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Abstract

This paper deals with the modeling of the time behavior of
discrete-event systems in (max, +) algebra. The systems we
consider are linearly modeled in this algebra. The proposed
method is inspired by conventional linear system theory :
from an ARMA form of the model and the system impulse
response, the model parameters are computed by using a
basic result of Residuation Theory in order to minimize an
error criterion.

1 Introduction

In automatic control we need a mathematical model to
characterize system properties (commandability, stability, ...)
or to design the control law of a system. Therefore, it is
important to obtain a model of the system which should, as
far as possible, be both realistic and simple.

In conventional linear system theory many works deal
with this problem. These studies have allowed to develop
quite simple and relatively effective methods in order to
identify conventional linear systems. The purpose of this
paper is to propose a modeling method of discrete-event
system (DES). This method uses the max-plus algebraic
notation in order to do analogies with the conventional linear
system theory. To have a linear representation of a system in
(max, +) algebra (for shortness we will note max-algebra),
we consider DES in which only synchronization phenomena

appear. Moreover, they are deterministic and we restrict
ourselves to single-input single-output (SISO) systems.

In the second section we briefly recall the max-
algebraic operations and the main representations of DES. A
complete introduction to max-algebra can be found in [2],
[3]. The third section is concerned with the identification
method in max-algebra which is mainly based on the
Residuation Theory [1], [2]. In the fourth section, we
propose a practical modeling procedure.

2 Notations and Descriptions of DES in Max-
Algebra

We consider the semiring ([ [ {—00,+00} , 0, O) where the

laws O, O are defined by
alF max(a,b) , d =3 u b

The element —oo is neutral for the law U and absorbing for

[, the element 0 noted e is neutral for [J. We can note that

U is idempotent, i.e., a 0 &= a.

Firstly we recall the usual recurrent linear equations in max-
algebra

x(k+1)= A0 x(k) O BOu(k +1) |
(k) =CUx(k) M

X =(x0x, )" is the n dimensional model state. u, x; and y
are called control, i th model state and model output
respectively. The model described by Eq. (1) can also be
represented by a timed event graph where u, x; and y are



transitions ; u(j), x;(j) and y(j) represent the dates when
u, x; and y are respectively fired for the j th time,

In the following, the sign [ will be omitted. The use of the
y-transform [2], [4], where Y operates as the z! operator of

conventional system theory, leads to the following
representation of Eq. (1)

X = Ay X 0 BU
{_ (V) =AyX (y) ) 0

Y(y)=CX ()

where U(y), X (y) and Y(y) are the y-transform of u, x

and y respectively.
A basic theorem [2], [4] shows that the least solution of Eq.
(2) is given by

Y(y)=C(4y) BU(Y) with (4y)" =[] (4p)’
i=0

and thus the input-output behavior of Eq. (2) can also be
described by the transfer function

h(y)=C(4y) B

which can also be expressed as a polynomial expression of
the form

hy)=p(V) DY a(V(s ¥ 3)

i

where p()=07 p;¥Y - a(y)=0'Z ¢,y and s is a
monomial [2]. Let us remind that 4(Yy) can be considered as
the y-transform of the impulse response of the model.
Therefore, the A(y) expression can express that the pattern
represented by ¢(y) is indefinitely reproduced because the
multiplication by sy’ symbolizes a 7 unit abscissa shift and
a s unit ordinate shift. This periodic behavior begins after a
transient behavior which may be represented by p(Yy).

We must note that such a realization is not necessarily
minimal [2,§6.5.4], however it allows a simple interpretation
of h(y). For example, the transfer function

My)=eO1) 33 yE608y 9y*)(7y’)

leads to the impulse response illustrated in Fig. 1.

The purpose is to identify parameters of the transfer
function A(y) described by Eq. (3), i.e., parameters of

polynomials p(y) and ¢(y) and monomial s, by using the
system impulse response. The (sy" )*term of the transfer
function A(y) implies an infinite repetition of the g(y)
pattern which means an infinite number of parameters to

compute. Hence as in conventional system theory, we
transform the transfer function 4(y) into an ARMA form to

obtain a finite number of parameters. A solution is given in
[2, § 9.2.2] to obtain this ARMA form, however we prefer a
simpler method which is :

Assuming that A(y) is defined by Eq. (3), then Y(y)
and U(y) satisfy the ARMA equation

Y)Osy pWUCE [p(y0 ¥ g YUCH s YYC
)

Proof is easily obtained by expressing Eq. (3) as
Y)=[pOY g p@ s§ (s §° |uCy
which can be written as

Y0 =lp) Dy sl Ol awisy sy )

4 a, a3

On the other hand the multiplication of Eq. (3) by s y" leads
to

sY YO =[s ¥ p(0|UCYD[s § YaC ws 9 [UCw

a
4
as ag

Because a; = a, , hence we have

aUaz af] & =5 W4,Ua~ ald a, a,

which leads to the result.
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Figure 1 : Impulse response corresponding to A(Yy).
(v=3,r=3,5=7)



3 Identification Method

In this section we develop an identification method of
an ARMA model in max-algebra which will be used to
compute the parameters of the transfer function A(y). The
proposed approach offers an analogy with conventional
discrete time system theory. Let us remind that a linear
discrete time system can be expressed as the ARMA
equation

y (K)+Sa,y (k=)= b utki)
j=| i=0

To estimate the parameters of this ARMA equation, i.e.,
a,-a,,by, -+,b,, some identification methods consider the

sYmo

following prediction error

E(k)= v (k) + Y4, yo(k = j)= X b, u(k =i)
Jj=1 i=0
where the measured and

system output

Ve s
a,,--,a,,by,--,b, are the estimated parameters. Such a

prediction error allows to define a criterion which is
minimized for the set of parameters searched. For example a
quadratic criterion is used in the well known least square
method [5, chap. 7].

3.1 Identification Method of Max-Algebra
ARMA Model

Let us suppose that model can be described in max-
algebra by the ARMA equation

Y)=[b,0-8 b,y" U0 [@yD- ey | vy
)

The identification method we propose is based on the system

00k=0 .
Similarly to

impulse response, i.e., u(k) :{ herwi
—oootherwise

the conventional system theory, we define the prediction
error

E(k) = yo (k)= (¢! 1)

where  y, is the measured system  output,

0 =[ulk) - uCk =m) yg (k=1 yg(k =n)]
is the regression vector at event k£ and

~ ~

@:[bo...bm a,--a,
By using the data of u(k) and y, (k) with k= 0 to N and
N >n+m, one can obtain the matrix expression

t
] is the estimated parameters vector.

€=Y,-(M, 08)

where € :[S(n)---E(N )]t is the prediction error vector,
Y. :[yG(n)~~-yG(N)]t is the measured system output

t
vector and M, is the matrix [cl)n---(l)N] . Vector € makes

possible to define a criterion J as
. N
1®= Y| &)
k=n

To determine the estimated parameters vector 8 which
minimizes this criterion, we consider a basic result of

Residuation Theory [1], [2] which states that

6=(-Mg) v, (6)

is the greatest subsolution of Y, = M Dé where © refers
to the multiplication of two matrices in which the min-
operation is used rather than the max-operation [2]. Thus, by
using this greatest subsolution, each element of the
prediction error vector € is always positive and J (é) is
minimized.

3.2 Identification Method of Transfer

Function /(y)

The identification method proposed in the previous
section needs to have a particular linear ARMA form (see
Eq. (5)). Because this condition is not verified by the ARMA

equation (4) (owing to the s y" p(y) U(y) term), we propose
to identify transient part and periodic part separately. This
procedure leads us to consider the two following equations
rather than Eq. (4).

When we consider an impulse response without periodic
behavior, i.e., g(y)=— o, Eq. (3) is reduced to the simple
MA equation

Y(y)=p(y)U(y) (7

Similarly, an impulse response without transient behavior,
i.e., p(y) = — o, leads by using Eq. (4) to

Y() =y’ g(WU(YOs ¥ Y(y ®)



Let us remind that v—1 and r—1 are the polynomial
orders of p(y) and ¢q(y) respectively. Therefore we obtain

an estimation of the p(y) parameters by applying the result
of section 3.1 to Eq. (7)

Qz[_go...

-8, o ©)

t

where §= [ﬁ0~~~f7v_,]

is the estimated vector of the p(y) parameters and

¢, =[uk)--u(k-v+D]’
Y4 =[y6(0)ys(v-D]’

Let us note that we naturally need the first data of the
measured system output to correctly identify the transient
part.

Similarly, we obtain an estimation of the parameters of g(y)

and s by applying the result of section 3.1 to Eq. (8)

é:[_gv...

_q_)N]QZG
with N =2v+r

@:[go...@r_] 5]’

(10)

where

is the estimated vector of the parameters of ¢(y) and s
and

Y =[ye)- v (V)]
¢, =[uCk=v)--u(k ~v =r +1) yg(k =r)]’

According to the assumption which leads to Eq. (8)
p(y)=—o, we consider that y,(0)=-=y,(Vv-1)=-
to compute ¢ v

4 Practical Modeling of /2 (y)

As in conventional linear system theory [5, chap. 16],
the identification of the transfer function A(y) by using Egs.
(9) and (10) imposes to know the number of coefficients of
polynomials p(y) and ¢(y), i.e., v and r respectively.

In practice the knowledge of these values is an important
problem of the modeling. Indeed the model structure should
as far as possible be both complex enough to correctly
qualify the system and simple enough to reduce the number
of parameters to be identified.

To obtain this compromise we need a preliminary analysis to
have an estimation of V noted /,, it can be coarser but it must
be greater than the exact transient length. Then we propose a
modeling method based on the analysis of the criterion J (see

section 3.1) as a function of /, and /; (defined as the
estimation of the pattern length 7).
In order to estimate 7 :
- we initiate /; to 1 ;
- we compute ¢; (i =0,/ ~1) and s by using
Eq. (10);
we repeat the latter calculation with / g =1t until criterion

J is minimal.

To estimate V we fix 7 to its previous estimation. Then
we decrease I, and we calculate g; (i =0,---,7 —1) and s by
using Eq. (10) until criterion J increases.

This critical value of /, corresponds to the estimation of
transient part length (V).

5 Conclusion

We have proposed an identification method of DES in
max-algebra. This method makes possible the identification
of SISO systems. It offers an analogy with the conventional
linear system theory : it is based both on the analysis of the
system impulse response and on a linear ARMA form of the
model. To obtain this ARMA form we separate the transient
behavior and the periodic one. Such property makes possible
the use of a basic result of Residuation Theory which leads
to a simple method of parameters model estimation.
However we cannot guarantee the minimality of the model
due to the considered expression of the transfer function, we
keep working on this problem. On the other hand it will be
interesting to characterize the action of disturbances on the
method.
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