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Abstract

In this paper, we establish concavity properties of two extensions
of the classical notion of the outer parallel volume. On the one hand,
we replace the Lebesgue measure by more general measures. On the
other hand, we consider a functional version of the outer parallel sets.

Keywords: parallel volume, Brunn-Minkowski inequality, s-concave mea-
sure, Hamilton-Jacobi equation

1 Introduction

As an analogue of the famous concavity of entropy power in Information
theory (see e.g. [13], [30]), Costa and Cover in [14| conjectured that the
%—power of the parallel volume |A + tBY| is a concave function, where B
denotes the Euclidean closed unit ball.

Conjecture 1.1 (Costa-Cover [14]). Let A be a bounded measurable set in
R™ then the function t — |A + tB;‘\% is concave on R.

This conjecture has been studied in [19], where it was shown that it is
true in dimension 1 for any sets and in dimension 2 for any connected sets,
but it is false for arbitrary sets in dimension 2 and for arbitrary connected
sets in dimension greater than or equal to 3.

The notion of parallel volume can be extended by considering more gen-
eral measures than the Lebesgue measure. An extension, provided by Borell



in |7], follows from the Brunn-Minkowski inequality, which states that for
every A € [0,1] and for every compact subsets A, B of R",

(1= ANA+AB|w > (1—\)|A|v + A|B|. (1)

In |7], Borell defined for s € [—o00, +00] the s-concave measures, satisfying a
similar inequality as (1):
(1= XA+ AB) > (1 - Nu(A)° + \u(B)*)*
for every A € [0,1] and for every compact subsets A, B of R™ such that
w(A)pu(B) > 0. From the Brunn-Minkowski inequality (1), the Lebesgue
measure is a %—concave measure. Details on s-concave measures are given in
the next section. The case s = 0 corresponds to log-concave measures. The
most famous example of a log-concave measure is the standard multivariate
Gaussian measure ,
dyn(z) = %e_%dx,
(2m)%

where | - | stands for the Euclidean norm. These measures have particular
interests. For example, isoperimetric inequalities have been established for
the Gaussian measure dv, by Borell in [9] and independently by Sudakov
and Cirel’son in [29], which states that among sets of given Gauss measure,
half-spaces minimize the Gauss surface area. Thereafter, Kannan-Lovasz-
Simonovits in [24| formulated their famous conjecture: for the uniform mea-
sure on a convex body (which can be extended to arbitrary log-concave
measures) half-spaces are nearly minimizers. In dimension 1, Bobkov (see
[3] and reference therein) proved that among sets of given measure, half-
lines minimize the surface area. More recently, a refined statement has been
established by Cianchi etal. in [11]: in dimension n, a set of given Gauss
measure and almost minimal Gauss surface area is necessarily close to be
a half-space. This result has been extended by De Castro in [15] for all
log-concave probability measures in dimension 1.

In this paper, we pursue the study of these measures by considering the
following problem, which extends Conjecture 1.1:

Problem A. Let s € [—o0, +00]. Let pu be a s-concave measure in R"™ and A
be a compact subset of R™. Is the functiont — p(A+tBg) s-concave on Ry ?

Another extensions of geometric inequalities can be set up by considering
functional versions. The most famous extension of this type in the Brunn-
Minkowski theory is certainly the Prékopa-Leindler inequality (see [26], [28],
[8]). Functional versions provide new proofs of geometric inequalities and
provide new applications. Another examples of such extensions is a func-
tional version of the Blaschke-Santalo inequality and a functional version of
the Mahler conjecture (see e.g. [2], [1], [20], [21], [25]).



To do so, we consider a functional version of parallel sets A + tB. We
set up the following problem (the notion of y-concave functions is defined in
the next section):

Problem B. Let v > —%. Let f : R®™ — R4 be a measurable non-negative
function and g : R™ — Ry be a vy-concave function. Let us denote

1
()= sup  (f(2) +tg(y))7 and BO(z)= sup f(z)g(y)".
z=x+ty z=x+ty
f(z)>0; g(y)>0

Is the function t — [o, h,@ (2)dz 175 -concave on Ry ?

The Costa-Cover conjecture is a particular case of Problem B. by tak-
ing f =14, g = 1py and v = 0. For v < 0, the function V' = g7 (to
be interpreted by —log(g) when v = 0) is convex by assumption and one
can naturally connect the function hp) with the Hopf-Lax solution of the
Hamilton-Jacobi equation:

h(z) = sup (f@m 1V ( -~ )) ~ (@"5)"

reR™

where for arbitrary convex function V' and for arbitrary function w,

OV u(z) = int <u(x) itV <z;$>>

TER™?

The Hopf-Lax solution has a particular interest. For example, it can be used
to show that hypercontractivity of this solution is equivalent to get log-Sobolev
inequalities (see e.g. 6], [22]). Through Problem B., we pursue the study
of this solution by asking for concavity properties in time of the Hopf-Lax
solution of the Hamilton-Jacobi equation.

We will prove that both Problem A. and Problem B. have positive an-
swers in dimension 1. However, since the Costa-Cover conjecture is false in
dimension n > 2 in such a generality, we won’t expect other positive answers
of these stronger problems. Using the geometric localization theorem of Kan-
nan, Lovasz and Simonovits in [24] in the form established by Fradelizi and
Guédon in [18], we prove:
Theorem A. Let s € [—00, 1] U [1,+0c]. Let A be an arbitrary compact
subset of R and p be a s-concave measure in R. Then, t — u(A +tB1) is
s-concave on Ry. Moreover, for s € (%, 1) there exists a compact subset A
of R such that t + (A + tB3) is not s-concave on R.



Using a precise analysis of the Hopf-Lax solution, we prove in dimen-
sion 1 a better concavity as asked in Problem B:

Theorem B. Let v € (—00;0]. Let f : R — R4 be such that f7 (to be
interpreted by — log(f) when v = 0) is a bounded Lipschitz function. Define,
for every y € R, V(y) = ‘y% with p > 1, and

W)= swp (@), hO(E) = sup fla)e VW,
z=z+ty z=xtty
f(z)>0; V(y)>0

If h,@ is twice differentiable and lim,_, 4. %hp)(z) = 0, then the function
t Jp hp)(z) dz is concave on R,.

In the next section, we explain some notations and we present some re-
sults about s-concave measures. In the third part, we extend the classical
notion of the parallel volume by considering a general s-concave measure in-
stead of the Lebesgue measure and we give a complete answer to Problem A.
In the fourth part, we extend the classical notion of parallel sets by consider-
ing a functional version and we partially answer to Problem B. To conclude
this paper, we derive a weighted Brascamp-Lieb-type inequality from our
functional version.

2 Preliminaries

We work in the Euclidean space R", n > 1, equipped with the usual scalar
product < .,. > and the ¢4 norm | - |, whose closed unit ball is denoted by
BY and the canonical basis by (e1,...,e,). We also denote | - | the Lebesgue
measure in R™. For non-empty sets A, B in R™ we define their Minkowski
sum

A+B={a+b;ac Abec B}.

We denote by int(A) the interior of the set A, by A the closure of A and by
OA = A\ int(A) the boundary of A.

In this paper, we only consider non-negative measures. For an arbitrary
measure u, we call (outer) parallel p-volume of a compact set A the function
defined on Ry by t — V¥ (t) = u(A + tBY). We simply call (outer) parallel
volume if 1 is the Lebesgue measure.

Let us recall some terminologies and results about s-concave measures
introduced by Borell in [7], [8]. One says that a measure p in R™ is s-concave,
s € [—00, 4+00], if the inequality

@ =

(L =A)A+AB) = ((1 = Nu(A)” + Au(B)*)



holds for all compact subsets A, B C R"™ such that p(A)u(B) > 0 and
for all A € [0,1]. The limit cases are interpreted by continuity, i.e. the
right-hand side of this inequality is equal to u(A4)'*~*u(B)* for s = 0, which
corresponds to log-concave measures, to min(u(A), u(B)) for s = —oo and to
max(u(A), u(B)) for s = 400. Notice that a s-concave measure is r-concave
for all r < s.

For s < %, Borell showed that any s-concave measure p absolutely con-
tinuous with respect to the Lebesgue measure in R" admits a ~y-concave
density function, with

e, o]
= — = 400
1—sn n’ ’

v

where a function f is said to be 7y-concave, with v € [—o0,+o0], if the
inequality

F(L=Na+Ay) > (1= N f@) + A f(y))7

holds for every x,y € R™ such that f(x)f(y) > 0 and for every A € [0, 1].
As for the s-concave measures, the limit cases are interpreted by continuity.
Notice that a 1-concave function is concave on its support, that a —oo-
concave function has its level sets {x; f(z) > t} convex, and that a +oo-
concave function is constant on its support. For s > 1, Borell showed that
every (non-Null) s-concave measure is a Dirac measure.

3 The s-concavity of the parallel p-volume

In this section, we generalize the Costa-Cover conjecture in the more general
context of s-concave measures instead of the Lebesgue measure. Let us recall
the new problem:

Problem A. Let s € [—00,+00]. Let ji be a s-concave measure in R™ and A
be a compact subset of R™. Is the functiont — p(A+tBg) s-concave on Ry ?

By the Brunn-Minkowski inequality, the n-dimensional Lebesgue measure
is %—concave. Thus the problem A. generalizes the conjecture 1.1.

Let a € R™. The Dirac measure dg,) is +oo-concave and we notice that
the function ¢ — d¢,1(A + tB) is constant on its support and thus is +oo-
concave on R4, which solves Problem A. for s > 1.

Since the function t — (A + tBY) is non-decreasing, it follows that
the answer to Problem A. is positive for s = —oo (for every non-negative
measure).

Notice that Problem A. is solved for convex sets. Indeed, let A be a
compact convex subset of R", then for every A € [0, 1] and every ¢, t2 € Ry,



one has

p(A+ (1= Nt +M2)BE) = (1= \(A+tBE) + A+ 1 53))
> (1= Nu(A+0BE)* + Ma(A + t2B5))+.

In the sequel, p will denote a s-concave measure which admits a density
with respect to the n-dimensional Lebesgue measure. For p # 0, one has
s < %

We first establish a preliminary lemma in dimension 1.

Lemma 3.1. Let s < 1. Let A be an arbitrary compact subset of R and
 be a s-concave measure in R. Let us denote VY (t) = u(A+ tB}). Then
(VE)® admits left and right derivatives on R*.. We denote ((VY)*)"_ (resp.
((VE)®),) the left (resp. right) derivative of (V). If s >0, then

(V)2 = (VA%
and if s < 0, then

(V)L < (V)
Proof. We denote 1 the density of u. Notice that for every tg > 0, the set
A—i—toB% is a disjoint finite union of intervals. Then, setting A+t0B21 instead

of A, we can assume that A = vazl[ai,bi], with a1 < by < - <any <by. If
N =1, we get for every t € Ry,

b1+t
Vit = [ wla)de.
a1—t
Hence, V' is differentiable on R. Tt follows that ((V})®*)_ = ((VX)*). If
N > 2, we denote t; = brs‘%, for i € {1,...,N — 1}. We notice that V} is
differentiable on Ry \ {t1,...,txy—1} and for every t € Ry \ {t1,...,tn—1},
we get

VO & = > ()
a€d(A+tBl)

(VA (t) = > W)

a€d(A+tint(B))

Notice that A +tB = A +tint(B)) thus 9(A + tB) C 9(A + tint(B3)).
Hence for every i € {1,..., N — 1}, we get

(VA (i) = (V) (ti)-
For every t # t; and s # 0, one has

((VE))' (&) = s(VE) (D (VA (1),



thus we conclude that if s > 0 then ((V{)*)" > ((V¥)*)"., and if s < 0 then
A A +
VIS < ((VE)®).. For every t # t; and s = 0, one has
A A +
(VA)'(#)
log(VI)) (t) = —55—=,
thus (log(VA))_ > (log(Vi)).. O
(log(V} g\Val))+

Let us solve the problem A. in dimension 1 for s < %
Theorem 3.2. Let s < % Let A be an arbitrary compact subset of R and pg
be a s-concave measure in R. Then, the function t — Vi°(t) = po(A+tBJ)

s s-concave on R .

Proof. Let s < % For s = —o0, we noticed above that the result holds true.
We thus assume —oco < s < % We also assume s # 0, the case s = 0 follows
by continuity. Let po be a s-concave measure on R. We have seen above
that the result holds true for Dirac measures, hence we may assume that pg
admits a density with respect to the Lebesgue measure on R. Let A be a
compact subset of R. Notice that for every t > 0, A+tBs is a disjoint finite
union of intervals. Thus, by setting A + tBJ for arbitrary ¢ > 0 instead of
A, we may assume that A = U [a;, b;], with a; < b; and N € N*. We also
assume N > 2, otherwise A is convex and we immediately conclude. Notice
that for
to=5 sup |aiy1 — bil,
i=1,..,N—1

then A + toBj is convex and for every t < tg, the set A+ tBj] is not convex.
Thus, ¢ — V{°(t) = po(A + tBj]) is s-concave on [tg, +00).

Now, let us show that Vi° is s-concave on (0;ty). We use a geometric
localization theorem due to Kannan-Lovasz-Simonovits [24] in the more pre-
cise form established by Fradelizi-Guédon [18]. We denote K = A + t( B3,
then K is a convex body. We consider the restriction of ug over K, then it
is a finite measure that we can assume to be a probability measure without
loss of generality. For convenience, we always denote this measure pg. We
call P(K) the set of all probabilities whose support is included in K. We
have py € P(K).

Step 1: Reduction to extremal measures
Let t1,t2 € (0,t0) such that uo(A + t1B3)uo(A + t2B3) > 0. We want to
show that

1
A Bi)* A B\ ®
" <A—|— t1 —;—t235> > (Mo( +2t1 5) n pol —&—2t2 5) > @)

which is sufficient because of the continuity property of V{°. We assume
t1 < to without loss of generality. Let 0 < & < t5 — t;. We will prove that



V4 is s-concave on [t; + €, ¢2] which will imply inequality (2) by continuity.

We set )
1\s s
om (3 (parnmy )

2 \po(A+ (t1 +¢)By)*

B _ ,UO(A =+ tQB%)

° wo(A+ (t1+¢)B))

Notice that 8, > 1. If . = 1, then V}* is constant on [¢; + €, t2] and thus
is s-concave. We assume thereafter that . > 1. We define f : K — R by

and

f= 1A+th% - Belint(A+(t1+e)Bg)

and we set
Py = {,u € P(K); u s-concave such that / fdu> O} .

Notice that f is upper semi-continuous and that jig € Py. At last, we define
®.:P(K)— R by

Ce=aclapypy — 1, (A+7<t1+§)+t2 B%)'

Notice that ®. is upper semi-continuous and convex. We shall prove that for
every p € Py, ®.(p) < 0. It will then follow that ¢.(up) < 0 and by tending
£ to 0, we will get inequality (2). By the geometric localization theorem [18],
we get

sup O (p) = P(v)

nePy
where v is either a Dirac measure at a point x such that f(z) > 0, or either a
probability measure which admits a s-affine density supported on a segment
[a,b], such that [ fdv =0 and Vz € (a,b), f[%b] fdv <0.
Step 2: s-concavity for extremal measures
- We assume that v = d, with 2 such that f(z) > 0. The condition f(x) >0
says that

1A+t23§ (z) = B€1int(A+(t1+s)B%) ().

Since 3. > 1, it follows that = ¢ int(A + (t; +¢)Ba) and thus x ¢ A+t B].

Hence,
D, (6,) = —0, <int (A + WB%)) <0.

- We assume that v admits a density 1 y-affine with




supported in a segment [a, b], i.e. for every z in R, ¢)(x) = (ma —i—p)% Liap) (),
with m and p such that for every x € [a,b], mz + p > 0. Without loss of
generality, we can assume that m = 1. We also assume that v satisfies
[ fdv =0 and f[x’b} fdv <0 on (a,b). We will show that

1
, <A+ (t +§) +tQB%> - <1/(A+ (t12+ £)B3)* N v(A +2th§)S> "

It will follow that
o.(v) <0.

In fact, we will prove the s-concavity of t — V¥ (t) = v(A+tB3) on [t +¢, 2]
by differentiation. The proof will be local on [t; + €,t2]. The condition
f[x p f dv <0 on (a,b) says that for every z € (a,b)

v((A+t2B3) N [2,b]) < Bev((A+ (t1 +¢)By) N [z, ). (3)

If b ¢ A+ (t; +¢)B3, then there exists z € (a,b) such that (A+ (t; +¢)Bi)N
[z,b] = (). This contradicts (3). It follows that b € A + (t; + &) B4. For con-
venience, we denote A for A+ (t;+¢)B3. Notice that 1—+ > 0 and 1+ > 0.

Case 1: The case v > 0.

Sub-case 1: The case a ¢ A.

Recall that b € A. The set A is a disjoint finite union of intervals, then we
can assume that A = uf\;l[ai,bi]u l[an,b], witha <a; <b; <---<ay <b.
We denote V¥ (t) = v(A +tBj]). For ¢ small enough, we get

N-1 p+t L b L
Vi) = Z/ (x+p)“/d1:+/ t(az+p)5dx
. a. anN—

i=1 Jai—t
N-—1

(VRY(@®) = 3 (i +14p)7 + (@ —t+p)7 ) + (ax ~t+p)
1:1 i 1—y 1-y

Vi)'t = 5 (; ((bi+t+p) T —(a; —t+p) )

1 SR =
- <_(a1 —t+p) T + Z ((bz-_l +t+p)

Hence, V} is concave, which is an improvement of the result expected.



Sub-case 2: The case a € A.
We can assume that A = [a,b]U--- U Jan,b], with a < by < --- < ay <b.
For ¢ small enough, we get

b1+t b;+t b 1
Vi(t) = / (x + p) de+2/ (x+p) daz+/ (x 4+ p) dz

z_t anN t

2=

(VO)(t) = (bi+t+p)7 +---+ (ay —t+p)
N
Vi) = i(z ((bi1+t+p>w”<ait+p>n>)
< 0.

Hence, V} is concave.

Case 2: The case v < 0.
In the following, we use the notations

1 1 1
ai(t) = (e —t+p)7, bi(t)=(bi+t+p)7, b=(0+p)7.
Notice that
0<b<an(t)<---<b(t) <ay(t).
Sub-case 1: The case a ¢ A.
For ¢ small enough, we get

N-1  p+i L b L
Vi) = Z/ (:U—I—p)vda:+/ t(:n—I—p)?d:c
a anN—

i=1 Yai—t

N-1
iR (Z U RO

N-1
(VA (&) = > (bilt) +ai(t)) +an(t)
;Ll_l N—-1
V') = 5 (Z (b:(0) 7 = ai(t)' ) — aN(t)1_7> :
=1

We have V¥ s-concave if and only if V¥ (£)(V)"(t) < (1 —s)(VY)'(t)? if and
only if

(NZ:l (bi(t)V“ _ ai(t)'erl) + b'y+1 _ aN(t)'y+1>

i=1



For convenience, we write b; for b;(t) and a; for a;(¢). In fact, we prove a
stronger inequality:

N-1 N-1
(Z <b2/+1 . ag/-&-l) + Pyl a']y\[—l—l) (Z (b;—v N a;-v) _ a}\f 7>
i=1 1=1

N-1
<> (b +a}) +ax.
=1

We prove this inequality by induction on N > 2. For N = 2, we have to
prove

(b;’Jrl — ]ttt - agﬂ) (b}f7 —a; Y —ay 7) <bl+ai+ad3 (4

We get
1 1— 1 1 1— 1—
(4) = b1+7(—a1 T—ay ")~ +W(b1 T —a, 7)
+b(b " —a; T —ay ) — a“”( ”)so
= —aé_vbiﬂ 1+7(b a N+ ( ai_”’—aé_v)
—a§+7b}_7+a} 7( T4 b )S

and each term is non-positive.
Let N > 2. We assume that

N-1 N-1
(Z (bz—&-l _ a2‘/+1> + CLX;“) (Z (b;—v _ a;-v) _ a]1\7_7>

i=1

and we want to show that

N N
(Z (574 a7t o+ a}%) (Z (57 —ai™) - am)

i=1

Using the induction hypothesis, it is sufficient to show that

N-1
(Z (b —art) wor - N> (b8 —avin) + (87 - i)
i=1
N-1
X (Z (bg_v - ail—v) - aN ;o bl - a}VJ;/l) < bR+ aj-

11



This is equivalent to

N—-1
(Z (177! =) w1 - N> (57 —ai) + (o7 - 032
=1

N-1
1—y 1—y 1—y 1+y 1—v 147y 31—y
x(i (bi —a; )—aN —by 'an, —ay/1by T <0,
=1

and each term is non-positive.

Sub-case 2: The case a € A.
We have seen in case 1, sub-case 2, that for ¢ small enough

A
(VX)"(t) = = (Z (b ()7 — ai(t)1_7)> .

v =2
This quantity is non-positive. Hence V is concave.

It follows that V] is piecewise s-concave on [t; +¢,t2]. From Lemma 3.1,
we deduce that V} is s-concave on [t; + €, t2]. Hence,

o .(v) <0.

We conclude that V4 is s-concave on (0, ).

We have already seen the s-concavity of V° on [tg, +00). Once again
we use Lemma 3.1 to conclude that V{° is s-concave on R% . Finally, by the
non-decreasing property of V4, it follows that V° is s-concave on Ry. [

Remark. The result obviously holds true if we replace the Euclidean ball by
any symmetric convex body of R. But it is not necessarily true for arbitrary
convex body B. For example, let 0 < s < %, and consider B = [0, 1],
1
A =[0,1]U[2,3] and du(z) = 27193 (z)dr, with v = ;. Then, u is a
s-concave measure. For t € [0, 3) we get
y+1 y+1 y+1

Vj(t):u(AthB):#((let)T 135 2% )

Thus
VEO)(VE)'(0) = (1= ) (V4)'(0)* = 71+1 (35 —2%") >o0.

Hence V' is not s-concave on Ry. For s = 0, the same example works. For
s < 0, one can take B = [~1,0], A = [0,1]U[2,3] and dpu(z) = 2711, 3 (x) dz,

with v = %< and a sufficiently small.

12



We can’t use the geometric localization theorem for s € (3, 1), see [18].
In fact, for s € (%, 1), the answer to Problem A. is negative in general but
under particular conditions, we can show a positive answer which improve
the concavity. First, let us show that the answer to Problem A. is negative
in dimension 1 for s € (4, 1).

1—
Proposition 3.3. Let s € (1,1), thus v = = > 1. Letb=10(1—2 7 )~

and p be a measure such that du(x) = w%1[07b] (x)dz. We set A =[0,1]U[2,b].
Then, t — V{(t) = u(A + tB3) is not s-concave on R.

Proof. For every t € |0, %),
Vi) = 0 ((1 _|_t)HTW + b (2 — t)l;ﬁ) ,
VA)'(@) = : 1 1
viyr'® = S(a+n7 -e-o7).
Hence,

VEO)(VE)(0) — (1 - s)(v;;)’(oﬁ:vi& Sa-2 )2 -2,

1—
But v > 1, thus 1 — 275 > 0 and since
B o
<217;2’Y+21,ﬂ>’y+1
b> | ————
1-27

VA0)(V)"(0) = (1 = s)(VE)'(0)* > 0.

it follows that

We conclude that V' is not s-concave on R O

We denote by supp(u) the support of p and by dist(A,supp(u)€) the
distance between A and the complement of the support of u which equal to
+oo if the support of p is R.

Proposition 3.4. Let s > % Let p be a s-concave measure in R. Let A be
a compact subset of R such that dist(A,supp(u)©)) > 0. Then the function
t > VI (t) = p(A+ tBl) is concave on [0,dist(A, supp(u)©)].

Proof. First, we assume that s = % Hence i admits a 1-concave density 1.
Then, for ¢ € [0, dist(A, supp(p)¢)) we get

N bi+t
Vi =Y [ v,
i=1 v @it

13



N
(Vy)(t) = Z (Wb +1) +9(a; — 1))
i=1
Since v is concave, it follows that for every i € {1,..., N}, the function
t — ¥(bj+t) + v (a; — t) is non-increasing. Thus (V4')’ is non-increasing. We
conclude that V¥ is concave on [0, dist(A, supp(p)©)].
Finally, if p is s-concave with s > %, then p is %—concave and we conclude

from the first part of the proof that V}" is concave on [0, dist(A, supp(u)©)].
O

We finish the study in dimension 1 with the 1-concave measures. We
assume that p is 1-concave. Hence,

Ve € R, du(r) = Cliy(r)dr

with C' > 0 is a constant and [a,b] an interval of R, with a < b. Then it
follows by a direct computation that ¢ — u(A + tB3) is 1-concave on R..

Now we study the problem A. in dimension n > 2. It was shown in [19]
that the Costa-Cover conjecture 1.1 is false in dimension n > 2, and thus
the answer to Problem A. is negative in general. Let us recall the counterex-
ample in the following remark:

Remark. Let n > 2. We set A = B} U{2e;}. Then, the function Va(t) =
|A + tBY| is not +-concave on R.

Proof. For every t € [0, %), we get
|A+tBy| = |By U{2e1} +tBy| = |By + tBy| + [tBy| = |By|((L + )" +t").

Since the %—power of this function is not concave (it is strictly convex), Vy

is not %—concave on Ry for n > 2. O

This could appear surprising since we get positive results in dimension 1
with the geometric localization theorem. In general, this localization tech-
nique permits to reduce an inequality for general convex measures in n di-
mension to measures whose support is a segment and whose density is a
power of an affine function (see e.g. [17] and references therein). Let us
explain why we can’t exit from dimension 1 here. The reduction done in
dimension 1 with localization works the same way in dimension n and we
get the following equivalence for every compact set A of R™:

i) Vj( is s-concave for every p s-concave.

ii) V} is s-concave for every v s-affine on a segment [a, b].

However, ii) is not true in dimension n > 2 since we can construct an explicit
counterexample to show that in fact the function t — (A + tB%) N [a, b]|1
is not continuous and hence not s-concave. For example, consider A =

14



{(0,0)}U{(3,0)} U{(x,1);x € [1,2]} and [a,b] = {(x,0);x € [0, 3]}.

In [19], it was shown that in dimension 2, ¢ — |4 + tB3| is 1-concave on
R, if A is a connected subset of R2. However, the next proposition shows
that this is false in the general case of s-concave measures.

Proposition 3.5. In dimension 2, there ewists a connected set A and a
%-concave measure y such that t — u(A +tB3) is not %-concave on Ry.

Proof. We set du(z) = 1p2(z)dz, where B? denotes the unit ball for the

/2 norm. Hence, p is %—concave. We construct the points B = (—1,0),
C = (=0.5,-0.5), D = (0.5,0.5), E = (0,1), F = (=2,0), G = (0,-2),

H=(0,-1),1=(20),J=(1,0). We set
A = conv(BCDE) U [FB|U[FG]U[GH]U[GI|UI[IJ].
Then A is connected and for every t € |0, %], we get

V2

VE() = p(A+1B3) = = + 2t + gtz.
It follows that B
<\/Vj{> (0) > 0.
We conclude that ¢ — p(A + tB2) is not 3-concave on R.. O

Remark. Notice that we can adapt the counterexample of Proposition 3.5
to show that there exists, in dimension n > 2, a s-concave measure p such
that for every r € (—oo; s) there exists a compact connected subset A of R"
such that ¢t — (A + tB%) is not r-concave on R

Question. Does there exists s < % such that for every s-concave measure
p in R? and for every compact set A C R? the function t ~— u(A + tB3)
is s-concave for the t’s such that the set supp(u) N (A + tB3) is connected?
In particular, for every convex subset K of R? and for every compact set
A C R?, does the function t — |(A+tB%) N K| is -concave for the ¢'s such
that the set K N (A + tB32) is connected?

4 Functional version

In this section, we set the Costa-Cover conjecture into a functional version.
Let us recall the problem:

15



Problem B. Let v > —%. Let f : R® — Ry be a measurable non-negative

function and g : R™ — R4 be a y-concave function. Let us denote

WP = s (@7 g and b0E) = swp @)

f(@)>0; g(y)>0
Is the function t — [o, hp) (z)dz s-concave on Ry ?

Let us notice that Problem B. is a functional version of the Costa-Cover
conjecture 1.1. Indeed, let A be a non-empty compact subset of R”. By
considering f =14 and g = 1pyp, we get

1 ifreAandye By
La(z)1py(y) = { 0 otherwise

so for every z € R, hﬁo) (2) = Layepy (2). Then,
/ KO () dz = |A+tBE|.
As in section 3. where Problem A. was solved for convex sets, the next

proposition shows that Problem B. is solved for «-concave functions, as it is
natural to expect.

Proposition 4.1. Let v > —%. Let f,g : R" — Ry be two vy-concave

functions. Then the function t — [o, hEV)(z) dz is 1_gvn—conccwe on Ry,
where

h(V) — ol t ¥ L d h(o) — t
i (2) sup - (f(2)” +19(y)7)> and  hy(2) = sup f(z)g(y)".

z:;p+ty Z:£E+ty
f(@)>0; g(y)>0

Proof. We treat the case v # 0, the case v = 0 following with the same
argument.

For convenience, let us denote h; = hi”). Let A € [0,1] and t1,t2 € Ry.
We want to show that

1+yn

T = AN
/R ha—xNoaem = | (1=A) </ ht1> + A </ ht2)

From the Borell-Brascamp-Lieb inequality [8],[10] (dimensional Prékopa’s
inequality), it is sufficient to show that for every z1, zo € R™ one has

1
ha=nytaat (L= A)z1 + Az2) > (1= Aty (21)7 + Ay (22)7) 7
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Let 21,22 € R™. Let us write for ¢ € {1, 2},

h(s) = swp (F(z) +tig(y))? = sup (f(ac)wtig(zi‘”“y)i.

zi=x+t;y TER™

Let x1, 22 € R™ such that

. zi —xi\ "\ 7
Vi e {1,2}, hy,(z) = (f(.%'z)’y + ;9 ( y > ) .
We denote

h= h(l—)\)t1+>\t2((1 —AN)z1+Azg) and ¢t = (1— Aty + AMo.

We get
1
_ — AN
h = sup (f(x)“f+tg<(1 /\)Z1t+/\z2 1‘) >V
zeR?

2=

Y

(f((l — Nz 4 Azg) + tg ((1 — Nz1 4 Az _t((l N7+ /\m2)>7)

1
1=\t 21 — Mg 29 — "\
= <f Ax1 + Axg)? +t9<( )121 T +72Z2 a:2> )W
t tl t t2
v T\E
> ( J(@1)” A f(22)” + (1 - )\)t19<21 t—$1)+)\t29<2’2t—$2> >7
1 2
1
= (1= A)hey (21)7 + Aty (22)7)7
O

As a consequence of the Holder inequality, one has that if f: R" — R
is B-concave and g : R” — R is y-concave, then fg is a-concave for every
a, 3,7 € RU{+o0} such that 8+~ > 0 and % + % =1 (see e.g. [23]). A
generalized form of Proposition 4.1 follows:

oy 1 .
Proposition 4.2. Let v > —:. If a measure j has a 3-concave density,

with B > —~, and if f,g : R" — Ry are two ~y-concave functions, then

where £ + L =1,

t— Jzn hp)(z) dp(z) is s-concave on Ry, with s = 7%, sts=2

Before starting the study of Problem B. for general function f, let us rely
hE'y) with the Hopf-Lax solution of the Hamilton-Jacobi equation. Since by
assumption the function g is y-concave, hence for v < 0 the function V = g7
(to be interpreted by —log(g) when v = 0) is a convex function. It follows
that

h(z) = sup (f(xwﬂv(zzx)y CRE ))i

reR™
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where for arbitrary convex function V' and arbitrary function wu,

Qu(z) = inf <u(x)+tV (Z;“S))_

reR”™

For convex function V' such that lim,|_,,  V(2)/|z| = +oo and for Lipschitz

function w, it is known (see e.g. [16]) that ng)u is the solution, called Hopf-
Lax solution, of the following partial differential equation, called Hamilton-
Jacobi equation:

{ Gih(t,2) + V*(Vh(t,2)) =0 on (0,+00) x R"
h(t,z) = u(z) on {t =0} xR °

where V* is the Legendre transform of V' defined on R™ by

Vi(y) = sup (< z,y > =V(x)).
TeR™
It is shown in [16] that if w is Lipschitz on R™ then ng)u is Lipschitz on

[0, +00) x R™. However, for arbitrary convex function V', ¢t — ng)u is not
necessarily continuous on 0.

Let us show partial positive answer to Problem B. in dimension 1. In
fact, in dimension 1, we can improve the concavity:

Theorem 4.3. Let v € (—o00;0]. Let f : R — Ry be such that f7 (to be
interpreted by —log(f) when v =0) is a bounded Lipschitz function. Define,
for everyy € R, V(y) = % with p > 1, and

MG = s (f@ V@)Y, ) = sup fla)e VO,

z=x+ty z=x+ty
f(@)>0; V(y)>0

If hp) 1s twice differentiable and lim, 4o %hp)(z) = 0, then the function
t Jp hp)(z) dz is concave on R

Proof. We denote for t € R4,

We assume v # 0, the case v = 0 follows with the same argument. For
p = 1, the function F' is constant. We then consider p > 1. We have seen
above that

1
. 1
) = (@ )
For convenience, we set h(t,z) = QEV)fV(z) and A/ = %h. We get by a
direct computation that
1

F@:—VAVWMhVﬂ
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1 1—y 1-— 1-2
F”(t) — /h/l ((V*)/(h/))Zhl'y’y i 2'7 /(V*(h/))Qh ’Y“/
7 IR v R
We assumed that V(u) = %. Hence V*(u) = %, with %—}— % =1 It

follows that

_ _ N2q _
F(t) = 1/ h//(h/)2q—2h177 + 1 2'7/ (h') h%.
R R

¥ ¥ q

1—
Integration by parts with A”(h/)?9~3 and Wh o gives

1/ o, 1=n 1 1 o = 1 —7 1-2y
- hl/ hl 2q 2h T o— </h1/ hl 2q 2h v+ / h/ Qqh 5 >
Y Jr ) 2¢ -2\ Jr () ok ]R( )

Fhen 2g—1 " n2q—2p =2 l1—~ Nn2qp B2
RY(R)™Mh 7 = —— (h')*9h .

v R v R

Finally,
1-v (¢—1)? / 1-2y
F'(t) = — K)*h 5 <0.
) 7 *(2¢—1) R( ) B

We conclude that ¢ — [ hp) (z) dz is concave on R,. O

Question. Problem B. is open in dimension 1 for arbitrary ~-concave func-
tion g.

5 Links with weighted Brascamp-Lieb-type inequal-
ities
In this section, we express the s-concavity, s € R, of the function ¢ —

Jgn hp)(z) dz in term of a weighted Brascamp-Lieb-type inequality.

Proposition 5.1. Let v < 0 and s € R. Let f : R® — Ry be such that f7
is a bounded Lipschitz function. Let V : R™ — R, be a convex function such
that im0 V(2)/|2| = +oc. Let us define for every z € R",

1
W)= s (@) V()
z=x+ty
f(@)>0; V(y)>0

If hp) is twice differentiable and if G € L?(u), where

QI g = VAT

d/,L(Z) = 1
J@Y ) Q)
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then the function t — [o, hp)(z) dz is s-concave if and only if

< (Hess Q) y(vvo (v ), (vv=) (vl 1)

i
Var,©) <~ | O

Proof. To prove the s-concavity of the function F : ¢ — [o, hp)(z) dz, it is
a natural idea to proceed by differentiation. We have seen above that

W) = (@)

where for arbitrary convex function V' and arbitrary function wu,

QW u(z) = inf, (u(m) itV (Z - x)) .

For convenience, we set ¢ = f7 and Q; = ng). We get by a direct compu-
tation

0 1 1y

it = =SV (VQu)Qw) T
0? 1-y
Gl = 2 < (HessQuo)(VV')(VQuo). (VV)(V@id) > (Qus) 5

1—2~

+1;”<v*(vc2t¢>>2<czt¢> :

Thus the function F is s-concave if and only if F(t)F"(t) < (1 — s)F'(t)? if
and only if

Var, (G) < ——1 /<(HeSSQt¢)<VV*)(VQt¢>7(VV*)(VQt¢)>d'u

1—x Qi
2

v —s
1y </Gdu> ’

(Qi(2)) V*(VQi0)
dp(z) = ——*-dzand G = —————=.
[(Q:9) Qi

where

2=

O]

2
Remark. For v = 0 and V(u) = %, one may use the same argument to

get that ¢ — [, hEO)(z) dz is log-concave if and only if
Var#(\VthﬁP) < 4/ < (Hess Q:p)VQid,VQip > dp,

20
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where ¢ = — log f and o150
e~ wtP\®

Question. For which functions u the following inequality holds?
Var,(|Vu?) < 4/ < (Hessu)Vu,Vu > dpu

where )
e ulz

From Proposition 4.1, if f is y-concave, with v > —%, one may apply
Proposition 5.1 to get the following weighted Brascamp-Lieb-type inequality
by tending ¢ to O:

Corollary 5.2. Let v € (—1,0) and s = ﬁ For every V,¢ : R" — Ry

convex such that limy,_, ;o V(2)/z = +o0, we get

y < (Hess$)"'VG¢, VG > v—s 2
VarH(G)g—l_’Y/ 5 d,u+1_7</Gd,u> , ()

2=

where du(z) = L(lz)dz and G = @.
J o7

We reproved a result of Bobkov and Ledoux in [5] (for a smaller class of
function G) who used the same idea since the inequality (5) is derived from
the Borell-Brascamp-Lieb inequality (dimensional Prékopa inequality) but
using a more suitable function instead of the Hopf-Lax solution we used. In
fact, Bobkov and Ledoux already noticed in [4] that one can deduce the clas-
sical Brascamp-Lieb inequality from the classical Prékopa inequality (corre-
sponding to the log-concave case). This idea has been explored by Cordero-
Erausquin and Klartag in [12] where they showed that in fact the converse
is true, i.e. we can derive the Prékopa inequality from the Brascamp-Lieb
inequality. More recently, Nguyen in [27] generalized the work of Cordero-
Erausquin and Klartag in the case of v-concave measure (even for v > 0)
and improved the Brascamp-Lieb-Type inequality of Bobkov-Ledoux (in-
equality (5)).
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