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We study theoretically and numerically the condensation and the thermalization of classical optical waves in an

incoherently pumped passive Kerr cavity. We show that the dynamics of the cavity exhibits a turbulent behavior

that can be described by the wave turbulence theory. A mean-field kinetic equation is derived, which reveals that,

in its high finesse regime, the cavity behaves essentially as a conservative Hamiltonian system. In particular, the

intracavity turbulent field is shown to relax adiabatically toward a thermodynamic equilibrium state of energy

equipartition. As a consequence of this effect of wave thermalization, the incoherent optical field undergoes a

process of condensation, characterized by the spontaneous emergence of a plane wave from the incoherently

pumped cavity. The condensation process is an equilibrium phase transition that occurs below a critical value

of the (kinetic) energy of the incoherent pump. In spite of the dissipative nature of the cavity dynamics, the

condensate fraction of the high-finesse cavity field is found in quantitative agreement with the theory inherited

from the purely conservative (Hamiltonian) nonlinear Schrödinger equation.

DOI: 10.1103/PhysRevA.84.033848 PACS number(s): 42.65.Sf, 42.65.Ky, 42.25.Kb

I. INTRODUCTION

The study of the nonlinear evolution of incoherent optical

waves is a subject of growing interest in various fields

of investigations, including, e.g., wave propagation in ho-

mogeneous [1–8] or periodic media [9], nonlinear imaging

[10], cavity systems [11–15], or nonlinear interferometry

[16]. In particular, the analysis of the long-term evolution

of nonlinear incoherent optical waves has been considered

in various circumstances [1–3,6,8], as well as in various

optical media characterized by different nonlinearities [4,5,7].

When the propagation of the optical wave can be described

by a conservative Hamiltonian equation [e.g., NonLinear

Schrödinger (NLS) equation], then the evolution of the

incoherent wave is characterized by a nonequilibrium process

of thermalization [2–4,6,7]. In complete analogy with the

kinetics of a gas system, wave thermalization manifests itself

by means of an irreversible evolution of the optical field toward

the thermodynamic equilibrium state, i.e., the Rayleigh-Jeans

equilibrium distribution that realizes the maximum of entropy

(“disorder”).

The thermalization of the nonlinear wave can be charac-

terized by a self-organization process, in the sense that it is

thermodynamically advantageous for the Hamiltonian wave

system to generate a large-scale coherent structure in order to

reach the most disordered equilibrium state [17]. A remarkable

example of this type of self-organization is provided by the

condensation of classical nonlinear waves in a defocusing

Kerr-like nonlinear medium [18–22]. Nonlinear wave con-

densation is characterized by the spontaneous formation of

a plane-wave starting from an initial incoherent field: The

plane-wave solution (“condensate”) remains immersed in a

sea of small-scale fluctuations (“uncondensed quasiparticles”),

which store the information necessary for the reversible

evolution of the wave. Wave turbulence (WT) theory [23–25] is

known to provide a detailed description of wave condensation,

in both the weakly and the highly nonlinear regime of

condensation [20,21]. Because this condensation process is

a consequence of the natural thermalization of the optical field

to thermal equilibrium, it is of a fundamental different nature

than the condensation processes recently discussed in optical

cavities [11,12,14].

From a different perspective, the thermalization and the

Bose-Einstein condensation (BEC) of a photon gas have

been recently reported in an optical microcavity [26]. Indeed,

in spite of its bosonic nature, the photon gas involved in

blackbody radiation does not exhibit a BEC’s transition

because the number of photons is not conserved due to the

interactions of the photon gas with the cavity walls. In the

experiments [26], the authors achieve a number-conserving

thermalization process by considering a dye-filled optical

microresonator, which plays the role of a “white-wall box”

for the two-dimensional photon gas. In this way, the authors

report an equilibrium BEC’s phase transition that results from

the thermalization of the photon gas.

Inspired from these recent experiments dealing with the

quantum nature of light [26], we study in this paper the

condensation and the thermalization of classical optical waves

in a Kerr cavity. We consider here a passive optical cavity

pumped by an incoherent optical wave, whose time correlation,

tc, is much smaller than the round-trip time, tc ≪ tR . In this

way, the optical beams from different cycles are mutually

incoherent with one another, which makes the optical cavity

nonresonant. Because of this nonresonant property, the cavity

does not exhibit the widely studied dynamics of pattern

formation [27,28]. Instead, the dynamics of the cavity exhibits

a turbulent behavior that can be characterized by an irreversible

process of thermalization toward energy equipartition. We

derive a mean-field WT kinetic equation governing the

evolution of the averaged spectrum of the incoherent field,

which accounts for the incoherent pumping, the nonlinear

interaction, and both the cavity losses and propagation losses.

In its high-finesse regime, the passive cavity is shown to behave
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in a way similar to a conservative system, in the sense that the

dynamics of thermalization inherent to the conservative system

prevails over the perturbations induced by the external pump

and the losses. More specifically, while the initial empty cavity

gets filled by the external pump, the intracavity field rapidly

relaxes toward a thermal equilibrium state, which is shown

to follow adiabatically the slow growth of the intensity in the

cavity. As a remarkable result, in its high-finesse regime, the

intracavity field undergoes a condensation process below a

critical value of the kinetic energy of the incoherent pump,

which thus plays the role of the control parameter of the

transition to wave condensation. The condensate fraction in

the dissipative optical cavity is found in quantitative agreement

with the theory inherited from the conservative Hamiltonian

NLS equation, without using adjustable parameters.

We underline an important difference that distinguishes

the thermalization and condensation processes discussed here

with those reported in the quantum context in Refs. [26].

In these latter works, the thermalization process is achieved

thanks to an external thermostat—the photons exhibit repeated

absorption and re-emission processes in the dye molecules,

which thus act as a thermal heat bath reservoir that equilibrates

the photon gas to the temperature of the dye molecules.

Conversely, in the passive cavity configuration considered

here, the process of thermalization solely results from the four-

wave interaction mediated by the intracavity Kerr medium

(i.e., it results from the nonlinear self-interaction of the optical

field), while the “temperature” is controlled by varying the

kinetic energy (degree of coherence) of the injected pump.

The study of optical wave thermalization and condensation

in a passive cavity offers different important advantages with

respect to the free propagation of an optical beam in a

nonlinear medium: (i) in the cavity geometry the unavoidable

losses due to the propagation in the nonlinear medium do

not prevent the system from reaching the stationary thermal

equilibrium state; (ii) the dynamics of thermalization can be

retrieved experimentally by simply recording the temporal

evolution of the field transmitted by the cavity, whereas

in the free propagation the analysis of wave thermalization

is necessarily limited by the finite length of the nonlinear

medium and requires a cutback experimental procedure [3];

(iii) detrimental dissipative nonlinear effects (e.g., Raman

scattering) can be filtered out at each round trip. According

to these reasons, we believe that this work will stimulate a

novel class of experiments aimed at studying new turbulent

states of incoherent light in a cavity geometry.

II. MODEL

We are interested in the transverse spatial evolution of an

optical beam that circulates in a passive optical cavity con-

taining a nonlinear Kerr medium, whose nonlinear response

is assumed to be instantaneous and local for simplicity. Note,

however, that this work can easily be extended to a nonlocal

nonlinear response or a saturable nonlinearity. In the paraxial

approximation, the propagation of the optical beam through

the Kerr medium is known to be described by the usual NLS

equation [31],

i∂zψ = −β∇2ψ + γ |ψ |2ψ − iαψ, (1)

where z (0 � z � L) denotes the longitudinal spatial coordi-

nate, L being the length of the Kerr medium, and ∇2 denotes

the 2D Laplacian in the transverse plane r = (x,y). γ is

the nonlinear Kerr coefficient, α the propagation losses, and

β = 1/(2k0) the diffraction coefficient, where k0 is the wave

vector modulus of the optical field in the Kerr medium. It is

useful to recall that in the conservative limit (α → 0), the NLS

Eq. (1) conserves two important quantities, the intensity of the

optical field

N =
1

A

∫

|ψ |2 d r, (2)

where A is the area of integration, and the energy density

(Hamiltonian)

H =
β

A

∫

|∇ψ |2 d r +
γ

2A

∫

|ψ |4 d r, (3)

whose first and second terms, respectively, refer to the linear

and nonlinear contributions to the total energy, H = E + U .

As in the usual studies of wave condensation [18–21], we

assume below that the Kerr nonlinearity is defocusing (γ > 0),

so that the plane wave solution (i.e., “condensate state”) of the

NLS Eq. (1) is modulationally stable. In the following we shall

note ω(k) = βk2 the dispersion relation of the linearized NLS

Eq. (1), where k refers to the transverse component of the wave

vector.

The cavity is pumped by an incoherent optical beam of

constant intensity J0 = 1
A

∫

|ϕm(r)|2d r , where ϕm(r) is the

amplitude of the pump field injected at the time t = mtR ,

where m is the number of round trips. As discussed above, the

time correlation of the incoherent pump is much smaller than

the round-trip time, tc ≪ tR; i.e., the longitudinal coherence

length of the light is much smaller than the cavity length.

This means that, in a loose sense, the passive cavity does not

behave as a resonant “phase-sensitive interferometer” [29], so

that the temporal modes of the cavity do not play any role in

the dynamics. In this way, the beam circulating in the cavity

and the pump beam are mutually incoherent with each other,

and the boundary conditions are not sensitive to the random

relative phase among them:

ψm+1(z = 0,r) =
√

ρ ψm(z = L,r) +
√

θ ϕm(r), (4)

where ψm(z,r) denotes the intracavity optical field after m

round trips, with 0 � z � L, while ρ and θ , respectively,

refer to the reflection and transmission coefficients of the

field intensity, ρ + θ = 1. Note that, for simplicity, we wrote

the boundary conditions Eq. (4) with the assumption that the

length of the cavity L coincides with the length of the nonlinear

Kerr medium. Because the time correlation (tc) of the pump is

much smaller than tR , the pump beam ϕm(r) is uncorrelated

with itself at each round trip, 〈ϕm(r) ϕ∗
p(r)〉 = δK

m,pJ0, where

J0 is the average intensity of the pump field and δK
m,p denotes

the Kronecker symbol. Note that, for the same reason, there

is no correlation between the pump and the intracavity field,

〈ψm(z = L,r) ϕ∗
m(r)〉 ≃ 0. We also assume that the fluctua-

tions of the incoherent pump are statistically homogeneous in

space, i.e., its spatial spectrum is characterized by uncorrelated

random spectral phases and the average pump intensity J0

does not depend on r . Besides the time correlation tc, the

incoherent pump is characterized by a spatial correlation length
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in its transverse surface section, say λc. This correlation length

determines the amount of kinetic energy EJ in the pump field,

a parameter that will be shown to play a key role in wave

condensation.

In order to neglect the temporal dynamics of the cavity,

we assume the time correlation of the pump field to be large

enough to neglect dispersion effects through the propagation in

the Kerr medium. Note that this condition is compatible with

the nonresonant cavity condition discussed above, tc ≪ tR .

For instance, considering a cavity length L in the range of

a meter, we typically have tR in the range ∼10 ns. A time

correlation tc typically less than 1 ns would thus make the

cavity nonresonant, while chromatic (or modal) dispersion

effects in the Kerr material are usually negligible with such

large time correlations [31]. Along the same line, we also

assume that the Kerr medium exhibits an anomalous dispersion

at the pump frequency, which guarantees the modulational

stability of the 3D monochromatic plane wave.

We note that pattern formation in a cavity longer than

the coherence length of the light has been considered in

Ref. [32]. However, in these previous works the nonlinear

medium was characterized by an inertial photorefractive

nonlinearity, whose response time τres is much longer than

the time correlation of the optical field, tc. As discussed in

Ref. [6], such inertial nonlinearity prevents the thermalization

(and thus the condensation) of the incoherent optical wave. To

summarize, the process of cavity condensation investigated

here requires the following hierarchy of the relevant time

scales: τres ≪ tc ≪ tR .

III. MEAN-FIELD KINETIC EQUATION

In order to get some physical insight into the dynamics of

the incoherently pumped passive cavity, we develop in this

section some preliminary theoretical considerations based on

the WT theory. We shall combine the WT kinetic equation that

describes the propagation of the field through the Kerr medium

(0 � z � L) together with the cavity boundary conditions

Eq. (4) to derive a mean-field WT kinetic equation.

For most purposes, the kinetic wave theory is essen-

tially based on the “random phase approximation,” which

assumes that the statistics of the field is approximately

Gaussian. This approximation is justified in the weakly

nonlinear regime, where linear diffraction effects dominate

the nonlinear interaction, i.e., U/E ≪ 1. The random phase

approximation breaks the formal reversibility of the NLS

Eq. (1), which leads to an irreversible kinetic equation

describing the evolution of the averaged spectrum of the field

[23–25], nm(z,k1)δ(k1 − k2) = 〈ψ̃m(z,k1)ψ̃∗
m(z,k2)〉, where

ψ̃m(z,k) = 1
(2π)2

∫

ψm(z,r) exp(−ik · r) d r is the Fourier

transform of ψm(z,r), and 〈.〉 denotes an average over

the realizations of the pump noise. Let us ignore for the

moment the cavity boundary conditions; i.e., we consider the

propagation of the optical field through the Kerr medium at

the round trip m (ψm(z,r), 0 � z � L). Then the WT equation

describing the evolution of the averaged spectrum of the optical

field reads

∂znm(z,k) = −2αnm(z,k) + Coll[nm(z,k)], (5)

where the collision term is

Coll[nm(z,k)] = 4πγ 2

∫∫∫

dk1dk2dk3 N δ
[

α
(

k2
1 + k2

3

− k2
2 − k2

)]

δ(k1 + k3 − k2 − k), (6)

with

N = nm(z,k)nm(z,k1)nm(z,k2)nm(z,k3)
[

n−1
m (z,k)+n−1

m (z,k2)

− n−1
m (z,k1) − n−1

m (z,k3)
]

. (7)

Note that the derivation of the kinetic Eq. (5) is heuristic,

in the sense that its derivation implicitly assumes the dis-

sipative effects perturbative with respect to the four-wave

mixing effects underlying the collision term Eq. (6) (see

Ref. [18] for details). Actually, the collision term has the

same structure as the Boltzmann’s kinetic equation describing

the nonequilibrium evolution of a dilute classical gas. The

kinetic Eq. (5) thus exhibits properties analogous to those of

the Boltzmann’s equation. In particular, in the conservative

limit (α = 0), Eq. (5) conserves the intensity of the field

N =
∫

nm(z,k) dk and the density of kinetic energy E =
∫

ω(k) nm(z,k) dk. The irreversible character of Eq. (5) is

expressed by a H theorem of entropy growth, dzS � 0, where

the nonequilibrium entropy reads S(z) =
∫

ln[nm(z,k)] dk.

The equilibrium distribution that realizes the maximum of

entropy subject to the constraints of conservation of E and N is

obtained by introducing the respective Lagrangian multipliers

1/T and −μ/T . The corresponding thermodynamic Rayleigh-

Jeans distribution reads

neq(k) =
T

βk2 − μ
, (8)

where T and μ are, by analogy with thermodynamics,

the temperature and the chemical potential of the field at

equilibrium. Because the intensity N and the energy E are

conserved quantities, we deal here with a microcanonical

statistical ensemble. Note, however, that there is a one-to-

one correspondence between (T ,μ) and (E,N ) [20]. The

equilibrium spectrum Eq. (8) is a stationary solution of the

kinetic Eq. (6); i.e., it vanishes exactly the collision term

of the kinetic Eq. (5). Important to note, the tails of the

Rayleigh-Jeans distribution verify the property of energy

equipartition among the modes: for |μ| ≪ βk2, the energy

per mode ǫ(k) = ω(k)neq(k) = T is equally distributed among

the modes. The phenomenon of nonlinear wave condensation

finds its origin in the divergence of the equilibrium distribution

(8): as μ tends to zero, the fundamental plane-wave mode

k = 0 (“condensate”) becomes macroscopically populated, to

the detriment of the other modes k �= 0 [20,21].

Let us now consider the boundary conditions of the passive

cavity. Taking the Fourier transform of Eq. (4) and neglecting

the correlations between the intracavity field and the pump

field, we have

nm+1(z = 0,k) = ρ nm(z = L,k) + θ J (k), (9)

where the averaged spectrum of the pump field, J (k1)δ(k1 −
k2) = 〈ϕm(k1) ϕ∗

m(k2)〉, is independent of the round trip m.

The absence of correlation between the intracavity field and

the pump field, 〈ψ̃m(z = L,k) ϕ̃∗
m(k)〉 ≃ 0, is justified by the
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assumption tc ≪ tR , which makes the pump field uncorrelated

with itself at each round trip, 〈ϕ̃m(k) ϕ̃∗
p(k)〉 = 0 if m �= p.

In order to derive a mean-field kinetic equation, we assume

that the averaged spectrum of the field, nm(z,k), exhibits a slow

variation within a single round trip. We note that, contrary

to the usual mean-field approach [27], we do not assume

that the field amplitude ψm(z,r) exhibits a slow variation

within a round trip—the individual speckles of ψm(z,r) can

exhibit rapid variations resulting from the incoherent nature

of the beam. Actually, the assumption that the averaged

spectrum exhibits slow variations is a rather weak assumption,

which implies, in particular, θ ≪ 1, αL ≪ 1, and a weak

nonlinearity U/E ≪ 1. Under this assumption, the evolution

of the kinetic Eq. (5) can be averaged over a round trip.

Introducing the slow time derivative of the averaged spec-

trum, ∂t ñ(t,k) = [nm+1(z = 0,k) − nm(z = 0,k)]/tR , where

t = mtR = mL/vg , vg being the group-velocity of the optical

field in the Kerr material, we obtain a mean-field kinetic

equation:

tR ∂t ñ(t,k) = L Coll[ñ(t,k)] + θ J (k) − Ŵ ñ(t,k), (10)

where Ŵ = θ + 2αL. Note that the parameter Ŵ is related to the

finesse of the cavity, which is usually defined as F = 2π/Ŵ.

This kinetic equation simply provides an averaged description

of the evolution of the wave spectrum under the influence of

the various different effects, namely the nonlinear interaction,

the incoherent pump, and both the cavity losses and the

propagation losses. Note that the kinetic Eq. (10) does not

exhibit a H theorem for the nonequilibrium entropy S[ñ]

because of the presence of the losses θ and Ŵ.

As discussed above through the usual kinetic Eq. (5), the

collision term in Eq. (10) conserves the intensity N and the

density of kinetic energy E of the wave. Then, integrating

Eq. (10) over k, the collision term vanishes, which readily

gives the expression of the temporal evolution of the intensity

of the intracavity optical field:

N (t) = N (0) exp(−Ŵt/tR) +
θ

Ŵ
J0[1 − exp(−Ŵt/tR)], (11)

where J0 =
∫

J (k)dk is the pump intensity. According to

Eq. (11), the time required to fill the cavity, i.e., the injection

time, τinj = tR/Ŵ, plays an important role and it can also

be viewed as the “average life-time that a photon spends in

the cavity” (1/Ŵ being the corresponding average number

of round trips). Note that Eq. (11) can be obtained directly

from the boundary conditions Eq. (4) and the NLS Eq. (1)

without making use of the high finesse assumption underlying

the derivation of the mean field Eq. (10). Equation (11)

reveals that, regardless of its initial value, the intracavity

intensity relaxes exponentially toward a stationary value, N st,

determined by the pump intensity and the cavity-propagation

losses:

N st =
θ

Ŵ
J0. (12)

Note that when the propagation losses can be neglected

(α = 0), then the intracavity field intensity coincides with the

pump intensity, N st = J0. Proceeding in a similar way, the evo-

lution of the kinetic energy reads E(t) = E(0) exp(−Ŵt/tR) +
θ
Ŵ
EJ [1 − exp(−Ŵt/tR)], where EJ =

∫

ω(k) J (k)dk is the

kinetic energy of the pump. Accordingly, the energy E(t)

relaxes toward the stationary value

Est =
θ

Ŵ
EJ . (13)

It is important to note that the energy per particle, EJ /J0,

provides a natural measure of the amount of incoherence in the

pump field [30]. Then for a fixed value of the pump intensity,

J0, the energy EJ will appear as the control parameter of the

condensation process in the cavity.

The kinetic Eq. (10) explicitly shows that the evolution

of the spectrum of the intracavity field is ruled by two

antagonist effects. On the one hand, the linear effects due to

the incoherent pumping and to the cavity-propagation losses

enforces the spectrum to relax toward the pump spectrum:

neglecting the collision term, the analytical solution of Eq. (10)

gives ñ(t,k) → θ
Ŵ
J (k) for t ≫ τinj = tR/Ŵ. On the other hand,

as discussed above through the conventional WT Eq. (5),

the nonlinear Kerr effect described by the collision term in

Eq. (10) enforces the field to relax toward the Rayleigh-Jeans

distribution (8). We shall see in the next section that in its

high-finesse regime (Ŵ ≪ 1), the dynamics of the cavity is

dominated by the collision term in Eq. (10), so that the optical

field experiences both the processes of thermalization and

condensation.

IV. NUMERICAL SIMULATIONS

The simulations of the incoherently pumped passive cavity

have been performed by integrating numerically the NLS

Eq. (1) for the field ψm(z,r) from z = 0 to z = L. Then we

calculate the field ψm+1(z = 0,r) by applying the boundary

conditions given by the cavity map Eq. (4) at each round

trip. For convenience, we normalized the problem with

respect to the pump intensity J0, the longitudinal nonlin-

ear length L0 = 1/(γ J0), the transverse length � =
√

βL0,

and the time τ0 = L0/vg . The dimensionless variables are

obtained through the transformations z/L0 → z; r/�0 →
r; ψ/

√
J0 → ψ ; ϕ/

√
J0 → ϕ; αL0 → α; L/L0 → L; and

t/τ0 → t = mL/L0. In order to accurately study the influence

of the passive cavity on the phenomenon of wave condensation,

we compare the simulations of the cavity with those commonly

realized in the conservative Hamiltonian limit. We thus

performed our simulations in the same conditions as those

reported previously in [19–21,33]. In particular, the numerical

integration of the dissipative NLS Eq. (1) has been realized

by using periodic boundary conditions [in the transverse

variables r = (x,y)], i.e., by expanding the field amplitude

ψ(z,r) in the usual plane wave basis [19–21,33]. Besides

the robustness and the rapidity of this integration scheme, an

essential advantage of the plane wave expansion relies on the

fact that it permits us to derive explicit analytical expressions

for the condensate amplitude in the strong nonlinear regime of

interaction [20,21]. More physical configurations of optical

wave condensation recently investigated in [22] will be

discussed later in Sec. V C.

A. Thermalization

We report in Fig. 1 a typical behavior of the dynamics of

the incoherently pumped passive cavity. We considered here
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FIG. 1. (Color online) Thermalization: (a) Evolution of the intracavity field intensity N (in units of J0) vs. time t (in units of mL/L0) and

corresponding temporal evolution of the kinetic energy E (b) and of the “entropy per particle” S/N (c). The red dashed line in (a) reports

the theoretical prediction of the evolution of the intensity given by Eq. (11), the red dashed line in (b) the theoretical stationary value of

Eq. (13), Est. (d) Averaged spectrum of the field once the cavity dynamics has reached the stationary state (continuous blue line); the tails of

the spectrum exhibits an equipartition of energy among the modes, as described by the Rayleigh-Jeans equilibrium distribution Eq. (8); i.e., the

power-law nst(k) ∼ k−2 (red dashed line). The dark dashed line reports the spectrum of the incoherent pump, J (k) (characterized by random

spectral phases). The parameters are discussed in the text: A = 642�2, 1282 modes, L = 8L0, θ = 0.001, and α = 1.5625 × 10−5L−1
0 so that

N st = 0.8J0.

the natural configuration in which an initial empty cavity,

ψm=0(z,r) = 0 for 0 � z � L, is progressively filled by the

incoherent pump. The injected pump wave is characterized by

a Gaussian-shaped spectrum with random spectral phases—

the realizations of the random spectral phases are generated

independently of each others, so as to make the incoherent

pumps ϕm(r) uncorrelated at each round trip m. In this

example we considered a transverse area of A = 642�2 with

1282 modes, a cavity length of L = 8L0, and a reflection

coefficient of θ = 0.001. The value of the loss parameter

α = 1.5625 × 10−5L−1
0 has been chosen in such a way that

N st = 0.8J0. Note that the small value of the transmission

coefficient considered here can be increased by considering a

longer cavity, a feature that will be discussed later in Sec. V B 2.

As expected, the cavity exhibits a turbulent behavior, in

which the random field amplitude ψm(z,r) is characterized

by statistically homogeneous spatial fluctuations. Because of

the high finesse, the pump wave slowly enters into the cavity.

As predicted by Eq. (11), the intracavity intensity N (t) relaxes

exponentially to the stationary value N st [see Fig. 1(a)]. The

kinetic energy E of the field in the cavity follows a similar

behavior, as illustrated in Fig. 1(b), which indicates that the

optical field reaches a statistical stationary state in the cavity.

This is corroborated by the evolution of the entropy “per

particle,” S/N , which has been normalized to the intensity

N (t), so as to compensate for the growth of the “number of

particles” in the cavity. Despite the fact that the kinetic Eq. (10)

does not exhibit a H theorem, the temporal evolution of S/N

is reminiscent of the usual process of entropy production

and saturation encountered in a conservative wave system

(see, e.g., [6,21,30]). This is due to the fact the collision

term in the kinetic Eq. (10) dominates the dissipative terms

related to the cavity and the propagation losses. In particular,

the saturation of the process of entropy growth reported in

Fig. 1(c) corroborates the fact that the turbulent dynamics of

the cavity tends to relax toward a statistical stationary state. We

recall in this respect that the entropy, by its definition, is very

sensitive to small variations of the tails of the spectrum of the

field.

We have analyzed with care the evolution of the spectrum

of the field, which has been averaged over the time once the

stationary state has been reached, i.e., for t ≫ τinj = tR/Ŵ.

More specifically, we compared an averaging of 1 000 spectra

recorded in different time intervals spaced by 10 000 τ0

([60 000, 61 000]τ0, [70 000, 71 000]τ0, [80 000, 81 000]τ0,

[90 000, 91 000]τ0, [99 000, 100 000]τ0), and we did not

identify any evolution of the averaged spectrum. We underline

that, in the presence of a high finesse, the spectrum of the field

relaxes toward a steady state whose tails verify the property

of energy equipartition among the modes (see Sec. III). This

is illustrated in Fig. 1(d), which shows that the tails of the

averaged spectrum exhibit the power-law distribution, nst(k) ∼
k−2, inherent to the thermodynamic equilibrium distribution

Eq. (8).
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FIG. 2. (Color online) Condensation: (a) Evolution of the fraction

of condensed power N0(t)/N (t) vs. time t (in units of mL/L0)

corresponding to the simulation reported in Fig. 1: the condensate

growth saturates to a constant value N st
0 /N st, which is in agreement

with the theory given by Eq. (16) (red dashed line). (b) Condensation

curve: fraction of condensed power in the stationary equilibrium state

N st
0 /N st vs. the kinetic energy of the pump EJ . The condensation

curve is computed for a constant value of the pump intensity J0, while

EJ is varied by modifying the degree of coherence of the pump (i.e.,

its spectral width). The blue solid line is a plot of Eq. (16) and refers to

Bogoliubov’s regime. The black dotted line is a plot of Eqs. (14),(15)

and refers to the WT regime beyond the thermodynamic limit (μ �= 0),

while the dashed black line refers to the thermodynamic limit [μ → 0

in Eqs. (14) and (15)]. The red points correspond to the numerical

simulations of the NLS Eq. (1) with the cavity boundary conditions of

Eq. (4). The “error bars” denote the amount of fluctuations in N st
0 /N st

once the equilibrium state is reached. The arrow in (b) denotes the

point corresponding to the simulation reported in (a), N st
0 /N st ≃ 0.51.

Parameters are the same as described in the legend of Fig. 1.

B. Condensation

In the previous paragraph we have shown that, in the

presence of a high finesse, the intracavity field exhibits

a relaxation toward an equilibrium state that verifies the

property of energy equipartition. As a consequence of this

thermalization effect, we shall see that the optical field exhibits

a condensation process that can be described quantitatively by

adapting the theory developed for the purely conservative and

Hamiltonian NLS equation [20,21].

We report in Fig. 2(a) the fraction of power, N0/N ,

condensed into the fundamental Fourier mode, k = 0, as a

function of time. This evolution of the condensate amplitude

corresponds to the simulation of the cavity discussed in the

previous paragraph through Fig. 1. Figure 2(a) shows that

the growth of the condensate fraction N0/N saturates to a

constant value during the temporal evolution of the cavity. It

is interesting to note that the condensate fraction reaches its

asymptotic stationary value [t ∼ 5 000 in Fig. 2(a)]well before

that the cavity reaches its stationary regime [t ∼ 40 000 in

Fig. 1(a)]. We shall see below in Sec. V A that this is due to

the fact that, thanks to the large finesse considered here, the

condensate amplitude N0(t) follows adiabatically the corre-

sponding equilibrium value determined by the instantaneous

intensity N (t) of the intracavity field. Let us analyze here

the asymptotic condensate amplitude that the field reaches

in the stationary regime of the cavity, N st
0 . Since the passive

cavity behaves essentially as a conservative system, we may

expect that the stationary value of the condensate amplitude

N st
0 /N st may be predicted from the theory developed for

the conservative (Hamiltonian) problem. We shall now adapt

the Hamiltonian condensation theory to the dissipative cavity

problem considered here. We anticipate that, as illustrated in

Fig. 2(b), a good agreement is obtained between the theory and

the cavity simulations without using adjustable parameters.

A rather complete overview on nonlinear wave condensa-

tion in the framework of the conservative (Hamiltonian) NLS

equation has been reported in Ref. [21]. We thus refer the

reader to this article for a detailed derivation of the equations

expressing the condensate fraction N0/N as a function of

the energy H—the so-called “condensation curve.” In the

cavity problem discussed here, the essential difference with

respect to the conservative (Hamiltonian) problem is that the

intensity (“particle density”) N (t) and the energy H (t) are not

conserved quantities (see Fig. 1). However, as discussed above,

in the high finesse regime the cavity behaves as a conservative

system, so that the condensation theory of Ref. [21] can

be considered into the stationary regime. There is another

important aspect to note. Contrary to the conservative NLS

equation, where the conserved Hamiltonian plays the role of

the control parameter in the condensation curve, in the cavity

configuration considered here the natural control parameter

is the energy of the pump field. Below we shall thus express

the condensate fraction as a function of the kinetic energy

of the pump, EJ , and the cavity-propagation losses (α,θ ). The

condensate amplitude at equilibrium is calculated by following

two different approaches.

1. Wave turbulence regime

In the presence of a pump characterized by a poor coherence

(i.e., a high kinetic energy EJ ), the condensate fraction N st
0 /N st

is weak, and the dynamics are well described by the WT theory,

U/E ≪ 1. In this case, the theory of wave condensation can

be applied straightforwardly by simply replacing the values of

the intensity and condensate amplitude by the corresponding

values in the stationary regime of the cavity, N → N st and

N0 → N st
0 . Introducing furthermore the kinetic energy of the

pump from Eq. (13), one obtains

EJ (μ) =
(

J0 −
ŴN st

0

θ

)

∑′
k

βk2

βk2−μ
∑′

k
1

βk2−μ

, (14)

N st
0 (μ)

N st
=

1

−μ

1
∑

k
1

βk2−μ

, (15)
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where
∑′

k denotes a sum over all modes k, except the

fundamental one k = 0. In this expression, finite size effects

of the system are taken into account through the nonvanishing

chemical potential, −μ > 0. Indeed, in analogy with quan-

tum Bose-Einstein condensation, classical wave condensation

occurs beyond the thermodynamic limit in two spatial di-

mensions, i.e., condensation is reestablished thanks to finite

size effects. These aspects have been discussed in detail in

Refs. [6,21]. The fraction of condensed particles N0/N versus

the energy of the pump EJ is obtained by means of a parametric

plot of Eqs. (14) and (15), and the corresponding condensation

curve is reported in Fig. 2(a) (dotted line). In particular, in

the thermodynamic limit (μ → 0), the condensation curve

reduces to a straight line [dashed line in Fig. 2(a)], EJ =
(J0 − ŴN st

0 /θ )/Q, where Q =
∑′

β−1k−2/(M − 1) and M is

the number of modes. It becomes apparent that a nonvanishing

chemical potential introduces a tail in the condensation curve,

which progressively approaches the straight line as the system

size (A) increases [6,21]. The thermodynamic limit thus

allows us to define a critical value of the pump energy,

below which the cavity system undergoes wave condensation,

Ec
J = J0/Q.

2. Bogoliubov’s regime

As the coherence of the pump field is increased (i.e., the ki-

netic energy EJ decreases), the condensate amplitude becomes

strong, so that the dynamics enter into the nonlinear regime

of interaction that invalidates the WT theory (the condition

U/E ≪ 1 is no longer verified). Actually, the existence of

the plane wave changes the nature of the interaction and

Bogoliubov’s regime is established: the dynamics turn out

to be dominated by the three-wave interaction instead of

the four-wave interaction [18]. In this regime, one can still

derive a closed relation between the condensate amplitude

and the energy into the Bogoliubov basis [20,21]. However,

caution should be exercised when applying the procedure of

Refs. [20,21] to the cavity configuration considered here. Let

us briefly discuss this aspect.

The total Hamiltonian H st = H st
2 + H st

R has a second-

order contribution (H st
2 ) that comes from the linearization

of the NLS equation around the plane wave solution and a

remainder contribution H st
R . The fluctuations surrounding the

condensate plane wave evolve according to the Bogoliubov

dispersion relation, ωB(k) =
√

β2k4 + 2βγN st
0 k2. Making

use of Bogoliubov’s transformation, the contribution H st
2 =

Est + U st
2 is diagonalized in Bogoliubov’s basis bk , H st

2 =
∑

k ωB(k)〈|bk|2〉, where at equilibrium 〈|bk|2〉 = T/ωB(k).

In the same way, the “noncondensed particles” can be

expressed into Bogoliubov’s basis, N st − N st
0 = T

∑′
k[(βk2 +

γN st
0 )/ω2

B(k)] [20]. Eliminating the temperature T from

these two expressions thus yields H st
2 = (N st − N st

0 )(M −
1)/

∑

k[(βk2 + γN st
0 )/ω2

B(k)]. On the other hand, the re-

mainder contribution to the Hamiltonian, H st
R = U st − U st

2 ,

can be calculated from the WT approach, yielding 〈U st〉 =
γ (N st 2 − N st 2

0 /2) and 〈U st
2 〉 = γN st

0 (N st − N st
0 ). In this way,

the condensation curve relating the linear energy Est to the

condensate amplitude N st
0 , reads Est = −〈U st

2 〉 + H st
2 . This

equation can be expressed in terms of the kinetic energy

of the pump EJ and of the losses (θ,α) in the following

form

EJ = −γN st
0

(

J0 −
ŴN st

0

θ

)

+
(

J0 −
ŴN st

0

θ

)

×
M − 1

∑′
k

βk2+γN st
0

β2k4+2βγN st
0 k2

. (16)

The condensation curve Eq. (16) is plotted in Fig. 2(b) (blue

line). Its validity is in principle restricted to the strong conden-

sation regime, and, in particular, the hystheresis predicted at

the transition to condensation EJ ∼ Ec
J is not physical [21].

Indeed, for a small condensate amplitude, the transition to

wave condensation is continuous, as described by the WT

theory discussed above through Eqs. (14) and (15).

V. DISCUSSION

A. Adiabatic condensation

In Fig. 2(b) we compare the theoretical condensation curves

in the weak [Eqs. (14) and (15)] and strong [Eq. (16)]

condensation regimes with the numerical simulations of the

passive cavity. The “error bars” denote the amount of fluc-

tuations (variances) of the condensate fraction N st
0 (t)/N st(t)

once the stationary state is reached in the cavity. We note

that in the very high condensation regime (EJ < 1) there

exists some significant discrepancy between the theory and

the simulations, a feature that will be discussed in the

next paragraph (Sec. V B1). Besides such high condensation

regime, we note that the theory is in quantitative agreement

with the simulations of the cavity, without using any adjustable

parameter. This good agreement stems from the fact that we

considered a cavity characterized by a large finesse, F > 103.

As mentioned above in Sec. IV B, thanks to such a large finesse,

the intracavity field reaches thermal equilibrium before the

cavity reaches its stationary regime, i.e., the time required to

achieve thermalization, say τth, is smaller than the injection

time, τinj = tR/Ŵ [see Eq. (11)]. In this way, the variations of

the intensity N (t) and of the energy E(t) in the cavity are very

slow as compared to the thermalization process, so that the

equilibrium state of the intracavity field follows adiabatically

the slow growths of N (t) and E(t).

It is interesting to note in Fig. 2(a) that the condensate

fraction rapidly reaches its asymptotic equilibrium value

N st
0 /N st, and subsequently keeps such a constant value

in spite of the slow growths of N (t) and of E(t). This

is a consequence of the fact that the intracavity field is

permanently at equilibrium during the adiabatic conden-

sation process. This aspect becomes apparent through the

analysis of the WT condensation curve Eqs. (14) and (15).

Indeed, in the thermodynamic limit (μ → 0), the fraction

of condensed power takes the following simple expression,

N0/N = 1 − QE(t)/N (t). Recalling that the intensity and the

energy evolve according to N (t) = N st[1 − exp(−Ŵt/tR)] and

E(t) = Est[1 − exp(−Ŵt/tR)] (see Sec. III), then it becomes

apparent that the condensate fraction does not depend on time,

N0/N = const, simply because the ratio E(t)/N(t) = Est/N st

remains constant. The same conclusion is obtained from an

inspection of the condensation curve in Bogoliubov’s regime.
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FIG. 3. (Color online) Partial condensation and thermalization: Simulation of the same configuration of the cavity considered in Figs. 1

and 2, except that the transmission coefficient is θ = 0.01. (a) Evolution of the intracavity field intensity N vs. time t (in units of mL/L0), and

corresponding temporal evolution of the kinetic energy E (b). The red dashed line in (a) reports the theoretical prediction of the evolution of

the intensity given by Eq. (11), the red dashed line in (b) the theoretical stationary value of Eq. (13). (c) Temporal evolution of the condensate

fraction N0(t)/N (t) (solid blue line) and corresponding theoretical value predicted by Eq. (16) (red dashed line). (d) Averaged spectrum of

the field once the cavity dynamics has reached the stationary state (solid blue line). The red dashed line reports the Rayleigh-Jeans Eq. (8)

power-law nst(k) ∼ k−2. The dark dashed line reports the spectrum of the incoherent pump, J (k) (characterized by random spectral phases).

The analysis of Eq. (16) reveals that, except for small values

of N for which the Bogoliubov approach is not justified, the

condensate fraction N0/N does not depend on the variations

of the intensity [i.e., N (t)] if the ratio E(t)/N (t) is kept

constant. This result may be interpreted intuitively by recalling

that the “energy per particle” E/N provides a natural measure

of the amount of incoherence in a random wave [30]. In this

way, an increase of the number of particles with a constant

value of E/N does not lead to a change of the fraction of

condensed particles. To summarize, as the cavity gets filled

by the incoherent pump, the intracavity optical field rapidly

relaxes toward a thermal equilibrium state, which thus follows

adiabatically the slow growths of the intensity and of the energy

in the cavity.

B. Partial condensation and thermalization

1. Influence of the finesse

Up to now we have restricted our study to the analysis of the

cavity in its high-finesse regime. However, as one may expect,

the cavity no longer behave as a conservative system as the

finesse decreases. This is illustrated in Fig. 3, which reports the

simulation of the same configuration of the cavity considered

in Fig. 1, except that the transmission coefficient has been

increased to θ = 0.01. We see in Fig. 3 that, while the intensity

N (t) and the energy E(t) follow the expected exponential

relaxation toward the stationary regime, the condensate

fraction N st
0 /N st no longer reach the expected theoretical

value of N st
0 /N st = 0.51 [from Eq. (16)], and the tails of the

equilibrium spectrum exhibit some appreciable deviations

from the k−2 Rayleigh-Jeans power law. In other therms, the

cavity and propagation losses (α,θ ) are no longer negligible

with respect to the collision term in the mean-field kinetic

Eq. (10). Nevertheless, the dynamics of the cavity still relaxes

toward a stationary regime, which is characterized by a

nonvanishing value of the condensate amplitude, i.e., the

cavity dynamics exhibit a process of partial condensation and

partial thermalization.

The analysis of the numerical simulations reveal that the

transition from the complete to the partial thermalization

typically occurs when the thermalization time inherent to

the conservative (Hamiltonian) NLS equation, τth, becomes

of the same order as the average lifetime of a photon in the

cavity, τinj = tR/Ŵ. In the regime of adiabatic thermalization

discussed above, we had τth ≪ τinj. Conversely, when τinj ∼
τth, the optical field does not spend sufficient time in the cavity

to achieve a complete thermalization process. This interpre-

tation of the cavity dynamics also explains the discrepancy

between the theory and the simulations observed in Fig. 2(b)

in the high condensation regime, i.e., for EJ < 1. Indeed,

the thermalization time τth of the conservative (Hamiltonian)

problem, is known to increase in a significant way in the highly

condensed regime. For instance, the numerical simulations

reveal that τth typically increases by a factor ∼10 when

the equilibrium condensate fraction increases from 50% to

95%. This can be explained by the fact that in the highly

condensed regime the energy H is very small, so that the

correlation length of the initial field exceeds the system size,

033848-8



THERMALIZATION AND CONDENSATION IN AN . . . PHYSICAL REVIEW A 84, 033848 (2011)

0 5000 10000 15000
0

0.2

0.4

0.6

0.8

t

N
(t

)

0 5000 10000 15000
t

N
0
(t

)/
N

(t
)

0 1000 2000 3000 4000 5000
0

0.2

0.4

0.6

0.8

1

t

N
(t

)

0 1000 2000 3000 4000 5000
t

N
0
(t

)/
N

(t
)

(a) (b)

(d)(c)

t
R
/Γ

t
R
/Γ

0

0.2

0.4

0.6

0

0.2

0.4

0.6

N
0

/N
st st

N
0
/N

st st

FIG. 4. (Color online) Comparison of the growth time of the condensate fraction N0(t)/N (t) with the injection time τinj. (a) and (c),

respectively, report a zoom of Figs. 1(a) and 2(a) (θ = 0.001). (b) and (d), respectively, report a zoom of Figs. 3(a) and 3(c) (θ = 0.01). For a

high finesse [(a) and (c)], the condensate fraction adiabatically reaches its thermal equilibrium value over a time smaller than τinj = tR/Ŵ. As

the finesse decreases [(b) and (d)], a partial condensation takes place and the growth of the condensate occurs over a time larger than τinj.

λc >
√

A. The time required to reach thermal equilibrium

starting from such a highly coherent state is very large: The

generation of the new frequency components necessary to

reach Bogoliubov’s equilibrium state [i.e., energy equipartition

〈|bk|2〉 = T/ωB(k); see Sec. IV B 2] requires a very long

transient as compared to the corresponding transient of a highly

energetic initial condition verifying λc ≪
√

A, a feature which

is clearly apparent in the simulations. Accordingly, in the high

condensation regime of the cavity (small values of EJ ), the

transient time τth becomes larger than the the injection time τinj,

which merely explains the significant discrepancy between the

theory and the numerics observed for EJ < 1 in Fig. 2(b) [35].
It is interesting to note in Fig. 3 that, although the intracavity

field does not reach thermal equilibrium, the growth of the
condensate fraction may take place over a time larger than
τinj. This is illustrated in Fig. 4, which compares the injection
time τinj with the growth-time of the condensate for the two
cases analyzed previously through Figs. 2 and 3. Contrary to
the adiabatic regime in which the condensate fraction reaches
its asymptotic equilibrium value before τinj [Figs. 4(a) and
4(c)], in the presence of a lower finesse the growth-time of the
condensate becomes larger than τinj [Figs. 4(b) and 4(d)]. This
indicates that, beyond the simple reasoning that compares τinj

and τth, the cavity system has a kind of cumulative memory
effect, which allows the intracavity optical field to build
the coherent dynamics necessary for the emergence of the
condensate.

To complete our study of partial condensation, we report in

Fig. 5 the condensation curves for two values of the transmis-

sion coefficient higher than that considered in Fig. 2(b). For

θ = 0.01 [Fig. 5(a)], we see that, despite the effect of partial

condensation, the equilibrium condensate fraction N st
0 /N st

still grows as the pump energy EJ is decreased. However,

at small energies EJ , the condensate fraction saturates for

the same reason as that discussed above in Fig. 2(b). The same

qualitative behavior is observed as the transmission coefficient

increases further [θ = 0.04 in Fig. 5(b)]. However, in this case

we may note that the transition to condensation is significantly

retarded with respect to the expected critical value Ec
J .

2. Influence of the cavity length

We have also considered the influence of the cavity length L

on the dynamics of thermalization and condensation. The idea

here is to qualitatively assess the influence of the perturbation

induced by the pump at each round trip on the coherent state

of the condensed optical field. More precisely, we compare the

influence of a weak but frequent perturbation, with a strong

but rare perturbation of the pump on the condensed field. For

this purpose, we vary the length L of the cavity, as well as its

transmission coefficient θ , by keeping constant the injection

time τinj = tR/Ŵ = L/[vg(θ + α)]. In this way, we repeat the

simulation of Fig. 3, where L = 8L0, for different values

of the cavity length, namely L = 2L0 and L = 32L0. The

analysis of the numerical results do not reveal any qualitative

difference in the dynamics of the cavity or in the stationary

value of the condensate fraction N0/N . This shows that there

exists a large flexibility in the choice of the parameters that

define a particular experimental configuration of the passive

optical cavity. For instance, the small value of the transmission

coefficient considered in Figs. 1 and 2 (i.e., θ = 0.001), may be

increased in a substantial way by simply considering a longer

cavity.

C. Waveguide geometry

We recall that the numerical simulations of the NLS Eq. (1)

discussed above have been realized with periodic boundary

conditions in the transverse variable r; i.e., the incoherent wave
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FIG. 5. (Color online) Condensation curves for lower values of

the finesse of the cavity, θ = 0.01 (a) and θ = 0.04 (b): fraction

of condensed power in the stationary equilibrium state N st
0 /N st vs.

the kinetic energy of the pump EJ . The blue solid line is a plot of

Eq. (16) and refers to Bogoliubov’s regime. The black dotted line

is a plot of Eqs. (14),(15) and refers to the WT regime beyond the

thermodynamic limit (μ �= 0), while the dashed black line refers to the

thermodynamic limit [μ → 0 in Eqs. (14) and (15)]. The red points

correspond to the numerical simulations of the NLS Eq. (1) with

the cavity boundary conditions of Eq. (4). The “error bars” denote

the amount of fluctuations in N st
0 /N st once the stationary regime is

reached. Except for the values of the transmission coefficients θ ,

the parameters are the same as described in the legends of Figs. 1

and 2.

ψ(z,r) is expanded in the plane wave Fourier basis. Although

this corresponds to the usual numerical approach to study wave

condensation [19–21,33], recently, a more realistic physical

configuration has been considered in which the incoherent

wave propagates in a mutimode optical waveguide [22]. In

this case, the optical field is expanded into the eigenmodes

of the waveguide and the process of condensation manifests

itself through the macroscopic population of the fundamental

mode of the waveguide. In particular, it has been shown

that the presence of a transverse parabolic index profile

(e.g., a graded index multimode optical fiber) reestablishes

wave condensation in the thermodynamic limit in two spatial

dimensions, in analogy with the genuine quantum BEC [34].

A WT description of the propagation of the incoherent field

can still be formulated in this guided wave configuration of

the field. The main result is that the collision term in the WT

equation involves a fourth-order tensor that accounts for the

spatial overlap among the eigenmodes of the waveguide [22].

A qualitative analysis of the kinetic equation revealed that the

intricate properties of this new tensor are responsible for a

significant slowing down of the thermalization process in the

numerical simulations (an accurate determination of a single

point in the condensation curve may require several weeks

of CPU time). This merely explains why we feel obliged to

consider a more flexible numerical approach to explore the

dynamics of the incoherently pumped passive cavity. It is clear,

however, that the present work of cavity condensation can be

extended by performing the NLS simulations in a waveguide

configuration. The preliminary work realized in this direction

shows that, as one would have expected, the waveguide

configuration does not introduce any new qualitative effects

into the process of cavity condensation.

VI. CONCLUSION

In summary, we have shown that, in its high finesse

regime, an incoherently pumped passive optical Kerr cavity

exhibits a turbulent behavior whose properties are analogous

to those studied in the framework of the conservative Hamil-

tonian NLS equation. In particular, in spite of its inherent

dissipative nature, the cavity dynamics exhibit a process of

adiabatic thermalization, in which the optical field irreversibly

relaxes toward the thermodynamic Rayleigh-Jeans equilibrium

state. This thermalization process is evidence of several key

properties: the growth of the intensity, the energy and the

nonequilibrium entropy of the intracavity field, saturate to

a stationary value as the system approaches the equilibrium

state, while the tails of the stationary spectrum verify the

property of energy equipartition. As a consequence of wave

thermalization, the intracavity field is shown to exhibit a

condensation process, which is an equilibrium transition

characterized by the spontaneous emergence of a plane wave

from the incoherent field that pumps the cavity. In the high

finesse regime, the condensate fraction in the dissipative

optical cavity is found in quantitative agreement with the

theory inherited from the conservative Hamiltonian NLS

equation, except in the very high condensation regime where

the transients required to reach equilibrium are particularly

long. Conversely, as the finesse decreases, the cavity dynamics

relax toward a stationary turbulent regime characterized by

a partial condensation and thermalization of the intracavity

field. The transition from complete to partial thermalization

typically occurs when the thermalization time τth becomes

larger than the average time that the optical field spends in the

cavity, τinj. We have also seen that the cavity can exhibit a kind

of cumulative memory effect, which allows the intracavity

field to build its coherent condensed state over a time larger

than τinj.

We finally briefly comment some natural possible exten-

sions of this work. The fact that a statistically stationary

steady state of the incoherent field can be sustained in a

cavity configuration is an important result that can be exploited

to study novel states of incoherent light fields. Besides the

condensation and the thermalization processes that result from

the analysis of the thermodynamic equilibrium states, the WT

theory is known to provide an accurate description of fully

developed turbulence in the presence of external sources and

sinks that drive the system far from equilibrium [25]. The

nonequilibrium stationary solutions derived in the framework

of the WT theory (i.e., Zakharov-Kolmogorov spectra) play

a pivotal role in this framework. So far, in the context of
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optics, nonequilibrium stationary solutions have been only

investigated in the transient evolution of the system [7],

simply because the optical forcing cannot be maintained in

the standard configuration in which an optical beam freely

propagates through the nonlinear medium. Conversely, in the

passive optical cavity discussed here, the optical forcing is

nothing but the external pump beam, a remarkable feature

that becomes apparent in the mean-field WT kinetic Eq. (10),

whose structure is completely analogous to the kinetic equation

usually considered to study nonequilibrium stationary solu-

tions in hydrodynamics turbulence [25]. The passive optical

cavity then appears as the natural configuration in which the

existence of nonequilibrium stationary states of light can be

observed and studied in optics.
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