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FLUCTUATIONS ANALYSIS OF FINITE DISCRETE BIRTH
AND DEATH CHAINS WITH EMPHASIS ON MORAN MODELS
WITH MUTATIONS

THIERRY E. HUILLET

ABSTRACT. The Moran model is a discrete-time birth and death Markov chain
describing the evolution of the number of type 1 alleles in an haploid population
with two alleles whose total size N is preserved during the course of evolution.
Bias mechanisms such as mutations or selection can affect its neutral dynam-
ics. For the ergodic Moran model with mutations, we get interested into the
fixation probabilities of a mutant, the growth rate of fluctuations, the first hit-
ting time of the equilibrium state starting from state {0}, the first return time
to the equilibrium state, the first hitting time of {N} starting from {0}, to-
gether with the time needed for the walker to reach its invariant measure, again
starting from {0}. For the last point, an appeal to the notion of Siegmund
duality is necessary and a cutoff phenomenon will be made explicit. We are
interested into these problems in the large population size limit N — oco. The
Moran model with mutations includes the heat exchange models of Ehrenfest
and Bernoulli-Laplace as particular cases; these were studied from the point
of view of the controversy concerning irreversibility (H—theorem) and the re-
currence of states.

Running title: Moran Models with Mutations.

Keywords: Moran Models; Mutational and evolutionary processes; Popu-
lation dynamics; Fixation probabilities; Siegmund dual; hitting and first return
times; time to stationarity.

1. INTRODUCTION

In Section 2, we start with generalities on discrete-time birth and death Markov
chains with finite state-space, whose transition matrix is of Jacobi type: spectral
representation, reversibility versus H—theorem, large deviations of the empirical
average, invariant measure, conditions of transience/recurrence, spectral positivity
and stochastic monotonicity, distribution of hitting and first return times, Green
function. The scale or harmonic function is shown to be of interest to determine the
excursions heights would the chain be ergodic. After having fixed the background,
we then proceed with the study of specific Moran chains presenting various bias
mechanisms.

The Moran chain model is a particular instance of a discrete-time birth and death

Markov chain, describing the evolution of the number of type 1 alleles in an haploid

population with two alleles whose total size N is preserved during the course of
1



2 THIERRY E. HUILLET

evolution. Bias mechanisms such as mutations or selection can affect its neutral
dynamics(?).

For the ergodic Moran model with mutations [29], we get interested (in Sections 3
and 5) into the fixation probabilities of a mutant, the growth of fluctuations, the
first hitting time of the equilibrium state starting from {0}, the first return time
to the equilibrium state, the first hitting time of { N} starting from {0}, together
with the time needed for the Moran walker to reach its invariant measure, again
starting from {0}. The detailed growth rates of these quantities are shown to be
exactly determined in terms of the mutation probabilities.

- For the first fixation probability point, a sharp threshold phenomenon is exhibited
in the following sense: would the mutation probability favoring allele 1 exceed the
one favoring allele 2, the fixation probability of a type 1 mutant tends to 1 as IV
grows large with a O (1/N) correction. On the contrary, this fixation probability
tends to 0 geometrically fast as N grows large. In the critical case when the two
mutation probabilities are egal, this fixation probability goes to 1/2 from below.

Under the additional the presence of selection, the fixation condition can be achieved
with probability 1 even if the mutation probability favoring allele 2 exceeds the one
favoring allele 1. The condition is that the relative fitness of allele 1 should be large
enough with bound given in terms of a ratio of mutation probabilities, translating
a mutation-selection balance.

- For the last time to stationarity point, an appeal to the notion of Siegmund duality
(requiring stochastic monotonicity) is necessary and a cutoff phenomenon will be
made explicit in Section 4, following the general stream of ideas developed in [1],
[4], [10] and [11]. The analysis is made simple because the spectral representation
of the mutation Moran model is exactly known.

We are interested into these problems in the large population size limit N — oo
(i.e. in the thermodynamic limit). From our analysis, it follows that the mutation
Moran walker started at {0} reaches stationarity in about O (Nlog N) time, far
below the time needed to first return to the origin (or excursion’s length) which
is geometrically large with N. This is because the mutational drift pushes the
walker inside the bulk of the state-space, making the reverse move to any of the
two boundaries extremely costly.

2. DISCRETE-TIME BIRTH AND DEATH PROCESSES

We start with generalities on discrete birth and death (BD) processes with finite
state-space, before particularizing the study to the Moran model under concern
which is in this class.

IThere are alternative domains of Science where this model makes sense, namely Economy
and Behavioral Sciences. Here, the Markov state X,, takes on the interpretation of the number of
agents that belong to the first strategy 1 (say right or left-wing voters) at time n. See [12], [14]
and References therein for a recent study with this physical image in mind.
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2.1. Generalities on BD processes with finite state-space. Let P bea (N + 1)2
tridiagonal (Jacobi) irreducible stochastic matrix

To Do

gN-1 TN-1 PN-1
qN TN

with po > 0, ¢, px >0,z =1,.., N—1 and gy > 0, corresponding to the transition
probability matrix of some ergodic discrete-time Markov chain X, on the state-
space {0, ..., N}. With 1 a column vector of 1s, P is stochastic if P1 = 1.

The left (row-) eigenvector ©’ := (mg,m1,..,mn) associated to the eigenvalue 1
satisfies: 7’ = @' P, where ' denotes transposition. Its components are given by:
7o and T, = 7o Hz;é qf; >0,y=1,..,N, with my chosen so as: Z;VZO my = 1.1t
corresponds to the invariant probability measure of the chain.

The matrix P is diagonally equivalent to the symmetric matrix

To vPoq1
Vv Poq1 1 \V/P14q2

Ps = . ;
VPN-24dN-1 'N-1 VPN-14N
VPN-14N N
so with real eigenvalues. Indeed, with D, := diag(mg,..,7n), we have: P =

D 1/ 2PSD,lr/ ? Asa symmetric matrix, Pg is diagonalizable by an orthogonal trans-
formation and so P is diagonalizable.

Such nearest-neighbors random walks models are well known to be reversible (de-
tailed balance holds). Indeed, 5 = $ where $ is the transition matrix of the
time-reversed process, given by P’ = D,PD_ ' (with P’ denoting the transpose of
P). The transition matrix of reversible Markov chains has real eigenvalues.

Under our assumptions, irreducible chains governed by P are positive recurrent,

meaning that every state recurs with probability 1, the mean time between recur-
rence to state = being finite and equal to 1/m,.

2.2. The Karlin-McGregor (KMG) spectral theory. Consider the polynomi-
als (qy (t);y =0,.., N) in the variable t € [—1, 1], determined by qo (¢) = 1 and the
3-term recurrences:

tqo (t) = poqu (t) + 7090 (1),
tay (t) = pyAy+1 (1) +ryqy (1) + qyay—1 (), y € {1, N — 1},

therefore with qo (£) = 1, q1 (¢) = (t —70) /po, 92 (t) = [(t — 1) a1 (t) — @1] /p1,--.-
The polynomials q, (¢) satisty q, (1) = 1, y > 0 and are of degree y in ¢t. They
are often called the random walk polynomials. Let tx, K = 0, .., N be the zeroes of
the polynomial of degree N +1:¢ — Py (t) = tqn (t) — rvan (£) — gvgn—1 (2),
namely:

S = {ﬁk : Pnia (ﬁk) = 0},
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with 1 = ¢y > t; > .. > txy > —1. The set S constitutes the spectrum of P (see
[22], page 78). The quantity 1 — t; is the spectral gap.

Let p (dt) := Z,]CV:O 110t be the spectral probability measure on [—1, 1] with respect
to which (qy (¢) ,y > 1) are orthogonal, namely:

1 N
(1) o [ (00, 0 =7, 3 s ()0 (t0) = 6y
-1 k=0

T 1 2 —1 .
where v, = 2 =1/ [ q, (t)" p(dt) = []Z, 255y = 0 are the potential coeffi-
cients.
These polynomials are important in view of the KMG spectral representation the-
orem [22]. Indeed, with q (t) = (qo (t),q1 (£),...,qn (t))", we have:
(2) tq(t) = Pq(t)
and therefore: t"q(t) = P™q(t). Selecting the row z, multiplying by q, (¢), inte-
grating with respect to p and applying the orthogonality relations (1), we get

(3)

P (2,y) =P, <Xn=y>=vy/

1 N

£ () ay (8) o (dt) = v, D it e () dy () -
1 k=0

Necessarily, p, = mo because by the ergodic theorem, Vz, P" (v,y) — uyy, =
Bog, = m, as n 1 oo. From (3), because qo (t) = 1, we have Py (X,, =0) =
0

Z,ZCVZO pt and so the generating function of Py (X, = 0) is

up(2) =) 2"Po(Xa=0)= sy (L—2t) ' = / =
k=0

1 1 7Zt’
n>1

the Stieltjes transform of the spectral measure, satisfying ug (1) = oo as a result
of tp = 1. On the other side, let ¢y (2) = _,~; 2"P (75,9 = k) be the probability
generating function (pgf) of the first return time to zero 70,0 Probability. As it can
easily be checked by renewal arguments (see [9], page 330), ug (2) = 1+ug (2) ¢y (2),
showing that

1 1 1
up (2) = ————— and ¢y (2) =1 — — —.
1—¢q(2) 0 uo (2) Z;ivzo py (1 — ztg) ™"
We have P (75 o < o0) = ¢ (1) = 1 and gbz) (1) =E(r50) =no =g "
More generally, with |z] < 1, let
gz (x,y) = Zznpn (Z',y) = (I - ZP)71 (Z',y)

n>0

be the Green potential function of the chain. We let g (z,y) := g1 (z,y), the
expected sojourn time at y, starting from x. Note g, (0,0) = ug (2) and go (z,y) =
1.

- With 7., = inf(n > 0: X, =y | Xo =) the first hitting time of y starting
from x, by renewal arguments, the pgf of 7, , reads
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with 75, = 0. We have

E (ZTy‘I) — gZ (ya ZL') — fY:ngZ (ZL', ZL') 9z (ZL', y) — Vzgz (ZL', ZL') E (ZTI’y) .
0: (%,y)  7,0: (,y) 92 (z,0) 7,02 (v, 9)

With z < y, we have:

P(roy>n) = P(X,<y|Xo=2)= > PX.=y |Xo=2)= Y P"(z.y)
0<y’'<y 0<y’'<y

P(ry.>n) = P(X,>z|Xo=y)= Y 6 PX.=y|Xo=y)= Y P'(1¢)
Nzy'>z Nzy' >z

and

E (74.4) ZP Ty > N) Z g(z,y)

n>0 0<y’'<y
E(ry.) = ZP(Tyz>n Z 9(y,y')
n>0 N>y >z

- With 73 , = inf (n > 1: X,, = 2 | Xo = ) the first return time to z, we have

g @y -1 1 1
qu(z).fE( ) g (z,7) L g (z,2) H ug (2)
with
g(x,x)fI.

P (Tm,m < oo) ¢, (1) 0 (@.7)
The probability that the first return time to x is finite is 1 iff g (z,z) = oo (a
recurrence condition) and this happens iff P (stochastic) is irreducible in which
case all states are in the same recurrence class. Else if for some z, g (z,2) < oo
(a transience condition for z), this probability is smaller than 1 and one possible
reason is that absorption occurs in at least one state # x; all states then but the
absorbing ones (typically here, either {0} or {N}, or both endpoints) are in the
same transience class and P ( . < oo) € (0,1) because the walker may or not
return to x before hitting one of the absorbing states. So P here is no longer
irreducible and this is a particular reducibility case where transience pops in. In
the latter transient case however, by removing the rows and columns associated to
the absorbing states, we are left with an irreducible substochastic transition matrix
of smaller dimension to which the Karlin-McGregor spectral representation applies
as well (see [22]). The dominant eigenvalue of the restricted matrix is now strictly
smaller than 1.

In view of v, := 7= =1/ f_ll qe (£)° 11 (dt) and in case of recurrence
(4) E(r},) = L
xz,x) ﬁz‘

Equations (2, 3) suggest that, with:

(5) rp (z) = PEq, (1) and Iy (y) = myq, (t),
Mo
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the vectors r, = (rj, (0),..,7% (z), .., 7% (N)) and 1, = (I (0), .., Ik (y) , -, I, (V)
can be chosen to be the right (column) and left (row) eigenvectors of P associated
to the eigenvalue ty for which:

(6) PI’k = tkrk and I%P = tklég-
In particular, Iy (y) = myq, (1) = 7, and 7o (x) = 1, as required. We have
(7) ll-rk = (Sj,k

because 1’ Pr), = tkl ), = t;1 "ry, with the right normalization. Equation (7) yields
another orthogonahty relatlon which is dual to the one in (1), namely:

(8) P Zﬂqu qm tk) = 5] k-

With Py := ril},, we now get the decomposition of P into orthogonal projectors
which is (3):

N N
P = ZtkPk and P" = Zt;;Pk.

k=0
Note the biorthogonality relations:
(9) l;»PI‘k = tk(Sjyk,
from which it follows that:
N
Z lj (:C)P (1' y Tk Z quz Pn (:C y) _qy (tk) = tk5] k-
z,y=0 z,y=0

There is a matrix version of all this: Calling R (respectively L) the matrix whose
k™ column (row) is ry (respectively 1;), (6) reads PR = RDy and LP = D¢L
where Dy :=diag(t), t =(tx,k =0,..,N). Since by (7): LR = I :=diag(1), we
have LPR = D¢LR = Dy which is (9). Since RL = I, (LPR)" = D} = LP"R. If
we let @ be the matrix whose entry (z,k) is Q (z, k) = qu (tx), then R = u_loQD“
and L = Q'Dy is the matrix formulation of (5). Let us finally check that L and
R (that is (5)) are indeed admissible left and right eigenmatrices: The relation
PR = RDy is also PQD,, = QD,Dy = QD¢D,, which is PQ = QDy which holds
from (2). The relation LP = D¢L is also Q'DxP = DiQ' Dy or Q'%' = D@’
which is <13Q = @Dy or again PQ = @Dy because by the reversibility property:

= P. If uoR? = I (R is involutive), then poR = L which means Q' = QD,D'.
If in addition g = 7r, then Q' = Q: the duality relations (1) and (8) coincide and
this is an exceptional case of self-duality.

The KMG spectral theory therefore gives a representation of the right and left
eigenvectors of P associated to its spectrum t, in terms of the orthogonal polyno-
mials q (¢) evaluated at t (the @ —matrix).

The interpretation of the right eigenvectors of P is as follows: We have P"rj, = t}'r).
Fixing the row z, the left-hand-side of the last equality is E, [rx (X,,)]. Therefore:

E, [rr (Xp)] = thrg (x) .
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Suppose we want to compute E, [¢ (X,,)] for some test function ¢. Let then, ¢ (y) =

Zgzo ¢k (@) i (y) be the decomposition of ¢ in the basis {ri} . We have (r;, )
Yoo TuTs (U) T (y) = SElr = 5165

Thus (rj, @), = Yp_g ck (8) (rj, k), = 5c; (¢) and

T

(1) Eelp(X)] = 3t 22 ), o) = = D08 (k) e ).
k=0 i T k=0

Whenever the spectral structure of the chain is known, the solution E, [¢ (X,,)]
to the backward Kolmogoroff equations are thus computable exactly. Let us now
investigate some special classes of random walks (RWs).

2.3. Symmetric RW. Suppose that N is even with N = 2Nj. Assume that a
random walk X,, on {0,..,2Np} is given so that

0 1

@ 0 P1

Gono—1 0 pang—1
1 0

is the transition matrix of some symmetric random walk reflected at the boundaries
{0,2Np}. The KMG theory is also relevant for such transition matrices P™. Let t,
k =0,..,2Ng be the zeroes of the polynomial of degree 2Ny + 1 : t = Pyn,41 (t) =
tdan, (t) — g2, 927, -1 (t), namely:

S = {ﬁk : Pangt (ﬁk) = 0},
with 1 = ¢g > t1 > .. > tan, = —1. Then p (dt) := Zii’g (0, is the probability

measure on [—1, 1] with respect to which the polynomial (q, (¢),y > 1) associated
to P are orthogonal. This measure is symmetric on [—1,1]. In particular, tx, = 0

and tan, = —1, tp = 1 are eigenvalues of such Ps. When N is odd, say with
N = 2Ny + 1, the spectral measure u (dt) := iﬁg” Ui 0¢, is again symmetric, but

{0} no longer is an eigenvalue and ty, > 0.

Example: The simplest such example is the simple gambler random walk X,, for
which p, = p, ¢z = ¢, 2 = 1,.,.N -1 (p+ g = 1) with a pure reflection at
the endpoints (pg = gy = 1). The invariant measure 7 is a truncated geometric
distribution. It follows from [9], page 438 that ¢ = 2,/pg cos (%’T) k=1, N—1,
to = 1, ty = —1. The spectral gap tends to 1 —2,/pg # 0 as N T oo if p # 1/2.
The mass of the spectral measure can be seen to be equal to: uy = py = M9 =

(= w/a)/ [2(1=w/a")], me = (0= 2) /(N =1), k = 1,.,N = 1 (with
to = 1/ (2N) when p = 1/2). It exhibits boundary effects causing deviation from
the uniform measure on {0,..N}. The orthogonal polynomials involve two sine
functions. A closed form expression of the generating functions of Py (X,, = 0) and
P (78,0 = k) follows.

Additional comment: Let P be the tridiagonal transition matrix associated to this
RW X,. Let P be the transition matrix associated to X, := N — X,,. Then
P(z,y) = P(N —z,N —y) has the same structure as P except that p and ¢
are interchanged (a drift reversal property). P is obtained from P by applying a
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permutation reversing the order of the rows and then of the columns. So P and
P share the same spectrum and this is why ¢ is a symmetric function of p and
g. However, the mass of the spectral measure of P is different with: iy = 1y =

(1= (a/p))/ [2 (1= @/m)")].

2.4. Special cases: spectral positivity. Let
v Po
Var /b
Sl = T

Vav - /PN

be a sub-diagonal matrix. It is the transpose of a super-diagonal matrix S. Then,
with D, := diag(rg, .., "n)

Po VvPoq1 ]
VvPbPog1 P11+ @1 \/P1q2
S'S = =

VPN—2qN—-1 PN—-1tQqN-1 +/PN-14N

\/PN—-14N PN +an
0 V/Poq1 ]

\/Poq1 0 \V/P142
I-D:+ g - -

VPN—24N—1 0 VPN—14N

VPN-19N 0 ]
Thus

Ps=2D,—-1+5'S
is the sum of a diagonal matrix and a symmetric positive definite matrix. From

this, we conclude that, if the holding probabilities r, > 1/2, for all x = 0,.., N,
then for all z cRV*1\ {0},
N
(11) ZPsz = (2r: — 1) |z’ +[5z[* > 0
x=0
and so Pg and then P is positive definite with real positive eigenvalues. The Jacobi
matrix P then has all its principal minors non-negative and therefore is oscillatory
(that is totally non-negative and such that P¥ is totally positive) with all its minors
non-negative (see e.g. [13], page 99). Oscillatory stochastic matrices have distinct
positive eigenvalues, with: 1 =ty > t; > .. >ty > 0. As a sequence of numbers, the
right row eigenvector rj, = (14 (0), .., 7% (), .., 7% (N))" associated to t) has exactly
k sign changes (See [13], page 101). And so do the numbers: (q; (tx); £ =0,..,N).
The above condition r, > 1/2 is a simple sufficient condition allowing to exhibit
examples of P that are oscillatory but of course, it is not necessary; the full condition
under our assumptions being z’ Psz > 0 for all z eRY+1\ {0} or
N—1

N
(12) 7' Pz = Zrmzi + Z Pz + Q1) Zzzat1 > 0.
=0 =0
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Equivalently, if s, are the positive eigenvalues of S’.S, we need to check 27, —1+s; >
0 for all k.

For a simple random walk X,, whose (N + 1)2 —transition matrix P is spectrally
non-negative (respectively spectrally positive), there exists a symmetric random
walk Y, on {0,..,2N} (respectively on {0,..,2N + 1}), reflected at the endpoints,
started at an even integer {0, 2,4, .., 2N} (respectively odd integer {1, 3,..,2N + 1}),
such that {X,, } 4 {Y2,/2}, (respectively { X, } L {(Yan, — 1) /2}). This follows sim-
ply from adapting [34], Th. 2.1 to our finite-dimensional case. As noted just before,
the spectral measure of the random walk Y}, is symmetric on [—1, 1] and by passing
to X,,, the spectrum is being folded: If Eiio py0t, (respectively Zig&rl L0t ) s
the symmetric spectral measure of Y;, with txy = 0 (respectively tx > 0), then
221]::0 ,ukéti is the spectral measure of X,,. Let ay and 3, be the up and down
probabilities that Y,, — Y;,41 = Y, £ 1 in one step given Y, is in state y different
from the endpoints, o, + 3, = 1, then:

Qe = ﬂQzﬂgz_p Te = ﬂQzOmel + 04215214-17 Pz = Q222241

This, together with pg = a3 and gy = Byn_; (respectively gy = Sy ) allows to
determine recursively the transition matrix of Y;, from the one of X,,. From these
facts, we get:

Proposition 1. If a BD chain X, is spectrally non-negative, then it is stochasti-
cally monotone.

Proof: Under our hypothesis indeed,

(13) Pe + Qo1 = Q2pQpt1 + Boypi0fopiy < Qop@opi1 + Popig <1,

because this is also aa,; < 1. This condition means that X, is stochastically mono-
tone (see below the construction of the Siegmund dual of a RW where stochastic
monotonicity is needed). See also Lemma 2.4 of [10] for a different proof. A

Remark1: Suppose a BD chain X,, with transition matrix P is not spectrally non-
negative, so P has strictly negative eigenvalues (tx < 0). With p € (0, 1), consider
the lazy modified stochastic matrix

P,=(1—p)I+pP.

The eigenvalues of P, are t,(f) =1—p+ptr, k=0,..., N with the same left and right
eigenvectors as the ones of P. One can always choose p < (1 —¢ N)_1 small enough
so that ts\?) > 0. For this p, P, is now spectrally non-negative and so P, governs a

stochastically monotone chain X”. The RW X', with shifted spectrum, clearly
has the same invariant measure as the one of X,,.

For example, solving (13) with the boundary conditions pg = a1 and gy = B9y gives
the forward and backward recurrences of the unknown odd and even probability
terms in the bulk:

Forx=1,.,N—1: ap41 =0/ (1 — ¢/ (1 —2:-1)), a1 = po.

Forz=N—-1,..,1: ag; =ps/ (1 — o1/ (1 — aQ(IJrl))) , oy =1 —qp.
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As a conclusion, it is easy to construct spectrally positive RWs by ‘squaring’ two
symmetric random walks, but given a non-symmetric RW, it may be difficult to
decide whether it is or not spectrally positive because one needs conversely to check
whether all the above as are probabilities. Spectral positivity determines stochastic
monotonicity.

2.5. Scale function and excursion height of a RW. Assume the height H =
h e {l,..,N — 1} for some excursion (sample paths of X,, between two consecutive
visits to state 0). This event will be realized if and only if (¢) downward paths
started from h hit state {0} before hitting state h+ 1 and (i7) upward paths started
at {0} first reach 1 (with probability pg) and then, paths started at 1 hit h without
returning to {0} again in the intervening time. These two events are independent.
Therefore, with 7, 4 the first hitting time of y starting from x :

(14) P(H =h)=pP (Tl,h <T1,0)P (Th70 < Th,h-i-l)v h=1,..,N.

Assume Xy =xz. Let X

NATz,0
Its transition matrix is P except for its first row which is (1,0,0,..,0), translating

that state {0} is now absorbing. Define the scale (or harmonic) function ¢ of this

denote the random walk stopped when it first hits 0.

random walk as the function which makes M, := ¢ (Xn ATs 0) a martingale. The

function ¢ is important because, as is well-known, for all 0 < z < h < N, with
Ty =Ty /AT, the first hitting time of {0, h} starting from z

(15) P X, =h) =2
Using this remark, we get:
(16) P(H=h)=pP (T1,n <T1,0)P(Tho < Thht1) =
o) (; _ _v(h) B
P (1 ga(h+1))’h€{1""N 1}.

5]

Note P(H > h) = Zony if @ (1) = 1. The event H = N may also occur, with

probability P (H = N) = w?l(if)'

The interpretation the event H = N takes on is twofold: either it is the maximal
height of an excursion if the state {N} remains reflecting, either, if state {N}
is itself assumed absorbing, P (X, = N) = % = %P (H = N) constitutes
the probability of a fixation event at {N}, starting from state z. We can thus
compute the probability of a fixation before extinction at {0} occurs. It remains to
compute ¢ (defined up to an arbitrary multiplicative constant). We wish to have:
E; (Myy1 | My, =y) =y, leading to ¢ (0) = 0 and

o) =qp(®—1)+7r20(x) +pap(@+1), z>1

where p,+ ¢z +7, = 1, z > 1. Imposing ¢ (1) = 1 (fixing the arbitrary multiplicative
constant), the searched ‘harmonic’ function is ¢ () =: 1+ Z;;i ¥ (y) where 9 (y)
satisfies: gy (y — 1) = pyt (y). Thus ¢ (y) =T1Y_; L and:

z—1 vy

(17) M@:uZHi—i,sz@(o)::o.

y=1z=1
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Equations (16) and (17) characterize the law of the excursion height of the random
walk X,,. We note that ¢ (z) increases with . From (15) and (17), we get an
explicit expression of the probability of the event 7,3 < 740 :

¢ (z)
p(h)’
where 7, 5, is the first hitting time of h starting from z, with 0 < =z < h < N.

In particular, if h = N with {N} also absorbing, P (7, nv < Ty4,0) = 5((;)) is the
fixation probability starting from z, whereas P (7,0 < 7o n) =1 =P (7o, 8 < Tz,0)

is the extinction probability.

P(rgn <7z0)=P(X,;, =h)=

3. A BD EXAMPLE: THE MORAN MODEL

The example we have in mind is the 2-allele Moran model with bias mechanism p.
Let

(18) p(u):u€l0,1] = [0,1], with 0 <p(0) and p(1) <1
be continuous and P (u) :=1 — p (u).

The Moran model X,, is characterized by the following transition probabilities,
given the walker is in state z € {0,.., N} :

19 0= 25(3) =5 (3) (- ) () = (- 3)0 ()

For a Moran model, X,, is the amount of, say allele or type 1 individuals, in a
population of size N and the reproduction law is obtained while choosing two
individuals at random among N, one dying and the other one passing to the next
generation while giving birth to an additional individual so as to keep constant the
full population size N over the generations. Given then X,, = z, the transition
X, = Xn+1 (X, = X, — 1) occurs with probability p, (g,) translating the
fact that the individual bound to die is chosen among type 2 (type 1) individuals
with probability 1 — & (&) and the one which splits into two new born is chosen
among the other type, with probability p (%) (respectively p (%)), after deforming
the neutral frequency % by the bias mechanism p. These bias p take into account
various evolutionary forces which are the causes of deviation to neutrality (see [28],
[15] and [8], for a discussion on various models of utmost interest in population
genetics, among which selection and mutations). The classical neutral Moran model
is obtained when p (1) = u (no external deformation). Extended Moran models are
studied in [21].

Assuming pg = p(0) > 0 and gy = 1 —p(1) > 0, with y € {1,.., N}, the corre-
sponding Markov chain is ergodic with invariant distribution

y—1 y—1
™ p- N p(%)
20 e = ( ) [ =5
(20) o g Qett Yy Zzoﬁ(—z;\r,l)

where

oY @é(j)ﬁ_p@)

We have the obvious facts
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Proposition 2. Let X, be a Moran process with transition probabilities (19) for
some bias p. Then, X, := N — X,, is again a Moran process with transition prob-
abilities of the type (19) but with the new bias p(u) := 1 — p(1 —u), namely,
Ge =PN-2=%(1-0(%)), Do =an-2 = (1= %) P (%) . The spectrum of the
transition matriz P of X, is the same as the one P of X,,. If the bias is such that
P (u) = p(u), then the transition matriz of X,, coincides with the one of X,.

Proof: we have P (z,5) = P(N —xz, N —y) and P is obtained from P applying
the permutation o : (0,1,..., N) — (N,...,1,0) reversing the order of the rows and
then of the columns. A

3.1. Fixation probability. Forcing the states {0, N} to be absorbing, the scale
function reads

x—1 Y —(z
1 P(%
go(O)anndtp(ac):l—i—z T H (1;/)
y=1 ( Yy ) z=1 p (ﬁ)
with ;f((ﬁ)) being the fixation probability whereas 1 — ;f((;)) is the extinction proba-

bility, starting from z(?). The probability of a fixation before extinction occurs in
an excursion reads:
Po p(0)

p(N) — N-1_1 v B(
o oy L

P(H =N)= x
)

2 |2

We have
P(H =N)=poP (T1,y <T10)
where P (71,8 < 71,0) = 1/¢ (N) is the fixation probability of a mutant-type allele

A;p e.g. the probability that, starting from Xy = 1, the RW hits state { N} (fixation
of the mutant-type allele 1) before hitting state {0} (extinction of allele 1).

3.2. Examples of bias mechanisms. We now give three examples of bias that
we shall deal with in the sequel.

Moran model with mutations. A basic bias example is the mutation mechanism

(21) pu) =1 —=px)u+p (1-u),

where (4, p5) are mutation probabilities in (0,1]. We let 7y := 1 — py and [y =
L—pig, pp=py +ppand g =1—p.

Schematically, type 1 alleles are being produced whenever type 1 alleles do not

mutate to type 2 (with probability 7i,) or type 2 alleles mutate to type 1 (with
probability )

(§2A1g1428
Hy

The transition matrix P of this model has therefore the particular BD structure

T/  _x 1 _ T -
(22) qz—ﬁ(uﬁuﬁ),rm—l (pm+qm),pz—(1 N)(u1+uN),

2For the neutral model with p(u) = u, the scale function is ¢ (z) = z and the fixation
probability is trivially z/N.
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with po = 1, gn = 9. When p # 1, we introduce the auxiliary parameters

V1= Tl va = Tl and v = vy + va = /7,

with v1 + 1 =@, /mand vo + 1 =1y /0.
The drift of this RW is
x x x
EXn _Xn Xn: =Pz — 4z = (_)__: EYE
(Xnt1 = Xo [ Xn=2)=ps—@ =0 ()~ =~ Iy

The deterministic part of the dynamics of X,, has a stable point at © = Ny, /pu,
cancelling the drift. When p is non-decreasing, we have p < 1. We note that in the
expression of p(u), the roles of u; and u, are interchanged. So p(u) = p (u) if and
only if py = py (symmetric mutations).

If gy = py =1, we recover if N is even the heat-exchange Bernoulli-Laplace model
[9] as a borderline example but p(u) = 1 — w is strictly decreasing in this case.
If iy = p1g = 1/2 then p(u) = 1/2 and we obtain an aperiodic model amenable
(through a suitable time substitution) to the Ehrenfest urn model provided N is
even.

For one-way mutations, (uq,y) = (u1,0) or (0, uy) leading to the simpler forms
1y +up; and Gou of p (u) but with p (1) = 1 and p (0) = 0 respectively, correspond-
ing to {N} (respectively {0}) being absorbing. We avoid this situation because it
deserves another treatment due to transience.

Moran model with mutations and selection. Another example could be

(23) p(u) = My t+u ((iiziﬁz — fiy)

)

which is the composition of the selection bias mechanism

(24) pluy=EED ()

1+ su
with the mutation mechanism (21). When considering the fixation probability
P (H = N) for the Moran model with this particular mechanism, we obtain a
closed-form formula for the fixation probability of a mutant which of course is
an interesting issue in genetics.

Cases with positive eigenvalues. We may look for conditions on the mechanism
p leading to r, > % in which case the RW is spectrally positive. Assume p (u) : u €
(0,1) — (0,1) is continuous and non—decreasing, with 0 < p (0) < p(1) < 1.

Then, as can easily be checked: r, > 1/2 for all x if and only if p(1/2) = 1/2
with p (0) < 1 < p(1). Indeed, imposing r, > 1/2 for all z leads to p (u) > 1/2 if
u>1/2 and p(u) < 1/2if u < 1/2. So, if p is non—decreasing with p (1/2) = 1/2,
then r, > %

- Take for example the mutation mechanism, now satisfying 0 < p; <y < 1. The
condition p(1/2) = 1/2, leads to u; = p, (fair mutation). In this case, p (u) =
py + (1 =2py)u with 0 < py < 1/2. If gy = 1/2, then p(u) = 2 and ¢, =

2 g
o= b= %).
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For example, if N =2:

Akl
P=1143 3 1
0w m

has three distinct real non-negative eigenvalues {1, 7, 1_2“ 1 } ordered in decreasing

size. We note however that it is not necessary that p; = uy for P to be spectrally
positive: indeed, for the full Moran model with mutations p; # 4, under the sole
condition u; + p15 < 1 (p is non decreasing), the eigenvalues t; can be seen to be
non-negative. Still, we were not able to find a sharp general condition on p that
would lead to a spectrally non-negative Moran chain.

- For the mechanism p of (23) combining mutations with selection, assuming 0 <
1y < Ty < 1 to guarantee that p is non-decreasing, the condition p(1/2) = 1/2
relates (s, g, fto) to give: s = (py — p11) / (1/2 — py) where both py, py < 1/2. In
this case, the model is spectrally positive.

3.3. Fixation probabilities for the Moran model with mutations and/or
selection. We now study the particular Moran model with mutations and/or se-
lection, starting with fixation probabilities.

e Moran with mutations (sharp threshold phenomenon): We need to evaluate
p(N) = 1+Z;V:_11(N—1,1) Y. E ; for large N and then P (71,ny < T10) = ﬁ
will follow. ’

— Suppose first =1 and let p := %

Proposition 3. The fization probability satisfies the sharp threshold property:

(i) I py = 1/2 (p = 1), then P (71,n < T1,0) = 05
(id) If py < 1/2 (p > 1), then P (11, n < T10) = = ~p NV — 0.

—1/2.

(N)
(’L’Ll) If,u1>1/2 (p<1),thenP(7'17N<7'1,0) <P(N) — 1.
Proof: With p = 5—1, we first have the identity for sums of inverse binomial
coefficients (see e.g. [27], page 197)
k
N-1 pY N N p + 1) ( + 1)

p(N)=>" (N_l): Dy

y=0 \ y (p+1) (% + 1) k=1

There is therefore a closed-form expression of the fixation probability P (71,5 < T1,0) =

———. Observing now

(N
N—-1 N—2 N-3
_ pY p p N-1 pY
p(N) =" == =1+t —7+” + >
y=0 ( y ) y=2 ( y )
we get:
(Z) iy :/Ll(p: 1): (,D(N) — 27, So: P(Tl,N <7‘170) = ﬁ — 1/2.

(i) Ty > py (p>1): p(N) ~pN=1 So: P(rin < T10) = ﬁ ~p N 0.

(i40) iy <y (p < 1): 9 (N) = 1*. So: P (11,8 < T1,0) = 55y — L.
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pr:l,because%) ﬁlfye{Q,N—Q}:2+2/N<<p(N—|—1)<2+

2/N+2(N —=3) /(N (N —1)) and ¢; (N + 1) is very close to 2+2/N. The fixation
probability tends to 1/2 from below.

Ifp#1, 1+pYN +p/N+p" 1N < o(N+1) <1+ p" +p/N+pVN"1/N +
N-—-3

2/(N (N - 1))p21—_1% and ¢ (N + 1) is very close to pV if p > 1 and very close

to 1 up to a p/N factor if p < 1.

When g, < 1/2, the probability, starting from {0} to hit the state {N} (fixation)
starting from 1 before returning to {0} tends to 0 geometrically fast. On the con-
trary, would p; > 1/2, this probability would converge to 1: mutations producing
type 1 individuals are sufficiently large to enhance fixation of a mutant allele with
probability 1. If u; = 1/2, the fixation probability approaches 1/2. A

e N-Loy v NE g
N) = 1+ N o—14 K
P ) Z ) zﬂluwﬁ% 2y Uk
N-1
I'(Ay) I'(By+1) 1
= 1+§ =1+ .
N 1 AN— )F(BN+1—|—y) o (N;1)7/)N (y)

Proceeding as before, we have

L ¥v ()
N

Do <pm <1 2y v o),

showing that ¢ (N) N Moo 1+ %N—fll) + ¢ (N —1). The dominating term in ¢ (V)

is thus either the one corresponding to y = 1 or the one corresponding to y = N —1.
K1

= /B
With r := (% %) , by Stirling formula, we get

Mo 2
Ll Ax-d I'(Ay) T (By+1)

N large N*lBN+1 F(AN7N+1)F(BN+N)
1 vys+1 T(N(w2+1)) T(Nvi+1)
N -1 V1 F(NV2+1) F(N(V1+1))

1 va+1 V1+1(N(Jl\//il))

_ N(vi+1
N—-1 1, V2+1( (NLI ))

vo+1 v N
1 wve+1 vi+1 [ (va+1)" %%
~ 1+ + 2 vi+1
N large N—-1 1 vog+1 Vo (V1+1) !
1 wvo+1 fvi+1 §
=:1
+N—1 vy * V2+1T

Now, whenever p; < jiq, regardless of whether y > 1 or p < 1,

\/p

vo+1 vy —H1 K

(25) ro= (v2 + 1) Y1 = H# _H1 > 1.
vy (v1+ 1)U1+1 ﬁ§2 115?

¢ (N)

~14
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Indeed, let H (uq) = — (uq log pq + 711 log iy ) . The condition r > 1 is also:
1
= (H (pg) — H (p1)) > 0.

If py < pg, then H (ug)—H (py) < 0iff piy > Ty (or @ < 0) and then % (H (pg) — H (uq)) >
0.

If puy < g, then H (pp)—H (p11) > 0iff piy <72y (or > 0) and then % (H (pg) — H (1)) >
0.

We obtained:

Proposition 4. When u # 1, the fization probability also satisfies a sharp threshold
property:

() If py < o, the fization probability tends to 0 geometrically fast because ¢ (N) v
arge

vi+1l, N Ko N ; — 1 [H1,.—N
—=T = ==1 leading to P (7 T = ~ =T . The ’l$-
\/ vat1 V Hy ’ g ( LN < 170) @(N) N large Ha

ation probability of a mutant tends to 0, algebraically fast at rate v given by (25).
(43) If py > po, regardless of whether p > 1 or p < 1, r < 1. Thus ¢ (N) ~

N large
L yotl _ 17 , _ 1 LB
1+WWT = 1+NZ—1 leading to P (T1,ny < T10) = 2@ N }:Tge 1/ (1 + ﬁ%) —1
from below.
(#92) If py = po (balanced mutations), v1 = va, r = 1 and therefore: ¢ (N) v
arge

2+ %E—i — 24 : the fization probability tends to 1/2 from below.

e For the Moran model with selection mechanism p (u) = (}I—i“ as in (24),
gene A; (respectively As) has fitness wy = 14 s (respectively wy = 1) so that, with

w:= wi /wy =1+ s the mutant relative fitness
xT

gp(z)zlJrZ (Nll) H%lJerwy%,

z=1 p

showing that: P (71 ny < 7T1,0) = #N) = 11:5:;,. Whenever s > 0 (s < 0), the
mutant gene A; is selectively advantageous (deleterious) compared to Az. When
wt <1 (s>0), P(ri,ny <T10) tends to 1 — w™! whereas when w™! > 1 (s <
0), this probability tends to 0 exponentially fast like (wfl — 1) w™. When s = 0

(neutral case), P (71,5 < 71,0) = 1/N tends to 0 much slower.

In this pure selection case, these results are well-known (see e.g. (3.66) page 109 of
[8] and also [1] in [30]).

e For the Moran model with bias mechanism (23) involving both mutation and
selection

p
where, with # = (14 8)Ty — 1y = I + Sfia, Ay = N%, By = N%a Uy (y) =
P(An—y) T(BN+1+y)"




MORAN MODELS WITH MUTATIONS 17

From the preceding analysis, we conclude that with

0 o 1/ [fi+s7is)
(26) ro= — — ,
(T (1 + )20 (1 — 1y (1 4 5))" P20

-
1+ ——5 4 45 B2V,

N ~
SO( )Nlarge N—lul 1251

We thus obtained:

Proposition 5. For the Moran model with bias mechanism (23):
) fw=1+s< %7 the fization probability tends to O geometrically fast because

L_ =N The

~
N large W

fixation probability of a mutant tends to 0, algebraically fast at rate v now given by
(26).
1

” 2 ~ EyIY j = —5 ~
(i) If w > = ©(N) N Torge L+ - leading to P(rinv <T10) T N Terge

©(N) ~ ,/wg—?rN, leading to P (11, < T1,0) =

1
N large #(N)

==l
(V]

1/ (1 + %z—i) — 1 from below.

2+ I the

(#4t) In the critical regime when w = % and then ¢ (N) N

N erge
fization probability tends again to 1/2.

Proof: Regardless of whether ;1 < 1 or g > 1, the extinction condition r > 1 is
achieved whenever

1
o+ sfip
By the above arguments, this leads to the following mutation-selection balance
condition: p; <1 —T4 (1 + s) which is also

(H (1 =75 (145)) = H (1)) > 0.

w:i=14s< ?
Ha
The selective advantage of allele A; (its relative fitness) should not be too large and
the upper bound is given by the ratio of the mutation probabilities i, /5. Note
that pq < pg (respectively py > o) = 7 /Hy > 1 (respectively Ty /fi, < 1). In
the presence of selection, the extinction condition can be achieved even if p; > pq
provided s < 0 is small enough. When p; = 5, the extinction of the mutant allele
occurs if it is selectively deleterious: s < 0. A

To the best of the author’s knowledge, the results displayed in Propositions 3 — 5
seem to be new.

3.4. Spectral representation and invariant measure of the Moran model
with mutations. Except for some exceptional special cases, the spectral measure
associated to the Moran model with general bias mechanism p as in (19) is not
known. One of the notable exceptions is the Moran model with positive mutation
probabilities 11, uq; see [23], [24] and [17]. The transition matrix P of this model
has therefore the BD structure (22).
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For the Moran model with mutations, the orthogonal polynomials coincide with
the dual Hahn polynomials R, (\;) := Hy, (z) where, with A\, =k (k+ Nv —1)

—k,k+Nv—-1,—x
2 H = 3F: i1 =0,..,N
( 7) k(.’I]) 3 2(( NVl,*N )7 )7k 0) )

are the classical Hahn or Hahn-Eberlein polynomials. We note that (Hahn case)
u<1=wv1,vs >0 with v1,vs = 400 (p — 17) and vy,v9 — 0 (u — 07) whereas
(Hahn-Eberlein case) p > 1 = vy,vy < —1 with vy,v3 — —o0o0 (g — 17) and
vi,v2 = —1 (p—27).

The case p < 1 (u > 1) corresponds to a weak (strong) mutation regime.

As a truncated hypergeometric series, the polynomials R, (Ax) are of degree k in z.
In this case, thanks to the 3-term recurrence satisfied by the Hy, (), the eigenvalues
of the transition matrix (22) are

A k E—1_
(28) tklmlﬁO”T“)’

depending only on the total mutation pressure p. In particular, 1 —¢; = % is the
spectral gap and ¢y = £ is the smallest eigenvalue (with tx < 0if p > 1).
- In the weak mutation regime p < 1, the RW is spectrally positive with

0<tN:%<...<t1:1—%<t0:1.

- In the strong mutation regime 1 < p < 2, the RW is not spectrally positive with

tny = <...<0<...<t1:1—%<t0:1.

=|=

When N gets large, there is a fixed (independent of N) number of negative eigen-

values. Only when g = 2 do we have a number of negative eigenvalues of order
N/2.

Invariant measure. Furthermore, with (a), :=T" (a + ) /T (a) the rising factorial

of a, the invariant probability measure is the generalized bivariate hypergeometric

distribution:

(29) T = @) (Nyl)&éiv)f)fv‘m, 2=0,.,N

which may also be recast as

—Nv1\ (—Nvo
%}\EVN*I), r=0,.,N
(~")
with the convention (7) = {—a}, /2!, {—a}, = —a(—a—1)..(—a— 2z +1), the
falling factorials of —a with {—a}, = (—1)" (a),.

(30) Ty =

The mean and variance of 7, are

1 N2
Moo i= Nﬂ :Nﬂ and o_io — N2V112/2 + v _ _MIMQ.
v M 1% NV+1 N‘LL+M /’L2
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Upon scaling, the law of Uy := Xoo/N is very much peaked around its mean %,

with density
i (0) = N e
N (u)=Nryy = —F————,uc (0,1
fOl dueNV (w)

where V (u) = log W (u) and, by Stirling formula

vitu vot+l—u
1 _ v
W (u) (u<1) (v1 tlu) (va + u) — v ST if vi,v2 >0
vty vy? (1 —u) (v+1)
_ —u _ —vs -1 —v—1
W (u) (1) (=) i) (zv=1) if vy,v9 < -1

wt (v —u) T (=) T (—y2 —14uw) T (—)T

—Uu

(u (r=1) uy H1
we (1 —u)'
2 3

We have V' (u) =0 at u, = 2 = 2 and V" (u,) = — & (i+i):f—L<0,

v W I+ \v1 © ve Btho

I

A saddle point estimate gives

/ dueNV (W) = NV (u.) N|V” and so fnv (u) ~ | ———= N|VN ) =NV (ue) =V (w))
0 \

e When both vy, v > 0 (u < 1) the distribution (29) is the negative hypergeometric
distribution which can be obtamed as a beta(Nvy, Nvs) mixture of the binomial
distribution (J;[)p”” (1-— p)N*z with parameter p € [0, 1], namely:
N\ 1 N I (Nv) N1 Nvg—1
= z (1 — r__ 7 Nl L ve=lg
= (0) [ a0 s g a0
with (by Stirling formula)

I'(Nv) LNt vat)-1 , _ L (Nv) D(N (v2 +1))
F(Nl/l)F(NVQ)/ (A =p)" dp T (Nvs) T(N (v +1))

vo+1 N
2”+1 (va+ 1) VY o Lo N
Vvuws+1 vy? (v+ 1)”+1 N opm

—H1

/B
displaying exponential decay (p = (%) < 1). Note that, with

Ty =

1y
eyt e (e
p= Vlljl (v + 1)V+1 - ( Ml ) <1
it holds that
I'(Nv ! va—
™= T (N—yl()'r <)zv—y2>/0 PN 1= p) " dp
T TN +1) [Ty
T(Nv) T(N(w+1)  Vom”
Note that both p and p < 1 because, with h(z) := —zlogz, p < 1 = h(u) >

h(pg) — h(y) and h(p) > h () —h (7).
Furthermore, the rate r (25) appearing in the fixation probability is r = p/p.
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The case of symmetric mutations p; = py (with g < 1) is obtained while setting
vy =vs =v/2.

e When both vy,vs < =1 (2 > p > 1) the distribution 7, in (30) constitutes
the classical (generalized) hypergeometric distribution arising in sampling without
replacement.

By Stirling formula, for all b > a > 0 (exponential growth):

N
(31) (Nb) 1 b
Na 2r(b—a)N/b [av(b—a)™"|
This shows that, with p <1 and p < 1
—v— N
_ ) va (v +1) (-v2)™” (v=0"T' s
To = Ny 1 —vo—1 —v - e
(") v(va+1) | (—va - 1) (=v) HHy
—INV1 -V —vV— N
S O B (2N R 0N I Y (o= [T
(V) Vvt (-7 (=)™ 1Tl

Note that again

with p and p < 1 because, with h (z) := —xlogz, p > 1= h(u) < h(g) — h ()
and h (p) < h (1) = (Fz) .-

e When both vi,vs = —1 (g = py = 1), we get the standard hypergeometric
distribution 7, = (];[) (Nzim)/(%v), with mg =7y = ﬁ ~VTN4N,
N

The case of symmetric mutations p; = py (with g > 1) is obtained while setting
vy =vs =v/2.

e When p; = py = 1 (Bernoulli-Laplace), the transition probabilities read: ¢, =

(8)7 re =25 (1= 2). e = (1= £)° - Here, = (3)(,)/(3) (the stan

dard hypergeometric distribution), p;, = 22%1%2,5 (ZIX)/(QNJ\;’“) and t, = 1—% (2N +1—k).

The expected return time to {0} is 22V /v/wN which is huge when N is large,
whereas the expected return time to {N/2} is of order v N /2, much smaller.

e On the critical line gy + py = 1, p(u) = py is constant and so the transi-

tion probabilities become affine functions of the state: ¢, = [y %, r2 = [y +
2m =1 %, pe = m (1= %) Here, mp = (D)uim) ™", wyp = (3)ubmy ™ are
binomial bin(N, u) —distributed and self-dual and ¢, = 1 — %, independent of
wq (this RW is spectrally non-negative). The Hahn polynomials boil down to
Hy (z) = 2 ((72;1);;11_1), k = 0,..,N, a class of Krawtchouk polynomials.
When py; = 1/2 (the lazy Ehrenfest urn), the holding probabilities are r, = 1/2

and both 7, and p,, are symmetric bin(V, 1/2) distributed.
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Spectral measure when p # 1.

The spectral probability measure is

2k+Nv—1/N\ (Nva)y (Nvi),
32 = — k=0,.,N
(32) Hi I<:+Nu—1<k>(k+Nu)N(Ny2)k’ Y
and the orthogonality relation reads:
(Nva)y  zl(N —ux)! o

Soy =254,

N
(33) Z i Ra (Ak) Ry ()‘k) = NI (NI/ ) (NI/ ) z,y
k=0 : 1)z 2)N—z Tz

Notice, in our notations: q, (t) = Ry (N (N 4+ Nv) (1 —t)) = Ry (N2 (1 — i) / (R)) -
In particular

v
2 (T = :H =1-
d (t1) 1 () N ”
qe (t2) = : Ho(z) =1— Az + Ba?
where
A_NV+12NV1+2+V2—Z/1 _ (Nv+1)(Nv+2)
~ Nvy (N-1)(Nvi+1)" 7 N2(Nvy+1)(N-1uvy

Evolution of the conditional mean and variance of X, given X, = x.
. (t1) and q, (t2) being right eigenvectors of P,

E.H, (X,) = t1H; (z)

E.H(X,) = tyHs(x)
leading, by virtue of (10), to

Proposition 6. For the Moran model with mutations

E, (X)) = Moo (1= 11H (2)) = me = N% - N%
Amao " n 1 1.,
P2 (X) = AT () - (L R (@) % L3 () o 0%

This shows how the mean and variance of X,, varies, during the course of evolution,
as a function of n and the initial condition Xy = x before reaching the mean and
variance of the limit law. Concerning the mean value

E. (X)) — Moo =17 (2 — M)

and depending on x > me, or T < Moo, B, (X,) approaches monotonically the
limiting value mey, from above or from below. Note however that for all initial
conditions z,

|E; (X, — moo)| is a decreasing (negentropic) function of n.

Let us now consider the variance. Noting that %—Qmoo = (g —pe) (2—p)/(p—1),
rearranging the terms,

— 2 — 1
02 (X,) = 0% — mooHy (2) (115 Mlﬁ) 2= " —m2 Hy (z)* 3" + EHQ (x) ]

Withw > 0 if (uy > py and p < 1) or (uy < gy and p > 1) and
to < t? < t; < 1. The corrective term to the limiting variance is a linear combination



22 THIERRY E. HUILLET

of three terms with geometric decay at different rates. For large n, the discrepancy

between o2 (X,,) and o2, is indeed controlled by the slower ] term. In general, the

variance does not increase monotonically towards its limiting value, starting from
02 (Xo=x)=0.

Proposition 7. If for instance starting from x < Nuq/p = moo (which is Hy (z) >

W > 0 or not, 02 (X,,) approaches its limiting value

o2 from below or from above, respectively. When Mﬁ)(%“) < 0, there is a time

2

0), depending on

n = n, (z) at which the fluctuation o3 (X,,) is maxzimum and this mazimum exceeds
o2,. The conclusions should be reversed would x > Ny /i = mes (or Hy (z) < 0).

It can also be shown ([31], page 47) that, for m >0
COVy (X'm Xn+m) = tTO'i (X") ’

meaning a geometric asymptotic decay of the auto-covariance also controlled by the
second largest eigenvalue .

Evolution of heterozygosity. Let
h(Xn) =X, (N—-X,)=X,X,

denote the heterozygosity of the chain. This function is the largest when X,, = N/2
i.e. when both type population sizes X,, and X, are the closest. The exact evolution
of E;b (X,) and o2 (h(X,,)) can be derived in a similar way, using (10). For the
variance o2 (h (X)), qz (t4) =: Hy (z), as a degree—4 polynomial in z, is needed.
It can be shown that E;b (X,) tends monotonically to o2 pu (N — 1) ~ N?&52,
geometrically fast at rate t1, as n — oo. The variance tends to 0 geometrically fast

as n — oo and it is maximal at some intermediate time n = n, (z).
Note that, with g (X,,) = X,, — X,, = 2X,, — N denoting the population gap,
E.g(X,) =2me (1 —t7Hy () — N

and this function, just like E,, (X,,) — mu, is not always (i.e. independently of x)
decreasing with n.

Increase of the conditional entropy given Xy =« (H—theorem):
Let P (X, | Xo =) = P"(x,X,), n > 1. For any initial distribution P (X, = z),
with
N
H, := —ElogP (X, | Xo) = =Y P (Xo=1)ElogP (X, | Xo=2),n>1and Hy =0
z=0
the Shannon conditional entropy of the chain, we have [18]
0 S HnJrl - Hn S Hn - anl-

The first inequality shows that H,, is non-decreasing. It converges to its limiting
maximal value, which is the Shannon entropy of the invariant measure. The second
inequality shows that H,, is n—concave: the speed of increase of entropy decreases
as time passes by. In particular, letting H, (z) := —ElogP (X,, | Xo = z), for all
fixed starting point z, Hy () = 0 and

0< Hp41(x)— Hy(x) < H, () — Hyoq ().
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The increase of entropy is a manifestation of irreversibility apparently in conflict
with the reversibility property of all ergodic BD chains and their recurrence of
states.

Empirical average and large deviation ([33]).

Given Xy = xg, let
1 1 &
MU::—SU::—E U(X
n n n n (

denote the empirical average of some bounded measurable output function U of
the (ergodic) chain. Examples of interesting Us are U (x) = x in which case MY
is directly the empirical average of the Xs, but also U (z) = 1 (z =y) in which
case SY is the fraction of time spent by the walker at state y (its local time). With
e),, the row vector which is 0 everywhere but at position 2o where it is 1 and 1 a
column vector of 1s, we have

Z e B =1 Ulzm) ﬁ P (Zm—1,%m)

E (e_ﬂsg | Xy = .To)

T1,..,Tn m=1
= Z H P :Cm 17$m) AU@m) = e;opgl
Ty m=1

where, with wg a column weight-vector with x entry wg (z) = e AU Py =
PDy,. By Perron-Froebenius theorem, we have

1 _aqU
—;logE(e BSn |X0:ac0) n_—>>oo—10g)\(6) =:p(B),

where A (8) is the dominant principal eigenvalue of Pg and p (3) a concave function
of § € R, with p(0) = 0. Thus

1ogP< ZU m ng@da) njoof(a)da

where f(a) = infg(af —p(B)) < 0 is the concave Legendre transform of the
pressure function p (3), giving the large deviation rate function of M. Clearly,

% Z UXp) 2 e =EU (X)),

n—00

which is the value where f (a) is maximum (5, = f/ (o) = 0), equal to 0.

4. A DETAILED STUDY OF THE SIEGMUND DUAL OF BD CHAINS WITH AN
APPLICATION TO THE MUTATION MORAN MODEL

In this Section, we shall illustrate the power of the duality/intertwining relation-
ship by considering the simplest Siegmund dual of a birth and death chain, with the
mutation Moran birth and death example in mind. We also address here the ques-
tion of computing the strong stationary time distribution that helps quantifying
the ‘distance’ to equilibrium of the original positive recurrent BD process.
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Definition 1. [26]: Two discrete-time Markov processes (Xn,)A(n;n > O), with

state-spaces (X,Y), possibly with substochastic transition kernels, are said to be
dual with respect to some non-singular duality kernel H > 0 on the product space

XxYifVreX, Vye), VneN:
(34) E.H (X,,y) = E,H (:c)?n) :

When state-spaces (X, ) = {0, .., N}* are finite and identical, the duality kernel is
a square-matrix and the transition matrix of the dual process X, say P is obtained
from the one P of the direct process by:

P =H'PH,
where P’ stands for the transpose of P. Note that if P is an H—dual to P, then P
isan H'—dualto P. If H = H', Pis an H—dual to P but also P is an H—dual to P.

The Siegmund duality kernel(®). The Siegmund duality kernel is: H (z,y) =
1(z <y).If for a given process X,, a process )A(n exists satisfying the above con-
dition, )A(n is called the Siegmund dual of X,,, see [32]. Clearly, in the BD case for
X, the condition for the Siegmund dual to exist is that X,, should be stochastically
monotone in that, for all y > 0 and n > 0, P, (X,, > y) should be increasing with

x.

For positive recurrent birth and death processes, and for the Siegmund kernel, the
transition matrix P of the dual process X,, reads:

To—q1 1
D1 T q2

ae)
I

PN-1 TN-1 4N
0 1
where 7y == 1 — (py +qy+1), ¥ € {1,...,., N—1} (and g, = py, y = 1,..,N — 1,
Dy = qy+1, ¥ = 0,..., N — 1). It is again the one of a BD process (but not of a
Moran BD process if P is a Moran transition matrix). Indeed, in this case, H is an
upper-right triangular matrix with non-zero entries 1, whereas the non-null entries
of H=! are the diagonal (with entries 1) and the upper-diagonal with entries —1.
The structure of P follows from this and the duality relation: P' = H-'PH.

For this dual to exist, we need to ensure that p, + gy4+1 < 1 for y € {0,..,N — 1}
which is a necessary and sufficient condition to guarantee the stochastic mono-
tonicity of X,,. This condition also reads: py+1 — py > —ry41. The drift of X, at
y is: R

fW) =Dy — @y =ay+1 —py = —f(y+ 1)+ (py+1 — py)
where f (y) := py — ¢y is the drift of X, at y. We have:

—fy+1) =1y < Fy) < —f(y) +ry

3For nonneutral population genetics models, other duality kernels have recently been shown
to be of interest, see [19] and [20].
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We already know that if P is a spectrally non-negative BD matrix, the chain is
stochastically monotone. Here is another sufficient condition relative to the specific
ergodic Moran case:

Proposition 8. Consider the Moran model X, with bias p satisfying 0 < p(0),
p(1l) < 1. If p(u) is non-decreasing, the condition py + qz+1 < 1 is fulfilled (the
Moran chain is stochastically monotone) and so the Siegmund dual exists.

Proof: We first need to guarantee 1 —pg—¢q; > 0 corresponding to the row x = 0 of
P. But this is true because p (1/N) > p(0) > Np (0)— (N — 1). Next, when = N,
the inequality clearly holds because py = gy4+1 = 0. Finally, for z € {1,.., N — 1}

Pe+ @ey1 =p(x/N) —xp(z/N) /N + (x+1) /N = (z+1)p((z+1) /N) /N
<p(x/N)(1 —=z/N —(z+1)/N)+ (z+1) /N
= [p(z/N)(N =2z —1)+z+1]/N <1

because

p(a/N) < (1—2/(N—1))/(1-22/ (N 1)) ifz e {0 {%J}

p(z/N)>(1—2/(N—-1))/(1—2z/(N—1)) 1f:ceﬂ¥w ,..,Nl}.

A

For the mutation Moran model in the weak mutation regime 0 < u < 1, p(u) is
non-decreasing and therefore this chain is stochastically monotone. Although the
condition that p (u) is non-decreasing is a sufficient condition to guarantee that the
chain is stochastically monotone, it is not necessary.

Proposition 9. Consider the Moran model X,, with mutation bias p in the strong
mutation regime 2 > p > 1. Although p (u) is not non-decreasing, the condition p,+
gr+1 < 1 s still fulfilled would N be large enough (in which case the Moran chain
with strong mutations is still stochastically monotone). And then the Siegmund dual
erists.

Proof: When 2 > p > 1, p(u) = puq + fu is monotone decreasing. We need to
check that in that case also p, + ¢z+1 < 1 when x varies from 0 to NV — 1, as soon
as N is large enough. After some elementary algebra,

_(TN? — AN (= — R
craen = () (o 2f) (7)- (- R
Pz + Gut1 P\ W +<u1 15 N) N =Nt

The minimum if this convex degree—2 polynomial is attained at the point x =
N (2ﬁ1 — - 2%) /(4) so, when N is large, to the left (right) of 2 = N/2 if
to > py (if py > pg) with a negative value of this minimum. The maximum of

Pz + @z+1 — 1 is thus attained either at x = N —1 (at ¢ = 0), with py_1+qnv —1 =
U RE % (ﬁg — %) (respectively po+q1 —1 = =, + % (ﬂl — %) ). These maxima
are non-positive for all N sufficiently large so that N2 — N > max (—%, —%)
Then, given a Moran model with 2 > g > 1, for all IV large enough both py_1 +
gv — 1 <0and pg+q1 —1<0.
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When p = 1, p(u) = py and py + gz4+1 is a linear function of z. The maxi-
mum of p, + ¢z4+1 — 1 is thus attained either at x = N — 1 (at & = 0), with
pN-1+qn —1=—5 (N —1) (respectively pg +¢1 — 1 = =5 (N — 1)), both non-
positive. So p, + gx+1 < 1 for all  and the Siegmund dual also exists when pu =1,

whatever the value of N. A

Remark2: Whenever 0 < p < 2 therefore, the Moran model with mutations is or
can be made stochastically monotone. When p = 2, py + gz41 — 1 < 0 except
at least at both # = 0 and * = N — 1 where p; + ¢z+1 — 1 = 1/N? > 0. The
Bernoulli-Laplace chain fails to be stochastically monotone.

From the structure of ﬁ, it is apparent that the dual process loses mass at y = 0 and
is absorbed at y = N. Let us therefore add a coffin state 0 := {—1} and consider
the enlarged stochastic matrix which we shall call Pj :

1 0
l—rg "o—q1 @
~ D1 i q2

Py =

The corresponding proper BD chain, call it a)A(n, now has two absorbing states,
one at {—1}, one at {N}. Let now ¢ (y), y = —1,0,1,..., N be the scale function
of 9 X, solving Pyp = @, forcing » (—1) = 0. We can easily check that:

Yy Yy
_ _ _ . 1
(35) P(-1)=0,80) =1, 3y =1 :ZZ%:ﬂ—OZm
z=0 z=0

so that the scale function of a)A(n expresses in terms of the cumulative distribution

PRy . . .
my 1= Y _._ . of the invariant measure of the original process.

Let Ty := Ty,—1 A Ty,n be the infimum of the first hitting time of {—1} and {N}
starting from y € {0,..., N — 1}. We have:

> Ply) _ v _ .
36) P, (sXz, =N) = 225 = 20—
( . ! P(N) 7y Y

Doob h—transform. Define a new transition matrix 153 by:

C

~ T, ~
(37) Py (2,y) = Py (2,y), 7,y € {~1,0,... N}*.

x
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We have
1 0 -
0 To—qu potaqi
~ 5
" ,rfpl 1 e 42
PB = )
WN 2PN 1 TN-1 WZCTVJLQN
0 1

where state {—1} becomes isolated and disconnected. Deleting the row and column
associated to the entry {—1} of P@, we get a stochastic matrix, call it P of a process
X,, on {0, ..., N} which corresponds to X, conditioned to first hit state {N'} before
state {—1}. The state {0} of this conditioned BD process now is partially reflecting
whereas the remaining absorbing state, say a, is a = {N}.

We shall also need subsequently to introduce @ (x), © = 0,1, ..., N, which is the new
scale function of X,,. We have:
z—1 y ~ z—1 y

(38) p(0)=0, p(1)=1, ¢ 71+ZHqZ71+ZH Mol Qa1

ylzl y12121pz

c

ﬂ;glpz and7, =7,,2=1,....N—1, g0 = po+ ¢ and

5,2 =
7o =10 — ¢q1 and 7y = 1 and py = 0 are the new transition probabilities of )~(n on
{0, ..., N} which can now be read from P.

~ <
because ¢, = —=+

We now show that P and P are intertwined through a stochastic link.

Proposition 10. (i) The matrices P and P are similar (with the same eigenval-
ues), that is

(39) P =APA L

The link A is given by: A(z,x) = Z£1 (x < ), corresponding to the entries of a
lower-triangular stochastic matriz. In other words, for all n >0

(40) A(E,z)zP(Xn:z|)~(n:i)
and ), = %;A where w, = Pr (Xp="-) and 7, = Pz, (f(n = )
(ii) The link A satisfies

(41) A(N,z) =7y, x=0,.,N.

(iii) 7y = wy = e} := (1,0, ...,0) are admissible initial distributions of the chains
X, and X, satisfying

(42) wy = ToA.

(iv) P is K-dual to P :
(43) P =K 'PK
where K (z,y) = =1 (z <y).
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Proof: (i) From (37)
P = D;}PDye where Dy = diag (TGs - TN ) -

The random walk X,, being reversible, P’ = DPD,*. Thus:

P=D;'H'PH 'Dype = D;'H' D PD;'H' "' Dpe.
As aresult, A = D! H' D, with the right entries A (Z,z) = Z£1 (z < ), satisfying
Y u<s :—g =1
(i7) The last row of A is given by A (N,z) = 7, so that once X,, hits state N, the
law of X,, is .
(#4¢) The first row of A is (1,0,...,0) so that e{, = ejA.
(iv) Indeed, P’ = DpeP'D7} = Dpe H-'PHD,} := K-'PK with K = HD;!
with the right entries. A

So P (as the composition of the Siegmund dual of P with a Doob-transform) can be
obtained from P either from (¢) through a stochastic link A or from (iv) through the
duality kernel K. This is because BD chains such as the Moran model are reversible.

Strong stationary time. The intertwining construction shows that the original
positive recurrent BD chain X,, with transition matrix P may also be viewed as the
output (through the link A) of an intertwined hidden Markov chain X,, with tran-
sition matrix P. Once X, hits its absorbing state {N'}, the RW X,, is distributed
like 7r, provided both X, and )N(n were started at 0. Furthermore, there exists a

bivariate Markov chain ()N( , X ) with transition kernel:

@ (@) G = DL TR RO,

where T € {x,z £ 1}, 7y € {y,y£1}. We have: (AP)(Z,y) >0iff y <T+ 1. We
can check that 37 > - P ((Z,),(y,y)) = 1 as required for a stochastic matrix.

With z € {0,..., N — 1}, we shall let
(45) ?501]\] = inf (n : )’Zn =N | )’ZO = .A’L"0)

be the first hitting time of {N} of X, starting from state o € {0,..., N —1}. The
random time 7o n gives some information on the speed of convergence of the law of
the original process X, to its invariant measure (is a strong stationary time in the
sense of Diaconis and Fill, [4]). The facts (39, 40, 41, 42) indeed guarantee that 7o x

is a strong stationary time of X, in the sense that Xz, 4 7 and is independent

of 7o, v (see [4] Theorems 2.4 and 2.17 or [10] Theorem,2.1). Equivalently (see [1],
Prop. 3.2), it holds that:

(46) sep (7n, ™) <P (To.n >n) <E(Ton)/n
where 7, () ;== P™ (0, ) is the law of X,, started at 0, 7r its invariant measure. In
(46), the separation discrepancy is defined by: sep(m,, ) := sup, [1 — 7, (y) /7] .

It satisfies sep(m,,m) > |7, — 7| ;, where |7, — 7| p, = %Zy |7 (y) — my is
the total variation distance between 7, and .
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Furthermore, from (39, 42), there is a unique ‘witness’ state say d = N such that
either 7, (N) = 0 or 7, (N) > 0 = 7, (d) = T (N)mq > 0 showing that this
random time is stochastically the smallest since the first inequality in (46) turns
out to be an equality (see Remark 2.39 of [4] and Proposition 11 below).

In the context of BD chains absorbed at N, the probability generating function
(pgf) of To.n > N is [25], [10]:

(47) E (z;UvN) - ﬁ A=tz o)

where —1 <t < +1, k=1,..., N are the N distinct eigenvalues of both P and P,
avoiding tg = 1. The formula (47) also reads

(TUN) ZA 1—tlz

where -
A= —k
: H ly —
k£l
and
N
(48) P (Ton >n) = ZH@ non>N-—1.
1=1 k£l
Thus, t7"P (To,n > N) = ntoo Hk:2 tll_TttlZ and 7o, v has geometric tails with expo-
nent t;. We have:
N
(49) E (To,n) = trace ( ) Z (1—t,)"" and
k=1
N N
(50) o2 TQN Ztk 1—t)” Zl_tk Zl—tk 1.
k=1 k=1
Note since t; is the dommant eigenvalue
~ E (T
(51) 0? (Fon) < %
-t

. . ~ d N
When the eigenvalues t; are non-negative, then 7o n = Zk:l T where the 78

are independent with 7 & geom(l — i) the geometric distribution with success
parameter 1 — t; on {1,2,...}. When the eigenvalues t;, are not all positive, it is
not obvious that the above expression (47) of E (z?OvN ) is indeed a pgf but it turns
out that this is the case. Assuming ty < ... < tj41 <0<t < ... <t <tg=1,
(47) takes on the interpretation of:

To,N — E bk—g Tk,
k=i11

where by < bernoulli(1/ (1 —tx)), Tk 2 geom(l —t) and 7o n are all mutually
independent. We can summarize these results that should mainly be attributed to
[1], [4], [10] and [11] as follows:
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Proposition 11. Suppose a Siegmund dual exists for a finite state-space ergodic
BD chain X,,. Then there exists a Markov chain )~(n, intertwined with X, with
{N} as an absorbing state and fully described in Proposition 10. The random time
To,N is a fastest strong stationary time for X,, whose law is characterized either
by (47) or (48) involving the spectrum of either P or P, the transition matrices
governing the two processes.

Remark3: When the RW is symmetric, except for ty = —1 and maybe {0}, the
eigenvalues can be paired because if ¢, € (0,1) is an eigenvalue, then ty_, = —tx
is one also. The pgf reads

= 9,2 Mot (1—152)22
E(zT“’N) - B Z i N = 2N,
1+2 kl;[l 1—t222
No 2\ .2
k=1

depending on whether {0} is or is not an eigenvalue.

Computing the mean and variance of 7 n. Suppose that the ¢, are known
explicitly. In this case, it is possible to compute E (7o n) and o (7o n) and find
conditions under which

To,N
E (To.n)

If this is the case, then % — 1 in probability and |E (7o n) /2] is expected to
be a cutoff time for X,, started at {0}.

(52) E (To,n) — o0 and 02( ) —0as N 1 oo.

We now apply this construction to the particular Moran model under study.

The case of the Moran model with mutations. The eigenvalues ¢}, are known,

leading to: 1 —t;, = % (,u + ﬁ%) . If we scale the characteristic time 7o xy to N,

the summations for large IV can be replaced by integrals, leading to the estimate

N /1 dx N? ( /1 dx _ /1 dx >
Ky ™~ — = — — M — )
o o @+1/N)(u+mzr)  Np—nu\Jo 2+1/N " J; p+ax

and similarly for 02 (7o n) . From this, we easily get

Proposition 12. For the Moran model with mutations with 0 < p < 2, whenever
the Siegmund dual exists

N - N\?
Wy ~ m (log N +log ) and o® (Fo.n) ~ <E> ,

showing that o* (To N /E (To.n)) ~ (log N)72 — 0.

We have
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and the tail distribution of 7o n is

(53) P (Fon >n) = ZHl n>N—1.

Remark4: When p = 2, the Bernoulli-Laplace RW fails to be stochastically mono-
tone and so the above construction also fails as the chain has no Siegmund dual.
However, as was shown in [2], similar conclusions on the fastest strong station-
ary time holds for the embedded continuous-time version of the Bernoulli-Laplace
chain.

Proposition 13. We have the Gumbel limit law

~ N
To.N — ~log N e
~Scaled ; d d _
rorgied 0N T IO8N 4y d o) g
“w

Proof: Indeed, using tx/ (1 — tx) ~ N/ (ku) to the dominant order in N

E ( Zt;Scaled) Ni,b-t N 1-— tk Ni,b't N k
€ ~ - ~ I I ;
P 1—tg (1 +itu/N) P k—it

—T(1—it) asN 1T oo

which is the Fourier transform of e_(c”"’eiz), reR. A

With ny (0) = {% (log N + e)J , then

n (0
@09 ==, 2 c®
where ¢ (0) =100 0 and ¢ (6) —g+—oc 1. The expected mixing time is pp ~ % log N
whereas the spectral gap is 1 — ¢; = 4, the product of the 2 of which tends to
oo. Recalling 02 (Fon) < {2, 02 (Fon/pn) = py'o? (Fon) < 1/((1—t1) py),
the condition (1 —#;) puy — oo is a sufficient condition for o (7o n/uy) — 0. If
this holds, the contribution of Z,ZCVZQ (1- tk)_1 to pp dominates the lead term
(1 —t1)"" (see [3] and [5] for recent developments and precisions).

5. RELATED TRANSITION TIMES FOR THE MORAN MODEL WITH MUTATIONS

Consider the ergodic Moran birth and death Markov chain X,, with mutations on
the state-space {0, .., N} . By (4), the mean return time to state {0} is E (75 4) = .

™o

1

1/
Thus, with p = (“Iﬂgﬂ) < 1, regardlessof u < lor2>pu>1
2

B (vh0) ~ [t (1/0) s N oo,
2

When p=1, E (r50) =1 " = pa ™ (=2 if gy = pp = 1/2).
Ifp=2( =mp=1), E(TS,O) =1/m = (2]€[V) ~ 4N /VTN.
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We wish now to estimate the expected time it takes for X, to move from one end of
the state-space to the other, that is from state {0} to {N}. Let 79 x be the random
time of such a sweep(*). We shall prove the following estimation of its mean value
growing geometrically fast:

2 0

NV
Proposition 14. With p = <“£Jf > < 1, regardless of u <1 or2 > pu>1, it
1
holds that

-
E(ton) ~ — |22 (1/5)N as N — .
Ho 251

-N
When u=1, E(1o,n) ~ “;—2 (= 2N*1 in the lazy Ehrenfest case: pu; = jy = 1/2).
When =2, E(to.n) ~ 4V /V7N.

Proof: Let indeed 7, 541 be the random time to first hit the state { + 1} starting
from the state {z}. Depending on whether the move starting in z is up, down or
N0 Move, T4 41 1S either 1 or 1 + T;1z+1 (with T;1z+1 a statistical copy of 74 z41)
or 14+ 7y 1, + T;7I+1. If we let g, be the mean value of 7, .41, we thus get
te = Do+ 7o (L4 py) + qo (1+ gy + ), @ > 2. This leads to the recurrence

(1o = 1/po):

q 1
/Lgc:p_zﬂzfl+p_a x> 1

xr
This recurrence can be solved explicitly to give

Z%

pxﬂx pzﬂz
Thus
x z—1 Qo
z+
Bron)= Y 1 Z WEZ Z NI
x=0 Pz y =0z=y
Looking at this sum formula, one expects that its leading term is m Z;v:_ol Ty

because this is where Z;:o my is the largest and m, the smallest. Observing

N-1

TN_1PN—1 = TNGN and gn = [ig, Z _o Ty = 1 —mn — 1, this estimation leads,

: My =N
recalling wn ~ = to
g TN iy P

1 1 1 n _
E (ro,x) ~ ~ ~— B2 /p)N
PN-1TN-1 UoT N o 1y

and this is indeed true because the remaining terms do not contribute significantly,
see [6]. When u =1,

1 7N
E (7o,5) ~ — A
HoTN Ha
When p = 2 (Laplace-Bernoulli), E (1o, n) ~ u;rN = (%V)

4Note that the expected fixation time of a wild-type allele is given by E (Tl’N) =E (TO’N) -

1/po as aresult of 7o 4 71,N +G, the sum of 71 y and an independent geometrically distributed
rv G > 1 with success probability pg.
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Remark: Regardless of whether p < lor2>p>1, p>piff uy > py. In this case,
the limiting growth rate of the expected value of 7o y dominates the one of 7§ ;.
On the contrary, py > py = p < p.

1/N
Note that if i, = py = p1/2 (symmetric Moran model), p = p and <];((T°*N))) —
70,0
1asN—>oo,whereas%%2/u(>1ifu<2,:lifu:2).
To,0
The physical image of the situation is the following: It takes a small O (N) amount
of time to move from {0} to the stable equilibrium state { Nu.} because the drift is

favorable to this displacement. Once at state {Nu.}, X,, returns rapidly and very
often to { Nu.} (it takes a O (\/N) time to do so) and coming back either to {0} or

to {N} is hard because the drift now pushes X,, inside the domain {0, ..., N}...As
a result, both E (79 x) and E (7‘310) are, comparatively, geometrically very large,
with rates computed just before. Recalling it takes about (Nlog N) /u steps for
the chain to reach maximum entropy under the ‘sep-distance’, starting from {0},
although the return to {0} will eventually occur, the time it takes is so huge that
such returns will not be observed: In other words, the chain will reach rapidly
the invariant measure inside a single excursion. Let us finally check these last
statements.

First return time to equilibrium state. Indeed, from (30), using (31)

(_N]\;l,:l) (N?ll\iuuz*)) N 1

TNu, = (,]]VVU) /—27T,LLN.

Thus, by (4), E (T}‘Vu*,NU*) ~ 2tuN = O (\/N) and the return time to the
equilibrium state is relatively small.

First hitting time of the equilibrium state, starting from {0}. In this case,
we have

Nuy,—1 1 T z—lq
1
B(rone)= >, —> 15—
x=0 pm y=0z=y pz

If we scale this characteristic time to IV, the summations for large N can be replaced
by integrals, leading to the estimate

b dv v
E (To.nu,) ~ N2 / _ / JueN (V@ ~V(©)
o (1=v)(u +mw) Jo

Recalling

'ud NV | oNV(uw) [T e .
/0 ue e 2N|V” (u*)| 1LV < Uy,

two successive appeals to the saddle point method shows that E (79 ny, ) ~ nN° ’

3N, which is indeed O (N).

2NV (ws)| pypg —
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Concerning the related first hitting time of state Nu,, starting from Nu, — 1 (one
step below), we have

N 2 U s 2 N N
E (TNu,—1,Nu.) ~ £ / dueN V=V ()  H T T
0

Hyfo pnpin \ 2|V (w)] ) 200p,

showing that E (Tnu, —1,n5u, ) is also O (\/N) , in accordance with E (T";\[u*7Nu*) =

o (VN).
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