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processes in random environment

Vincent Bansaye* and Vladimir Vatutin!

July 15, 2013

Abstract

Let Z,, be the number of individuals in a subcritical BPRE evolving
in the environment generated by iid probability distributions. Let X
be the logarithm of the expected offspring size per individual given the
environment. Assuming that the density of X has the form

px(z) =27 Ho(2)e™ "

for some § > 2, a slowly varying function lo(z) and p € (0,1), we find the
asymptotic survival probability P (Z, > 0) as n — oo and prove a Yaglom
type conditional limit theorem for the process. The survival probability
decreases exponentially with an additional polynomial term related to the
tail of X. The proof relies on a fine study of a random walk (with negative
drift and heavy tails) conditioned to stay positive until time n and to have
a small positive value at time n, with n — oo.

1 Introduction and main results

We consider the model of branching processes in random environment intro-
duced by Smith and Wilkinson [15]. The formal definition of these processes
looks as follows. Let 91 be the space of probability measures on Ng = {0, 1,2, ...}.
Equipped with the metric of total variation 9t becomes a Polish space. Let ¢ be
a random variable taking values in 9%. An infinite sequence £ = (e1,¢2,...) of
i.i.d. copies of ¢ is said to form a random environment. A sequence of Ng-valued
random variables Zy, Z1,... is called a branching process in the random envi-
ronment &, if Zy is independent of £ and, given &, the process Z = (Zy, Z1, . ..)
is a Markov chain with

‘C(Zn | Zn—l = Zn—1, E= (61,62, .. )) =L (€n1 + - +€nzn,1) (1)
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for every n > 1, z,_1 € Ny and ey, es,... € N, where &,1,&n2,... are ii.d.
random variables with distribution e,. Thus,

Zn_1
Ly = Z Eni (2)
=1

and, given the environment, Z is an ordinary inhomogeneous Galton-Watson
process. We will denote the corresponding probability measure and expectation
on the underlying probability space by P and E, respectively.

Let

X =log Zke({k}) , X,, = log Zken({k}) ,n=12 ..,

k>0 k>0

be the logarithms of the expected offspring size per individual in the environ-
ments and
S% ::Oa 5% ::)(14_"'4')(n;n/2 L

be their partial sums.

This paper deals with the subcritical branching processes in random envi-
ronment, i.e., in the sequel we always assume that

E[X]=—b<0. (3)

The subcritical branching processes in random environment admit an additional
classification, which is based on the properties of the moment generating func-
tion
t
p(t) =E[e] =E || ke({k}) | |, t=>0.

k>0

Clearly, ¢’(0) = E[X]. Let

p+=sup{t >0:¢(t) < oo}

and P, be the point where (t) attains its minimal value on the interval
[0, p+ A 1]. Then a subcritical branching process in random environment is
called

weakly subcritical if ppin € (0, p4 A1),
intermediately subcritical if pin = p+ A1 >0 and &' (pmin) =0,
strongly subcritical if Pmin = p+ N1 and @' (pmin) < 0.

Note that this classification is slightly different from that given in [8]. Weakly
subcritical and intermediately subcritical branching processes have been studied
in [13, 1, 2, 3] in detail. Let us recall that ¢’(p4+ A1) > 0 for the weakly subcritical
case.



The strongly subcritical case is also well studied for the case py > 1, i.e., if
Pmin = p+ A1 =1and ¢'(1) < 0. In particular, it was shown in [13] and refined
in [5] that if ¢/(1) = E [XeX] <0 and E [Z;log™ Z1] < oo then, as n — oo

P (Zn >0) ~ K(E[]])", K >0, (4)
and, in addition,
lim E [s7" Zy > 0] = W(s), (5)

where W(s) is the probability generating function of a proper nondegenerate
random variable on Z, . This statement is actually an extension of the classical
result for the ordinary subcritical Galton-Watson branching processes.

Our main concern in this paper is the strongly subcritical branching pro-
cesses in random environment with py < 1. More precisely, we assume that the
following condition is valid:

Hypothesis A. The distribution of X has density

px (2) = ?éfzefpm, (6)

where [g(x) is a function slowly varying at infinity, 8 > 2, p € (0,1) and, in
addition,

#(p) =B [Xer*] <0, 7)

This assumption can be relaxed by assuming that px(x) is the density of X

for x large enough, or that the tail distribution P(X € [x,2+h)) ~ f;Jrh px (y)dy

for £ — oo (uniformly with respect to h < 1).

Clearly, p = p+ < 1 under Hypothesis A. Observe that the case p = p4 = 0 not
included in Hypothesis A has been studied in [16] and yields a new type of the
asymptotic behavior of subcritical branching processes in random environment.
Namely, it was established that, as n — oo

lo(nb)

P(Z, > 0) ~ KP (X >nb) = K 2

K >0, (8)

nb

so that the survival probability decays with a polynomial rate only. Moreover,
for any € > 0, some constant ¢ > 0 and any z € R

(log Zp —log Zppeg +n (1 —€)b
P
ovn

where B; is a standard Brownian motion. Therefore, given the survival of the
population up to time n, the number of individuals in the process at this mo-
ment tends to infinity as n — oo that is not the case for other types of subcritical
processes in random environment.

§x|Zn>O):P(Bl—Bagx)



The goal of the paper is to investigate the asymptotic behavior of the survival
probability of the process meeting Hypothesis A and to prove a Yaglom-type
conditional limit theorem for the distribution of the number of individuals. To
this aim we additionally assume that the sequence of conditional probability
measures

PI () = P(-| X =)

is well defined for x — oo under Hypothesis A. In Section 2, we provide natural
examples when this assumption and Hypothesis B below are valid.

Denote by £ = {L} the set of all proper probability measures £(:) of non-
negative random variables. Our next condition concerns the behavior of the
measures P*! as 2 — oo :

Hypothesis B. There exists a probability measure P* on £ such that, as
T — 00,
Pl — p*
where the symbol = stands for the weak convergence of measures.
Now setting
/
¢ (p)
¢ (p)
we are ready to formulate the first main result of the paper.

>0,

Theorem 1 If

E[-log(1—¢({0}))] <oo, E|e™X Z e({k})klogk| < oo 9)

k>1

and Hypotheses A and B are valid, then there exists a constant Cy > 0 such
that, as n — oo

lo(n)

P (Zy, > 0) ~ Copp" " (p) e*™P (X > an) ~ Copp"™ " (p) ()

(10)

The explicit form of Cy can be found in Corollary 25. Let us now explain
this asymptotic behavior and give at the same time an idea of the proof. Then
we will provide some classes of processes which satisfy our assumptions.

For the proof, we introduce in the next section a new probability mea-
sure P. Under this new probability measure, S has drift —a < 0 and the
heavy tail distribution of its increments with polynomial decay §.Adding that
E [exp(pX)] = ¢ (p), we will get the survival probability as

" (p) E [efpS"P(Zn > 0[e)]) ~ const x ¢" (p) P(Ly, > 0,5, < N)

where L,, is the minimum of the random walk up to time n and N is (large but)
fixed. We then study this random walk with heavy tail to show that

P(L, >0,S, < N) = const x P(X; € [an — M+/n,an + M+/n}, S,, € [0,1])



for n large enough and conclude using the central limit theorem. The proof
relies on a fine study of the random walk conditioned on {L,, > 0,5, < N},
which results in the decomposition Theorem 9.

Our second main result is a Yaglom-type conditional limit theorem.
Theorem 2 Under the conditions of Theorem 1,

lim E [s7"|Z, > 0] = Q(s),

n—oo

where Q)(s) is the probability generating function of a proper nondegenerate
random variable on Z .

We see that, contrary to the case pmin = p+ A1 = 0 this Yaglom-type
limit theorem has the same form as for the ordinary Galton-Watson subcritical
processes.

2 Examples

We provide here some examples meeting the conditions of Theorem 1. Thus, we
assume that Hypothesis A is valid and we focus on the existence and convergence
of PIl. Let us first deal with the existence of random reproduction laws e for
which the conditional probability

PEL() =P ( | X =)
is well defined.

Example 0. Assume that the environment e takes its values in some set M
of probability measures such that for all u,v € M

> kp(k) <> kv(k) = p<v,

k>0 k>0

where p < v means that VI € N, u[l, 00) < v[l,00). We note that Hypothesis A
ensures that P(.|X € [z,z + ¢€)) is well defined. Then, for every F' : M — R*
which is non decreasing in the sense that p < v implies F(u) < F(v), we get
that the functional

E(F(e)|X € [z,z+€))

decreases to some limit p(F') as € — 0. Thus, writing Fj ,(n) = 1 if p[l,00) >y
and 0 otherwise, we can define PI*! via

Pl (e[l, 00) > y) = p(Fl)

to get the expected conditional probability.



Let us now focus on Hypothesis B.

Ezample 1. Let f(s;e) = > ,>o¢({k})s” be the (random) probability gen-
erating function corresponding to the random measure ¢ € 91 and let (with a
slight abuse of notation) £ = £(e) > 0 be the integer-valued random variable
with probability generating function f(s;e), i.e., f(s;¢) = F [sg(e)}.

It is not difficult to understand that if E[log f'(1;¢)] < 0 and there exists
a deterministic function g(A\), A > 0, with g(\) < 1,A > 0, and ¢(0) = 1, such
that, for every ¢ > 0

yli_}n;OIP(e:Oj;lgoo}f (e_’\/y;e) —g()\)} >5} f'(l;e):y:ez) =0,

then Hypothesis B is satisfied for the respective subcritical branching process.

We now give two more natural examples for which Hypothesis B holds true
and note that mixing two classes describing in these examples would provide a
more general family which satisfies Hypothesis B.

Let 91 C 91 be the set of probability measures on Ny such that

t

e=ce(ty) €Ny < f(sw)zkHW

where ¢t € (0,1] and y € (0,00), and let £, C £ be the set of probability
measures L = L(t,y) on [0,00) such that

t2
t+ A

L=L(ty) €Ny < g(t,/\):/e_’\yL(t,dy):lftJr

Let, further, B = By x BoC(0,1] x (0,00) be a Borel set. We write
e=e(ty) €T (B) CNyif (t,y) € B
and
L= L(ﬁ,y) S T(Bl) - Sg if t € B.
Let (6,¢) be a pair of random variables with values in (0, 1] x (0, 00) such that
for a measure P* (-) with support on (0,1] and any Borel set 5; C (0, 1]
1i_>m PO eBi(=x)=P* (0 € By)

exists.

Example 2.  Assume that the support of the probability measure P is con-
centrated on the set 91¢ only and the random environment ¢ is specified by the
relation

92

e =e(0,() = f(S;e)=1—9+m'



Clearly, log f' (1;¢) = log¢. Thus,
P(e(0,0) € T(B)) =P (f (s;¢) : (6,¢) € B)
and if B = B; x {z} then
lim P (f (e-Wl; e) L (0,¢) € Bl = ez) — P (heB)
=P (g(X;0) : 0 € B1) =P (L(0;9) € T (B1)) -

Note that if P (0 = 1|¢ = 2) = 1 for all sufficiently large x we get a particular
case of Example 1.

Ezample 3. If the support of the environment is concentrated on such prob-
ability measures ¢ € 91 that, for any € > 0

lim P (e: ‘ff((;)e) - 1‘ > ¢ ‘f’(l;e) =X = y) =0 (11)

and the density of the random variable X = log f’(1;¢) is positive for all suffi-
ciently large x then g(\) = e~*. Condition (11) is satisfied if, for instance,

im . Varg(e) el #(1:e) = —
yl—>ooP<e'7(f’(1;e))2> ’f(l,e) y) 0.

3 Preliminaries

3.1 Change of probability measure

A classical technique of studying subcritical branching processes in random en-
vironment is similar to that one used to investigate standard random walks
satisfying the Cramer condition. Namely, denote by F,, the o—algebra gener-
ated by the tuple (e, ea, ..., en; Zo, Z1, ..., Zy) and let P(™ be the restriction of
P to F,. Setting

m=¢(p) =E[e"],

we introduce another probability measure P by the following change of measure
dP™) = P gP(™) =12, ... (12)

or, what is the same, for any random variable Y,, measurable with respect to
Fn we let
E[Y,] =m "E [V,e’"] . (13)

By (7),
E[X]=m 'E[Xe"*] = ¢ (p) /¢ (p) = —a < 0. (14)



Applying a Tauberian theorem we get

Ar) = P(xX > = PX>2her }i/mepym(y)dy

1Sy 1 (@) )
il

AL T mB xf P (15)
where [(z) is a function slowly varying at infinity. Thus, the random variable
X under the measure P does not satisfy the Cramer condition and has finite
variance.
Note that Hypothesis A implies the following property for the distribution
function A(x) : for any fixed A >0
ABA(x)

Alw+8) = Aw) = =221+ 0(1) (16)

as r — 0Q.

Let ® = {®} be the metric space of the Laplace transforms ®(\) = fooo e ML (du),
A € [0, 00), of the laws from £ endowed with the metric

d(®1,®2) = sup |[P(A) — P2(N)].
2-1<A<2

Since the Laplace transform of the distribution of a nonnegative random vari-
able is completely determined by its values on any interval of the positive half-
line, convergence ®,, — ® as n — oo in metric d is equivalent to weak conver-
gence L, — L of the respective probability measures.

From now on, to avoid confusions we agree to use P and E for the symbols of
probability and expectation in the case when the respective distributions are
not associated with the measures P or P.

Let §={f(s)} be the set of all probability generating functions of integer-valued
random variables 7 > 0, i.e. f(s) = E[s"] and let ®/) C ® be the closure (in
metric d) of the set of all Laplace transforms of the form

e\ f) = flexp{=2/f'(1)}), [ET.

The probability measure P on 91 generates a natural probability measure on
the metric space ®(/) which we denote by the same symbol P.
Introduce a sequence of probability measures on ®(/) by the equality

PEL() =P (| f/(15e) = ).
With this new probability measure, Hypothesis B is now equivalent to

Hypothesis B’. There exists a measure P* (-) on @) (with the support
on ®(\) : ®(0) =1, ®(A) < 1, A > 0) such that, as x — oo

Pkl — p*.



In the other words, Hypothesis B’ means that there exists a (random) a.s.
continuous on [0, 00) function g(-) with values in ®/) such that, for every con-
tinuous bounded functional H on &)

lim EF [H(®)] = E° [H(g)].

Tr—00

Since, for any fixed A > 0 the functional Hy(®) = ®()) is continuous on &)
we have for y = e*

lim B [f(e™0)| /(L)) =y| =B [gV)], Aelo,00)  (17)

Y—>00
and E*[g(0)] = 1,E*[g(A)] < 1 if A > 0. The prelimiting functions at the
left-hand side of (17) have the form

E [f(e0)] f(15e) =y| =B [e O | f(156) = o

and, therefore, are the Laplace transforms of the distributions of some random
variables. Hence, by the continuity theorem for Laplace transforms there exists
a proper nonnegative random variable 6 such that

lim E {f(e*A/y;eﬂ f(1;e) = y} =E* [67/\0} , A€[0,00).

Y—0o0

Let now

h(s) = E[s] = ihksk, h(1) =1
k=0

be the (deterministic) probability generating function of the nonnegative integer-
valued random variable v. Since, for any fixed A > 0 the functional Hj ,(®) =
h (®(\)) is continuous on ), we have

tim B [h(f(e%0)) [ £(1ie) =y =B @), Ael.oo).  (18)

Yy—00

Further, denoting by &;(¢),7 = 1,2, ... independent copies of £(e) we get

E[n(Fe o) | £ =y] = SB[ f1i0 -y
k=0
= ith GXP{—gzk:&(e)} ‘ f'(Le) Zy]
k=0

i=1

= E [eXp{—gE} ’ f(1e) =y]

Z(e) = Z&i(e).

where



Thus, similarly to the previous arguments there exists a proper random variable
O such that

lim E {exp{—gE(e)} ’f’(l;e) = y} =E*[e*®], Xe€0,00). (19

Yy—00

The prelimiting and limiting functions in (19) are monotone and continuous
n [0,00). Therefore, convergence in (19) (as well as in (18)) is uniform in
A € [0, 00).

3.2 Some classical results on random walks

Our arguments essentially use a number of statements from the theory of random
walks, that are included into this section.

In the sequel we shall meet the situations in which the random walk starts from
any point 2 € R. In such cases we write for probabilities as usual P, (-). We
use for brevity P instead of Py.

Let us introduce two important random variables

M, = max(S1,...,5,), Lp, = min(S,...,Sy)
and two right-continuous functions U : R - Ry = {z >0} and V : R — Ry

given by

U) = 14 Y P(-Sp<a, M, <0), z>0,
V(z) = 1+ P(=Sk>z,Ly >0), 2<0,

and 0 elsewhere. In particular U(0) = V(0) = 1. It is well-known that U(z) =
O(x) for x — oo. Moreover, V(—z) is uniformly bounded in z in view of
EX <O.

We define

Tn =min{0 <k <n:S¢=min(0,L,)}, 7=min{k >0: Si <0}
and let
=1
- >
Zk (Sk > 0).
k=1

Now we list a number of known statements for convenience of references. The
first lemma is directly taken from [9], Theorems 8.2.4, page 376 and 8.2.18,
page 389.

10



Lemma 3 Under conditions (14) and (15), as n — o0
P(L,>0)=P(r >n) ~ePP (X > an) (20)
and for any fired x > 0

P (L, > —x)
lim ———= =U(z). 21
S D R 2D
The following statement is an easy corollary of Theorem 4.7.1 (page 218) of
monograph [9].

Lemma 4 Let X be a non-lattice random variable with E [X] = —a < 0 whose
distribution satisfies condition (16). If S, = X1 + -+ + X, + an, then for any
A > 0 uniformly in x > n?/3,
ApPnA(x
(s €lz,x+ A)) 5”7()(1 +o(1)).

The next statement will be used several times in which i) does not require a
proof and ii) is a special case of Theorem 1 in [10].

Lemma 5 Let (r,) be a reqularly varying sequence with 220:0 T < 00.
i) If 6 ~ dry, Ny ~ ery, then Y i 0ifn—; ~ crp with ¢ = dY > o nk +
o0
€ e Ok asn — 00.
i) If Sope o antt = exp (Yoo ruth) for [t| < 1, then oy, ~ cry, with ¢ =
Z;’;O Qp asn — 00.

Introduce the notation
( N

Ky(\) = —eXp{ )‘S";SnZO]}

= <+i [e™5" Ly, >0}> /O e MV (=z2)dz, (23)

Ki(\) =

)‘S";Sn < 0]}

E [e*"; M, < 0}) = /OO e MU (x)dx, (22)

>~IH
SIH

HM8 HM8

> =

and let
P (X > an)

an

b, = f8

Note that the intermediate equalities in (22) and (23) are simply versions of
the Baxter identities (see, for instance, Chapter XVIII.3 in [12] or Chapter 8.9
in [7]).

11



3.3 Asymptotic behavior of the distribution of (5,, L,)

Basing on the three previous lemmas, we prove the following statement.

Lemma 6 Assume that E[X] < 0 and that A(x) meets condition (16). Then,
for any A >0 asn — oo

B[, = ] =B [*90M, < 0] ~ K1 )0, @

and
Bl =B L 2 K Wb (25)

Proof. We prove (25) only. Statement (24) (proved in [16] under a bit stronger
conditions) may be checked in a similar way. First we evaluate the quantity

E[e*%: 8, >0 =E[e"0< S, <A (B+2)logn] +0 (n772). (26)
Clearly, for any A >0

3 e AFDAP (KA + an < 8, < (k+1)A +an)
0<k<(B+2)A"tALlogn

<E [e_’\S"';O <S8, <A! B+ 2)10gn]

< Z e AP (kA +an < S, < (k+1)A+ an) .
0<k<(B4+2)A"1A~1logn

Recall that by Lemma 4 in the range of k under consideration

P (kA+an <S8, < (k+ 1)A+an) = %A(l@m@ (14 0(1))

= %A (an) (14 o(1)),

where o(1) is uniform in 0 < k < (8+2)A"'A7llogn. Now passing to the
limit as n — co we get

A DS <y ELTTO S S < AT (54 2)logn]

P - n—o0 BA (an)
< 1 aE [e_/\sn;() <S, <A1 (B+2) 1ogn}
imsu
B n~>oop BA (an)
< A Z ef)\kA'
k=0

Letting A — 0+, we see that

lim aE [e"\Sn;O < S, <A B+ 2)10gn] L

n—00 BA (an)

12



Combining this with (26) we conclude that, as n — oo

B (o580 2 0] ~ D a(an) (1 +o() ~ DP(X > an). (27)

a a

We know by the Baxter identity (see, for instance, Chapter 8.9 in [7]) that for
A>0andte[0,1]

14+ > t"E[e " L, > 0] = exp {Z %E [e7*5 8, > 0}} :
n=1 n=1

From (27) and Lemma 5 we get for n — oo,

E [e’AS";Ln > 0] ~ Ky ()) W’

where K (A) is specified by (23). This gives statement (25) of the lemma. m

The important proposition below is a consequence of Lemmas 5 and 6.

Lemma 7 Forx > 0,\ >0 we have asn — o0 :

E_L[e*5; M, < 0] ~ bV(—2) / e U (2) d, (28)
0

E.[e % L, >0] ~ an(z)/ e MV (—2) dz. (29)
0

Proof. This proof follows the line for proving Proposition 2.1 in [2]. By the
continuity theorem for Laplace transforms the last two lemmas give for any
z € ]0,00) and A > 0

b E[eM M, <0, S, > —z] — / e MU(2) dz, (30)
0

b Ele "L, >0,8, <z] — / e MV (—2)dz. (31)
0

Further, using duality we have

n—1
E[e)\S”;Mn <.T] = ZE[e)\S”;SQ,...,Si <Si<z,S; > Si-l—l;---;sn]
1=0

+ E[e*";8),...,8, < S, < 1]
n—1
= Y E[*L; >0,5; <a]-E[e* 1 M,_; < 0]
=0
+ E[e*"; L, >0,8, < zl.

13



This formula together with (24), (31), the left continuity of V(—z) for z > 0
implying V(0) = V(0—) = 1, and the equations

1+ ) E[e** Ly > 0,5 < 7
k=1

= 1+/ M dV(—z) = e’\zV(f:c)—/\/ MV (—2)dz ,
(0,z) 0

1+ZE[6)‘S’“;M;C<O] = /\/ e U(2) dz
k=1 0

yield by Lemma 5 i) that for A > 0 and 2 > 0
b, 'E[e? M, < 1] — V(fx)e)‘m/ e MU (2) dz,
0

which gives (28) by multiplying by exp(—Az). Using similar arguments one can
get (29). m

The continuity theorem for Laplace transforms and (28) and (29) imply the
next statement.

Corollary 8 For anyx >0 and T > —x, as n — o0,
x+T
P (S, <T,Ln> —12)~ byU(2) / V(—2)d (32)
0
and for any x >0 and T < x, as n — o0,
=T
P(S,>T, M, <zx) ~ an(—x)/ U(z)dz . (33)
0

Proof. By (29) and the continuity theorem for Laplace transforms for any
x>0 and y > = we have

Yy
Em[e_”\s”' 3 Sn <y, Lp>0] ~ an(ac)/ e_’\ZV(—z) dz
0
giving
y
P, (S, <y,Ln,>0)~ an(z)/ V(-2)dz
0
or

y
P(S,<y—xz,L,>—x)~ an(x)/ V(-z2)dz
0

proving (32).
The asymptotic representation (33) may be proved by the same arguments. m

14



4 Conditioning the random walk on its mini-
mum and the final value

In this section it will be convenient to write 1,, for the n—dimensional vector

all whose coordinates are equal to 1 and set S;, = (S;,Sj+1, -+ ,5,) if j <n
with S,, = So, and S,, 0 = (Sn, Sn—1,- - ,S0). Similar notation will be used for
nonrandom vectors. Say, Sp.0 = (Sn, Sn—1,"*" ,S0)-

We know from the previous results the asymptotic behavior of the proba-
bility of the event {S, < T,L, > —z} as n — oo. In this section we would
like to clarify the form of the trajectories giving the main contribution to the
probability of this event. It is the key to understand the ingredients providing
the survival of the branching process in random environment since it captures
the associated environments.

Our aim is to demonstrate that if the event {S,, < T, L,, > —x} occurs then
the trajectory of the random walk on [0,n] has a big jump of the order an +
O (y/n), such a jump is unique and happens at the beginning of the trajectory.
Using this fact we also describe the full trajectory of the random walk. We note
that Durrett [11] has obtained scaled limit results of such a negative random
walk with heavy tails but conditionally on the minimum value only. Here the
additional condition on the final value modifies the size of the big jump and we
can provide a non scaled decomposition of the asymptotic conditional path.

More precisely, we prove the following result, which will come from a se-
quence of lemmas.

Theorem 9 For all x > 0 and T € R there exists a sequence of number m; =
mj(z) >0, Zj>0 m; = 1, such that for each j the following properties hold :

(i) limy, 0o P (X; > an/2|L, > —z, S, <T) = 7;;
(ii) For each measurable and bounded function F : R7 — R and each family

of measurable uniformly bounded functions F,, : R**!1 = R such that

lim sup |Fn(sn + €1n+1) - Fn(sn)| = 07 (34)
e—=0 neN,s, R +1

we have as n — 00

E[F(Sj-1)Fa—j(Sjn)lLn > —z, Sp < T, X; > an/2]
—E[F(Sj-1)|Lj—1 > —2]E,, [F\—j(S],_, )| L5 = —x] =0,

n—j,0
where S’ is a random walk with step —X and positive drift, L’ is its global
minimum and [ 1S a probability measure given by :

T
Hldy) = dylyeiamPy(Ls = ~07", 0= [ dyPy(Li > ~a). ()

—T

This theorem yields the decomposition of the trajectory of (S; : ¢ <n) con-
ditioned by its minimum L, and final value S,,. It says that conditionally on
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L, > —z and S,, = s, S jumps with probability m; at some (finite) time j.
Before this time, S is simply conditioned to be larger than —xz. After this time,
reversing the trajectory yields a random walk S’ (with positive drift) condi-
tioned to be larger than —z. The size of the jump at time j links the value S;_;
to S;,_;_1 = s+a(n—j—1)++/nW,, where, thanks to the central limit theorem,
W, converges in distribution, as n — oo to a Gaussian random variable Thus
this big jumps is of order an + W,,1/n, as stated below. The proof is defered to
Section 4.2.

Corollary 10 Let » = inf{n > 0 : X; > an/2}. Under P, conditionally on
L, > —x and S, <T, » converges in distribution to a proper random variable
whose distribution (m; : j > 0) is specified by

m; =7i(x) =
! ! ZkgOP(Lk > )
and
X, —an

NG

converges in distribution to a centered Gaussian law with variance 0 = Var(X).

Proof. The expression of ¢; can be found in STEP 4 of the proof of the Theorem
9, see (38). The second part of the corollary is an application of the second part
of this theorem with

F(sg,--,85) =1, Fo (81,0 8n41) = g((51 — an)/v/n)

for g uniformly continuous and bounded if one takes into account the positivity
of the drift of S’ allowing to neglect the condition L. > —z and to use the
central limit theorem. m

4.1 Proof of the conditional description of the random
walk

In this and subsequent sections we agree to denote by C,C4,Cs, ... positive
constants which may be different in different formulas or even within one and
the same complicated expression.

Our first result shows that the random walk may stay over a fixed level for
a long time only if it has at least one big jump. Let

Bi(y)={X;+a<y},  B"(y) =B (y).

Lemma 11 If E[X] = —a < 0 and condition (16) is valid then there exists
00 € (0,1/4) such that for all § € (0,80), k € Z, and an/2 —u > M

Pu(lréla<x X; <édan, S, > k) < EM(k)nfﬁfl, where em (k) Moo 0.
<j<n
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Proof. Set Y, = (S, +an) /o where 0> = Var(X) and Sp = 0. It follows
from Theorem 4.1.2 and Corollary 4.1.3 (i) in [9] (see also estimate (4.7.7) in
the mentioned book) that if 7 > 2 and § > 0 are fixed then for > n?/? and all
sufficiently large n

P(B(") (,7:07“_1) Y, > o) < [nP(X +a> 0,7:7“_1)}%6

Since I(z) in (15) is slowly varying, 2~ /4I(x) — 0 as x — co. Hence we get for
all sufficiently large n and 5 > 2

[n"P(X +a>car )]’ <C (”l(:”))T_é <C (L)Hs <C ( ! )M.

= pB—1/4 nl/6

We fix now r > 2,89 < 1/4 with rdp = 1/2 so that (r —4§) /6 > 5+ 1 for all
0 € (0,00). As a result we obtain that there exists v > 0 such that

PU(B(”) (zoril) , Sp>xo—an+u) < Cn=B-1=7
for all > n?/3 where now Sy = u. Setting xo = rdpan we get
P, (B™ (6pan), S, > —an/2+u) < Cn~P7177,
Therefore, for every k € Z
P,( max X; < dpan; S, > k) < Cn=A-1=7 (36)

1<j<n
for all an/2 —u > M — oo. Since the left-hand side is decreasing when dp | 0
the desired statement follows. m

We know by (32) that for any fixed N and [ > —N

NA4I+1
P(L,>—-N, S,e[l,l+1))~ an(N)/ V(—=2)dz, n — oc.
N+1

Hence, applying Lemma 11 with © = 0 we conclude that, as n — oo
P(L,>—-N, S, e[l,l+1)~P (Ln >—N, S, el,l+1);BM (50cm)) ,

meaning that for the event {L,, > —N, S,, € [I,I 4+ 1)} to occur it is necessary
to have at least one jump exceeding dpan. The next statement shows that, in
fact, there is exactly one such big jump on the interval [0,n] that gives the
contribution of order b, to (32) and the jump occurs at the beginning of the
interval.

Lemma 12 Under conditions E[X] = —a < 0 and (16) for any fixed | and
0>0

lim limsup b, 'P <Ln > —N, max X, > éan, S, € [l,1 + 1)) =0.

J—=00 pooo <j<n
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Proof. Write for brevity S, € [I) if S, € [{,l +1). Then
P(L, > —N,X; > éan, S, € [1))

< / P (ijl S dS,Lj,1 > 7N) X
—N

/ P(XjGdt)P(Sn_jE[l—t—s),Ln_jZ—t—S—N)
5

an

S/ P(Sj71€d8,Lj,127N)/ P(XjEdt)P(Sn,jE[l—th)).
—-N dan
By condition (16),
P(X>t
P(X;€[t) < C%, t>0.

This estimate and its monotonicity in ¢ gives

/ P(Sj_l GdS;Lj_l > —N)/ P(Xj Edt)P(Sn_j S [l—t—s))
—-N dan

P(X > o >
< Clw/ P(Sj_l GdS;Lj_l > —N)/ P(Sn_j S [l—t—s))dt.

n _N dan

Now

/600P(Sn_je[l—t—s))dt < /_O:Odt

an

l—t—s+1
P (Sn_j S dw)
l—t—s

00 l—s—w+1
:/ P(Sn,jedw)/ dt = 1.

—o00 l—s—w
Thus,
P(L, > —N,X; > éan, S, € [l))
P(X i
< Cw/ P (Sj_l c dS,Lj_l > —N)

n -N

P (X
_ P s N = P (L > —N).

By (21) the series Zj>1 P (L;_1 > —N) converges meaning that a big jump may
occur at the beginning only. Moreover, it is unique on account of the estimate
P (X, > éan, X; > dan) = O (ZQ(n)n72ﬁ) =0 (bn)

for all ¢ # j with max (i,j) < Jand > 2. ®

The next lemma gives an additional information about the properties of the
random walk in the presence of a big jump. Let

Rs (M, K) = {6an§X1 < an — M+/n, |Sy,| §K}

and
R(MaK>: {Xl ZanJrM\/ﬁ, |Sn| SK}

18



Lemma 13 Under conditions E[X] = —a < 0 and (16) for any § € (0,1) and
each fized K,

im limsupbglP('Rg (M,K)UR(M,K)) =0.

|
M—00 nosoco
Proof. Similarly to the previous lemma we have
an—M+/n

P (Rs (M,K)) = /5 P(Sp_1€[-K -2, K—z])P (X, € dr)

an

C

IN

an—M+/n
M/ P (Sp_1 € [-2K — z,2K — z]) dx
5

dan an

P(X an—M+/n 2K —x
= CM/ dw/ P (S,—1 € dv)
é

dan an —2K—=x

2K —dan
4KCP (X > dan) /
dan —2K—an+M+/n

IN

P (Snfl S d’U)

4KCP (X5> dan)

IN

P (Sn—1 > —2K —an+ M+/n)

an

and

P (R (M, K))

/ P(Sp_1€[-K—z,K—z])P(X; € dx)
an+M+/n

< CM/ P (Sn_1 € [-2K — 2,2K — z])dz
an an+M+/n

P (X
< akcPEZMp (g ok an— Mym).

an

Since limsup,,_, o P (|Sn—1 + an| > M+/n) decreases to 0 as M — oo by the
central limit theorem, the desired statement follows. m

4.2 Proof of Theorem 9

We start by the following important statement.

Lemma 14 Let F,, be a bounded family of uniformly equicontinuous functionsas
defined in Theorem 9 by (34). Then the family of functions

gn(s) :\/EES [Fn(sn)aLn > —x, 8y ST]a n=12 .,
is uniformly equicontinuous and uniformly bounded in s € R.

Proof. First, the fact that the family of functions F;, is bounded by C combined
with the Stone local limit theorem for iid random variables having finite variance
allows us to bound g, by

CvnP(S, € [-,T]) = Cv/nP(S, € [-x — s5,T — s]) < O < <.

19



Second,

lgn(s +€) = gn(s)]
= \/E|Es [Frn(Sn+€elpi1); Ln+e>—x,S, +e<T|
—E; [F.(S,); Ly, > —x, S, <T]|
< Vn|Es [F(Sy + €lni1) — Fo(Sn); Ly + € > —2, S, + € < T
+v1|Es [Fn(Sn); Ly + € > —2,8, + € < T
—E; [Fn(sn)QLn > —x,8, < T] |
<HC+\VnPy(L,+e>—-2,8,+e<T)—Py(L, > —x,5, <T)]|,

where H. — 0 as € — 0 again by the assumptions on F;,, and the Stone local
limit theorem. Let us prove now that the last term is small. Indeed,

\/ﬁlps(l’n + € Z _:Easn + € S T) - Ps(Ln Z _:E;Sn S T)|
<Vn[Py(S, €T —¢6T))+Py(L, €[-x—¢,—2[,S, <T)]

and only the second term raises a difficulty. By the total probability formula
with respect to the (first) time k of the minimum we have

Py(L, € [—x—¢,—x[,S <T)
=P(L,+s+xz€[—¢0,5, <T-5s)

= P(S1> Sk,+,Sko1 > Sk, Sk + s+ € [—€,0),
k=0
Skt1 > Sky- o+ 3 Sn > Sk, S <T —3)
nf[\/ﬁ]fl
< P(Sy +s+x€[—€0)P(Sks1 > Sk, ,Sn > Sk)

k=0
n

+ > P(S1> Sk, Sko1 > Sk, Skt s+ € [—€,0))
k=n—[v7]
XP(Sk+1 > Sk, -+, Sn > Sk).

Now we use the representation
P(Sk+1 > Sk, oo, S, > Sk) = P(Ln_k >0)~ C(?’L —k+ 1)_5

and the Stone local limit theorem according to which (see, for instance, [7],
Section 8.4)

202n

V2P (S + s+ x € [—€,0]) = Gexp{_(s—i—w) }+5n,
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where 6, — 0 as n — oo uniformly in k € [n — y/n,n] and s + 2 € R. Hence we
conclude that

VnPs(L, € [-x —¢,—x[,S, <T)
- .
< (e+6,)C Z (n—k+1)"?+0 Z (n—k+1)~"
-
<G (e+0n+vn(vn)™") < Cs(e+6n),

for n large enough, since § > 1. We end up the proof by noting that all these
bounds are uniform with respect to s. m

Proof of Theorem 9. We know by Lemmas 11, 12 and 13 that conditionally
on the event {L,, > —x,S,, < T}, there is a (single) big jump, that it size is of
order an with deviation y/n and that it happens at the beginning. Taking this
into account and setting A} = {X; —an € [-M+/n, M\/n]} we get

J
E[F(S;-1)Fu(Sjn)i Ln > =2, 8, < T| = ejnnbn + > _ A,
7=0
where
J{gm sup lesamn] =0
and

AY = E[F(Sj-1)Fu—j(Sjn)i Ly = —2, A}, S, < T7.
By the Markov property we have
A%l =B [F(ijl)l{Lj—lz—w}H]%z(ijl)} )
where
HY\(s) = B (L Basx [Farj(Su—y): Luej > —,5,; < T]]

and AM = {X —an € [-M+/n, M\/n]}.
STEP 1. We are proceeding by bounded convergence and show first the
simple convergence. Thus, we consider

M+/n+an

b, H}'(s) = / by "P(X € dy)Eyyy [Faej(Sn—y)i Ln—j > —2,Sn_j < T
—M+/n+an

M+/n+an
= gim (s +y)un(dy),
\/_/M\/_Jran »

where

,un(dy) = b;lP(X € dy), gj,n(s) = \/EES [Fn—j(sn—j); Ly—j>—x,8,—; < T] .
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We want to prove that

M+/n+an M+/n+an
gimn(s +y)pn(dy) — / gim(s+y)dy — 0
\/_/I\/I\/_Jran J \/_ M+/n+an ’

as n — oo by using the local converges of u, to the Lebesgue measure (with
uniformity in y € [an — M+/n,an + M+/n] thanks to (15) and (16)) and the
uniform equicontinuity of ¢, ,, (compare with Lemma 14). Let us give the details.
First, by Lemma 14 for any € > 0 there exists 7 > 0 such that for all n > ng =
no(e,n) we have
sup sup [g;n(y) = gin(y +u)| <e.
Y u€l0,n]

Let, further, s;(= sI) be a subdivision of [an — M+/n, an + M+/n — 1] with step
1. Then, for sufficiently large n > ny,

< 3Me.

_ 1
ban%(s) - % Zgj,n(si)ﬂn[sia Sit1]

Besides, g;,»(y) is bounded by C with respect to the pair n,y by Lemma 14.
Recalling that by (16)

sup lnly,y +n] —nl < en
yEstan+[—M/n,M /]

for n large enough, we get

_ 1 1
bnlﬂﬁi(s)* \/ﬁ;gjyn(si)n §3M6+2CM67];.

Using again the uniform continuity of g;,, yields for n large enough

M+/n+an

1
ﬁzgm(sz')n NG / — (s + y)dy| < 3eM,
i +an
resulting in
b HM (s) — o= . (s +y)dy| < M(6+2C)e
Jsn \/— —M\/ﬁ-i-ang]m y)ay| =

for n large enough.

Clearly, the sequence b, 'H JM is bounded since both g;, (see Lemma 14)
and pn([an — My/n,an + M\/_])/\/ﬁ are bounded. This and the dominated
convergence theorem lead to

M+/n+an

F(Sj-1)l{r, ,>— z}\/_/Mf-i- 9in(Sj—1 +y)dy

n—oo

b, A — =30.

(37)
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STEP2. We can now complete the proof by reversing the random walk after
time j. To this aim set s = (sg,- -+, Sk) and s,,0 = ($p, - , So) and recall that
(see, for instance, Lemma 9 in [14])

dsoP s, (Sy € dsy) = ds, P, (S}, o € dsn ).
Hence, letting

B(sk) = {|so —an — s| < M+/n, sy € [—x,T], mlEkSZ > —x}
we get by integration
/1Bn(sn7j)Fn_j(Sn_j)dSOPSO (Sn—j € dsn—j)

= /1Bn(sn7j)Fn—j(Sn—j)dsn —iPs, J(S/ 7,0 S dSn_j70).

It follows that

M+/n+an
9jn 5+y)d
vl B

M+/n+an

:/ Ey [Fa—j(Sh_j0); L —x;|S;,_; —an — s| < M+/n] ds.
s(E[—x,T)

Since, as n — oo

2
P(S,_;—an—s| <M / { I }d
{ an — s| Vn) — o\/ﬁ | oxp y

for every s € R and S’ has a positive drift, we conclude that

M+/n+an
KM = lim sup ‘ / gin(s+y)dy
n—oo |V J_pMymtan

—/ Ey [Fo—j(S,_j0); L, > —x] dsj,
Sp€

(’) [—I,T]

goes to 0 as M becomes large. Further, by the bounded convergence and taking
into account the boundness of g; ., we get (recall (35))

M+/n+an

(S] 1)1{L 1> z}\/_/Mf gj,n(s_j—l +y)dy
n—+an

BP0, 1B [P0l 2 ] ]|

<|E[F(Sj-1) 1L, >y KM (S5-1)]|

where the right-hand side goes to 0 as M — co. Using (35) once again we set

limsup |E

n—o0

Djn=E[F(Sj-1)|Lj1 > —a] By [Frj(S,_;)IL, > —x]
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and deduce from (37) that the function

RM = lim sup ‘b;lA% —P(Lj_1 > —2)0D; |

n—oo

goes to zero as M — oco. Writing
Cj,n =E [F(Sj—l)Fn—j(Sj,n);Ln Z —X; Sn S T; Xj Z an/2]
we have

lim sup ‘b;lcj,n -P(Lj—1 > —x)HDjm‘

n—o0

<limsupb, 'P(X; > an/2,|X; —an| > My/n, S, <T)+ RM.

n—oo
Combining the last limit and Lemma 13 ensures that the right-hand side of this
inequality goes to 0 as M — co. We conclude

lim (b,'Cj, —P(Lj_y > —x)0D;,) = 0.

n—oo

STEP 4. We apply the limit above to the family of functions F' =1, F,,_; =1
and get

b'P (L, > —x, Sy < T, X; > an/2) =3 P(L;j_; > —x)f. (38)

Recalling (32) ensures that there exists m;(x) > 0 such that

n—oo

P(X;>an/2| L, > -z, S, <T) — =;(z).

Using Lemmas 11, 12 and 13 shows that there is only one big jump at the
beginning, and it has to be greater than an/2. Thus, Zj>0 7j(z) = 1. Finally,
the proof of the Theorem can be completed by using again the conclusion of
STEP 3. m

5 The asymptotic behavior of the survival prob-
ability
In this section we use the notation
E.[]=E[|€], P.()=P([E)

i.e., consider the expectation and probability given the environment £. Our aim
is to prove the following statement.

Lemma 15 If Hypotheses A and B are valid then there exists a constant Cy > 0
such that, as n — oo

P (X > an)

P(Zn > 0) ~ Com"f———

= Com™b,. (39)
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We recall from the discussion in Preliminaries that Hypotheses A and B (or
B’) ensure that there exists g(A) a.s. continuous on [0,00) with ¢g(0) = 1 and
with E[g(A)] < 1,A > 0, such that for every continuous bounded function F'
on [0, 1]

lim sup|E [F(f(e™")| (1) = y| ~ B* [F(gO)][ =0.  (40)

Making the change of measure in accordance with (12) and (13) we see that
it is necessary to show that, as n — oo

E [P (Z, > 0)e "] ~ Coby. (41)

The proof of this fact is conducted into several steps which we split into
subsections.

5.1 Time of the minimum of S

First, we prove that the contribution to E [P, (Z, > 0) e=*»] may be of order
by, only if the minimal value of S within the interval [0,n] is attained at the
beginning or at the end of this interval. To this aim we use, as earlier, the
notation 7, = min {0 < k < n : Sy = L, } and show that the following statement
is valid.

Lemma 16 Given Hypotheses A and B we have

lim lim b,'E [P, (Z, > 0)e "5, 7, € [M,n — M]] = 0.

M — 00 n—o0

Proof. In view of the estimate

k<n

< mi < i = 5™
P.(Z,>0)< Og}clgnPe (Z, >0) <exp {Or<mn Sk} e

we have

E[P.(Z,>0)e "7, € [M,n — M]]

<E [eSW*S”;Tn € [M,n— M]]
n—M

=Y E [eu—p)swp(sk—sn);% - k}
k=M
n—M

= > B[S = k[ B [e Sk L, 2 0] (42)
k=M
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Hence, using Lemma 6 we get

E[P.(Z, >0)e "7, € [M,n — M]]

[n/2] n—M

<>+ ¥ |E [6(1_p)sk;Tk _ k} E[e 5% L, ) > 0]

k=M  k=[n/2]+1
[n/2]

< %P (X > %) k:ZME [(3(17’))5’“;77c = k}
Cop (x> WQ]E =Sk, Ly > 0] < earh 4
Jr; ( >?)k_ZM [6 ; k_O]_EMn (3)

where ey - 0as M —o00. B
The following statement easily follows from (43) by taking M = 0.

Corollary 17 Given Hypotheses A and B there exists C € (0,00) such that,
forallmn=1,2,...

E[P.(Z,>0)e "] <E[e" 75| < Cb,.

5.2 Fluctuations of the random walk S

Introduce the event
Cn={-N<S, <S,<N+S, <N}.

In particular, given Cn
-N <5, <N.

In what follows we agree to denote by en,enn O €N K, functions of the low
indices such that

lim ey = hm limsup ey n| = hm limsup limsup ley g n| = 0,
N—oo N—oo nooo —0 Koo n—00

i.e., the limsup (or lim) are sequentially taken with respect to the indices of
e... in the reverse order. Note that the functions are not necessarily the same in
different formulas or even within one and the same complicated expression.

Lemma 18 Given Hypotheses A and B for any fixed k

lim limsupb,'E [Pe (Z, >0) e PO, = k,éN} =0

N—oo psoo
and

lim limsupb,, E[ (Zn>0)€_p3";7'n=n—k,6_'1v}:0.

N—oo pooo
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Proof. In view of (31)
E[P.(Z,>0)e "7, =k,S, — S;, > N]|
<E {6(1—;))37” e PSn=Sm).r S 8 > N}
S E [eipsnik; Ln—k Z Oa Sn—k Z N} S Ean
where ey — 0 as N — oo since [ exp(—pz)V(—z)dz < oo. Further,
E[P.(Z, >0)e "1, =k,S,;, < —N]
< e =PNE [e7P%n+; Lyt > 0] < enbn. (44)
This, in particular, means that
E [(0-9)Sm e r(Sn=80)i = kS, (=N, N)| = ennbn (45)
and
E [P (Z, > 0)e "7, = K]
=E([P.(Z,>0)e "1, =k, S, > —N,S, — Sr, < N| + ennby.
Similarly, by (30)
E [P, (Z,>0)e " 1, =n—k S, <—N]
<E [e(l_p)sme—p(s"_s*");Tn =n—k S, < fN}
< E {e(lip)snik;Tnfk =n—- k, Snfk < *N:|
= B[S0k My <0,k € —N| = enabn
and
E[P.(Z,>0)e "7, =n—k,S, — S;, > N]|
<E {607%7)57"67/)(5"75"");7'” =n—FkS,— 5, > N]
<e PNE [e(l_p)s"*’“;m_k =n— k:}
=e PNE [e(l_p)S"*’“; M,_1 < O} =ennbn.
As a result we get

E[P.(Z, > 0)e "1, =n— k]
=E([P:(Z,>0)e "1, =n—k,S;, > —N,S, — Sr, < N| + ennbn.

This completes the proof of the lemma. m
Lemmas 16 and 18 easily imply the following statement.
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Corollary 19 Under Hypotheses A and B

E [P.(Z, >0)e "]
=E[P.(Z, >0)e ]S, < N;7, € [0, M]U [n — M,n]| + en,mnbn
=E[P.(Z, > 0)e ;]S < N] + en,nbn
=E[P.(Z,>0)e S, > —N,S, < N| +2nnbs (46)

where

lim limsuplimsup|en an| = hm hmsup (lenn| + [Ennl) =
N—=oo Moo n—oo

5.3 Asymptotic of the survival probability

In this section we investigate in detail the properties of the survival probability
for the processes meeting Hypotheses A and B. As we know (see (13)) this
probability is expressed as

P(Z, > 0) =m"E [P, (Z, > 0)e "]

We wish to show that E [Pe (Z, > 0) e"’sn} is of order b,, as n — oo.
First we get rid of the trajectories giving the contribution of the order o(b,,)
to the quantity in question. Let

Dn(j)={-N<5;, <8, <N, X; >dan}.

Lemma 20 If Hypotheses A and B are valid then there exists ¢ € (0,1/4) such
that

E[P. (Z, > 0)exp(— ZE (Zn > 0)exp(—pSn); DN (5)] + €N .Jnbn.-

Proof. In view of the inequality
P (Z, > 0)exp(—pSy) < exp(Sr, — pSy) = exp((1 — p)Sr, — p(Sn — Sr,)) <1

the statement of the lemma follows from Corollary 19, the estimate

E [Pe (Z,, > 0) exp(—pSy); Sr, > —N, max X, < &m]
0<j<n

<P (S.,—n > —N, ()Ela<x Xj < (SGH) = EN,nbna 0<d <y < 1/4,
SJxn

established in Lemma 11, Lemma 12, according to which

E [Pe (Zn > 0)exp(—pSy); S, > —N, S, <N, , max X, > &m]
<j<n

<P <Ln > —N,S5, <N, max X; > 5an> = &N, Jnbn,
J<j<n
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and the fact that the probability of the event for the random walk {5;,0 < j < J}
to have two increments exceeding dan is o (b,). =
Now we fix j € [1,J] and investigate the quantity

E[P.(Z, > 0)exp(—=pSn); DN ()] -
First, we check that S;_; is bounded on the event we focus on.
Lemma 21 If Hypotheses A and B are valid then, for every fized j
E [P, (Zn > 0)exp(=pSn); |Sj-1] = N, X;j = dan] = en nbn.
Proof. First observe that

E[P.(Z, > 0)exp(—pSn); Sj—1 < —N, X, > dan)

lexp((1 — p)Sr, — p(Sn — 57,)); Sj—1 < =N, X; > dan]

lexp((1 = p)S7,); Sj—1 < =N, X; > dan]

[exp(—(1 — ) ); X; > dan]
(
(2

IN N CIA

E
E
E

exp(—(1 — p)N)P(X > dan) = en nby.
Further, taking v € (0,1) such that v8 > 1, we get

E [exp(Sr, — pSn); Sj—1 > n", X; > dan] < P(Sj_1 > n")P(X > dan)
B+

<jP(X >n"/j)P(X > dan) ~ 3 I(nP(X > dan) = e by, (47)

nYy

Consider now the situation S;_; € [N,n"], j > 2 and write

E [exp(S Sn); Sj—1 € [N,n"], X; > dan]
/ / gledya ]ledz) nﬁ(ya )a
where
oo 0 00
H,;5(y,z) = / P(X € dt)/ / Pyit(Ln—j € dv,S,_j € dw)e* " e P
dan oo Ju

0 00
/ P(X edt — y)/ / Pi(Ly,—j € dv, Sp—j € dw)e* Ve P,
dan—+y —oo Ju

By our conditions P(X € dt —y) = P(X € dt) (14+0(1)) uniformly in y €
[0,n7] and ¢t > dan. Thus, for all sufficiently large n

oo 0 [eS)
Hys(y,z) < 2/ P(X e dt)/ / Pi(L,—j € dv,Sy—; € dw)e* Ve "
6 oo Ju

an

00 0 oo

< 2/ P(X e dt)/ / P,(L,—; € dv,S,—; € dw)e’e™"¥
dan —o0 Ju

= 2/ P(X € di)E; {es*nfj”)s"*f}
dan

< 2K, [esfn—wﬁﬂsnﬂ'ﬂ;xl > (5an} = 2H,, 5(0,0).
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By integrating this inequality we get for sufficiently large n
nY 0
[ ] Py e d st
N —o0

< 2/Nn /0 P(S;_1 € dy,Lj_1 € dz)H, 5(0,0)
<2P(S;_1 > N)Eg [es’nﬂ*l*ps"*j“;Xl > 6an} )
Since
b H, 5(0,0) = b,E [esfn—jﬂ—'ﬂsnff“;xl > 5an}
< B[S S ] o)
as n — oo (see Corollary 17) and P(S;_1 > N) — 0 as N — oo, we obtain
E [exp(S-, — pSn); Sj—1 € [N,nY], X; > dn] = ey nbp. (48)
Combining (47) and (48) proves the lemma. m
Lemma 22 Given Hypotheses A and B we have for each fized j
E [P, (Z, > 0)exp(—pSy);|Sn — Sj—1| > K, X; > dan] = ek »(j)bn.

Proof. We know from Lemma 21 that only the values S;_; < N for sufficiently
large but fixed N are of importance. Thus, we just need to prove that for
fixed N

E [e5 779 S; 1 < N,|S, — Sj—1]| > K, X; > dan] = en,k.n(j)bn

where limg o limsup,,_, . |en,x,n(j)] = 0.To this aim we set L, ,, = min{Sy —
Sj—1:j—1<k <n} and, using the inequality S,, < S;j_1 + Ljn, deduce the
estimate

E [¢5 7% 8 1 < N, |8, — 81| > K, X; > ban]
<E |:eSj—1+Lj7n_p(Sn—Sj—1)_pS]‘—l;Sj_l < N, |Sn _ Sj—1| > K}
=E [e(kp)sj’l;sjfl < N} E [eLj’"fp(S"fsjfl); |Srn — Sj—1| > K} .

We conclude with E [e(lff’)sﬂ'*l;Sj,l < N} < oo and we can now control the
term

E [elin #5805, — 55 4| > K| = B [ P55, ) > K|
by ek nbn. Indeed it is now exactly the term controlled in a similar situation

in (45). m
We give the last technical lemma.
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Lemma 23 Assume that g is a random function which satisfies (40). Then for
every (deterministic) probability generating function h (s) and every e > 0 there
exists k > 0 such that

[E[1 - h(gle"w)] — B[1 = hlg(e”'w))]| < (1)
for v —'| < k,w €10,2].

Proof. Clearly,
[E[1 = hlg(ew))] - E [1 = hlg(e”'w)] | < W(DE [lg(e”w) = gle"w)]

We know that 0 < g(A\) <1 for all A € [0,00), g(\) is nonincreasing with respect
to A a.s. and has a finite limit as A — oo. Therefore, g(\) is a.s. uniformly
continuous on [0, 00) implying that a.s.

lim sup |g(e”/w) —g(e"w)| = 0.
K0 |1y |<k,we(0,2]

Hence, by the bounded convergence theorem

sup lg(e” w) — g(e’w)|

sip B lg(e"w) — gle"w)] | <E
[lv—v’|<k,w€[0,2]

lv—v’|<k,w€|[0,2]

goes to zero as k — 0, which ends up the proof. m

Introduce a sequence of generating functions

fu(s) = f(sien) = > en({k})s*,  0<s<1,

k=0

specified by the environmental sequence (eq, ¢2, ..., ¢y, ...) and denote

fig=fix10---0ofr (i<k), fiw = fio -0 frt1 (i>k), fiz=Id.

Clearly,
P.(Z, >0)=1— fon(0).

Let
1 — fn,;(0)

eSn—5; ' ’ o\/n

Wi =
Observe that by monotonicity
nh—>H;o Wn,j - Wj

and W; £ W, j = 1,2, ... where P(W € (0,1]) = 1 in view of conditions (9) and
Theorem 5 in [6] II, while by the central limit theorem

lim ij =G
n—oo
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where G is a random variable having the standard normal distribution.
Since f; , is distributed as f, ;, we write

E[P. (Z, > 0)e """ X; > dan] = E[(1 - fo,n(0)) e™"*"; X; > ban]
= E[(1 — fo-1(f;(fn,;(0))))e™"; X; > ban]
= E[e™"% (1 = fo-1(f5(fn,5(0)))) e #5n~5; X; > dan)]
= E[e "% (1= fo—1(f;(1— eS"'_Smej))) e P55, X > dan).

We state now the key result:

Lemma 24 Assume that Hypotheses A and B are valid and let g be the function
satisfying (40). Then, as n — o0

by, 'E(1 = fo,n(0)) e %" X; > ban] — E [epsﬂ / (1= foj-1(g(e"W))) e~ dv
where S;_1 and W are independent and the right-hand side term is finite.
Proof. Fix M and K and for
—M<z<M -K<v<K 0<w<l1

consider the probability
Tr mpn(T,v,w) = b;lP(anfM\/ﬁ < X; <antayn,—K < S, <v,W,1 <w).
Denote Sy m = Sp — Sm, 0 <m < n. Clearly,

Tk pman(z,v,w) = b;l/ P(Sp1€dy,W,1 <w)

xP (X1 € [an—M\/ﬁ,anqL:c\/ﬂ ﬁ[fK—y,vfy]).

Since px (an + t/n) ~ b, for t € [-M, M|, we have

o0

T atm (2, 0,0) = (1+sn>/ P (Sy.1 € dy, Wy < w) X

— 00

X Han—M\/ﬁ,an—i—x\/ﬁ] ﬂ[—K—y,U—yH.

Further,

[an — My/n,an + zv/n] N[-K —y,v—y] =0
if

an — M+/n>v—yoran+zyn < —K —y,
and

Han—M\/ﬁ,an—i-x\/ﬂﬂ[—K—y,v—yH:u-i-K
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if
an—Myn< -K—y<v—y<an+zv/n

or
v—an—zyn<y< —K—an+ Myn.

Hence it follows that

T mn(z,v,w) =(1+¢,) (v+ K)P ((Sml +an) € [’U —xzv/n, —K + M\/ﬁ} Wi < w)
+(1 + En)AM,K,n

where
0 < Amgn <2KP (Spi1+ane€ [Myn—2K,Mn+2K| W, < w)
+2KP (Sp1 +an € [—zv/n — 2K, —ay/n+2K]| , W, 1 < w)

2KP (Sp1+an € [My/n—2K, My/n+2K))
+2KP (Sml +an € [—x n— 2K, —xv/n + QKD =é,.

IN

Passing to the limit as n — oo and using the central limit theorem and mono-
tonicity of W, 1 in n we get

lim Tk prn(z,v,0) = v+ K)P (-2 <0G < M, W < w) (49)

n—roo

where, as earlier, G is a random variable having the standard normal distribu-
tion.

We denote
ty,;(dz,dv,dw) = b,'"P(X; —na € /ndz, S, ; € dv, W, ; € dw)e "’
= 0,'P(X; —na € ndr,Sn_jr11 € dv,W,_j1 € dw)e "’
and let

D(K,M)={(z,v,w) :|z] < M,|v| < K,0<w<1}.

We know from the above that for each fixed j as n — oo
tn,j(dz, dv,dw)I {D (K, M)} — e **dvP (oG € dx, W € dw) I{D (K, M)}.
For a deterministic probability generating function h (s) set
H, (h,z,v,w) =E [1 —h (f (exp {—e”we‘x})) | X =na+ x\/ﬁ]
and introduce the event
Cnj (z,v,w) = {X; =na+avn,Sp; =v,Wy; =w}.
Clearly, for (z,v,w) € D (K, M)

H, (h,z,v,w)=E [1 —h (fj (exp {—es"’jWnyjeij })) |Cn.j (x,v,w)} .
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The uniform convergence in (18) with respect to any compact set of A from
[0, 00) ensures that, uniformly for |z| < M, w € [0,2] and |v] < K we have

[Hn (h, z,0,0) = E[1 = h(g(e"w)] | < en.
Let w. = (14 ¢) e’w and

F,;(h,K,M;e) :/ tn,j(dz, dv,dw)Hy (b, z,v, w.).
D(K,M)

It follows from the estimates above that

F,h,K,M;e)— / tn,j(dz, dv, dw)E[1 — h(g(e®w.)]
D(K,M)
< sn/ tn,j(dz, dv, dw) < Cey,.
D(K,M)
Besides, in view of (49)

lim tn,i(dz, dv, dw)E[1 — h(g(e"w,)]
n—o0 | p(K,M)

= / e PPE[1 — h(g(e’w.)] dvP (W € dw,oG € dx)
D(K,M)

K 1
= / ef’”dv/ E[l1 - h(g(e"w.)|P (W € dw,oG € [-M, M])
-K 0
=: F(h,K,M;e).
To proceed further we introduce the event

T (9) = {[Sj1] N, [Sn = 85| < K, |X; —an| < My/n} .

By Corollary 19 and Lemmas 13, 21, and 22

E [(1 - fon(0)) e ""; X; > dan]
E[(1 - fo..(0))e™?%";|S;_1| < N, X; > dan] + N nbn
= E[(1— fon(0)e 1S, 1| < N,[Sn — Sj_1| < K, X; > 6an] + N 1 nbn
E[(1 = fon(0)) e T, ke,na ()] + €N, 56,01,nbn (50)
where
lim limsup limsup limsup |en, k0,0 (f)] = 0. (51)

N—ooo K yoo M—oo n—oo

Thus, to prove the lemma it is sufficient to study only the quantity

E [(1 — fon(0)) e PS5 TN,K,MU)}
=E[[1 — foj-1(f;i(fn.;(0)))]e” %5 e=P5 =50 Ty e ar ()]
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Clearly,
{X;>an—Myn,|S, —Sj—1| <K} = {5, - 5; <K —an+ M+/n}.
This, in view of the inequality
S TIIW, =1 = fo3(0) < €507

and the representation e = 1 — x + o(z), * — 0, means that if the event
Tn km(J) occurs then, for any € > 0 there exists ng = ng(e) such that for

all n > nyg
e~ 1H)=Fus ) < f - (0) < e~ (1=Fns (),

Thus,
E[[1 = fo—1(fj(e” 07 ImaON)))emr%i e =50 Toy e ar ()]
<0 E[(1 = fou(0) e T ke, mr (4)]
< E[(1 — fogo1(fi(emFI0T0aO)) ) =010 Ty e (7).
Hence, denoting by F;_; the o-algebra generated by the sequence
(f1sees fi=1351, -y Sj-1)
and setting
Foj(foj—1, K, M;e) = E[F ;(fo -1, K, M;e)|F;_1]

and
F(fOJ_l,K,M;E) = E [F(fOJ_l,K,M;E”]:j_l] y

we get
E [efpsjflﬁn,j(fo,j—l,f(,M§0); 1Sj-1 < N}
< b, "E (1= fon(0)) e Ty, e ()]
< E[efpsjflﬁn,j(fo,j—l,K,M§5)§ |Sj-1] < NJ.
Now the dominated convergence theorem gives for any fixed € € [0, 1)
nl;n;o E[ef”sj’lﬁn,j(fo,j—l,K,M;E); |Sj—1] < N]
= E[efpsj’1 Jggo Fn,j(fo,j—la K, M;e);|Sj-1| < NJ
= Ele " F(fo -1, K, M;e);|S;-1| < NJ.
Hence we deduce that
E [efpsj’lﬁ(fo,j—la K, M;0);|S;-1] < N]
<lim inf b, 'E[(1— fou(0) e T sna (5)]
<limsupb, 'E [(1 — fon(0)) €_pS"'§TN,K,M(j)]

n—oo

< E[e‘psf*lﬁ‘(fo,j—l,K,M;€)§ |Sj—1] < NJ.
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Letting € | 0 we see that
Tim b E [(1= fon(0)) €5 T ()] = E [e775= F(fo g1, K, M3 031854 < N .

Since the right-hand side of this equality is monotone in K, M and N, we con-
clude by letting sequentially M, K and N to infinity and taking into account
the estimates 0 < W <1 that

lim  lim b, E [(1 = fo.n(0)) e T k.0 ()]

M — 00 n—00

K 1
e PSi-1 / efp”dv/ E[1— foj-1(g9(e’w)|F;—1]P (W € dw);|S;-1| < N]
-K 0

=E

and

lim lim lim lim b,'E [(1 - f5,,(0)) e """ Tk, ()]

N—o00 K—00 M —00 n—o0

= E [epsjl /00 e P’dv /1 E[1— foj-1(9(e’w)|F;—1]P (W € dw)}
0

- P [e_ps“ [ e a= oo wya .

— 00

It remains to check that the right-hand side of this equality is positive and finite.

Positivity follows from conditions (9), since under these conditions W > 0
with probability 1 according to Theorem 5 [6], II. Finiteness is evident, since
E [(1 = fo,n(0))e=*5"] = O (b,) by Corollary 17. This gives the whole result.
]

Now we have an important corollary, which, in fact, proves Theorem 1 with
the explicit form of the constant Cy mentioned in the statement of the theorem.

Corollary 25 Given Hypotheses A and B,
P (Z, > 0) ~ Com™b, ~ Copm™ 'P (X > an) ™

where

S
I
NE

E [epsﬂ'l /OO (1 — foj—1(g(e"W))) e " dv

1 — 00

<.
Il

I
.Mg

<
Il
o

© )y [ Z E[1— fo, (g(e"W))] e~ dv.

Proof. It follows from (46) that for each fixed j

E (1~ fon(0)) exp(—pSn); D (7)] = E[(1 = fo.n(0)) e X; > dan]+en nb-
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Using this fact and Lemmas 24 and 20 we get

lim m~"b,'P(Z, > 0) = lim m ™ "b,'E[(1 — f0.,(0))]

n—00 n—r00

= nhﬂn;o b E (1 — fon(0)) exp(—pS,)] = Co.
To complete the proof it remains to observe that in view of (15)

b ﬂP(X > an) N 1 lo(an) _ 1 lo(an) o—pan gpan
" an m (an)5+1 m (an)5+1

~ ﬂepa"/ px(x)dr = ﬁep‘m]P’(X > an).
m an m
5.4 Conditional limit theorem

In this section we prove Theorem 2. Let

1— fn;(s
ij(s) = 65”77‘-;1('), s € [Oa 1)

By monotonicity
n—oo

Wi, j(s) — Wj(s)

and W;(s) < W(s), j = 1,2,... where P(W(s) € (0,1]) = 1 thanks to [6] II
Theorem 5.
Similarly to Lemma 24 one can show that, as n — oo

Jim b B((1 = fon(s) 7]

= lim b ! ZE[(l — fon(s)) e P X; > dan)
j=1

n—oo

=F {S / "1 oy (g(@W () e o] = Qo(s).

— 00

Hence we get

lim E[s7"Z, >0] = 1- lim

n—00 n— 00 E[

Theorem 2 is proved.
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