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RENORMALIZED ENERGY EQUIDISTRIBUTION AND LOCAL
CHARGE BALANCE IN 2D COULOMB SYSTEMS

SIMONA ROTA NODARI AND SYLVIA SERFATY

ABSTRACT. We consider two related problems: the first is the minimization of
the “Coulomb renormalized energy” of Sandier-Serfaty, which corresponds to
the total Coulomb interaction of point charges in a uniform neutralizing back-
ground (or rather variants of it). The second corresponds to the minimization
of the Hamiltonian of a two-dimensional “Coulomb gas” or “one-component
plasma”, a system of n point charges with Coulomb pair interaction, in a con-
fining potential (minimizers of this energy also correspond to “weighted Fekete
sets”). In both cases we investigate the microscopic structure of minimizers,
i.e. at the scale corresponding to the interparticle distance. We show that
in any large enough microscopic set, the value of the energy and the number
of points are ‘“rigid” and completely determined by the macroscopic density
of points. In other words, points and energy are “equidistributed” in space
(modulo appropriate scalings). The number of points in a ball is in particular
known up to an error proportional to the radius of the ball. We also prove a
result on the maximal and minimal distances between points. Our approach
involves fully exploiting the minimality by reducing to minimization problems
with fixed boundary conditions posed on smaller subsets.

1. INTRODUCTION

The “renormalized energy” W, or more precisely Coulomb renormalized energy,
was introduced in [15] where it appeared as a limiting energy for vortices in the
Ginzburg-Landau model of superconductivity. It provides a way of computing a
total Coulomb interaction for an infinite number of point charges in the plane,
“screened” by a constant density charge of the opposite sign, system which is also
called a “one-component plasma” or a “jellium” in physics. The renormalized
energy is computed as a “thermodynamic limit”, i.e. by taking averages of a certain
energy computed on boxes whose sizes tend to +oo, for a complete definition see
below. In [15] it was conjectured that the “Abrikosov” triangular lattice Z + Ze'5,
properly scaled, achieves the minimum of W. This is supported by the fact that the
triangular lattice is proven to achieve the minimum of W among “simple” lattices
of same volume, and in agreement with the observations in superconductors or
triangular lattices of vortices, named in that context “Abrikosov lattices”. Proving
rigorously that the triangular lattice achieves the minimum among all possible
configurations remains a completely open question.

In [16] the same renormalized energy W was also extracted as a limit for the
minimization of the Hamiltonian associated to a two-dimensional Coulomb gas (also
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2 SIMONA ROTA NODARI AND SYLVIA SERFATY

called “one-component plasma”),

(1.1) wn(xl,...,xn):—Zlog|xi—xj|+nZV(aci)
i#j i=1

where x1,...,x, are n points in the plane and V is a confining potential growing
sufficiently fast at infinity, and n — oco. Due to its link with random matrices and
determinantal processes, this Hamiltonian is particularly of interest when consid-
ered in a statistical mechanics setting, i.e. with temperature, and its minimizers or
ground states essentially correspond to the states in the limit of zero temperature.

Since the question of identifying the minimum and minimizers of W seems too
hard, one can try to prove a weaker statement, namely that for a minimizer, the en-
ergy is “equidistributed” i.e. asymptotically the same on any large enough square,
regardless of where it is centered. This is inspired by such results in a paper of
Alberti-Choksi-Otto [2] obtained for a somewhat similar energy arising in the con-
text of the “Ohta-Kawasaki model”, for which it is also expected that the minimizers
are periodic.

We will prove such a result here. However, the function W defined in [15] being
defined as an average over squares centered at the origin and of size tending to
infinity, it does not feel a compact perturbation of the configuration. In some
sense, W is too ambiguous. Hence one cannot hope to prove the desired statement,
unless some boundary conditions are fixed. One of the goals of this paper is also to
study alternate minimization problems (with boundary condition, or with periodic
boundary conditions), compare them, and show the result for these problems.

Another question we address, and which is closely related, is the equidistribution
of the points in minimizers of W. Again, under appropriate boundary conditions,
we will show that large boxes contain asymptotically the same number of points,
simply proportional to their area and with an error proportional to the width of the
box only, regardless of where they are centered. These results are optimal and point
towards agreement with the idea of minimizers having some periodic behavior.

Our approach, designed to prove equidistribution of points and energy for W,
works equally well to prove the same for minimizers of the Coulomb gas energy
(1.1) in the limit n — oco. Note that such points are “weighted Fekete sets” (for
reference see [14]) and have attracted attention as such. It is known that these
points concentrate on a subset of the plane, that we will denote X, with a density
proportional to pg, corresponding to the “equilibrium measure”, both being func-
tions of the potential V' (for more details see below). We assume here that ¥ is
compact and has a regular enough boundary. More precisely, it is known that the
leading order behavior for minimizers of w, is given by

1 n
1.2 - E N
(1.2) " O, Ho

i=1

in the weak sense of probability measures. The macroscopic behavior of the points
is thus understood, but the distances between neighboring points is typically n=/2,
this is what we call the microscopic scale. In [16] it was proven that the distribution
of the points at the microscopic scale, or equivalently after blow-up by /n and after
letting n — oo, is governed by the renormalized energy W, but this was done via a
“probabilistic” or averaged formulation, which we can completely bypass here.
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In [3], Ameur and Ortega-Cerda proved that such points satisfy an asymptotic
equidistribution property at the microscopic scale: a given microscopic ball B of
radius R/\/n contains ~ n [, po(z)dx as n — oo then R — co. More precisely they
showed, through a method based on “Beurling-Landau densities” and “correlation
kernel estimates”, that

D
(1.3) lim sup lim sup i

R—o00 n—oo R2

as long as dist (z,,,(y/nY%)) > log® n, where
(1.4) D(z, R) = # ({z:} N B(z/v/n, R/v/n)) — npo(B(x/v/n, R/V/n)).

Here, we prove a result which is a bit stronger because it says that

D(z,,R)

(1.5) lim sup lim sup ——— < 400
R—o0 n—00 R

with balls replaced by squares in the definition of D. This obviously implies (1.3),
and seems to be optimal since it cannot be improved even if the points form a
periodic lattice. The result is however, for now, limited to points x,, such that
dist (z,,,0(y/n%)) > n? for some power 3 € (0,1) (we believe we could get any
B > 0 but we did not pursue it here). In [11] an estimate similar to (1.5) is proven
for Fekete points on complex manifolds. In contrast with [3, 11] our method is
simply energy-comparison based.

In addition, we also prove that the “renormalized energy” W is equidistributed
at the microscopic scale in arbitrary square, again staying sufficiently far away
from 0%. This hints again towards the Abrikosov lattice, since it is expected that
minimizers of W look like it. It also improves on the result of [16, Theorem 2],
where it was established that minimizers of w,, seen after blow-up at scale \/n
around a point in ¥, tend to minimize W for almost every blow-up center. In
other words, it was an averaged result. Here what we show proves that for true
minimizers, this holds after blow-up around any point sufficiently inside . At the
same time it dispenses with having to use the “probabilistic” framework of [15]
based on the ergodic theorem.

Again, our method is energy and comparison-based, as in [2], and relies on the
tools from [15].

Let us finally mention that minimizers of the Coulomb gas energy (i.e. (1.1) but
with — log replaced by the appropriate Coulomb kernel) in dimensions different from
2 is also of interest. In dimension 1, they are essentially completely understood, cf.
[10, 6, 1]. In higher dimension, we refer to [13] for recent results.

We next state the definitions and our results more precisely.

3

1.1. The Renormalized Energy: Definitions. In this subsection, we give the
exact definition of this renormalized energy. We follow here the conventions of [16],
in particular, compared to [15] the vector-fields have been rotated by 7/2. We also
give more general definitions, relative to bounded domains, that we will need here.

For a given set  in the plane, || will denote its Lebesgue measure. In what
follows, K r denotes the square [~ R, R]?, and Kg(x) = x4+ Kr the square centered
at x and of sidelength 2R.

Definition 1. Let m be a positive number and ) a simply connected open subset of
R2. Let E be a vector field in Q. We say E belongs to the admissible class Ap, (S2)
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if
(1.6) divE =271(v—m), culE=0 inQ
where v has the form

v= Z dp for some discrete set A C )
pEA
and if Q = R? we require
v(Kr)
|K R

In this paper we will not make use of the condition (1.7) borrowed from the
definition of [15].

Here the physical interpretation of E is that it is like an “electric field” generated
by the point charges at A which are screened by an opposite uniform background
of density m.

This can be generalized to charges that are screened by a non-uniform back-
ground.

(1.7)

is bounded by a constant independent of R > 1.

Definition 2. Let Q be a simply connected open subset of R2, and p be a non-
negative L= () function. Let E be a vector field in Q. We say E belongs to the
admissible class B,(Q2) if
(1.8) divE =21(v—p), curlE=0 in§
where v has the form

v= Z 0p for some discrete set A C Q.

pEA

Remark 1. If p is constant then A,(Q) = B,(Q). Moreover, we denote A, =
A (R?) and B, = B,(R?).
Definition 3. Let Q be a simply connected open subset of R%, and p a nonnegative
L>(Q) function. Let E be a vector field in Q such that
(1.9) divE=2n(v—p) inS
where v has the form

v= Z 0p for some discrete set A C Q.
pEA

Moreover, assume that curl E = 0 in UpeaB(p,no) for some small ng > 0. Then
for any continuous nonnegative function x, we let

1
(1.10) W(E,x) = lim —/ X|E|” +7logn Y x(p)
=0\ 2 Q\Upea B(p:n) pEA

For any family of sets {Ugr} r>o in R? we use the notation xu,, for positive cutoff
functions satisfying for some constant C' independent of R,
(1.11)

Xup <1, |VXUR| <C, Supp(XUR) CUg, Xxux (‘r) =1if d(l‘,U%) > 1

We will use this mainly for squares. In the rest of the paper, when we write xx, we
will always mean any nonnegative function satisfying (1.11) relative to the square
K.
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Definition 4. The renormalized energy W is defined, for E € A,,, by

E
(1.12) W(E) = 1imsupM,
R—+oc0 |KR|

with {Xkg}r satisfying (1.11) for the family of squares {Kgr}r>o-

Thus W is defined as an energy per unit volume, where the energy [ |E|? needs
to be computed in a “renormalized way” & la Bethuel-Brezis-Hélein [4], according
to (1.10), in order to remove the divergent contribution of the singularity in 1/r
that E carries around each point p € A.

More precisely, if E € A,,() or B,(£2) then we may write E = —VH for some

H satisfying
—AH = QW(Zép—p),
pEA

and we can check that E € C'(Q\ A). Also (and even if curl E = 0 only near
the p’s) in the neighborhood of each p € A we have the decomposition E(z) =
Vlog |z — p| + f(x) where f is C!, and it easily follows that the limit (1.10) exists if
X is compactly supported. It also follows that E belongs to L} (£) for any p < 2,
and that taking the trace of E on any regular enough one-dimensional curve makes
sense.

The following additional facts and remarks about W are mostly borrowed from
[15]:

e In the definition (1.12), the squares { Kr}r can be replaced by other fami-
lies of (reasonable) shapes {URr} g, this yields a definition of a renormalized
energy Wy, where the letter U stands for the family {Ug} . The minimiz-
ers and the value of the minimum of Wy are independent of U however.

e The value of W does not depend on {xx,}r as long as it satisfies (1.11).
The need for the cutoffs xx, is to avoid problems with points that are on
or very near the boundary, which would cause W(E, 1k,,) to be infinite. In
fact W(FE,1q) makes sense (by natural extension of (1.10)) if and only if
some boundary value is known for F which excludes points on the boundary
of 2. When no such boundary value is known, we need to resort instead to

W(E, xq) where xq is as in (1.11).
e It is easy to check that if E belongs to A,,, m > 0, then E' = LmE (ﬁ)
belongs to .A; and

(1.13) W(E) =m (W(E’) - glogm) .

e W is bounded below and admits a minimizer over A;, hence also over A,,
by (1.13). In particular,

1.14 minW =m (minW — Zlogm ).
(1.14) g
R 2

m

In what follows, we sometimes denote for shortness
(1.15) oy, =minW.
A,
e Because the number of points and the volume are infinite when Q = R?,

the interaction over large balls needs to be normalized by the volume, as
in a thermodynamic limit. Thus W does not feel compact perturbations of



6 SIMONA ROTA NODARI AND SYLVIA SERFATY

the configuration of points. Even though the interactions are long-range,
this is not difficult to justify rigorously.

e When the set of points A is itself exactly a lattice Zu + Zv then W can
be expressed explicitly through the Epstein Zeta function of the lattice,
cf. [15]. Moreover, using results from number theory, one finds (cf. [15,
Theorem 2]) that the unique minimizer of W over lattice configurations of
fixed volume is the triangular lattice. This supports the conjecture that the
Abrikosov triangular lattice is a global minimizer of W, with a slight abuse
of language since W is not a function of the points, but of their associated
electric field F.

e W can be relaxed as a function of the points only by setting

W) = inf W(E).
Ee€A,,,(1.6) holds

This defines a measurable function of v, see [16].

Here, in order to describe the local behavior of minimizers of W, we need to im-
pose some conditions: we will consider either Dirichlet type boundary conditions,
or periodic boundary conditions. Otherwise, since W does not feel compact pertur-
bations of the points, it is impossible to locally characterize minimizers of W itself.
We will prove however that the questions of minimizing W over A,,, or minimizing
W over domains with boundary or periodic conditions, become equivalent as the
size of the domains tend to +oo. This is part of the content of our results below.

We next define what we mean by boundary conditions. For any L > 0, we recall
that K,(a) = a+[—L, L]?, with the understanding that if the argument a is absent,
we take a = 0. In all that follows v denotes the outer unit normal to a set. Let
pe(1,2),aeR? L>0and ¢ € LP(0K.(a)). Let M >0 and v € (252,1). Let p
be a nonnegative L (K (a)) function. We introduce the following hypotheses:

1
(HB,) L o+ [ playdren;

27 Jor,(a) K1 (a)
(HB) |l <z,

KL (a)

We also consider the sets of vector fields with normal trace ¢ on 9Ky, (,):
(1.16) Am,o(Kr(a)) ={F € A (Kr(a))|E-v=¢on 0Kr(a)},
(1.17) By.o(Kr(a)) ={F € B,(Kr(a))|E-v =9 on 0K (a)}.

Note that for A, (K1 (a)) and B, ,(Kr(a)) to be nonempty, we need the compat-
ibility condition (HB;) to be satisfied.

Remark 2. We have E € B, (K1) with ¢ € LP(0Ky) for some p € (1,2) if and
only if A\NOKy, = 0. Indeed, in a neighborhood of ¢ € A, we have the decomposition
E(z) = Viog|z — q| + f(x) where f is continuous. But one may check that if
q € 0Ky, then Viog|z — q| - v is not an LP(OKL) function (it is a distribution).
This proves AN 0Ky = 0. Conversely, if AN OKr = 0, we deduce that E is C*
near 0K, hence the trace E - v makes sense in LP(0Kr). So we could as well add
the requirement A N 0K (a) = 0 in the definitions of Am. o and B,,,. In addition
this justifies that W(E, 1k, (q)) makes sense for such vector fields.
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Definition 5. Let p € (1,2), a € R%, L > 0 and ¢ € LP(0K(a)). Let p be a
nonnegative L° (K (a)) function. Assume that (HB1) is satisfied. We define
(1.18)

W(E, 1k, ()
o,(Kp(a);p) resp. o,(Kg(a);m) = min —_—
LP( L( ) p) P 90( L( ) ) E€B,. (K1 (a)) resp. Am.o(KL(a)) |KL(G)|

3

according to whether p is equal to a constant m or not.

Remark 3. We will prove later that if ¢ satisfies (HB2), then the minimum of
W(E, 1k, (a)) over By ,(Kr(a)) is achieved for all a € R?* and L > 0 fized, i.e.
oo(Kr(a);m) and o,(Kr(a); p) are well defined.

Finally, we turn to the periodic setting. When the set of points A is periodic
with respect to some lattice Zi + Zv it can be viewed as a set of n points a1, ..., a,
over the torus Tz = R?/(Zii + Z7), and we can give an explicit formula for W
in terms of aq,...,a, (see [15, 16]).

Definition 6. Let m be a positive number, and (ii,7) a basis of R%. Let E be
a vector field in T = R?/(Zi + Zv). We say E belongs to the admissible class
Am,per(T) Zf

(1.19) divE=2n(v—m), cuwlE=0 nT

where v has the form

v= Z 0p for some discrete set A C T.
pEA

It is clear that such vector fields E exist if and only if #A = m|T|. As shown
n [15], if E € Ay, per(T) then W(E) (viewed as the renormalized energy of the
periodic vector-field in all of R?) is given by

1. 1 W(E, 1t)
(1.20) W(E) = — lim —/ |E)? + m#Alogn | = ———=
T n=0\ 2 J1\upen B T

For simplicity, we will restrict ourselves to square tori (but our approach works in
general tori) and in the sequel, we denote Tj, = R?/(2LZ)?.

Definition 7. Let m be a positive number, L > 0 and Ty, = R?/(2LZ)? such that
m|Tr| € N. We define
) W(E,11,) .
1.21 Oper(L;m) = min — min W(E).
( ) P ( ) EcAnm per(TL) |TL| E€Am per(TL) ( )
1.2. Main results on the renormalized energy.
Theorem 1. Let p € (1,2) and m be a positive number. Then:

(1) for all sequences of real numbers L such that m|K| € N, we have

(1.22) LEIEOO oo(Krp;m) =0} ;
(2) given v € (?’;—p, 1) and M > 0, we have
(1.23) Lgrfoo o,(Kr;m) =op,.

uniformly w.r.t. ¢ such that (HB1) and (HB2) are satisfied in K.
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Moreover, there exists 3 € (0,1) such that the following holds: let E, be a
manimizer for o,(Kr;m) and v be associated via (1.6). Then there exists ¢ > 0,
C > 0, depending on p, v, m, M, such that for every £ > ¢ and a € K|, such that
if d(K¢(a),0Kr) > LP, we have

W(E[P, XK((G)) *

1.24 o M@)o < (1) e

( ) |Ké(a)| ( ) —+

uniformly w.r.t. ¢ such that (HB1) and (HB2) are satisfied in Kr,, and
(1.25) [v(K¢(a)) — m[K(a)]| < CL

If in addition £ and ¢ are such that fBKLng(b) lo|P < M2 for every b € 0K,
then the result (1.24) holds for every K¢(a) C K, (i.e holds up to the boundary).
If the assumption f@KLﬁKl(b) |pl? < M holds for some M > 0 independent of L
and every b € 0Ky, then both (1.24) and (1.25) hold for every £ > ¢ and every
Kz(a) C K.

Theorem 2. Let m be a positive number and T; = R?/(2LZ)%. Then for all
sequences of real numbers L such that m|Ty| € N, we have
1.2 li er(Lym) = o).
(1.26) Jm  oper(Lym) = oy,
Moreover, let E be a minimizer for oper(L;m) and v be associated via (1.6). Then,
there exists ¢ > 0, C > 0, depending only on m, such that for every £ > ¢ and
a € Tr, we have

W(E’ XK((G)) *

(1.27) ——F= -0

m SO(l)g +00)
| Kool -

(1.28) [V(Ke(a)) — m|Ke(a)|| < CL.

As announced, these results show that the minima of W (as in Definition 4), and
of W with periodic or fixed boundary conditions are asymptotically the same when
the size of the boxes becomes large, and that minimizers have equidistributed energy
and points, except possibly in a layer near the boundary in the case of Theorem 1
— this is however unavoidable, as it takes a certain distance for a configuration
to “absorb” or “screen” the effect of a large or highly oscillating boundary data.
These are analogues of the results proven in [2] for their energy. Both results giving
an error o(¢?) for the energy and O(¢) for the number of points seem optimal: for
the energy since W is itself defined as a limit over large size domains, and for the
number of points, since a lattice configuration would give rise to the same error
(note that we are counting the error made on squares and not on balls, the latter
one would be smaller — more precisely in R*/? — for a lattice). Recall finally that
we cannot characterize W(E,, 1x,(q)) because of the possibility of points being on
0K ¢(a) which is why we resort to W (E,, xk,(a)) instead.

Note that the results (1.25) and (1.28) imply that away from the boundary the
distance from each point to its nearest neighbor is bounded above by some constant
depending only on m (in fact scaling the problem to reduce to m = 1, one can see
that it is %, for some universal C'). The opposite inequality, i.e. that the distance

from each point to its nearest neighbor is bounded below by some \/% forc >0

universal can be obtained (at least in the periodic case, or away from the boundary)
by the same argument we will give below for the Coulomb gas, due to E. Lieb [12].
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1.3. Main results on the Coulomb gas. We next turn to the Coulomb gas,
more precisely to the analysis of minimizers of (1.1).

We mentioned that (1.2) holds, where pg is the unique minimizer over probability
measures of the “mean-field energy”

a20) 10 = [ togle—yldute)dutn)+ [ V(e duta)

called the “equilibrium measure” (see [14, Chap. 1] and references therein). We
denote ¥ = Supp (1o). We use here the same assumptions as in [16] i.e.

1%
(1.30) lim Viz) log || = 400,
|z|—+o00 2
A
(1.31) V is C® and there exists m,m > 0 s.t. m < AV <m,
™
(1.32) V is such that 0% is C*.

The assumption (1.30) ensures in particular that I has a minimizer, which has
compact support X. Also ug has a density mo: duo(z) = mo(x)dz and mg = %12.
Hence, in view of (1.31) we have

(1.33) 0<m<mg<m,
and
(1.34) [Vimo| < C.

Because there are n points in ¥, a set of fixed size, it is natural to blow-up
everything to the scale y/n, in order to obtain points that are separated by order
1 distances. We will thus denote z; = /nz;, but also ¥’ = /n¥ and m{(z') =
mo(z’/y/n) the blown-up density of uo, and dugy = m{(z')dz’. We will also write

(1.35) V= 0.
1=1

In [16] we studied minimizers of w,, via T-convergence. More precisely we showed
that < (w, — n?I(uo) + % logn) I'-converges to some suitable average of W (as in
Definition 4), computed over blow-ups of configurations of points. The starting
point, that we will need here, is the exact “splitting formula” of [16, Lemma 2.1]:
for any n and any 1, ..., 2, € R?

n = 1
(1.36) wn (1, ..., 2n) =n?I (o) — = logn + QnZ C(z;) + =W(Ep, 1g2).
2 p s

Here ( is a fixed function (depending only on V'), given more precisely by — log * o+
1V — cst (see [16] for details), which satisfies

(20  {¢(=0}=%.

The vector field F,, is defined as the “electric field” generated by the blown-up
points and their background:

(1.37) E, =27VA™! <Z Out — mg(z’)>
=1
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where 2w A~ is the operator of convolution by — log, and the quantity W (E,,, 1g2)
is defined according to (1.10). We then note that, if all the points are in ¥ then
>; ¢(x;) = 0, and so being a minimizer of w, is equivalent to being a minimizer of
W (En, 1g2), in view of (1.36). We will first show that it is the case for minimizers
of w,, and thus reduce ourselves to studying minimizers of W(E,,, 1gz). This is
how the analysis used for proving Theorems 1 and 2 is then exactly suited. The
main difference here is that we have to deal with a varying background (this works
fine in the end because the background my is very slowly varying as n — 00).

After the splitting of (1.36), the approach in [16] consisted in obtaining a general
lower bound for %VV(E,I7 1gz) in the limit n — oo, as well as a matching upper
bound. The conclusions were appropriate to “almost minimizers”, i.e. configura-
tions whose energy is asymptotically the minimal energy. As a result they were
weaker and they were averaged: they said that almost minimizers are such that
blown-up configurations tend to minimize W, for “almost every blow-up center in
37, It is normal that almost minimizers should admit the possibility of the energy
being larger than expected on a set of asymptotically vanishing volume fraction.

Here we work rather on true minimizers, and obtain stronger results. This will
use the local minimality of a minimizer (with respect to its own boundary condition)
as well the other specific property of minimizers that all their points are in X.

Theorem 3. Let (z1,...,%,) be a minimizer of wy. Let mg, m{ and E, be as
above. The following holds:
(1) for alli € [1,n], z; € X;
(2) there exist B € (0,1), €¢> 0, C > 0 (depending only on ||mo| L), such that
for every £ > ¢ and a € X' such that d(Ky(a),0%') > nP/2, we have

. 1 .
(1.38) lim sup 72 W(En, XK, (a)) — / (Amln W) dz| < o(1)s—too-
n—o00 K[(a) 7n6(a:)
and
(1.39) lim sup |V, (K¢(a)) —/ mg(x)dz| < CY,
n—o0 Ko(a)

where v), is defined in (1.35).

As already mentioned, (1.39) should be optimal and improves the result of [3]
but with a slightly stronger restriction on the distance to 9%; while (1.38) says
more, since it says that minimizers have to behave at the microscopic scale like
minimizers of W in the appropriate class Amg, and so can be expected to look like
Abrikosov triangular lattices (this is only a conjecture of course). The proof of
(1.39) is in fact derived from (1.38).

The following result is adapted from the unpublished result of Lieb [12] in the
case of a constant background.

Theorem 4 ([12]). Let (z1,...,z,) be a minimizer of wy,, and = = /nxz;. Then
there exists ro > 0 depending only on ||mo||re (hence on V') such that

: / /
rzri?mz — x| > ro.

On the other hand, (1.39) also easily implies, in view of (1.33), that there exists
some Ry > 0 (depending only on m in (1.33)) such that, if d(z},%’) > n?/2, the
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distance from any x} to its nearest neighbor is bounded by Ry. Combined with
Theorem 4, this establishes the following

Corollary 1.1. Let (z1,...,2y,) be a minimizer of w,. Let mg, my and E, be
as above. Then there exists 1o > 0 and Ro > 0 depending only on po (hence on

V') such that, if d(z;,3) > n%, the distance from x; to its nearest neighbor is in

[ro/+/n, Ro/v/n].

1.4. Open questions and plan of the paper. Let us conclude by a set of open
questions that should be solvable by the methods we used here:

e One could most likely adapt our method here to prove similar equidistri-
bution results of points and energy for the one-dimensional renormalized
energy introduced in [17] and for minimizers of the one-dimensional log
gases energy also studied in [17].

e In [13], another renormalized energy is introduced, and extracted as a limit-
ing energy for Coulomb gases in any dimension d > 2. There would remain
to prove the same results as here for minimizers.

e Finally, the methods used here should allow in principle (although the set-
ting is significantly more complex) to obtain similar equidistribution results
as Theorem 3 for the energy and the vortices of minimizers of the Ginzburg-
Landau energy, thus improving again on the averaged results obtained via
I-convergence in [15]. More precisely this would mean, since in that con-
text, the equivalent of the mean-field limit measure pg is constant on its
support X, that the density of vortices is uniform on X on all scales much
larger than the intervortex distance, and that the Ginzburg-Landau energy
density on such scales is also constant and asymptotic to min W.

The paper and the proofs are organized as follows. All our proofs are energy-
comparison based. They rely on the techniques introduced in [15, 16], in particular
the fact that even though W(FE, x) is an energy with a singular density, it can be
replaced by a energy density which is bounded below, once the number of points
near the boundary is well controlled. This is the content of Proposition 3.1 which
is recalled in Section 3, and allows to control F in L? for p < 2 via W(E, x), see
Lemma 3.2.

In Section 2, we start with the case of a constant background equal to m. By
using extension lemmas, we show that g, o, and o, are all asymptotically equal
to o}, in the limit of large squares or tori. In Section 3 we prove Theorems 1 and 2
by using a bootstrap argument: given a minimizer in a large box, we show that by
a mean-value argument we can find a much smaller box (but not too small either)
with a good boundary trace. Using then that a minimizer is also a minimizer on any
smaller box with respect to its own boundary data, and combining with the results
of Section 2 we deduce the value of the energy on the smaller box. A bootstrap
argument is then used to go down to any small size box (as long as its size ¢ is
still bigger than some constant). Finally we show how controlling W down to O(1)
scales allows to deduce (1.25) or (1.28).

In Section 4 we turn to the case of a varying background and show how to adapt
similar results to Section 2, with error terms depending explicitly on the oscillation
of the background. In Section 5 we turn to the Coulomb gas minimizers and prove
that all their points lie in ¥ as well as Theorem 4 (these both rely on similar
arguments, totally independent from the rest of the paper), then we conclude with
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the proof of Theorem 3 by adapting the ideas of Sections 2, 3, 4. Finally, some
technical results, mostly adapted from [15], are gathered in the appendix.
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to Prof. Lieb for providing the idea of the proof of Theorem 4 and allowing us
to reproduce it here. We also would like to thank Etienne Sandier for many use-
ful discussions. The research of both authors was supported by a EURYI award.
Moreover, the research of the first author was partially supported by the Grant
ANR-10-BLAN 0101. We also thank the Forschungsinstitut fiir Mathematik at the
ETH Ziirich, where part of this work was completed, for its hospitality.

2. COMPARISON OF DIFFERENT MINIMIZATION PROBLEMS

In this section, we prove that under some assumptions on the function ¢, the
quantities o, (K (a);m) and o, (K (a); p) are well defined. Moreover, we compare
the different minimization problems defined above. The results that we will prove
in this section are the following.

Proposition 2.1. Let p € (1,2), a € R? and L > 0 be fived. Let ¢ € LP(OK[(a))
such that (HBy) and (HBs) are satisfied. If p € L*°(K(a)), then the minimum of
W(E, 1k, () over B, ,(Kr(a)) is achicved.

Proposition 2.2. Let p € (1,2) and m be a positive number. Then:
(1) for all sequences of real numbers L such that m|Kp(a)| € N, we have

(2.1) lim oo(Kr(a);m) =o;;

L—+o0o
(2) for all sequences of real numbers L such that m|Ty| € N, we have

(2.2) LEIJI:OO Oper(Lym) = op,.

(3) given vy € (?’;—p, 1) and M > 0, we have

(2.3) LETOO oo(Kr(a);m) =oy,.

uniformly w.r.t. ¢ such that (HB1) and (HBs) are satisfied in K (a).

We start with the following “screening” proposition adapted from the ideas of
[15]. The first part allows to extend a given configuration with given boundary
data satisfying (HB2) to a strip outside of a square, bringing the boundary value
to 0, while keeping the number of points and the energy controlled (what matters
is that they remain negliglible compared to the volume of the square). The second
part allows to do the same inside a square.

In this proof, as well as in all the sequel, several lengthscales will appear: the
lengthscale ¢ of a given square, the lengthscale ¢¥ < ¢ which is the width needed
to obtain good boundaries satisfying (HB2) by mean-value arguments, and the
lengthscale /% < £ which is the width needed to transition from a boundary data
with (HB2) to a zero boundary data. These exponents will remain the same in the
whole paper.

We will most often assume that the background densities p are in C%* with
F<A<L



RENORMALIZED ENERGY EQUIDISTRIBUTION IN 2D COULOMB SYSTEMS 13

Proposition 2.3. Let p € (1,2), v € (3;—1’,1), A e [%,1], M a positive constant
anda € R?. Let ¢ € LP(0K,(a)) satisfying (HB2) on OKy(a). There exist constants

l<a<vyand B €(0,1), depending on p, v, A, for which the following holds.

1. Let p be a CO*( Ky (a)\Ky(a)) function for which there exist p,p > 0
such that p < p(x) < p. There exist C,c positive constants depend;ng only
onp, v, M, p and p, such that for all £ > c the following holds:

There exist ty € [0 + (> + 2(*] and Ey : K% — R? with K¢ =
Ky, (a)\K¢(a) such that

divE+:27T( Z 5p—p) in K%

pEAL
2.4
(24) Efy v=0 on 0K;_ (a)
Ei v=y on 0Ky(a)
where Ay is a discrete subset of the interior of %, with
(2.5) #A, <Cee

whose elements have distances, and distances to the boundary of K%, all
bounded below by a constant depending only on p, and it holds that curl B4 =
0 in a neighborhood of these points; moreover, we have

(2.6)  W(Es, Lxy) <COFE 4 P (||p|\co,k(,ci>w) (1 + ||p|\CU,X(,Ci>eBA) ,

and for any nonnegative function x <1 such that x =1 on 0K;(a), x =0
on 0K (a) and |Vx| is bounded, we have

(2.7)
W (B, x) < CHF + 059 1+ C (Jlollcorces ™) (1+ Iollcon sy )

2. Let 3 <A <1 and p be a COMNK(a)\K—2¢2(a)) function for which there
exist p,p > 0 such that p < p(x) < p. There exist C,c positive constants
depending only on p, v, M, p and B, such that for all £ > ¢ the following
holds: -

There exist t_ € [ — 20% 4 — (%] and E_ : K* — R? with K® =
Ko(a)\K;_(a) such that

div E_ :27r( 3 5p—p) in K*

peEA_
2.8
(28) E_-v=0 on 0K; (a)
E_.v=yp on 0Ky(a)
where A_ is a discrete subset of the interior of K satisfying the same
properties as Ay, among which
(2.9) #A_ < COe

(210)  W(E-,1ks) COP 4+ CE (|lplloorcee ™) (1+ Iollcon ey ™)
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and for any nonnegative function x < 1 such that x =1 on 0K;_(a), x =0
on 0K;(a) and |Vx| is bounded, we have
(2.11)
W(E-,x) SO + 052+ C2 (llpllcongeer ) (1+ olloonges ™) -

The proof of this proposition uses a few contruction lemmas, mostly adapted
from [15] to a nonconstant background, which we now state and whose proof is in
the appendix.

Lemma 2.4. Let R be a rectangle with sidelengths in [£ %} Let p € (1,2). Let

27 2
p € LP(OR) be a function which is 0 except on one side of the rectangle R. Let p be
a nonnegative C° function. Let m be a constant such that (m—pr)|R| = —5= [,r ¢

where pr = fR p(x)dx. Then the mean zero solution to

(2.12) { —Au=2r(m—p(z)) in R
Vu-v=¢ on OR

satisfies for every q € [1,2p]
(2.13) /72 [Vul? < Cp,qL27; ||‘P||%p(a73) +COL?||p— PRH%oo(R)-

Lemma 2.5 ([15]). Let m be a positive constant. Let R be a rectangle of barycenter

0, sidelengths in ,/% [%, %} , and such that m|R| = 1. Then the solution to

—Af=2n(dp—m) in R
(2.14)
Vf-v=0 on OR
satisfies
(2.15) lim / IVfI> 4+ 2nlogn| < C
O R\B(0.m)

where C depends only on m, and for every 1 < q < 2
(2.16) / IVFl9 < Cymit
R

where Cy depends only on q.

We now give the proof of Proposition 2.3. The proof is obtained by arguments
similar to those of [15, Proposition 4.2] but we need to keep more carefully track
of the errors and the exponents. Moreover, we have to deal with the fact that the
background is a non-constant function p.

Proof of Proposition 2.3. Without loss of generality, we may assume a¢ = 0 and
K¢ = [—(,{]>. We construct E_ on K,\K;_; the proof for E is similar.

Step 1. We create a layer of width /% on which we connect to a zero boundary
data.

Let a € (%, p;ir'y); such an o exists because v > ng. Since p < 2 and
v < 1, we have a@ < 7. We start by building a strip near the lower part of 9K,
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which is compatible with the desired boundary data. For t > 0, denote S; =
[—£,€] x [—¢,—0 +t]. We claim there exists ¢t € [0, ¢°] such that

1
(2.17) f@) = / p(x)dr + — ¢ e N™.
St 21 Jok,nos.
By Hélder’s inequality and (HB3), we have, for any ¢ € [$0%, (%],

1 2=y 4 1
ol < MFT T
OK,NOS:

Therefore,
1 o 1 14+« 1 11412
f(56%) = p(x)de + —— p=plTt— =My >0
2 S1a 21 Jok,noSy o - 2m

for £ large enough (depending on p,~, M, p), since o > 1777. It follows that
1 1 1— 1 1 -
1) > F(20Y) 4+ p(t — =04)0 — Mo 05" > p(t — ~02)0 — — Mo 05
2 2 2 2
= = T

Thus f(¢*) > 1 again for ¢ large enough. By a mean-value argument, since f(t) is
continuous, we find that there exists ¢ € [$¢%,£°] for which (2.17) holds.

Let t be that value. We next split the strip S; into a finite number of rectangles
R; of width € [$¢*,¢%]. This follows the same reasoning: we claim there exists
s € [30~,0*] such that

1
(2.18) h(s) ::/ plx) de+— p e N™.
[—,— 5] X [—€,—0+1] 27 Jor,no([—t,—t+s]x [—£,—L+1])

By Holder’s inequality and (HB3) we have
1 1 —
h(307) 2 700 = CMB L7 073) >0,

when /£ is large enough. For that it suffices to check that « (1 — 1—17) + 2_7” < 2aq,

which is true by choice of a. Arguing in the same way as above, we find that h(¢*)—
h(3¢*) > 1 and thus by a mean value argument there exists s € [$(, £*] such that
(2.18) holds. We define the first rectangle Ry to be [—£, —€ + s] x [—{, —{ +t]. We
may then iterate this reasoning to build a rectangle Ro of the form [—¢+ s, £+ s+
7] x [=€,£ + t] for some r € [10*, (], etc, until the whole strip S; is exhausted. If
the last rectangle is too narrow, we may merge it with the one before last, and this
ensures a collection {R;} of rectangles of sidelengths in [/, 2/°] partitioning S,
and such that

(2.19) / p(z)dx + L p € N*.
Ri 27 Jok,noR;

The construction can then be repeated near the other three sides of K;: we may
find three disjoint strips in K,\St, which we can each again split into rectangles R;
on which (2.19) holds. We still denote by {R;} the total collection of rectangles
and we observe that K,\ U; R; is a rectangle.

Step 2. We define E_ in each R;. We let ¢; denotes the restriction of ¢ to
OR; N 0K, extended by 0 on the rest of 9R;. The condition (2.19) means that

1
(2.20) / plx)de + — v; € N.
Ri 27 Jor,
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We also let

fBRi wi
27T|Ri|

(2.21) pi = pr, +

where we denote, for any rectangle R, pr = fR p(z) dx. Using Holder’s inequality
and (HB2) again, we have

1/p N
1pi — pr;| < C’EO‘(_l‘%) (/ |<P|p) < C’MEO‘(l‘%)JFzT_
9K,

Since o > ?_TZ’ we deduce that |p; — pr,| = 0o(1)¢—+oo-

By (2.20) and (2.21), we have p;|R;| € N, and since p; is equivalent to pg,, this
integer number belongs to [1p|R;[,2p|R:[]. We may then partition R; into p;|R;|
rectangles R, whose sidelengths are in , /% [%, %} and such that for each i, k, we
have ﬁz|Rzk| = 1.

On each of these rectangles, we apply Lemma 2.5 with m = p;, this yields a
function f;;, satistying (2.15) and (2.16). We then define the vector field Ey in
G = UR; by By = —V [ in each R;,. Since no divergence is created at the
interface between the R;; (because V fii. - v = 0), we obtain

div By = 277(25,, - Zp}-lni) in g

(2.22) pel i
Ei-v=0 on 0G

where I' is the union over i, k of the centers of the rectangles R;;. Moreover, by
(2.15) and (2.16), E; satisfies

1
(2.23) lim —/ |Ey |2 + 74T logn| < O£
12012 Jg\UBp.n)
and for g < 2
(2.24) /g |Eq |7 < C T,
since the number of R;j is of order |R;| = O(¢2%) for each 4, and the number of

rectangles R; is O(£1~%). The constant C' depends only on p,~, M, p and p; while
C; depends also on g. B

Next, since (p; — pr,)|Ri| = % fani i, we may apply Lemma 2.4 in each R;
with § = —y; for boundary data. Then we define the vector field F; = —Vu; which
satisfies

div By = 2#(2@-1&- - p) in G

EQ'V:_g Onag

(2.25)

(again no divergence is created at the interface). We recall that § = —p on JKj
and 0 on the rest of 9G. Moreover, for every ¢ € [1,2p], we have

/R |Ey|? < Cp,qga(z—;)H(pqup(aRi) + 0@ p — pr. %w(Ri)_



Adding these relations, we obtain

/g |Bo|? <C, o 0>~ %) (Z Iwillzp(ani)> + opat2) (Z lp — pr.

RENORMALIZED ENERGY EQUIDISTRIBUTION IN 2D COULOMB SYSTEMS 17
Since 4 > 1 and the number of rectangles in G is O(¢1~%), we deduce

q >
L>(R;) | *
p

/g Bt < Cpgto(2=3) ( |t +ela) T Cete2) (Z ||p—m||iw(ni>> -
¢ i

Then, using the hypothesis (HBz) and the fact that ||[p—pr, || L= (r,) < C|lpllcort®?,
we have

(2.26) / |Fs|? < Cp7q£a(2*%)+%<2*7> + ettt pd, | gxar
g

with Cj, 4 a positive constant that depends on p,q and M, and C' a universal con-

stant. Moreover for all ¢ < %ﬁ?, we have « (2 - %) +2(2—7) < 2. We remark

that since o € (%, p;ir'y), we have %ﬁ? > 2. Thus, we may find some ¢ > 2
such that

(2.27) Il < gt 0Tt (Jplcnnte)’
g

for some o < 2.
Finally, we define E_ = E1 + Fy and v = )
(2.25), the vector field E_ satisfies

divE_ =2n(v—p) ing

per 0p on G. In view of (2.22) and

(2.28) E_-v=yp on 0K,
E_-v=0 on 9G\OK,
and
(2.29) / |E_|*> = / |E1|* + |Ea* + 2E; - Bs.
G\UB(p,n) G\UB(p,n)

Using Lemma A.1 combined with (2.23), (2.24), (2.26) and (2.27), we obtain
1
W(E-,1g) W (B, 1g) + S Ballizig) + | Brll Lo ) | Bl o9
<O+ 1 I 4 (g gon gy ) €145
+ OO (05 4 0555 pll o)
1;»/&_,’_%)
(o3 2 (63 [e3 (63
+C (Ipllcongyt™*)” €72 + O (lpllcongye) €12
3a—1\2

<coti gy cp ((||p|co,x<g>fw+2a—1) + (Ipllcon @3+ 7) )

for some 51 € (0,1). Indeed,

a(2—2)+2(2—'7)<2

p p

<C (el+a (205 4y
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and

1 1 11
+,O‘+—a<2(—+—):2.
7 T q

22+1

2A+3° we obtain

Moreover, if we choose o <

(2:30)  W(E-,1¢) < CO* 1 O ((lollon@ ™) + (lellooey ™))

with 1,582,603 € (0,1). Such an « exists since % > % > % whenever
A > 1 To summarize a@ must be chosen in the interval %T'Y,é) where § =

2

< p—2+y 2241
mm{ o1 ong3 [

1

hS]

Step 3. There remains to define ¢_ and extend E_ to D := K,\(GU K;_). We
proceed as follows. First of all, by a mean value argument we remark that if ¢
is sufficiently large, there exists t_ € [( — 20%,¢ — £*] such that [, p(x)dz € N.
We then need to partition D into rectangles D; over which fDi p is an integer. To
do this, we repeat essentially the same as in Step 1, except we no longer have to
deal with nonzero boundary conditions. First, starting from the edges, we split D
into strips of width € [%fa, ¢*] on which [ p is an integer, then we split again each
strip into rectangles of sidelengths in [£¢%,£%] on which [ p is an integer. This
exhausts D since fD p € N, however because of the corners, some of the cells need
to be “L-shaped” polygons instead of rectangles (this doesn’t cause any serious
problem however). Once the D; are thus constructed, we proceed to construct E_
in each D;, operating exactly as in R; in Step 1 and Step 2 (except replacing ¢;
by 0 everywhere) (i.e. splitting each D; into many rectangles of size O(1)). We
obtain a vector field E_ in D, with T the corresponding set of points, satisfying an
upper bound for W(E_,1p) which is at least as good as (2.30). Combining this
with the results of Steps 1 and 2, we obtain a vector field E_ satisfying the desired
properties (2.8) and (2.10). We also easily check that A_ satisfies the other desired
properties: its cardinal is bounded by the volume concerned i.e. O(f17%) and its
points are separated by a fixed distance (depending only on p), by construction.

Step 4. There remains to prove (2.11). This follows the proof of [15, Proposition
3.1]. First, we note that by definition of W and since the points in A_ are separated
by a fixed distance, say 4rq,

1

1
(2.31) —/ |E_|> < W(E_,1xa ) + n#A_log — + C
2 JKa\Upea_ B(pro) 7o
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On the other hand

1
(2.32) W(E_,x) = lim & [E_Px+7 Y x(p)logn
1702 JKa\Uyen_ B(pm) pg\;
< 1/ |E_° + lim > 1/ |E_>x + mx(p) 10g77>
"~ 2 ke \Upen_Biro) =0 X\ 2 Boron\BEm

1 1
< W(E_,1ke )+7#A_log —+C+lim Z x(p) <§/ |E_|2 + ﬂlogn)
To =0 N B(p,ro)\B(p:n)

1
flim 3 2 / E_P(x - x(0)).
’HOPGXA:, 2 JBp.ro\B(p.m)

We may also bound 3 ., (fB(p,m)\B(p,n) LE_|2+ wlogn) by W(E_,1xa). Tt
remains to control the last term in the right-hand side of (2.32). Let us define
D(t) = %flci\upeA,B(p,t) |E_|2. We have ®(t) < W(E_,1xe) + 7#A_log } + C,

and ®'(t) = =30 n faB(p N |E_]?. On the other hand, since x is Lipschitz, we
have

>/ EPa-xn e Y [ B- o)
B(p,ro)\B(p,n) B

pEA_ pen_ 7/ Bpro)\B(p,n)
= —C/ ' (t)t dt
n
=-C (@(ro)ro — O(n)n +/ D(t) dt> < CW(E_,1xa )+ CH#A_ + 0,(1),
7

where C' depends only on ro. Inserting into (2.32) we obtain
W(E-,x) < OW(E_, 1xs) + C#A-

and combining with (2.10) and (2.9), we obtain the result (2.11)

O
2.1. Proof of Proposition 2.1. Let {E,}, be a minimizing sequence for
inf W(E,1 ,
By oy (B L)
and let A, be the associated set of points, and v, = ZpeAn 0p. In view of the consti-

tutive relation (1.8), the boundary data ¢ and the density p completely determine
the number of points, so we have that {v, },, is a bounded family of measures. Up
to extraction of a subsequence, we may write that v,, converges weakly to some v

of the form Zpe A dpo,, for some finite set of points A and some positive integers dp.

Next we show that, up to another extraction, F, converges in the sense of
distributions to some E. Let X be a smooth vector field vanishing on 0K, (a). We
may write a Helmoltz decomposition X = V¢ + V+¢, with € = 0 on 9K, (a), and
one may check that |||z~ is controlled by, say, the C! norm of X. Integrating by
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parts and using the fact that E, € B, ,(K(a)), we have

[ omex= [ mewervio- [ e[ -
KL(a) KL(a) 6KL((1) KL((I)
< Ol¢l= < ClIX]lcr

It thus follows that F, is bounded in the sense of distributions in K (a) and
converges, up to extraction, to some F, which must satisfy

div E =2n(v — p) curl E = 0.

Letting K, = K1,(a)\ Upea B(p,n), we have that div (E — E,,) = curl (E — E,,) =0
in K, for n large enough depending on 7 (such that A,,NK,, = @). Elliptic regularity
then implies that the convergence of E, is in fact uniform in Ky,, i.e. away from
A.

We next claim that A N 9K (a) = 0. If not there would be some point p,, € A,
such that dist (p,,dK(a)) = 0. Up to a change of coordinates, we may assume
that p, — 0 € 0K (a) and that the segment [0,e0] x {0} is included in K (a)
and contains no other point of A. An expansion of F,, near p, shows that

(2.33) By (r) = ﬁ + fn(x)
hence
(2.34) p=E, v= % + fu(z) v on [0,e0] x {0},

where f, converges uniformly on [0,e09] x {0}. On the other hand, computing
explicitly, we have, for any € < &y,

/[Oﬁé]x{o}

where pg) is the second coordinate of p, and tends to 0. Since ¢ € LP(0K(a))

and f,, converges uniformly, inserting into (2.34) we must have Arctg & < Co.(1)

_ . € (2)
@=pn) v dm:/ P = Avetg
|7 — pn| 0 t2+ py D

as € = 0, where C' is independent of n and . But for any fixed ¢, Argtg & 5
P

as n — oo, a contradiction. It follows that the claim holds. From this we deduce
two facts: first E, converges uniformly in a neighborhood of 0Ky (a), therefore
E satisfies £ -v = ¢ on 0K(a) as well.  Second, since AN Kp(a) = 0 and
A is a finite set of points, the points in A, stay at distance from 0Ky (a) which
is bounded below, hence the argument in the proof of [15, Lemma 4.8] allows to
show that d, = 1 for every p € A, i.e. there are no multiple points. We may thus
conclude that E belongs to B, (K (a)).

To complete the proof there remains to show that

Jm  W(En, 1x,(a) = W(E, 1k (a)-
But using again that the points in A, stay at distance from 9Ky (a) which is
bounded below, this follows easily by the argument of [15], end of the proof of
Lemma 4.8: since F,, — E uniformly away from A, we have for any n > 0,

1 1
|, |*+7#A, logn = 5/ |E|*+m#Alogn

lim —
Kr(a)\UpeaB(p,n)

n—00 2 /KL(a)\upeAnB(m)
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and the result will follow if the convergence is uniform with respect to 7 (so that
we may reverse the n — 0 and n — oo limits). This follows, as in [15] from the
expansion (2.33) with f,, uniformly bounded near each p,,, implying

1

2 /B@mm)\B(pmm)

thus proving the uniformity of the convergence.
We note that the existence of a minimizer of W(E,Tr) on A, per(Tr) can be
proven with the same arguments.

|En|2 + ﬁlog% < Cyno

2.2. Proof of Proposition 2.2. With the help of Proposition 2.3, we have a first
easy comparison between the quantities oo (-; p) and o, (-; p).

Lemma 2.6. Under the hypotheses of Proposition 2.3, there exist c¢,C positive
constants and 8 € (0,1) such that for all £ > c, there exist t1 € [+ £*,1+ 21%] and
t_ e[l —20*0— (] such that

(2.35)

1
oo(Ky, (a);p) = C <€1—5 + (||P|\covk(;c1)fw) (1 + |P||cowx(zc1)fw)) < 0y (Ke(a); p),
(2.36)

1
0o (Ki(a); p) < o0(Ki_(a);p) + C (ﬁ + (lolleonee ™) (1+ ||P|cM(1ca)€m)> ,

where K = Ky, (a)\K¢(a) and K* = K¢(a)\K;_(a). The constants c,C and 3 < 1
depend only on p, v, M, p and p.

Remark 4. Note that if p is constant, Lemma 2.6 means that
(2.37) oo(Ky, (a);p) — CcrP—1 < o (K¢(a);p) < oo(Ky_(a);p) + ceP1

Proof of Lemma 2.6. Without loss of generality, we may assume a = 0.

Let E be a minimizer for o, (Ky;p), i.e. W(E,1k,) = 0,(Ke;p)| K. Let us
extend E to K;, \K, via Proposition 2.3: we set £ = E in K; \K; where E is
given by the first part of Proposition 2.3 and thus satisfying (2.6). This extended
E satisfies the hypothesis of Lemma A.2 on K;,_ with ¢ = 0 (indeed note again
that the normal components coincide on 0Kp); hence, there exists E € B, (K, )

such that W (E, 1k,,) S W(E,1k,, ). As a consequence, using (2.6),
UO(Kt+;p)|Kt+| < W(Ea 1Kt+) < W(E’ 1Kt+) = W(E’ 1Ke) + W(E’ 1Kt+\Kl)
< 0 (Ke; p)| Ko + C (€47 + 2 (|Ipllcorey €7) (1 llpllcorie, ) €7)) -

Next, let E be a minimizer of o¢(K;_;p) in K;_ and F = E_ in K,\K;_with
E_ constructed via the second part of Proposition 2.3. This extended E satisfies
the assumptions of Lemma A.2 as before, thus there exists E € B, ,(K¢) such that
W(E,1k,) < W(E,1k,). Consequently, using (2.10), we have

O—LP(KZ;/)”KA < W(Ea ]-Ke) < W(Ev ]-Kzz) = W(Ea ]'Kt,) + W(E7 ]'Ke\Kt,,)
< oo(Ki s p) Ko |+ C (£ + 22 ([pllcorgey7*) (14 lpllcon ey 7)) -
O
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We now have all the ingredients to prove the following proposition that gives a
comparison between the quantities oo (-;m), 0, (+;m), Oper (-, m) and 0, = miny,, W
for m a positive number. This correspond to the case of a constant background; the
case of a non-constant background, useful for the Coulomb gas problem, is more
involved and is treated in Section 4.

Proof of Proposition 2.2. Without loss of generality, we may assume a¢ = 0 and
m = 1; the case of general m follows by (1.13). We reproduce here arguments of
[15, Section 4].

First, let us show that o] < o¢(Kp;1). Let Ey be a minimizer of oo(Kp;1).
By Remark 2, AN &Ky = (). Moreover, since curl By = 0 in K7, and Ey - v =
0, we may write £y = —VHy with 0,Hy = 0 on K. Thus defining Hy on
[-L,3L]x[—L,3L] by reflections across the sides of the square K, we have —AH, =

27 (Zpe Ay Op — 1), where Ag is obtained from div Ey + 27 by reflections across

the sides of the square K. Moreover, Hy(—L,y) = Ho(3L,y) and Hy(x,—L) =
Ho(z,3L) so that we may periodize Hy to have it defined on R?. Then E :=
—VHy € A; and since everything is periodic, W can be computed through the
results of [15, Section 3.1]:

W(E. 1k,,) _ AW (Eo,1k,)
41K | 4| K|

Next, let E be a minimizer of W in 4;. As a consequence of [15, Proposition 4.2],
there exists a sequence {Er}r2¢en C Aj,0(KL) such that

W(EL,1k,)
|KL|

By definition of 0g(K;1), it follows that oo(Kr;1) < oF 4+ 0(1) L 400-

Similarly, as a consequence of [15, Corollary 4.4], there exists a minimizing se-
quence for min 4, W consisting of Ty -periodic vector fields. Hence, since oper(L; 1
is the minimum among all E which are Ty periodic, we deduce oper(L;1)
07 + 0(1) Lo +00. Moreover, it is clear that of < oper(L;1). Indeed, oper(L;1)

min W(FE) > ming, W = o7.
E€Ai per(TL) ( ) ! !

Finally, to obtain (2.3) with m = 1, we use (2.1) with m = 1 and combine it
with Lemma 2.6. O

o] <Wk(E) = =0o(Kp;1).

<07 +0o(1)rs oo

~—

A

3. PROOF OF THEOREM 1 AND THEOREM 2

In this section, we turn to the main proofs. We use previous results in the case
where the function p is constant, that means p(z) = m for all z € R? and for some
positive number m. Note that in this particular case the condition (HBj) reduces
to

(HB;) o+ m|Kp(a)] €N.

21 Jorp(a)

3.1. Preliminary results. We start by recalling some technical results from [15]
that we will need repeatedly.

The following result from [15, Proposition 4.9] is crucial because it shows how
the energy density associated to W (FE, x) can be replaced by an essentially positive
density, at a cost depending on the number of points near the boundary (this is
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why we always need to have good controls on the number of points in addition to
control on W(E, x)).

Proposition 3.1 ([15]). Assume U C R? is open, and let U denotes the set
{z[d(z,U) < 1}. Assume (E,v) are such that v =73, 6, for some finite subset
A ofﬁ and divE = 27(v — p) in U and cwrlE =0 in UpeaB(p,n) N U for some

~

n >0, with p € L°(U). Then there exists a measure g supported on U and such
that

e g>—C(|pll& +1) on U, where C is a universal constant.
e For any function x compactly supported in U we have

W(E) - [ xds| < Cattogn+ ol Tl

where n = #{p € A|B(p,1) Nsupp(Vx) # 0}.
e ForanySCU

(3.2) #(ANS) < O+ [lpl|%|S] + 9(5)),

where C is universal.

(3.1)

We note here that in the proof of [15] we can control the error in (3.1) by the
number of points at distance < 1 from Supp (Vy), at the expense of a possibly
larger constant C' in the first item. We also note that in [15, Proposition 4.9]
the additional assumption curl £ = 0 is placed, however it is not used at all in the
proof, so we removed it here.

The next lemma gives a control of LP norm of vector field by the renormalized
energy W. A better estimate can be found in [18, 13] but we will not need them
here.

Lemma 3.2 ([15, Lemma 4.7]). Let x be a positive function compactly supported
in an open set U and assume that div E = 27(v — p) in

U = {z|d(z,U) <1}
where v = EpeA 0p for some finite subset A of U, and curl E =0 in UpeaB(p,n)N

U. Then, there exists C' > 0 universal and for any p € [1,2), C, > 0 depending
only on p, such that

/[JXp/2|E|p < U+ Cp) " PW(E, x) + nllog n + [|pll) [ Xl so + | Vxl|oo )P

where n = #A.

From these two results we can deduce the following preliminary result which
allows to bound the number of points in an “annular type” region.

Lemma 3.3. Let p € L*°(Kr11) and E satisfy
div E=2n(v—p) in Kpq1

withv =37 6p for some discrete set A, and curl E = 0 in Uper B(p, n) for some
n > 0, and assume

W(E,xk,) < CoLl?  v(Kp1) < ColL?
Then for any positive r,c1,co such that r + ¢ < L —2, and p € (1,2), we have
W(Kpye,) — v(Kr_o,)| < Cr' "5 L7 log? L + Cr
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where C' depends only on Co,c1,ca, ||pllL= and p.
Proof. First of all, Lemma 3.2 gives that for p € (1,2)

1| Lo,y SCLP MW (B, xxc,) + v(K 1) log (K1) /2
(3.3) <CL? YIL?+ L?logL)? < CL% log? L,

where C' depends only on p, ||p||L~, and Cjy.

Next, for t < L—2, a mean value argument givesat_ € [t—1,t]and aty € [¢,1+]1]
such that
(3.4)

1Bl < I Blliogie, ) < CL¥?1og L |[Elluox,,) < CL**log? L.

Since v(K;, ) — fKti p(z)de = 5= faKti E - v, it follows with Hélder’s inequality
that

< Ct'F L2/P log% L.

umm—@p@m

Since v(K;_) < v(K;) < v(K;, ) and p € L™ we immediately deduce that for any

t<L-2
v(Ky) — /K p(x) dx

The result easily follows with again the same argument.

(3.5) < Ct'"vL2/Plog? L+ ||p||L~t.

O

The proof of Theorem 1 relies on the selection of good boundaries by mean value
arguments, which is provided by the following two variants of the same lemma,
whose proofs are postponed to the end of the section. The first one concerns
vector-fields without boundary conditions, the second one vector fields with given
good boundary conditions. Because we will need them later, we state them with
varying background.

Lemma 3.4. Let p € (1,2), v € (3%’”, 1), and K be some square of sidelength
2L. Let p € L*°(Kr+1) and E  satisfy
div E=2n(v—p) in Kp41

with v = ZpEA 0p for some discrete set A, and curl E = 0 in UpeaB(p,n) for some
n > 0; and assume that there exist C1,Cs > 0 such that we have

v(Kp+1)

3.6
(3.6 | Kr41]

< Cy
for the associated v and such that

(3.7)
Then, for all L large enough (depending on ) and any £ such that

(3.8) L2£2L1/5with1<5<]—1)(1—7+§(1+7))

and a € Ky, such that Ki(a) C K, there exists some t € [€ — 2¢7, 0 — 7] such that

(3.9) / |E|P < M2,
0Ky (a)
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(3.10) W (B, 1k, (@) < W(E, Xk,(a)) + CLF7 + CroF gt 0,

(3.11) v(Ki(a)) — /K( )p(z) dz| < CP*77.

The constants C, M depend only p, 7,0, C1, Ca and ||p||po (K, ,,)-

Lemma 3.5. Letp € (1,2), v € (3;—7’, 1), M >0, L >0 and K1, be some square of
sidelength 2L. Let p € L®°(K1) and ¢ € LP(0K(a)) such that (HB;) and (HBz2)
are satisfied in Ky. Let E satisfy

div E =27(v — p) in Ky,

E-v=yp on 0K,

withv = 0p for some discrete set A, and curl E = 0 in UpeaB(p,n) for some

pEA
n > 0; and assume that there exist Cq,Co > 0 such that
V(KL)

3.12 <C

(312) H<a
for the associated v and such that

W(Ea 1KL)

3.13 — L (.

(313) <,

Then, for all L large enough, we have

(3.14) W(E,xk,) < W(E,1k,) +CL"*?,
and for all a € Ky, such that K¢(a) C K,

(315) W(EaXKz(a)) < W(Ea 1KL) +CL(L_€)+GL1+ﬂ

where C is a universal constant, 8 € (0,1) and C depends on p, M, v, C1 and
lpllLe. Moreover, the results of Lemma 3.4, i.e. for any € satisfying (3.8), the
existence of t with (3.9), (3.10), (3.11), hold true.

3.2. Proof of Theorem 1. First of all, we observe that (1.22) and (1.23) have been
proven in Proposition 2.2. There remains to show the equidistribution properties
of a minimizer E,. The proof is based on a bootstrap argument: by a mean value
argument, using the a priori bound on the energy W(E,, 1k, (4)) < CL? and the
fact that W essentially controls the L? norm of E, for p < 2 (see Lemma 3.2), we
can find a square close to Ky(a) which has a good boundary, i.e. such that (HB>)
is satisfied (relative to ¢). This is only possible if ¢ is not too small compared to
L, more precisely if £ > L'/ for some § > 1 specified later. If indeed ¢ > L'/®
then we are essentially done: a simple comparison argument in the square with
the good boundary, combined with (2.3) allows to conclude that the energy (per
unit volume) of E, in the square is close to o},, and the number of points per unit
volume is close to m. If ¢ is smaller than L'/?, then we bootstrap the argument:
we first obtain by the above argument a control of the energy and the number of
points on a square of size L'/% containing K (a), and then we re-apply the reasoning
starting from that square. This allows to go down to £ < L'/ 52, and we iterate the
procedure until we reach any ¢. This iteration will not cumulate any error, its only
main restriction is that the final square will have to be at a certain distance away
from 0K (a), because of the repeated mean value arguments. This restriction is
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natural however, since a boundary condition ¢ satisfying (HB2) can concentrate
locally on 0K (a), and it then takes a certain distance for a minimizer to “absorb”
the effect of such a concentration on the boundary.

We start with the following easy comparison lemma.

Lemma 3.6. Let m be a positive number. Let ¢ € (1,2), L >0 and ¢ € L1(0Kp,)
such that (HB1) is satisfied in Ky. Let E, be a minimizer of W(E,1k,) in the
class Am,o(K1). For every a € Ky, such that Ky(a) C K, let ¢ be the restriction
of E,-v to 0Ky(a). If ¢ satisfies (HB2) in K¢(a) for somep € (1,2), v € (3%17, 1)
and M >0, then
W(E,, 1k, (4
(3.16) WEe Livw) o | < 0(1)15400-
|K€(a)|
Proof. Since E, is a minimizer, it must be a minimizer on Ky(a) with respect to
its own boundary condition, i.e. we have
W(EW lKe(a))
| K o)

The result then follows by applying Proposition 2.2. O

oy (Ke(a);m) =

Remark 5. We note that the results of Proposition 2.2 and Lemma 3.6 still hold
true if Kr(a) and K¢(a) are not squares but rectangles whose sides are both com-
parable to L as L — oo.

We now proceed to the proof of Theorem 1.

Step 1. Proof of (1.24) in the general case.

Let p € (1,2), v € (3%17, 1) and § > 0 as in (3.8); let £ < L and a € K, such that
K¢(a) C Kr. Let E, be a minimizer for o,(Kr;m). In view of (2.3), we have
W(E4, 1k,) < (0}, + 1)|K1| for L large enough. Moreover, the number of points
(associated to E,) in K, is completely determined by ¢, it is 5= fBKL ©+m|Ky|.
In view of (HBsy), it is thus controlled by (m + 1)|Ky|, for L large enough. Let us
assume first that d(Ky(a), 0K 1) > 3¢7 so that d(K(a),0K1) > max(3¢7, L?).

Case 1: £+ 307 > LY. Let us then define the smaller scale £; = ¢ + 3¢7. Since
we assumed d(Ky(a),0Kr) > 307, we have Ky 30v(a) C K1, and so there exists a
center a; such that
(317) K€+3€“f (a) C Kgl (al) C Kp.

If L is large enough (hence ¢ is too), we may then apply Lemma 3.5 to E, in K,
with smaller square Ky, (a1) C K1, C1 = m+1 and Cy = ¢, + 1. The lemma gives
us the existence of ¢; satisfying ¢; — 207 <t; < ¢; — ] and such that

[ imreimss
0Ky, (a1)

with M; and C depending only on C;, C5 and p. Moreover,

K@) | C
Ko ()] ’SG

We note that t; > €3 —20] = (£+3£7)—2(£+3(7)7 > £ as soon as £ is large enough,
thus, with (3.17) we have

(3.19) Kg(a) C Kt1 (al) C Kgl (al) C Ky.

(3.18)
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Applying then Lemma 3.6 in the square Ky, (a1), we deduce
W(Etpv 1Kt1 (a1)>
[ K4, (a1)]

Applying then Lemma 3.5 in this same square, more precisely applying (3.15) and
combining with (3.20), we obtain (1.24).

(320) - U:n < 0(1)21—)+oo-

Case 2: £+ 30 < LY?% Let ¢; = LY/9. Since we have d(K¢(a),0Kr) > L”, we
have K, rs(a) C K, and so there exists a center a; such that

(321) K@+Lﬂ(a) C Kgl(al) C Ky,

If L is large enough, we then apply Lemma 3.5 to E, in K with smaller square
Ky, (a1) C K1, Ci =m+1and Cy = o}, + 1. The lemma gives us the existence of
t1 satisfying 1 — 2¢] < t; < ¢; —¢] and such that

/ B P < M2
0K+, (a1)

with M; and C' depending only on C;, C2 and p, and (3.18) holds. Applying
Lemma 3.6 in K (a1), we have (3.20) in that square. We note that we have
ty — 01 > —20] = —2L"/% 50 in view of (3.21) we have

Koirp_ops(a) C Ky (a1) C Ky, (a1) C Ki.

Next, we observe that if £ > ¢ for some ¢ > 0, the assumptions of Lemma 3.5
are satisfied in Ky, (a1) with the same constants C; and Cy. This is an immediate
consequence of (3.18) and (3.20), as soon as ¢1, hence £ is large enough. We can thus

re-apply Lemma 3.5 in Ky, (a1) with new subscale o = max (¢ + 3¢7, E}/é). We may
distinguish the two cases £+ 3¢7 > 61/5 and ¢+ 307 < E}/S just as above, and iterate

the same proof. This way, we define a finite sequence ¢}, with ¢, = max(¢+3¢7, E,lv/_él)

with terminates at £ 4+ 2¢7. This takes at most s steps where

log ¢
lOg log L ‘|
)

.22 =
(3:22) 5 log

which is the smallest integer such that L > ¢ > L° ° (here [] denotes the integer
part). Bounding each time ¢; by L'/% we obtain this way a sequence of (y, ti, ar
with

Kiyroaspa/s(a) C Ky (as) C Ky (as) C -+ C Ky, (a1) C Ky (a1) € K (a).

Choosing 1 > 8 > ~/4 (which is possible since v < 1 and ¢ > 1) in view of the
definition of s, we have L? — 2sL7/% > 0 if L is large enough, which ensures that
Ky(a) C Ky, (as).

The result of the final step of applying Lemma 3.5 yields ts and as such that
(HB3) holds on 0Ky, (as) and

W(Ep, 1k, (a) .
(323) ‘W — 0, S 0(1>€~>+oo
and
(K, (as)) ‘ C
3.24 — L —m| < —.
324 K@)  "5®
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Applying one last time Lemma 3.5 in K;_(as) (on which the assumptions are sat-
isfied) which contains Ky(a), more precisely applying (3.15) and combining with
(3.23), we obtain (1.24) under the assumption d(Ky(a),0Kr) > 3¢7, implied by
307 < LP (note that this includes in particular £ = ¢ if L is large enough.)

Finally, let us remove the assumption d(Ky(a),0K) > 37 by treating the case
3¢ > L and d(K.(a),0K;) > LP. In that case, let us partition K,(a) into
identical squares K; of sidelengths € [¢, 2¢] and satisfying d(K;, K1) > LP. Let us
then consider K; the open squares with same centers and sidelength augmented by
1. They make an open cover of Ky(a). Let x; be an associated partition of unity.
We note that » 7, XiXk,(a) = XK.(a)- We may also require that each x; satisfies
(1.11) relative to each Kj, in other words, each K; is a xx,. Then also XK (a)Xi

are equal to xx: for Kj = K; N Ky(a). Since W (E, x) is linear in x, we may write
W(Eg, k(@) = 2 W(Be, Xrcs)Xi) = _ W(Ep, Xk1).

Inserting (1.24) which is known to hold for the K, we obtain (1.24) for K(a), and
this completes this step.

Step 2. Proof of (1.25). First, we note that the result of the previous step applied
to £ = ¢ implies that there exists a constant C' > 0 (depending on m, M, p, and ~)
such that

(325) W(Egp;XKg(a)) < Cv

for any a such that d(a,0Ky) > CL". It also follows that, modifying ¢ and C if
necessary, we have

(3.26) |v(Kz(a))| < C,

for any Kz, satisfying the same assumption. To see that it suffices to apply
the last step of the bootstrap above with 5 = %E, then (3.24) and the positivity
of the measure v allow to deduce (3.26). Finally, combining these two facts and
Lemma 3.2, it follows that

(3.27) | iEdzc
KE/Q(G‘)

for some other constant depending only on m, M, p, v, and squares satisfying the
same assumption.

Let now Ky(a) be any square satisfying the requirements of the theorem, with ¢
large enough. Let x;n: be a smooth nonnegative function supported in K;(a), and
equal to 1 in Ky_1(a), with || Vxint||Le < 2. Similarly, let X+ be a smooth nonneg-
ative function supported in Kyi1(a) and equal to 1 in Ky(a) with || Vxout||Le < 2.
By positivity of v, we have [ Xini < v(K¢(a)) < [ XouwV, and also by boundedness
of m and definition of X;n: and ot We have

(3.28) /XW(V —m) = Cl < v(Ky(a)) — m|Ko(a)| < /xout(u Cm) 4 C

where C' depends only on m. On the other hand, using that div E, = 27(v —m)
and integrating by parts, we have

1
_ <
’/x(v m)’ < 27T/IVxIIEq»I,
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where x stands for x;nt Or Xout. But the support of Vx can be split into O(£) squares
of size ¢/2, thus on which (3.27) holds. It thus follows that |[ x(v —m)| < C¢,
for some other constant C' > 0 depending only on m, M, p, v, and inserting into
(3.28), the result (1.25) follows.

Step 3. Case where faKLﬂKg(b) lo|P < M¢?77. First, we may always extend the
vector field E, outside of K7, to K14 1~, using multiple times Proposition 2.3 with
p = m. This gives a vector field E, satisfying the same a priori bounds. Let K¢(a) C
Ky, Just as in Step 1, we define a finite sequence {5 with ¢ = max(¢ + 307, Ellc/_él)
with terminates at ¢ + 2£7.

We first find a; such that
K8+Lﬂ(a) C Kél (al) C KL+L'7.
We may then apply Lemma 3.5 to the extended E, in Ky, (a1). It provides a
Kt1 (al) with 61 — 2€¥ S tl S fl — EY, and
(3.29) / |E, P < MT
0Ky, (a1)

and (3.18). If s > 2, we may next find ag such that
Koy roany(a) C Ki,(az) C Kyy(a1) C Ko, (a1) C Kpqpo

We then consider Ry, = Ky, (q,) N K. It is a rectangle and its sidelengths are both
comparable to £;. We also note that Ry, contains K, (a2) N K which contains
K(a). Since ¢; > ¢ and because of the additional assumption placed on ¢ on K7,
and of (3.29), we have

(3.30) / |E, P < M3
BRH
We may then apply Lemma 3.6 or rather Remark 5, which yields that
W(E,,1
(3.31) W(Ep Lr,) _ o7, < 0(1)e 5 to0
|Rt1 |

We now iterate the reasoning: we consider I, restricted to R;, and extend it outside
Ry, using Proposition 2.3 with p = m. This gives again a vector field F, satisfying
the same a priori bounds. We can then reapply Lemma 3.5 to the extended vector
field, with respect to the square Ky, (,,), the assumptions being verified with the
same constants. This gives a to > o — 2@, from which we define an R,,, etc.
The last iteration of the reasoning gives t; € [(s — 20,0, — €] C [¢,£ + 3¢7] and a
rectangle R;, containing Ky(a) (hence its sidelengths have to be ~ ¢) on which

W(E,, 1 )
(3.32) ’% - O—m‘ < 0(1)t— 400
and
V(Rt ) C
3.33 LEANE < —
(3.33) | Ry, ‘ R4

Applying then Lemma 3.5 over Ry , the conclusion (3.14) provides the desired
result. If the assumption holds with ¢ of order 1, then we can conclude also that
(1.25) holds, by arguing exactly as in Step 2.
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3.3. Proof of Theorem 2. First of all, we observe that (1.26) is proved in Propo-
sition 2.2.

With the same arguments used in the proof of Lemma 3.6, we may obtain the
following lemma.

Lemma 3.7. Let m be a positive number. Let L > 1 and Ty, := R*/(2LZ)? such
that |Tr| € N. Let E be a minimizer of W(E,1r,) on Am per(Tr). For every
a € Ty, let 1 be the restriction of E - v to 0K(a).

If ¢ satisfies (HB2) in K¢(a) for some p € (1,2), v € (3%’”, 1) and M >0, then

W(E, 1, (a))
|K€(a)|

To conclude the proof of the theorem, we proceed as in the proof of Theorem
1. Let E be a minimizer for oper(L;m); then E is Ky (a)-periodic and W(E) =

(3.34) —oh| <o(1)pssto0-

Oper(L;m)
As a consequence of (1.26) and of the definition of W,
WP < (B) + 011+ 10 < s+ 0011
Moreover,
K

Hence, if L is large enough we can take C; = 2m and Cy = o}, +1 and apply Lemma
3.4. Then we may apply Lemma 3.5 and iterate as in the proof of Theorem 1 to
obtain (3.14) and conclude the proof. The proof of (1.28) is the same as above in
Theorem 1.

3.4. Proof of Lemmas 3.4 and 3.5. The proof of Lemma 3.4 is an adaptation
of the proof of Lemma 4.14 of [15].

Proof of Lemma 8.4. Let a € Ky, and ¢ such that (3.8) is satisfied.

Step 1: Denote by gz the result of applying Proposition 3.1 in K1 to (E,v).
We apply (3.1) to functions of the form x(z) = ¥(||]z — a||«), i.e. whose level sets
are squares centered in a, with the additional assumption that ¢ (t) = 0 outside
[r—2,7r—1] and ¥ =0 on [r —1,400) with r < ¢£—3. Since for any Radon measure
won K we have

/xmﬁhwwmmmmﬁ,
we deduce with (3.1) that
[L?Wwﬂm@>gmmmmwwﬁ
(3.35) — - W(EN) + [ xdgr < Callogn + ol (1) |
in view of (3.1) where n = #{p € A|B(p,1) Nsupp(Vyx) # 0}, so that

25

1-i,2. 1 1. 1
. -~ r+ - r— = —
(3.36) n <v(Kyq1(a)) —v(Kr—2(a)) <CO ?Lrlogz L+ CL < Cl » " log2 ¢
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where we have used Lemma 3.3 and L < ¢°. Here C depends only on p, ||p||z,
and on the constants in (3.6) and (3.7). Inserting this into (3.35), we deduce by
duality that

r—1
(3.37) / W (E, 15,(a) — go(Ki(a)| dt < CC*5 +1log? .
r—2
Step 2: For any integer k > 1let g = XK., (a) — XKy (a), @a0d let §o = Xk, (a)- Then
& > 0, since Xk, ,,(a) = 1 on Kj(a) and xk, (q) < 1 and is supported in Kj(a).
Moreover & is supported in Cy, = Kj11(a)\K—_1(a). Since (3.6) holds and ¢ < L°,
the number of integers k in [( — 207+ 2, £ — £ — 2] such that v(K42(a)\Kg—2(a)) <
Cl?°=7 is greater than % if C' is chosen large enough. On the other hand, using
gr, > —C, we have

[(—07—2]
Z §pdgr = /(XK[Z—Z'V]—I(G)_XK[Z—ZZ’Y+2](G))dgL < /XKL dgL+CL2‘
k=[{—207+2]

We then observe that | [ xx, dgr — W (E, xk, )| < L*log L using (3.1) and (3.6) to
bound nlogn. Since W(FE, xr,) < Ca|Ky| by (3.7) and L < £, it follows that
[e—e7 2]
> & dgr < CL?log L < C1®log .
k=[—26742]

Since g, > —C we have [&,dgr, > —C¢ and therefore the number of integer
k’s between [ — 207 + 2] and [¢ — £ — 2] such that [& dg, < Cr?* Vogl is
larger than % if C and ¢ are chosen large enough. We can thus choose an integer
kel —207 42,0 — 07— 2] satisfying both conditions, i.e.

(3.38) V(Kpy2(a)\Kr_2(a)) < CO*77, / &pdgr < C*ogl,

for some C' which depends on Cy and Cs.
Applying Proposition 3.1 in Cj to &, and using (3.38) to control nlogn, we

deduce
W(E, &) — /ék dgr| < Ce*~7log/t

hence W (E, &) < C#?°~7log . Applying Lemma 3.2 over Cy, we find for p < 2

/ x| BB < CO5 (0257 og £)P/2 < C2,
Ci

because § < % (1—~+2(1+7)). Since & = 1if ||z — alls = k, and |VE&| < C, it
follows that

/ |E|P < Cr*7.
K,y 1 (\K,_1 (a)

By a mean value argument on this integral as well as on (3.37) (applied to r = k+1),
we deduce the existence of t € [k — 1, k], hence ¢t € [¢ — 207, ¢ — 7], such that, on

the one hand
/ |E|P < Ce*
0K ¢(a)
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proving (3.9); and on the other hand
(3.39) W (E, 1,(a)) — 9(Ki(a))] < CE7 1 log? .

Next, using again that gr > —C we have that

9uKi(@) < [ a0y don + €O,
Combining with (3.1) and using (3.36) to control the error, we are led to

gL(Ki(a)) < W(E, X)) + COF + 00T +llogh ¢,
which together with (3.39) yields (3.10). Finally, from (3.9) and Holder’s inequality,

we have
= ‘/ E-v
OK,

<CF T < o

_1
< B\ Le(ory) 0K

v(Ki(a)) /K( s

since2_77+17%<277wheneverp>1. O

Proof of Lemma 3.5. First of all, we apply Proposition 2.3 to ¢ with p(z) = 1 in
K 12re\Kr; this gives us a vector field E,, through which we can extend E into
a vector field, still denoted F, on Ky ra. It satisfies, for all r € [L + 1, L + L],

W(E7XK7‘) S W(Ea ]‘KL) + CL1+B
and
(3.40) v(K,) <v(Kp)+CL'*™

for some positive constant C' and for some 8 € (0, 1), depending on p, M, 7. Next,
let g7, be the result of applying Proposition 3.1 in K41; by using (3.1), we have
for a € K, such that Ky(a) C K,

(3'41) W(Ea XK[(a)) = W(Ea XKL+1) - W(E, XKp41 — XK[(G,))
<WI(E, XKp,1) — /(XKL+1 — XK, (a)) A9z + Cnpyrlognp i1 + Cnglognyg

with nr41 < v(Kpt2) — v(Kr-1) and ny < v(Kpp1(a)) — v(Ki—2(a)). In view of
Lemma 3.3 applied in K144, we have
141 1 1—L 2 1 141 1
np+1 < CL " rlog? Land ng < C¢ " »Lrlogz L < CL "7 log? L.
Inserting into (3.41) and using that gz, > —C' it follows that
W(E, XK, (a)) EW(E, XKp.) + OlKL i\ K¢—1(a)| + CLY7log? L

which gives (3.15), as well as (3.14) by choosing Kj(a) = K.

Finally, taking r = L+1 in (3.40) and using (3.14), we find that the assumptions
of Lemma 3.4 are satisfied in K1 for the extended F. We may then obtain the
same results.

O
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4. THE CASE OF A NON-CONSTANT BACKGROUND

The goal of this section is to obtain similar results as Proposition 2.2, but in
the case of a varying background, in preparation for the study of the Coulomb gas
minimizers.

The proofs are similar to the above and also to those of [16, Section 7], except
that we have to be more careful with error terms due to the more general varying
background. We outline the main differences.

Proposition 4.1. Let a € R?, L > 0 and % < A< 1. Let p be a nonnegative
COMKp(a)) function for which there exist p,p > 0 such that p < p(z) < p. If
fKL(a) p(x)dx € N, we have

1
<—— min W dz + C (||p]|co. LA
|K(a) Ki(a) An(e) (H llc (K1(a)) )

2
+C (llpllcor(xp (a) L") + 0(1) Lo too
for some g € (0,1) and C positive constant.

(4.1) oo(Kr(a); p)

Proof. Since the proof is very similar to [16, Section 7|, although in a simpler
setting, we only sketch the main steps.
Step 1. We choose a < 1%\ —¢e. We claim that if L is large enough, we can

construct a collection K of rectangles which partition K (a), whose sidelengths are
between 2L% — O (L—la) and 2L + O (L%), and such that for all K € K we have
Jx p(z) dz € N. To show this, it suffices to proceed as in Step 1 of the proof of
Proposition 2.3, i.e. cutting first K (a) into horizontal strips of width ~ L¢ in
which [ p is an integer, and then cutting each strip vertically into rectangles in
which [ p is again an integer.
We then set ¢ = L.

Step 2. We denote by zx the center of each K and px = f, p(x)dz. Using [16,
Proposition 7.4], which allows to truncate a minimizer of W into a given rectangle,
and rescaling the obtained vector-field by Pk Wwe obtain in each K € IC a vector-
field Ex satisfying

div B = 27r( Z op —pK) in K
pEAK ;
Ex-v=0 on 0K

for some discrete subset A € K, and

Fr,1
M <min W + 0(1) - +co-

4.2

Using Lemma 3.2 after extending for example Ex via Proposition 2.3 we also control
the LP norm of Ex for p € (1,2):
(43) ||EK||L1)(K) < Clr 10g§ L.

Then, we have to rectify the weight px. For K € K, we let Hg solve —AHi =
27 (pr —p) on K and VHg -v = 0 on K. Using Lemma 2.4 we have for any ¢ > 1
that

(4.4) IVHEl| o) < CEFp = piclpe iy < CEF T[]l go.x.
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We then define E to be Fx — VHg in each K € K. Pasting these together defines
a E over the whole K (a), satisfying

diszQw(Zép—p) in K(a)
PEA ;
E-v=0 on 0K (a)

for some discrete set A, since no divergence is created at the boundaries between
the K’s, and such that curl & = 0 near A. Next we evaluate W (FE, 1k, (q)). The
control follows from (4.2), (4.3) and (4.4), using Lemma A.1: for p € (1,2) and
1/p+1/q=1, we find

W(E,1k) < |[K|min W + | Kog—00(1) + COF | pllGos + CE P 1og"? 0] pl|con
PK
< |K|min WA | Kog—oo(1) + L2 p)2o s + CL ) 1og!2 L pl|co.x.
PK

Summing over all squares (there are L272% of them), and using the Hélder conti-
nuity of min 4, W as a function of m (in view of (1.14)) we find

W(E, 1k, (a)) < / min W dz + or 0 (L?)
K1 (a) Ao

+ LA 2F20 | p||2, | CL2Ho4 X og!2 L pl| conn.
Since 2+ < A <1 and we chose a such that o+ aX < A(1 —¢), after dividing by L?
we have exponents 2a + 2al < 26\ and a + aX < B for some S < 1.

To conclude we apply Lemma A.2 to E to obtain a new vector field in B, o (K1, (a))
while decreasing W(E, 1k, ()). The result follows. O

We next state a lemma that allows to reduce to the situation of a constant
background density, modulo some error terms.

Lemma 4.2. Letp € (1,2), $ <A <1, a€R? (>0 and p € LP(0K(a)). Let p
be a CO*(Ky(a)) function for which there exist p,p > 0 such that p < p(x) < p.Then,
for alle >0,

(4.5)

|06 (Ke(a); p) — 0o (Ke(a); pe)| < C (Iplleo e, + (lplleos @ )?)
where py = fKe(a) p(z)dx > 0.
Proof. The proof follows the same ideas as the previous one. Let E a minimizer of

o, (Ke(a); pr); hence satisfying

divE = QW(Z Op — pe) in Ky(a)
pEA
E-v=yp on 0Ky(a)

and L2 L@) o,(Ke(a); pe). Next, let H solve

[Ke(a)]
—AH =27n(p; — p) in Ky(a)
VH-v=0 on 0Ky(a)
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By Lemma 2.4, for ¢ > 1
IVH | La(ic(a)) < CEOF 9 pe = pll s (i gay) < CET A pllgonr.

Now, let E = E — VH. Using again Lemma A.1 and the same arguments as in the
previous proof, we find
W(E, 1k, () W1k @)
[Ke(a)] = |[K(a)

+C (Iplleor 2 + (llplleon ¥+1)%)

Finally, we conclude by modifying F to have curl E = 0 using Lemma A.2; this way

E € B, ,(Kr(a)) and

W(E, 1k, ()
|Ke(a)l

To obtain the other inequality, it suffices to take E = E + VH with H defined as

W(E,1k,(a))
above and E such that Wig\() = 0,(Ke(a); p). O

oo (Ke(a);p) < < 0p(Ke(a); p)+C (Ilpllcor 4 + (lpllon)?) .

Proposition 4.3. Let p € (1,2), 3 < A <1 and p be a CO*(KL(a)) function for
which there exist p,p > 0 such that p < p(x) < p. Suppose fKL(a) p(x)dx € N.
Then

1
4.6 oo(Kp(a);p) >—F= min Wdx — C (||p||co.r Y L
( ) 0( L( ) ) |KL(G)| K1 (a) Apin) (H ”CO (Kr(a)) )

2
-C (HPHCU’)\(KL(a))LB)\) +0(1) 1400
for some B € (0,1).

Proof. Consider E a minimizer for oo(Kr(a); p). Since E € B, o(Kr(a)) we have
V(K1(@)) = [y, @ Pz < PIKLL

We start by extending F to a slightly bigger square using Proposition 2.3, having
extended p to a function with same C%* norm (or at most double), in such a way
that (2.7) holds and v(Kr4+1(a)) < (p+ 1)|Kr41].

The proof consists in a combination of a partitioning argument together with
the bootstrapping method employed to prove Theorem 1. We let a be as in the
proof of Proposition 4.1, and we choose a sequence of lengthscales ¢} with ¢y = L,
0 = LY, 0y < L™ and 4y > £ > £}/ for k = 1,...,s, where § is as in (3.8)
and such that § < HTP. We can do this with s < —llgig‘, so in a bounded number of
steps (by contrast to the proof of Theorem 1), and we will reason by iteration on s.

First let us partition Ky 1(a) into an integer number of identical squares Ki(ai)
of sidelength ¢;. Let us then consider K; the open squares with same centers a;
but sidelength augmented by 1. The K;’s are overlapping squares which make an
open cover of K741(a). Let x; be an associated partition of unity. We may require
that each y; satisfies (1.11) relatively to each K;, in other words x; is a xk,. Since
> Xi =1in Kp(a) and W(E, x) is linear with respect to x, we check that

W(E 1k, @) = Y W(E,Xilk, (@) = >_W(E, xi) = W(E, 1k, (a)c ¥ Xi)-

Combining this with (2.7) it follows that
(4.7)
W(E, Ly (o) 2 30 W(E, i)~ C(L# 4 L) = CLplgon L (1+ [l cor L)
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We next turn to bounding from below Y . W(E, x;). We may assume that
(4.8) W(E, xi) < C1|Kil,

for otherwise, we have a lower bound W (E, x;) > C|K;| which will suffice (if Cy
is chosen large enough).

Applying Lemma 3.5 in K, (a), we find that there exists Ky, (a;) C K; N Kr(a)
such that ¢4 — 20] <t; <0—1{],

(4.9) / |ElP < M7,
0Ky, (as)

and

-i-l1

25-1
(410) W(E5 Xl) > W(E’ ]'Kt,i(ai)) - Cgl Y Og3/2 b > W(E5 ]‘Kti (lli)) - 0(63)7

by choice of §. Combining with (4.8) it follows that
(4.11) W(E, 1k, (a) < (C1 + DI .

Moreover, from (4.9) and if L is large enough, we deduce that v(Ky,) < (||pllo= +
1)|K4,|. The assumptions of Lemma 3.5 are thus satisfied again on Ky,. Inserting
(4.10) into (4.7), we are led to

(4.12) W(E, 1k, () > Y min (01|Ki|, W (E, 1Kti(ai>))

= o(L?) = CL?|lpllcor L (1 + [Ipllcor L7).

We then iterate the reasoning starting from Ky, (a;), and partitioning it into squares
of size £2, which themselves get partitioned, etc, until the scale €5 < L. Let K(b)
be one of the squares obtained this way at the scale /5, and let ¢ be the associated
boundary data controlled by a relation of the form (4.9). In view Lemma 4.2 we
have

7o (Ki(b); p) = 0o (Ki(0); ) = Cllplleorts ™ + [lpllZon 7).
with p = fKt(b) p. Since W(E, 1k, ) > 0, (K¢(b); p)| K| and £, < L, using Propo-
sition 2.2, we find
W(E, 1k,@v))
> [ min (Cumin ¥+ (1) = Cllleon L2 4 [l L22429)).
5

Since a has been chosen as in Proposition 4.1, we get in the same way as there that
Lo0+Ate) < LAY and LoGR+2) < L28A for some B < 1. Since also L?* < O(|K3|)
and miny4, W is continuous with respect to p, we conclude that

W(E, 1k, @s))

> || min (cl, £ min W = Cllpleor L + [pl20a L) + o<1>> .
K¢ (b) An()

Inserting all the estimates obtained at all these scales, until ¢, into (4.12), using the

fact that the number of steps is bounded, and choosing C1 > min,,¢[, 5 ming,, W,



RENORMALIZED ENERGY EQUIDISTRIBUTION IN 2D COULOMB SYSTEMS 37

we are led to
(4.13) W(E, 1k, () = / min W dz
K1 (a) Ae(e)
— o(L?) = CLplleor L1 + pllcon L),
Since F is a minimizer for oo(Kp(a); p), this proves the result (after dividing by
L?).
O

We have the following corollary as a direct consequence of Propositions 4.1 and
4.3, using Lemma 2.6.

Corollary 4.4. Let p € (1,2), a € R? and % < XA < 1. Let p be a nonnegative
COMNKp(a)) function for which there exist p,p > 0 such that p < p(z) < p. If
pllcor(rp () LP* = 0(1) s o0 for all B € (0,1), then

(1) for all sequences of real numbers L such that fKL(a) p(x)dz € N, we have

1
4.14 lim o9(Kr(a);p) — ——— min Wdx = 0;
( ) L too 0( ( ) ) |KL(G)| K1(a) A

(2) given v € (252,1) and M > 0, we have

1
4.15 lim o,(Krp(a);p) — ——— min Wdx = 0.
B A To T P e

uniformly w.r.t. ¢ such that (HB1) and (HB2) are satisfied in K (a).

5. THE STUDY OF 2D CouLOMB (GASES

In this section, we turn to the Coulomb gas minimizers, and we use the notation
of the introduction.

5.1. Separation of points. In this subsection we prove item (1) of Theorem 3
and Theorem 4. They rely on the same idea, quite independent from the rest of
the paper: exploiting the fact that in the ground state of a Coulomb system, each
point is at the minimum of the potential generated by the rest of the charges (i.e.
the other points and the background charge). These results be used in the rest of
the proof of Theorem 3.

The starting point is the following;:

Lemma 5.1. Let x1,...,2, be n distinct points in R?, m{, be as in Section 1.8,

H, = —27A"! (Z 01 — mé(m’)) = —log * (Z Ot — mé(:ﬁ')) ,
i=1 i=1

and B, = —V H,, as in (1.37), and let U = H,,+log |z —2)|. For any pointy € R?,
letting

En = 27TVA_1 (Z 6;3; + (Sy/ — mé(ac')) 5
i=2
it holds that
(5.1) W(Eyn, 1g2) — W(Ep, 1g2) = U(z}) — U(%/).
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If (21, ..., 2,) minimizes wy,, then for every y € R%, y' = \/ny, we have
(5.2) U(@) + 2n¢(21) < U(Y') + 2n (y).
Proof. We denote H,, = —2r A~ (>Xr, Oz + 0y — m{(z')) so that E, = —VH,.

We note that H,, and H, are well-defined by convolution with — log and, since they
correspond to the potential generated by a zero total charge, they both decay like
1/|z| as & — oo while their gradients decay like 1/|z|?.

We now let H(z) = H,(z) — H,(z) = —log |z — ¢'| + log |z — |. By definition
of W, we have

. 1
(5.3) W (En,1g2) = lim

(—/ |V(Hn+H)|2+7mlogn)
102 JRr2\(ur_, B(a!,n)UB(y' M)

1 _
=W(E,,1gz2) + lim (—/ |VH|?
10 A2 Jra\(Ui, B} mUB( )
+ / VH, - vH),
R2\ (UL B(2},mUB(y',n))
where we have expanded the square. We now turn to computing
(5.4)
1 _ _
lim (—/ VA +/ VHn~VH)
120 A2 Jr2\(Ui, B(x].m)UB(y' m) R2\(UL B(@},mUB(y',m))

1 _ _
= lim (—/ |VH|? +/ VH, - VH).
=0 \2 R2\(B(z},mUB(y’,n)) R2\ (U7, B(z;,mUB(y’,n))

This relies on direct computations for renormalized energies, a la [4]. First, using
Green’s theorem and noting that H and VH also decay sufficiently fast at infinity,
we have

1 _ 1 . 1 _
—/ |VH|2:7—/ HVH~117—/ HVH - v
2 Jee\(B(at mUB(/ ) 2 Jon(am) 2 Job(y.m

where v is the outer unit normal to the balls. Inserting H = — log |z—y/'|+log |z—} |

and using again Green’s theorem and the fact that —AH = 27(J,, — dz1), we find,
if y' # a7,
1

55) =

/ |VI—_I|2 = —2mlogn + (2w + 0,(1))log |z} — y/|.
2 Jr2\(B(a4 mUB(y )

On the other hand, using similar computations based on Green’s theorem, we
have, if y' ¢ {x},..., 2},

VH, Vi = — / AVH, v
; 9B(x},n)

—2r [ H(a")my(a") da’ + o,(1),
R2

/RQ\(U?lB(Iém)UB(y’m))
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where we have used that my € L and is compactly supported. It follows with the
explicit expression of H that

/ VH, .V
R2\ (U, B(z},n)UB(y’,n))

n n
= —2#210g|:1:2 - —|—2ﬂ'10g77+27r210g|x2 — ]
=1 i=2

+2m [ (logle — y/| - logla — ) m(a') da’ + 0y(1),
R2
Combining with the results of (5.3), (5.4) and (5.5), we find that if ¢’ ¢ {2},..., 2z},

W(Ep, 1g2) — W(E,, 1g2)

= 727r210g|x;fy’|+27r21og|x;fx’1|727r/ (log |z —y'|—log |z — x}|) m{(a)

=2 =2 R2

— Uly) - Ulx)).

Of course, if ¢y = z{ then both sides equal zero and the result is true. If
y € {zh,..., 2} we may also verify that W (E,,1g2) = +o0 and U(y') = +oo0,
and the result also holds in a generalized sense.

Let us now turn to the application to (z1, ..., z,) minimizing w,. In that case, in
view of the splitting formula (1.36), by comparing with the energy of (y, o, ..., Z,),
for any y € R? and letting 3 = \/ny, we have

W (En, 1g2) + 2n(z1) < W (En, 1g2) + 20 (y).
Inserting (5.1), it follows that (5.2) holds. O

Proof of item (1) of Theorem 3. Let (x1,...,x,) minimize w,, and let U be as in
Lemma 5.1. Since m{, = 0 in R?\X/, by definition of U we have that —AU > 0 in
R?\Y/, U is thus superharmonic in that set. In addition U — +o00 as  — oo, since

H, — 0 as z — oo. Thus, U can only achieve its minimum on R2\Y’ at some point
7y € 9% Since ( =0 in ¥ and ¢ > 0 everywhere, we also have {(§) < ((x1), where

y= \% Comparing with (5.2) we obtain a contradiction, unless z} € ¥'. Since w,

is symmetric in the labelling of the points, this proves that all the z;’s must belong
to X, concluding the proof. (I

Proof of Theorem 4. We use the original argument of [12], adapted to the case of a
varying background and a finite size ¥. Let again (x1,...,x,) minimize w,. First
we note that now that we know that all the points a} belong to 3, (5.2) gives that
for any y € R?,

(5.6) U(z}) < U(y') + 2n((y).
Let now x2 (up to relabelling) be again a point in the minimizing collection
Z1,...,%n, and assume x; is its nearest neighbor in the collection (again, up to

relabelling). We will use the minimality relation (5.6) with respect to .
We note that since (1.33) holds, we may find 0 < 71 < 1 such that

(5.7) / mg(z') <
B(x,r1)

N | —
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Let us split U into
(58) U — U"eaT + U’l“(im + Ucorr

where

Une’” = — 10g>$<(6zf2 — 13(1/21“)][ mg(ac'))
B(x4,r1)

Ueorr — _ log * <1B(z’2,r1) ( — ma(xl) +][ mB(m’)))
B(xzh,r1)
Urem — —10g*(26z§ — ma(xl)le\B(m/z,h)).
=3

One observes that U™" is radial with respect to the origin at a4 that is U™ (2’) =
f(jz’ —24]). In fact f can be computed explicitly, and with the choice (5.7), it is de-
creasing, tends to +o0o at 0, and —oo at +o00. This implies that given any constant
M > 0 there exist 0 < rp < r9 < 71 such that

(5.9) Vr <rg, f(re) < f(r)—M.

Let us now set C1 = SuPgis; (2, 5y<1 2n¢(z). We claim that Cp is bounded,
independently of n. In fact, ( is related to a solution of an obstacle problem and it
is stated in [16, (1.17)] that ((z) < Cdist (z,%)? for some C' > 0, from [7, Lemma
2]. It follows from this estimate that supgiy (o )<1 2n¢(z) < 2C, hence the claim.

Let us also observe that U°"" is a bounded function since mg is, and set Cy =
2||U™|| L~ (again we could get a better estimate by using the fact that |Vmy| <
C/y/n). We then set M = Cy + Cs and have (5.9). The constant ro depends only
on the bounds in (1.33) and the growth of ¢ away from X, so depends only on V.

If |2} — x4| > 1o then we have the desired conclusion. Assume thus that |z} —
ah| < ro. We note that U™ is superharmonic in B(z},r2) since ro < ri. Let
us then denote by g’ the point in dB(a%, ) where it achieves its minimum. Thus
urem(y') < U™ (x}). We also note that since ro < 1 < 1 and z, € ¥’ by the result
of item (1) of Theorem 3 proved above, we have dist (¢, ¥) < 1 hence 2n((g) < C}.
Since |z} — 4| < 7o, and in view of (5.9), we have U™ (§') < U™ (x}) — M.
Combining the two, with (5.8) it follows that

1
U(Y') +2nC(y) < U™ (1) + U™ (@) +2n((y') + 502 — M < U(ay)

in view of the choice of M and the definitions of Cy and Cs, a contradiction with
(5.6). This concludes the proof of Theorem 4. O

From now on we will use the fact that for a minimizer of w,, all the points are
in X, and in view of (1.36) and the result of [16, Theorem 2] we have the a priori
bound

(5.10) W(Ep, 1g2) <n Amin Wdx 4+ o(n), as n— co.
3 o)

5.2. Application of the previous analysis: end of the proof of Theorem 3.
We turn to the proof of item (2) of Theorem 3, which relies on applying the results
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that we obtained in Section 4. We will use in particular that since mg is C! in X,
we have

(5.11) va6||L°°(z/) <

ER

and, whenever Ky (a) C ¥/, L < +/n,

1

for all § € (0,1) and 0 < A < 1. This will be inserted into the result of Corollary
4.4. We will also use that 93 is C! so 9%/ is locally almost flat, as n — oo.

(5.12) ||7’I’L6||C0,>\(KL(G))L’8A < C < On(l)

Let (x1,...,zy,) minimize w, and F, be as in (1.37). As seen in Section 5, since
all the points are in X, in view of (1.36), by minimality of z1,...,z, we have
(5.13) W (Ep, 1g2) < W(Ey, 1g2)

for any E,, = 27VA~Y(30, by, —mg(z')) such that the y; are all in 3'.

We claim that for any set (2, £, minimizes W (£, Q) in the class B, (2) with
respect to its own boundary condition ¢, as long as competitors have all their points
in ¥'. Indeed, let E be a competitor in Q with F -v = ¢ on 9§ and all the points
included in ¥’. Then consider E the vector field equal to £ in  and E,, in Q°. We
have

W(E,1g2) = W(E,1q) + W(E,, 1q¢).

Moreover, since no divergence is created at the boundary, E still satisfies div E =
2m(>_; 6y — mgp) with y; € X', Using Lemma A.2 (or rather its proof), we can
modify E to make it curl-free, while decreasing its energy. This gives a vector field
E ¢ B, (R?) and with

W(E,1g2) < W(E,1q) + W(E,, 1g¢).

But W(E, 1gz) > W(E,, 1g2) by (5.13), so we must have W (E, 1q) > W(E,, 1a),
which proves the claim.

For the proof of Theorem 3, item (2), we note that since Ky(a) C ¥’ and
dist (Ky(a),0%") > \/HB, the situation is essentially the same as in Theorem 1
with L replaced by /n. We can apply the proof of Theorem 1 combined with the
results of Section 4: we start from the initial scale L = y/n with the a priori bound
(5.10) and replace the initial square K, by Y’ itself, and we use the fact that F,, is
a minimizer on any square included in ¥’ with respect to its own boundary condi-
tions (by the claim above). Then it suffices to copy the proof of Theorem 1, but in
order to deal with the nonconstant background, replacing the use of Lemma 3.6 by
Corollary 4.4. Note that the constants C'; and Cy can be chosen to be C; =m + 1
and Cy = MaXy,¢(m,m] Ming,, W + 1. This proves (1.38). For (1.39), the proof is
identical to Step 2 of the proof of Theorem 1, except that we use the fact that
[lmg|| L is bounded by a constant.

This completes the proof of Theorem 3.



42 SIMONA ROTA NODARI AND SYLVIA SERFATY

APPENDIX A. TECHNICAL RESULTS
Proof of Lemma 2.4. The proof of this lemma is inspired from that of Lemma 4.15
of [15]. We write the solution v of (2.12) as u = u; + ug + ug where
—Auy =2r(m—pr) in R
Al b
(A1) au_ @ on JR
v
where @ is equal to the average of ¢ on the side where ¢ is supported and is 0 on
the other sides;

_AUQ =0 n R
A2 ;
(4.2) Ouz =¢p—@ on OR
ov

and

—Auz =27m(pr — p(z)) in R
A3 .
(4-3) Ous =0 on OR

ov

As in the proof of Lemma 4.15 of [15], we have
(A4) 1901 < Coa lelmy
and
(A.5) [ 1901 < G el my

where C), 4 is a constant that depends only on p and q.
Finally, by elliptic regularity and a scaling argument, we find that for any ¢ > 1

(A.6) [Vus||Lary < CL*™4|p — pr| =)

with C' is an universal constant (see [8] for more details on elliptic regularity).
Combining (A.4), (A.5) and (A.6), we obtain (2.13). O

The following lemma serves to estimate the energy of a sum of vector fields.

Lemma A.1. Let U C R? be an open set and E1, Ey be two vector fields satisfying

divE; = QW(Z o0p—p1) nU
pEA
div Ey = po m U

for some discrete subset A of R?, and some nonnegative bounded functions p1, pa,
and such that curl E1 vanishes in a neighborhood of each p € A. If for some q > 2
and ¢’ its conjuguate exponent, we have By € LY (U), Ey € LYU), then

1
(A7) W(E + B2, 1y) < W(Ey, 1y) + §||E2||%2(U) + 1B Lo () 1 B2 L)

Proof. 1t suffices to write that

1
3/ 181+ Baf?
U\U;UEAB(pvn)

1 1
25/ |E1|2+§/ |E2|2+/ Ey - Es.
U\Upenr B(p,n) U\Upea B(p,n) U\Upen B(p,n)
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We have |Eo)? < %HEQH%Q(U) and

1
2 fU\UpeAB(pm)

/ By By < |l |1 Bll v
U\UPGAB(PW)

by Hoélder’s inequality. The result then follows easily by adding #A logn and letting
n — 0. (|

To construct a vector field E which belongs to the admissible class, we need
curl E = 0. This can be done though the following lemma.

Lemma A.2. Let Q C R? such that 02 is Lipschitz. Letp € (1,2) and ¢ € LP(99).
Let p be a nonnegative C° function. Let E be a vector field in R? such that

(A8) { divE =2n(v—p) in

E-v=yp on 0N
where v has the form

v= Z dp for some discrete set A C Q)
pEA

and (1.7) is satisfied. Then there exists E € B, () such that
(A.9) W(E,1q) < W(E, 1q)
Proof. We have to modify E so that curl E = 0. Let ¢ be the solution of
— Al =curlE inQ
{ (=0 on 99’
and let E = E + V(. We obtain
divE =2n(v —p) inQ
curl E =0 in

EFE-v=yp on 0f)

3

since £ -v = FE - v. Moreover,

/ Ly B =2 | B.vi
AU B(p,m) 2\ U B(p,n) A\ U B(p,m)

+/ V¢ > —2/ E-Vi¢.
Ki(a)\U B(p,n) QU B(p,m)

Since the term on the right-hand side converges as 7 — 0 to the integral over 2 and
fQ E-V+(¢ =0 (by applying Green’s theorem and using the fact that curl £ = 0 in
Q) and ¢ =0 on 09Q), we obtain

W (B, 1k,() — W(E, 1x,(a)) = 0.
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