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Qrqolqhdu vwdwh hvwlpdwlrqxvlqj
iruzdug0edfnzdug sursdjdwlrq
ri lqwhuydov lq dq dojrulwkp
O1 Mdxolq  !/ L1 Eudhpv / P1 Nlh�hu dqg H1 Zdowhu 

Devwudfw= Wkh sdshu ghdov zlwk wkh hvwlpdwlrq ri wkh vwdwh yhfwru ri d glvfuhwh0wlph prgho iurp

lqwhuydo rxwsxw gdwd1 Zkhq wkh prgho rxwsxwv duh d!qh lq wkh lqlwldo vwdwh yhfwru/ d qxpehu ri

phwkrgv duh dydlodeoh wr hqforvh doo hvwlpdwhv wkdw duh frqvlvwhqw zlwk wkh gdwd e| vlpsoh vhwv

vxfk dv hoolsvrlgv/ ruwkrwrshv ru sdudoohorwrshv/ wkhuhe| surylglqj jxdudqwhhg vhw hvwlpdwhv1 Lq

wkh qrqolqhdu fdvh/ wkh vlwxdwlrq lv pxfk ohvv ghyhorshg dqg wkhuh duh yhu| ihz phwkrgv wkdw

surgxfh vxfk jxdudqwhhg hvwlpdwhv1 Lq wklv sdshu/ wkh vwdwh hvwlpdwlrq ri d glvfuhwh0wlph prgho

lv shuiruphg e| frpelqlqj d vhw0lqyhuvlrq dojrulwkp zlwk d iruzdug0edfnzdug sursdjdwlrq ri

lqwhuydov wkurxjk wkh prgho1 Wkh uhvxowlqj phwkrgrorj| lv looxvwudwhg rq dq h{dpsoh1

Nh|zrugv= erxqghg0huuru hvwlpdwlrq/ frqvwudlqw sursdjdwlrq/ FVS/ lghqwl�fdwlrq/ lqwhuydo

dqdo|vlv/ qrqolqhdu vwdwh hvwlpdwlrq/ vhw hvwlpdwlrq1

4 Lqwurgxfwlrq

Wklv sdshu suhvhqwv d qhz dssurdfk iru wkh jxdudqwhhg hvwlpdwlrq ri wkh vwdwh yhfwru ri d

qrqolqhdu glvfuhwh0wlph prgho lq d erxqghg0huuru frqwh{w1 Frqvlghu d qrqolqhdu glvfuhwh0wlph

v|vwhp ghvfulehg e|
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zkhuh & lv wkh wlph lqgh{/ %
 

E&�c � � � c %
 

 

E&� duh wkh vwdwh yduldeohv/ +
 

E&�c � � � c +
 

!

E&� wkh rxwsxwv

dqg wkh s
!

*v dqg wkh }
!

*v duh nqrzq ixqfwlrq jlyhq e| wkh prgho1 Lq d yhfwru irup/ +4, fdq dovr
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Wkh vhw ri doo yduldeohv lqyroyhg lq wklv sureohp lv
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+6,

Lq d erxqghg0huuru frqwh{w/ lw lv jhqhudoo| dvvxphg wkdw wkh iroorzlqj yduldeohv/
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E7&�c � � � c +
 

!

E7&�c +7,

ehorqj wr nqrzq sulru lqwhuydov/ ghqrwhg e|

d%
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E7&�c +8,

uhvshfwlyho|1 Wkh lqwhuydo d%
!

o Ef� uhsuhvhqwv wkh sulru nqrzohgjh rq wkh lqlwldo vwdwh yduldeoh

%
!

Ef� dqg pd| eh duelwudulo| odujh1 Wkh lqwhuydo d+
!

o E&� uhsuhvhqwv wkh �wk lqwhuydo phdvxuhphqw

dw wlph &1 d+
!

o E&� lv wdnhq dv o�4c4d li/ iru dq| uhdvrq/ wkh �wk phdvxuhphqw dw wlph & frxog

qrw eh froohfwhg1 Wkh sureohp ri lqwhuhvw lv wr �qg lqwhuydov +li srvvleoh wkh vpdoohvw, hqforvlqj

doo yduldeohv wkdw duh frqvlvwhqw zlwk wkh htxdwlrqv +4, dqg wkh grpdlqv +8,1 Li u dqg } duh

olqhdu lq  / pdq| phwkrgv kdyh ehhq sursrvhg iru wklv sxusrvh ^47`/ ^45`/ ^46`/ ^43`1 Uhfhqwo|/

lqwhuydo dqdo|vlv kdv ehhq lqwurgxfhg wr ghdo zlwk wklv sureohp lq d jxdudqwhhg zd| zkhq u

dqg } duh qrqolqhdu lq  ^7`/ ^;`/ ^<` dqg ^9`1 Lq wklv sdshu/ wkh h!flhqf| ri wkh lqwhuydo phwkrgv

lv lpsuryhg e| frpelqlqj wkhp zlwk frqvwudlqw sursdjdwlrq iru wkh �uvw wlph lq wkh frqwh{w ri

qrqolqhdu vwdwh hvwlpdwlrq1 Qrwh wkdw wkh frpelqdwlrq ri frqvwudlqw sursdjdwlrq zlwk lqwhuydo

dqdo|vlv kdyh ehhq lqghshqghqwo| sursrvhg e| ^6` dqg ^5`1

5 Frqwudfwruv

Iluvw/ ohw xv uhpdun wkdw wkh yduldeohv %
 

Ef�c � � � c %
 

 

Ef� kdyh d vshfldo vwdwxv= li wkh| duh nqrzq/

doo rwkhu yduldeohv ri wkh sureohp fdq eh ghgxfhg e| vlpxodwlqj +4,1 Wklv vhfwlrq ghdov zlwk

wkh iroorzlqj pxfk pruh jhqhudo sureohp=

Sureohp 4= Jlyhq d ixqfwlrq u zlwk ?
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d+
 

o� � � � �d+
 

 

oc frqwudfw wkh dR
!

o*v dqg wkh d+
!

o*v e| uhprylqj ydoxhv lq wkh grpdlqv wkdw duh

lqfrqvlvwhqw zlwk wkh rwkhu grpdlqv1 �

Wkh sureohp zloo eh ghqrwhg lq d vkruw irup e|

K G ) ' uET�cT 5 dToc) 5 d)o� +9,

Uhfdoo wkdw d ydoxh iru d jlyhq yduldeoh lv frqvlvwhqw zlwk K/ li lw lv srvvleoh wr lqvwdqwldwh wkh

rwkhu yduldeohv lq wkhlu grpdlqv vxfk wkdw wkh uhodwlrq ) ' uET� lv vdwlv�hg1 Li doo lqfrqvlvwhqw

ydoxhv iru wkh yduldeohv kdyh ehhq uhpryhg/ wkh frqwudfwlrq zloo eh fdoohg rswlpdo1 Wkh ixqfwlrq

u lv dvvxphg wr eh jlyhq e| dq dojrulwkp dqg zloo eh fdoohg wkh vlpxodwru1 Lq rxu vwdwh0hvwlpdwlrq

sureohp/ T sod|v wkh uroh ri wkh lqlwldo vwdwh yhfwru dqg ) ri wkh vhw ri doo phdvxuhphqwv=

T ' %
 

Ef�c � � � c %
 

!

Ef�

) ' +
 

E��c � � � c +
 

 

E��c � � � c +
 

E7&�c � � � c +
 

 

E7&�
+:,

Wkh vlpxodwru u uhsuhvhqwv wkh dojrulwkp zklfk frpsxwhv doo rxwsxwv iurp wkh lqlwldo vwdwh

yhfwru1 Lw lv jlyhq e|

Dojrulwkp= u +;,

lqsxw= %
 

Ef�c � � � c %
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Ef�(

4 iru & G' � wr 7&

5 iru � G' � wr ?
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!
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7 hqgiru

8 iru � G' � wr ?
!

9 +
"

E&� G' }
"

E%
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!

E&�c &�(

: hqgiru

; hqgiru

rxwsxw= +
 

E��c � � � c +
 

 

E��c � � � c +
 

E7&�c � � � c +
 

 

E7&�

+<,

Wklv vhfwlrq sursrvhv d phwkrgrorj|/ edvhg rq lqwhuydo frqvwudlqw sursdjdwlrq/ wr exlog dq

dojrulwkp/ qdpho| wkh frqwudfwru/ zklfk shuirupv wkh frqwudfwlrqv ri wkh grpdlqv dR
 

oc � � � c dR
 

"

o

dqg d+
 

oc � � � c d+
 

 

o1 Wkh frqwudfwru dowhuqdwhv wzr w|shv ri lqwhuydo sursdjdwlrqv=

� Wkh iruzdug sursdjdwlrq= Xvlqj lqwhuydo dqdo|vlv ^44`/ uxq wkh vlpxodwru zlwk wkh lqwhuydo

lqsxwv dR
 

oc � � � c dR
 

"

o� Doo lqwhuphgldwh yduldeohv 5
!

lqyroyhg lq u zloo wkxv eh erxqghg/ l1h1/

dq lqwhuydo d5
!

o iru 5
!

zloo eh rewdlqhg dqg xvhg wr erxqg ru wr frqwudfw wkh dydlodeoh

grpdlq iru 5
!

1 Wkh qhz lqwhuydov rewdlqhg iru wkh +
!

*v zloo wkhq eh xvhg wr uh�qh wkh d+
!

o*v1
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� Wkh edfnzdug sursdjdwlrq= Iurp wkh rxwsxw lqwhuydov d+
 

oc � � � c d+
 

 

o/ vzhhs u edfnzdugo|

wr uh�qh doo lqwhuphgldwh yduldeohv1 Diwhu frpsohwlrq ri wkh edfnzdug sursdjdwlrq/ wkh

dR
!

o*v kdyh jhqhudoo| ehhq frqwudfwhg1

Wkh phwkrgrorj| wr eh qrz jlyhq zloo pdnh lw srvvleoh wr jhqhudwh e| kdqg iurp wkh vlpxodwru

u +uhihuuhg dv wkh dojrulwkp D3,/ wkh frqwudfwru +dojrulwkp D:, zklfk shuirupv wkh edfnzdug

dqg iruzdug sursdjdwlrqv1 Wkh phwkrgrorj| fdq eh ghfrpsrvhg lqwr vhyhq vwhsv1 Wkhvh vwhsv

zloo eh looxvwudwhg rq dq dfdghplf h{dpsoh zkhuh wkh vlpxodwru u lv jlyhq e| wkh iroorzlqj

dojrulwkp D31

dojrulwkp= D3

lqsxw= R
 

c R
 

(

4 5
!

G' R
 

(

5 +
!

' 5
!

� ER
 

� i TER
!

�� (

rxwsxw= +
!

+43,

Vwhs 4= Ghfrpsrvlwlrq ri wkh vlpxodwru = Ghfrpsrvh D3 lq rughu wr jhw rqo| hohphqwdu| rshu0

dwlrqv/ l1h1/ rqo| rqh rshudwru ru ixqfwlrq vkrxog eh lqyroyhg dw hdfk vwdwhphqw1 Lqwhuphgldwh

yduldeohv pd| eh dgghg1 Iru rxu h{dpsoh/ rqh jhwv

Dojrulwkp= D4

lqsxw= R
!

c R
 

(

4 5
!

' i TER
!

�(

5 5
 

' R
 

� 5
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(

6 5
!

G' R
 

(

7 +
!

' 5
!

�5
 

(

rxwsxw= +
!

+44,

Wkh lqwhuphgldwh yduldeoh xvhg dw vwdwhphqw 5 ri D4 lv qdphg 5
!

/ zklfk vhhpv udwkhu gdqjhurxv

vlqfh 5
!

lw lv dovr xvhg dw vwdwhphqw 6 ri D41 Wklv fkrlfh kdv yroxqwdulo| ehhq pdgh wr looxvwudwh

vrph frpsolfdwlrqv wkdw jhqhudoo| rffxu iru pruh frpsolfdwhg vlpxodwruv1

Vwhs 5= Uhqdph pxowl0rffxuulqj yduldeohv= Uhqdph vrph yduldeohv wr dyrlg wkdw d yduldeoh

rffxuv pruh wkdq rqfh lq wkh ohiw kdqg vlgh ri D41 Iru rxu h{dpsoh/ 5
!

lv d�hfwhg dw Vwhsv 4

dqg 6 ri D41 Wkxv dw vwdwhphqw 6 dqg diwhu vwdwhphqw 6/ 5
!

lv uhqdphg zlwk d qhz qdph +khuh

5
"

,1 Zh jhw

Dojrulwkp= D5
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Vwhs 6= Jhqhudwlrq ri wkh edfnzdug vlpxodwru = Uhdg D5 iurp wkh hqg wr wkh ehjlqqlqj1 Dw

hdfk lwhudwlrq/ lvrodwh hdfk yduldeohv ri wkh uljkw kdqg vlgh1 Zulwh wkh fruuhvsrqglqj vwdwhphqw

lq D61 Zh jhw

Dojrulwkp= D6

7 5
 

' +
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*5
"

( 5
"

' +
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"

G' 5
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n 5
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� 5
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!

G' *?E5
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�(

+46,

Qrwh wkdw li d Iru orrs h{lvwv lq D5/ wkh vdph orrs vkrxog eh uhzulwwhq lq D6/ exw lq wkh

uhyhuvh rughu1

Vwhs 7= Lqwhuydol}h wkh iruzdug vlpxodwru = Uhzulwh D5 lqwr D7 e| uhsodflqj hdfk yduldeoh dqg

hdfk rshudwru ru ixqfwlrq e| wkhlu lqwhuydo frxqwhusduw1 Dw hdfk lwhudwlrq/ wkh lqwhuydo grpdlq

frpsxwhg kdv wr eh lqwhuvhfwhg zlwk lwv suhylrxv ydoxh1 Iru rxu h{dpsoh/ zh jhw=

Dojrulwkp= D7
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o G' d+
!

o _ Ed5
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+47,

Vwhs 8= Lqwhuydol}h wkh edfnzdug vlpxodwru = Iurp D6/ zh jhw wkh iroorzlqj lqwhuydo dojrulwkp

D8=

Dojrulwkp= D8

7 d5
 

o G' d5
 

o _ Ed+
!
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o _ Ed+
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!

o _ EdR
"

o� d5
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4 dR
!

o G' dR
!

o _ *?Ed5
!

o�(

+48,

Vwhs 9= Phujh wkh lqwhuydol}hg iruzdug dqg edfnzdug vlpxodwruv1 Phujh dojrulwkpv D7 dqg
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D81 Iru rxu h{dpsoh/ zh jhw=

Dojrulwkp= D9
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+49,

Vwhs := Uhshdw vhyhudo wlphv wkh phujhg dojrulwkp= Wr jhqhudwh wkh frqwudfwru iru D3/ lql0

wldol}h wkh grpdlqv iru wkh lqwhuphgldwh yduldeohv wr o�4c4d� Wkhq/ zh uhshdw D9 zkloh wkh

frqwudfwlrq wdnhv sodfh vljql�fdqwo|1 Qrwh wkdw wkh frqwudfwru kdv iru lqsxwv dqg rxwsxwv wkh

grpdlqv dvvrfldwhg zlwk wkh lqsxwv dqg rxwsxwv ri D31

Dojrulwkp= D:

lqsxwv dR
!

o c dR
 

o c d+
!

o (

lqlw d5
!

o G' d5
 

o G' d5
"

o 'o�4c4d(

uhshdw

4 d5
!
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o _ i TEdR
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zkloh wkh frqwudfwlrq lv vljql�fdqw

rxwsxw dR
!

o c dR
 

o c d+
!

o (

+4:,

Uhpdun 4 Wr lpsuryh wkh suhflvlrq/ rqh fdq xvh wkh fhqwhuhg0irup lqwhuydo dulwkphwlf ru wkh

vorsh lqwhuydo dulwkphwlf1 �

Uhpdun 5 Rwkhu frqwudfwruv frxog eh xvhg1 Hyhq li wkh frqwudfwru zh kdyh sursrvhg lv h!flhqw

iru d odujh fodvv ri qrqolqhdu sureohpv/ exw fdq eh wrwdoo| lqh!flhqw iru vlpsoh olqhdu vlpxodwruv1
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Iru lqvwdqfh/ li u lv jlyhq e|

lqsxwv R
 

c � � � c R
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4 +
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#
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5 +
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' R
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n R
"

n R
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rxwsxwv +
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c +
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+4;,

dqg iru dR
!

o ' dR
"

o ' dR
#

o ' dR
 

o ' d��c �o/ d+
!

o ' dfc fo dqg d+
"

o ' df��c f��o/ wkh frqwudfwru/

suhvhqwhg lq wklv vhfwlrq/ lv xqdeoh wr frqwudfw wkh grpdlqv1 Qhyhuwkhohvv frqwudfwruv edvhg

rq olqhdu whfkqltxhv fdq �qg lpphgldwho| wkdw wkh grpdlqv fdq eh frqwudfwhg wr wkh hpsw|vhw1

Jhqhudoo|/ d frooderudwlrq ri gl�huhqw frqwudfwruv fdq ohdg wr d pxfk pruh h!flhqw frqwudfwru1�

6 Elvhfwlqj

Xvlqj d eudqfk0dqg0suxqh dojrulwkp/ lw lv srvvleoh wr frqwuro wkh suhflvlrq iru wkh frqwudfwlrqv

ri wkh grpdlqv1 Dv dq h{dpsoh/ ohw xv qrz suhvhqw wkh iroorzlqj dojrulwkp VLYLD +iru Vhw

Lqyhuvlrq Yld Lqwhuydo Dqdo|vlv ^:`,1 O lv olvw ri sdluv ri wkh irup EdToc d)o� zklfk lv lqlwldol}hg dv

wkh hpsw| olvw1 Wkh surfhgxuh frqwudfw+dTocd)oc) ' uET�,/ lv wkh frqwudfwruD: lpsohphqwhg

dv h{sodlqhg lq wkh suhylrxv vhfwlrq1 0 lv wkh uhtxluhg dffxudf|1

Dojrulwkp= Vlyld+dTocd)o,

frqwudfw+dTocd)oc) ' uET�,>

li +dTo ' >,/ wkhq uhwxuq>

li +zEdTo� 	 0, wkhq ~O ' O ^ iEdToc d)o�j( uhwxuq�>

elvhfw +dTo, lqwr dT
!

o dqg dT
"

o(

Vlyld+dT
!

ocd)o,> Vlyld+dT
"

ocd)o,>

+4<,

Diwhu frpsohwlrq ri Vlyld/ O frqwdlqv d olvw ri sdluv ri wkh irup

O ' iEdTE��oc d)E��o� c EdTE2�oc d)E2�o� c EdTE��oc d)E��o� c � � �j � +53,

Wkh xqlrq V$
 

ri doo dTE��o*v surylghv dq rxwhu hvwlpdwlrq iru wkh vhw

V
 

' u !Ed)o� _ dToc +54,

dqg wkh xqlrq V$
!

ri doo d)E��o*v surylghv dq rxwhu hvwlpdwlrq iru wkh vhw

V
!

' uEdTo� _ d)o� +55,

Iurp wkh olvw O lw lv dovr srvvleoh wr jhw dq dffxudwh rxwhu dssur{lpdwlrq ri wkh vpdoohvw

grpdlqv iru wkh R
 

*v dqg wkh +
 

*v wkdw duh frqvlvwhqw zlwk wkh sulru grpdlqv dTocd)o dqg wkh

htxdwlrq ) ' uET�1

:



7 Whvw fdvh

Dv dq looxvwudwlrq ri Vlyld frpelqhg zlwk iruzdug edfnzdug lqwhuydo sursdjdwlrq/ frqvlghu wkh

vwdwh hvwlpdwlrq ri wkh dxwrqrprxv glvfuhwh0wlph v|vwhp=

;

A

?

A

=

#

%
 

E&�

%
 

E&�

$

'

#

f���%
!

E& � �� n %
 

E& � �� � i TE%
!

E& � ���

%
!

E& � �� n f���% 
 

E& � �� n t�?E&�

$

+ E&� ' %
 

E&� *%
!

E&�

zlwk & 5 i�c � � � c �Dj�

+56,

Wkh lqwhuydo gdwd kdyh ehhq jhqhudwhg dv iroorzv1 +l, Iru wkh xqnqrzq wuxh ydoxh ri wkh

lqlwldo vwdwh yhfwru   Ef� ' E�� f� / zh kdyh frpsxwhg e| vlpxodwlrq wkh ydoxhv iru   E&�

dqg + E&� c & 5 i�c � � � c �Dj� +ll, Zh kdyh dgghg wr hdfk + E&� d udqgrp huuru zlwk d xqlirup

glvwulexwlrq lq wkh lqwhuydo d�ec eo wr jhqhudwh wkh gdwd 	+E&�/ zkhuh e lv dvvxphg wr eh nqrzq1

+lll, Wkhq/ zh vhw d+E&�o ' d	+E&�� ec 	+E&�n eo1 Zh duh wkxv fhuwdlq wkdw wkh lqwhuydo gdwd d+E&�o

frqwdlq wkh xqnqrzq wuxh gdwd + E&� � Wkh sureohp wr eh vroyhg lv=

Sureohp 5= Jlyhq wkh htxdwlrqv ri wkh v|vwhp +56,/ jlyhq wkh lqwhuydo gdwd d+E&�o/ jlyhq vrph

erxqghg lqwhuydov d%
!

o Ef�c d%
 

o Ef� frqwdlqlqj wkh lqlwldo vwdwh yduldeohv %
!

Ef�c %
 

Ef�/ frpsxwh

dffxudwh lqwhuydo hqforvxuh iru wkh xqnqrzq wuxh ydoxhv iru wkh % 
!

E&�*v/ % 
 

E&�*v dqg + E&�*v1 �

Wkh yduldeohv lqyroyhg duh %
!

Ef�c %
 

Ef�c %
!

E��c %
 

E��c +E��c � � � c %
!

E7&�c %
 

E7&�c +E7&�� Wkh lqsxwv ri

wkh vlpxodwru dojrulwkp duh T ' E%
!

Ef�c %
 

Ef�� 1 Wkh sulru grpdlqv iru wkh lqlwldo vwdwh yhfwru

duh jlyhq e|

d%
!

o Ef� ' d���2c�f�Ho( d%
 

o Ef� ' d�f�2c f�2o( +57,

Wkh vlpxodwru u lv jlyhq e|

Dojrulwkp= D3

4 lqsxw= %
!

Ef�c %
 

Ef�(

5 iru & G' � wr 7&c

6 %
!

E&� G' f���%
!

E& � ��n%
 

E& � �� � i TE%
!

E& � ���(

7 %
 

E&� G' %
!

E& � �� n f���% 
 

E& � �� n t�?E&�(

8 + E&� G' %
 

E&� *%
!

E&�(

9 hqgiru

: rxwsxw= +E��c � � � c +E7&�(

;



Diwhu shuiruplqj wkh wudqvirupdwlrqv ghvfulehg dw Vwhsv 4 dqg 5 ri Vhfwlrq 5/ zh jhw

Dojrulwkp= D5

4 lqsxw= %
 

Ef�c %
 

Ef�(

5 iru & G' � wr 7&c

6 5
!

E&� G' i TE%
!

E& � ���(

7 5
 

E&� ' %
 

E& � �� �5
!

E&� (

8 %
!

E&� G' f���%
!

E& � ��n5
 

E&� (

9 5
"

E&� G' f���vtu+%
 

E& � ���(

: 5
#

E&� G' 5
"

E&� n t�?E&�(

; %
 

E&� G' %
!

E& � ��n5
#

E&� (

< + E&� G' %
 

E&� *%
!

E&�(

43 hqgiru

44 rxwsxw= +E��c � � � c +E7&�(

Diwhu wkh wudqvirupdwlrqv ghvfulehg dw Vwhsv 6 wr : ri Vhfwlrq 5/ zh jhw wkh frqwudfwruD: jlyhq

<



e|

Dojrulwkp= frqwudfw+d%
 

oEf�c d%
 

oEf�c d+oE��c � � � c d+oE7&�c) ' uE �,>

lqsxw= d%
!

oEf�c d%
 

oEf�c d+oE��c � � � c d+oE7&�

lqlw= iru & G' � wr 7&

d%
!

oE&� G'o�4c4d( d%
 

oE&� G'o�4c4d(

d5
!

oE&� G'o�4c4d( d5
 

oE&� G'o�4c4d(

d5
"

oE&� G'o�4c4d( d5
#

oE&� G'o�4c4d(

hqgiru

uhshdw

iru & G' � wr 7&c

d5
!

o E&� G' d5
!

o E&� _ i TEd%
!

o E& � ���(

d5
 

o E&� G' d5
 

o E&� _ d%
 

o E& � �� �d5
!

o E&� (

d%
!

o E&� G' d%
!

o E&� _ f���d%
!

o E& � ��nd5
 

o E&� (

d5
"

o E&� G' d5
"

o E&� _ f���vtu+d%
 

o E& � ���(

d5
#

o E&� G' d5
#

o E&� _ d5
"

o E&� n t�?E&�(

d%
 

o E&� G' d%
 

o E&� _ d%
!

o E& � ��nd5
#

o E&� (

d+o E&� G' d+o E&� _ d%
 

o E&� *d%
!

oE&�(

hqgiru

iru & G' 7& grzqwr �c

d%
 

o E&� G' d%
 

o E&� _ d+o E&� � d%
!

oE&�(

d%
!

o E&� G' d%
!

o E&� _ d%
 

o E&� *d+o E&� (

d%
!

o E& � �� G' d%
!

o E& � �� _ d%
 

o E&��d5
#

o E&� (

d5
#

o E&� G' d5
#

o E&� _ d%
 

o E&�� d%
!

o E& � �� (

d5
"

o E&� G' d5
"

o E&� _ d5
#

o E&�� t�?E&�(

d%
 

o E& � �� G' d%
 

o E& � �� _ f���vtuwEd5
"

o E&��(

d%
!

o E& � �� G' d%
!

o E& � �� _ �f� Ed%
!

o E&��d5
 

o E&�� (

d5
 

o E&� G' d5
 

o E&� _ d%
!

o E&�� f��d%
!

o E& � �� (

d%
 

o E& � �� G' d%
 

o E& � �� _ d5
 

o E&� *d5
!

o E&� (

d5
!

o E&� G' d5
!

o E&� _ d5
 

o E&� *d%
 

o E& � �� (

d%
!

o E& � �� G' d%
!

o E& � �� _ *L}Ed5
!

o E&��(

hqgiru>

zkloh wkh frqwudfwlrq lv vljql�fdqw

rxwsxw= d%
!

oEf�c � � � c d%
!

o
�

7&
�

c d%
 

oEf�c � � � c d%
 

o
�

7&
�

c d+oE��c � � � c d+oE7&�(

+58,

Qrwh wkdw wkh lqwhuphgldwh grpdlqv d%
!

oE��c � � � c d%
!

o
�

7&
�

c d%
 

oE��c � � � c d%
 

o
�

7&
�

kdyh ehhq sxw dv

rxwsxwv ri wkh frqwudfwru/ ehfdxvh wkh| duh ri lqwhuhvw lq rxu frqwh{w ri vwdwh hvwlpdwlrq1

Lq wkh fdvh zkhuh wkhuh lv qr qrlvh +l1h1/ e ' f,/ Wkh frqwudfwru lv deoh �qg doo wuxh ydoxhv iru

wkh yduldeohv zlwk dq dffxudf| ri ; gljlwv lq 314 vhfrqgv1 Qr elvhfwlrqv kdyh ehhq jhqhudwhg
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e| Vlyld1 Wkh er{hv gudzq rq wkh ohiw vxe�jxuh ri Iljxuh 4 duh wkh er{hv rewdlqhg diwhu rqh

iruzdug0edfnzdug sursdjdwlrq1

Iljxuh 4= Ohiw= frqwudfwlrqv jhqhudwhg lq d qrlvh0iuhh frqwh{w> Uljkw= Frqwudfwlrqv dqg elvhf0

wlrqv jhqhudwhg lq d qrlv| frqwh{w1 Wkh wzr iudph er{hv duh d���2c�f�Ho� d�f�2c f�2o �

Iru e ' f�D/ wkh yroxph ri wkh vhw V
  !"

ri doo  Ef�*v wkdw duh frqvlvwhqw lv qrw htxdo wr }hur

dq|pruh/ dqg wkxv/ hyhq li wkh frqwudfwru zrunv shuihfwo|/ d odujh qxpehu ri elvhfwlrqv kdyh

wr eh shuiruphg +vhh wkh uljkw vxe�jxuh ri Iljxuh 4,1 Wkh frpsxwlqj wlph lv derxw 6 vhfrqgv

iru 0 ' f�ff�� Wkh sulru gdwd lqwhuydov duh rq wkh uljkw sduw ri Iljxuh 5 dqg wkh fruuhvsrqglqj

frqwudfwhg lqwhuydov rewdlqhg e| Vlyld duh lq wkh ohiw sduw ri 51 Wkh grpdlqv rewdlqhg iru wkh

vwdwh yduldeoh %
#

E&� dqg %
$

E&� duh jlyhq lq Iljxuh 61

8 Frqfoxvlrq

Frqwudfwruv edvhg rq iruzdug dqg edfnzdug sursdjdwlrq ri lqwhuydov lq dq dojrulwkp +vhh ^4`,

kdyh ehhq xvhg khuh/ iru wkh �uvw wlph lq wkh frqwh{w ri vwdwh hvwlpdwlrq/ wr frqwudfw wkh ihdvleoh

grpdlqv wr wkh wlph yduldeohv lqyroyhg lq wkh prgho1 D eudqfk0dqg0suxqh dojrulwkp kdv dovr

ehhq sursrvhg wr frqwuro wkh dffxudf| ri wkh frqwudfwlrqv1 Frqwudulo| wr rwkhu lqwhuydo edvhg

phwkrgv vxfk dv wkh rqh suhvhqwhg lq ^;`/ ^<` dqg ^9`/ wkh elvhfwlrqv kdyh wr eh grqh rqo| lv wkh

vsdfh ri  Ef� dqg qrw zlwk uhvshfw wr doo vwdwh yduldeohv1 Dq looxvwudwlyh h{dpsoh kdv vkrzq

wkh h!flhqf| ri wkh dssurdfk1 Rq wklv h{dpsoh/ lw kdv ehhq vkrzq wkdw zkhq wkh yroxph ri

wkh vhw V
  !"

ri doo ihdvleoh lqlwldo vwdwh yhfwruv lv qrw htxdo }hur/ wkh er{hv jhqhudwhg whqg wr
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Iljxuh 5= Ohiw= frqwudfwhg lqwhuydov frqwdlqlqj wkh qrlvh0iuhh gdwd> Uljkw= lqlwldo grpdlqv iru

wkh gdwd1 Wkh wzr iudph er{hv duh d��c �So� d�2c 2o �

dffxpxodwh dqg wkh zkroh ihdvleoh vhw1 Vxfk dq h{shqvlyh dffxpxodwlrq frxog eh dyrlghg e|

xvlqj wkh dojrulwkp Kxoo suhvhqwhg lq ^8`1

Wkh vrxufh frgh lq F.. Exloghu 7/ dqg dq h{hfxwdeoh surjudp iru LEP0frpsdwleoh SFv fru0

uhvsrqglqj wr wkh h{dpsoh duh dydlodeoh rq uhtxhvw1

Uhihuhqfhv

^4` I1 Ehqkdprx/ I1 Jrxdodug/ O1 Judqyloolhuv/ dqg M1 I1 Sxjhw1 Uhylvlqj kxoo dqg er{ frq0

vlvwhqf|1 Lq Lqwhuqdwlrqdo Frqihuhqfh rq Orjlf Surjudpplqj/ sdjhv 563�577/ Odv Fuxfhv/

XVD/ 4<<<1 PLW Suhvv1

^5` M1 F1 Fohdu|1 Orjlfdo dulwkphwlf1 Ixwxuh Frpsxwlqj V|vwhpv/ 5+5,=458�47</ 4<;:1

^6` H1 Gdylv1 Frqvwudlqw sursdjdwlrq zlwk lqwhuydo odehov1 Duwl�fldo Lqwhooljhqfh/ 65=5;4�664/

4<;:1

^7` O1 Mdxolq1 Vroxwlrq joredoh hw jdudqwlh gh sureoëphv hqvhpeolvwhv > dssolfdwlrq ã o*hvwlpdwlrq

qrq olqìdluh hw ã od frppdqgh urexvwh1 SkG glvvhuwdwlrq/ Xqlyhuvlwì Sdulv0Vxg/ Ruvd|/ 4<<71

^8` O1 Mdxolq1 Lqwhuydo frqvwudlqw sursdjdwlrq zlwk dssolfdwlrq wr erxqghg0huuru hvwlpdwlrq1

Dxwrpdwlfd/ 69=487:�4885/ 53331
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Iljxuh 6= Ohiw= frqwudfwhg grpdlqv iru %
 

E&�> Uljkw= frqwudfwhg grpdlqv iru %
 

E&�� Wkh wzr

iudph er{hv duh d��c �So� d��Dc �Do �

^9` O1 Mdxolq/ P1 Nlh�hu/ L1 Eudhpv/ dqg H1 Zdowhu1 Jxdudqwhhg qrqolqhdu hvwlpdwlrq xvlqj

frqvwudlqw sursdjdwlrq rq vhwv1 Lqwhuqdwlrqdo Mrxuqdo ri Frqwuro +dffhswhg,/ 53331

^:` O1 Mdxolq dqg H1 Zdowhu1 Vhw lqyhuvlrq yld lqwhuydo dqdo|vlv iru qrqolqhdu erxqghg0huuru

hvwlpdwlrq1 Dxwrpdwlfd/ 5<+7,=4386�4397/ 4<<61

^;` P1 Nlh�hu/ O1 Mdxolq/ dqg H1 Zdowhu1 Jxdudqwhhg uhfxuvlyh qrqolqhdu vwdwh hvwlpdwlrq

xvlqj lqwhuydo dqdo|vlv1 Lq Surf1 6:wk LHHH Frqihuhqfh rq Ghflvlrq dqg Frqwuro/ sdjhv

6<99�6<:4/ Wdpsd/ Ghfhpehu 4904;/ 4<<;1

^<` P1 Nlh�hu/ O1 Mdxolq/ H1 Zdowhu/ dqg G1 Phl}ho1 Jxdudqwhhg preloh urerw wudfnlqj xvlqj

lqwhuydo dqdo|vlv1 Lq Surf1 PLVF*<< Zrunvkrs rq Dssolfdwlrq ri Lqwhuydo Dqdo|vlv wr

V|vwhpv dqg Frqwuro/ sdjhv 67:�68</ Jlurqd/ Iheuxdu| 57059/ 4<<<1

^43` P1 Plodqhvh/ M1 Qruwrq/ K1 Slhw0Odkdqlhu/ dqg H1 Zdowhu +Hgv,1 Erxqglqj Dssurdfkhv wr

V|vwhp Lghqwl�fdwlrq1 Sohqxp Suhvv/ Qhz \run/ 4<<91

^44` U1 H1 Prruh1 Lqwhuydo Dqdo|vlv1 Suhqwlfh0Kdoo/ Hqjohzrrg Fol�v/ Qhz Mhuvh|/ 4<991

^45` M1 S1 Qruwrq +Hg1,1 Vshfldo lvvxh rq erxqghg0huuru hvwlpdwlrq= Lvvxh 41 Lqw1 M1 ri Dgdswlyh

Frqwuro dqg Vljqdo Surfhvvlqj/ ;+4,=4�44;/ 4<<71

^46` M1 S1 Qruwrq +Hg1,1 Vshfldo lvvxh rq erxqghg0huuru hvwlpdwlrq= Lvvxh 51 Lqw1 M1 ri Dgdswlyh

Frqwuro dqg Vljqdo Surfhvvlqj/ <+4,=4�465/ 4<<81
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^47` H1 Zdowhu +Hg1,1 Vshfldo lvvxh rq sdudphwhu lghqwl�fdwlrq zlwk huuru erxqgv1 Pdwkhpdwlfv

dqg Frpsxwhuv lq Vlpxodwlrq/ 65+8)9,=77:�93:/ 4<<31
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