N
N

N

HAL

open science

On the survival of a class of subcritical branching
processes in random environment

Vincent Bansaye, Vladimir Vatutin

» To cite this version:

Vincent Bansaye, Vladimir Vatutin. On the survival of a class of subcritical branching processes in

random environment. 2013. hal-00844584v2

HAL Id: hal-00844584
https://hal.science/hal-00844584v2
Submitted on 19 Dec 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00844584v2
https://hal.archives-ouvertes.fr
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Vincent Bansaye* and Vladimir Vatutin!

December 19, 2013

Abstract

Let Z, be the number of individuals in a subcritical BPRE evolving
in the environment generated by iid probability distributions. Let X
be the logarithm of the expected offspring size per individual given the
environment. Assuming that the density of X has the form

px(z) =z P Ho(z)e "

for some 8 > 2, a slowly varying function lo(z) and p € (0,1), we find
the asymptotic of the survival probability P (Z, > 0) as n — co, prove a
Yaglom type conditional limit theorem for the process and describe the
conditioned environment. The survival probability decreases exponen-
tially with an additional polynomial term related to the tail of X. The
proof uses in particular a fine study of a random walk (with negative drift
and heavy tails) conditioned to stay positive until time n and to have a
small positive value at time n, with n — oo.

1 Introduction

We consider the model of branching processes in random environment intro-
duced by Smith and Wilkinson [16]. The formal definition of these processes
looks as follows. Let 1 be the space of probability measures on Ny = {0,1,2,...}.
Equipped with the metric of total variation 9 becomes a Polish space. Let ¢ be
a random variable taking values in 91. An infinite sequence €& = (ey,¢2,...) of
i.i.d. copies of ¢ is said to form a random environment. A sequence of Ny-valued
random variables Zy, Z1, ... is called a branching process in the random envi-
ronment &, if Zy is independent of € and, given &, the process Z = (Zy, Z1, .. .)
is a Markov chain with

‘C(Zn | Lpo1 = Zn—1, &= (61,62, .. )) =L (€n1 + - +€nzn,1) (1)
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for every n > 1, z,_1 € Ny and ey, es,... € N, where &,1,&,2,... are i.i.d.
random variables with distribution e,. Thus,

Zn_1
Ly = Z Eni (2)
=1

and, given the environment, Z is an ordinary inhomogeneous Galton-Watson
process. We will denote the corresponding probability measure and expectation
on the underlying probability space by P and E, respectively.

Let

X =log Zke({k}) , X,, = log Zken({k}) ,n=12 .,

k>0 k>0

be the logarithms of the expected offspring size per individual in the environ-
ments and
S% ::Oa 5% ::)(14_"'4')(n;n/2 L

be their partial sums.

This paper deals with the subcritical branching processes in random envi-
ronment, i.e., in the sequel we always assume that

E[X]=—b<0. (3)

The subcritical branching processes in random environment admit an additional
classification, which is based on the properties of the moment generating func-
tion
t
p(t) =E[e] =E || ke({k}) | |, t=>0.

k>0

Clearly, ¢’(0) = E[X]. Let

p+ =sup{t > 0:¢(t) < oo}

and ppn, be the point where o(t) attains its minimal value on the interval
[0, p+ A 1]. Then a subcritical branching process in random environment is
called

weakly subcritical if ppin € (0, p4 A1),
intermediately subcritical if pin = p+ A1 >0 and &' (pmin) =0,
strongly subcritical if Pmin = p+ N 1 and ' (pmin) < 0.

Note that this classification is slightly different from that given in [9]. Weakly
subcritical and intermediately subcritical branching processes have been studied
in [14, 1, 2, 3] in detail. Let us recall that ¢’(p4+ A1) > 0 for the weakly subcritical
case.



The strongly subcritical case is also well studied for the case py > 1, i.e., if
Pmin = p+ A1 =1and ¢'(1) < 0. In particular, it was shown in [14] and refined
in [5] that if ¢/(1) = E [XeX] <0 and E [Z;log™ Z1] < oo then, as n — oo

P (Zn >0) ~ K (E[]])", K >0, (4)
and, in addition,
lim E [s7"Z, > 0] = W(s), (5)

where U(s) is the probability generating function of a proper nondegenerate
random variable on Z, . This statement is actually an extension of the classical
result for the ordinary subcritical Galton-Watson branching processes.

2 Main results

Our main concern in this paper is the strongly subcritical branching processes
in random environment with p; € (0,1). More precisely, we assume that the
following condition is valid:

Hypothesis A. The distribution of X has density

px (@) = U8 = (©)

where [g(x) is a function slowly varying at infinity, 8 > 2, p € (0,1) and, in
addition,

¢(p) =E[XerX] <. (7)

This assumption can be relaxed by assuming that px(x) is the density
of X for x large enough, or that the tail distribution P(X € [z,z + A)) ~
f;+ApX (y)dy for © — oo (uniformly with respect to A < 1).

Clearly, p = p4+ < 1 under Hypothesis A. Observe that the case p = p4 = 0 not
included in Hypothesis A has been studied in [17] and yields a new type of the
asymptotic behavior of subcritical branching processes in random environment.

Namely, it was established that, as n — oo

lo(nb)
b)?’

P(Z, > 0) ~ KP (X >nb) = K K >0, (8)

n

so that the survival probability decays with a polynomial rate only. Moreover,
for any € > 0, some constant ¢ > 0 and any « € R

(loan —log Zppey +n(1—€)b
P

ov/n
where B; is a standard Brownian motion. Therefore, given the survival of the

population up to time n, the number of individuals in the process at this mo-
ment tends to infinity as n — oo that is not the case for other types of subcritical

§x|Zn>O):IP(Bl—Bagx)



processes in random environment.

The goal of the paper is to investigate the asymptotic behavior of the survival
probability of the process meeting Hypothesis A and to prove a Yaglom-type
conditional limit theorem for the distribution of the number of individuals. To
this aim we additionally assume that the sequence of conditional probability
measures

PU () =P (| X = a)

is well defined for  — oo under Hypothesis A. We provide in Section 3 natural
examples when this assumption and Hypothesis B below are valid.

Denote by £ = {L} the set of all proper probability measures £(-) of non-
negative random variables. Our next condition concerns the behavior of the
measures P*! as 2 — oo :

Hypothesis B. There exists a probability measure P* on £ such that, as
T — 00,
pll — p*
where the symbol = stands for the weak convergence of measures.
Setting
¢ (p)
¢ (p)
we are now ready to formulate the first main result of the paper.

>0,

Theorem 1 If

E[-log(1—¢({0})] <00, E|e X e({k}) klogh| < oo (9)
E>1

and Hypotheses A and B are wvalid, then there exists a constant Cy > 0 such
that, as n — oo

lo (n)

P (Zn > 0) ~ Copp" ™! (p) e*™P (X > an) ~ Copp" ™" (p) (an)™t
an

(10)

We stress that ¢(p) € (0,1). Moreover, the explicit form of Cy can be found
in (49). The proof is given in Section 6. We now quickly explain this asymptotic
behavior and give at the same time an idea of the proof. In the next Section,
some examples of processes satisfying the assumptions required in Theorem 1
can be found.

For the proof, we introduce in Section 4.1 a new probability measure P.
Under this new probability measure, the random walk S = (S,,,n > 0) has the
drift —a < 0 and the heavy tail distribution of its increments has polynomial
decay . Adding that E [exp(pX)] = ¢ (p), we will get the survival probability
as

¢" (p)E [e "5"P(Z, > 0¢)] ~ const x ¢" (p) P(L,, > 0,5, < N)



where L,, is the minimum of the random walk up to time n and N is (large but)
fixed.

We then make use of the properties of random walks with negative drift and
heavy tails of increments established in [7] to show that

P(L, >0,S, < N) = const x P(X; € [an — M«/n,an + M+/n}, S,, € [0,1])

for n large enough and conclude using the central limit theorem.

Our second main result is a Yaglom-type conditional limit theorem.
Theorem 2 Under the conditions of Theorem 1,

lim E [s7"|Z, > 0] = Q(s),

n—oo

where §(s) is the probability generating function of a proper nondegenerate
random variable on Z .

We see that, contrary to the case pgin = p+ A1 = 0 this Yaglom-type
limit theorem has the same form as for the ordinary Galton-Watson subcritical
processes.

Introduce a sequence of generating functions

fuls)=f(sien) = Y en({k})s",  0<s<1,

k=0

specified by the environmental sequence (eq, 2, ..., ¢, ...) and denote

fim=fix10-ofu, foj=foo---ofjr1 (1<n), fon=1d (11)

For every pair n > j > 1, we define a random function g; : Ry — [0,1], a tuple
of random variables
1— fn;(0)

Wh; = 5n—5;

(12)
and a random variable W; on [0, 1] such that

(i) the distribution of g, is given by P* and that of W is given by the (com-
mon) distribution of lim, o, W, j, which exists by monotonicity;

(ii) fo,j—1, 95 and (W, ;, W, fi : k > j+1) are independent for each n > j (it
is always possible, the initial probability space being extended if required).

Then we can set
6= [ Bl fosalg W) e o

and state the following result. It describes the environments that provide sur-
vival of the population until time n.



Theorem 3 For each j > 1,
i) the following limit exists
i (p)
> ks1 e (p)

ii) for each measurable and bounded function F : R — R and each family of
measurable uniformly bounded functions F, : R"*!1 — R the difference

T = nILH;oP(Xj >an/2|Z, > 0) =

E[F(So, .. -;ijl)anj(Sn — ijl,X‘jJ’»l, .. ,Xn)|Zn > 0, X]‘ > an/2]

- C;lE |:F(So, ey ijl)/ Fn,j(’l), Xn, ceey Xj+1)Gj7n(U)dU

— 00

goes to 0 as n — oo, where
Gin(v) = (1= fo-1(gj(€"Wha,;))) e .

Detailed descriptions of the properties of the random function g; and the
random variable W are given by (21) and before the proof of Lemma 16, re-
spectively. We refer to [2, 3, 4, 5] for similar questions in the subcritical and
critical regimes. Here the conditioned environment is different since a big jump
appear, whereas the rest of the random walk looks like the original one. Let
us now focus on this exceptional environment explaining the survival event and
give a more explicit result.

Corollary 4 Let »c =inf{j > 1: X; > an/2}. Under P, conditionally on Z,, >

0, 7 converges in distribution to a proper random variable whose distribution

is given by (m; : j > 1). Moreover, conditionally on {Z,, > 0,X; > an/2}, the

distribution law of (X, — an)/(VarX+/n) converges to a law p specified by
M(B) = C{lE |:1(G € B)/ (1 — f07j_1(gj(€UWj))) e PVdv

— 00

for any Borel set B C R, where G is a centered gaussian random variable with
variance VarX, which is independent of (foj—1,9;).

3 Examples

We provide here some examples meeting the conditions of Theorem 1. Thus, we
assume that Hypothesis A is valid and we focus on the existence and convergence
of PIl. Let us first deal with the existence of random reproduction laws ¢ for
which the conditional probability

PU () =P (| X = a)

is well defined.



Example 0. Assume that the environment e takes its values in some set M
of probability measures such that for all u,v € M

D kulk) < kv(k) = p <,

k>0 k>0

where p < v means that VI € N, u[l, 00) < v[l,00). We note that Hypothesis A
ensures that P(-|X € [z,2 + €)) is well defined. Then, for every H : M — RT
which is non decreasing in the sense that p < v implies H(u) < H(v), we get
that the functional

E[H(e)|X € [z,2 + €)]

decreases to some limit p(H) as € — 0. Thus, writing H; ,(u) = 1 if p[l,00) >y
and 0 otherwise, we can define P! via

Pl (eft, 00) > y) = p(Hiy)
to get the expected conditional probability.

Let us now focus on Hypothesis B.

Ezample 1. Let f(s;e) = > ,5q¢({k})s" be the (random) probability gen-
erating function corresponding to the random measure ¢ € M and let (with a
slight abuse of notation) £ = £ (¢) > 0 be the integer-valued random variable
with probability generating function f(s;e), i.e., f(s;e) = F [35(2)]

It is not difficult to understand that if E[log f'(1;¢)] < 0 and there exists
a deterministic function g(\), A > 0, with g(A\) < 1, A > 0, and ¢(0) = 1, such
that, for every e > 0

lim P <e : sup ‘f (e*)‘/y;e) — g(/\)‘ > 5‘ fl(lie)=y= ex> =0,
Y—00 0<A< o0

then Hypothesis B is satisfied for the respective subcritical branching process.

We now give two more explicit examples for which Hypothesis B holds true
and note that mixing the two classes described in these examples would provide
a more general family which satisfies Hypothesis B.

Let 91 C 91 be the set of probability measures on Ny such that

e=ce(ty) €Ny < f(sw)zkHW

where ¢t € (0,1] and y € (0,00), and let £, C £ be the set of probability
measures such that

2

t4+ X\

L=L(ty) e€ly < g(t,)\):/e*AyL(t,dy):lftwL



Let, further, B = By x B2C (0, 1] x (0,00) be a Borel set. We write
e=e(t,y) €T (B) CNyif (t,y) e B

and
L= L(ﬁ,y) S T(Bl) - Sg if t € By.

Let (6,¢) be a pair of random variables with values in (0, 1] x (0, c0) such that
for a measure P* (-) with support on (0, 1] and any Borel set B; C (0, 1],

lim PO eB¢=x)=P* (0 € B)
exists.

With this notation in view we describe the desired two examples.
Example 2. Assume that the support of the probability measure P is concen-
trated on the set 91y only and the random environment e is specified by the
relation

92

¢e=e(0,() <= f(S;e):1*9+m'

Clearly, log f' (1;¢) = log¢. Thus,
P(e(0,0) € T(B)) =P (f (s;¢) : (6,¢) € B)
and if B = By x {«} then
lim P (f (e-Wl;e) L (0,¢) € B|¢ = ez) — P (heB)
=P (g(X0) : 0 € B1) =P (L(0;9) € T (B1)) -

Note that if P (0 =1|¢ = 2) = 1 for all sufficiently large x we get a particular
case of Example 1.

Ezample 3. If the support of the environment is concentrated on probability
measures ¢ € 91 such that, for any € > 0

. £(e) X
ylgr()lOIP(e:’f/(l;e)—l >5‘f’(1;e):e =y|=0 (13)
and the density of the random variable X = log f’(1;¢) is positive for all suffi-
ciently large x, then g(\) = e~*. Condition (13) is satisfied if, for instance,

im C Varg(e) el #(1:e) = —
y1—>ooP<e'7(f’(1;e))2> ’f(l,e) y) 0.



4 Preliminaries

4.1 Change of probability measure

A nowadays classical technique of studying subcritical branching processes in
random environment (see, for instance, [14, 4, 2, 3] ) is similar to that one used
to investigate standard random walks satisfying the Cramer condition. Namely,
denote by F,, the o—algebra generated by the tuple (e1, e, ..., en; Zo, L1, vy Zn,)
and let P(") be the restriction of P to F,,. Setting

m=¢(p) =E[e"],
we introduce another probability measure P by the following change of measure

AP = = mePSngp() 5 —1 92, . (14)

3 )

or, what is the same, for any random variable Y,, measurable with respect to
Fn we let
E[Y,] =m "E [V,e""]. (15)

By (7),
E[X]=m'E [Xe*] = ¢ (p) /¢ (p) = —a < 0. (16)

Applying a Tauberian theorem we get

E[I{X > x}erX 1 [
A Il —/ e”px (y)dy
m m J,

LTl L)l )

A(z)

P(X >z =

yh+l mpB xf B’

where [(z) is a function slowly varying at infinity. Thus, the random variable X
under the measure P does not satisfy the Cramer condition and has finite vari-
ance.

The density of X under P is

px(s) = ~A'(r) = — 2]

and it satisfies (see Theorem 1.5.2 p22 in [8]) for each M > 0 and e(z) — 0 as
xz — 0,

pPx(x + te()x) 200
T ox@) @ 1, (18)

uniformly with respect to t € [-M, M]. In particular,

Az +A) — Alz) = f%@)(uou)) (19)

as x — oo and setting

Nej



we have
b tpx(an + tv/n) =51, (20)

uniformly with respect to t € [-M, M].

Let ® = {®} be the metric space of the Laplace transforms ®(\) = [ e " L(du),
A € [0, 00), of the laws from £ endowed with the metric

d(q)l, (1)2) = sup |(I)1(A) — @2()\”

2-1<A<2

Since the Laplace transform of the distribution of a nonnegative random vari-
able is completely determined by its values on any interval of the positive half-
line, convergence ®,, — ® as n — oo in metric d is equivalent to weak conver-
gence L, = L of the respective probability measures.

From now on, to avoid confusions we agree to use P and E for the symbols of
probability and expectation in the case when the respective distributions are
not associated with the measures P or P.

Let §={f(s)} be the set of all probability generating functions of integer-valued
random variables 7 > 0, i.e. f(s) = E[s"] and let ®/) C ® be the closure (in
metric d) of the set of all Laplace transforms of the form

O\ f) = flexp{=2/f'(1)}), [ET.

The probability measure P on 1 generates a natural probability measure on
the metric space ®/) which we denote by the same symbol P.
Introduce a sequence of probability measures on ®(/) by the equality

PU() =P (| f(Lie) =¢").
With this new probability measure, Hypothesis B is now equivalent to

Hypothesis B’. There exists a measure P* (-) on @) (with the support
on ®(N\) : ®(0) =1, ®(A\) < 1, A > 0) such that, as x — oo

Pkl — p*.

In the other words, Hypothesis B’ means that there exists a (random) a.s.
continuous on [0, 00) function g(-) with values in ®/) such that, for every con-
tinuous bounded functional H on &)

lim EF [H(®)] = E* [H(g)]. (21)

Tr—r00

Since, for any fixed A > 0 the functional Hy(®) = ®()) is continuous on &),
we have for y = e”

lim B [f(e 50| [(lie) =y =B [g)], Aep.oo)  (22)

Y—>00

10



and E*[g(0)] = 1,LE*[g(A\)] < 1 if A > 0. The prelimiting functions at the
left-hand side of (22) have the form

B[f(e:e)| /(16 = y| = B [e O] [(Lie) = o]

and, therefore, are the Laplace transforms of the distributions of some random
variables. Hence, by the continuity theorem for Laplace transforms there exists
a proper nonnegative random variable 6 such that

lim E | f(e™¥;¢)] f/(1;¢) = y} =E* [67/\0} ., A€[0,00).

Y—00

Let now

h(s) = E[s] = ihksk, h(1) =1
k=0

be the (deterministic) probability generating function of the nonnegative integer-
valued random variable v. Since, for any fixed A > 0 the functional H) ,(®) =
h (®(\)) is continuous on @), we have

tim B [ (f(e%0) | f(1e) =y =B i (g()]. Aelo.00).  (23)

Y—00

The prelimiting and limiting functions are monotone and continuous on [0, co).
Therefore, convergence in (23) is uniform in A € [0, 00)
Further, denoting by &;(¢),7 = 1,2, ... independent copies of £(¢) we get

B[ (Fen0) Fi0=y] = SSRE[FE 0] £ise) =]

k=0
ith eXp{%i&(e)} ’ f’(l;e)y‘|
k=0 =1

= E [exp{%E} ‘ I'(1e) y] )

E(e) = Z &i(e).

Thus, similarly to the previous arguments there exists a proper random variable
O such that

where

lim E {exp{gE(e)} ’f’(l;e) = y} =E*[e°], Xe€[0,00). (24)

Y—00

As above, this convergence is uniform with respect to A € [0, 00).

11



4.2 Some useful results on random walks

We pick here from [7] several results on random walks with negative drift and
heavy tails useful for the forthcoming proofs. Recall that b, = SA(an)/(an),
and introduce three important random variables

M, = max(S1,...,S,), L, = min(S1,...,S,),

and
Tn=min{0 <k <n:S,=0L,}

and two right-continuous functions U : R — Ry = {# > 0} and V : R — Ry
given by

=
=
I

14+ P(=Sp <a,M,<0), x>0,
k=1

V(z) = 1+ZP(—Sk>x,LkZO) , x<0,
k=1

and 0 elsewhere. In particular U(0) = V(0) = 1. It is well-known that U(z) =
O(z) for z — oo. Moreover, V(—x) is uniformly bounded in z in view of
EX <0.

With this notation in hands we recall the following result established in
Lemma 7 of [7].

Lemma 5 Assume that E[X] < 0 and that A(x) meets condition (19). Then,
for any A >0 as n — oo

E [e/\s";Tn =n|=E [e)‘S”;Mn < 0] ~ by /OO e MU(2) dz (25)

0

and

E [eiAS";T >n|=E [ef)‘S”;Ln > 0] ~ by /00 e MV (—2)dz. (26)

0

Moreover from (19) and (20) in [7], we know that for A > 0

b E[e* M, <0, S, < —1] — /OO e MU(2)dz, (27)
b Ele " L, >0,8S, >1] — /00 e MV (—2)dz. (28)

and gathering Lemmas 9,10,11 in [7] yields

Lemma 6 If E[X] = —a <0 and condition (19) is valid then
(i) there exists &y € (0,1/4) such that for an/2 —u > M and all § € (0,8y) and
kelZ

P,(max X; <dan, S, >k) < EM(k:)n_ﬂ_l,
1<j<n

12



where epr (k) davi—oo 0. Moreover, for any fixed | and § € (0,1)

lim limsupb, 'P (L > —N, max X, > dan, S, € [l l+1)) 0.

J—=00 poco <j<n
(1) for any fized 6 € (0,1) and K > 0,

lim limsupb,, 1P(5an<X1<an—M\/ﬁ or X1 > an + M+/n;|S, |<K)*0

M—0 pn—oo

(iii) for each fized 6 >0 and J > 2

nhﬂn;o b;lP (U;-;j {X; > dan, X; > 5an}) =

Combining the limit for J — oo in (i) with (iii), we get that for any fixed
N,K>0

lim b, P( 7,ﬁj{XZ-Zéan,Xj25(17L};Ln271\7,|Sn|§K):O. (29)

n—roo

5 Proofs

In this section we use the notation
E []=E[[€], P.()=P([E)

i.e., consider the expectation and probability given the environment £. Our aim
is to prove the following statement.

Lemma 7 If Hypotheses A and B are valid then there exists a constant Cy > 0
such that, as n — oo

X >an)

P
P (Zn > 0) ~ Comnﬁ ( = Com"b,,. (30)

an

We recall from the discussion in Preliminaries that Hypotheses A and B
(or B’) ensure that there exists g(\) a.s. continuous on [0, 00) with g(0) = 1
and with E [g(A\)] < 1, A > 0, such that for every continuous bounded function
H on [0,1]

lim sup|B [H(f(e™>")| f(1) =y| = E* [HgW)]| =0. (1)

Y—r0o0 A>0

Making the change of measure in accordance with (14) and (15) we see that
it is necessary to show that, as n — oo

E [P (Z, > 0)e *5"] ~ Coby. (32)

The proof of this fact is conducted into several steps which we split into
subsections.

13



5.1 Time of the minimum of S

First, we prove that the contribution to E [Pe (Zn, >0) e"’sn} may be of order
b, only if the minimal value of S within the interval [0,n] is attained at the
beginning or at the end of this interval. To this aim we use, as earlier, the
notation 7, = min {0 < k < n : Sy = L, } and show that the following statement
is valid.

Lemma 8 Given Hypotheses A and B we have

lim lim b,'E [P (Z, >0)e 7, € [M,n— M]] = 0.

M — 00 n—o0

Proof. In view of the estimate

P.(Z,>0)< min P.(Z,>0) < exp{ min Sk} = ¢S
0<k<n 0<k<n

we have
E[P.(Z,>0)e "7, € [M,n — M]]

<E [eS*n_S";Tn €[M,n— MH
n—M

- E [eu—p)swp(sk—sn);% - k}
k=M
n—M

= Z E [(3(17’))5’“;77c = k} E [efpS"'*k;Ln,k > 0} ) (33)
k=M

Hence, using Lemma 5 we get

E[P.(Z,>0)e "7, € [M,n— M]]

[n/2] n—M
< Z + Z E [(3(17’))5’“;71C = k} E [efpS"'*k;Ln,k > O}

[n/2]

< %P (X > %) k:ZME [e(l_p)s’“;m = k}
Co an ik
+IP (x> ) 2 B[ L2 0] <eub (34)

where ey - 0as M —o00. B
The following statement easily follows from (34) by taking M = 0.

Corollary 9 Given Hypotheses A and B there exists C € (0,00) such that, for
alln=1,2,...

E [P (Z, > 0)e 5] <E[e5n 75| < Cb,,.
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5.2 Fluctuations of the random walk S

Introduce the event
Cn={-N<65;, <SS, <N+S, <N}.

In particular, given Cy
—-N < S, <N.

In what follows we agree to denote by en,enn Or €N K., functions of the low
indices such that

lim ey = hm limsup len,n| = hm lim sup limsup |en, k0| = 0,
N—o0 N—=oo poeo —0 K—oo n—oo

i.e., the limsup (or lim) are sequentially taken with respect to the indices of
e... in the reverse order. Note that the functions are not necessarily the same in
different formulas or even within one and the same complicated expression.

Lemma 10 Given Hypotheses A and B for any fixed k

lim limsupb,'E [Pe (Z, >0) e i, = kaéN} =0

N—oo pnooco
and

lim limsupb,, E[ (Zn>0)€_p3";7'n=n—k,6_'1v}:0.

N—oo posoo

Proof. In view of (28)
E[P.(Z,>0)e "7, =k, S, — S;, > N]|
E |17/ =05 =5m), = k.5, — S, > N]|
<E[e# % Ly ), > 0,8, > N] <enby,
where ey — 0 as N — oo since [ exp(—pz)V(—z)dz < co. Further,
E[P.(Z,>0)e "7, =k, S, < —N]
<E {6(1—p>sme—p(sn—sm>;Tn — k8, < _N}
< e UPINE [e7P%nr L, > 0] < enby. (35)
This, in particular, means that
E |15 (50 =8m)i = k.8, ¢ (<N, V)| = ennbn (36)
and
E [P.(Z, > 0)e "7, = k|

=E[P.(Z,>0)e "7, =k, S, > =N, S, — Sr, < N| +en,uby.
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Similarly, by (27)
E [P (Z, >0)e " ;r =n—k 8, <—N]
<E [eufp)sfne—p(sfsm);% -k S, < —N}
<E {e(l_p)S"*k;Tn_k =n—k, Sy < —N}
-E {6(1*/))5”%; e < 0,8,k < fN} = eNnbn
and
E [P, (Z, > 0)e "5y =n —k, S, — Sy, = N]
< B [e(-PSm S =5)in — k.S, — S, > N
<e¢ PNE [e(lfp)S"*’“;Tnfk =n-— k]

— e PNR |:€(17P)Sn7k; ke < 0:| = N mbn.

As a result we get
E [P.(Z, > 0) e P, =n — k]
=E([P:(Z,>0)e "1, =n—k,S;, >—N,S, — Sr, < N| + ennbn.

This completes the proof of the lemma. m
Lemmas 8 and 10 easily imply the following statement:

Corollary 11 Under Hypotheses A and B
E [P, (Z, >0)e "]
=E [P (Z, > 0)e " |S,| < N;7, € [0, M] U [n — M,n]| + ey at,nbn
=E [P.(Z, > 0)e "% |S,| < N] + ennbn

—E [P, (Z, >0)e 58, > —N,S, < N| +énnbn (37)
where
lim limsuplimsup ey arn] = lim limsup (lenn| + |Enn]) = 0.
N—oo Moo n—oo N—oo pooo

5.3 Asymptotic of the survival probability

In this section we investigate in detail the properties of the survival probability
for the processes meeting Hypotheses A and B. As we know (see (15)) this
probability is expressed as

P(Z, > 0) =m"E [P, (Z, > 0)e "]

We wish to show that E [Pe (Zn, >0) e"’sn} is of order b,, as n — oo.
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First we get rid of the trajectories giving the contribution of the order o(by,)
to the quantity in question. Let

Dn(j) ={-N<S,, <S5, <N, X; >dan}.

Lemma 12 If Hypotheses A and B are valid then there exists 6 € (0,1/4) such
that

J
E [P (Z, > 0)exp(—pSn)] = Z E [P (Z, > 0)exp(—pSn); Dn(4)] + EN,Jnbn-
j=1
(38)
Proof. In view of Corollary 11, we just need to prove that

E[P.(Z,>0)e S, >-N,S, <N]

J
= ZE [Pe (Zn > 0)exp(—pSy); Dn(§)] + €N Jnbn- (39)

From the estimate

P (Zn > 0)exp(—pSn) < exp(Sr, — pSn) = exp((1 — p)Sr, — p(Sn — 57,)) <1
(40)
we deduce by Lemma 6 (i) that

E {Pc (Zn >0)e P58, >—-N,S, <N, [max X; < &m] = eNnbn
<j<n
for § € (0,60) and
E [Pe (Zn > 0)e P58, > —N,S, <N, [max X; > 5an} = &N, Jnbn.
<j<n
Thus,
E[P.(Z,>0)e S, >—N,S, <N]
= E [Pc (Z, >0) efps";STn > —N,S5, <N, max X; > &m] + N, I nbn.
0<5<J
Finally thanks to Lemma 6(iii), there is only one big jump (before .J),i.e.

E[P.(Z, >0)e "8, > =N,S, < N,U/,; {X; > dan, X; > san}] = e, jnbn.

It yields (39) and ends up the proof. m
Now we fix j € [1,.J] and investigate the quantity

E[P.(Z, > 0)exp(—=pSn); Dy ()] -

First, we check that S;_; is bounded on the event we focus on.
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Lemma 13 If Hypotheses A and B are valid then, for every fized j
E [P, (Z, > 0)exp(—pSn);|Sj=1] > N, X, > dan] = en nbn.
Proof. First observe that
E [Pc (Zn > 0) (7pS ) Sj,1 < 7N, Xj > 5an]
< E [exp(( p(Sn — S )) Sj 1 < —N, Xj Z (56”1]
< Elexp((1 —p)Ss,); Sj—1 < —N, X, > dan]

(
< E[exp(=(1 P) ); Xj = dan]
=exp(—(1 — p)N)P(X > dan) = en nbn.

Further, taking v € (0,1) such that v > 1, we get
E [exp(S;, — pSn);Sj—1 > n", X; > dan] <P(Sj_; > n?)P(X > dan)

j5+1
~ B I(n"P(X > dan) =enb,.  (41)

< jP(X >n7/j)P(X > dan)
Consider now the situation S;_; € [N,n"], j > 2 and write

E [exp(S Sn); Sj—1 € [N,n"], X; > dan]

/ / Sj-1 €dy,Lj1 € dz)H,, 5(y, 2),

where

0o 0 00
H,s(y,z) = / P(X € dt)/ / Pyit(Ly—j € dv,S,—; € dw)e” Ve ¥
dan —oo Ju

0 00
/ P(X edt — y)/ / Pi(Ly,—j € dv, Sy—j € dw)e* Ve P,
dan—+y —oo Ju

By our conditions P(X € dt —y) = P(X € dt) (1 4+ 0(1)) uniformly in y €
[0,n7] and ¢t > dan. Thus, for all sufficiently large n

oo 0 0
Hys(y,z) < 2/ P(X e dt)/ / Pi(Ly—j € dv,Sy—; € dw)e* Ve v
1 —oo Ju

an

[e%e} 0 [e'e]

< 2/ P(X e dt)/ / P,(L,—; € dv,S,—; € dw)e’e™P¥
dan —o0 Ju

- 2/ P(X € dt)Ey [¢5m-s 75|
dan

< 2E, [esfn—wﬁﬂsnﬂ'ﬂ;xl > (5an} = 2H,.5(0,0).
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By integrating this inequality we get for sufficiently large n
nY 0
[ Py e d st
N —oo

< 2/Nn /0 P(S;_1 €dy,Lj_1 € dz)H, 5(0,0)
<2P(S5j-1 > N)Eog [es’nﬂ*l*pS”*j“;Xl > 6an} .
Since
b Ha5(0.0) = by [e5nses 050 X > Gan]
< B[S ] o)
as n — oo (see Corollary 9) and P(S;_1 > N) — 0 as N — oo, we obtain
E [exp(S-, — pSn); Sj—1 € [N,nY], X; > dn] = ey nbp. (42)
Combining (41) and (42) proves the lemma. m
Lemma 14 Given Hypotheses A and B we have for each fized j
E [P, (Z, > 0)exp(—pSy);|Sn — Sj—1| > K, X; > dan] = ek 1 (j)bn.

Proof. We know from Lemma 13 that only the values S;_; < N for sufficiently
large but fixed N are of importance. Thus, we just need to prove that for
fixed N

E [e5 779 S; 1 < N,|S, — Sj_1]| > K, X; > dan] = en,k.n(j)bn

where lim g, o0 limsup,, _, o len,x,n(j)] = 0. To this aim we set L, ,, = min{S,—
Sj—1:j—1<k <n} and, using the inequality S, < S;j_1 + Lj,, deduce the
estimate

E [¢5 7% 8 1 < N,[S, — 81| > K, X; > ban]
<E |:eSj—1+Lj7n_p(Sn—Sj—1)_pS]‘—l;Sj_l < N, |Sn _ Sj—1| > K}
=E [e(kp)sj’l;sjfl < N} E [eLj’"fp(S"fsjfl); |Srn — S| > K} .

We conclude with E [e(lff’)sﬂ'*l;Sj,l < N} < oo and we can now control the
term

E [elin #5805, — 55 4| > K| = B [ P55, ) > K|
by ek nbn. Indeed it is now exactly the term controlled in a similar situation

in (36). m
We give the last technical lemma.
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Lemma 15 Assume that g is a random function which satisfies (31). Then for
every (deterministic) probability generating function h (s) and every e > 0 there
exists k > 0 such that

[B{1— h(g(ew)] B [1 - h(gle" w))] | < 1'(1)e
for v —v'| < k,w € 0,2].

Proof. Clearly,
[E[1 - h(gle"w))] — E[1 = Alg(e” w))]| < W' (VE [lg(e”"w) - g(e"w)|

We know that 0 < g(A\) <1 forall A € [0,00), g(\) is nonincreasing with respect
to A a.s. and has a finite limit as A — oo. Therefore, g(\) is a.s. uniformly
continuous on [0, c0) implying that a.s.

lim sup lg(e? w) — g(ew)| = 0.
K0, v'|<k,we(0,2]

Hence, by the bounded convergence theorem

sup lg(e” w) — g(e’w)|

sip B lg(e"w) — gle"w)] | <E
[lv—v’|<k,w€[0,2]

[lv—v’|<k,w€|[0,2]

goes to zero as k — 0, which ends up the proof. m

Let 02 = VarX , Snj =95 —5;, 0<j<n,and

Sh,j +an

Gy = ==

Using the notation (11), we write
P.(Z,>0)=1- fo,(0)
put ij = (Xj+1, e ;Xn) 5 ij = (Xn, e ,Xj+1) s and set
Y = F(So0,S0,j-1), Yin = Fn(Sn—Sj-1,Xjn), Yo = Fn(Sn—S5j-1,Xn;5),

where F) F,, are positive equibounded measurable functions.

Since f; , is distributed as f;, ;, we write
E[Y;Y; P (Z, > 0)e " X; > dan]
= E[Y-Y]—n (1= fon(0)) e 5" X; > dan]
= E[Y;Y,, (1 = foj-1(fi(fa(0))))e™">"; X; > dan]
[Ye s Yoy (1= foj-1(f5(fn,3(0)))) e 55105 X; > dan]
E[Y;e ?51Y,, ; (1 — foj—1(fj(1 — €51 W, ;))) e #5mi-1; X; > San]
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where W), ; were defined in (12). Our aim is to obtain an approximation to this
expression.
To simplify notation we let

h(s)=1-=h(s)
for a probability generating function A (s). For fixed positive M and K, we set
Bjn={Sn; € [-K,K], X; —na € [-M+/n, M+/n]},
and define
Fj(h, K, M) = E [G*p(s"’j’l)ynyj’_l (f3 (exp {—e> Wi ;1)) ;Bj,n} :

We now introduce a random function g; on the probability space (€2, P), whose
distribution is specified by P* (i.e. E(H(g;)) = E*(H(g)) for any bounded
H). Moreover we choose g; such that g; is independent of (fy : k # j). As we
have mentioned, it is always possible by extending the initial probability space
if required. We denote Y, ;(v) = F,,(v,X,, ;) and consider
K
O (h K, M) = / P E [Yi ()T (95 (W) ;0Cl s € [—M, M]]
K

where g; is independent of (S : k > 0) and (fx : k # j).

Lemma 16 For all K, M > 0 and and any probability generating function h
we have

lim by, Fy j(h, K, M) — On j(h, K, M)| =0
Proof. Let F;, be the o-algebra generated by the random variables
(fre, Xi), k=1,2,..,5—1,74+1,..,n

and
V(y,Xjn) = e Y E, (y; X j) Lijyle|- &, K]} -

Using the uniform convergence (20), the change of variables t = (z; — an —
M+/n)/+/n ensures that,

byt Fj(hy K, M)

an+M+/n
= bn1E|:/ V(Sn,j + xj,Xn,j)
an—M+/n

xE [E (fj (exp {—63"’j n,j})) |.7:j7n;Xj = acj} Px; (.T])dl']:|

an+My/n
NE|:/ V(Smj—l—l'j,Xn,j)
an—M+/n

< [ (f, (exp {5 W, 1)) | Fpi X, = 2] dxj},
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when n — co. Moreover, the uniform convergence in (23) with respect to any
compact set of A from [0,00) ensures that, uniformly for |z —an| < Mn'/?,
w € [0,2] and |v| < K we have

B [1(fj (exp (—e"w))) | X; = 2] — E [h(g;(e"w))] | < en.
Denoting 7, the o-algebra generated by the random variables
Xk, k=1,2,..,7—15+1,..,n
we get, as n — 00, with X, j = (Tn, ..., Tj41),

bl F, j(h, K, M)

~E

an+M+/n B . ‘
/ V(S j + 25 X ) [Bg; (5740 Wiy )| Fn] dty
an—M+/n

=E

n—My/n

an+M+/n
~ / da; / V(Ixnj-1l,%n;)
an—M+/n [%n,j—1|<K

xE [71(93'(e‘x”"j“'Wn,jﬂXn,j = Xw‘] 11 px. (z:)das.
i=j+1

an+M+/n B
/ V(Snj + 25, X j ) h(g; (e5mats Wn,j))dxj]

Making the change of variables
V= Xy 1| = 2n F Tpo1 + o+ Ty Zzi=xy, 1=j+1,.,n
and setting
Dy i (K, M) = {|v]| < K,|v—zj41 — jp2 — ... — an +an| < My/n},
we arrive at

b, F, j(h, K, M)

~ [ PR B [l e W)Xy = %] ] P (o) die
D, ;(K,M) i=j+1

~ / e P'E [Ynﬁj (v) i_L(gj(e”Wn,j); oG j € [—M, MH dv.
[v| <K
It completes the proof. m

Observe that by monotonicity

11— .
lim W, ; = lim 7]%] (O)

n—00 n—00 eSn,—Sj

=W; as. (43)
and W; £ W, j = 1,2, ... where P(W € (0,1]) = 1 in view of conditions (9) and

Theorem 5 in [6] II.
We can state now the key result:
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Lemma 17 Assume that Hypotheses A and B are valid and let g be the function
satisfying (31). Then,

lim
n—0

b ELY;Yjn (1= fon(0) e " X; > dan]

—-E |:ij€psj1 / Yn,j(’U) (1 — fo,j_l(gj(e”ij))) epvd’U:| ‘ =0
where Wy, j, fi 1 k> 7+ 1), g; and (Sj-1, fo,j—1) are independent and

0< Jim Bl [T 0 foagewa ) el

n— 00 oo

B[ [ oo w) e ] <o (@

Proof. Introduce the event
T (5) = {ISj-1] <N, [Sn = Sj1| < K, |Xj —an| < My/n} .

Recalling that Y; and Yj, are bounded, to prove the lemma it is sufficient
to study only the quantity

E [Y;Yjn (1= fon(0)) e " Tn i1 (4)]
= E[Y; Y (1 = foj—1(f;(fn;(0)))]e "5 7755 Ty i ar ().

Moreover, we may assume without loss of generality that Y; and Y ,, are non-
negative. The general case may be considered by writing Y;Yj ,, = (YjY]n)Jr —
(Y;Y; )", where 27 = max (z,0) and 2~ = — min (z, 0).

Clearly,

{X; >an—M/n,|S, —Sj_1| <K} C {S, —S; <K —an+ M+/n}.
This, in view of the inequality
S IWy 5 =1 = fn,;(0) < e

and the representation e”® = 1 — x + o(z), * — 0, means that if the event
T k. (J) occurs then, for any € > 0 there exists ng = ng(e) such that for all
n > ng

e~ (1) (1=Fn;(0) < fn(0) < e~ (1=1n,3(0))

As a result we have
E Y)Y (1= fom1(fi(em PO ) emrSimemrSeims i Ty i ()]
<bE[Y;Y0 (1= fon(0) e 5 T k0 ()]
<E [Yan,j (1 - fO,j*l(fj(67(1+8)(17fn’j(0))))) efpsjflefps"‘j’l;TN,K,M(J')} :
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Hence, denoting by F;_1 the o-algebra generated by the sequence

(1, fi=15 51, ., Sj1),
we set
Foj(h K, Mie) = B [e= S50y, 5 (£ (exp { = (14 2) €55 W 3})) 5 B
K

On,j(h,K,M;e) = / e PUdvE [Yn,j(v)l_z (g; (L +¢)e" W, ) ;0G,,; € [—M, MH

—-K

and introduce the random variables
Fpi(foj—1, K, M;e) = E[F, ;(fo -1, K, M;e)|Fj_1]

and
O’mj(fo,j—laKaM;E) =E [On,j(fo,j—laKaM;5)|]:j—1] .

We get from the previous inequalities
E {Ee_psj’lﬁn,j(fo,j—hf(vM;O); 1Sj-1] < N}

< b, EY;Y50 (1= fo.n(0)) eipsn;TN,K,M(j)} (45)
< E[Yje "' F, j(foj-1, K, M;e);[Sj-1| < N.

Moreover the dominated convergence theorem and Lemma 16 give for any fixed
a € {0,¢e},

lim sup |b;1E[}/j€7PSj71Fn,j(fO,jfl7 K, M;);|Sj-1] < N]
n—oo
7E[}/jeipsjilon7]—(f01j*17 Ka M? O[), |S]*1| < NH =0.
Finally, ¥; and Y,, ;(v) are bounded (say by 1 for convenience) and we get
1inri>sup ’E[Yjefpsj*lon,j(f&j—la K, M;e);[Sj-1| < N]

~E[Y;e 510y (fo,j—1, K, M;0);[S;_1| < N]|

K
< lim sup E[e_ps“/ e "dvB[foj-1(g; (1 +e)e™"Wn;))
n— oo K
—foj—1 (95 (e7"Wa ) |5 1Sj-1] < N]
K
—F [e_psjl / e dvE[fo ;1 (9; (1 +e)e™"W;)) —
K

Foim1 (g5 (7" W) T 185-1] < N}
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goes to 0 as € — 0 by monotonicity. We combine the last limits with (45) to get

limsup b, 'E [Y;Y,,,; (1 — fo.n(0)) e T, .01 (5)]

n—oo

~E[Y;e "%10,,5(fo,j-1, K, M;0); |S;1| < NJ| = 0. (46)

By Corollary 11 and Lemmas 6 (ii), 13, and 14, the fact that Y; and Y, ; are
bounded ensure that

E [V;Y;0 (1= fon(0) e "5 X; > dan]
= E[Y;Yjn (1 - fon(0))e™ ;|S] 1| <N, X; > dan] +ennby
E[Y;Yn; (1 = fo,n(0))
= E[Y;Yn; (1 - fon(0))

e P Tn ke ()] + en. g atn (5)bn,s

where

lim limsup limsup limsup |en, k0,0 (f)] = 0. (48)
N—=oo K 300 M—oo n—oo

Taking now Y; = Y, ; = 1, adding that E [(1 — fo,,(0)) e *5»] = O (by) by
Corollary 9 and recalling (46), we deduce, again by monotonicity that
lim lim lim limsup E[e™"%-10,, ;(fo -1, K, M;0);|S;_1| < N]

N—oo K—o0o M—0 p—oo

B [S | 0= s wy e

— 00

< limsupb,'E [(1 — fo..(0)) efps"] < C < o0,
n—oo

proving, in particular, the estimate from above in (44). This, in turn, implies
for arbitrary uniformly bounded Y; and Y;, ;,

lim sup E[Yje_ps"*lOAn,j(fo,j—h 00, 00; 0)]

n— o0

<CE [e_ps“ / (1= foj-1(g;(e"Wj))) e™*"dv| < o0
and

lim sup ‘b;lE [Y;Yj 0 (1= fo,n(0)) e P X, > dan] —

n—oo

—E[Y;e #5110, j(fo,j-1,00,00;0)]| = 0.

It yields the first part of the Lemma. We have already checked the finiteness
of the limit in (44). Positivity follows from conditions (9), since under these
conditions W > 0 with probability 1 according to Theorem 5 [6], II. This gives
the whole result. m
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6 Proof of the Theorems and the Corollary

Now we have an important corollary, which, in fact, proves Theorem 1 with the
explicit form of the constant Cy mentioned in the statement of the theorem.

Proof of Theorem 1. We assume that Hypotheses A and B are valid. It
follows from (37) that for each fixed j

E [(1 ~ fo,n(0)) exp(—pSn); D (j)] = E[(1 = fon(0)) ™75 X > dan]+en nbn.
Using this fact and Lemmas 17 and 12 we get

lim m~"b,'P(Z, > 0) = lim m~"b, "B (1 — fo.,(0))]

n—oo

= lim b B (1 fo.0(0)) exp(—pS0)] = Co.
To complete the proof it remains to observe that in view of (17)

I ﬂP(X>an) 1 lo(an) 1 lo(an)

an m (an)5+1 m (an)5+1

—pan pan

~ ﬂepa"/ px(x)de = ﬁep‘m]P’(X > an).
m an m

Thus,
P(Z, > 0) ~ Com"b, ~ Copm™ P (X > an) ™"

where, recalling that g;, W; and fy ;1 are independent

oo

G = LBl [T falEewera] @)

— 00

B Z (E [epx})ijﬂ /_OO E[1— fo,-1(g;("W;))] e dv.

The proof of the first Theorem is achieved. m

Proof of Theorem 2. Let

1— fnj(s
Ws(s) = o dmd®) e oy,

By monotonicity
lim W, ;(s) = W;(s)

n— o0

and W;(s) 4

Theorem 5.

W(s), 7 = 1,2,... where P(W(s) € (0,1]) = 1 thanks to [6] II
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Similarly to Lemma 17 one can show that, as n — oo

lim b E[(1— fon(s)) e 5"

n—00

— ] -1 _ _psn. - >
nh_)n;@ b, ZE[(l fon(s))e ; X > dan]

ED{eijlm/%” (1= foym1(g(e"W(s)))) e~""dv| = Q(s).

Hence we get

o (1 fou
B2 >0 = 1 i e o) e

= 1-C5'Q(s) =: Qs).

Theorem 2 is proved. m

Proof of Theorem 3. Coming back to the original probability P, Lemma 17
yields

lim
n— o0

b im "EY;Y; nPo(Z, > 0); X; > San)]

-m I TE [Ya/ Yo,j(v) (1= fo,j—l(gj(GUWn,j)))epvdv] ’ =0
Recalling that P(Z,, > 0) ~ Com™b,, as n — oo ensures that

lim ’E[Yj»ym;xj > §an|Z, > 0]

n— o0

7051m_j_1E |:}/j/ Ynﬁj(’U) (1 - foﬁj,l(gj(eanyj))) e_pvdv} ‘ =0
We obtain the first part of the Theorem by letting ¥; = 1 and Yj,, = 1 and

using (43), whereas the second part comes by dividing the last displayed formula
by P(X; > dan|Z,, > 0). m

Proof of the Corollary. We first check that conditionally on Z,, > 0,
there is only one big jump. Recalling from Section 5.2 the notation Cy =
{-N < S;, <S5, <N+S, < N}andtheinequality P, (Z, > 0) exp(—pS,) <

—_
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justified by (40) we have

P(Z, > 0,Ul,;{Xi > an/2, X; > an/2})
=m"E [P, (Z, > 0) exp(—pSn); Uj,; {X; > an/2, X; > an/2}]

<m" (E [Pe (Z, >0) exp(fpSn);éN}
+E [Ln > —N,S, > N, U?#{Xi >an/2,X; > an/Q}] )

Then Lemma 10 and the limiting relation (29) ensure that

limsup(b,m™)~'P (Z, > 0,U};{X; > an/2, X; > an/2}) = 0.
n— o0
Thus, limy, oo P(UZ,;{X; > an/2,X; > an/2}(Z, > 0) = 0. The first part of
the Corollary is then a direct consequence of Theorem 3 (i).
Since X; = (S, — Sj—1) — (Xj41 + ... + X,,), the second part is obtained
from Theorem 3 (i) with F(-) =1, F—;(v,zj41,...,2n) = H((v — Tj41... —
Ty, —an)/y/n), where H is measurable and bounded. m
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