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Spectral discretization of the Navier-Stokes problem

coupled with the heat equation

by Rahma Agroum®, Saloua Mani Aouadi?, Christine Bernardi®, and Jamil Satouri?

Abstract: We consider the spectral discretization of the Navier-Stokes equations coupled
with the heat equation where the viscosity depends on the temperature, with boundary con-
ditions which involve the velocity and the temperature. This problem admits a variational
formulation with three independent unknowns, the velocity, the pressure and the temper-
ature. We prove optimal error estimates and present some numerical experiments which
confirm the interest of the discretization.

Résumé: Nous considérons une discrétisation par méthode spectrale des équations de
Navier-Stokes couplées avec I’équation de la chaleur la ou la viscosité dépend de la température,
avec des conditions aux limites portant sur la vitesse et la température. Ce systéeme admet
une formulation variationnelle qui comporte trois inconnues indépendantes: la vitesse, la
pression et la température. Nous prouvons des estimations d’erreur optimales et présentons
quelques expériences numériques qui confirment 'intérét de la discrétisation.
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1 Introduction.

Let  be a connected bounded open set in R?, d = 2 or 3, with a Lipschitz-continuous bound-
ary 0f). The following system models the stationary flow of a viscous incompressible fluid,
in the case where the viscosity of the fluid depends on the temperature

( —div(y(T)Vu) + (v . V)u +gradp=f in Q,
divu =0 in €,
—aAT+(u.V)T =g in Q, (1.1)
u = ug on 0f,

L T =Ty on oS

The unknowns are the velocity u, the pressure p, and the temperature T of the fluid, while
the data are the distributions f and g. The function v is positive and bounded, while the
coefficient « is a positive constant. A similar but slightly more complex model has been
derived and analyzed in [1], [6].

We do think that the equations in (1.1) are a very realistic model for a number of in-
compressible fluids when the temperature presents high variations, for instance induced by
the boundary condition. The solution (u,p) of the first two lines of the system behaves
like the viscosity solution of Euler’s equations. We refer to [4] for the first study of such a
simplification.

We propose a spectral discretization in the basic situation where the domain is a square or
a cube. More complex geometries can be treated thanks to the arguments in [11], however we
prefer to avoid them for simplicity. The numerical analysis of the nonlinear discrete problem
makes use of the approach of Brezzi, Rappaz and Raviart [5], the main difficulty being the
lack of compactness of the nonlinear term linked to the viscosity. Nevertheless, we prove the
existence of a solution for the discrete problem. We establish a priori error estimates for this
discretization.

In a final step, we describe the Newton type iterative algorithm that is used to solve the
nonlinear discrete problem. We refer to [5] for the arguments needed for its proof of conver-
gence. We conclude with some numerical experiments where the viscosity of the fluid v is
either a constant, or a function dependent of the space variable, or a function that depends
on the temperature 7. All of them confirm the optimality of the discretization and justify
the choice of this formulation.

An outline of the paper is as follows:

e In Section 2, we prove the existence of a solution for problem (1.1).

1



e The discrete problem is described in Section 3, and we prove optimal a priori error
estimates for the error.

e The Newton algorithm are described in Section 4 and some numerical experiments are
presented.

Acknowledgements. We thank Prof. F. Coquel and P.-A. Raviart who gave us the idea of
this model.



2 The continuous problem.

We intend to write a variational formulation of system (1.1). We first make precise the
assumptions on the function v : It belongs to L>(R) and satisfies, for two positive constants
vy and vs,

forae. 7€R, v <v(r) <. (2.1)

Note that these assumptions are not at all restrictive.

In order to avoid the technical results linked to the Hopf lemma, (see [9, Chap. IV,
Lemma 2.3]) for the analysis of the problem, we assume that ug = 0.

To go further, for any subset O of Q2 with a Lipschitz-continuous boundary 90O, we con-
sider the full scale of Sobolev spaces H*(0), s € R, and also the analogous spaces H*(00) on
its boundary. We need the spaces W?(0O), for any nonnegative integer m and 1 < p < 400,
equipped with the norm ||.|lym.r) and seminorm | . [ymasy. We denote by Wi (O) the
closure in W?(0) of the space Z(0) of infinitely differentiable functions with a compact

support in O, by W=#(0) its dual space (with % + ]% = 1), and by W’"*%’p(aO) the space
of traces of functions in W"”?(0) on 00. We also introduce the space
L}(0) = {a € %O [ ate)de o0}, (2:2)
)
We thus consider the variational problem

Find (u,p,T) in HL(Q)? x L2(Q) x H*(Q) such that
T = TO on 89, (23)
and that,

o € HA(Q), /Q U(T)(e)(grad u)(@) : (gradv)(z)dz
+/Q((u V) (@) . o(@) da:—/g(divv)(w)p(a:) dz = < f,v >0,
Vg e I2(Q), — /Q (div w)(x) g(@) dz = 0, (2.4)
VS € Hy(Q), « /Q (grad T)(z) . (grad S)(x)dz
+ /Q((u V)T (@) (@) dz = < ¢, >,

where < .,. >q denotes the duality pairing between H~1(Q2) and H}(f2) and also between
HY(Q)" and HL(Q)",

Standard arguments relying on the density of Z(2) in HJ () lead to the following result.



Proposition 2.1 Problems (1.1) with ug = 0 and (2.3) — (2.4) are equivalent: Any triple
(w,p,T) in HL(Q) x L3(Q) x HY(Q) is a solution of (1.1) (in the distribution sense) if and
only if it is a solution of (2.3) — (2.4).

The existence of a solution can be established owing to a fixed-point theorem. Its proof
requires the kernel

V= {v e H(Q)" divo =01 Q}. (2.5)

Theorem 2.2 For any data (f,g) in H-(Q)" x H™Y(Q) and Ty in H2(09Q), problem (2.3) —
(2.4) admits at least a solution (w,p,T) in HL(Q)* x L2(Q) x HY(Q). Moreover, this solution
satisfies, for a constant ¢ only depending on vy and «,

Fwllm@e + 1T ey < el F lla@e + 119 a1 + 11 To [l 50))- (2.6)

Proof: It is performed in several steps.
1) We refer to the Hopf lemma, see [9, Chap. IV, Lemma 2.3] for the following result: For
any € > 0, there exists a lifting T’y of T, which satisfies

I To @ < el Toll, and || To |lzae) < e[| To ll,,3

4 (a0) (2.7)

H? 09)’

where the constant c is independent of ¢.
2) Setting U = (u,T) and V = (v, S), we define the mapping ® from V x H}(Q) into its
dual space by

<®U),V >= /QI/(T—i—TO)(gradu)(m) : (gradv)(m)dm+/Q((u.V)u)(w).v(w)dw

+a/ﬁgrad (T +Ty)(x) . (grad S)(x) dx
+ /((u VNT +To))(x) S(x)de— < f,v>q — < g,8 >q.
Q

It follows from (2.1) and the imbedding of H'(Q) into L°(Q) that ® is continuous on V x
H{(2). Moreover, it follows from (2.1), (2.5) and (2.7) and the antisymmetry property

/Q (u . V)To)(x) S(z) de = — /Q ((w . V)S) (@) To(e) d. (2.8)
that

< (I)(U), U >> %1 | u |2 )d +«o | T |%{1(Q) —Q | TO |H1(Q) | T |H1(Q)
ce

- f HH*l(Q)d | u |H1(Q)d — g e T la -

We now take e such that

ce | To |, 1 . < min{v, a}.

HE(00)
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Thus, we deduce from the previous inequality that

min {vy, a}
B O (2, e+ 1 T o)

1
— (ac I To 13 gy +( F Bpmsgye + 19 Br)?)

1
(‘ U |§_[1(Q)d + | T |?{1(Q)>2'

<o), U >>

All this yields that < ®(U), U > is nonnegative on the sphere of V x HJ(2) with radius
2

h= min {v, o}

1
(@€ 1T 13 ey + () F 12sgqye + 1 9 Imsg0)?). (2.9)

3) We recall from [9, Chap. I, Cor 2.5] that 2(2)9 NV is dense in V. Thus, there exist an

increasing sequence (V,,), of finite-dimensional subspaces of V and an increasing sequence

(W,,),, of finite-dimensional subspaces of H}(Q2) such that UN (V, x W,,) is dense in V x
ne

H{(2). Moreover, the properties of the function ® established above still hold with Vx H} ()
replaced by V,, x W,,. Thus, applying Brouwer’s fixed-point theorem (see [9, Chap. IV, Cor.
1.1] for instance) yields that, for each n, there exists a U,, = (u,, T,,) satisfying

VV,eV, xW,, <&U,),V,>=0
1
and (| u, ill(Q)d + | T i gg)? < 1 (2.10)
4) Since the norm of u, in H'(Q)? and of T, in H'(2) are bounded by a constant ¢ (due
to the Poincaré—Friedrichs inequality on 2) and owing to the compactness of the imbedding
of HY(Q) into L*(Q), there exists a subsequence, still denoted by (u,, T), for simplicity,

which converges to a pair (u, T') of Hi(Q)? x H}(Q) weakly in H'(Q)¢ x H*(Q) and strongly
in L(Q)? x L4(£2). Next, we observe that, for m < n, these (u,, T,) satisfy

VYV € Vi x W, < ®(U,), Vi >= 0.

Passing to the limit on n is obvious for the linear terms and follows from the strong con-
vergence in L4(Q)? x L4(Q) for the terms (u, . V)u, and (wn . V)T,. On the other
hand, due to this strong convergence, the sequence (v(7,, + Ty)gradv,,), converges to

(v(T+T,) grad v,,) a.c. in © and its norm is bounded by v, || grad v,,, | 12(qaxa, s0 that using

the Lebesgue dominated convergence theorem yields the convergence of (v(T},+T) grad v, ),
to v(T + To) grad v,, in L2(Q)"*". All this leads to

VYV €V x W, < ®u,T),V, >=0,

and passing to the limit on m is now easy. Thus, we derive the pair (u,T = f—FTO) satisfies
the second and third equation in (2.4) and also

Vv eV, /QV(T)(grad u)(x) : (gradv)(x)de

+/ ((w. Viu)(2) . v(z)de =< f,v>q. (2.11)
Q



5) We recall from [9, Chap. I, Cor. 2.4] the following inf-sup condition for a positive constant
g

Vg e Lj(Q),  sup

> . 2.12
veHE(Q)4 | v HHl(Q)d >l ”L2(Q) ( )

Thus, owing to equation (2.11), there exists a p in L(Q), see [9, Chap. I, Lemma 4.1] such
that

Vo e H(Q), /Q v(T)(grad uw)(x) : (gradv)(z)dax

—i—/ﬂ((u Vu)(z) . v(z)de— < f,v >q= /Q(divv)(a:)p(w) de.

Then the triple (uw,p,T) is a solution of problem (2.3) — (2.4), and estimate (2.6) is easily
derived from (2.7) and (2.10), see (2.9).

Proposition 2.3 Assume that the function v is Lipschitz-continuous, with Lipschitz con-
stant v*. There exist two positive constants ¢y and c, such that

(i) if the data (f,q) in H-Y(Q)" x H-Y(Q) and Ty in Hz(9Q) satisfy
i (1 g + 119 ey +HToll3 ) < L (213)

(i) if problem (2.3) — (2.4) admits a solution (w,p,T') such that w belongs to Wl’q(Q)d with
q > 2 in dimension d = 2 and q > 3 in dimension d = 3, and satisfies

Ut u ‘Wl’q(g)d < 1, (2.14)
then this solution is unique.
Proof: For brevity, we set:
cr = (L f llg-ri + g a1 F1Toll 3 50 )-

where ¢ is the constant in (2.6). Let (wq,p1,71) and (use, pa, T2) be two solutions of problem
(2.3) — (2.4), with w; in W4(Q)? satisfying (2.14).

Setting for a while u = w; — wg, p = p1 — p2 and T =T; — T5, we proceed in three steps.

1) It follows from the third equation in (2.4) that, since T belongs to H; (),

0| T Ppey = — /Q (w1 . V)T) — (us . V)T3)(2) T(x) dz
S /Q (w. V)T\) (@) T(x) dz

whence

« | T |H1(Q) < C1 Co |’u’|H1(Q)’1’ (215)
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where ¢, is the square of the norm of the imbedding of Hj(Q2) into L*(£2).
2) Similarly, we derive from the first equation in (2.4) that

/Q U(Ty)(@) | grad u ? (z) dz — — / (w. Vyw)(@) . ule)dz

Q
—/Q(V(Tl) —v(Ty))(x)(grad uy)(x) : (grad u)(x) de.

Using appropriate Holder’s inequalities thus yields
141 ‘ u ﬁ{l(g)d <ce | u ﬁ'{l(g)d +v7 C3 ‘ Uq ‘Wl,q(ﬂ)d ’ T |H1(Q) | u |H1(Q)d7

where c3 stands for the norm of the imbedding of Hg() into LY (Q), with  + &+ = 3.
By combining this with (2.15) and choosing ¢; and ¢, such that

creavit(T+ v cza™ |y lwiayt) < 1,

we obtain that w is zero, so that u; and uy are equal.
3) It then follows from (2.15) that 77 and T3 are equal. Finally, the function p satisfies

Yo e HY(Q)!, - /Q (divv)(x) p(z) de = 0,

so that it is zero (see [9, Chap. I, §2] for instance). Thus, p; and p, coincide.
This concludes the proof.

Assumptions (2.13) and (2.14) are clearly very restrictive and will not be used in what

follows. We conclude with a regularity result.

Proposition 2.4 There ezist a real number qo > 2 only depending on the geometry of 2
and on the ratio vs /vy and a real number q; > 1 only depending on the geometry of Q such
that, for any q, 2 < q < qo, and ¢, 1 < ¢ < q, and for any data (f,qg) in the space

W) x LY(Q) and Ty in W2_§’q/(89), any solution (u,p,T) of problem (2.3) — (2.4)
belongs to Wh4(Q)? x LI(Q) x W24 (). Moreover, q1 is > 3 for a general domain Q and
> 2 when ) is convez.

Proof: Proving the regularity of the velocity follows from the approach in [12]. The regular-
ity of the pressure is a direct consequence of this. Finally, the regularity of the temperature
is deduced from the standard properties of the Laplace operator (see [10, Thm 4.3.2.4], [7,

Thm. 2] or [8, Cor. 3.10]).



3 The discrete problem and its a priori analysis.

We are now interested in the discretization of problem (2.3) — (2.4) in the case where Q =
] —1,1[%,d =2 or 3. Let N be an integer > 2, we introduce the space Py (£2) of polynomials
with d variables and degree < N with respect to each variable and the space P () of
polynomials in Py(£2) vanishing on the boundary of Q. Relying on theses definitions, we
introduce the discrete spaces

Xy = P?V(Q)d, My =Py _2(2)N LS(Q)a
Yy =Pn(Q), Y% =Yy H(Q).

The reason for the choice of the space My is that it does not contain spurious modes, see [2,
Chap V].

We introduce the space Py(—1,1) of restrictions to [—1, 1] of polynomials with degree < N.
Setting § = —1 and {y = 1, we consider the N — 1 nodes §;, 1 < j < N — 1, and the
N + 1 weights p;, 0 < j < N, of the Gauss-Lobatto quadrature formula. We recall that the
following equality holds

N

¥ e Py (10, [ 60 =D 0(6) (3.1)

1=0

We also recall [3, Chap IV, Cor. 1.10] the following property, which is useful in what follows

N
Von € Pn(=1,1), lonllie iy < D on(&)pi < 3llonliz iy (3:2)
=0

Relying on this formula, we introduce the discrete product, defined on continuous functions
u and v by

(u,0)y = >ito S gm0 (& &) (& &) pips if d =2,
’ Zf\io ZjV:O Zgzo u(giagjafk) U(fia&j;ék) PiPjPk if d=3.

It follows from (3.2) that it is a scalar product on Py(€2). Let Zy denote the Lagrange
interpolation operator at the nodes of the grid

YTl = (6,6,8); 0<i,5,k< N} ifd=3.
with values in the space Py (€2). Finally, let i3 stand for the Lagrange interpolation operator
at the nodes of ¥ N 0N with values in the space of traces of Py (€2). B
We now assume that the function 7j is continuous on 0f) and f, g are continuous on (2.

Thus the discrete problem is constructed from (2.3) — (2.4) by using the Galerkin method
combined with numerical integration. It reads

Find (uy,pn,Ty) in Xy X My X Yy such that

Ty = i3, on 09, (3.3)



and that

Yoy € Xy, (I/(TN)grad uy, grad 'vN)N + ((’u,N . V)uy, 'UN)N

— (divown,pn),y = (f,on)w,
Vgy € My, —(divuy, qv), = 0, (3.4)
VSy €Yy, a(gradTy, gradSy), + ((ux . V)Ty, Sx)y = (9, Sn)n.

The existence of a solution can be derived by the same arguments in Section 2, however we
prefer to follow the approach of [5] to obtain directly more precise results.

We recall the existence of a discrete inf-sup condition between the spaces Xy and My, see
[2, Chap. V, Thm 25.7]

di d
Vgn € My,  sup Jo(divoy)(@) gy (z) dz

} CN_(d_l)/2 H gn HL2(Q) . (35)
vNEXN H Un HHI(Q)d

For any real-valued measurable function 7 on €2, we introduce the modified Stokes operator
S(7), which associates with any datum F in H=1(Q)? the part w of the solution (u, p) of the
generalized Stokes problem

([ —div(v(1)Vu) + gradp=F in (,
divu =0 in €, (3.6)
u=0 on 0.

\

We also consider the operator S(7) which associates with any datum F in H=(Q)? the part
p of the solution (w, p) of this same problem.

We introduce the inverse £ of the Laplace operator which associates with any datum
(9,Tp) in H1(Q) x Hz(89) the solution T in H'(€) of the problem
—aAT =g in €,

T="1T, on O0f2. (3.7)

Thus it is readily checked that, when setting U = (u, T'), problem (2.3)— (2.4) can be written
equivalently as

FU) = U+ (S ) 2) G(U) =0, (3.8)

' (w.Vu—f
with — G(U) = (((u V)T — g, To))'

Similarly, let Sy(7) denote the discrete Stokes operator, i.e., the operator which associates
with any data F' in lEFl(Q)d7 the part uy of the solution (uy, py) in Xy X My of the Stokes

9



problem

V’UNEXN, (V(T)V’U,N,V’UN)N—(diV'UN,pN)N :<F,’UN >0,
Vagn € My, —(diVUN, qN)N = 0. (39)

Let finally £y denote the operator which associates with any datum G in H~1(Q) and any
continuous function Ry in H %(89), the function Ry in Yy, equal to i%*Ry on 92 and which
satisfies

VSy €Y%, « (grad Ry, grad SN)N = < G, Sy >q (3.10)

With the notation Uy = (un, Ty ), problem (3.3) — (3.4) can equivalently be written as

Fn(Uy) = Un + (SN(OTN) EON) Gy (Ux) = 0, (3.11)
with  Gy(Uy) = ((ggleo))'

The two components Gy and Gy are defined in the dual spaces of X and Y&, respectively,
by

Yoy € Xy, /QQNl(a:).vN(zc)dw = ((un . V)uy — f,vN)N
VSN € Y?\ﬁ /QgN2<33) SN<CE) do = ((UN . V)TN — g’SN)N'

Lemma 3.1 There exists a constant ¢ > 0 such that the following continuity property holds

<Gni(un), oy >< el un [l + 1 ZnF l20)2) | o 1) (3.12)

Proof: By definition, we have

( 8'U'N %

uNjW - f:'UNi)N
J

IM&

< Gni(uy), oy > =

N

&
I
—

Oun;

((uNj'UNiv a—l,])N - (f, rUNi)N)

S
&
I

—

Il
“:M&

8’U,NZ‘

((IN(uNj’UNi)7 a—x])N - (INf”UNi)N>

S
&
I

—

I
“:M&

whence, by using (3.2), we obtain

d
8’u,M
< Gni(uy), vy ><34 Y ( I Zn(unjoni) llrz@pall 5= ez
J

4,j=1

+ I Inf llr2@yell vivi llz20)e )

10



We recall from [2, Rem. 13.5] that,

My d
By taking M = 2N, we derive
d
< Gni(uy),vn >< ¢ Z ( | wn sl vni l[La@ell wni [l a1 @)
ij=1

+ 1 Zn S lz2)ell v lz2()a >
We conclude by the Holder’s inequality and by noting that H'(€) is embedded in L*((2).

We recall the basic properties of the discrete operators Sy(7) and Ly. The operator
Sn(7) satisfies the following properties: For any F in H~(Q)¢,

SN () E llgryr < ¢ [ F [ g (3.14)

and, if moreover S(7)F belongs to H*1(Q) and S(7)F to H*(Q)* for a real number s, s > 1,

1 (S(r) = Sn(T)) F llgnqye < e N2 ([ S(F |l oape + | S(F |10 ) (3.15)
The analogous properties concerning the operator Ly read: For any G in H (),

| Ln(G,0) (1) < ¢ || G llz—1@) - (3.16)

and, if moreover LG belongs to H*(Q)?, s > 1 and R, belongs to H7(dQ), for a real number
d—1
0,0 > -,

| (£ = Lx)(G, Ro) [y < eN'"" | LG [|se) +N277 || Ro [l oo - (3.17)

Note that these properties yield the following convergence result, for any F' in H ‘1(Q)d and
any G in H1(Q),

lim || (S(r) = Sy(D)F [yneye =0, Jim_ || (£~ Lx)(G.0) Iy =0.  (3.18)

N—+o00 N—+oco
From now on, we denote by
X(Q) = H}(Q) x HY(Q), Xy =Xy x Yy.

Assmption 3.2
The solution (w,p,T) of problem (2.3)— (2.4) is such that DF(U) is an isomorphism of
X(Q).

11



Note that theses assumptions are not restrictive, compared with the hypotheses of Proposition
2.3 for these uniqueness of the solution.

We are thus in a position to prove the preliminary results which we need for applying the
theorem of Brezzi, Rappaz and Raviart [5]. This requires an approximation Uy, = (u%, Ty)
of U in Xy x Yy which satisfies (see [3, Chap. III, Th. 2.4]) for 0 < ¢ < 1,

Ju — uly| gy < e N | gy,
HT — TXTHHt(Q) g C]Vti1 H T HHI(Q)d . (319)

Lemma 3.3 If the data f belong to H7(Q)", 0 > 4, the following result holds

< Gi(uy) — Gni(un), vy >o< c (N_% | un HHl(Q)d
+N7| f HHU(Q)d ) | vn HHI(Q)d (3.20)
with

< Gi(un), vy >q= /Q((uN . Vuy)(x) - vy(x)de

Proof: Denoting for brevity the scalar product of L?(2) by (-, -), we have,

< Gi(un) = Gni(un), vy >o= ((uy . V)uy — f,on) — (uy . V)uy — f,on)n

If N’ stands for the integer part of %, we introduce an approximation uys of uy in Py (2)
and we note the identity

((UN/ . V)'U,N/,’UN) = ((UN/ . V)’U,N/,’UN)N
Inserting it, we obtain

< gl(’U,N) — gNl(UN)7'l)N >0 = (('U,N . V)'U,N — (’U,N/ . V)’U,N/,’UN)
+ (('U,N/ . V)’U,N/ — (’U,N . V)'U,N),’UN)N
- ((f, UN) - (INf, UN)N)

The arguments for evaluating the first two quantities are the same, so we only consider the
first one. We have

((’U,N . V)'U/N — (’U,N/ . V)UN’,’UN) = ((’U,N — Uy’ . V)'U/N,'UN) + ((’U,N/ . V)(’U,N — UN’),'UN)
Writing
d
(uy —un: . VIuy,vy) = / D (uni — unn) (@) vy () V(@) de,
Q=1
we obtain

((uy —un . Viuy,vy) < [luy — uN’HL3(Q)d H’UN”LG(Q)d HVUNHL2(Q)d

< Juy — UN/HH%(Q)d [on 1| 2yl wn |y

12



and we use similar arguments for the second part. We conclude thanks to (3.19) for ¢ = %
To evaluating the third term, we have for any f,_; in Py_1(Q)?

(Fron) — (Fron)y = /Q (@) vn(@)dz — (F,0x)n
= /Q<f - fN—l)(m)’vN(w)dw - (f - fN—lavN>N7

whence

(f,on) = (f,on)n < ( | f=Fna HL2(Q)d 3| Inf — Faoa HL2(Q)d ) | vn HLz(Q)d

(f,on) = (f, o)y < C( | F—Inf ||L2(Q)d +fN igf ) | f=Fna ||L2(Q)d ) | vn ||H1(Q)d

—1€PN—1

By taking fy_, equal to the image of f by the L?(Q) orthogonal projection operator (see
[3, Chap. III]), using [3, Chap. IV, Thm 2.6] and [3, Chap. III, Thm 2.4], we obtain

(f.on) = (Fion)y <N f ||Ha(9)d|| UN ||H1(Q)d :

We are now in a position to prove the following lemmas, we denote by £ the space of endo-
morphisms of X'(€2). Here, D stand for the differential operator.

Lemma 3.4 Assume that v is of class €? on R, with bounded derivatives, and Assumption
3.2 holds. There exists a positive integer Ny such that, for all then N > Ny, the operator
DFn(Uy) is an isomorphism of Xy X Y x with the norm of its inverse bounded independently
of N.

Proof: We write the expansion

DFy(U%) = DF(U) - ((S —omin) 0 EN) DG(U) - (‘%N £0N> (DG(U) — DG(US)

_ (‘%N £0N> (DG(US) — DGn(US)) — (D(S _08N>(T) 8) g(U)

(P50 D) 6w - gwsn - (P50 6wz - ovwi

Due to part (ii) of Assumption 3.2, it suffices to check that the last six terms in the right-hand
side tend to zero when N tends to 400 in the norm of the space £. Let Wy = (wy, Ry) be
any element in the unit sphere of Xy.
1) We observe that
(u . V)wy + (wy . V)u
DGU). Wy = .
G(U)-Wy <((u . V)Ry + (wy . V)T,0)

13



Thus, the compactness of the imbedding of H'(Q) into LI(Q), with ¢ < oo in dimension
d = 2 and ¢ < 6 in dimension d = 3, combined with the regularity of u yields, that both
terms (v . V)wy + (wy . V)u and (v . V)Ry + (wy . V)T belongs to a compact subset of
H-1(Q)* and H=1() respectively. Combining all this with (3.18), leads to

lim H ((5 —Sn)(T) 0 )DQ(U) = 0. (3.21)

N—+oo O E—,CN £

2) Due to the definition of DG, we must now investigate the convergence of the two terms

((w—u) Vywy + (wy - V)(u—ul), ((w—uy) V)Ry + (wy . V)T —T3)

We applied (3.19) with a ¢ < 1 such that H*(Q) is imbedded in L"(2), with » > 2 in dimension
d =2 and r = 3 in dimension d = 3. Combining with (3.14) and (3.16) yields

= 0. (3.22)

N—+4o00 £

lim (DG(U) — DG(UR))
O L N
3) Similarly, using an extension of Lemma 3.3 obviously yields

— 0. (3.23)

N—+oc0 €

lim H(O LN) (DG(U%) — DGn(U3,))

4) On the other hand, we note that, for any F in H~1(Q)",

(DS(T)Ry)F = S(T)( — div(0-v(T) Ry VS(T)F)),
(DSN(T)Ry)F = Sy(T)( — div(0-v(T) Ry VSx(T)F)). (3.24)

By subtracting the second line from the first one, we derive

(D(S = Sn)(T) Ry)F = (S — Sn)(T)( — div(9,v(T) Ry VS(T)F))
+ Sn(T) (= div(0,v(T) Ry V(S — Sn) (T)F))

Denoting by F' the first component of G(U), we see that S(T)F is equal to —u, see (3.8).
First, using the compactness of the imbedding of H'(Q) into L"(Q) for any r < oo in dimen-
sion d = 2 and r < 6 in dimension d = 3, we deduce from the regularity assumption on u
that, when Wy runs through the unit sphere of Xy, the quantity —div(0,v(T") Ry VS(T)F')
belongs to a compact subset of H _1(Q)d. Thus, the convergence of the first term to zero
follows from (3.18).

To handle the second term, we observe from (3.14) that it suffices to prove the convergence
of [| V(S — Sn) (T)F | 1o ()axa, with i + qi* = 1 for the ¢ introduced in the beginning of
the proof. Since S (T)F coincides with —u, by using the injection of H*(Q) into L4 (Q), we
obtain

I V(S = Sn) (T)F || gyaxa < € (NH (e lggseye + 112 s ))-
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We derive

— 0. (3.25)
&

lim H (D(S — Sy)(T) 0) o)

N—+o0o O O

5) The convergence of the fifth term is deduced from (3.19), (3.12) and the stability of DSy (7)
and the convergence of the last term is obtained with the same arguments as Lemma 3.3.

This concludes the proof.

Lemma 3.5 If the function v belongs to W2>(R), with Lipschitz-continuous derivatives,
there exist a neighbourhood of Uy, in Xy and a constant ¢ > 0 such that the operator DFy
satisfies the following Lipschitz property, for all Uy in this neighbourhood,

I DFy(Ux) = DFn(Uy) lle < en(N) | Uy = Uy lla) - (3.26)

with u(N) equal to | log N |2 in dimension d =2 and to N in dimension d = 3.

Proof: Let us introduce the matrix operators
_ (S 0 _ (S~ 0
Setting UX, = (uy, T%), we have

DFn(Uy) — DFn(Uy)
= Mn(Tx) — Mn(T))DGn (Uy) + (DM (Tx) — DM (Tx))Gn (Ux,)
+ My (Ty)(DGn(UR) — DGN(UR)) + DMy(TR)(Gn(Uy) — Gn(UR))-

We have to evaluate these quantities, for any Wy = (wy, Ry) in the unit sphere of Xy and
1 in the unit sphere of Xy. Since evaluating the last two terms follow from Lemma 3.3
and an extension of it, we only consider the first two terms. All constants ¢ in what follows
only depend on the norms || Uy ||x), || Un [|x) and || v [[w2.0o ().

1) We have

(M (T3) - Mu(TE)DIO3)W = Malt) (7).

with
A= div((y(TX,) —v(T3)VSN(Tx)(uy - V)wy + (wy - V)uy, ¥y)n)

There exists a constant ¢ only depending on the Lipschitz property of v such that,

| Mn(TR) = My (Tn)DGVOWN [x@< e | Ty = Tx @l wa =@

15



We conclude by applying the inverse inequality [13], valid for any polynomial ¢y in Py (),

2d
lonllzoe@) < eNs |lon|lLs@),

and noting that

-in dimension d = 3, H*(Q2) is embedded in L5(£2)

-in dimension d = 2, H*(Q) is embedded in any L°(Q) with the norm of the imbedding
smaller than ¢v/§ (see [14]), (we thus take ¢ equal to log N).

2) On the other hand, combining the second part of (3.24) with a further triangle inequality

I (DMN(TY) = DMN(TR)BN)GUR) [x@< ¢ [ TR = Ty @l By llz=@

The same arguments as in part 1) yields the desired result.

Lemma 3.6 Assume that v is of class € on R and that the solution (u,p,T) of problem
(2.3)-(2.4) belongs to H*(Q)* x H=2(Q) x H*(Q) for a real number s, s > 1, and the data f
belong to H"(Q)d for a real number o, o > g. Then, the following estimate is satisfied

I Fn(UR) llxwy < e N2 (L s + 12 a1 + 1T las@) + N7 F io@a -
Proof: Since F(U) is zero, we have
S —Sy)(T 0
I Fx U3 o<l U = U3 ey +{ (750 0, Yoy
0 L—Ly x(Q)

" H (SNO(T) cON) (W) = 9(U})

() ! H (SNéT) EON) (G(UX) — Gn(UR))

x(Q)

The first term is bounded in (3.19). Evaluating the second term follows from (3.15) and
(3.17) by noting that: If F denotes the first component of G(U), SF is equal to —u and F is
equal to f +div(v(T)Vu) — grad p. To bound the third one , we apply (3.14) and by using
triangle inequalities and estimate (3.19). Finally, proving the estimate for the fourth term
is obtained by using the standard arguments for the error issued from numerical integration
combined with the same arguments as in the proof of Lemma 3.3.

Thanks to Lemmas 3.4 to 3.6, we are now in a position to prove the main result of this
section.

Theorem 3.7 Let (u,p,T) be a solution of problem (2.3) — (2.4) which satisfies Assumption
3.2 and belongs to H*(Q)* x H*"1(Q) x H*(Q), s > 1. We moreover assume that the function
v is of class €2 on R with Lipschitz-continuous derivatives and that the data f belong to
H"(Q)d for a real number o, o > g. Then, there exist a positive number N, and a constant
o such that, for all N = N, problem (3.3) — (3.4) has a unique solution (uy,pn,Tn) such

16



that (uy, T) belongs to the ball of X (Q) with center (u,T) and radius oy for the constant
pun introduced in Lemma 3.5. Moreover, this solution satisfies

lw—uy e + | T =T m@ FN-ED2 Y p = py (2
<Nt eyt + 9 sy + 1 T arsi) + N | f logays - (3:22)

Proof: Combining Lemmas 3.4 to 3.6 with the Brezzi-Rappaz-Raviart Theorem [5] ( see also
[9, Chap. IV, Thm 3.1]) yields for N large enough, the existence of a solution (uy,Ty), its
local uniqueness and the desired estimate for || w — uy [|y1 e and || T' = Ty ||m1(0).
Moreover, thanks to the discrete inf-sup condition (3.5), there exists a unique py in My such
that:

/(diva)(:c)pN(w) daz:/l/(TN)(graduN)(w) : (gradvy)(x) de
Q Q
+ /Q ((uN . V)UN)(:B) .vy(x)de — (f,vn).
whence, for any ¢y in My,
[ (divon)(@) (o - ax) (@) do
Q
= /Q (v(Ty)(grad uy)(x) — v(T)(grad u)(x)) : (gradvy)(x) dx

+ /Q (un . VIuy — (u. V)u)(z) . vy(z)de + /Q(div'vN)(a:) (p—qn)(x) de.

So by using successively (3.5), triangle inequalities and the error estimates on w and T', we
derive the estimate for || p — pn || r2().-

Estimate (3.22) is fully optimal. Moreover the regularity assumptions on the solution
(u,p,T) are not at all restrictive in dimension d = 2.
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4 Numerical experiments.

The numerical experiments have been performed in the two-dimensional case, on the square
Q =] —1,1[%. Problem (3.3)-(3.4) is solved via the following iterative algorithm. We set:

H(UN) = UN + MN(TN)QN(UN)
Applying Newton’s method consists in solving iteratively the equation
UR = UR~t = DHURT)THWE),

which can equivalently be written as: Uy = Up™t — W™ where W™t = (2071 vl is
a solution of this problem:
DHUy )Wy~ =HUF™)

We iteratively solve this problem, for m > 1. It reads
Find (277, o7 y21) in Xy x My x Yy such that

Yoy € Xy, (V,(T]T\',%l)xﬁAVu%*l, Von)n + (V(T]anl)Vzﬁfl, Von)n
H(up ™t V)2t (2 V)u o)y — (divoy, o Yy
= (W(Ty ) Vuy ™, Von)n + ((uy ™ . V)uy ™ o)y
—(divoy, pi )y — (f,on)n
Yqy € My, —(divz} ! gn)n =0
VSn € YR, a(VXR L VSy)n + ((zF . V)T + (uf ™ . VXN Sn)w
= a(VTR 1 VSy)n + (W™ . V)TH 1, Sn)n — (9, Sn) v

The convergence of this method can easily be derived from [5] (see [9, Chap. IV, Thm
6.5]) owing to Lemmas 3.4 to 3.6.

The numerical experiments that we present in the next lines are performed on the code
MATLAB software and the global system is solved by the GMRES method.
To start, we take in all the calculations u%, T, p% zeros on internal nodes, knowing that
whatever the choice of these solutions the algorithm converges. In all tests the number of
iterations needed for better convergence of the Newton algorithm, vary between 5 and 10.
We work with v as a constant, as a function dependent of the space variable and finally as a
function which depends on the temperature T'

e case where v(T) is constant equal to 1072

In the first experiment, the exact solution is given by
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The discrete solution computed with N = 24 is presented in Figure 1, the two components
of the velocity on the top, the pressure and the temperature on the bottom.

Tha layout of the walocity u. Tha layout of the valocity uv

nEg

)

4]
oAis-y e CiEx crxis-y E § pis-x

The layout of the pressure o The leyout of the temparature T

Y N
<l
5
S0

L5050
ettt tate s

e

Figure 1: The discrete solution issued from (4.1)

e case where v(T) is a function equal to = +y + 1

i) In the first case, we work with regular functions where the boundary conditions are not
homogeneous, we attained the convergence of 10713 from N = 6.

ii) In the second experiment, we work with the solution given in (4.1). In Figure 2, we present
the convergence of the relative error on w, p and T in the L?(Q)%, HY(Q)?, L?(Q) or H'()
norm in logarithmic scales, as a function of N, for N varying from 8 to 30.

Conwvergence of the welocity Conwergence of the temperature

log10{emor)
|
It
log10{emor)

33 4 8 12 16 20 24 30 33

log10({emar)
4

-10 1 I 1 1 1 1
4 & 12 14 20 24 0 3323

Figure 2: The estimations of error of the solution issued from (4.1)
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e case where v(T') depend on T’

i) We first consider a smooth solution in the case where v(T') equal to 3v/T? + 1+ 2

ale) = (1) o) =sinGe ), Tlo.y) = costen) (4.2

In Figure 3 we present the discrete solution issued from (4.2) computed with N = 24.

The layout of the velocity v, The layout of the velocity uY

The layout of the temperature T

sy R caxisx sy T s

Figure 3: The values of the discrete solution issued from (4.2)

ii) Second we consider the solution in the case where v(T') is given by T + 1

u(r,y) = <_'73;;?r§?:f?3)) , plry)=r+y, T(r,y)=zy (4.3)

In Figure 4 we present the quantities:

log g [Ju — UN||L2(Q)27 logy [Ju — UN”Hl(Q)?) logyo [lp — pN“L?(Q)a

10g10||T_TN||L2(Q) and logq ||T_TN||H1(Q)

as functions of N, for N varying from 8 to 24. We observe the perfect convergence for N = 24.
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Convergence of the welocity Convergence of the temperature

0 o
+ noem L2 -2 + noem L2
oA ¢ rioem H' i 4 norm
: : -
=] o
B g -0
-12 -14
5 10 15 20 25 5 8 11 14 17 20 23 25
N N
Conwvergence of the pressure
0
#  rnoml?
Tl )
2
£
=
2
-12
5 10 15 20 25

N

Figure 4: The estimations of error of the solution obtained from (4.3)

iii) We present now numerical experiments where v(T) is taken equal to T2 4+ T', the datum
f is equal to zero, and the datum ¢ is given by 1, but the boundary condition is replaced by

u=h onodf2, T,=0,
the boundary velocity h = (h,, h,) being given by

0 si y=41,
sin(my) otherwise,

0 si z=+1,
sin(mz) otherwise. (4.4)

he(2,y) = { hy(z,y) = {

Note that the data satisfy the usual compatibility condition [y, h(7) - n(r)dT = 0. We
present in Figure 5 the isovalues of the two components of the velocity, the pressure and the
temperature issued from (4.4) computed with N = 26.

Isowvalues of the velocity u, Iscwalues of the velocity u_:_

1 1
0

-1 -1

-1 05 ] 05 1 -1 05 0 05 1

05

0

05

lscwalues of the pressure Isowalues of the temperature
1
0
05 \ ’
-1 0

05 0 05 -1 05 0 05 1

05

0

05

Figure 5: Isovalues of the discrete solution issued from (4.4)
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iv) For the last numerical experiment we work with the solution given by

u(z,y) = (

In Table 1 we present different values of v(T).
the variation of the errors of the components : velocity, pressure and temperature computed

2 sin(wx)? sin(7y) cos(my)
—2sin(my)? sin(7x) cos(rx)

) . plry) =2 -y, T(x,y) = zy.

We see the stability of the algorithm and

with N = 16.
v(T) T+1 = (T+1) | &5(T+1) | (T+1) | 155(T+1)
Ju — wppllr2)2 | 7.64e-009 | 1.48¢-008 | 4.16e-008 | 5.50e-008 | 9.62e-008
|u — wpp|ri)2 | 8.76e-008 | 2.76e-007 | 4.23e-007 | 7.67e-007 | 9.33e-007
P — Pappllr2(0) | 1.35¢-008 | 4.16e-008 | 6.16e-008 | 9.02e-008 | 4.73e-007
T — Toppllr2() | 4.23e-0011 | 3.03e-0010 | 4.06e-0010 | 8.39e-0010 | 1.58¢-009
T — Toppl () | 5.68e-0010 | 9.18¢-0010 | 2.28¢-009 | 5.21e-009 | 6.93e-009

Table 1: Convergence of the solution (4.5) as a function of v(T).

We note that the precision of convergence decreases if v(T") decreases but it remains sta-

ble. So to overcome this handicap we should increase the discretization parameter N: For
example by taking N = 18 and v(T') =

v(T)=T+1.

1
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