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RANDOM WEIGHTED SOBOLEV INEQUALITIES ON R? AND
APPLICATION TO HERMITE FUNCTIONS

by

Aurélien Poiret, Didier Robert & Laurent Thomann

Abstract. — We extend a randomisation method, introduced by Shiffman-Zelditch and developed by
Burg-Lebeau on compact manifolds for the Laplace operator, to the case of R? with the harmonic oscillator.
We construct measures, thanks to probability laws which satisfy the concentration of measure property,
on the support of which we prove optimal weighted Sobolev estimates on R?. This construction relies on
accurate estimates on the spectral function in a non-compact configuration space. As an application, we
show that there exists a basis of Hermite functions with good decay properties in L°°(R%), when d > 2.

1. Introduction and results

1.1. Introduction. — During the last years several papers show some basic results concerning
P.D.E. and Sobolev spaces can be strikingly improved using randomizationn techniques. In particular
Burg-Lebeau developed in a randomisation method based on the Laplace operator on a compact
Riemannian manifold, and showed that almost surely, a function enjoys better Sobolev estimates than
expected, using ideas of Shiffman-Zelditch [18]. This approach depends heavily on spectral properties
of the operator one considers. In this paper we are interested in estimates in Sobolev spaces based on
the harmonic oscillator in L?(R%)
d
H=-A+lz)* = Z(—af + x?)
j=1

We get optimal stochastic weighted Sobolev estimates on R? using the Burg-Lebeau method. Indeed
we show that there is a unified setting for these results, including the case of compact manifolds.
We also make the following extension: In [2], the construction of the measures relied on Gaussian
random variables, while in our work we consider general random variable which satisfy concentration
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of measure estimates (including discrete random variables, see Section [2). However, we obtain the
optimal estimates only in the case of the Gaussians.

We will see that the extension from a compact manifold to an operator on R? with discrete spectrum
is not trivial because of the complex behaviour of the spectral function on a non-compact configuration
space.

In our forthcoming paper [15], we will give some applications to the well-posedness of nonlinear
Schrodinger equations with Sobolev regularity below the optimal deterministic index.

Most of the results stated here can be extended to more general Schrodinger Hamiltonians —A+V ()
with confining potentials V. This will be detailed in [16].

Let d > 2. We want to define probability measures on finite dimensional subspaces &, C L?*(R%),
based on spectral projections with respect to H. We denote by {¢;, 7 > 1} an orthonormal basis
of L2(R%) of eigenvectors of H (the Hermite functions), and we denote by {\;, j > 1} the non
decreasing sequence of eigenvalues (each is repeated according to its multiplicity): Hy; = A;p;.

bn

For h > 0, we define the interval I;, = [, 3] and we assume that a; and by, satisfy, for some

a,b,D > 0,0 € [0,1],

(1.1) lima, =a, limb,=b, 0<a<b and by —ay > Dh,
h—0 h—0

with any D > 0if § < 1 and D > 2 in the case § = 1. This condition ensures that Ny, the
number (with multiplicities) of eigenvalues of H in I tends to infinity when h — 0. Indeed, we can
check that Ny, ~ ch™ (bh — ayp), in particular hm Nj, = 400, since d > 2. In the sequel, we write

A, ={j>1, \j € I} and &, = span{y;, j € Ah} so that Ny, = #A;, = dim &y,. Finally, we denote
by Sp ={ueé&, : [ull 2 (ray = 1} the unit sphere of &.

Let (vn)nen be a sequence so that there exist Ko, K1 > 0
K,

(1.2) N

Ko
' il? < lml? < N, Z lvi?, Vn €Ay, Vhe0,1].
JEA, JEA,
This so-called “squeezing” condition means that on each level of energy A,,, n € Ay, the coefficients ||
have almost the same size. For instance (L.2]) holds if there exists (dp)peo,1) so that v, = dj, for all

n € Ap.

Consider a probability space (2, F,P) and let {X,,, n > 1} be independent standard complex
Gaussians N¢(0,1). In fact, in our work we will consider more general probability laws, which satisfy
concentration of measure estimates (see Assumption[I]), but for sake of clarity, we first state the results
in this particular case. If (7, )nen satisfies (IEI) we define the random vector in &,

Uy (W) := vy,n(w Z VX

JEA
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We define a probability measure P, j, on Sy, by: for all measurable and bounded function f : S, — R

_ Uy (w) w
[ Faps = [ 1 <H%(W)HL2(R¢1)> APlw)

We can check that in the isotropic case (v; = \/—% for all j € Ap,), Py, is the uniform probability
on S, (see Appendix [C]).

Finally, let us recall the definition of harmonic Sobolev spaces for s > 0, p > 1.
(1.3) WP = WoP(RY) = {u € LP(RY), H*?u e LP(RY)},
M =H(RY) = W2,
The natural norms are denoted by ||u|/yys» and up to equivalence of norms we have for 1 < p < 400

lullwsr = [H*2ulle = (=) ull o + |[(2)*u] o

1.2. Main results of the paper. —

1.2.1. Estimates for frequency localised functions. — Our first result gives properties of the
elements on the support of P 5, which are high frequency localised functions. Namely

Theorem 1.1. — Let d > 2. Assume that 0 < 0 < 2/3 in (LI). Then there exist 0 < Cy < C1,
c1 >0 and hg > 0 such that for all h €]0, ho).

P%h [u € Sh . C(]| log h|1/2 < Hu||Wd/2,oo(Rd) < C1| log h|1/2 >1- her.
Moreover the estimate from above is satisfied for any 6 > 1 with D large enough.

It is clear that under condition (L2]), there exist 0 < Cy < Cs, so that for all u € Sy, and s > 0
CthS/Q < HuHHs(Rd) < Cghis/2,

since all elements of S;, oscillate with frequency h~'/2. Thus Theorem [Tl shows a gain of d/2
derivatives in L*°, and this induces a gain of d derivatives compared to the usual deterministic Sobolev
embeddings. This can be compared with the results of [2] where the authors obtain a gain of d/2
derivatives on compact manifolds: this comes from different behaviours of the spectral function, see
Section B Notice that the bounds in Theorem [[T] (and in the results of [2] as well) do not depend
on the length of the interval of the frequency localisation I; (see (L)), but only on the size of the
frequencies. This is a consequence of the randomisation, and from the bound (B.13]).

We will see in Theorem [4.1] that the upper bound in Theorem [I.1] holds for any 0 < ¢ < 1 and for
more general random variables X which satisfy the concentration of measure property. However, to
prove the lower bound (see Corollary [L.8]), we have to restrict to the case of Gaussians: in the general
case, under Assumption [, we do not reach the factor |Inh|'/2. Following the approach of [18, [2],
we first prove estimates of ||ul],ya/2,00(gay With large r and uniform constants (see Theorem [LI12]), and
which are essentially optimal for general random variables (see Theorem F.13)).
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The condition § < 2/3 is needed to prove the lower bound, thanks to a reasonable functional calculus
based on the harmonic oscillator (see Appendix [B]).

Finally we point out that in a very recent paper [6], Feng and Zelditch prove similar estimates for
the mean and median for the L°°-norm of random holomorphic fields.

1.2.2. Global Sobolev estimates. — Using a dyadic Littlewood-Paley decomposition, we now
give general estimates in Sobolev spaces; we refer to Subsection ]l for more details. For s € R,
p,q € [1,+00], we define the harmonic Besov space by

d
(1.4) B (RY) = {u =S un s Y2 un |, gy < +00 }
n>0 n>0
where the u, have frequencies of size ~ 2". The space B;vq(Rd) is a Banach space with the norm
in €9(N) of {2/2||un|| Lo () nz0-
We assume that v satisfies (I2]) and
n>0

Then we set
400
vy(w) =) X (w)es,
=0

so that almost surely v, € Bg,l(Rd) and its probability law defines a measure ., in Bg7l(Rd). Notice
that we have
Ho(RY) € BY 1 (RY) € L2(RY), Vs> 0.

We have the following result

Theorem 1.2. — For every (s,r) € R? such that r > 2 and s = d(3 — 1) there exists co > 0 such
that for all K > 0 we have

- 2
(15) o [0 € BYL R+ ulhyer gy > K ulag, ey | < 08
In particular p-almost all functions in Bg,l(Rd) are in W (R9).

If ~ satisfies (I2]) and the (weaker) condition Z [7[3, < +00, then i, defines a probability measure
n>0
on L2(R9) and we can prove the estimate

_ 2
(1.6) piy| w € L*(RY) : [ullyysr ey > Kllull2me) | <e ol

with s = d(3 — ) when r < +o00 and s < d/2 in the case r = +oo. From this result it is easy to

deduce space-time estimates (Strichartz) for the linear flow e~*

tHy, which can be used to study the
nonlinear problem. This will be pursued in [15].
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1.2.3. An application to Hermite functions. — Similarly to [2], the previous results give some
information on Hilbertian bases. We prove that there exists a basis of Hermite functions with good
decay properties.

Theorem 1.3. — Let d > 2. Then there exists a Hilbertian basis of L?>(RY) of eigenfunctions of the
harmonic oscillator H denoted by (¢n)n>1 such that [|¢n||2rey = 1 and so that for some M > 0 and
alln>1,

(1.7) [ @nll oo gay < Mn= 4 (1 + logn)'/2.

In other words, all elements of the this basis are decreasing in L>°(R?) norm. This seems not known
before for d > 2.

We refer to Theorem [B.]] for a more quantitative result, and where we prove that for a natural
probability measure, almost all Hermite basis satisfies the property of Theorem (see also Corol-
lary ELT4]). For the proof of this result, we need the finest randomisation with § = 1 and D = 2 in ([IIJ),
so that P, ;, is a probability measure on each eigenspace.

The result of Theorem [[.3] does not hold true in dimension d = 1. Indeed, in this case one can prove
the optimal bound (see [11])

(1.8) nllpos @) < Cn~Y/12.

We stress that we don’t now any explicit example of (¢y),>1 which satisfy the conclusion of the
Theorem. For instance, the basis obtained by tensorisation of the 1D basis does not realise (L)
because of (LJ)).

Let us compare (L7) with the general known bounds on Hermite functions. We have Hy,, = A\, ¢y,
with A, ~ en!/?, therefore (7)) can be rewritten

_d

(1.9) lpnll oo (may < M * (1 +log Ap)'/2.
For a general basis with d > 2, Koch and Tataru [11] (see also [12]) prove that

N

d_
[onllpoe@ay < CAn 2.
which shows that (L9) induces a gain of d — 1 derivatives compared to the general case. Observe

also that the basis of radial Hermite functions does not satisfy (7)) in dimension d > 2. As in [2]
Théoreme 8], it is likely that the log term in (7)) can not be avoided.

1.3. Notations and plan of the paper. —

Notations. — In this paper c,C > 0 denote constants the value of which may change from line to line.
These constants will always be universal, or uniformly bounded with respect to the other parameters.
We denote by H = —A+|z|? = zle(—aj?m?) the harmonic oscillator on R, and for s > 0 we define
the Sobolev space H?® by the norm ||ul|ys = ||H8/2u||L2(Rd) ~ \ull s ey + 1{2) *ul| L2 (may. More generally,
we define the spaces WP by the norm ||ullys» = HHS/ZUHLp(Rd)- We write L™*(R?) = L"(RY, ()% dx),
and its norm ||ull,s.
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The rest of the paper is organised as follows. In Section2lwe describe the general probabilistic setting
and we prove large deviation estimates on Hilbert spaces. In Section [3] we state crucial estimates on
the spectral function of the harmonic oscillator. Section Mlis devoted to the proof of weighted Sobolev
estimates and of the mains results. In Section [ we prove Theorem

Acknowledgements. — The authors thank Nicolas Burq for discussions on this subject and for his
suggestion to introduce condition (L2)).

2. A general setting for probabilistic smoothing estimates

Our aim in this section is to unify several probabilistic approaches to improve smoothing estimates
established for dispersive equations. This setting is inspired by papers of Burg-Lebeau [2], Burg-
Tzvetkov [3}, 4] and their collaborators.

2.1. The concentration of measure property. —

Definition 2.1. — We say that a probability measure v on RY satisfies the concentration of measure
property if there exists constants ¢, C' > 0 independent of N € N such that for all Lipschitz and convex
function F: RN — R

cr?

(2.1) V[X eRY : |F(X)—E(F(X))| > r] <ce o yr>o,
where ||F'||1ip is the best constant so that |F(X) — F(Y)| < ||F||Lip||X — Y| 2.

For a comprehensive study of these phenomena, we refer to the book of Ledoux [13]. Notice that
one of the main features of (21]) is that the bound is independent of the dimension of space, which
enables to take N large.

Typically, in our applications, F will be a norm in RV,

Let us give some significative examples of such measures.

e If v is a probability measure on RY which satisfies a Log-Sobolev estimate with constant C* > 0,
then (ZI)) is satisfied for all Lipschitz function F' : RY — R (see [I, Théoréme 7.4.1, page 123]).
Recall that a probability measure v on RY satisfies a Log-Sobolev estimate if there exists C' > 0 so
that for all f € Cy(RY)

2 —f2 v\x 21/37 2) = 2Vf1§'
(22) [ Pun(gm)ae <o [ ViPwE, B0 = [ i)

Such a property is usually difficult to check. See [I] for more details. Notice that the convexity of F'
is not needed.

e A probability measure of the form dv(z) = co,n exp (— Z;Vﬂ |2;|%)dz, x € RY, satisfies @) if
and only if o > 2 (see [, page 109]).
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e Assume that v is a measure on RY with bounded support, then v satisfies the concentration of
measure property. This is the Talagrand theorem [19] (see also [20] for an introduction to the topic).

Assumption 1. — Consider a probability space (Q,F,P) and let {X,,, n > 1} be a sequence of
independent, identically distributed, real or complex random values. In the sequel we can assume that
they are real with the identification C ~ R?. Moreover, we assume that for all n > 1,

(i) The joint law v of X, satisfies the concentration of measure property in the sense of Defini-
tion 2.
(i) The r.v. X, is centred: E(X,) = 0.
(iii) The r.v. X, is normalized: E(X2) = 1.

Under Assumption [ for all n > 1, and € > 0 small enough
(2.3) E(e*X7) < +o0.
Indeed, by Definition Il with F/(X) = X,

X2 +oo CX2 oo ln)\ +oo 1
E(e* "):/ vn(e"* ">)\)d)\:1+/ Un (1 Xn| > T)d)\§1+2/ ATE0dA < +o0.
0 1 1

Next, with the inequality s|z| < ez?/2+ s2/(2¢), we obtain that for all s € R, E(e*¥") < C'eC%” which
in turn implies (see [14] Proposition 46]) that there exists C' > 0 so that for all s € R

2

(2.4) E(e*¥n) < e,

Remark 2.2. — Condition (2.4)) is weaker that (Z2]): a family of independent centred r.v. {X,,, n >
1} which satisfies ([24]) does not necessarily satisfy (Z)) for all Lipschitz function F. Indeed, using
Kolmogorov estimate, one can prove (see [13]) that condition (21]) is equivalent to

(2.5) / Fay < O8Nl vs e R,
Rd
for all Lipschitz function F' with v-mean 0.
We conclude with the elementary property
Lemma 2.3. — Assume that {X,,} satisfies (27]) and that {oj, 1 < j < N} are real numbers such

that Z oz? <1. Then X := Z a;X; satisfies (2.4) with the same constant C.
1<j<N 1<j<N

N
Proof. — Tt is a direct application of (ZI]) with F(X) = Z a; X O
j=1
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2.2. Probabilities on Hilbert spaces. — In this sub-section K is a separable complex Hilbert
space and K is a self-adjoint, positive operator on K with a compact resolvent. We denote by {¢;, j >
1} an orthonormal basis of eigenvectors of K, K¢; = \jp;, and {\;, j > 1} is the non decreasing
sequence of eigenvalues of K (each is repeated according to its multiplicity). Then we get a natural
scale of Sobolev spaces associated with K defined for s > 0 by K° = Dom(K*/?).

Now we want to introduce probability measures on these spaces and on some finite dimensional
spaces of K.

Let us describe in our setting the randomization technique deeply used by Burq-Tzvetkov in [3].
Let v = {7 };>1 a sequence of complex numbers such that Z )\j-\’yj\Q < +00.

Jj=1
We denote by vg = Zngpj € K¢, and we define the random vector v, (w) = ZWX]' (w)pj. We
Jj=1 Jj=1

have E(||vy][%) < +oo, therefore v, € K*, a.s. We define the measure p, on K* as the law of the
random vector v..

2.2.1. The Kakutani theorem. — The following proposition gives some properties of the mea-
sures /iy (see [5] for more details).

Proposition 2.4. — Assume that all random variables X; have the same law v.
(i) If the support of v is R and if v; # 0 for all j > 1 then the support of iy is IC°.
(it) If for some & > 0 we have v & K¥¢ then pu, (K¥T¢) = 0.
(iii) Assume that we are in the particular case where dv(x) = coe 11" dr with o > 2. Let v = {v;}
and B = {B;} be two complex sequences and assume that
5

/2 2
(2.6) > < 5 —1) = +o0.

Jj=1
Then the measures -, and pg are mutually singular, i.e there exists a measurable set A C H*® such

that py(A) =1 and pg(A) = 0.

We give the proof of (iii) in Appendix [Al

We shall see now that condition ([[Z) can be perturbed so that Proposition 2] gives us an infinite
number of mutually singular measures on C°.

Lemma 2.5. — Let v satisfying (L.2) and 6 = {0y }n>1 such that |6,| < €|yy| for every n > ng.
Then for every e € [0,+/2 — 1[, the sequence v + § satisfies (ILA) (with a new constant K. ).

We do not give the details of the proof. From this Lemma and Proposition 2.4 we get an infinite

number of measures 11, with « satisfying (L2]). Let €; be any sequence such that ZE? = +o00 and
Jj=1

limsupe; < v/2 — 1 and denote by € ® v the sequence €j7;- Then py and piy4..~ are mutually singular.



RANDOM WEIGHTED SOBOLEV INEQUALITIES ON R¢ 9

2.2.2. Measures on the sphere S;. — Now we consider finite dimensional subspaces &, of K
defined by spectral localizations depending on a small parameter 0 < h < 1 (h~! is a measure of
energy for the quantum Hamiltonian K'). In the sequel, we use the notations Ij, = [, %[, Ny, A

and &, introduced in Section [[LT] and we assume that (L)) is satisfied. Observe that &, is the spectral
subspace of K in the interval I;,: &, = I3/ where I, is the orthogonal projection on K. For simplicity,
we sometimes denote by N = N, A = Ay, ..., with implicit dependence in h. Our goal is to find
uniform estimates in h €]0, ho[ for a small constant hy > 0.

Let us consider the random vector in &,

(2.7) Uy (W) = vy n( Z’VJ w)Pjs

JEA

and assume that ([2)) is satisfied. In the sequel we denote by |v|3 = Z 42,

neA
Now we consider probabilities on the unit sphere Sj, of the subspaces &,. The random vector vy

in (2.1) defines a probability measure v, j, on &,. Then we can define a probability measure P, on Sy,
as the image of by v — ﬁ Namely, we have for every Borel and bounded function f on Sy,

23) [ Py = [ () vt = [ 1 () P

Remark that we have

los @)l = D 1 P1XG (@)

JEA

E(|lvyll%) = [vl* = I3

JEA

and

Let us detail two particular cases of interest:

o If |v,| = \/—lﬁ for all j € A and if X,, follows the complex normal law N¢(0,1) then P, is the
uniform probability on Sy, considered in [2]. This follows from (28] and property of Gaussian laws.

e Assume that for all n € N, P(X,, = 1) = P(X,, = —1) = 1/2, then P, , is a convex sum of 2V
Dirac measures. Indeed we have |jv,(w)|7 = > jeA |vj|> = |y[3. Denote by (E(k))lskszN all the

sequences so that Eg»k) =41 forall 1 <j <N, and set

1
=

“/vh 2N Z 5q>’€

Then
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To get an optimal lower bound for L estimates we shall need a stronger normal concentration
estimate than estimate given in (2.1]). Hence we make the following assumptions:

Assumption 2. — We assume that

(i) The random variables X; are standard independent Gaussians Nc(0,1).
(ii) The sequence 7y satisfies (1.2).

Let L be a linear form on &, and denote by ef, = Z |L(¢;)|?. The main result of this section is
JEAR
the following

Theorem 2.6. — Let L be a linear form on &,. Under Assumption [, there exist C1,Cq,¢1,c9 > 0
and €g, hg > 0 so that

N
(2.9) P, [u €Sy |L(u)]> t} < Coe %Y V>0, Vh €0, ho,
and such that
N
(2.10) G <P, [u €Sy |Lu)| > t], Vit € [0,807\/6]\?], Vh €]0, ho).

Moreover, if Assumption[3 is satisfied, there exist Cq,Cy,c1,c2,c0, hg > 0 so that

—c1 N 42

ey N
(211)  Cie "o <Py [u €S |L(u)| > t] < Cye 26Lt2, vVt e [0,e0v/eL], Yh€]0,hgl.

Since P} is supported by S, the bounds in the previous result don’t depend on |y|s. The
restriction on ¢ > 0 in (2.I1]) is natural, because by the Cauchy-Schwarz inequality we have

|L(u)| < +Ver, Yue€Sy.

In the applications we give, there is some embedding ¥ — C(M), for s > 0 large enough, where
M is a metric space. We have £ C (), £°, thus we can consider the Dirac evaluation linear form
0z(v) = v(x). In this case we have ef, = Z lp;(x)|*> = ex, which is usually called the spectral function

JEA
of K in the interval I.

For example, one can consider the Laplace-Beltrami operator on compact Riemannian manifolds,
namely K = —A and K* = H®*(M) are the usual Sobolev spaces: this is the framework of [2]. In
Section B we will apply the result of Theorem 2.6 to the Harmonic oscillator K = —A + |z|> on R
In this latter case K° is the weighted Sobolev space

K* = {ueH R, [z]°ue L*R?) }, s > 0.
Remark 2.7. — In the particular case where P, is the uniform probability on Sj;, we have the
explicit explicit computation.
r

P,y [u €S |[L(u)| > t} =0 <\/—€_L> ,
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where
(2.12) O(t) = T(t) (1 — )M,

and (29) follows directly. For a proof, see [2] or in Appendix [C] of this paper for an alternative
argument.

For the proof of Theorem we will need the following result.

Proposition 2.8. — Let L be a linear form on E,. Then we have the large deviation estimate

N 2
—K1 —2t
P[w €Q:|L(v,)| > t} < 4e bR
where k1 = fTOI' As a consequence, if vy, denotes the probability law of v, then

N t2

LN
er 3

V%h[w €& |L(w)| > t} < de

Proof. — We have
L(vy) = ZVan(W)L(SDn)-
JEA
It is enough to assume that L(v,) is real and to estimate P[w € Q : L(v,) > t|. Using the Markov
inequality, we have for all s > 0
P[L(vy) > t] < e 'E(e™ ("),
and thanks (IL2]) we have
3

> L) < Klﬁ P ACHIR

jEA jEA
Using Lemma we get

P[L(v,) 2 1] < e Ferof DA,
d with the choice s = 50 ¥ btain P[L(vy) > t] < e O
and wi € choice s = 3 KleL"Y‘i we obtain Uy) = s € .

It will be useful to show that ||v,(w)|/% is close to its expectation for large N.

Lemma 2.9. — Let v satisfying the squeezing condition (I.2). Then then exists co > 0 (depending
only on Ko and Ky ) such that for every e >0

_ecgN

Plwe Qs [y @)} - | >e] <20 PR

Proof. — Tt is enough to consider the real case, so we assume that -,, and X, are real and {X,,,n > 1}
have a common law v. We also assume that [y[3 = 1.
We have

lor @)% = D X7 (w) = My (w).
JEA
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From large number law, |lv,(w)||% converges to 1 a.s. To estimate the tail we use the Chernoff large
deviation principle. This applies because from (Z3) we know that f(s) := E(e*X7) is C2 in | — 00, so]
for some sg > 0.

We reproduce here a well known computation in large deviation theory. Define the cumulant
function g(s) = log(f(s)) which is well defined for s < sg. Now, since the X are i.i.d., for t,s > 0 we
have

P[My >t] = P[esNMN > esNt] < E(ePNMw )Nt
H o~ (Nslyj|Pt=g(Nsly; |*)
jeA
Next, apply the Taylor formula to g at 0: g(0) = 0, ¢'(0) = 1 so t7 — g(7) = (t — 1)7 + O(7?), hence
there exists s; > 0 such that for 0 < 7 < sy, t7 — g(7) > (t — 1)5. Then, with ¢ = 1 4 ¢, and since
Nv;? < Ko we get

P[MN >1+ 6] < H e—eNsmP/z _ e—esN/2,

JEA

provided s > 0 is small enough, but independent of ¢ > 0 and N > 1. The same computation applied
to —My gives as well ]P’[MN <1- 8] < g =NV, O

Proof of (2Z9]). — By homogeneity, we can assume that |7y = 1. Denote by
(2.13) A={weQ: ||, — 1| <1/2}.

By the Cauchy-Schwarz inequality, for all u € Sy, we obtain |L(u)| < elL/ 2

assume that ¢t < elL/ 2, Then, from Proposition and Lemma we have

. Thus in the sequel we can

(214) Pyplue Sy L) >t =Plwe Q: L) > tow)l:]
=P[(|L(v())] = tlv(w)llr2) N A] + P[(|L(v(w))] = tlo(w)]r2) N A°].
Therefore
P fuesy: L)l >1] < P[|L(v(w))| > /2] + P(A°)

_ 2 - —cN ¢
< (e © eL + 267N < Ce “er ,

which implies ([2.9]). O
We now turn to the proof of ([ZI0). To begin with, we state the following elementary lemma

Lemma 2.10. — Consider a sequence of random variables, so that for all N > 1, ¢y < ||[Yn |2 < Co
and ||Yn|la4s < C for some 6 > 0. Then there exists n > 0 and € > 0 so that for all N > 1

PlweQ: Yy >n) >e
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Proof. — We proceed by contradiction: Assume that for all £ > 1 and s > 0 there exists N(s, k) > 1
so that P(w € QO [Yngoml > s) < 1/k, and we assume that N (s, k) is minimal for this property. Fix
A >0, and let s > A. Then ]P’(w €Q: Yyl > s) < ]P’(w €Q: Yyl > A) < 1/k, therefore, we
can assume that the sequence N (s, k) is independent of s € [A, +00).

By Markov, for all s > A, we get

Y, 2+46
Waanlis

W S e € L),

sP(weQ: Yl > s)<s
thus by the Lebesgue theorem,

+o0o
/ sIP’(w € Q: |[Yyuarl > s)ds — 0,
A

when k — +o0.
Next, we have

A A
/ sP(we: Yn(aml > s)ds < / sds < A%
0 0
We now use the formula
2 2 e
o S Ynamls = 2/ sP(w € Q: Yyl > s)ds,
0
which yields a contradiction, if A is fixed small enough, and & — +o0. O
As a consequence, we have

Lemma 2.11. — We suppose that Assumption[dlis satisfied. Then there exist C1 > 0,c¢1 > 0, hg > 0,
go > 0 such that

—c N t2
P[w € Q: |L(vy(w))| > t] >Ce PR, vte [o,aoiveL]'\?“‘], Vh €]0, ho).

JN
Proof. — We apply the result of Lemma 210 to the random variable
VN VN
Yy > uXiL(e))-

— VY pe)y= Y
verlyla T erlvia o

By (L2), we clearly have ¢y < ||Yn|l2 < Cp. Then, by Khinchin, the condition ||Yx||24+s < C' is also
satisfied. 0

Proof of ([210). — We assume that ||y = 1, and consider the set A defined in ([2I3]). Then by (2.14])
and the inequality P(B N A) > P(B) — P(A°) we get

PoufueSy: L@l 21 > P[(Lo)] > tow)]z)n A
> P[|L(v(w))] > 3t/2] — B(A%)

IV
Q
-
CD\
(e}
G
o
<
|
O
&
&
N
=z
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where in the last line we used Lemma 21Tl and Lemma [Z9. This yields the result if ¢ < 60% with
g0 > 0 small enough.

We now prove ([2.I1]). To begin with, we can state

Lemma 2.12. — We suppose that Assumption[dis satisfied. Then there exist C1 > 0,¢1 > 0, hg > 0,
go > 0 such that

N 2

—e1—N ot
P[w € |L(vy(w))| > t} > Cre R W >0, Vh €]0, ko).
Proof. — Denote by v® L(p) the vector (v ® L(y)); = v;L(¢j). Observe that, thanks to (L2]),
[v[er 2 _ 2 2 Rer
K== <Lyl = Z 75| L(ep)I" < Ko —-
JEAR
Then, using the rotation invariance of the Gaussian law and the previous line, we get

]P’weQ:]L(vv(w))]Zt} - P[‘<7®L(@)‘, >(> ! ]

|y ® L(p) ~ |y ® L(p)|
1 / —82/2
= — e ds
V2T Jlsl2 sty
___¢N t2
> (e er v}

O

The estimate (ZI1]) then follows from Lemma 212l and with the same argument as for Lemma [ZTT]

2.2.3. Concentration phenomenon. — We now state a concentration property for P, ;, inherited
from Assumption [0l See [13] for more details on this topic.

Proposition 2.13. — Suppose that Assumption [ is satisfied. Then there exist constants K > 0,
k >0 (depending only on C*) such that for every Lipschitz function F': S, — R satisfying
|F(u) = F(v)| < |Fl[Lipllu — vl 2ga), Vu,v € Sp,

we have
KNT2

(2.15) P, [u €Sy: |F— Mp|> r] <Ke "lEw vr>0, helo, 1],

where Mg is a median for F.

Recall that a median M for F' is defined by

DN | =

1
Poplu€Sy:F>Mp]>g, Pyp[ueS,: F<Mp]>

In Proposition 2213, the distance in L? can be replaced with the geodesic distance dg on Sy, since
we can check that
Ju— U”L?(Rd)

[u— vl L2(ray < ds(u,v) = 2arcsin ( 5

™
) < 5““ — || L2 (Ray-
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When P, 5, is the uniform probability on S, Proposition 213l is proved in [13], Proposition 2.10],
and the proof can be adapted in the general case (see Appendix[D]). The factor N in the exponential
of r.h.s of (2.15]) will be crucial in our application.

3. Some spectral estimates for the harmonic oscillator

Our goal here is to apply the general setting of Section [ to the harmonic oscillator in R?. This
way we shall get probabilistic estimates analogous to results proved in [2] for the Laplace operator in
a compact Riemannian manifold.

In the following, we consider the Hamiltonian H = —A + V(z) with V(2) = |z?, » € R? for
d > 2. For this model, all the necessary spectral estimates are already known. More general confining
potentials V' shall be considered in the forthcoming paper [16].

A first and basic ingredient in probabilistic approaches of weighted Sobolev spaces is a good knowl-
edge concerning the asymptotic behavior of eigenvalues and eigenfunctions of H. The eigenvalues of
this operator are the {2( Jit-+ja)+d, jE Nd}, and we can order them in a non decreasing sequence
{\j, j € N}, repeated according to their multiplicities. We denote by {¢;,j € N} an orthonormal
basis in L?(R%) of eigenfunctions (the Hermite functlons) so that Hp; = \jp;. The spectral function
is then defined as 7w (A;z,y) Z ©j(x (recall that this definition does not depend on the

A <A
choice of {p;,j € N}). When the energy X is localized in I C R* we denote by Iy (I) the spectral
projector of H on I. The range Eg (1) of Il (1) is spanned by {¢;; A; € I} and I1g(]) has an integral
kernel given by

ma(Liz,y) = Y ¢i(@)e;(y).

[j: ;€]
We will also use the notation Ex(A) = Ex ([0, A]), Ng(N\) = dim[Ex(N)].

3.1. Interpolation inequalities. — We begin with some general interpolation results which will
be needed in the sequel. In R?, the spectral function 7z (\;x,2) is fast decreasing for |z| — +o0 so
it is natural to work with weighted LP norms. We denote by (z)* = (1 + |2]?)*/? and introduce the
following Lebesgue space with weight

LP3(RY) = {u, Lebesgue measurable : / lu(z)P(x)*de < —|—oo} = [P(RY, (z)*dx),

endowed with its natural norm, which we denote by ||u||, s. For p = oo, we set ||[u]|oo,s = sup (z)*|u(x)|.
z€RY
The following interpolation inequalities hold true. Let 1 < p; < p < py < 400 and k €]0, 1] such

1 _ K 1—k
that S =T Then for pg < 400 we have
p1—p bo—DP

3.1 w|rpspay < (||u soway ) T (JJu spdy)”, with s = S0 + 51.
(3.1) [wllze.s ey < ([[wll Lrosso ray)” ™ “([[wll Loros1 (ray) p— pa—
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In the case py = +o00, we have
32 ullprsmey < (SIE})<$>SO|u(‘r)|)17p1/p(||uHLP1’Sl(]Rd))pl/p, with s = (p — p1)so + s1.
3.2. Rough estimates of the harmonic oscillator. — We recall here some more or less standard
properties stated in [10]. To begin with, we state a ”soft” Sobolev inequality.
Lemma 3.1. — For allu € E(I)
(3-3) Ju(@)] < (a1, 2)) 2|l g2 ey
Proof. — We have
u(e) =Tu(a) = [ mn(lz.)u(r)d

Using the Cauchy-Schwarz inequality

1/2
(3.4) o) < ([ rttanPar) ol

Now we use that IIz(I) is an orthonormal projector.

(3.5) wn(fio,y) = [ mnle m(Tzg)dz and w(lse.y) = 7n(l00).
]Rd
Finally, from [B4]) and B3] with y = 2 we get (B3)). O

The next result gives a bound on 7.

Lemma 3.2. — The following bound holds true

2
(3.6) Tr(\a,2) < CAY2 exp (—c%) . VzeRLA> 1.
Proof. — Let K(t;x,7) be the heat kernel of e *¥. It is given by the following Mehler formula [(})
tanh ¢ —y)?
(3.7) K(t;x,y) = (2rsinh 2t)~%2 exp (—%M +y)? — ’ftani’t> .

So we have
(3.8) K(tyz,z) = / e ™ dmg (p;x, x) = (2m sinh 26) ™42 exp(—|z|? tanh ¢).
R
We set t = A~1, integrate in u on [0, \] and get
g\ x,x) <eK(A 1z, ).

Assuming A > Ao, Ag large enough, we easily see that ([B.6]) is a consequence of ([B.8]). O

(M The Mehler formula can also be obtained from Fourier transform computation of the Weyl symbol of e ™% (see [17]
Exercise IV-2).
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Let u € Eg(A). From [B3) and (B.0) we get
by
o)) £ O exp (e 51 e
where ¢, C' > 0 do not depend on z € R% nor A > 1.

Remark 3.3. — From (B.0)), we can deduce that for every 6 > 0 there exists Cyp > 0 such that
rr(Nz, @) < CoAdT0/2(4) =0
which by B3] implies with the semiclassical parameter A = A~}
(@) 2h O ()| < Cpllulpzgay, Yo € En(h™).

We can easily see that this uniform estimate is true for v € £(I},) where I} = [, %] with a < b. For
smaller energy intervals we can get much better estimates, as we will see in Lemma

Remark 3.4. — Let us compare the previous results with the case of a compact Riemannian mani-
fold M, and when H = —A\ is the Laplace operator. We have the uniform Hérmander estimate [7]:
(3.9) (A z,x) = cg(x)A\Y? + ONID/2),

where 0 < ¢4(x) is a continuous function on M. Thus from ([B4) and ([B3) we get for some con-
stant C'g > 0,
[l oo (ary < CsXYH|ullp2ary,  Yu € EN).
Let us emphasis here that it results form the uniform Weyl law (3.9)) that 7z (\; z, z) has an upper

bound and a lower bound of order \%2. For confining potentials like V' the behavior of 7 (A;z, z)
is much more complicated because of the turning points: { |z = A } This behavior was analyzed

in [10].

3.3. More refined estimates for the spectral function. — From the Weyl law for the harmonic
oscillator we have

Ng(\) = cgA+ 041, ¢q >0,
we deduce that if (LIJ) is satisfied with 6 = 1 then we have

(3.10) ah™ b, —ap) < Ny, < Bh™%(by, — ap), a>0,8>0.

The main result of this section is the following lemma. It is a consequence of the work of Karadzhov [10].
It could also be deduced from the papers by Koch, Tataru and Zworski ([11}, [12]) and it is also related,
after rescaling, with results obtained by Ivrii [8] Theorem 4.5.4].

Lemma 3.5. — Let d > 2 and assume that |u| < co, p > 1 and 0 > 0. Then there exists C > 0 so
that for all A > 1

TN+ sz, x) — WH(A;x,x)HLp’(p,l)g(Rd) < O\,
with o = §(1+2) =1+ §(1 - 1).
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Proof. — Recall the following estimates proved in [10, Theorem 4]: For d > 2 and = € R

(3.11) Ima A+ pyz,x) — gz, )| < CAXVEL A> 1, ul < 1

and for every €9 > 0 and every N > 1 there exists C,, n such that

(3.12) (N x,x) < Co || ™, for [z)? > (1 + o).

From (B.II) we get that for every Cy > 0 there exists C' > 0 such that

(3.13) A+ sz, ) — mg (N2, z)| < C+ [p)AY2, 0 A > 1, || < CoA.

Then from (BI3) and [BI2) we get that for every 6 > 0 there exists C such that

(3.14) T\ + pyz,z) — (@) < C(1+ |p)AY2 10202070 X > 1, |u] < CoA.

Therefore, by ([B.I2), to get the result of Lemma B3] it is enough to integrate the previous inequality
on |z| < oA/ O

From ([B.I4)), we easily get an accurate estimate for the spectral function

an
sw,2) — (=5 @, 7).

h h
Lemma 3.6. — Assume that (I1) is satisfied with 0 < 6 < 1. For any 6 > 0 there exists C' > 0 such
that

(3.15) (z)0e, < ON,h4=0/2,

er = mh(

Using (3.3 and interpolation inequalities we get Sobolev type inequalities for u € &, 0§ > 0, p > 2.

5 1/2
(3.16) lull ooty < € (Nah072) 7 ull agpay,

which in turn implies, by (B1))

11
(3.17) [ull prow2-1)(Ray < C <Nhh(d_9)/z) o l|wll 2 (Ray-

By (BI0), the previous inequality can be written as

1 d+0y\/1
43404 -

1 1
[ull Lp.ow/2-1) gay < C(bn —an)? 7h ( p)HuHL2(Rd)a Vp € [2,+00], VO € [0,d].

Remark 3.7 — For similar bounds for eigenfunctions or quasimodes, we refer to [12].

4. Probabilistic weighted Sobolev estimates

We apply here the general probabilistic setting of Section 2l when K = H is the harmonic oscillator,
K = L*(RY) and {y;, j € N} an orthonormal basis of Hermite functions. Recall that S, is the unit
sphere of the complex Hilbert space &, identified with CV or R?Y, and that P, ;, is the probability
on S;, defined as in Section 2
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We divide this section in two parts: in the first part, under Assumption [Il we establish upper
bounds and in the second part we obtain lower bounds, but only in the case of Gaussian random
variables (Assumption [2]), and under the condition 0 < § < 2/3.

4.1. Upper bounds. — We suppose here that Assumption [[land (L) with 0 < 6 < 1 are satisfied.
Our result is the following

Theorem 4.1. — There exists hog €]0,1], c2 > 0 and C > 0 such that if c; = d(1 + d/4), we have
(4.1) Pyylue Sy : hid%“e ||UHLoo,9/2(Rd) > A] < ChiclechAQ, VA > 0, Vh €]0, hg].

Proof. — We adapt here the argument of [2]. To begin with, by (BI5]) and (23], there exists ca > 0
such that for every 6 € [0,d], every = € R% and every A > 0 we have
(4.2) P, [u €Sy ()2h T |u(z)] > A] < oA
Now, we will need a covering argument. Our configuration space is not compact but using ([B.12) we
have, for every u € Sy,
lu(z)] < Cnlz|™, for |z| > (1 +eo)h ™'/

So choosing R > 0 large enough it is sufficient to estimate u inside the box Bg, = {z € RY, |2]o0 <
Rh~Y 2}, We divide Bpg, in small boxes of side with length 7 small enough. We use the gradient
estimate

\Vpu(z)| < Ch= V244 wy e sy,
and (L2)) at the center of each small box to get the result.
For z,2’ € R% we have

[(2)"2u(x) — (") Pu(a’)] < C({@)"Plu(@) — u(@’)| + ()22 — a'[[u(2")]).

Let {Q+}rca be a covering of Bp, with small boxes @) with center z, and side length 7 small enough.
Then for every x € @), we have

(4.3) h(9—d)/4‘<$>0/2u(x) _ (xT>9/2u(xT)\ < Crh~V/2d/4,
‘We choose
~ i 1/2+d/4

and h. > 0 such that

(4.5) |2|oo > RA™Y2 = pO=D/4(5)0/2)y(2)| < % Vh €]0, he].

Then using ([@2]), (£3), [@4) and (L5) we get

(4.6) Poplu€Sy: BT [lull presogey > A < #Ae™ 20N yA > 0,%h €]0, b,

Using now that #A4 = Ch™ with ¢; = d(1 4 d/4) we get (@) from (E6l). O

We can deduce probabilistic estimates for the derivatives as well. Recall that the Sobolev spaces

WeP(R?) are defined in (3.



20 AURELIEN POIRET, DIDIER ROBERT & LAURENT THOMANN

Corollary 4.2. — For any multi index o, B € N¢ there exists ¢ such that

P, [u €Sy W 2007 u ] o o) > A] < Ch=ae=@A | WA > 0, Vh €]0, ho).
In particular we have, for every s > 0,
P, [u € Sh: 3 |[ull e (gay > A] < Ch~¢1e=®M WA > 0, Vh €]0, hol.
Proof. — We apply ([@J]) using that from the spectral localization of u € &, we have

o _lal+18]
1207 ull L2y < Ch™ 2 lull L2 ray,

[ ul| p2(ray < Ch_S/QHUHB(Rd)-
O

The following corollary shows that we get a probabilistic Sobolev estimate improving the determin-

istic one (B.I6]) with probability close to one as h — 0. The improvement is ”almost” of order N, ;/ 2

or ((bh — ah)h_d) 12, Choosing A = /—K logh for K > 0 we get

Corollary 4.3. — Let c1,c2 > 0 be the constants given by Theorem [{.1] Then for every K > i—; we
have

P, [u € S+ |lullje/2may > KT |log hyl/ﬂ < hfeeer i €]0, hel, VO € [0, d).

P [0 € Sn i [lullypnequey > KRS 5 |log h|Y2] < RE7 h €]0, hol, ¥s > 0.

Let us give now an application to a probabilistic Sobolev embedding for the Harmonic oscillator.
We shall use a Littlewood-Paley decomposition with h; = 277. Let » a C* real function on R
such that ¢(t) = 0 for t < a, p(t) = 1 for t < b/2 with 0 < a < b/2. Define y_1(t) = 1 — p(t),
1;(t) = p(hjt) — p(hjit) for j € N. Notice that the support of 1; is in [%, %]

For every distribution u € S'(R%) we have the Littlewood-Paley decomposition
w=Y "y, with u;=> (M) (u, or)k
j>—1 kEN

and we have u; € ;.
The Besov spaces for the Harmonic are naturally defined as follows: if p,r € [1,00] and s € R,
u € B; . if and only if
1/r
jsr/2
lullss, == { D 25 Pllujllipga | < +oo.
Jj=z-1

We shall use here the spaces Bj . For every s > 0 we have

Bs . C L*(RY) C B .
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Another scale of spaces is defined as
g ={ueSRY: > jlujll 2y < +o0}, m >0
i>1
Then for every s > 0, m > 0 we have BS’OO cgmc LQ(Rd).

It is not difficult to see that G™ can be compared with the domain in L?(R?) of the operator log® H.
This domain is denoted by Hiog the norm being the graph norm. For every s > 1/2 we have

HL* C G™ C H,
Notice that we do not need that the energy localizations v; are smooth and we can define the same
spaces with ¢(t) = Ij; o/(t) so that the energy intervals [27,27+![ are disjoint.

Let us now define probabilities on G™ as we did for Sobolev spaces H®. Let 7; be a sequence of
complex numbers satisfying ([.2]) and such that

(4.7) D imhlay < +oo,
Jj=0
where Aj = Ap; and
W= 05, vy(w) =Y %X (w)e,
Jj=0 Jj=0

so that vy is a.s in G and its probability law defines a measure ,uff in G™. This measure satisfies also
the following properties as in Proposition 2.4

(i) If the support of v is R and if ; # 0 for all j > 1 then the support of phis g

(ii) If ud € ™ and v9 ¢ G° where s > m then pZ'(G%) = 0. In particular uZ"(H*) = 0 for every

s> 0.

(iii) Under the assumptions (i) in Proposition 2.4 we can construct singular measures p" and 3.

Now we can state the following corollary of Theorem [Tl

Corollary 4.4. — Suppose that v satisfies (I.3) with a < b and {{.7) with m = 1/2. Then for the

measure ,u%/2 almost all functions in the space GY/? are in the space C}?/?] where

Ch(RY) = {u e C'RY) : ||o°0ul| o roy < +00, Vlal +[8] < £].

In particular if vg € H%, so > 0 and if vg ¢ H*, s > sp, then we have qu(B‘Q’m) =1 for every o >0
[d/2]

and we have an a.s embedding of the Besov space B3 ., in Cy' ™.

Proof. — Let u = Z u, € GY? with u, € En, - For k > 0 (chosen large enough) denote by
n>—1

By = {v €&, ”.%'O‘agvuLw(Rd) < m/ﬁHvHLg(Rd), Vol + 18| < [d/2] }
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We have, using Corollary
(B 2 1 — e nleae—en),

So if B* = {u eGl/?: ye Enhys Un € B, VYn > 1}, then we have

/’[’fly/Q(BH) > H (1 - e*ﬂ(CQ}fﬁ,Cl)) >1— 5(/4;)

n>1
with liI_’I_l e(k) = 0. More precisely we have (k) &~ ¢~ for some ¢ > 0.
KR—r+00
Now if u € B" we have
|20 ull oy < D 20 unll pooey < 5 Y Vallunllp2@ey = £llullge.
n>-—1 n>—1

So the corollary is proved. O

Remark 4.5. — In the last corollary, for every s > 0 we can choose v such that /ﬁ/ 2(7—[5) =0. So
the smoothing property is a probabilistic effect similar to the Khinchin inequality.
From the proof we get a more quantitative statement. There exists ¢ > 0 such that

2
B[ lullyarze > sllulgye] < e

Remark 4.6. — The proof of the corollary depends on the squeezing assumption (L2) on . For
example if ([L.2]) is satisfied for b, —aj ~ h then we can consider the energy decomposition in intervals
[2n,2(n + 1)[ instead of the dyadic decomposition. So when applying Theorem 1] with A of order %
we get h—cle—czA2 — eCl logn—chQ.

Then taking A = kv/logn with s large enough, in the construction of B/ we have to replace v/n by
VIogn. In the conclusion the space G'/2 is replaced by G'/? where

gm = {ue S'(R%) ZlogijuJ-HLz(Rd) < 4oo}, = Z (u, @j)p;.
j>1 2] <An<2(j+1)
4.2. Lower bounds in the case of Gaussian random variables. — Here we suppose that the

stronger Assumption 21 and () with 6 < 2/3 are satisfied. We are interested to get a lower bound
for |[ull poo.0/2(ray-

The spectral condition ¢ < 2/3 is needed here because it seems difficult to estimate from below the
variations of the spectral function of the harmonic oscillator in intervals of length < h=1/3.

A first step is to get two sides weighted L" estimates for large r which is a probabilistic improvement
of BI7). Denote by
d—0 2

(4.8) Bro = T(l - ;)-

Theorem 4.7. — Assume that 6 € [0,d], and denote by M, a median of ||u||;ree/2-1). Then there
exist 0 < Cp < C1, K >0, ¢1 >0, hg > 0 such that for all r € [2, K|log h|] and h €]0, ho] such that

(4.9) P%h [u €Sy : ‘”uHLr,e(mm—l) - M| > A} < 2exp ( — CQNz/rh_BT’eAQ).
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and where

Cov/rh“T"0=9 < M, < C1v/rh“T°0-0), W € 2, K log N].

This result shows that ||ul|;rec/2-1) has a Gaussian concentration around its median.

From (£9) we deduce that for every k €]0,1[, K > 0, there exist 0 < Cy < Cy, ¢; > 0, hy > 0 such
that for all r € [2, K|log h|"], h €]0, hy] and A > 0 we have

2

Pp [u€ Sy Covrh T 07D < full prozny < CryrR'a 070 | > 1 emalloshl™,

As a consequence of Theorem (7] for every 6 € [0,d] we get a two sides weighted L estimate
showing that Theorem [l and its corollary are sharp.

Corollary 4.8. — After a slight modification of the constants in Theorem [{.7, if necessary, we get
that for all 6 € [0,d] and h €]0, ho]

(4.10) P, [u € Sp, : Co|log h|Y2h\T=0/% < |ju|| ;se.0/2 < C1]log h|1/2h(d’9)/4] >1—ho.

To prove these results we have to adapt to the unbounded configuration space R the proofs of [2]
Theorems 4 and 5] which hold for compact manifolds. The concentration result stated in Proposi-
tion 213l will prove useful.

Proof of Theorem[{.} — Denote by F,.(u) = ||u| jro¢/2-1) and by M, its median. Thanks to (B17)
we have the Lipschitz estimate

S =

1_
|F,(u) — Fy(v)| < C (Nhhd%e) 27w = vl ey, Vu,v € S
Therefore, by (ZI5) and (4S8]), we have for some ¢y > 0
(4.11) P, [u €Sy |F — M| > A} < 2exp (— caN2"hProA2).

The next step is to estimate M,. Denote by A = E(F)) the moment of order r and compute, with

s=0(r/2—-1),
A = ([ @hra)

too
= r x)® s"T Py plu € Sy u(z)| > s| ds) da.
/]Rd<>(/0 v{ lu(z)| } )
Thus by (ZII) we get

cov/ex +oo
C1r/ (x>s</ sl ds) de < A7 < CQT/ <ﬂ:>s</ s leor e ds) dz.
Rd 0 R4 0

Performing the change of variables ¢ = c% 52 we obtain that there exist C1,Cy > 1 such that

eN
(412)  CrrNT2 ( / (x>se§/2dx> | erteta s < ( /
R4 0 R

<x>8e;/2dx) I(r/2).

d
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with ¢ = c¢163. We need to estimate the term fOEN t"/2~1e~tdt from below. Using the elementary
estimate

+oo
/ /2 et At < 72T (r/2), T > 1,
T

N N then we have

we get that there exists €1 > 0 such that for N large and r < Ellog N

eN
/ tT/Z—le—tdt Z P(T/z) )
0 2

ol

So we get the expected lower bound, Vr € [1, €170 N

e 20y </ (x>se;/2dx> N7T2D(r/2) < AT < CorN /2 </ <x>se;/2dx> L'(r/2).
R4 Rd
and where I'(r/2) can be estimated thanks to the Stirling formula: there exist 0 < Cy < Cy such that
(Cor)/2 <T(r/2) < (C1r)'/2, Vr>1.

Now we need the following lemma which will be proven in Appendix [Bl The upper bound can be
seen as an application of Lemma with A = h~! and p = (by, — ap)h ™ ~ Nyhi=L.

Lemma 4.9. — There exist 0 < Cy < Cq and hg > 0 such that

1/p
CoNphP2r0 < (/ (x>€(p*1)e§ dx) < C1NhP2ve,
R4
for every p € [L,00[ and h €]0, ho] where B,y = (1 — 2).

From this lemma we get

(4.13) CoVrhPre < A. < C1VrhPre,  N¥r > 2 h €]0, h).

Now we have to compare A, and the median M,. We have

|-’4r - Mr|r = “|Fr||LT(Sh) - ||Mr||LT(Sh)‘T
<IF =Ml =7 [ 5 PoallFr = M| > s]ds.

Then using the large deviation estimate ([2.I5]) we get

A, — M| < CNY™/rhbro, Vr>2,
Choosing 7 < Klog N, (K < 1) and N large, from (£I3]) we obtain

(4.14) CoVrhPro < M, <CyVrhbro, Vre[2,Klog N
and the proof of Theorem [.7] follows using (£.14)) and (4.11)). O

Remark 4.10. — The upper-bound in Lemma A9l is true for § = 1. This is proved in Appendix Bl

Now let us prove Corollary [£.8]
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Proof of Corollary [{.8 — For simplicity we assume that 6 = d. Using (£1)) it is enough to prove that
there exist Cp > 0, hg > 0, ¢; > 0 such that
(4.15) P, [u € Sp 1 [[ullooas> < Co|log h|1/2] < B, Vh€]0, h).
Let u € Sy, then by ([B.2]) we have the interpolation inequality

1-2
et o2y ety < Ml ;220

So we get
1/2 12\ 172"
P,n [u € Sp : ||ull foo.as2 < Collog hl } <Py, |u€Sy: lull prae2-1) < (Co‘ log h| ) ,

and choosing r = rp = g¢| log h| we obtain

P [u €Syt Jull e < Collog A2 <Py

Co 172 1=2/mh
weSu fulpsnon < (Sorl! -

\/— Th
Then choosing hg > 0, 5—6% small enough and A = ¢|log h|*/? we can conclude that ([@I5) is satisfied
using (4.9]). O

Remark 4.11. — Concerning the mean Mo, of Foo(u) := ||uf| ec.as2 it results from Corollary 8]
(1) and [B.I6) that we have the two sides estimates

Collog h|Y? < Mo < Ci|log h|V/2,  Vh €]0, ho].

It is not difficult to adapt the proof of (1) and (@I0) for the Sobolev norms ||ul]yys.p(gay. It is enough
to remark that considering Lou(z) = H*/?u(z) we have

Z Aj SDJ

JEA
But for j € A, \; is of order h~! hence there exists C' > 0 such that
C'h=%e, < er, < Ch %e,

Using this property we easily get the next result, which in particular implies Theorem [Tl Let M, 4
be the median of u > [[ullyys.r(rae), and recall the definition (L8]). Then

Theorem 4.12. — Let s > 0. There exist 0 < Cy < Cp, K >0, ¢; > 0, hg > 0 such that for all
r € [2,K|logh|] and h €]0, hg]

(416) P’y,h |:u S Sh . ‘HUHWS,r(Rd) - Mns

> A] < 2exp ( — CQNE/Th75T’°+SA2).

where
CO\/—h <Mrs§01\/_h s VTE[Q,KIOgN].
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In particular, for every k €]0,1[, K > 0, there exist Cy > 0, C; > 0, ¢; > 0 such that for every
r € [2, K|log h|*] we have

_s

P%h [u €Sy : CO\/’I_“h%(lfg)hig < ||UHW5,1"(Rd) < Cl\/’l_“h%(lfg)h 2] >1-— efcl\lOghP_K,

For r = 400 we have for all h €]0, ho]

d—2s

P, [u € Sp : Collog h|/* 1T < [[ullyymoomay < Ci| log h|"/2h"5 } >1 - b,

Namely,
—s/2
||UHWW(Rd) ~h™ ||U\|Ln0(Rd) + ||U\|Lns(Rd)a
and
B2l progay ~ hTOTORTE, [full o ey ~ R5O DR
4.3. Lower bounds in the general case. — Under Assumption [II we prove a weaker version of
Theorem [4.12]

Theorem 4.13. — Suppose that Assumption [ is satisfied. Let s > 0, k €]0,1[, K > 0. There exist
0<Cy<Ci, K>0,c >0, hg >0 such that for all r € [2, K|log h|"] and h €]0, ho]

P, [u €Sy Coh%(lfg)hfg < Hu”ws,r(Rd) < Cl\/’l_“h%(lig)hfg} >1- efcl\lOghP_K, .
For r = +00 we have for all h €]0, h)

d—2s

P, [u € Sh: Coh™ T < [|ullyyee gy < Ca|log B/*1 } >1 - e

Therefore, we have optimal constants in the control of the WW*"(R?) norms when r < +oco and for
general random variables which satisfy the concentration property, but when r = 400 we lose the

factor |log h|*/? in the lower bound.

Proof. — We can follow the main lines of the proof of Theorem [£12]1 Here compared to [{I2]) we get

&
Al > CrNTT/? (/ <x>se;/2dx>/ /2 et dt
R4 0
> CN7/? </ <x>se;/2dx> e’?,
Rd

and this explains the loss of the factor /r. O

4.4. Global probabilistic LP’-Sobolev estimates. — Here we extend the L°°- random estimates
obtained before to the L"-spaces for any real r > 2, and we prove Theorem Let us recall the
definition (L4) of the Besov spaces, where we use the notations of Subsection [L]] for the dyadic
Littlewood-Paley decomposition.
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Proof of Theorem — Recall that for every o > m we can choose v such that p,(H?) = 0.
Denote by F; s(u) = ||ullyysr. The Lipschitz norm of F, ; satisfies

1

1_1 1_
[ ErsllLip < Chfstd(E*;)le "

Let us denote by M, s the median of F}.s on the sphere Sy for the probability P, ;, and by A7 ¢ the
mean of F.. From Proposition 2.13] we have, for some 0 < ¢y < ¢y,

K2
(4.17) P,plueSy:|Fs— M > K} < exp < — clNﬁ) < exp < — coNl/TK2).
[R5
With the same computations as for ([AI4]) we get
(4.18) Ars~r and |An, — M, | SN

These formulas are obtained from (2.9]) applied to the linear form Lgsu := H%u(x) noticing that
er, = Z |H*p;(x)]> = h™*e,.
JEAR

Then taking cg > 0 small enough that we have
(4.19) Uy h [v €& |vlhwsr > K||v||L2(Rd)] < exp (—CONQ/TKQ) , VK >1.

Then from (£I9]) we proceed as for the proof of Corollary 4l For simplicity we consider here the
usual Littlewood-Paley decomposition. Then we have N%/" ~ 2274/7 So the end of the proof follows
by considering

BS = {’U € En : ||v||WSW < KHUHLQ(Rd)}-
So for a fixed r > 2 we infer (LH) from ([@I7) and ([@I8), taking ¢y > 0 small enough, we get

2
fy HBff > 1 — e 0K,
n>0

O

Using the isometry u — H~™/2y between B3 1 and Bgffr % for all real m > 0, we can get the following
corollary to Theorem

Corollary 4.14. — Let m > 0 and assume that v satisfies (L2) and

Z 2"y |, < 4o00.
n>0

Then for s = d(3 — 1) +m and r > 2, we have

- 2
e [u € BY : [[ullypmsar > KHUHB%] < ooK?,
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5. Application to Hermite functions

We turn to the proof of Theorem and we can follow the main lines of [2, Section 3]. We use
here the upper bounds estimates of Section [4.1] in their full strength. Firstly, we assume that for all
JE AL, v = Nh_l/2 and that X; ~ Nc(0,1), so that Pj, := P., , is the uniform probability on Sj,. We
set hy = 1/k with k € N*, and

Qp,, =2+ dhy, bhk :2+(2—|—d)hk
Then (LT is satisfied with § = 1 and D = 2. In particular, each interval

_ [ O bay ]
Ihk_[h ,hk[_[2k+d,2k+d+2[

only contains the eigenvalue A, = 2k + d with multiplicity Np, ~ ck?1, and &En,, is the corresponding
eigenspace of the harmonic oscillator H. We can identify the space of the orthonormal basis of &,

with the unitary group U (N, ) and we endow U(Nj, ) with its Haar probability measure p;. Then
the space B of the Hilbertian bases of eigenfunctions of H in L?(R?) can be identified with

B = x}enU(Np, ),
which can be endowed with the measure
dp = Qpen dpg.-
Denote by B = (@kvf)kENJG[[l,Nhk}] € B a typical orthonormal basis of L?(R?) so that for all k& € N,

(6k,0)eefi,,, ] € U(N,) is an orthonormal basis of &, .

Then the main result of the section is the following, which implies Theorem

Theorem 5.1. — Let d > 2. Then, if M > 0 is large enough, there exist ¢,C > 0 so that for all
r >0

2
p| B = (¢r,e)ken,eefi,n,, ] € B 3k, 6 [|@rellyparscemay = M(log k)2 4 7“] <Ce .
We will need the following result

Proposition 5.2. — Let d > 2. Then, if M > 0 is large enough, there exist ¢,C' > 0 so that for all
r>0andk>1

(5.1)  px [Bk = (Ye)een,n,, 1 € UNh,) : 30 € [1, N, I 19ellyarz.comay = M(log k)Y 4
< Ck72€7cr2.

Proof. — The proof is similar to the proof of [2, Proposition 3.2]. We observe that for any ¢y €
[1, Np, ], the measure pj, is the image measure of P, under the map

U(Nny) 2 Bi = (Ye)eeqi,n, | — Yty € Shy.-
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Then we use that Sy, C &, is an eigenspace and by Theorem B.I] we obtain that for all ¢y € [1, Ny, |
pi| Br = ($0)iepny, 1 € UNR,) + 106 llyyarzce ey > M (log k)2 + 7“]
=P, [ueSn: ulywac g > M(logh)/? +7]

—

u € Sy, : k;d/4||uHL0070(Rd) > M(log k)*/? +r]

2
)

S CkCl*M2cgefcg'r‘

where ¢1,co > 0 are given by Theorem Il As a consequence, (B.]) is bounded by Ck:ce*c”?, with
c¢=c; — M?cy +d — 1 which implies the result. O
Proof of Theorem [2.1l — We set
Fry = {Bk = (wé)ze[[LNhk]] € U(Nhk) Ve [[LNhk]]§ ||7/)£||Wd/2,oo(Rd) < M(log k)l/z 4 T},
and F,. = Ng>1Fk,. Then for all r >0
PIF) <D pu(FE,) SO Y ke = Cle™,
k>1 k>1

and this completes the proof. O
We have the following consequence of the previous results.

Corollary 5.3. — For p-almost all orthonormal basis ((pk,g)keN’ge[[l’Nhkﬂ of eigenfunctions of H we
have

lonell oo ey < (M +1)E"5 (1 +log k)%, Yk €N, VL€ [1,Ny,].
Proof. — Apply ) with r = (log k)'/? and denote, for k > 2, Q, the event
= {B = (or0), 3 € [L Nk, lprellpoeay = (M + 1)k~ (log k)'/?}.

We have p(2;) < Therefore from the Borel-Cantelli Lemma we have p[limsup Q] = 0 and this

k—+o00

gives the corollary. O

<
k2

Appendix A
Proof of Proposition [2.4] (iii)

[e3

_(l=l
Proof. — Denote by f,(z) = %“e ) , v > 0. We have, with obvious identifications,

ey = @j>0(fr;d).

o &)1/2
= (7)o

Denote by
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According to the main result of [9] the measures 11, and pg are mutually singular if the infinite product
I i>0Tj is divergent. From elementary computations we get

B 1/ /2 1/ 8; o2 —1/a
”ﬂ“(i (3 +:(2) |

o If m; has not 1 as limit then the product is divergent.
e If 7; has 1 as limit then the infinite product is divergent if Z(?‘(’;a — 1) = 400. So, using that
Jj=0
1 1 1
- )=1+=-(1—2)? 1—z)3
2(gv—i-w) +2( z)"+0(1 —x)°,

we see that the infinite product is divergent if (2.6 is satisfied. O

Appendix B

LP weighted spectral estimates for the Harmonic oscillator

Our goal here is to give a self-contained proof of Lemma It could be proved using the semi-
classical functional calculus for pseudo-differential operators [17], but for the harmonic oscillator it is
possible to use the exact Mehler formula and elementary properties of Hermite functions to get the
result.

B.1. A functional calculus with parameter for the Harmonic oscillator. — The starting
point is the inverse Fourier transform

£ = 5= [ e i,

where f is in the Schwartz space S(R).
We want estimates for the integral kernel K¢(x,y) of f(H). To do that it is convenient to first
compute the Weyl symbol Wy (,&) of f(H) and use that

_ T+ i(z—1)-
Ky(a) = @m0 [ Wy (S5 )i

For basic properties about the Weyl calculus see for example [17]. The unitary operator ¢’/ has an
explicit Weyl symbol w(t, z,§) :

1
(cost)d
Formula (BJ) can be easily proved from the Mehler formula (7)) and also directly (see [17], Exer-
cise IV).

Let us introduce a cutoff y € C>®(R), x(t) = 1 for |t| < g, x(t) = 0 for |t| > 2e9 with 0 < g < 7/4.
Denote by

(B.1) w(t,z,§) = et tant(2+E%) - fop t] < us

1

L / oM (1 — (1) f(t)dt

Rf:27r
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and
Wiw.6) = 5= [ witzOn@0a

We apply these formulas to give estimates with fj,(s) = f(hs) where h > 0 is a small parameter. We
begin with an estimate for the remainder term for the kernel K Ry, (x,y) of the operator Ry, .

Lemma B.1. — There exists My > 0 such that for every M > 1 there exists Cay > 0 such that

M —Y—d-1 d
(B.2) |K Ry, (z,y)| < Cyh™ ((z){y)) 2 [ fllae+n1, VR €]0,1], Va,y € RY,
B
where m=  su t'— f(t)].
Il = sup 16 ()

Proof. — Denote by g, (t) = (1 — X(t))f(%) So we have Ry, = gn(H) and for every M, M’ > 1,

il < [ | Garin(@lde < Caran (DR

[t|=e0
So we have

KRy, (2.9)] = | 3 an(0)es (@)ogw)] < OWM (30 A7 Moy @)P) (3007 M e w) )

J J J

Recall the Sobolev estimate in the harmonic spaces: for every s > %l + r there exists C' = C, such
that

(@) |u(@)] < Cllullys, Vu e H(RY).
So we get, for s > %l +7r,

|K Ry, (z,y)| < ChM ((@)(y)) " > A,
J
Using that \; a2 j/¢ and choosing r = % +d+ 1 we get (B.2). O

Our aim is to estimate the kernel of f (H%”)‘> for large X, || > DA™ where D > 0 and § < 2/3.

The parameter v is fixed in an interval [vg, v1], where 0 < vy < 1. All our estimates will be uniform
in v, so for convenience we shall take v = 1.

Denote by gx.(s) = f (%) so we have gy ,(t) = pe” ™ f(ut). We consider the dilated Weyl
symbol: W) ,(z,§) = Wg%#(\/Xx, V). Then we have

(8.3 Wi §) = 4= [ X020 X0 fyar,

with the phase ®(t,z, &) = tant(|z|> + [£]?) — .
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Lemma B.2. — Assume that 6 < % Then for every N, M > 0 we have

3hi N A
Wau@ &)= Y NI (a4 ) O (2 (el + e - 1))
§(1—8)+k(2—38)<N H

(B4) + O N1+ [ +[€2) ),

where ¢y, ; are real numbers, coo = 1.

Proof. — Using that 0,®(t,z,£) = (1 + tan?t)(|z|?> + [£]?) — 1 and integrating by parts we get that
for every M there exists Cpy > 0 such that for |[z|? + [£|* — 1| > 1/2 we have

(B.5) (W@, 8| < Cu XM (| + €2 + 1)~ M.

So it is enough to estimate W)y ,(z,€) for |z|? + |¢|* ~ 1.
To do that, we write down

GAB(.6) _ i (tan 1) (a2 +]E]?) gixt(al2 +EP 1)

Denote by E; = (tant — t)(|z|? + |£|?), then we have

, INE,)F
et — Z G k:'t) + N (IAEY)
0<k<N ’
where
& |s| V=

-— < — <j<N.
3OS ey 053 <

Lastly, we end up the computation by expanding (tant — t) with Taylor

+o0

ot — e XSS g ke

(tan ) cos(t)d Z k. '
=0

Thus
—+00 +oo
Wasw§) = 4o D05 [ M, X3 (of? 4 62 fut) s

k=0 j=0"R
+00 400 —

_ %ZZ/ei’\t(x2+521)dk7jij)\k,u3kj(|:c|2+|£|2)kf(3k+j)(/‘t)dt
k=0 j=0"R

~ e ko —3k—j .2 k(N2 2
= 20D eI el 1) (5 el + I - ).

k=0 j=0

which implies the result with (B.3]). O
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B.2. Proof of Lemma — First remark that the upper-bound is a direct consequence of (B.12])
and (B3] and this hold true for § = 1. The bound (BI3]) being a rather difficult result, we shall
prove by the same method the estimate from above and from below for § < 2/3.

We use here the functional calculus with energy parameter (B.4]). Let f be a non negative C'™°
function in | — 2Cy, 2Cy[ with a compact support, such that f =1 in [—Cp, Cy]. We choose two cutoff
functions fi with fi as above and f_ such that supp(f-) C|Cy,Co[, f— = 1 in [2C1, Cy/2] where
C1 < Co/4. If Ky p(z,y) is the Schwartz kernel of fi (H_f_l) (h = 1 is now a small parameter,
v € [v,11]). We have

K_jp(z,z) <ep < Ky p(x, ).

So we have to prove

1/p
(B.6) CoNphPwo < ( / d<x>9(p1)Ki7h(m,x)pdx> < Cy N hP2w0.
R

Recall that
Kenla,z) = 20" [ Wen(e.0)de

where Wy p,(z,§) is the Weyl symbol of the operator fi (H_i_l > So using (B.4)) it is not difficult to
see that it is enough to consider only the principal term given by the following formula

x|? 2 _p-1
K%h(x,m):(Qﬂ)d/RdfC | +|§l h >d§.

We shall detail now the lower-bound; the upper-bound is proved in the same way. Denote by
K%(z) = K?’h(x,x) and s = 0(p — 1). We have
P

/Rd(:c>sK0(x)de _ (2m)" /Rg () (/R I (W + |55 - h_1> dg) da.

Now performing the change of variable = h~1/2y, ¢ = h=1/2p, using property of the support of f_
and integrating in y in the domain 1/2 < |y| < 2/3, we obtain

d
3

[ @ KO e 2 s

Hence we get (B.6) using that u ~ h%~! so uh ~ h ~ h%Ny,.

Appendix C
Proof of (212

To begin with, we identify the complex sphere of CV with the real sphere

SV ={w e R ¢ wi+ - +wiy =1} C R,
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SQN—l

Denote by Py the uniform probability measure on and by .y the Gaussian measure on R*V of

2N
1 1
density dp = W exp ( —-3 Zx? )dxl ...dzon. It is easy to check that Py is the image measure
j=1

of pun by the map
G:R¥N 5 §2N-L
1
(:Cla"',xQN) — —(.’El,...,CCQN).
2N 9
=17
Indeed, py o G™1 is a probability measure on S?~! which is invariant by the isometries of S?VN—1,
therefore Py = puy o G~1. For ¢ € [0,1], denote by ®(t) = Py (\/w? + w3 > t), then

1 2N

—152N g2
I (27T)N/H:v?+m§>t225ﬂx?e 20517 day . dagy

1 _Lly2N o2
N W H$%+m%> t22 ZQ'NP, 22 © 2=t dzy . daoy.
1—-t 7= J

We make a spherical change of variables (z3,...,z9y) — 7o and the polar change of variables
(x1,22) = (rcosf,rsinf). Denote by s = t/v/1 — 2, thus there exists Cy so that

Q)(t) = CN/TQNse;(p2+r2)]1p>srpdrdp

e ON—3 —1(1452)r2
= Oy r e 2 dr.
0

Now, by the change of variables ' = (1 + 82)1/27“, there exists C'y so that
o(t) = Cy(1+ %)~ WD = Oy(1 — )N,
and Cy = ©(0) = 1.

Appendix D
Proof of Proposition [2.13]

For simplicity we assume that the random variables, the 7, and the space &, are real, and we
identify &, with RV, endowed with its natural Euclidean norm |y|o. We also consider the v-dependent
norm )

vl :% S B u=(n ).
1<j<N J
Condition (L2 means that we have

1
G lls < Iyl < Clyl.

We define a probability measure v, in RY as the pull forward of the measure v in RY by the mapping
o: (x1, -+ ,zn) = VN(m1z1,--- ,yven). Notice that v, satisfies the concentration property of
Definition 211
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Now we follow the proof of of [13], Proposition 2.10]. Let F' be a Lipschitz function on the sphere Sy,
and by homogeneity, it is enough to assume that F is 1-Lipschitz. For z € RV, G(x) = |z|o (F(ﬁ) -
F (xo)), where g is a fixed point on S;. Thus G satisfies

(D.1) |G(z) = G(y)lo < 2(7 + )|z — ylo,
and
i Yy_ oy gL

By [13l Corollary 1.5], it is enough to prove that
P @ Py u,v € Sp: [F(u) - F(u)] > 3]
= Uy @ Uy [m,y eRY: ‘F(ﬁ) — F(ﬁ)‘ > 37"] < Ce N,
Denote by M, the median of x — |z|p with respect to v.,. Then by (D.2))

x y
V»Y®V»Y|:$,y€RNZ ‘F(m — m)‘Z3T:|
— RN . NPT AN BN
Uy @ Uy [w,y € ‘G(MO) G(\yfo)‘ > 37’}
< N: T _ y > N: —x — —x > .
_V7®V,Y{x,y€]R ‘G(Mv) G(MV)‘_T]+2%{PGR ‘G(mo) G(Mw)‘_r}
By (D.) we have
x x |z]o
G(—)-G(—)| <2 1)|——1
Gl — GG =2+ 0| g -1,
which implies from (2] that
N x X —c M2T2
. i Y > < 1
V,Y{xe]R : ‘G(mo) G(MV)‘_T]_Cle 22
Similarly, by (D)) and (1)
N £ Y —coM27?
. i 7y > < 2
V,Y[x,yG]R : ‘G(My) G(MV)‘_T]_CQG 22

To conclude the proof of the proposition we use the following

Lemma D.1. — InRY, denote by M. (N) the median of x — |x|o with respect to v., and by A,(N)
its expectation. Then there exist C,Cy,Co > 0 such that for all N > 1

IM,(N) = A,(N)| <C and C1VN < M,(N) < Cov/N.

Proof. — Here we use the notation ||y := (27 + --- + 2%)'/2. By definition of M., we have for all
t > 0 and thanks to (2.1)
1

5 = P’y,h |: ’x‘N > M'y} < e*t(MW*Aw)E[etﬂﬂN*A«,)} < eft(Ma,f.A«,)ectQ.
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Then, we choose t = (M, — A,)/(2¢) and get for some C' > 0, |M, — A,| < C. This was the first
claim.

Next, by Cauchy-Schwarz, we obtain A2(N) < [p~ |#]3dv(z) = N. Now we prove that there exists
C > 0 so that for all N > 1, A,(N) > Cv/N. Indeed,

2
T
Ay (N +1) = Ay (N) = / — ML qu(x
’Y( ) ’Y( ) RN+ ‘x’N‘i"x‘N—i—l ( )
2
> l/ TN+ d,,x):M.
2 RN+1 ’1"]\74_1 2(N+1)
This implies that for all N > 1
1 1
N+1)>1—- ) TAWN) > 1+ o)A (N
and then A, (N) > PyA,(1), where
al 1. 1
In Py = kz—an(l +57) =5 N +0(1),
which yields the result. U
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