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Bang-bang property for time optimal control
of semilinear heat equation

Kim Dang Phung* , Lijuan Wang! and Can Zhang'

Abstract

This paper studies the bang-bang property for time optimal controls governed
by semilinear heat equation in a bounded domain with control acting locally in a
subset. Also, we present the null controllability cost for semilinear heat equation
and an observability estimate from a positive measurable set in time for the linear
heat equation with potential.
Keywords. semilinear heat equation; time optimal control; bang-bang property;
observability estimate from measurable sets.

1 Introduction and main result

This paper continues the investigations carried out in [14]. Our main result deals
with the bang-bang property for time optimal controls governed by semilinear heat
equations with control acting locally. We complete the result in [14] in two directions:
the nonlinearity of the equation; the geometry on which the equation takes place.

Let Q be a bounded connected open set of R", n > 1, with boundary 0f2 of class
C?. Let w be an open and non-empty subset of  and denote 1;. for the characteristic
function of a set in the place where - stays. Let yo € L* (Q) and v € L> (0, +o00; L* (Q)).
Consider the following semilinear heat equation with initial data 1y, and external force
v:

Oy —Ay+ f(y) =1,v inQx(0,+00) ,
y=0 on 99 x (0, 400) ,
y(-,0) = o in €.
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Existence and uniqueness of the solution y is ensured with the following assumptions:
f : R — R is globally Lipschitz and satisfies the “good-sign” condition f(s)s > 0 for
all s € R (and consequently, f(0) = 0). In such case, for any 7' > 0, the solution
y is in C ([0,7]; L?(©2)) and the above equation holds in the sense of distributions in
Qx(0,7).

Our motivation is a null control problem for semilinear heat equations which means
that our goal consists to find v € L* (0, +o00; L? (2)) such that y (-,7) = 0 in Q.

The first natural null control problem solved in the literature is the following.

Question 1: what are the assumptions on f in order that the property

Vyo € L2(Q), VT > 0, 3M > 0, Jv € L™ (0, +o0; L2 (Q)),
such that y (-,7') = 0 in @ and [|v]| (o ooiz2()) < M

holds. Notice that the existence of a null control v gives the one of the bound M.
This property is intensively studied in the literature (see e.g. [2],[8],[7]) and is called
null controllability for semilinear heat equation. It holds for any nonlinear terms which
are locally Lipschitz and slightly superlinear. Precisely, it is enough for f to satisfy

f(0) =0 and
|/ (s)]

im =
Isl=o0 || In/2 (1 + |s])

In particular, if we assume that f is globally Lipschitz with f (0) = 0, then null con-
trollability for the corresponding semilinear heat equation holds.

However, we can formulate another type of null control problem as follows.

Question 2: what are the assumptions on f in order that the property

Vyo € L* (), VM > 0, 3T > 0, Jv € L™= (0, +o0; L* (Q)),
such that y (-, 7) = 0in Q and |[v|| ;e (0 oe:r2(0)) < M

holds. In this article, we will prove the existence of T" and v under the assumption
that f is globally Lipschitz and satisfies the “good-sign” condition. Once existence
of a couple (y,v) is established for yo € L?(2)\{0} and M > 0 given, via suitable
assumption on f, we introduce the following admissible set of controls

Vi = {v € L (0,+00; L* () ; ||U||Loo(0,+oo;L2(Q)) < M and the solution y
corresponding to v satisfies y (-,7") = 0 in Q for some 7" > 0} .

Among all the control functions v € V,,, we select the infimum of all such time:
T =inf{T;v € Vy} ,

i.e., the minimal time needed to drive the system to rest with control functions in V.
A control v* such that the corresponding solution y satisfies y (+,7%) = 0 in  is
called time optimal control. In this article, we shall prove the existence of a time
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optimal control v* under the assumption that f is globally Lipschitz and satisfies the
“good-sign” condition.

Now, we are able to state our main result.

Theorem 1 .- Let f: R — R be a globally Lipschitz function satisfying f(s)s > 0
for all s € R. Then for any yo € L? () \{0} and any M > 0, any time optimal control
v* satisfies the bang-bang property: [|v*(+,t)||2(q) = M for a.e. t € (0,17).

Clearly, bang-bang property is of high importance in optimal control theory as
mentioned in [6] and [11]. In particular, the bang-bang property for certain time optimal
controls governed by parabolic equations can be provided by making use of Pontryagin’s
maximum principle (see [9],[10],[17]). Another approach to get bang-bang property
for linear heat equation consists to follow a strategy based on null controllability with
control functions acting on measurable set in time variable as in [12] and [16]. Recently,
the authors in [1] established an observability inequality for the linear heat equation,
where the observation is a subset of positive measure in space and time. And from which
they obtained another kind of bang-bang property of time optimal problem for the
linear heat equation with bounded controls in space and time. Naturally, the extension
of this strategy for nonlinear parabolic equations requires a fixed point argument and an
observability inequality for heat equations with space and time-dependent potentials.

This paper is organized as follows. Section 2 is devoted to the null controllability
for semilinear heat equation with control functions acting on w x E where |E| > 0. We
present (see Theorem 2) and prove an estimate of the cost of the control functions when
f is globally Lipschitz. Before giving the proof of Theorem 2, we recall the linear case
and the observability estimate needed (see Theorem 4). In section 3, applying Theorem
2 in a very special case, we prove the existence for admissible control (see Theorem 5)
when f is globally Lipschitz and satisfies the “good-sign” condition. Next we deduce
the existence of time optimal (see Theorem 6). The proof of our main result, Theorem
1, concerning the bang-bang property for time optimal controls governed by semilinear
heat equation with local control is given in section 4. Finally, in section 5, we prove
the observability estimate of Theorem 4.

2 Null controllability for semilinear heat equation

The goal of this section is to present the null controllability for semilinear heat equation
with control functions acting on w x E where |E| > 0. A particular attention is given
on the cost estimate.

Theorem 2 .- Let f: R — R be a globally Lipschitz function. Let 0 < Ty < Ty < Tj

and E C (T1,Ty) with |E| > 0. Then for any ¢ € C ([Ty, Ts], L* () and any w, €
L? (), there are a constant x > 0 and a function v, € L™ (0, +o00; L* (Q)) such that

||U1||L°°(0,+00;L2(Q)) S K ||w0||L2(Q)
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and the solution w = w (z,t) of

Ow — Aw + f(¢+ w) - f(¢) = 1|wxE?)1 in QX (To,TZ) )
w=20 on 8Q><(T0,T2) ,
UJ(',T()):UJ() ZTLQ,

satisfies w (-, Ty) = 0 in L*(Q). Further,
o — ef?ec(Tl—To)6K(1+c+c(T2—T1)) .

Here, ¢ = ¢(f), K = K (Q,w) > 1 and K = K (Q,w, E) are positive constants which

do not depend on Ty.

Remark 1 - When E = (T}, T5), then x = ecTi=To) K (1 Ty rerelTa=Th) |

2.1 Linear case

In this section, we treat the case f (¢ + w) = aw+ f (¢) that is the linear heat equation
with potential.

Theorem 3 .- Let 0 < Ty < Ty < Ty and E C (T1,T3) with |E| > 0. Let a €
L>(Q x (Ty, Tz)). Then for any zy € L* (Q), there is a function vy € L™ (2 x (0, 400))
such that the solution z = z (z,t) of

Oz — Az +az = 1,xgvo in Qx (Ty,Ts) ,
2=0 on aQX(To,TQ) ,
z (-, To) = 2o in Q

satisfies z (-, Ty) = 0 in L*(Q). Further,

K (T1=To)llall oo (@ (1,7
[v0ll e (ax(0,400y) S €€ (@1

_ 2/3
s K (LHT=T) oo @y ) HloN 5 7y 1) 120/l L2y -

Here, K = K (Q,w) > 1 and K = I?(Q,w,E) are positive constants which do not
depend on Tj.

Remark 2 .- When E = (T, T), then K =K1

To—T1
Proof .- We divide its proof into three steps. In the first step, we start to solve

Oz—Az+az=0 inQx (Ty,Th) ,
z=10 on 0f) X (T07T1) s
Z(‘,T()):ZQ in Q.

Therefore, 2 (,Ty) € L? (Q) and it is well-known that

||2('7T1)||L2(Q) < eTi=Tolallzoo @x (1,11 ||20||L2(Q) )
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The second step consists on establishing the existence of a function v € L* (Q x (0, +00))
such that the solution z =z (x,t) of

8,55— A?—l— az = 1\w><E/U in % (Tl,TQ) R
z=0 on 3Q><(T1,T2) s
E(-,Tl) = Z(',Tl) in ) 3

satisfies Z (-, Tp) = 0 in L? (Q2). Further,

||UHL°°(Q><(T1 ) < 6f(eK(1-1—(T2—T1)Ha||Loc(Qx(T1,Tg))-i-||CL||2L/o?5><Qx(T1,T2))) |z (-, Tl)HL2(Q) )

Here, K = K (Qw) > 1 and K = K (Q,w, E) are positive constants which do not
depend on Tj. Finally, in the last step, we choose

vo(-, 1) = 0 if t € (0,77) U [Ty, 4+00) ,
0% o U(',t) if ¢ S [Tl,TQ) .
Since
HUOHLoo(Qx(o,+oo)) = HUHLOO(QX(Tl,Tg)) )

the desired result holds. It is standard to get the existence of the above function v from
an observability estimate. More precisely, we apply the following result. Its proof is
provided in Section 5.

Theorem 4 .- Observability estimate .- Let w be an open and non-empty subset of
Q. Let T > 0 and E be a subset of positive measure in (0,T). Then there are two
constants K = K (Q,w) and K = K (Q,w, E) > 0 such that for any a = a(x,t) €
L>(Q x (0,T)) and any ¢y € L*(Q), the solution ¢ = ¢ (x,t) of

Op—Ap+ap=0 inQx(0,T),
=0 on 002 x (0,7,
90(70):900 Z??,Q,

satisfies

HSO(VT)HLZ(Q) < eR@K(HTaIILoo(Qx(o,T))JrllaIiéi(m(o,T)))/ | (z,t)| dzdt .

wx E

Remark 3 .- This is a refined observability estimate. When E = (0,7), then the
observability constant becomes

1 2/3
eK<1+T+T”“HL°°<9X<07T>>+”“”L°°<fzx<o,T>>) )

This is in accordance with the work of [4]. When FE is a positive measurable set with 0
its Lebesgue point, then the observability constant becomes, for some ¢; € E N (0,7),

1 2/3
6K<1+a+€1 ”aHLOO(Qx(O,T))—i_IIal‘Loo(QX(O’T») )



2.2 Nonlinear case with Kakutani’s fixed point

In this section, we prove Theorem 2. Let 0 < Ty < Ty < Ty and E C (11,7,) with
|E| > 0. Let ¢ € C ([T, Tn], L? () and wy € L* (9).

By a classical density argument, we may assume that f € C'. We shall use the
Kakutani’s fixed point theorem to prove the result. First, define for any (z,t) € Q x

(To, 1), (p(,t)+7)—f(p(z,t))
f¢$,t +r —f¢$,t o
a(%,tﬂ” — / T lfr#())
f(o(x,1)) ifr=0.

And consider

K = {§ € L*(Q x (To. T2)); €l 2t mos g connias (o 110y < R}

where ® > 0 will be determined later. Since f: R — R is a globally Lipschitz function,
we have that for a.e. (z,t) € Q x (Ty,T») and any r € R

la(z, t,7)] < L(f)
where L(f) > 0 is the Lipschitz constant of the function f.

Next, using the fact L= (Q x (0, +00)) C L (0, +oo; L? (), we know by Theorem
3 that for any & € L*(Q x (Tp, T»)), there are a function vy € L (0, +00; L? (2)) and a
corresponding solution z = z (x,t) of

atZ—AZ—FCL(',',f(','))Z:1|w><EUQ in Q x (T(),TQ) ,

z2=0 on 02 x (Ty, T3) (2.2.1)
Z(.’TO):U}O an,
such that
z(-,Ty) =0 in L?(Q) (2.2.2)
and R
100/l £oo 0, 100sz2 () < K llwoll 2y - (2.2.3)

Here and throughout the proof of Theorem 2,

K = oK oM=To)L(f) K (1+(Ta=T) L(N)+L()**)

where K = K (2,w) > 1 and K = I?(Q,w,E) are positive constants which do not
depend on Tj. Therefore, we can define the map

A K — LAQx (Ty,Ty))
& - z

where (2.2.1)-(2.2.2)-(2.2.3) holds.

Now, we check that Kakutani’s fixed point theorem is applicable. For convenience,
let us state this result (see e.g. [3]).



Theorem (Kakutani’s fixed point) .- Let Z be a Banach space and II be a nonempty
convex compact subset of Z. Let A : I — Z be a set-valued mapping satisfying the
following assumptions:

i) A(§) is a nonempty convex set of Z for every £ € II.

it) A(IT) C IL.

i1i) A : 11 — Z is upper semicontinuous in Z.

Then A possesses a fixed point in the set II.

Here Z = L*(Q x (Tp, T)) and IT = K with an adequate choice of & given below.
Clearly, K is a nonempty convex compact set in L*(Q x (Tp,Ty)). Further, from the
above arguments, A (€) is a nonempty convex set in L?(2 x (T, T)). Thus 4) holds.

Let us prove that i) holds with an adequate choice of k. By a standard energy
method, using the fact that |a| < L(f) and (2.2.1)-(2.2.2)-(2.2.3), there exists C' > 0
such that

T>
2 2 2
12l magsr2 ) +/T 12 (O 0 dt < Cllwoll72q) -
0

Combining the latter with the fact that |a| < L(f), we deduce that the solution z
satisfies

”zHL2(TO,TQ;Hol(Q))mHl(TO,Tg;Hfl(Q)) <C ”wOHLQ(Q) )

for some C' = C (Q,w, E, Ty, L(f)) which is a positive constant which does not depend
on Ty. Hence, if we take k as follows

K= C||w0HL2(Q)

then A(K) C K.

Let us finally prove the upper semicontinuity of A : K — L*(Q x (Ty,Tz)). We
need to prove that if &, € K — £ strongly in L*(Q x (Ty,Ty)) and if p,, € A (&) — p
strongly in L?(Q x (Ty, Ty)), then p € A(€). To this end, firstly, we claim that there
exists a subsequence of (m), -, still denoted in the same manner, such that

al-, - Em(y ))pm — al-, - £(+,-))p strongly in L*(Q x (T, T»)) . (2.2.4)

Indeed, since &,, — £ strongly in L*(Q x (T, T3)), we have that there exists a subse-
quence of (m),,,, still denoted by itself, such that

Em(x,t) = &(x,t) for ae. (z,t) € Q x (To, T3) .

On one hand, for (z,t) with &(x,t) # 0, by the above, there exists a positive integer my
depending on (z,t) such that

§m<$)t) #0 szmo )
which implies by the definition of a,

a(z,t,&m(x,t)) = a(x,t,&(x,t)) as m — +oo . (2.2.5)



On the other hand, for any (z,t) such that &(x,t) = 0, by the definition of a, we have
that a(x,t,&(x,t)) = f'(¢ (x,t)). Since

[ ) +em (@)= (1) 5 Em(m,t) #0

a(z,t,&n(x,t)) = m (@) :
( & ( t>> { f’(¢ (IB,E)) if fm(l’,t) =0,

it gives
a(x,t,&n(x,t)) — a(z, t,&(x,t)) as m — 400 .
This, combined with (2.2.5), implies

a(x,t,&n(x,t)) — a(z, t,&(x,t)) for a.e. (z,t) € Q x (To,Ts) .

From the latter, the fact that |a| < L(f) and the Lebesgue’s dominated convergence
theorem it follows that

||CL(~, ) gm(7 ))pm - a('7 ) 5(7 '))pHiQ(QX(TO,Tg))
< QHCL('? ) an(v ))(pm - p)H%Q(QX(To,TQ)) + 2”(&(‘, " £m<7 )) - a('? ) §<> ')))pH%Q(QX(TO,Tz))
< 2L(fllpm = Pl T2 zymy + 20l &) = ales - €GP o 10.1))
— 0.

This completes the proof of (2.2.4). Secondly, since p,, € A(&,,), there exists (vy,)
satisfying

(pm)t - Apm + a('a '7€m('a ))pm = ]-|w><Evm in Q2 x (T07T2) )

m>1

Pm = 0 on 0f) X (To,Tg) s
(1 To) = wo in Q. (2.2.6)
P, Te) =0 in Q|
HpmHL2(T07T2;H3(Q))ﬁHl(TmT%H’l(Q))
+ ”pm||L2(T1,T2;H2(Q)MH3(Q))ﬂHl(Tl,Tg;LQ(Q)) <C,
where C' > 0 is a constant independent on m, and
||Um||Loo(0,+oo;L2(Q)) <K ||w0||L2(Q) : (2.2.7)

Thus, we deduce the existence of v and subsequences (v,,/), ,~; and (pp),,~; such that

Uny — v weakly star in L (0, 4+00; L* (Q)) (2.2.8)
Py — p weakly in L2 (To, Ty; Hy (Q)) NnH (To, To; H! (Q)) , (2.2.9)
o (-, To) — p (-, T3) strongly in L*(Q) . (2.2.10)

Finally, passing to the limit for m’ — 400 in (2.2.6) and (2.2.7), by (2.2.4) and (2.2.8)-
(2.2.9)-(2.2.10), we obtain that p € A (§).

By the Kakutani’s fixed point theorem, we conclude that there exists w € K with an
adequate choice of % such that w € A (w), i.e., there is a control v; € L* (0, +-00; L? (2))
satisfying R

[v1][ 2o (0, 400:22(0)) < K [Jwoll 12q)
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with the same K given at (2.2.3), and the corresponding solution w = w (x,t) solves

@w — Aw + CL(', 5, W (', ))U} = ]-|w><EU1 in 0 x (To,TQ) ,

w=0 on 00 x (Ty,T3)
w (-, Tp) = wo n Q,
’LU(,TQ):O in Q.

Since for any (z,t) € Q x (Ty, T»),

a(x,t,w(x,t))w(x,t) - f(¢ (I7t) + w(m,t)) - f((b (Jf,t)) )
we finally get

ow — Aw + f(p+w) — f(¢) = Luxpvr in Qx (To,T3) ,

w=20 on 0f) x (T07T2) ,
U)(',TQ) = W n Q7
w(-,Ty) =0 in Q.

This completes the proof of Theorem 2.

3 Existence of time optimal control

In this section, we start to prove the existence of admissible controls (see e.g. [15]). In
other words we prove that

Theorem 5 .- Let f: R — R be a globally Lipschitz function satisfying f(s)s > 0
for all s € R. Then for any yo € L* (Q)\{0} and any M > 0, there are a time T > 0
and an admissible control v € L™ (0, +o00; L? (Q)) such that V]l oo 0, 1o0ir2)) < M and
the solution y corresponding to v satisfies y (-, T) =0 in €.

Proof .- We divide its proof into many steps.

Step 1 .- We consider the following equation

@y—Ay—l—f(y):O iHQX(O,To),
y=0 on 092 x (0,7Tp) ,
y(vo):y() inQa

where Ty > 0 will be determined later. By a standard energy method, using the fact
that f (s)s > 0, we have

||y("T0>||L2(Q) < et ||y0||L2(Q) g

where Ay > 0 is the first eigenvalue of —A with Dirichlet boundary condition.



Step 2 .- We apply Theorem 2 with 177 = Ty + 1, To = Ty + 2, E = (11, T5),
¢ = 0 and wy = y(-,Tp) in order that there are a constant £ > 0 and a function
v € L™ (0,400; L? (R2)) such that the solution w = w (x,t) of

Otw—Aw%—f(w):l‘wxEﬂ in €} x (TO,T0+2) R
w =10 OnaQX(To,T0+2>,
w (‘7TO) = y(7T0> in Q )

satisfies w (-, Ty +2) = 0 in L* (Q). Further,

||’17||L°°(0,+00;L2(Q)) <K ||y('7T0)||L2(Q) )
and x does not depend on Tj.
Step 3 .- We can easily check that the function

o(-,1) 0 if t € (0,70 + 1)U [Ty + 2, 400) ,
O v(t) ifte (To+ 1,10+ 2)

is an admissible control with 7" = Ty 4+ 2 when T > 0 is taken such that

1 “||?JO||L2(Q)
To=—1In|[14+ L
TN n( LY

in order that

~ ~\T,
||U||Loo(o,+oo;L2(Q)) = ||U||Loo(T0+1,TO+2;L2(Q)) < ke R ||yo||L2(Q) <M.
This completes the proof of Theorem 5.

Now, we establish the existence of time optimal controls (see e.g. [15]). In other
words, we shall prove that

Theorem 6 .- Let f: R — R be a globally Lipschitz function satisfying f(s)s > 0
for all s € R. Then for any yo € L* (Q)\{0} and any M > 0, there is a time optimal
control v* € L> (0, +00; L* (Q)) such that [|v*|| (o 4ser2y < M and the solution y
corresponding to v* satisfies y (-, T*) = 0 in Q where T =inf{T;v € V) }.

Proof .- By Theorem 5 and the definition of 7%, 0 < T* < T for some T > 0. There-
fore, there exist sequences (T,),,>, of positive real number and (vy,),,~, of function in
L> (0, +00; L* (Q2)) such that T* = lim Ty, [|0m | poe (0 yoer2(y < M and the solution

m—00 ’ ’

Ym = Ym (z,1) corresponding to v, satisfies

8tym Ay + [ (Ym) = lwvm i Q2 x (0,T)

m =0 on 99 x (0,T) ,
(,0)=y in {2,
Ym (s Tm) =0 in Q.
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We have by a standard energy method, using the bound M on v,, and the “good-sign”
condition on f,

T
2 2
ol o) + | o (Ol e < C

Here and throughout the proof, C' denotes a generic constant independent of m. Since
f is globally Lipschitz and f (0) = 0, the above inequality implies

1L lll 2 (@ o.9) = 1 () = F (Ol 2 (0x 019y = €

Therefore, from the boundeness of —f () + 1), vm, the sequence (yp,),,; is bounded
in H' (0,T; H (Q)).

Now, we deduce the existence of v* € L> (0, +o0; L* (2)) and subsequences (v, ), .~
and (Ypy),,~; such that -

Uy — v° weakly star in L™ (O, +o00; L? (Q)) with Hv*]|Loo(07+oo;L2(Q)) <M,

Y — y* weakly in L2 (O,T; H} (Q)) NH! (O,T; H! (Q)) ,
strongly in C ([0,T]; L* ()

Further,
oy* — Ay* + f(y*) =1,v* inQx (0 ,T)_
y* =0 on 02 x (0,7) ,
y*('ao):yO in €2,

and

1y C TN ey < My T) =y (Do)l ooy + 197 (Do) = Yo 3 T ) 20
— 0 when m’ — oo .

*

This gives y* (+,7*) = 0 in  and consequently, v* is a time optimal control. This

completes the proof.

4 Bang-bang property for time optimal control (proof
of Theorem 1)

We want to prove that if v* is a time optimal control corresponding to the optimal time
T* =inf{T;v € Var}, then [[0*(-,2)[| o) = M for a.e. ¢ € (0,77). To prove this, we
work by contradiction. Suppose that there are ¢ € (0, M) and a positive measurable
subset £* C (0,7™) such that

||U*('at)||L2(Q) <M-—-¢ VteFE"
and the solution y* = y* (x,t) corresponding to v* satisfies

Oy — Ay* + f(y*) = Lwv* in Q x (0,7%) ,

y* =0 on 02 x (0,7%) ,
y* (7()) =%Yo iIlQ,
y* (-, T*) =0 in Q.
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We claim that there exist a real number § € (0,7*) and a couple (y,v) such that

Oy — Ay + f(y) =1,v inQx (0,7 =9),

y=0 on 002 x (0,7* —¢) ,
y(-,0) =0 in Q,
y(-,T*—=6)=0 in Q

and v € L (0, +00; L* () With [[v]| e (o 1 seiz2(y) < M. This is clearly a contradiction
with the time optimal assumption T* =inf{T;v € V) }.
Now, we prove our claim. We divide its proof into many steps.

Step 1 .- T* >0 and 0 < |E*| < T* being given, let §y = |E*| /2 and denote
E=E"nN(6,T).

Then
|E] > 0.
Indeed, |E* N (8o, T*)| > |E*| — do > | E*| /2.
Step 2 .- We apply Theorem 2 with 0 < Ty < Ty < Ty, E C (11, T5) with |E| > 0 and

¢ = y*, in order that there are a constant x > 0 and a function v; € L* (0, 4+o00; L? (Q))
such that

Ow — Aw + f(y* +w) — f(y*) = Lwxpvr inQx (Ty, 1) ,

w=020 on 89 X (TD,TQ) s
'UJ(',T()) = Wo in {2,
w(,To) =0 inQ,

[01]] Lo (0 400i22(2)) < # [0l 20y :
and further x does not depend on 7.

Step 3 . We apply step 2 with Ty = 0, T} = 0o, To = T*, wg = yo — y* (+,0), in order
that z = y* + w solves

Oz —Dz+ f(2) =1 (v + Ljgv:) in Qx(6,T%),

z2=0 on 082 x (6,T7%) ,
2(75>:y0 iHQ,
z2(,T*)=0 in Q.

Denote v = v* + Lipvi. On one hand, if ¢t € (0,+00) \E, then [lvs (-, ?)[ 2y =
[0* (-, D)2y < M. On the other hand, if ¢ € £, then

2 (O 2y < 10" ¢ 120y + 101 (5 D) 2
<M—-e+k ”y* ('7 O) - ?/* ('7 5)”L2(Q) :

Now, we choose ¢ sufficiently closed to 0 in order that

”y* (70) - y* ('7 5)HL2(Q) S 5/"<d :

12



This is possible because y* € C ([0, 7%, L*(2)). Consequently, |[va (,1)[| 2 < M for
a.e. t € (0,400).

Step 4 .- Let v (+,t) = vy (-, + ). Then v € L (0, +00; L? (Q)) and further we can
check that [|v (-, ¢)|| j2(q) < M for ae. t € (0,400) . Let y(z,t) = z(x,t 4 0). Then it

solves
Oy —Ay+ f(y) =1,v inQx(0,T7"—=90),
y=0 on 9Q x (0,T* — ) ,
y(0) =y in €,
y(-,7*—6)=0 in Q.

This is the desired claim.

5 The heat equation with potential (proof of Theo-
rem 4)

The proof of Theorem 4 is based on many lemmas. From now, ¢ denotes the solution
of

Op—Ap+ap=0 inQx(0,T),

=0 on 092 x (0,7,

©(,0) = o in 2,

where a = a (z,t) € L> (2 x (0,T)). We also denote [[al|,, = [la|l ;@ 0r)-
Lemma 1 .- For any oy € L* (), the solution ¢ satisfies the two following estimates
for any t € (0,71,

o3t

lall o
/|<P($,t)|2dx < €2M”°°/ 0o (2)]” dz and /’VSO (z, )] do < /|900 (2)" da .
Q Q Q 13 Q

This result is deduced by energy estimate and is standard. Its proof is omitted here.
Let xy € Q. Denote Br = B (z0, R) the ball of center z, and radius R.

Lemma 2 .- Let Ry >0 and X\ > 0. Introduce for t € [0,T] and x, € 2,

1 lz—zq|?
Gy (z,t) = e AT |
(T —t+ \)"/?

Define for uw e H' (0,T; L? (2N Bg,)) N L*(0,T; H* N H} (2N Bg,)) and t € (0,71,

/ |V (z, 1) Gy (z,t) dz

Ny (t) = 1By , whenever / lu(z,t)>dz #0 .
[t Gty o s,

QOBRO

The following two properties hold.

13



%%/ Ju (2, )| G (w,1) d:c+/ Vu (z,6)> Gy (2, t) do
QNBr, QNBg,

(5.1)
—/ u(z,t) (0 — A)u(x,t) Gy (x,t) de .
QOBRO
i) When QN Bg, is star-shaped with respect to xq,
/ 10y — A)u(z,t)]> Gy (x,t) da:
CN(1) < N (1) T (52)
- ST —t4a '

/ (s O G (1)
QOBRO

Proof. The identity follows from some direct computations. The proof of the second
one is the same as that in [13, pp. 1240-1245] or [5, Lemma 2].

Lemma 3 .- Let R > 0 and § € (0,1]. Then there are two constants Cy,Cy > 0,
only dependent on (R,0) such that for any @y € L? (Q) with oy # 0, the quantity

C
ho = ! (5.3)
|0 (x)|2 dx
In | (1+Cy) <€1+%+3T||anoo+||anié3> /ﬂ
i (2, T)| da
QNBg
has the following two properties.
i)
2C
0< (1 + 71 + T |a|l,, + HaHié?’) ho < C) . (5.4)
it) For any t € [T — ho, T, it holds
Ml [ oy @far<e™®n [ pofa 65)

for some Cs > Cy only dependent on (R,0).

Remark 4 .- By the strong unique continuation property for parabolic equations
with zero Dirichlet boundary condition, it is impossible to have [, B, P (2, T dz =0
if oo € L?(Q) with ¢g # 0.

Remark 5 .- From (5.4), we have hy < T'/2 and therefore T/2 < T — hy < T. Here,
(5.5) says that for any t sufficiently closed to T, the following Holder interpolation
estimate holds.

C3-Cq

C
/ o (z, T)|2 dr < ((1 + ) 61+%+I|a||§é3> (@3T||a||oO / o (x)|2 dx) °
QNBRr Q

1

[er
X e/ o ()| da :
QNB1ys)r

14




This can be compared with [5, Lemma 1].

Proof .- The property (5.4) is clearly true because the following inequality

/ o (-, T)" da < 62““‘”/ lpol” da
QNBr Q

holds by Lemma 1. We prove (5.5) as follows. Let h > 0, p(z) = |z —zo|°, x €
Cs° (B (xg, (1 +9) R)) be such that 0 < x < 1, x = 1 on {z; |z — xo| < (1 +35/4) R}.
We multiply the equation 0,0 — Ap+agp = 0 by e #/"y?¢ and integrate over QN B(146)r-
We get

] cntas [ s
QNB(1+s)R QNBa+o)r

- 2
=— ae " x| dz .
QNB(146)R

But, V (e /"x%p) = SV pe ?/"x2p + 2e 7P/ Vxp + e */"x?V . Therefore,

%%/ e=P/h ]X@\2dx+/ e P |\Vp|” da
QNB14s)R QNB(146)R

2
<[ (e Tl (3ol e ol 219 ] ) do
QﬂB(1+5)R h

+ [lall e x| d
QNB14o)R

which gives by Cauchy-Schwarz inequality

d —p/h 2
it / e x| da
QNB(1+6)R

2
< (MR afall) [ el ds
QﬂB(1+5>R

—|—4/ IVx|* e || da .
Qﬂ{x;(l+36/4)R§ p(x)§(1+5)R}

2
) ,(wnuaum)t o vl
ale e 1" x| dx
QNB(145)R

4((145)R)?

o e e
Q

which gives by integration between ¢ and T,

/ e " Ixp (-, T da
QNBys)r

HA+HRZ oo _
< e< 2 .. )7 t)/ e Ixp (1) da

QNB146)R

4(1+6)R)? T 2 )
7——+2[al| )T _A((1+48)R) 9 _((1435/0)R) 9
+e( " h e 7 dsd ||V~ e g o™ d .
3 Q
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Therefore,

/ e |xp (-, T) | dar
QNB1ys)R

c1 R

< @hz(T—t)e2Tllaoo/ e xe (-, )| da
QQB(1+5)R

c 2 c 2
+H O (T )4 [T e [ ool da
Q

with ¢; = 4 (14 6)% and ¢, = (14 36/4). Set ¢3 = (14 6/2)°. In particular, 1 < ¢5 <
co. Recall that t < T'. Now suppose that the positive real number h is such that

— C
h<t,
&1

0<T -2

then &% (T'—t) < 2% and
coy—C, 2
L, el < SR [y ) e
QﬂB<1+§> QﬂB (1+86)R
A e NN
Since x = 1 on {z; |z — x¢| < R}, the above estimate yields

2Tl / i (1) da
QﬁB(1+5)R (56)

- 2
el [y 2. %h@‘uhm/ o (2)[*de ,
Q

(cg— C3+1)R

meB (x T)| dr <e

whenever 0 < T'— <=2} <t and ¢ <T. Recall that hg < T from (5.4). Now, choose
h e <0, 020_163 T) as follows.

Co — C Cyo — C
279 27" (14+C2)edTllal oo +la |§é“/ o ( | dr

In (61+201>
/ o (@, T) da
QNBRr

with C} = % and Cy = 4 ||Vx||3 C4, in order that for any T — e-h <t <
T,

4Tl | Vx| 200 e~ S5 / o (2)? da

(e3— 1
_62T||a||ooc hoe /’900 ‘ dx

< Z—?e (c3 hl)R2 (1+Cy) 63Ta||oo+a||io/3/ ‘gpo|2d:17 (5.7)
Q
c3— 2 €3~ 2
< e [ o@D
et T QNBRr
<1

/ \so<a:,T>\2dx
QNBRr
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where we have used in the third line the fact that hy < C} from (5.4). The definition of
h along with (5.3) was applied in the fourth line. Since ¢t € [T' — hy,T'), it yields that
0<T—2-%h <t<T and further, combining (5.6) and (5.7) we have

(cp—eg+1)R” 1
| le@npa< st Een [ paapaes [ jp@)Pds

e

which gives

1 (cp—c3+1)(cg—cg)R% 1
(1_-) [l mpae <SSR g [ onpar
€ QNBgr QNB1ys)R

On the other hand, by the definition of kg and the fact that T ||a|| ho < C; from (5.4),

€3T||aoo/ ‘900 (l‘)’Z dx S e3T||a||00601h10/ ’@($,T)’2 dl' .
Q Q

NBr

<l o (2. T) da .
QNBRr

We conclude that

1 1
(1-2) e [lwla<es [ ool
€ Q QNB(116)r

with C5 = (02_03“()35‘32_‘33)}%2 + 6C. This completes the proof.

Lemma 4 .- Let 0 < r < R. Suppose that B, C Q and 2N B(i495)r s star-shaped
with respect to xq for some § € (0,1]. Then there are C1,Cy > 0 and B € (0,1) such
that for any T > 0 and o € L* (Q),

| el

) B 1-8
< ((1 O 61+2§1+3Tllam+llaiéd/ |00 (.:15)|2 d:c) (2/ | (:L’,T)\2 dx) .
Q B,

Here Cy,Cy > 0 are only dependent on (R,6). B only depends on (n,r, R,0).

Proof .- There is no loss of generality in assuming that ¢y # 0. Let 0 < r < R and
Ry=(14+25)R. Let x € C°(Bgr,), 0 < x <1, x=1on {z;|x — x| < (14 30/2) R}.
We will apply Lemma 2 with u = xp. First, (0, — A)u = —au—2VxVe— Axp. Next,
define g = —2VxVp — Axep.

Step 1.- Notice that ¢ is supported on {z; (1 +30/2) R < |z — x| < Rp}. Recall the
fact that x = 1 on {z; | — 29| < (14 6) R}. Then there is C = C (R,0) > 0 such that
we have

__Ca
e T—t+X\

u(x,t)g(x,t) Gy (x,t)dx ~1/2Y p3tllall, 2
/mBRO< a0t de 0 (1) s [ o ()P

[ ot
QﬂB(1+5)R

/ (2,80 G ()
QOBRO
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and

Cy
e T—s+X\ dS

(x,9)|" Gx(x,9) —1 e3sllall
/ /QQBRO )" G /TC (1+s /]900 )|? da
t

ds <
/ (z,5)]” Gy (z, 5) / o (,5)|* d
QmBRO QNB146)R

with Cy = (1+6)R)2 + ((HS(Z/Z)R)Z > 0. Then we have the existence of ¢ = ¢ (R,d) > 0
such that for any te [l —hyT),

/ u(x,t)g(z,t) Gy (z,t)dx
QNBg,

/ (2, 6) 2 G (1, 1) dx
QOBRO

/ (z,5)]> Gy (z, 5) d
/ QmBRO 1 Cy4

ds < ce¥*ho e Toeix
/ (z,5)]” Gy (z, 5) da
QnBRO

by using (5.4) that gives the two inequalities hy < Cy, T/2 < T — hy <t < T and
Lemma 3 saying that

el | o @) da
0

/ o (e 0 da

QNBa4s)R

Step 2.- Now, our plan is to bound AN, (T'). We apply Lemma 2 as follows. First
of all, by (5.2)

1 C- _Cy
<cll+— 3hoe T—t-+x
(1+ 77)

and

1
<R T —hg<t<T.

/ (—au+ g) (2,0)* Gy (. 1) da
d 1 QNBg,

=N -
dt NURS T —t+\

Ny (t) +
/ lu (z,1)|* Gy (,t) d
QNBg,

becomes

/QmB [(—au + g) (93,15)|2 Gy (z,t) dx

| Gt ds
QHBRO

%[(T—t—l—)\)NA(t)]g(T—t—i—)\)

Thus, it holds

/ 9 (2.2 G (2. t) da
QNBg,

%[(T—t+)\)NA(t)]§2(T—t+)\) lall%,

/ (2, O G (1)
QQBRO
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which gives
T
AN, (T) g(T—t+>\)NA(t)+2||a||ZO/ (T — s+ \)ds
t
| la@9F 6. ds
QQBRO

s+ A)
/ (2, 8)° G (i, ) de
QOBRO

+2 ftT (T ds .

Therefore, for any 0 < T —e <t < T (where ¢ € (0, hy] will be determined later)

/ 19 (2,8)° G (2, ) da
QQBRO

/ (z,5)]> Gy (z, 5) d
QHBRO

1
e+ A

AN (T) < Ny (8) + 2 [lal|2. +2/ ds.  (5.8)

Secondly, by (5.1),

%di/ lu (z,t)|* Gy (1) d:v+/ \Vu (z,t)]° Gy (z,t) de
QOBRO QNBkg,
— [t et g) @) G (w0 ds
QQBRO
becomes
%di/ u(z, )]’ Gy (z, t)d93+NA()/ lu (2, t)|° Gy (z,t) da
QHBRO QQBRO

/ a(x,t)|u(z, b)) Gy (z,t) de
Q

ﬂBRO

/ IE t) G>\ (ZE t) dx
QnBRO
u (2, t)[> Gy (z,t)dx  /9Br

QNBg,

(5.9)

”LL (33,15)’2 G)\ (,Clﬁ,t) dx

Therefore, combining (5.8) and (5.9), we obtain that for any 0 <7 —e <t < T
1
%%/ ju (2, t)* Gy (x,1) d$+€_|_—)\/\N,\ (T)/ lu (z,)|* Gy (,t) da
QHBRO QﬁBRO

< (||a||oo+28||a||io)/ u (z,1)|* G (x,t)dx—i—/ u (z,t)|” Gy (z,t) d

QHBRO QmBRO

/ u(x,t)g(x,t)Gy(x,t)d / g (z,8)|* G (z,5) da
ONBg QNBg
0 +2/ 0
/ lu (, t)| Gy (z,t)d / (x s)| Gy (x,s)dx
QOBRO QOBRO

Now, define, for any & € (0, hl,

ds

Cy

1 C3+Cy) = —
Qhoz-:)\:c<3+— (O3t Tg o2k (5.10)
‘ ¥a
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given from the fact that using step 1,
/ u(z,t)g(z,t) Gy (z,t)dx / g (z,9)]° Gy (2, 5) dz
QHBRO QHBRO

Ammf(x”'G“x”dx +2/ ﬂ;%o u(@,5) Gy (2, 5) do

< Qnoen forany 0 < T —e <t < T with e € (0, ho] .

ds

Then, it holds
st Jor, [t (@O Gx (2,1) do

s—QHMw<>—wmfﬂﬂm&—Qmmy/ (2, 8) G (2, 1) da
QNBg,

which implies

% (62( aJlr)\

for 0 < T — e < t. Integrating over (T' —e,T —¢/2), we get

<T>||a|m2s||aitho,a,A)t/ ()2 G (2, 8) d | < 0
QﬁBRo

emmm/ (2, T — /)] Gy (2, T — £/2) da
QOBRO

< ellallo 22?0l g2Qng.cn / lu(z, T —&)|* Gy (2, T — &) da

QﬁBRO

that is
ee+>\>‘NA(T) / |u (m7 T — 5/2)|2 ;26 4lzcs/§+)\) dx
ONBg, (/2 + )"
r—x 2
< efllallot2ellals, g2 Qno e.n lu(z, T —¢)|? ;e_“lv%da: .
QNBg, (e +\)"?
Thus,

_Jz—ggl?
/ lu(z, T —e)f e T d
QQBRO

€£+/\/\N>‘(T) < eEHGH +282Ha||o<>€5Qh0 £, ]
|z—zq
lu(z, T —e/2)]*e 4<E/2+*>dx
QﬂBRO

Now, since £ € (0, ho,

2 _w 146)R)2
lu(x, T —¢e)|” e =N da SR arale / lvo (x)|2 dx
QﬂBRO < Q

P >
/ |u(x,T—5/2)|26_4<6/23de / o (2, T —/2)” da
QNBg, QNBys)r

((1+8)R)2 1
TelJng ho

s €
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37|l o 2 o
e Jalpo(z)|*d < 61+03h0 ifT —hy <t<T.

Indeed, by Lemma 3, we know that Pl =

Jorsir

Therefore, for any e € (0, ho,

AN (T)

IN

1+8)R)? 1
el (6.a||a||oo+2g2Ha”goesc,ghowe%ewc3 . >
€

(5.11)

IN

2
222 (R 4 ¢ o)l + 22 [, +eQnoer + 1+ Cak )

£

Step 3 .- Now, we choose A = pe with pu € (0,1) which will be determined later and

€= Cs h

S 2(Cs+Cy)
in order that Qp, . given by (5.10) satisfies the following bound
C3+Cy

Qho,e,ASC(B—I—%)e B (1—1+M):C(3+ﬁ) G (4 M)§c(3+%)

and further, using the fact that ¢ < hg, (5.11) becomes

AN (T)
2
<2 (1 + ho llall. + 212 ||all%. + (Cs + Cy) (1 + %) e (3 + %) h0> .
Next, we deduce that
6/\N)\ (T)
2 p2
<2 (=4 eho llall + 223 llall% + 2 (Cs + Ca) (1 4+ SZEY L tee (3+ ) ho)
<2 (ho+hoT [|all, + 2R3 |Jall®, + 1 (Ca+ (14 6)° R?) + ¢ (3h3 + %hﬁ”))
<2(200+2C3 + 3 (Ch+ (1+0)* R?) +c (3012 + Cf’”))
where in the last line, we used the following four inequalities hg < Cy, hg < T,

hoT |lall, < Ci and h|lall>. < O3 obtained in (5.4) of Lemma 3. Therefore, we
conclude from the above bound of e AN, (T) that

T (FHAN(D) < 2u (50 +eAN(T)) (5.12)
< pu(l+Cy) '
for some Cjy > 0 only depending on (n,r, R, ).

z—x0|2
Step 4 .- Now, we are able to bound fQﬂBR lu (2, T)| e~ dz as follows. Since
0

Q2N Bpg, is star-shaped with respect to xg, we have (see, for example, [13, pp. 1238] or
[14, Lemma 2.5]- [5, Lemma 3]),

2 _ \90—950\2

b [ el R e
QQBRO

|z —aq|2

z—zp|?
< %/ |U (ZE,T)|2 e 4 dl’—l-/\/ |Vu (CL’,T)|26_‘ 4A0‘
QﬁBRO QﬂBRO

dx
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which implies

.’IJIE2
/ (2, T)2 e 5
QQBRO

2 | ’:E - {B()’Q |le—x \2
< [ Jute P

2
el d:zc—l—/ —2|u(x,T)|26_ ™ dx
(2NBry)\B, r

T—x T—x 2
+i2 4)\n/ (2, )2 e = dx+/ 1632 |V (2, T)[ e dz
QﬂBR QOBRO
16\ —
< [lo@nre R w2 [T ean@)] [ e R
B, QNBg,

where in the last line we used the definition of N, (T") and the fact that u = ¢ in B,.
Combining the above inequality and (5.12), we deduce that

/ (@ T) e "5 dr < [ o (@ T)Pe "5 da
nBro B - (5.13)
+u<1+co>/ u (a, T)P e =5

QQBRO

Step 5 .- Now, we choose u € (0,1) as follows.

11
=3 (1+Cy)
ghen, A= e = Mmho = imho and by using the definition of hgy, we
ave

[ le@na

2 T—x, \
<eix |u(:v,T)\2 -5 g
QQBRO
<2ew | ez, T) e (5.13),
By
(1+Cq)(C3+Cy) R? 1
< 2e Ca o (z,T)| dx
br <1+co)écg+c4>32
2/3 4
e1+%+63Tl\an+Han / “,00 (x>’2 dr .
<2|(1+Cy) = o (z, )| dz .
| le@np B,
QNBRr
We conclude that the desired estimate of Lemma 4 holds with § = & C(JI(CIZZ(CC;P)’ZFC(’;{ZQI) 72 €

(0,1). This completes the proof of Lemma 4.
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Lemma 5 .- Let w be a non-empty open set of Q2. Then there are C' = C (w,) > 0
and = B(@0,Q) € (0,1) such that for any T > 0 and o € L? (),

I R (a:)\zdx)g ([ (x,T)|2d:c)l_E |

Proof .- Firstly, by Lemma 4 and constructing a sequence of balls chained along a
curve, we claim that, for any compact sets ©; and ©, with non-empty interior in €2,
there are constants C' = C' (01,02,Q) > 0 and oy = a; (01,0,,9) € (0, 1) such that

) a1 1—an
o (2, T2 dz < oC (1 74T lall o +lall2?) (/Q 0 (x)|2dx> ( ) |gp(x,T)|2dx> .
: (5.14)

Indeed, since ©; is a compact set in (2, there are R > 0 and finitely many points

x1,- - -, xp such that ©, € |J B(z;, R) and B (z4,3R) C Q. Next, for each i €
1, M

{1,- -+, M}, we choose p € (0, R) and finitely many points qq, - - -, ¢, with the following
properties:

O

=

i = Qdm

@2 OB ((]07P)

B (gj+1,p/2) C B(qj,p) Yj=0,---,m—1
B(Q]73p) CQ VJ:O,,m

Thanks to Lemma 4, there exist 0,01, a1 € (0,1), such that

S ¢ (@, T) da

< C(1+F+TlalloHlalZ?) (/ o0 (2) dx)” (/ y (LT”%)”
(2i,0/2)

— O+ F+Tlall o Hlal2?) (/m )2 daz) ( ’ (x,T)Fda:>1_U
m /2

< (C(HHF+Tlall . +lalZ?) (/ oo ) ( e ) (x’T)‘Qdm)l_a

< (C(HH§Tlall +alZ?) (/ o0 (2 ) Hlanwe

-0y l1-o
X ( O (L4 $+4Tllal o+ all2?) </ [po ()] dw) </ Iw(xaT)‘zdx) )
B(Qm—lvp/2)
(134T lal o +all2°) 2da) )
< C(1+F+Tlall o a2 oo (2)|? da o (z, T)|" du )
Q B(qo,p)

where C' > 0 may change value from line to line. This implies the desired inequality
(5.14).

Secondly, since © is bounded with a C? boundary, there is a finite set of triplet
(¢;, R;,0;) € Q x R% x (0,1], j =1,---,m, such that

IN

00c | J Blg.(1+26)R))

=1, m
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and Q N B (g;, (1 +2§;) R;) is star-shaped with center ¢; for some §;. Then we apply
Lemma 4 with QN B (¢;, (1 + 26;) R;) for j = 1,---,m, and the same arguments as above
to get that, when 9 is a neighborhood of 9€) and ©3 is a compact set with non-empty
interior in 2, there are constants C' = C'(,03,Q) > 0 and as = ay (9,03,9Q) € (0,1)
such that

a2 1—a2
[1p ) do < k) ( / \c,ooma:) ( / \so(w,T)|2dx) .
3

Finally, we derive the desired estimate from the previous two statements with 2 C
(YU ©O;) and (O UO3) C w. This completes the proof.

Now, we are able to present the proof of the observability estimate of Theorem 4.

Proof of Theorem 4 .- We start with the following interpolation estimate deduced
by Lemma 5 and the Young inequality. For any 0 <¢; <ty < T,

K, %
llo G2l = T llo (s t2)ll @) +elle (5 t)llpa) Ve >0.

= (14T llall o +llallZ?)

C
Here, 0 €@ w C Q, K; = e2(1-5) and Ky =

in Lemma 5. By Nash inequality and Poincaré inequality,

K
le Cot)lle@) < 5o e o)l 01V t2)ll ey VO >0

c_ _ B
207) in Lemma 5, a = 3

Here K3 > 0 only depends on (w,w, §2). By Lemma 1, we know that

Ky
Ve (5 t2)ll 20y < 37z 9 Gt 2o
(ta —t1)
with K4 = e*Tllel. Therefore, from the above three estimate with f = (5

€, we get

t2 t1)1/2 -

K
e G tllaey < K6 (5 e ()l agy + 05207 e ()l 2y
tello 1) o

Ko n/2
*%) I (o2l pagy + 22 0 (ot
3n+1
s (R (505) ™ 1o ()l gy + 2¢ e () laago

Kg
(Ki.‘/eb tl ng( ’t2>HL1(w) + 2¢ Hgo(atl)”LQ(Q) Ve >0 ,

IA
=
>

Q
i

—

IN

IN

n/2
denoting 7 = a (1+3) + 3, Ky = 2002 K Ky (K49) ™ and Ky = (4 + 1) Ko

On another hand, let E be a subset of positive measure in (0,7). Let ¢ be a
density point of E. Using [14, Proposition 2.1], for each 7 > 1, there exists ¢; € (¢,T),
depending on 7 and F, such that the sequence {Em}mZI’ given by

1
b =0+ — (L= 1),
T
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satisfies
gm - €m+1 S 3 ‘E N (€m+1agm)’ .
Next, let 0 < lpio0 < by <t <l <l < T. We apply the above interpolation
inequality to get
K5 5(6
lo G D2y < e~ llo ()l +ello ( bnro) ey Vo> 0.
Recall that by Lemma 1

1 ¢ )l 20y < Kalle ()l 20
Therefore,

Ks o
o s a2y = Ko | e ™2 llo ()l +ello ( bnro)laey ) Ve >0

Finally, with K7 = (K,)"™" K,
K7 et
o (5 €l 20 Sg mi2 o () gy HE e Colmr2)ll 2 VE>0.

Integrating it over t € E N ({41, lm), it yields that

K

. tm
|E 0 (Gt €)1 (5 ) || 20 S?eem“ém“/g g [l (Ol i) dt

e B (e b o - bni2)llp2) Ve >0

That is, using the fact that €, — l1 = = (7 — 1) (61 — £),

m—+1

I
KelLt_1"°
o Gl sy < oy S (57 7 ]/ L[l ()l

Zm+1
+ello (5 bnr)ll 2o
m+1

I
Tm K
<[] 6[21 s 1]/ 1l ()l dt

£m+1

+e ||90( m+2)||L2 ®) Ve > 0.

Therefore,
3k 2K [ ] [
% ('7€m)HL2(Q) S FrRe ! lg ”90('at)||L1(w) dt
m+1
+ello ( lmi2)llp2@) Ve>0.
Take d = 2K [61 h(fl 1)] It guarantees that
—drm 2 _ 7_m-4-2
e o (4 )l p2gy — €€ 0 ( bnr2) 2y

L
m-+1
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_ +2
Take € = e~ then

e~ (rndrm T e (-, 5m)||L2(Q) — ey I (-, m+2)||L2
L
<3 [t (Ol
Zm+l
_ [r2
Take 7 = Ym, then
e (e e (¢ )HL2(Q) — e (@ I (-, m+2)HL2

Im
<285 [ 1ol (Ol bt
Z’m«l»l

Change m to 2m’ and sum the above from m’ = 1 to infinity give the desired result.
Indeed,

_ 2
7 T o (D) 2

< e~ (2+)dr? le (-, 52)||L2
+00
< ;1 (e (2+7)dr? HSO( a£2m’>HL2(Q) — o (24y)dr? "y2 o (- 7€2m/+2)HL2(Q)>
ZL; +00 EQm’
< ?7; 2 g [le (‘:t)HLl(w) dt
m'=1 €2m/+1

IN

T
2 [ el (Ol bt
This concludes the proof of Theorem 4.

Remark 6 .- When E = (0,T), then we can take the sequence {(,,},,,, as follows

T

gm—&-l - ’T_m )

so that the observability constant becomes

1 2/3
oK (134T llall o Hlall2)

When E' is a positive measurable set with 0 its Lebesgue point, then we can take the

sequence {/,,}, -, as follows
> 4

€m+l — rm 3

where the existence of ¢; comes from [14, Proposition 2.1], so that the observability

constant becomes
1 2/3
(1Al Hal2)
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