from (66) and the
accretivity of B on H° that

K[l FI? < Re(f, Bf) = 2Re(f1, (Bf)1) < 2| Bllosll £LIIF1I

This shows that || f|| < ||fL]| for the Neumann map for any hermitian
A, which implies that this map is injective with closed range. The con-
tinuity argument explained above implies that A € WP(Neu) provided
that / € WP(Neu). That I € WP(Neu) can be seen from the equality
V(=) 2ul] = [lu]] and

0 (—A,)"V2div,
—V(-A,)""? 0 '

Thus, for f € H°, f € H} if and only if f, = —V(=A,,)"Y/2f,, which
in turn holds if and only if f; = (—A, ) */2div,f,. This implies that
the map used for solving the Neumann problem are invertible.

That A € WP(Reg) is proved in the similar way. Then, by Theorem
5.3, it follows that A = A* € WP(Dir). O

sgn(D) =

5.3. Well-posedness with algebraic structure and ¢-independent
coefficients. Recall that we write our coefficients A as a 2 x 2 block
matrix. We say that it is block lower-triangularif the upper off-diagonal
block A, is 0, and block upper-triangular if the lower block A, is 0.

Theorem 5.7. We assume that A is t-independent and satisfies the
usual degenerate boundedness and accretivity conditions.

e The Neumann problem with block lower-triangular coefficients
A is well-posed.

e The reqularity problem with block upper-triangular coefficients
A is well-posed. More generally, it suffices for the off-diagonal
lower block of A to be divergence free and have real entries.

e The Dirichlet problem with block lower-triangular coefficients A
1s well-posed. More generally, it suffices for the off-diagonal
upper block to be divergence free and have real entries.

Let us clarify the statements above. The off-diagonal lower block is
A, = (A‘;fbﬁ )&0=1-m - Real entries means that all these coefficients
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are real: it guarantees that A and

0 -—/UL] ::[AﬁL AL%—fql}
AIIL 0 0 AIIII

have the same accretivity bounds. The divergence free condition is
S &Affbﬁ = 0 for all o, 8. It implies that weak solutions with coef-
ficients A or A’ are the same as can be seen by integrating by parts.
In other words, we can reduce matters the special case where the off-
diagonal lower block is zero This possibility does not appear to be
available for the Neumann problem because the conormal derivative
depends on the coefficients.

The proof of this theorem is obtained by a line by line adaptation of
[8] to the weighted setting using well-posedness of the three problems
(modulo constants) in the class of energy solutions, that is, having
finite energy fRf” |Vul?dw < oco. We mention that to carry out the

A:A—l

algebra there, one should replace the standard Riesz transforms by the
Riesz transforms R, defined in Lemma 2.8. We leave details to the
interested reader.

6. NON-TANGENTIAL MAXIMAL ESTIMATES AND FATOU TYPE
RESULTS

Recall that w is the Ay weight on R defined by w(t,z) = w(z)
and that w and w have identical Ay constants. Writing equations
divAVu = 0 as div,(wAVu) = 0 allows one to carry some proofs
to the degenerate case without much change from the non-degenerate
case. We quote two results we will be using. The first is the usual
Caccioppoli inequality with a completely analogous proof: all weak
solutions u in a ball B = B(x,r) € RX™ of divAVu = 0 enjoy the
Caccioppoli inequality

(67) l/‘|VuFdwj§CW_2/n|uFdw

aB BB
for any 0 < a < [ < 1, the implicit constants depending only on
|w Al the accretivity constant of w™'A, n, m, o and .

The second one is a corollary of this and Poincaré inequalities: there
exists 1 < p; < 2 such that for any p; < p < 2, all weak solutions u
in a ball B = B(x,r) C RI™ of divAVu = 0 enjoy the reverse Holder
inequality

1/2 1/p
(68) (][ |w2dw) s(][ |VU\pdw)
aB BB

for any 0 < a < 8 < 1, the implicit constants depending only on
|w™A||o the accretivity constant of w™'A, n, m, p, a, 3 and the A,
constant of w. The usual proof follows from Caccioppoli’s inequality
applied to u —ugp and using the Poincaré inequality with the gradient
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in LP. Here, to be able to do that we need w € A,_. for ¢ > 0 but

this can be done for some € > 0 depending only in the size of the A

constant of w. Then, one can use [21, Theorem 1.5] which asserts that

the gain of exponent in the Poincaré inequality for an A, weight on

R is at least p™. So for p > 12+—"n (and p > 2 — ¢) we are done.
We continue with the analogue of Lemma 10.3 in [3].

Lemma 6.1. Let B be t-independent, bounded on H and accretive on

H° = R(D). Let T = DB or BD. Then there exists 1 < py < 2, such
that for py < q < pj,

t

for all integer N, t > 0 and sets E, F C R"™ such that supp f C F,
with Cy independent of f,t, E, F. Here dist (E, F) :=inf{|z —y|: x €
E,ye F} and || ||, are the weighted L? norms.

. —N
(1 +#T) f]l, < CN(l " M) T

Proof. 1t suffices to prove the lemma for T'= DB as then it holds for
T* = B*D, and hence for BD upon changing B* to B.

For ¢ = 2, this is contained in Lemma 3.4. By interpolation, it suf-
fices to estimate the operator norm of (I+itDB)~! on LI(R", w; C™1+™),
uniformly for ¢.

To this end, assume that (I +itDB)f = f. As in Proposition 4.2,
but replacing d; by (it)~!, this equation is equivalent to

(w™rAg), + dtdiv,(wAg), = (w™tAg) .,
gy —itVa.g, = gy,

where A, g and g are related to B, f and f respectively, as in Proposi-
tion 4.2. Using the second equation to eliminate g, in the first, shows
that g, satisfies the divergence form equation

~ 1 —1 L. tdi WAL
Lig, = [1 itdivy] (w™'A) [itvx} 9. =1 dtdiva {_w_lAgn '

Let r(w) < 2 be the infimum of those exponents ¢ for which w € A,.
For r(w) < q < r(w)’, L; is bounded from W1H4(R" w;C™) equipped
with the norm ||u||,+||Vul|, into W=14(R", w; C™) = (W7 (R?, w; C™))’
for the duality (, ), uniformly in ¢. (Observe that the Ay constant is
unchanged by scaling, so we can change variable to reduce tot =1 up
to changing w(x) to w(tx).) The accretivity condition on H° tells us
that

Re(Leu, u)w > w([[ullz + [ Vull2).
Hence L, is an isomorphism for p = 2. Using Proposition 2.7 and the

stability result of Sneiberg [35], it follows that L, is an isomorphism for
Po < q < pj for some r(w) < py < 2. This gives us the desired estimate
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in the weighted L?(w) norms,

1fllg = 11gllq S Ngelly +t1Vagille + llgille < lglle = 1 llg-

We state a simple but useful lemma.

Lemma 6.2. Let f be a function satisfying the square function estimate
fooo I fil? % < 00. Then the Whitney averages of f converge dw almost
everywhere in L? sense to 0.

Proof. Recall that ¢y, ¢; are the parameters for the Whitney box W (¢, z).

Let (5.1)
dw(s,y

h(t,x) ::/ 1f(s,9)P——m .

lz—y|<cicos, s<cot S?U(B(y, 018))

It is an increasing function of ¢ with

[ nteayiuto g [T -

as t — 0. Thus h(t,z) converges to 0 as t — 0 for dw almost every z.
We conclude observing that Wy f(t, z)* < h(t, x). O

We now turn to the proof of Theorem 4.9.

Proof of (43). Here it remains to show ||N, (e 47Ih)|| ~ ||k|| whenever

h € R(T) and T'= DB or BD with B being t-independent (we drop
the subscript 0). The bound from below is easy:

1 2t -
1p]1* = lim—/ le™*TIn||* ds < [N (e*I"1h)|?
t—0 t p

from Lemma 4.6.

Let us see the converse when T'= DB. Split h € R(DB) = H° as
h = h* + h™ according to h* = x*(DB)h. Then e PPIn* is the w-
normalized conormal gradient of a weak solution u* in the upper-(resp.
lower-)half space. Thus one can use (68) and estimate N, (e~1PBIp%)
by NP(e'PBIp%) for some p < 2 which we can take larger than po
of the Lemma 6.1. From here follow the proof of Lemma 2.52 in [2]:
decompose e HPBl = )(tDB) + (I + itDB)~! and use the quadratic

estimate (32) and Lemma 4.6 to obtain

||1\735’(1#(75193)“)||25/0 ||@/)(1tDB)hiII2 S

and Lemma 6.1 to obtain the pointwise bound
NP((I+itDB)™'h*) < C M, (|hE )V,

where M, is the Hardy-Littlewood maximal operator with respect to
dw.
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The result for T'= BD follows from that of DB: If g € R(BD), then

B~'g = h € R(DB) with ||h]| ~ ||g|| and e ¥1BPlg = BeHIPBlh, Thus
INL(e71PPlg)|| = [ N.(Be PP In)| < || Bllao|Ne(e PP IR) | ~ |1B].
U
Proof of (44). This time we begin with 7" = BD. We can split h =

hx +hg where hy € N(BD) and hy € R(BD). As e *IBPlhy = hy, the
almost everywhere limit lim,_,q fw(t 20) le=*IBPIhy — hy(x0)|? dw = 0
follows from the Lebesgue differentiation theorem. We can thus assume

that h € R(BD).

Pick a Lebesgue point z( for the conditions

(69) lim |h—h(x0)* dw = 0 = lim lw™t —w ™ (20)]? duw.

t—0 B(zo,t) t—0 B(zo,t)

The second equality is possible since w™' € L% (w) as w € Ay. As a

consequence of (69) and (8) with p = 2, we have
(70)  lim wdr = w(xg), lim w™tdr = w (x)
t—0 B({L’O,t) t—0 B(ZBO,t)

and

lim ][ I — (hw)(zo)w 2 dw = 0.
B(xoﬂf)

t—0

Write as above, e *IBPIh = ¢)(s BD)h + (I +isBD)~'h. The quadratic
estimate (32) and Lemma 6.2 imply that

lim |4 (sBD)h|* dw = 0
t—0 W(t7$())
for dw almost every xy € R™. Now the key point is that D [C iUL_l] =0
I

if ¢ is a constant, thus (I+isBD)~! { (o) _1] — [(h” g)l&(]))w_l} .

It follows that
(I +isBD)*h — h(zg)

= (I +isBD) 'h — [(hnz)l&%)w—l] * [(;m)(:co)wo‘1 - h(wo)}

. . -1 hL — hl(l‘o) 0
= @wispo) [, M ) [ |
By the assumption on x,
0 2
lim o (hyw)(wo) [u}_l _ w‘l(xo)] dw =0
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Decomposing the inner function of the other term using annuli centred
around B(xg,t) and using Lemma 3.4, we have that

. _ h —h (l‘o)
I+isBD)™! { Lo ]

fVV(t,xo) ( ) hy — (hyw)(zo)w !
is bounded by

(1) 32 (w(Blao, 1) /

j>1 B(:Bo,2jt)

2

dw

2

dw.

b b

The scalar term is bounded by

> 2—J’<N—dw>][ \hy — hy(20)]? dw

j>1 B(Z’O,2jt)

Soup f [~ h o) P duo -+ VEM(|BP2) o)
<Vt JB(zo,7)

as can be seen using the doubling condition on w (d,, being its homo-
geneous dimension) and breaking the sum up at j, with 270 ~ 1/4/t
it N > d, + 1, where M, is the Hardy-Littlewood maximal operator
with respect to dw. The weak type (1,1) estimate of M, implies that
M, (|h]?)(z0) < oo for almost every xy € R". Hence, the scalar term
goes to 0 as t — 0 at those xy which meet all these requirements. The
tangential term in (71) is bounded by

St ) P

>1 B(z0,29t)
+22_jN|h($o)|2(w(3($oat)))_1/ wTH (o) — w P dw.
j>1 B(x0,27t)

The first sum can be treated as above. For the second when j < j, we
also do as above. For j > jy, we write |w ™! (xg) — w™|* < 2w 2(zo) +
2w™2. The first term leads to a bound v/t|hy (x0) 2w 2(z¢) if N > d,,+1.
For the second term, observe that

/ w™dw = w (B(z0,27t)) < 29%-1w ™ (B(20, 1))
B(z0,29t)

and that by (70)
(w(B(wo,1))) w  (B(wo, 1)) — 1/w?(xg), t— 0.

Thus, if also N > d,-1 + 1, then the tangential term in (71) tends to
0.

We now turn to the proof for 7' = DB. If ¢ € N(DB), (44) is a
consequence of the Lebesgue differentiation theorem for the measure
dw on R" as e*1PBlg = ¢ for all s. Now consider g € R(DB). As

lim |g—g(x0)|2dy:lim][ lg — g(x0)|* dw =0
t=0 W(t,:vo) t=0 B(:L'Q,Clto)
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for almost every zy € R", it is enough to show the almost everywhere
limit

|6—S|DB|

lim g—g|*dw=0.

t—0 W(t,:l)o)
Write e*1PBlg — g = ¢(sDB)g + (I +isDB)"'g — g. The quadratic
estimate (32) and Lemma 6.2 imply that

lim |¥(sDB)g|* dw = 0

t—0 W(t,l‘(})
for almost every zp € R™. Now (I +isDB) 'g — g = —isDh, with
hy = B(I +isDB) ‘g = (I +isBD) '(Bg) and Bg € H. Let

. . _ Bg) 1 (xo)
hs = (I +isBD)"'(B —{ ( -
( ) B9 = | (Bg)w) (o)
As above we have that Dhy = Dh,. We now apply the following local

coercivity inequality on R": for any u € H,. with Du € H,,. and any
ball B(z,r) in R,

(72) / | Dul? dw < / |BDu|2dw+T_2/ lu|? dw,
B(z,r) B(z,2r) B(z,2r)

where the implicit constant depends only on the ellipticity constants
of B, the dimension and m. (Of course, if B~! is a multiplication
operator, this inequality improves considerably.)

Applying this inequality to u = ks, using Dhy = Dh, and integrating
with respect to s implies

][ lisDh,|* dw 5]4 lisBDh|* dw —i-]é |f~Ls‘2dw
W (t,zo)

W (t,20) W (t,20)

5]4 \(I +isBD) '(Bg) — Bg|* dw

W (t,z0)
_'_][Wvl(t,a:o) o= [((B(gﬁig)l((ﬂio)l”l]

where W(t, xg) is a slightly expanded version of W(t,zy) and, in the
last inequality, we have written

2
dw,

P : 1 (Bg)L (o)
o=+ is8D)B9) B+ 80— | s,
The last two integrals have been shown to converge to 0 as t — 0 for
almost every zy € R" in the argument for BD. It only remains to
prove (72).
For this inequality, we let y be a smooth scalar-valued function with
x = 1 on B(x,r), x supported in B(z,2r) and |Vx| < r~t. Using the
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commutator identity (16) between y and D, we have

/ |Du|2dw§/\XDu|2dw§/|D(Xu)\2dw+/\VX\2|u|2dw.
B(z,r)

Since B is accretive on R(D) and yu € D(D), we have [ |D(xu)|*dw <
[ IBD(xu)|* dw. Now, we use again the commutation between x and

D together with || B||s. This proves (72). O
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