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A simple argument indicates that covariant loop gravity (spinfoam theory) predicts a maximal
acceleration, and hence forbids the development of curvature singularities. This supports the results
obtained for cosmology and black holes using canonical methods.

INTRODUCTION

The singularities that appear in the solutions of the
field equations of general relativity are symptoms of the
limits of validity of the classical theory, which disregards
quantum effects. Their study is a testing ground for
quantum gravity. In general, quantization yields discrete-
ness, and quantization of gravity yields quanta of space
with minimal size in the Planck regime [I 2]. In loop
quantum gravity [3| [] this follows from the fact that ge-
ometrical quantities are described by operators that have
discrete spectra [0 [6]. But this result does not appear to
be sufficient to remove the singularities since it is kine-
matical, while dynamics plays a role in the development
of singularities.

Dynamics can be formulated in two ways in loop quan-
tum gravity: in the canonical framework, via the defini-
tion of the quantum Hamiltonian constraint, and in the
covariant framework, in terms of transition amplitudes
expressed as “sums over geometries” called spinfoams.

Loop quantum cosmology [7] has studied the problem
of the cosmological singularities extensively using canon-
ical methods, providing strong elements of evidence that
these are eliminated by quantum effects. The theory is
based on a quantization of classical cosmological models,
plus ingredients imported from the full loop theory, as-
sumed to capture the relevant quantum effects on space-
time geometry. In particular, elements of the regulariza-
tion of the Hamiltonian operator, such as the expression
of curvature in terms of holonomies, or the inverse volume
in terms of commutators, are taken to the reduced the-
ory, and lead to the singularity resolution, also in rather
generic cosmological contexts [8, @]. Using the canoni-
cal loop techniques, indications have been obtained that
black hole singularities as well are resolved [T0HI4].

In recent years, the covariant version of the dynam-
ics of loop gravity has developed extensively [15]. In this
formalism manifest local Lorentz invariance can be main-
tained. Can the results of loop cosmology be recovered

from elements of the covariant theory? This would pro-
vide support to the reliability of the approximation that
grounds loop cosmology. In this Letter we provide some
evidence that they can. This is our first result.

We do not employ the full machinery of spinfoam cos-
mology [I6l I7]. The key to our derivation relies on a
core aspect of the covariant approach: the proportional-
ity between generators of boosts and rotations [I5]. This
ties space-space and space-time components of the mo-
mentum conjugate to the gravitational connection and
transfers the discretization of the area spectrum to a dis-
cretization of a suitable Lorentzian quantity, which, we
show, is related to acceleration. The mechanism indicates
the existence of a maximal acceleration. This, in turn,
yields a bound on the curvature and on the energy den-
sity in appropriate cosmological contexts, supporting the
results in loop quantum cosmology and for black holes.

Maximal acceleration is a long expected quantum-
gravitational phenomenon [I8H20] and we regard the ap-
pearance of an indication of this phenomenon in loop
gravity as our second and main result. Unlike other ap-
proaches, here maximal acceleration is compatible with
local Lorentz symmetry, for the same reasons for which
a minimal length is compatible [21] 22].

The derivation also sheds some light on the question of
whether singularity resolution is kinematical or dynami-
cal. On the one hand, it is related to the discretization
of the intrinsic geometry of space, which is a kinematical
phenomenon, independent on the specific of the dynam-
ics (like angular momentum quantization in quantum me-
chanics). On the other hand, it involves an analysis of
the dynamics, to see how it reflects on the curvature or
the energy density. Here we show that this ambiguity
can be seen under a different light in the covariant the-
ory. Singularity resolution is tied to the existence of a
discrete spectrum, but it is the spectrum of a spacetime,
not a spacial quantity.



ACCELERATION

Let us start from a worldline of constant acceleration
a in Minkowski space. Any such worldline determines a
spacetime point H which is at equal four-distance £ = 1/a
from all the points of the worldline. ¢ is the distance of
the horizon seen by the accelerated observer. We work
in units where the speed of light is unit. Pick a point
P and let P’ be the point at a hyperbolic angle n from
P. Consider the region R bounded by the portion of the
trajectory from P to P’ and the straight lines from P to
H and from H to P’; see Fig. 1.
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FIG. 1. R is the shaded region.

Consider the (Lorentzian) area of R. This is easy to
compute. Taking the origin of the coordinates in H and
the middle point between P and P’ on the z axis, the
trajectory is given by the hyperbole

t(n) = £sinh(n), (1)

and the two points are located at the hyperbolic angles
+7 respectively. The area of the shaded region R can be
obtained from the difference A = An — Aq between the
area of the triangle HPP’

1

Ap =2 B t(2)z(2) = €*cosh(%)sinh(%) (2)

z(n) = Lcosh(n),

and the area of the half-moon delimitated by the trajec-
tory and the straight line from P to P’

Ag =2 [Fiasn = & [Ty ai @)

which gives
A= gﬁ. (4)

This is easy to understand geometrically. The area ele-
ment dz A dt is Lorenz invariant. Therefore we can par-
tition R into infinitesimal triangles with basis ds = ¢dn
and a vertex in H and compute the area of each in its
proper frame, which gives dA = %62(177.

In particular, consider the “equilateral” region R
where the proper length of the trajectory from P to P’
has length ¢ (like the two other sides). In this case n = 1
and the area is

1, 1

A= 26 =57 (5)
Acceleration is a measure of the curvature of a timelike
worldline. It is the Lorentzian analog of the curvature of
a line in space, which, in turn, is determined by the size
of the osculating circle, and in particular its area (or the
area of the region wiped by the radius for an arc of the
same length as the radius, as above). Thus the area A
measures the acceleration a.

This measurement of the acceleration has a simple op-
erational interpretation. Say we are on the Earth’s sur-
face and we want to measure our acceleration with re-
spect to an inertial frame (Galileo’s measure). An elegant
way, in principle, is to throw a clock upward, and com-
pare the time s it takes to fall back, measured by a clock
in our hands, with the time ¢ measured by the falling
clock itself. A moment of reflection shows that this mea-
sure is precisely described by the math above, where the
accelerated trajectory is ourselves and the freely falling
trajectory of the falling clock (a geodesic) is the straight
line from P to P’. Given the measured values ¢ and s of
the two clocks, we can get the acceleration a from

at = sinh(as). (6)

Choosing a run where ¢ = ssinh 1, amounts to taking
s =¥¢ =1/a, and the area is as in ([5)). That is, the area
of R is % the square of the reading of the clock in our
hands, when the flying clock is slower by a factor sinh 1.

GRAVITY

The action of general relativity can be expressed as

Sle,w] = /B[e] A Flw] (7)

where F'[w] is the curvature form of the spin connection
w, B is the two-form

Ble] = <*+%)(6/\e)7 8)

e is the tetrad and the star % denotes the Hodge dual.
For notation and details, see Ref. [I5]. B is the momen-
tum conjugate to the gravitational connection. It lives in
the Lorentz algebra and generates local Lorentz transfor-
mations. Anytime a Lorentz frame (a time direction) is
selected, B can be decomposed into boost and rotation
parts. For the boosts, we have

R : B = [(Hi) (eAe)r 9)

1 . 1 ,
= 5e‘”jke] Nek 4 5 e’ Ne', (10)



where i, j,k = 1,2, 3 are space indices. For the rotation

[:Bi= {(* +%) (e/\e)r (11)

1 .. 1 .
= iewokeo AeF 4+ 5 e Ne . (12)
In particular, on a timelike surface with coordinates z
and ¢ and in the gauge where the tetrad is diagonal we
have

K'=—¢e°Ne', (13)
. ,-Y .
and L’L = 60 N 61 (14)

which shows that the generator of boosts and the gener-
ator of rotations are proportional.

Consider now the area of the region R defined in the
previous section, for an accelerated observer in a gravi-
tational context. Assume the acceleration to be high so
that R is small, and the tetrad can be considered con-
stant on R. If we gauge fix the tetrad to a diagonal form,
this is given by the integral over R of e® A e*. Therefore
in gravity we can write (in this gauge)

e as)

In the covariant quantum theory, these quantities are
given by Lorentz generators on ~y-simple unitary repre-
sentations of SL(2,C). But L* is a generator of a rota-
tion subgroup of SL(2, C) and therefore has discrete spec-
trum in the quantum theory. Its eigenvalues are given by
standard angular momentum theory as mh where m is a
half-integer and we are in units where the action is ,
namely 87G = 1 (G is the Newton constant). Restoring
physical units, we have a minimal nonvanishing value of

the area
Amin = 47Gh, (16)

which, recalling , gives a maximum physical value of

the accelerations
1
f . 1
tmaz =\ SrGh (17)

The existence of a maximum value of acceleration is of
course something long expected in quantum gravity. Here
we have seen an indication on how it is realized in the
loop theory. Equivalently this gives a minimum value for
the horizon distance /¢

Umin = V/87GHh. (18)

which can be also viewed as an intrinsic uncertainly in
the horizon position. Had we chosen a larger n, we would
have obtained a weaker bound; a smaller 7, on the other
hand, does not make sense because it corresponds to a
proper length s = 7n/a larger than ¢ = 1/, which is to
say a path between P and P’ shorter than the quantum
fluctuations.

WEDGE AMPLITUDE

Let us now study the actual covariant dynamics of
the trajectory of the accelerated observer. This can be
equally seen passively as a motion of an observer in space-
time or actively as an evolution of spacetime seen by an
observer. To first order, the amplitude of this process
is given by a single wedge amplitude [23], where we can
identify the region R with the wedge itself. The wedge
amplitude is [15]

W(g,g',h) = (2 +1) Tr;[Yigg~'Vh]  (19)
J

where g,¢' € SL(2,C), h € SU(2), j is an half-integer
labeling irreducible representations of SU(2). See the
reference cited for the rest of the notation and details.
Here the product ¢’¢g~"' can be taken to be precisely the
boost between P and P’, in the time gauge in both points.
Therefore the amplitude reads

W(n,h) => (25 +1) Tr;[YTe" YR (20)

J

It is convenient to Fourier transform this from the group
elements to the spin elements, which gives

W(n,j,m,m') = (G,m|YTe"=Y|jm/).  (21)

The magnetic number refers to the orientation, which is
not relevant here. Restricting to the m = j coherent
states, we have the amplitude

W(n,j) = (4, j|YTe" =Y |j, 5). (22)

This amplitude has been studied in [23], where it is shown
that its Fourier transform in n peaks sharply on vj with
a relative dispersion that decreases for large j. Recall-
ing that the spectrum of the energy can be read from
the support of the Fourier transform in ¢ of the transi-
tion amplitudes, this can be taken as an indication of
discreteness. A more detailed analysis of this amplitude
will be given elsewhere.

COSMOLOGY

The resolution of classical singularities under the as-
sumption of a maximal acceleration has been studied
using canonical methods for Rindler [24], Schwarzschild
[25], Reissner-Nordstrom [26], Kerr-Newman [27] and
Friedman-Lemaitre [28] metrics. Here we consider a sim-
ple homogeneous and isotropic cosmological model, with
vanishing spatial curvature and pressure. The dynamics
is governed by the Friedman equation

R?  81G

= 1= 9
2 3 P (23)



where R is the scale factor, R is its derivative with respect
to proper time and p ~ R~3 is the matter energy density.
Any comoving observer is accelerating with respect to his
neighbors in this spacetime geometry. Because of this,
any observer has an horizon, at a distance

(=R/R . (24)

We have seen in the previous section that the distance
of the horizon is bounded by the minimal value £,,;,.
Equivalently, the growing acceleration approaching a
classical singularity is bounded by the existence of a max-

\/]% Still equivalently, this
gives a maximal value of the energy density

imal acceleration a ~

3 R
817G R?

3, 3

LR L B
57G imin = hrayz

Pmax ™~

So we recover a Planck-scale maximal energy density as
in loop quantum cosmology [7]. The generic bound on
acceleration implies that the resolution of cosmological
singularities is general, supporting the results of [8] [9].

CONCLUSIONS

Maximal acceleration appear to cure strong singular-
ities (in the terminology of [29, B0]) such as big bang,
big crunch, black holes, as well as more exotic ones,
such as big rip, in presence of violation of the strong
energy condition. They should also be relevant for big-
brake singularities, where the Universe suffers an infi-
nite deceleration at finite size and zero velocity. Its rel-
evance for other weak cosmological singularities, where
only pressure diverges (sudden singularities), and other
possible phenomenological consequences will be studied
elsewhere.

There are models yielding a maximal acceleration by
modifying the Lorentz transformations [3T]. We stress
that the result here is compatible with conventional
Lorentz invariance. Like for minimal length (and for the
minimal value of an angular momentum component), also
for maximal acceleration, under a Lorentz transformation
an observer measures different probabilities for the same
eigenvalues: symmetry transformations rotate states, not
a discrete spectrum [211 [22].

The evidence for maximal acceleration we have pre-
sented is partial: we hope it might open the door to
more refined treatments. For this, a more detailed inves-
tigation of the mathematical properties of the wedge am-
plitude and its connection with physics is needed. Max-
imal acceleration is to be expected in a quantum theory
of gravity, it may provide the general link between the
dynamics of the theory and generic general relativistic
singularities and, perhaps with observations.
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