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A stabilized Lagrange multiplier method for the
enriched finite-element approximation of Tresca
contact problems of cracked elastic bodies

S. AMDOUNI !, M. MOAKHER 2, Y. RENARD 3

Abstract

In this paper we propose a local projection stabilized Lagrange multiplier method in
order to approximate the two-dimensional linear elastostatics unilateral contact problem
with Tresca friction in the framework of the eXtended Finite Element Method X-FEM. This
last method allows to perform finite-element computations on cracked domains by using
meshes of the non-cracked domain. The advantage of the used stabilization technique is to
affect only the equation on multipliers and thus to be equation independent. We study the
existence, uniqueness and a priori error estimate of three hybrid discrete formulations.

1 Introduction

The use of Lagrange multiplier methods to formulate contact problems is a well-known and
powerful technique. One difficulty, especialy for fictitious domain like method, is due to the fact
that a discrete compatibility condition between the finite-element space for the displacement and
the one for the multiplier is required, namely the uniform discrete L.B.B. or inf-sup condition.
To circumvent this difficulty some stabilization techniques have been developed. One of the
most used technique is the Barbosa-Hughes stabilization [7, 8] where the stability is provided
by adding a supplementary term involving an approximation of the normal derivative of the
primal variable on I'c (see [20] and [3]). This method of stabilization depends on the problem
to be solved which makes its implementation a difficult task. In this study we will focus on local
projection stabilization techniques where the difference of the multiplier with its projection on
some inf-sup stable spaces is penalized to ensure the stability of the approximation problem.
This stabilized technique is asymptotically consistent and affects only the multiplier equations
in a manner that is independent of the problem to be solved. To the best of our knowledge, this
technique was used for the first time by Silvester [29] in the context of incompressible flow. A
theoretical framework was developed in Brezzi et al. [11] for mixed finite-element methods and
by Burman [13] for Lagrange multiplier method to prescribe some constraints on the interface.
Recently, this technique was proposed and analyzed in the framework of finite-element method
with a fictitious domain approach in [5, 9.

The purpose of this contribution is to adapt the local projection stabilization technique to the
enriched finite-element approximation of contact problems with Tresca friction of cracked elastic
bodies and to provide a priori error estimates of the stabilized formulation. Let us remark
that a priori error estimates we propose are not optimal. However, the existing analysis of
the approximation of Tresca contact problem even for standard approximations and especially
for Lagrange multiplier methods are also suboptimal. Let us recall the main existing result
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for standard approximations. An order of h%/* is proved using continuous piecewise linear
normal multiplier and weakly continuous piecewise linear tangent multiplier [6] and an order
of hy/|log(h) | is proved with the additional assumptions that we have a finite number of
transitions between contact and non-contact zones, the jump of the displacement on I'¢ is in
W1 the tangent stress A\; € L>°(I'¢) and the given slip s € L>(T'¢). In the same context of
[6] an order of h'/2 is proved using piecewise constant shape functions (see [28] and [21]). This
estimate can be improved (a convergence rate of order h3/ 4) under the additional assumption
that the slip bound s is a positive constant on I'c (see [28] and [21]).

The paper is organized as follows. In Section 2, we introduce the formulation of the unilateral
contact problem with Tresca friction on a crack of an elastic structure. In Section 3, we present
the elasticity problem approximated by both the enrichment strategy introduced in [14] and
the local projection stabilized Lagrange multiplier method [5]. We show the existence and
uniqueness of the solution of the stabilized formulation. Also we prove a priori error estimates
following three different discrete contact conditions (the study is restricted to piecewise affine and
constant finite element methods). Finally, in Section 4, we present some numerical experiments
on a very simple situation. We compare the stabilized and the non-stabilized cases for different
finite-element approximations. The influence of the stabilization parameters is also investigated.

2 Formulation of the continuous problem

We start by introducing some useful notations and several functional spaces. In what follows,
bold lowercase letters like u, v, indicate vector-valued quantities, while the bold capital ones
(e.g., V,K,...) represent functional sets involving vector fields. As usual, we denote by (L?(.))?
and by (H*(.)), s > 0,d = 1,2 the classical Lebesgue and Hilbert spaces in d-dimensional space
(see [1]). The usual norm of (H*(D))? is denoted by || - ||s.p and we keep the same notation
when d = 1 or d = 2. For shortness, the (L?(D))%norm will be denoted by || - |o.p when d =1
or d = 2. In the sequel the symbol | - | will denote either the Euclidean norm in R?, the length
of a line segment, or the area of a planar domain.

Let us consider the deformation of a cracked elastic body occupying, in the initial configura-
tion, a domain € in R? where plane small strains are assumed. The boundary 9 of the domain
Q is assumed to be polygonal (for simplicity) and consists of three non-overlapping parts I'p,
'y and I'c with meas(I'p) > 0 and meas(I'c) > 0. The body is clamped on I'p. It is subjected
to volume forces f = (f1, f2) € (L?(Q))? and to surface loads g = (g1,92) € (L*(I'y))?. The
boundary part I'c (or the crack location) is supposed to be a straight line segment. We denote
by I'cy and I'c_ each of the two sides of the crack (see Fig. 1). We suppose that we have a
frictional contact condition between I'cy and I'c—. Of course, in the initial configuration, both
ey and T coincide. Let n = nt = —n™ = (n1,ny) denote the outward normal unit vector
on Poy and t =t = —t~ = (—ng,n1) an associated unit tangent vector.



Figure 1: A cracked domain.

Under plane small strain assumptions, the problem of homogeneous isotropic linear elasticity
consists in finding the displacement field u : Q — R? satisfying

(1) diveo(u)+f = 0 in Q,
(2) o(u) = A tre(u)l+2u, e(u), in €,
(3) u =0 on I'p,
(4) U(u)n = g on FN,

where o = (045), 1 <1,j < 2, stands for the stress tensor field, e(v) = (Vv+Vv')/2 represents
the linearized plane strain tensor field, A, > 0, p, > 0 are the Lamé coefficients, and I denotes
the identity tensor. For a displacement field v and a density of surface forces o(v)n defined on
012, we adopt the following notations:

vi=ouinT +oftt, v =un +v7t7 and o(v)n=o0,(v)n+ oy (V)t,

where v (resp. v7) is the trace of displacement on I'c on the I'/ side (resp. on the I'; side).
The conditions describing the unilateral contact on I'c are:

(5) [un] = wb +u, <0, on(u) <0, on(u) - [u,] =0,

where [u,] is the jump of the normal displacement across the crack I'c. Let us denote by s > 0
the given friction threshold on I'c (which is assumed to be constant for the sake simplicity).
The static Tresca friction condition reads as follows:

lor(u)| < s, a.e. on I'c,
(6) if Joy(u)| <s, then [u] =0,

if |oi(u)|=s, then there exists v > 0 such that [u;] = —vo(u),
with [u;] = u;” +u; . In the classical weak formulation of Problem (1)—(6), we need to use the
following Hilbert spaces:

vV = {ve(Hl(Q)))2~ v:OonFD}, W = Wy x Wr,

Wy = {fn € LQ(FC) : dv € V such that f, = [[Un]]})
Wy = {ft c L2(FC) : dv € V such that f; = [[Ut]]}7



and their topological dual spaces V', W}, and W7., endowed with the following norms:

VI = v ), it = (R + 1),
o 4 e T
(bns HUHH>W;V,WN (b, [[Ut]]>w;,WT
L L R A A= A 7

With the following norms we prove easily that:

[vnllwy < Ivllv, Vv €V,

loellwr < lvlv, ¥ eV,
cillpmllwy, < lunllore Yim € Wy,
allpellwy < llpellore Vue € Wi,

where ¢; > 0 is the inverse of the trace constant. Next we define the convex set of admissible
Lagrange multipliers denoted:
M(S) = MN X MT(S),

My = {,un € W]'V : <M"’f”>W]’V,WN >0 forall f, € Wy, fr <0 a.e. on I‘c},

MT(S) = {:U’t € W'Zlﬂ : <Mt’ft>Wér,WT + <57 |ft|>W7'~,WT >0 for all ft € WT}>

where the notation (-, '>W}v,WN (resp. (-, '>W%7WT) stands for the duality pairing between Wy,

and Wy (resp. between W7 and Wr). The mixed formulation of the Tresca contact problem
(1)—(6) consists then in finding u € V and A € M(s) such that

- a(u,v) —b(A,v) = L(v), Vvev,
7
b(/l’_)‘vu) ZO) VHEM(S)v
where
a(u,v) = /Qa(u) ce(v) dQ, (1, v) = (fin, [[U"]DW,’V,WN + (e, [[vt]]>W’T,WT

L(v) = /fode+/ g-vdl.
Q T'n

An equivalent formulation of (7) consists in finding (u, ) € V x M(s) satisfying
ZL(u,p) < ZL(u,A) < Z(v,N), Vv eV, Vu € M(s),
where Z(+,-) is the Lagrangian of the system defined as

(8) (v, 1) = 5a(v,v) — L(v) — bla,v).

Another classical weak formulation of problem (1)—(6) is given by the following variational
inequality [18]: find u € K such that

(9) a(u,v—u) +j(s,v) —j(s,u) > L(v —u), Yv e K,



where j(s,v) = (s, [[ve]])y;, w, and K denotes the closed convex cone of admissible displace-
T
ment fields satisfying the non-interpenetration condition

K={veV: [v]<0onlc}.

Moreover, the first argument u solution to (7) is also the unique solution to problem (9) and
one has \,, = op,(u) in W}, and Ay = o¢(u) in Wr. .

3 Discretization with the stabilized Lagrange multiplier method

3.1 The discrete problem

We shall now describe the enriched finite elements used in the approximation of the mixed
problem (7). For any given discretization parameter h > 0, let 7", be a partition of the
uncracked domain Q with a maximal size h, Q = Urern T. Moreover, T" is assumed to be
regular, i.e., there exists 8 > 0 such that VT' € T", hy/pr < 3 where pr denotes the radius of
the inscribed circle in T" (see [15]). We consider the variant, called the cut-off XFEM, introduced
in [14] in which the whole area around the crack tip is enriched by using a cut-off function denoted
by x(-). In this variant, the enriched finite-element space V" is defined as

4
Vh = {Vh S (CK(Q))Q : Vh = Z a;p; + Z b,LHgDZ + XZCjF’j, al-,bz-,cj S RQ} C V.
i€NL iENH J=1

Here (%(9))? is the space of continuous vector fields over Q, H(-) is the Heaviside-like function
used to represent the discontinuity across the straight crack and defined by

Hix) = {+1 if (= x) 0’ 20,
-1 otherwise,

where x* denotes the position of the crack tip. The notation ; represents the scalar-valued
shape function associated with the classical degree one finite-element method at the node of
index ¢, NV}, denotes the set of all node indices, and N; ,fl denotes the set of node indices enriched
by the function H(-), i.e., node indices for which the support of the corresponding shape function
is completely cut by the crack (see Fig. 2). The cut-off function is a € piecewise third order
polynomial on [rg,r1] such that:

x(r)=1 if r <,
x(r) € (0,1) ifrg<r<ry,
x(r)=0 it r > ry.
2% —3 2+6 — 3r1)rj
In our case we take x(r) = " (ro + ra)r” + T1T2T+ (ro 7o if 79 < r < 7y with

(ro —71)
ro = 0.01 and r = 0.49. The functions {F}(x)}1<j<4 are defined in polar coordinates located
at the crack tip by

(10) {Fj(x), 1<j<4}= {\/Fsinz,\/?cosg,\/FsinZsinﬁ,\/?cosZsinﬁ}.

These functions allow to generate the asymptotic non-smooth displacement at the crack tip (see
[25]).
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Figure 2: A cracked domain.

An important point of the approximation is whether the normal and tangent contact pressure

(0, and o0y) are regular or not at the crack lips. If it were singular, it should be taken into account
by the discretization of the multiplier. If we assume that there is a finite number of transition
points between contact and non contact zones and slip and non slip zones on the crack lips, we
are able to prove (similarly to the case of frictionless contact presented in [3]) that the normal
and tangent contact stress o, and o} are in H'/2(T¢) (see Lemma B.7 in Appendix B).
Now, concerning the discretization of the multiplier, let xq, ..., X be given distinct points lying
in I'c and coming from the intersection between Th and T. These nodes form a one-dimensional
family of meshes of I'c denoted by S". The mesh S” allows us to define a finite-dimensional
space W' approximating (Wy)" or (Wr)" and a nonempty closed convex set M C W (resp.
MM(s) ¢ Wh) approximating My (resp Mr(s)). We consider two possible elementary choices
of Wh.

Wél: {,LLhGL2(Fc) Z,uh|( ) GPo(Xi,Xi+1),V0§iSN—1},

XiXi+1

wi = {u" e #(rc) € Pi(xi,Xis1), V0 <i < N — 1},

.,k

K | (xixi41)
where Py (FE) denotes the space of polynomials of degree less or equal to k£ on E. This allows to
provide the following three elementary definitions of M% and M2(s):

(11) My = {u" € Wi s p" <0 on T},

(12) My(s) = {u" € Wi |4 < s on T},

(13) My = {Mh e W/ : " <0on Fc},

(14) MR (s) = {,uh e Wit |u" <son Fc},

(15) My, = {uh SRUE /F phphdl > 0, ph € Mj’h} :
¢

6



(16) M7 (s) = {,ﬁ cWwh: / phapdT + s/ [dl > 0,V ¢ € W{‘} :
r T'c

C

Let W" = W" x W". In the forthcoming convergence analysis, we will need more information
on the compatibility between the spaces V?* and W”. To overcome this difficulty, we use the
local projection stabilization technique introduced in [5]. This technique consists in adding a
supplementary term, involving the local orthogonal L? projection of the multiplier on a patch
decomposition of the mesh, to the discrete mixed formulation. The set of patches is build from
Sh. Indeed we aggregate the possibly very small elements of S” in order to obtain a set of
patches having a minimal and a maximal size (for instance between 3h and 6h). In practice,
this operation can be done rather easily (even for three-dimensional problems). A practical way
to obtain such a patch decomposition will be described in the next section. An example of patch
aggregation is presented in Fig. 3. Let H be the maximum length of these patches and denote
by SH the corresponding subdivision of I'c. Let

Wi ={u" e L*(Tc) - u"| g € Po(8), vS € 8"},

be the space of piecewise constants on this mesh and let W = W x WH | Similarly to the
classical result presented in [16], we prove that an inf-sup condition is satisfied between V" and
W1 for minimal size of 3h for the patches (see Appendix A for the proof on a scalar field, which
can be straightforwardly generalized to vector field). This implies in particular that an optimal
convergence can be reached if the multiplier is taken in W . However, this suppose a relatively
coarse approximation of the multiplier. Our approach is to use this result in order to stabilize
the approximation obtained with the multiplier defined on the finer discretization W”. Let us
first recall the result in Lemma A.1 Appendix A. Under a condition for the patches S € S to
be approximated by a fixed set of line segments having approximatively the same length with
a length greater or equal to 3h, the following inf-sup (or LBB) condition holds for a constant
B* > 0, independent of h and H:

H h
(17) vt ¢ Wi sup b=, v7)

> 5w
wievn (V]

In the following, we will assume that the conditions guaranteeing this inf-sup condition are
satisfied.
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Figure 3: Ezample of a patch aggregation (in red and green) of size approzimatively h of the
intersection between the crack and the mesh.

Let Py ube the local orthogonal projection operator from L?(I'¢) onto WH which is defined
by

2 H — 1
Vue L*(T'¢), VS € S Pyru(p) ’S = mes(9) SudF,

and Py rbe the local vector orthogonal projection operator from L?(I'c) x L?(I'c) onto W
which is defined by Py (1) = (P (), Py (1)), ¥ = (s ) € LA(Te) x L*(T¢). The
stabilized formulation consists in replacing the Lagrangian (8) by the following one:

Lo h

£a(e" ) = a8 W)L bt )] [ (Rl [ (P () P,

c c

where, v is a constant independent of the mesh size. Let M"(s) = MZ% x M!(s) then the
corresponding optimality system reads as follows:

(18)

Find u" € V! and A" = (A, \") € M"(s) such that:

a(u”,vh) —b(\" v = L(v"), Vvl e Vh

b — A" ) + / (N = Py (X)) (2 — A2) — (P () — Pyyss (A2)))dT

c

+V/ (A = Py ) (1! = AF) = (Pon (1) = Py (AF)))dL 20, ¥V " = (py, i) € MP(s).

\ c

3.2 Existence and uniqueness of the solution to the stabilized problem

Lemma 3.1. Assume that (17) holds then for any v > 0 there exists a unique solution of the
stabilized problem (18).

Proof. Let p = (u!, ul) € M"(s) and u” be the solution of the following problem:
a(u",v") — L(v") = b(p", v") = (ul, [[UZ]DW,L/,W,I + {ul, [[U?]th’,wh Vvl e v

8



then using the fact that the inf-sup condition is satisfied in the orthogonal of the kernel of b(.,.)
(which contains W) we prove that there exists a constant C' such that:

(19) Cllu™| + | Lllv: > || Py (") |lw-
We have

1
Ll ) = Gl ) = (") b ) = [ = Py () ar
C

Y Y
R R / (W — Py (ul))2dr — / (4l — Py ()%,
2 2 Jre 2 Jro

h
I* -

1 o h Yok h
= —§||u 5“#2 — Pyu (Mn)”g,f‘c - §||Mt — Py (g )Hg,rc-

When HNhHW’ — 00 we have HPWH(Nh)HW' — 00 (using inequality (19) we have HuhH — 00)
or/and ||p" — Pyr (u")||w+ — 0o, which implies that

lim L, (u" ") = —cc.
peMP(s), ||l —o0

Now the existence of a solution to Problem (18) follows from the fact that V" and M"(s)
are two nonempty closed convex sets, L£,(-,-) is continuous on V* x Wh L (v" ) (resp.
L(-, ™)) is concave (resp. strictly convex) for any v? € V" (resp. for any u" € M") and
limynevh jjvh||—oo L,(v",0) = +oo (resp. WM n e v (), 8| gr—00 L, ph) = —o00 ), see [19,
pp. 338-339]. The strict convexity of a(.,.) implies the uniqueness of the first argument u”.
Now let A" and A! two solutions of (18) then we have:

b(Ay — Al u") 4+ 4 / A(A’fn — Py (X)) (A3, — A1) = (P (AL,) = Pyyu (A3,,)))dT

re

+7/ (A}ft — Pyu ()‘]ft))(()\gt - )‘}llt) - (PWH()‘Ift) - PWH()‘gt)))dF >0,
bAT — A%, u") 4+ v /F (A3 — P (A3)) (AT, = A3,) = (P (A,) — Py (AL,)))

+’Y/F (/\gt - PWH(Agt))((AiLt - )\gt) - (PWH()‘gt) - PWH()\Illt)))dP 20,
and by summation of the last two inequalities we have:

IOV =A%) = (P (M) = P O3, )) 5 0 + (A3 = M%) — (P (ML) = P (N5)) 5 s <0,

therefore AP, — \b = Pyu(M8) — Pyu(A\L) and My — N8, = Puu(0L) — Pyu(\h) (e
Ao oAb e WH and A, — A e WH). Let X' = (A — Mb M — AbY and A = (P (M) —
Py (N8), Py (AR,) — Py (AB,)). From inequality (17) there exists v € V" such that

NH * NH
(20) AT, V") = BT wr v,

and thus
1 1

i~ H 1 SH _h b _h _h o h
r < ——b(A = b(A = — = 0.
B ||)‘ ||W = ||VhH ( y V ) thn ( yV ) ||VhHa(u y V ) 0

This implies the uniqueness of the second argument A, therefore (18) has a unique solution.



3.3 Convergence analysis

In order to perform the error analysis, we recall the definition of the XFEM interpolation
operator 11" introduced in [26].

Figure 4: Decomposition of 2 into 21 and .

We assume that the displacement has the regularity (H?(Q))? except in the vicinity of the
crack-tip where the singular part of the displacement is a linear combination of the functions
{Fj(x)}1<j<a given by (10) (see [17] for a justification). Let us denote by uy the singular part
of u, u, = u — yu, the regular part of u, and u” the restriction of u, to Q, k € {1,2}. Then,
for k € {1,2}, there exists an extension u¥ € (H%(Q))? of u¥ to Q such that (see [1])

[zl < lupllze,

~2 2
]l 0 < lurllzg,-
Here and throughout the paper, we use the notation a < b to signify that there exists a constant

C > 0, independent of the mesh parameter h, the solution and the position of the crack-tip,
such that a < Cb.

Definition 3.2 ([26]). Given a displacement field u satisfying u —us € H2(Q), and two exten-
sions 0l and u? in H*(Q) of ul and uZ, respectively, we define I1"u as the element of V" such
that

Mu = Z a;p; + Z b;Hy; + xus,
€N, ieNH

where a;, b; are given as follows for y; the finite-element node associated to @;:
if i € {N \ N} then a; = u,(y;),
ifi € N and y; € Qp for k € {1,2} then forl=3—k:

a; = 5 (wh(y) + ()
k
b= 5 (uby) — i)

This XFEM interpolation operator satisfies the following interpolation error estimate [26]:

(21) lu — "] S 7l — xusl2,0-

10



Lemma 3.3. Let (u,\) € V x M(s) be the solution of (7) and (u*, A") € V" x M"(s) be the
solution of (18). Then we have:

alu" —ul? < Mlu" —uflv" =l + A = Xaflwrlw = P A = Al a = vl
+o(p" — X, u —u) + b — p u) (" — A u)

(22) +b(A = AP ), Wt e Vvt uh e Wi
BN = XRyr < 8M?[lu—u"|? + 882X — o |3y + 8| A — " |3y
(23) +8[|a" — @Ry + BIAT = MRy vt = (), ) € W

with M1 = Py (A"), g = Pyyu ().

Proof. For all vh € V* u € W" one has

a(u —u,u —u) = e —u,v" —u)+a(u” —u,u —vh),
= a(u —u, v —u) +b(A\" — A u — V"),
= a(u" —u,v" —u) + b(A" — A\, u —vh) + b(A" — X u" — ),
( h

= a(u" —u,v" —u) + b(A" — A\, u —vP) + b — A u" —u)

From the V-ellipticity and the continuity of the bilinear form a(.,.) we prove the first inequality
of Lemma 3.3. Now we shall give an estimate of the second inequality of Lemma 3.3. By noticing
that

/ (A =AM [VM]dD = a(u® —u,v") W e V!,
NG}
one obtains

/ (@ = A [vhdD = a(u” —u,vP)

Pe

(24) +/ (" — A) - [V"]dT, V(v", @) € VI x W,
|6}

Now, for pf = A — g ¢ WH with g € W the inf-sup condition (17) ensures the existence
of v! € V" such that together with (24) we get

« _ 1 _
AT = plw < VAT e (" — X"y [v"] ar,
C
1 B 1 _ _
= V1 (Hh—)‘h)'ﬂvh]]dr‘i‘m g (" = AT — (" = AM)) - [v"] dT,
C C

IN

h —h ~-H H —h h
Mllu® —ul| + ||z, = Anllwy, + 8, — A = (i = A0)lwy,
_h —-H H ~h h
" - )\tHW} + " = A = (e — At)HW}'
As a consequence, one has
BT = Nlwe < B IA = 2 [lwr + MI[u" —ull + [|; — Aallwy, + I8 = Adllw,

_ _h h = ~h h
i — anllwy, + 1A = Mllwy, + 18 = A g, + I = Al

BRNT = ARy < 8MZ[lu—u® >+ 887X — a5y, +8IA — "5y

(25) +8| 2" — 1 + 8IAT = ARy, VB e W vp e W

11



O
In order to estimate these terms, we need to distinguish the different contact conditions (i.e., we
must specify the definition of M"(s)). We consider hereafter three different standard discrete
contact conditions.

3.3.1 Conforming piecewise discontinuous discretization for multiplier M]}\‘, = M]}\‘]O
and M(s) = M (s)

We first consider the case of non-positive discontinuous piecewise constant multipliers where M ]}\"[
is defined by (11) and M2 (s) is defined by (12). It is a conforming discretization on multiplier
as MR, C My and MR, (s) C Mrp(s).

Theorem 3.4. Let (u,\) be the solution to Problem (7). Assume that u, € (H*(Q))? and
A€ (HY2(T))? Let (u", M) be the solution to the discrete problem (18) where M = M%,
and MR (s) = MR (s). Then, for anyn > 0 we have

3_1m
lw—u" [+ X = Nlwr S hllu = xusllzo + Hi72 ([ullz -0 + IX]200)-

Proof. In (22) we choose u” = Pyu(X) = (Pyu(A\), Pyr (). We recall that the operator
Pyyu is defined for any v € L?(I'¢) by

Pyu(v) e WH / (v — Pyu(v))pfdl =0, Vuff e W,
NG}

and satisfies the following error estimates for any 0 < r <1 (see [10])

(26) H™2 |l = Pyu ()| -1 j2.r0 + v = Puwn(0)lore S H [[v]lrre-
Clearly, u" € M"(s) and using the inequality coming from (18) we have
(27) DA™ — pt u") < —y N = AR

with A = Py (A") = (P (A1), Pyru (AD)). Moreover

b(p" — A u" —u) = b(Pyr(A) = A u" —u) < ||Pyr(An) = Anllwy 0" —
(28) + Py (Ae) = Adllw [ —ul],

b(p" — A u) = /

= [ Pun) = Aa)([a] = Py ([ ])r

(Poyst () — o) [tn] T + /F (Pt (Ar) — A)[uc]dT,

+ / (Pt () — ) ([a] — Pryr ([e])) T,
e

< Pwr(An) = Anllore l[un] — Py ([un])lore
(29) Py (Ae) = Adllore l[[ued = Pyn ([ue))llore-

Noting that M ]’;L,O C My and M%O C My which implies

(30) b(A — A" u) <0.

12



Using inequalities (22), (27), (28), (29) and (30) we have

(31)

allu’ =l AN = A2 < Mt = uf ]V = a4 N = Al e — V7
N = Al flu = v
1Py () = Al I =l
1P () = Al " —
1P () = Mllore lIfund = Prrn (Tan]) e
1P () = Mool = P (TueDllo.ce-

By combining inequalities (23) and (31) one obtains for all @ € W", | gl € WH and v € V"

IN

IN

(o = 8M28)[|u —u"|* + 052 A = X[y + (yer — 80 [A" — ARy,
M " —afl[Iv* = ull + [ Pyr () = Mallwg, 0" = all + [ Pysr (he) = Al 0" =l
HIAL = Anllwg a = v+ IAE = Aellwy ha = v+ [Py (An) = Anllore Tun] = P ([un])llo.re

1P () = Al el — Py (Tl llo.r + 858%2I1A — 573y
L88]IA — "3y + 861" — |3y,
0 1
2 20 2
I3 1
SN = N B+ gl = VPP 4 1Py () = Mool fun] = By ([ ore

1P ) = AellorollTe] = P (T llo.ce
+856"2|A — By + 86]A — " 3y + 83]| " — |y

1 5 1
M2 — w4 S fu = v+ Dl -+ sIA - Pyt ()|

Then, for all p" € W g ¢ WH and v € V", we deduce

< (%‘f‘g)

17TM? +1 .
(0= 5T Dl w2+ (e — 85— SN = ARy + (557 — S)IA~ A Ry,

2
11 1 * it
= VP - Sl Paar (A) = Xlifys + 85671 — " |3y,

+V2)| Py (A) = Alo,reI[u] = Payr ([ul)llo,re + 8IA — " |3y + 884" — [y

We recall the following standard finite-element estimates:

lu— "] < Chllull2e,
lu = Pwn(Wlore < CH™"Jufi—yre,
A= Pwr(N)w < ChlAlli2,res
A= Pwr(Nllw < CH[A[1/2,re-
Finally, the theorem is established by taking § < min (27&; B), & < min (255*2; 2(yer —
1TM2+1" 8

89)),

vl = IT"a and " = Pyn(N). O

3.3.2 Conforming piecewise continuous discretization for multiplier M? = M }{,1 and

M(s) = Mg (s)

Now, we focus on the case of non-positive continuous piecewise affine multipliers where M J}\L, is
given by (13) and M2 (s) is given by (14)

13



Theorem 3.5. Let (u,\) be the solution to Problem (7). Assume that u, € (H*(Q))? and
A€ (HY2(T))?. Let (uh, A") be the solution to the discrete problem (18) where M% = MR,
and M% = M:}ﬁl. Then, for any n > 0 we have

1
la ="+ A = X lwr S hlla = xugllz.0 + H ([[ullsz-p0 + [Aly20e)-

Proof. We choose p" = r(A) = (r"\,,7")\;) in (22) where r" : L} (T'¢) — W] is a quasi-
interpolation operator which preserves the non-positivity defined for any function v in L'(I'¢)
by

rhy = Z ax (V) Px,

xENh

where N" represents the set of nodes Xg, ...,xy in I'c, ¥x is the scalar basis function of Wlh
(defined on T'c) at node x satisfying ¥x(x') = 6x for all X' € N and

o= ([ ) (f sex)

The approximation properties of 7 are proved in [22]. We simply recall hereafter the two

main results. The first result is concerned with L?-stability property of r”.

Lemma 3.6. For any v € L*(I'¢) and any E € T" we have

lr*ollo,e S l1vlloss,
if |v] < s then |rv] < s onT¢,

where vg = U{FeTh: FﬁE;éQ)}F'

Proof. Let E € TH and 41, 12 be the classical scalar basic functions related to E. Using the
definition of ax(v) and the Cauchy-Schwartz inequality we get:

" llo.e < aallnllore + azll¥ollore
< ol 19115 . ol 19215 1.
= Y. Y.
P fo 1 dT E o 2 dT
S ||U’ 0,7e"

Using the definition of ax(v) and the partition of unity we have the second inequality:

Z ax (V)P

xENh

< Z ’ax(v)wjx <s.

xENHh

e

O
Note that the proof of the first inequality of this lemma is also given in [22] using the additional
assumption that the mesh 7" is quasi-uniform. The second result is concerned with the L2-
approximation properties of 7.

Lemma 3.7. For anyv € H'(I'¢), 0<n <1, and any E € T" we have
(32) lo=r"llos < RMollyye,

~

where g = U{FeEg: FnEﬂ)}F'

14



Noting that A, < 0 on I'c (resp. |\| < s on I'c) then 7"\, <0 on T'¢ (resp. || < s on
I'c) which implies r),, € M%, (resp. 7"\, € M} (s)). Using the inequality coming from (18)
we have

b — phut) < / (N7 — M )(( — AP — (T — X)),

N 1T s / (N = AH)(ph —

(&

Y Y
() e N [T
Moreover
b(p" — X u" —u) = b(r"(A) = A u"—u)
(34) < () = Anllorellu™ —all + 17" (A) = Adllore " — ul.

Then we have
b — Au) = / ((\n) — An)[un]dT + / (r(\) — A)[ws]dT,
< 7 Om) = Anllore | unlllore + 7 (h) = A
< V3" (A) - Allo.ro I [ull

o.rc I[we]llo,redl

(35) 0,l'c
We have M]’\l,1 C My and M%l C My then
(36) b — A" u) <0.

Using inequalities (22), (33), (34), (35) and (36) we have

Y
afu® —ul® + 5\\/\h ~AMEre < M —u|l[v" —ull + [IX = Al [[u = V7
HIAE = Ml la =" + 17 (2n) = Anllore [ —u]
+Hr" () = Adllo.re " = ull + v2[e"(A) = Alo,re | [u]llo,re
rVH h

(37) +olle" = w5 e

By combining inequalities (23) and (37) one obtains for all " € W" and v € V*

% C
(= 8329) [ — w2+ 552A = Ay, + (Tt = 88) X" = X7y,

< M —u|||v* =l + [N} = Al la = v+ A = Al la = v
+Hr" (M) = Aallorellu™ —ull + 17" (M) = Aello.re 0" — ul
+V2[r"(A) = Alore | [ulllore + 838X — 57 [fy + 83]|A — " [[Ry-
n o
+80)| " — "Ry + §Iluh — "B res
5 1 5 1 ¢
< §M2Hu —u|* + o5l v+ gllu— u|? + gllrh(k) —Agre + SlIA= A3y

1 Y
+g\lu =2+ V2[Ie"(A) = MlorellTulllore + §Huh — " l5 e

+80572 A — Ry + 831IA — B" Ry + 8lA" — A7 |}y
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Then, for all " € W and v € V", we deduce

17]\42 +1 yeq £ . &
(0= 8- — P (25— 85 = SN = ARy + (55 = S)IA - Ay,
1 1 0%
< (gt g>Hu VI I ) = Mo + V() - + Lt~ w3
18582\ — i 3y, + SOIIA — 1 |3y + So|ia" — |3
Finally, the theorem is established by taking § < min (270[ ﬂ) ¢ < min (25[3*2' c1 —
Y, y g AT 16 ) ;e
166), v = IT"u and p" = Py (). O

3.3.3 Nonconforming piecewise continuous discretization for multiplier M ]’f, =M ]}\717*
and M} — M}, (5

This choice corresponds to “weakly non-positive” continuous piecewise affine multipliers where
M = MJ’\I,L* is given by (15) and M} = M:’ﬁlﬂ*(s) is given by (16).

Theorem 3.8. Let (u,\) be the solution to Problem (7). Assume that u,. € (H?*(Q))? and
A€ (H'2(Te))?. Let (W', M) be the solution to the discrete problem (18) where M% = M]’\L[L*
and M% = M:,@L*(s). Then, for any n > 0 we have

1m
[l —u| + A = Nwr S Bllu = xugll2.0 + H272 ([ulls2no + [Ally2re)-

Proof. In (22) we choose 1" = Pyn(X) = (Pyn(An), Pyn(A)) where Py denotes the L2(T'¢)-
projection onto W{l. We recall that the operator Py is defined for any v € L?(T'¢) by

Py (v) € W, /F (v — Pyn(v))ppdl =0, Vpe WP,
c
and satisfies the following error estimates for any 0 < r < 2 (see [10])
(38) H™2|jv = Py (0)| -1 /200 + [[v = Py (0)lore < CH”[[o]lrre
Clearly, Pyn (M) € M"(s) and using the inequality coming from (18) we have
WA= ) <y [N A (" = A (= AT

= A AT 4y / (A" — AH) (' — pH)r,

(&

Y Y
(39) < §H)\h - AHH%,FC + §”Nh - NHH%,FC'
Moreover
b — X u" —u) = b(Pyr(A) — A u" —u)
(40) < Pwn (M) = Anllwy 0 =l + [Py (M) = Al 0" = ul.
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and

b(p" — X u) = /F (PynAn — An)[un]dl +/F (Pyn At — M) [ug]dr,
= [ Pund =)l = R [l

‘I‘/ (Pyn e — M) ([we] — Pyyn[ue])dl,
e

< |Pwnrn — )‘nHO,Fc”[[un]] — Pyyn [[un]]”O,Fc
[ PynAe = Aellorellfue] = Pn[ue]llore,
(41) < V2|[Pyn(A) = Allore | [u] = Pyya ([al)llore-
We have
(42) bA — A" u) = / (An — A9 [, JdT + / (At — A [ug]dr.
ING} Fe

| =Ml = = [ Nifular.

e el

IN

/F (T ([un]) — [un])dT,

IN

[ =0 Qo) ~ Bt + [ A ()~ [l
I'c Fe

1A% = Anllwy 1" ([unl) = Tunlllwy
(43) HiAnllo,re 1" ([wn]) = [un]loro-

IN

/ (= X [uldl = / (e — X)([ua] — T*[ue])dT + / (A — A®) T [u,Jar
I'c o]

NG}
/ )\t[[ut]]dF — S/ ][[ut]]|dF,
I'e I'e

—hut—hut thut_ut
< /ch X ([e] — ([ ]]))dF+/FCA(I (L) — [T
+s /F ()| = [l

—hut—hut thut—ut
< /Fcut XY ([ua] - ([ ]]))dF+/FCA(I (L) - [T
+s [ 11 (D) ~ [,
< A= Al NI — I ([l
(44) iMoo lTud - P(fud)lore + £lTued — (Tl llore.

Using (43) and (44) we have
b= A" u) < (A = Abllwg [ITu] = I [ulllw + [|Ae = A llwy ITu] — 7" [u]|lw
V2| Allo.re I [u] = 1" (TuD) flo.re
(45) +sl|[ue] = I"([ue]) lo,re.
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Using inequalities (39), (40), (41) and (45) we have

alu” —ul? + I = XTF < Ml = ualf[v" =l AT = Aallwg la - v
HIAL = Aellwg la = v+ [1Pyn (M) = Anlliwg, [u” — u]
HIPwn () = Aellwy 0" —
+V2[ Py (A) = Allo,re || [u] = Py ([u])llo,rc
HIAn = Ablwy, Mewn] = I (TunD)llwy
HlIAe = AL g | [ue] — I* (Lue])llwr
+V2|Allo,re I [u] = I ([u])llo,re

(46) +sllud = " ([ud)llo.re + 51" = 173 v
By combining inequalities (23) and (46) one obtains for all " € W" and v € V*
(o = 8M%8) [u — u" |2 + 652X = X |Rys + (e — 88) [ X" = A Gy
M =l [V = a0} = Aallwg o = v+ 0 = Nl [l = "
1P () = Mallwg Il =l 4 [P (0r) = Al " =

V2] Pyt (X) = Mlo.re 1Tl = P (Tu]) lo.re: + 83822 = 27 Ry
1A = Ml end = 7 QD) iy + 1Ae = Al el = 2" ()l
+V2|Allo.re ] = 2" ([l lo.ce + sl [uc) = 2" (fwi])
i = i+ 851X = B Ry + 891" — B Ry
I N PRGN ¥

1
—i—EHu — V|2 + V2| Pgr (A) — A

IN

0,l'c

IN

e 0] ~ P Tl + 1A~ X[y,
+808°2|A = 3y + 81X — "y + 831" — A"y

+5IA= Xy + il = P'(CDlRy + V2IAloxe ] = 7'l for,
+sll[ud = " ([ud)lore + 51" = w7 I3 r,..

Then, for all @ € W" and v € V", we deduce

17TM? + 1 yc1 N
(0= 62w — w2 4 (51— 85— N — ARy + (382 — €) A — X7y,
1 1 1
< (g5t glu— VI + S Pwn(N) = Allore + vV2[[Pwn(A) = Allorelllul = Paws [allore
v * _ _ _ _
ol = w7 |Gre + 808N = B[Ry + 811X — A" [y + 801 A" — 2[Ry

+2II[[U]] = I"([u])|Ry + V2IIXllo.re | [u] = I*([ul)llo.re + sl [ued = 1" ([ue]) oo

2a c c
AT g ) § < min (8% 5 —86),
vl = IThMa and " = Pyn(N). O
Remark: Let us note that if we assume that u € (H%(9))? in Theorem 3.8, the proved rate of
convergence becomes h3/4.

Finally, the theorem is established by taking § < min (
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4 Numerical experiments
The numerical tests were performed on the uncracked square defined by
Q= [0,1] x [-0.5,0.5],
and the considered crack is the line segment I'c = ]0,0.5] x {0} (see Fig. 5). Three degrees of

\§

Figure 5: Cracked specimen.

freedom are blocked in order to eliminate rigid body motions (Fig. 5). In order to have both
contact and non contact, slip and non slip zones between the crack lips, we impose the following
body force vector field

f,y) = ( 3.52(1 —a:())ycos(Qﬂx) > :

Neumann boundary conditions are prescribed as follows:
(0,9) = 8(1,y) = ’ 05<y<05
WY = 8LV =\ 0.4sin(2ry) P=Y=E

g(z,—0.5) = g(,0.5) = ( 8 ) 0<z<l.

We assume that the slip bound is constant (s = 0.09). An example of a unstructured mesh
used is presented in Fig. 6. The numerical tests are performed with GETFEM++, the C++
finite-element library developed by Y. Renard’s team (see [27]).

4.1 Numerical solution

The algebraic formulation of Problem (18) is given as follows

Find U € R, Ly € M and Ly € Mo(s) such that
KU — ByLy — BpLy = F,

(Iy — Ly)T(BNU + DyyLy) > 0, VIy € My,
(ZT — LT)T(BTU + DT’yLT) >0, VTT € M?(S),

(47)

where U is the vector of degrees of freedom (d.o.f.) for u*, Ly (resp. Lr) is the vector of d.o.f.
for the normal multiplier A? (resp. for the tangent multiplier A}), Mﬁ, (resp. M@(s)) is the set
of vectors Ly (resp. Lr) such that the corresponding multiplier lies in M% (resp. in M(s)),
K is the classical stiffness matrix coming from the term a(u”,v"), F is the right-hand side
corresponding to the Neumann boundary condition and the volume forces, and By, Br, Dy,
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Figure 6: Unstructured mesh.

Dr., are the matrices corresponding to the terms b(A2, v/*), b(A},v"), « frc()\,’,ﬁ — Py (A (uh —
An)dT and 7y [r. (A} — Py (A])) (g — A)dT, respectively.
The inequalities in (47) can be expressed as an equivalent projection

(48) LNZPW%(LN—T(BNU-FDN,YLN)),
(49) LT = wh (LT — T(BTU + DT’yLT))a
T(s)

where 7 is a positive augmentation parameter. This last step transforms the contact conditions
into nonlinear equations and we have to solve the following system:

( Find U € RN, Ly € M and Ly € Mo such that
KU — ByLy — BpLy — F =0,
1
(50) —— |:LN — P, (LN —r(BynU + DN’yLN)):| =0,
T M
1
- [LT - P—h (LT — T(BTU + DTFYLT)):| =0.
L r M (s)

This allows us to use the semi-smooth Newton method (introduced for contact and friction
problems in [2]) to solve Problem (50). The term ‘semi-smooth’ comes from the fact that
projections are only piecewise differentiable. Practically, it is one of the most robust algorithms
to solve contact problems with or without friction. In order to write a Newton step, one has to
compute the derivative of the projection (48) and (49). An analytical expression can only be
obtained when the projection itself is simple to express. This is the case for instance when the
set M"(s) is chosen such that the contact condition is satisfied on each finite-element node of
the contact boundary (such as MZ2(s) or Mf(s)). In this case, the projection can be expressed
component-wise (see [24]).
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In order to keep the independence between the mesh and the crack, the approximation space
Wh for the multiplier is chosen to be the trace on I'c of a Lagrange finite-element method
defined on the same mesh as V" and its degree will be specified in the following. Let us denote
X" the space corresponding to the Lagrange finite-element method. The choice of a basis of
the trace space Wh = X h[rc is not completely straightforward. Indeed, the traces on I'c of

the shape functions of X" may be linearly dependent. A way to overcome this difficulty is to
eliminate the redundant functions. Our approach in the presented numerical experiments is as
follows. In a first time, we eliminate locally dependent columns of the mass matrix ch Pipidl,

where 1); is the finite-element shape function of X", with a block-wise Gram-Schmidt algorithm.
In a second time, we detect the potential remaining kernel of the mass matrix with a Lanczos
algorithm.

The decomposition into patches is made using a graph partitioner algorithm. In the presented
numerical tests, we use the free software METIS [23]. The nodes of the graph consist in the
elements having an intersection with I'c and the edges connect adjacent elements. Additionally,
a load corresponding to the size of the intersection is considered on each elements. The partition
is a very fast operation.

4.2 Numerical tests

In this section, we present numerical tests of the stabilized and non stabilized unilateral contact
problems for the following, differently enriched, finite-element methods: P,/ Py, P,/ Py, P, + /P,
Py /Py, Pi/Py. The notation P;/P; (resp. P+ /P;) means that the displacement is approximated
with a P; extended finite-element method (resp. a P; extended finite-element method with an
additional cubic bubble function) and the multiplier with a continuous P; finite-element method
for j > 0 (resp. continuous P finite-element method).

The numerical tests were performed on non-structured meshes with A = 0.108, 0.057, 0.03, 0.016,
0.008, respectively. The reference solution is obtained with a structured P,/P; method and
h = 0.0021. The von Mises stress of the reference solution is presented in Fig. 7(c). Its distribu-
tion shows that the von Mises stress is not singular at the crack lips. The normal and tangent
contact stress of the reference solution are presented in Fig. 7(a) and Fig. 7(b), respectively.
The normal and tangent contact stresses are not singular at the crack lips which confirms the
theoretical result.

Without stabilization: The curves in the non-stabilized case are given in Fig. 8(a) for the
error in the L?(2)-norm on the displacement, in Fig. 8(b) for the error in the H'(Q)-norm on
the displacement and in Fig. 8(c) for the error in the L?(I'¢)-norm on the contact stress. The
Py /P, and P;/Py versions generally work without stabilization even though a uniform inf-sup
condition cannot be proven. Fig. 8(a) shows that the rate of convergence in the error L?(2)-norm
is approximatively of order 2.2 for the P»/P; methods and of order 1.6 for the P;/P; methods.
Note that the singularity due to the transition between contact and non contact is expected to
be in H?/271(Q) for any 1 > 0. Theoretically, this limits the convergence rate to 3/2 — 7 in the
H!(Q)-norm.

Fig. 8(b) shows that the rate of convergence in energy norm is approximatively of order 2
for the P,/P; methods and of order 1.2 for the P;/P; methods. Fig. 8(c) shows that, the rate
of convergence in the error L?(I'¢:)-norm is optimal for the P/P; methods (of order 1) and not
optimal for the remaining couple of elements (approximatively of order 0.3 for the P;/P; and
Py /Py methods and approximatively of order 0.7 for the P; + /P, method). It seems that the
presence of some spurious modes affects these rates of convergence.
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Figure 7: Von Mises stress and contact stress for the reference solution (Note that the presence
of friction in the non-contact zone (i.e. A, # 0) is due to the use of Tresca model).

Stabilized method: The curves in the stabilized case are given in Fig. 9(a) for the error
in the L?(Q2)-norm on the displacement, in Fig. 9(b) for the error in the H'(Q)-norm on the
displacement and in Fig. 9(c) for the error in the L?(I'¢)-norm of the contact stress. Similarly
to the non stabilized method, Fig. 9(b) shows that we have an optimal rate of convergence, with
a slight difference, for the error in the L?(Q2)-norm and the H'(2)-norm on the displacement.
For the error in the L?(I'c)-norm of the contact stress, Fig. 9(c) shows that the local projection
stabilization eliminates the spurious modes for the P, /Py, P;/Py and P; + /P; methods.
Concerning the error in L?(I'¢)-norm the value of the stabilization parameter can also be divided
into two zones (see Fig. 10(a), and Fig. 10(b)). The first zone is where the error remains almost
constant when the stabilization parameter ~ increases. The second zone is where the error
decreases when the stabilization parameter v increases. Note that for a relatively large mesh
size, the local projection stabilization has no influence. Now, concerning the minimal patch
size, the inf-sup condition is proven to be satisfied in [16] for a size greater or equal to 3h.
Numerically, the inf-sup condition seems to be satisfied for smaller values of the minimal patch
size. In our numerical experiments, we found an optimal value between h and 2h. For this
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Figure 8: Convergence curves in the non stabilized case
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interval of values we have the same result, with a slight difference, as presented in Fig. 10(a)

We adapted the local projection stabilization technique to the nonlinear small strain elastostatics
problem with Tresca frictional contact. A main advantage compared to some other stabilization
techniques, like Barbosa-Hughes one, is that it only affects the multiplier equation in a manner
that is independent of the problem to be solved.

We obtained an existence and uniqueness results for the approximated Tresca frictional contact
problem in elasticity. Concerning the three contact conditions we considered theoretically, the
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Figure 10: Influence of the stabilization parameter in L?(I'c)-norm of the contact stress

given a priori error estimates are obviously sub-optimal. This is probably due to technical
reasons.

In the numerical tests we considered, the stabilized methods have indeed an optimal rate of
convergence. Similarly to [3], the unstabilized methods have also an optimal rate of convergence
concerning the displacement. This may lead to the conclusion that no locking phenomenon was
present in the numerical situation we studied despite the non-satisfaction of the discrete inf-sup
condition. The fact that such a locking situation may exist or not in the studied framework
(contact problem on crack lips for a linear elastic body) is an open question.
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Appendix A : Proof of the Inf-sup condition

Lemma A.1. Assume that the length of each segment S of the subdivision S™ of T'¢ is more
than 3h and less than Lh with L > 0 a given constant. Then, there exists a constant * > 0,
independent of h and H, such that

ho, H
(51) vt e wi, sup b2, 1)

> B*| |-
whevh [V lv

with b(v", ph) = (", [[Uhﬂ>W/,W

Proof. In order to prove this condition we use a general technique introduced by Brezzi and
Fortin in their book [12]. This technique can be summarized in the following proposition:

Proposition A.2 ([12]). Assume that

(52) Vuew, sup b(v. 1)
vev [l v llv

> B lwllwe,
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and assume that there exists a family of uniformly continuous operators IIj, from V into V"
satisfying:

(53a) b(Ilw — w, u) =0, Yuh e (Why,

(53b) [ pv flv<ell v,

with ¢ independent of h. Then we have

b h , h
(54) Vol e wh, sup bv?, 17

> ko || lwr
vhevh | vl [y ’

with k‘o = g

In our case the inf-sup condition (52) is satisfied. Indeed, in the rest of this proof, we prove
the LBB condition relying on Proposition A.2.

We have the length of each segment S of the subdivision S¥ of I'c is not less than 3h, then
similarly to [16] we can find a node ag such that the macro-element Ag consisting of the six
triangles of 7" with common vertex ag satisfies the following properties:

e S intersects at least one interior segment of Ag at a distance from ag that is no larger
then half the length of this segment.

e The end point of S does not belong to the interior of Ag.

e If Sand S are any two segments of S¥, AgNA g is either empty or reduced to a node
or a segment of 7", in other words, the macro-elements related to S¥ do not overlap.

Let IT) the Hj-stable interpolation operator of Vj, defined in [4] by:

Definition A.3. Given a displacement field u € H*(Q) and two extensions @' and @* of u' and
u? in HY(Q), respectively, we define IIyu as the element of V' such that:

(55) Mu= > ajp;+ > [BjeiHi+vipiHal,
jeI\IH JGIH
with
1 if xeQq,
mx) = {5 TXER g — - (),
0 if xe€,
1/*’fd'feQﬁ 1/~1d
o = u dzx it xj ks i = u dx,
| A | Ja, | Ai | Ja,
1
Vi = A / @*dx, Sj = U{S € T" : supp(p;) N S # 0},
il JA;

where Aj is the mazimal ball centered at x; such that A; C S; and {Xj}}]:l are the interior
nodes of mesh T".

Then for any v € H'(Q), we propose the following restriction IT},v:

(56) My =Thv+ Y CsHepas,
SesH
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where ¢, denotes the basis function of V. with support Ag, that takes the value 1 at the node
ag and 0 at all other nodes of 7", A is the Heaviside function and each constant Cyg is chosen
such that

(57) /S [[Tyo]dl = /S [v]dr.

It remains to show that such constant C's exists and to establish the stability inequality (53a).
Using the definition of IT,v we have

/ [I1y0] — [[v]]dF+k§H Ch /S Pa, T =

Using the properties of Ag we have

1
58 C’g——/ I1v] — [v]dr.
(58) [y S[[ [ = [l

To derive an upper bound for the numerator of (58), we need the next two lemmas.

Lemma A .4. [1 6/ Let T denotes the reference unit triangle and let | 1 be any straight line segment
that intersects T'. Then, there exist a constant C’ independent of 1 such that

(59) va e H\(TD),  [@lly; < Clal, -

Lemma A.5. [16] Let 1 be a straight line segment that intersects a non degenerate triangle T
and let 1 be its image on the reference unit triangle T by the affine transformation that maps
T onto T. Let Jr denote the Jacobian matriz of this transformation and let || det(Jr)|| be its
Fuclidean norm. Then,

Ul

60
(60) i

< [|Jrl-

Using these two last lemmas one can prove:

Lemma A.6. [16]/ We always have:

1
61 agdl > ——=h.
(61) /SQDS T 4V2

Now let us show that the operator IT,v defined by (56) satisfies the stability estimate (53b)
with a constant C' independent of h and H. For any v € H'(Q), we have

ITollie < [Mwlhia+ 1 D CsHeusllio-
SesH

As each ¢, has support Ag and these supports are all disjoint, we have

1/2
IS CsHnslna < ( 3 |csr2usoas||iAS) |

SeSH SeSH

we can easily see as in [16] that there exist, a constant Cs independent of h and H such that

(62) IPasliias < Cs.
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Next let us find a bound for C'g. Let I; denotes the straight line segments of .S and T; the element
of T" intersected by I;. We denote by E' (resp. E?) the continuous extension of IT 1Vq, (resp.

Hlv’QQ ) defined by:

E'w =3 cn1, % + Ljer, Bivs 9,
By = Yo jenDy %P T 2jery Vi in €.

From (58) and (61), we have for all S € SH#

s < 22| [ ol - fogar]

S T < /]Il’U|Q —Uldr' ‘/Hlvm —UngD
4v2
< o <Z|li|1/2uﬂ1vml —Ul||0,lz-+Z\lj]1/2||ﬂ1v|92 —712”0,13-),
i J
NG N )
< 7h <Z|li|1/2‘|ﬂlv’91 _U1||0,li +Z|lj|1/2||ﬂlv‘ﬂg —’UQHOJJ.).
J

i
Then, switching to the reference element and applying Lemmas A.4 and A.5, we obtain
4\[ 1/2 1/2) 1 = 1/2 1/2) 72 =
[Cs| < Z!H 1z 21 EY =0l 5+ Y 14121 2 B2 = sl 5 )
J
where C is the constant of Lemma A.4. Now, switching back to T; and T}, we have

442 ~ _ _ ~ 1/2
Cs| < 70 < E M2 I |2 | det I | T2 (|E 0 — 3R 4, + |3 P E Y — 2l ) /

— ~ ~ 1/2
(63) + 3 M2 12 et Ty | 72 (1B 0 — Ballory + (1 1 ER 0 — Balluy) )
i

As the triangulation 7" is trivially regular, (62) and (63) yield

(>

SeSH

2

vz oy A . 1/2
o) =30VE ((X( X UBe- e RIE -Gl )
j=1

TTe#0

Using the same argument of the proof of Lemma 1 in [4] we easily show that

/2
( 3 \csrzmsniAS) < Gslvlha

SesH

Using this last result with Lemma 1 in [4] we have inequality (53b) which finishes the proof of
Lemma A.1. 0
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Appendix B : Singularity of the contact stress

Lemma B.7. Assume that we have a finite number of transition points between the contact
and the non contact zones and slip and non slip zones on the crack lips, then the normal and
tangential contact stresses (o, and oy) are in H'/?(T'¢).

Proof.

In order to shorten the proof we present only the analysis in the vicinity of the crack-tip.
We can restrict the study to the case of a contact occurring on a neighborhood of the crack-tip,
since g, = 0 if there is no contact at the crack-tip.

Using the div-rot lemma, we rewrite the stress components in terms of an Airy function ¢ as
follows:

0%¢ 0%¢ 0%

Oppr = —=, Oy = —=, Opy =0y = ——.
TT 8y2 ) yy o2’ Ty yx axay

In two-dimensional isotropic elasticity, the Hooke’s law is given by:

Oxx = ()\L + 2ML)€CFCC + )‘Ley?ﬂ
Oyy = (A, + 2“/:)5?;3/ + AL €aa;
Oy = iy (Exy + €ya) = 201, Exy.
So
Exy = Eyg = L i
o T 2, 0x0y’
1 ¢ 0%¢
we = —————— |\, +20,)=— — A= |,
© Apg (A, +p) <( L 2) g 3172)
1 0%¢ 0%¢
= ———— (AN, =— -\, +2u,)—5 | .
v Ap(Ay + ) ( g Nt ML)MQ)
The compatibility relations
%€y N ey 0%y _ 0
Oy Ox? 0xdy ’
lead to the bi-harmonic equation:
A, 420, ot 9 Fo0) 9
—— 4+ L1421 =0 <= APD=0
dp, (A, + 1) {8374 "oyt T o202 #=0,

whose general solution in polar coordinates is a linear combination of the following elementary
functions:

rtlcos(s —1)8, r*Tleos(s+1)0, rTlsin(s —1)8, r*sin(s+ 1)6.

Let o,y, 0gg and 0,9 be the polar stress components. By using e, = (cosf,sinf), ey =
(—sinf,cos @) and the fact that (e, e, k) is direct and V¢ A k is independent of z, y, we
obtain

19%°¢  10¢ 9% 109 1 0%

Orr =

e Tror TP T e 7T 28 rovor
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Besides, we have

Ouy ou
Oxx = <)\L +2ML) O +/\L87yy7
ou Ouy
Oyy = ()\L+2 L)aiyy"i_/\L oz’
Oug — Ouy
Oay = My (Eay+Eya) =11y oy +% ’
ou, 0 1 Ou, 1 1 10
and Vu = %er + au:e9> ® e, + <r8u9€T + ;ureg — ;uaer + ;%eg ® ey where u, and
ug are the radial and angular components of the displacement. So in polar coordinates, it
becomes
ou, A Oug
rr = A 2 £ r - |,
? (L+ML)8T+T<U+89)
(AL +2p,) Oug ou,
= ST (g, S 1, S
700 r tr o+ 00 T or
81@ 1 8u7» 1
o0 = e\ Trae M)
Consequently,
1 0% 10¢ ou, A Ouyg
St = (A, +2 2+ 22,
2o Trar - M) <“+89)
2 A, +2 .
Po _ Out2m) (0, vl Jur
or? r 00 or
109 1 0% 8ue+18u7« 1
- == = — 4+ - — —ug | .
r290 r000r Fel\ar ™ 00 0
In [17], Grisvard gives the corresponding displacement in polar coordinates with
21,
p=14+—r—:
Ap iy

ur = r°(asin(s+1)0 +bcos(s+1)0 + c(p — s)sin(s — 1)0 — d(p — s) cos(s — 1)0),
ug = r°(acos(s+1)0 —bsin(s+1)§ —c(p+ s)cos(s —1)8 —d(p + s)sin(s — 1)6),
(64)

where a, b, ¢, d are generic constants. The P; finite-element method will not optimally approx-
imate the terms of this form which are not in H2(Q2). So we have to determine the terms for
which the real part of s is such that 0 < Re(s) < 1.

Contact without slip: The boundary conditions for the effective contact without slip on the
crack with 6 = 7w can be expressed as:

ug(r,m) — ug(r, —m)
ogo(r,m) — 09 (1, —70)
)

up(rym) — up(r, —m

)

0
0,
0

org(r,m) = opg(r, —m).
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The first equality expresses the contact condition: the jump of the normal displacement is equal
to zero because we are not in the opening mode, the second equation represents the action-
reaction law and the third equality expresses stick.

By using (64), these conditions read as:

up(r,m) — ug(r, —m) = 2r° <bsin(s7r) +d(p+s) sin(sw)) ,
wr(r, ) — up(r, 1) = 2r5< — asin(sm) — c(p — s) sin(sw))

orp(r, ) — opg(r, =) = dsp, Tt (bsin(sw) +d(s—1) sin(sw))

ooo(r, ) — opg(r,—m) = "1\, (2assin(s 4+ 1)7 + 2¢(p — s)ssin(s — 1))
+(A, +2p,)(—2assin(s + 1) + 2es(p + s — 2) sin(s — 1)7))

= 4y, st <a sin(sm) — c(s + 1) sin(sw)) :

The determinant of the corresponding linear system can be written as:

0 1 -1 0
1 0 0 1
_ 2 2 4s 3
D = 64u]s sin®(s) 0 —s—1 —p+s 0
p+s 0 0 (s—1)

= 64p2 2p45=3(p + 1)%sin'(7s).

So D # 0 for 0 < Re(s) < 1. As a consequence, there is no supplementary singular mode to the
classical shear mode and the normal stress component is not singular.

Contact with slip: This case is equivalent to the result of the nonhomogeneous elastostatic
problem. As the regularity of this problem is the same as the homogeneous problem (see [17])
only one singular mode is present (s = 1/2). For this singular mode, the tangent constraint is
necessarily null. The boundary conditions on the crack can be expressed as:

= 0,

ug(r,m) — ug(r,—m)
ogg(r,m) — ogg(r,—m) = 0
org(r,m) = 0,
) 0

)

UT@(T7 -

By using (64), these conditions read as:

ug(r,m) —ug(r,—m) = 2r°(=bsin(s+ 1) —d(p+ s)sin(s — 1)7)
= 2r°(bsin(sm) 4 d(p + s) sin(sm)),
org(r,m) = p, 1 (2ascos(s 4+ 1)1 — 2bssin(s 4+ 1)m — 2¢s? cos(s — 1)

—2ds*sin(s — 1))
2u, r° 1 (—as cos(sm) 4 bssin(s7) 4 cs® cos(sm) + ds? sin(sm)),
org(r,—m) = 2u,r* t(—ascos(sw) — bssin(sm) + cs? cos(sm) — ds*sin(s7)),
ogg(r, ™) — aga(r,—m) = 1Y\, (2assin(s + 1)7 4 2¢(p — s)ssin(s — 1)
+(A\, +2p,)(—2assin(s + 1) + 2¢es(p + s — 2) sin(s — 1)7))
= " Y(4p, assin(sm) — desp, (s + 1) sin(s)).
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which implies for s = 1/2 that a = %, b=0,d =0 and ogg(r,7) = ogg(r, —m) = 0. Then there is
no supplementary singular mode to the classical shear mode and the normal stress component
is not singular on the crack tip.

Let m be a transition point which delimits two zones of nonzero length. Using the same

argument, used in the analysis on the crack tip, we show that the normal and the tangent stress
component at the transition point m are in HY/?(I'¢).

O
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