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Abstract

Regularization plays a pivotal role when facing the challenge of solving ill-
posed inverse problems, where the number of observations is smaller than the
ambient dimension of the object to be estimated. A line of recent work has
studied regularization models with various types of low-dimensional structures.
In such settings, the general approach is to solve a regularized optimization
problem, which combines a data fidelity term and some regularization penalty
that promotes the assumed low-dimensional/simple structure. This paper provides
a general framework to capture this low-dimensional structure through what we
coin piecewise regular gauges. These are convex, non-negative, closed, bounded
and positively homogenous functions that will promote objects living on low-
dimensional subspaces. This class of regularizers encompasses many popular
examples such as the ¢! norm, ¢ — ¢? norm (group sparsity), nuclear norm,
as well as several others including the £°° norm. We will show that the set of
piecewise regular gauges is closed under addition and pre-composition by a linear
operator, which allows to cover mixed regularization (e.g. sparse+low-rank), and
the so-called analysis-type priors (e.g. total variation, fused Lasso, trace Lasso,
bounded polyhedral gauges). Our main result presents a unified sharp analysis of
exact and robust recovery of the low-dimensional subspace model associated to
the object to recover from partial measurements. This analysis is illustrated on a
number of special and previously studied cases.

Keywords: Convex regularization, Inverse problems, Piecewise regular gauge,
Model selection, Sparsity, Noise robustness.



1. Introduction

1.1. Regularization of Linear Inverse Problems

Inverse problems are encountered in various areas throughout science and engineering.
The goal is to provably recover the structure underlying an object zo € RY, either
exactly or to a good approximation, from the partial measurements

y = Pz +w, (1)

where y € R? is the vector of observations, w € R? stands for the noise, and ® € RO*N
is a linear operator which maps the N-dimensional signal domain onto the ()-dimensional
observation domain. The operator ® is in general ill-conditioned or singular, so that
solving for an accurate approximation of zg from (1) is ill-posed.

The situation however changes if one imposes some prior knowledge on the underlying
object g, which makes the search for solutions to (1) feasible. This can be achieved
via regularization which plays a fundamental role in bringing back ill-posed inverse
problems to the land of well-posedness. We here consider solutions to the regularized
optimization problem

1
z* € Argmin [y - x|* + AJ (), (Pr(y))
rERN

where the first term translates the fidelity of the forward model to the observations, and
J is the regularization term intended to promote solutions conforming to some notion
of simplicity /low-dimensional structure, that is made precise later. The regularization
parameter A > 0 is adapted to balance between the allowed fraction of noise level and
regularity as dictated by the prior on xy. Before proceeding with the rest, it is worth
mentioning that although we focus our analysis on the penalized form (P, (y)), our
results can be extended with minor adaptations to the constrained formulation, i.e. the
one where the data fidelity is put as a constraint. Note also that we focus our attention
for simplicity to an ¢2 fidelity, although our analysis caries over to more general smooth
and strongly convex fidelity terms.

When there is no noise in the observations, i.e. w = 01in (1), the equality-constrained
minimization problem should be solved

x* € Argmin J(z) subject to Pz =y. (Po(v))
z€RN

1.2. Gauges and Model Selection

In this paper, we consider the general case where J is a gauge associated to a convex
set C' containing the origin as an interior point, or equivalently, that J is a gauge whose
domain is full. In plain words, J is a convex, non-negative, continuous (hence bounded)
and positively homogeneous function (see Section 2.1 for details).

This class of regularizers J include many well-studied ones in the literature. Among
them, one can think of the /! norm used to enforce sparse solutions [38], the discrete



total variation semi-norm [35], the /! — 2 norm to induce block/group sparsity [44],
the nuclear norm for low-rank matrices [16, 8], or bounded polyhedral gauges [41].

The behavior of this class of regularizers is dictated by the geometry of C, which
is nothing in this case but the sublevel set at 1 of J, i.e., C = {z e RN : J(z) < 1},
see Lemma 1. In particular, each point at which C is non-smooth encodes some
low-dimensional subspace model. The regularization J then promotes solutions living
in one of these subspaces. A typical example is that of the ¢!-norm where the promoted
vectors are sparse, living on low-dimensional subspaces aligned with the axes.

Assuming that the gauges enjoy some piecewise regularity properties, our goal in
this paper is to provide a unified analysis of exact and robust recovery guarantees
of the subspace model underlying the object xg by solving (Px(y)) from the partial
measurements in (Px(y)). As a by-product, this entails a control on the |z* — o],
where x* is the unique minimizer of (P, (y)).

1.3. Contributions

Our main contributions are as follows.

1.3.1. Subdifferential Decomposability of Gauges

Building upon Definition 5, which introduces the model subspace T, at x, we provide
an equivalent description of the subdifferential of a bounded gauge at x in Theorem 1.
Such a description isolates and highlights a key property of a regularizing gauge, namely
decomposability. In turn, this property allows to rewrite the first-order minimality
conditions of (Py(y)) and (Py(y)) in a convenient and compact way, and this lays the
foundations of our subsequent contributions.

1.3.2. Uniqueness

In Theorem 2, we state a sharp sufficient condition, dubbed the Strong Null Space
Property, to ensure that the solution of (Px(y)) or (Py(y)) is unique. In Corollary 1,
we provide a weaker sufficient condition, stated in terms of a dual vector, the existence
of which certifies uniqueness. Putting together Theorem 1 and Corollary 1, Theorem 3
states the sufficient uniqueness condition in terms of a specific dual certificate built

from (Py(y)) and (Po(y)).

1.3.3. Piecewise Regular Gauges

In the quest for establishing robust recovery of the subspace model Ty, we first need
to quantify the stability of the subdifferential of the regularizer J to local perturbations
of its argument. Thus, to handle such a change of geometry, we introduce the notion
of piecewise reqular gauge (see Definition 9).

We show in particular that two important operations preserve piecewise regularity.
In Proposition 8 and Proposition 10, we show that piecewise regularity of gauges is
preserved under addition and pre-composition by a linear operator. Consequently, more



intricate regularizers can be built starting from simple gauges, e.g. £!-norm, nuclear
norm, etc., which are known to be piecewise regular (see the review given in Section 6).

1.3.4. Exact and Robust Subspace Recovery

This is the core contribution of the paper. Assuming the gauge is piecewise regular, we
show in Theorem 5 that under a generalization of the irrepresentable condition [17], and
with the proviso that the noise level is bounded and the minimal signal-to-noise ratio is
high enough, there exists a whole range of the parameter A for which problem (P, (y))
has a unique solution z* living in the same subspace as xg. In turn, this yields a control
on {?-recovery error within a factor of the noise level, i.e. |2* — zo| = O(Jw|). In the
noiseless case, the irrepresentable condition implies that x( is exactly identified by
solving (Po(y))-

1.4. Related Work

In [7], the authors introduced the notion of decomposable norms. In fact, we show that
their regularizers are a very special subclass of ours that corresponds to strong decom-
posability in the sense of the Definition 8, beside symmetry since norms are symmetric
gauges. Moreover, their definition involves two conditions, the second of which turns
out to be an intrinsic property of gauges rather than an assumption; see the discussion
after Proposition 6. Typical examples of (strongly) decomposable norms are the £,
01 — ¢2 and nuclear norms. However, strong decomposability excludes many important
cases. One can think of analysis-type semi-norms since strong decomposability is not
preserved under pre-composition by a linear operator, or the £°*° norm among many
others. The analysis provided in [7] deals only with identifiability in the noiseless case.
Their work was extended in [29] when J is the sum of decomposable norms.

Arguments based on Gaussian width were used in [9] to provide sharp estimates of
the number of generic measurements required for exact and ¢o-stable recovery of atomic
set models from random partial information by solving a constrained form of (Py(y))
regularized by an atomic norm. The atomic norm framework was then exploited in [31]
in the particular case of the group Lasso and union of subspace models. This is however
restricted to the compressed sensing scenario.

A notion of decomposability closely related to that of [7], but different, was proposed
in [27]. There, the authors study #»-stability for this class of decomposable norms with
a general sufficiently smooth data fidelity. This work however only handles norms,
and their stability results require however stronger assumptions than ours (typically a
restricted strong convexity which becomes a type of restricted eigenvalue property for
linear regression with quadratic data fidelity).

In the inverse problems literature, a convergence (stability) rates have been derived
in [5] with respect to the Bregman divergence for general convex regularizations J.
The author in [18] established a stability result for general sublinear functions J. The
stability is however measured in terms of J, and ¢9-stability can only be obtained if .J is
coercive, which, again, excludes a large class of gauges. In [15], a £5-stability result for
decomposable norms (in the sense of [7]) precomposed by a linear operator is proved.



However, none of these works deals with exact and robust recovery of the subspace
model underlying z.

1.5. Paper Organization

The outline of the paper is the following. Section 2 gives essential properties of gauges
and their polars, and then fully characterizes the canonical decomposition of the
subdifferential of a gauge with respect to the subspace model at z. Sufficient conditions
ensuring uniqueness of the minimizers to (P (y)) and (Py(y)) are provided in Section 3.
In Section 4, we introduce the notion of a piecewise regular gauge and show that
this property is preserved under addition and pre-composition by a linear operator.
Section 5 is dedicated to our main result, namely theoretical guarantees for exact
subspace recovery in presence of noise, and identifiability in the noiseless case. Section 6
exemplifies our results on several previously studied priors, and a detailed discussion
on the relation with respect to relevant previous work is provided. Some conclusions
and possible perspectives of this work are drawn in Section 7. The proofs of our results
are collected in the appendix.

1.6. Notations and Elements from Convex Analysis
In the following, if T is a vector space, Pr denotes the orthogonal projector on T, and
rT = PT($> and (I)T = ‘PPT.

For a subset I of {1,..., N}, we denote by I° its complement, |I| its cardinality. (1)
is the subvector whose entries are those of x restricted to the indices in I, and &)
the submatrix whose columns are those of ® indexed by I. For any matrix A, A*
denotes its adjoint matrix and AT its Moore—Penrose pseudo-inverse. We denote the
right-completion of the real line by R = R U {+o0}.

A real-valued function f : RV — R is coercive, if lim|z) 400 f(z) = +o00. The
effective domain of f is defined by dom f = {x eRN: f(x) < +oo} and f is proper
if dom f # (). We say that a real-valued function f is lower semi-continuous (Isc)
if liminf, . f(z) > f(z). A function is said sublinear if it is convex and positively
homogeneous.

Let the kernel of a function be denoted Ker f = {z € RN : f(z) =0}. Ker f is a
convex cone when f is positively homogeneous.

We now provide some elements from convex analysis that are necessary throughout
this paper. A comprehensive account can be found in [33, 20].

Sets For a non-empty set C C RY, we denote ¢ (C) the closure of its convex hull.
Its affine hull aff C is the smallest affine manifold containing it, i.e.

k k
aﬂC:{Zpixi: k>0,pi€R,xi€C,Zpi:1}.

i=1 i=1

It is included in the linear hull span C which is the smallest subspace containing C'.



The interior of C' is denoted int C'. The relative interior riC' of a convex set C' is the
interior of C' for the topology relative to its affine full.

Functions Let C a nonempty convex subset of R™. The indicator function vc of C' is

() 0, ifxeC,
e(x) =
© 400, otherwise.

The Legendre-Fenchel conjugate of a proper, Isc and convex function f is

frw) = sup (u, z) — f(z),
zedom f
where f* is proper, Isc and convex, and f** = f. For instance, the conjugate of the
indicator function ¢ is the support function of C'

oc(u) = sup(u, x) .
zeC
oc¢ is sublinear, is non-negative if 0 € C, and is finite everywhere if, and only if, C' is a
bounded set.
Let f and g be two functions proper closed convex functions from RY to R. Their
infimal convolution is the function

(f Vo)) = inf_ fla1) +glas) = inf f()+g(e—2).

T1+To=1
The subdifferential 0f(x) of a convex function f at x is the set
of(x) ={ueR": f(a) > f(z) + (u, 2’ — ), Va2’ €domf} .

An element of 9f(z) is a subgradient. If the convex function f is Gateaux-differentiable
at x, then its only subgradient is its gradient, i.e. 9f(z) = {Vf(z)}.
The directional derivative f'(z,d) of a lsc function f at the point x € dom f in the

direction § € RY is
’ 10 t '

When f is convex, then the function § — f’(x,-) exists and is sublinear. The subdif-
ferential Of(x) is a non-empty compact convex set of RV whose support function is
f(z,), ie.
fl(xﬂ(s) = U[‘)f(a;)(a) = sup (1, ).
neof(x)
We also recall the fundamental first-order minimality condition of a convex function:
x* is the global minimizer of a convex function f if, and only if, 0 € df(x).



2. Geometry of Gauge Regularization

2.1. Gauges and their Polars

Definitions and main properties We start by collecting some important properties
of gauges and their polars. A comprehensive account on them can be found in [33].

We begin with the definition of a gauge.

Definition 1 (Gauge). Let C C RY be a non-empty closed convex set containing the
origin. The gauge of C is the function yc defined on RN by

vo(z) =inf{\ >0: z € AC}.
As usual, yo(x) = 400 if the infimum is not attained.

Lemma 1.

(i) vo is a non-negative, lsc and sublinear function.

(ii) C is the unique closed convex set containing the origin such that
C={zeR": yo(z) <1}.

(11i) o is bounded if, and only if, 0 € int C, in which case yo is continuous.
(iv) Kervo = {0}, or equivalently o is coercive if, and only if, C is compact.

(v) Yo is bounded and coercive on domyo = span C' if, and only if, C is compact and
0 eriC. In particular, vo is bounded and coercive if, and only if, C' is compact
and 0 € int C'.

Lemma 1(ii) is fundamental result of convex analysis that states that there is a
one-to-one correspondence between gauge functions and closed convex sets containing
the origin. This allows to identify sets from their gauges, and vice versa. Recall
that in this paper, we consider a regularizing gauge J associated to a convex set C'
containing the origin as an interior point, or equivalently by Lemma 1(i)-(iii), that J is
a non-negative, continuous and sublinear function of full domain.

¢ is a norm, having C as its unit ball, if and only if C' is bounded with nonempty
interior and symmetric. When C' is only symmetric with nonempty interior, then vo
becomes a semi-norm.

Let us now turn to the polar of a convex set and a gauge.
Definition 2 (Polar set). Let C be a non-empty convex set. The set C° given by
Co={veRN: (v,2) <1 forallz € C}

is called the polar of C.



C® is a closed convex set containing the origin. When the set C' is also closed and
contains the origin, then it coincides with its bipolar, i.e. C°° = C.
We are now in position to define the polar gauge.

Definition 3 (Polar Gauge). The polar of a gauge yc 1is the function vg& defined by
Vo) = inf {5 > 0 (2, u) < (@), ¥} .
Observe that gauges polar to each other have the property
(2, u) < Yo@nE(u) ¥ (z,u) € domyo x dom,

just as dual norms satisfy a duality inequality. In fact, polar pairs of gauges correspond
to the best inequalities of this type.

Lemma 2. Let C CRY be a closed convex set containing 0. Then,
(i) v& is a gauge function and v = vyo.
(i) ¥& = Yco, or equivalently
C"’:{xERN: v (x) gl}:{meRN: fyCo(a:)gl}.
(i) The gauge of C' and the support function of C' are mutually polar, i.e.
Yo =0ce and Yoo = 0¢ .

Gauge and polar calculus We here derive the expression of the gauge function of the
Minkowski sum of two sets, as well as that of the image of a set by a linear operator.
These results play an important role in Section 4.

Lemma 3. Let C; and Cy be nonempty closed convex sets containing the origin. Then

+
Yo+, (x) = sup pye, V (1 — p)ye,(z)
p€[0,1]

If x is such that yo, (z1)+7v0, (x2) is continuous and bounded on {(z1,x2) : T1 + 22 = T},

then

inf max(rc, (2). 7, (x — 2)) -

YC1+Co (J?) = 2R

Lemma 4. Let C be a closed convex set such that 0 € riC, and D a linear operator.
Then, for every x € Im(D)

Yp(o)(z) = ze;iélf(m yo(DVz +2) .

Using Lemma 1(v), one can observe that the infimum is bounded if (D2 +Ker(D))N
span C # ().



Operator bound

Definition 4. Let J; and Jo be two gauges defined on two vector spaces Vi and Vs,
and A: Vi — Va a linear map. The operator bound M, j,(A) of A between Ji and
Jo is given by

MJl,Jz(A): sup J2(Ax)
Jl(x)gl

Note that M, s, (A) < +oo if, and only if AKer(J;) C Ker(Jz). In particular, if
Jy is coercive (i.e. KerJ; = {0} from Lemma 1(iv)), then M, 5, (A) is finite. As
a convention, M, . (A) is denoted as My, ;»(A). An easy consequence of this
definition is the fact that for every = € Vi,

Jo(Az) < My, g, (A) i ().

We end this section by pointing out that many of the results proved in this paper
can be extended to f-homogenous closed convex functions J, i.e. J(Az) = f(\)J(x),
Vz and A > 0 for a positive continuous increasing convex function f on R;. These
are gauge-like functions that can be built from gauges as J = g o y¢, where g is a
non-constant non-decreasing and lsc convex function on Ry such that g(At) = f(A)g(¢).
This construction can be proved from [33, Theorem 15.3]. An important class is that of
positively homogenous functions of degree p, in which case g(t) = t?/p and f(A) = \P
for 1 < p < co. One can show that the main robust recovery result proved in this paper
can be extended to f-homogenous closed convex functions, at the price of modifying
the scaling between the regularization parameter A and the noise level.

2.2. Model Subspace Associated to a Gauge

Let J our regularizer, i.e. a bounded gauge. We now introduce the model subspace at
a point x.

Definition 5 (Model Subspace). For any vector x € RN, we denote by S, the affine
hull of the subdifferential of J at x

S, = aff 0J(z),
and e, the orthogonal projection of 0 onto S,

e, = argmin |e|.
eES'm

We denote -
Sy =8 —e, =span(0J(z) —e,) and T, = Swl.

T, is coined the model subspace of x associated to J.



When J is Gateaux-differentiable at x, i.e. 9J(z) = {VJ(x)}, e, = VJ(z) and
T, = RY. On the contrary, when .J is not smooth at x, the dimension of T is smaller
dimension, and the regularizing gauge J essentially promotes elements living on this
model subspace.

We start by summarizing some key properties of the objects e, and T,.
Proposition 1. For any x € RY, one has
(i) For every u € S, J(x) = (u, ).
(ii) ez € Ty N S,.
(iii) Sz ={n e RN : nr, = e, }.
(v) © €T,.

In general e, ¢ 0.J(v), which is the situation displayed on Figure 1. It is worth
noting that the fact that e, € T, N .S, holds for any proper convex function, not only
gauges, whereas x € T, does not hold in general.

Figure 1: Tllustration of the geometrical elements (S, Ty, €;).

From this section until Section 4, we use the ¢!-¢? and the £> norms as illustrative
examples. A more comprehensive treatment is provided in Section 6 completely
dedicated to examples.

Examples

Example 1 (£1-¢? norm). We consider a uniform disjoint partition B of {1,---, N},

{1L....N}={Jb bnt/ =0, b £V .
beB

The ¢* — ¢2 norm of z is

J(2) = lels =) lasl.

beB

10



The subdifferential of J at z € RY is

8J(x):{77€RN: VbEI,an&
)

where I = {b € B: x, # 0}. Thus, the affine hull of 8.J(z) reads

and Vg &I, n,| <1},

sz{neRN: Vbe[,nb:xb}.
e

Hence the projection of 0 onto S, is
ex = (N(2p))ven
where N(a) = a/|a| if a # 0, and N (0) = 0 and
Swzgw—ewz{neRN: Vbe],nb:O},
and

T, =Sy ={neRN: Vbl n=0}.

Ezample 2 (£*° norm). The £*° norm is J(z) = |z]e = max ;.

For z = 0, J(x) is the unit ¢! ball, hence S, = S, = R, T, = {0} and e, = 0.
For x # 0, we have
OJ(x)={n: Viel n=0,(ns)=1, s, >0Viel} .

where I = {i € {1,...,N}: |z;| = |[7|} and s = sign(x), with sign(0) = 0. It is clear
that S, is the affine hull of an |I|-dimensional face of the unit ¢! ball exposed by the
sign subvector s(;y. Thus e, is the barycenter of that face, i.e.

e; =s/|I] and S, = {7] s ey =0 and (g, su)) = O} .

In turn
T, =S+ = {a: ay =psqy for pe R}.

2.3. Decomposability Property

The subdifferential of a gauge v¢ at a point x is completely characterized by the face
of its polar set C° exposed by x. Put formally, we have [20]

Ovc(z) =Fco(z)={neRY: neC® and (n, z) =vc(2)},

where Feo () is the face of C° exposed by x. The latter is the intersection of C° and
the supporting hyperplane {77 ERN: (n, x) = ’YC(JC)}- The special case of x = 0 has
a much simpler structure; it is the polar set C° from Lemma 2(ii)-(iii), i.e.

Ove(x) = {neRY : ypo(n) <1} =C°.

The following proposition gives an equivalent convenient description of the subdifferen-
tial of the regularizer J = ¢ at z in terms of a particular supporting hyperplane to
C°: the affine hull S,.

11



Proposition 2. Let J = ¢ be a bounded gauge. Then for x € RY, one has
0J(z) =S, NC°.

The antipromoting gauge and its polar Before providing an equivalent description
of the subdifferential of J at = in terms of the geometrical objects e,, T, and S;, we
introduce another gauge that plays a prominent role in this description.

Definition 6 (Antipromoting Gauge). Let J be a bounded gauge, and denote C
the associated closed convex set (hence containing the origin in its interior). Let
r € R¥\ {0} and f, € 1idJ(z). The antipromoting gauge associated to f, is the gauge
JE, = Yos(a)-1.-

Since 0J(x) — f, is a closed (in fact compact) convex set containing the origin, it is
uniquely characterized by the antipromoting gauge Jg. (see Lemma 1(i)).

The following proposition states the main properties of the gauge JJ?I.

Proposition 3. The antipromoting gauge J3 is such that domJy = Sz, and is
coercive on S;. Moreover,

J3.(n) = inf max(J°(fo +1),7) + s, (1) -

The second claim gives a formula which links J¢ to the polar gauge J°. But they
are not equal in general unless some additional assumptions are imposed on J, as we
will see shortly in Section 2.4.

We now turn to the gauge polar to the anti-promoting gauge (J}’m)o = J¢,, where
the last equality is a consequence of Lemma 2(i). Jy, comes into play in several results
in the rest of the paper. The following proposition summarizes its most important
properties.

Proposition 4. The gauge Jy, is such that
(i) Its has a full domain.

(i) Jy,(d) = Jy,(ds) = SUPJ;x(nSI)@(WSw’ d).
(i11) Ker Jy, =Ty and Jy, is coercive on Sg.

(iv) Jy,(d) = J(ds,) = (5., ds,)

Let’s derive the antipromoting gauge on the illustrative example of the £*° norm.
The case of ¢! — £? norm is detailed in Section 2.4.

Ezample 3 (¢*° norm). Recall from Section 2.2 that for J = |- |c0, fo = €z = s/|1],
with s = sign(z). Let IC; = 0J () — e5. It can be straightforwardly shown that in this
case,

Ko={v:V(i,j)eIxIv;=0, (v, sn) =0, —|I|v;s; <1}

12



This is rewritten as

’CIZSIQ{UZ VZEI,—|I|1}181<1}

=K/,

Thus the antipromoting gauge reads

J7.(n) = e, (n) = max(vys, (1), v, (10))-

We have vg,(n) = s, (n) and i (n) = max (—|1)sin:)+, where (-)1 is the positive
@ i€

part, hence we obtain

el

5 max (—|I|s;ni)+ ifneS,
sz (n) = .
+00 otherwise.

Therefore the subdifferential of | - |« at = takes the form
0J(x) = {77 eERN: pp, =€, = % and max (=|1]sin:)+ < 1}.
1€

Decomposability of the subdifferential Piecing together the above ingredients yields
a fundamental pointwise decomposition of the subdifferential of the regularizer gauge
J. This decomposability property is at the heart of our results in the rest of the paper.

Theorem 1 (Decomposability). Let J = y¢ be a bounded gauge. Let x € RN \ {0}
and f, € 110J(x). Then the subdifferential of J at x reads

oJ(x) = {n e RN . nr, = e, and J}’m (Ps,(n— fz)) < 1}.

First-order minimality condition Capitalizing on Theorem 1, we are now able to
deduce a convenient necessary and sufficient first-order (global) minimality condition

of (Px(y)) and (Po(y))-

Proposition 5. Let 2 € RN, and denote for short T = T, and S = S,. The two
following propositions hold.

(i) The vector x is a global minimizer of (Px(y)) if, and only if,

Oy — ®x) = Aep  and J7 (AT'®5(y — ®x) — Ps(fy)) < 1.

(i) The vector x is a global minimizer of (Py(y)) if, and only if, there exists a dual
vector a € R such that

bra=e, and Jj (P5a—Ps(fs)) <1
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2.4. Strong Gauge

In this section, we study a particular subclass of gauges that we dub strong gauges.
We start with some definitions.

Definition 7. A bounded reqularizing gauge J is separable with respect to T = S+ if
V(z,z)eT xS, Jx+z)=Jx)+J).
Separability of J is equivalent to the following property on the polar J°.

Lemma 5. Let J be a bounded gauge. Then, J is separable w.r.t. to T = S+ if, and
only if its polar J° satisfies

J°(z + 2') = max (J°(z), J°(2")), V(x,2")eT xS .

The decomposability of dJ(x) as described in Theorem 1 depends on the particular
choice of the map = — f, € ridJ(z). An interesting situation is encountered when
e € ridJ(x), in which case, one can just choose f, = e, hence implying that fs = 0.
Strong gauges are precisely a class of gauges for which this situation occurs.

In the sequel, for a given model subspace T', we denote T the set of vectors sharing
the same T, B

T={zeR": T,=T}.
Using positive homogeneity, it is easy to show that T),, = T, and ey, = e, Vp > 0.
Thus 7T is a non-empty cone which is contained in 7' by Proposition 1(iv).

Definition 8 (Strong Gauge). A strong gauge on T is a bounded gauge J such that
1. For everyz € T, e, € 1idJ ().
2. J is separable with respect to T and S = T+.

The following result shows that the decomposability property of Theorem 1 has a
simpler form when J is a strong gauge.

Proposition 6. Let J be a strong gauge on T,. Then, the subdifferential of J at x

reads
0J(z)={neRY : np, =e, and J°(ns,) <1}.

When J is in addition a norm, this coincides with the decomposability definition
of [7]. Note however that the last part of assertion (ii) in Proposition 4 is an intrinsic
property of gauges, while it is stated as an assumption in their definition.

Ezample 4 (¢*-¢2 norm). Recall the notations of this example in Section 2.2. Since
ex = (N(2p))pes € 1idJ(z), and the £'-¢? norm is separable, it is a strong norm
according to Definition 8. Thus, its subdifferential at = reads

oJ(x) = {n c RV . nr, = ez = (N(xp))pes  and Iilg;( [ < 1} )

However, except for N = 2, £*° is not a strong gauge.
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3. Uniqueness

This section derives sufficient conditions under which the solution of problems (P, (v))
and (Py(y)) is unique.

We start with the key observation that although (P (y)) does not necessarily have a
unique minimizer in general, all solutions share the same image under .

Lemma 6. Let z,x’ be two solutions of (Px(y)). Then,
Or = oz’

Consequently, the set of the minimizers of (P (y)) is a closed convex subset of the
affine space x + Ker(®), where z is any minimizer of (P,(y)). This is also obviously
the case for (Py(y)) since all feasible solutions belong to the affine space zo + Ker .

3.1. The Strong Null Space Property

The following theorem gives a sufficient condition to ensure uniqueness of the solution
to (Px(y)) and (Py(y)), that we coin Strong Null Space Property. This condition
is a generalization of the Null Space Property introduced in [12] and popular in ¢!
regularization.

Theorem 2. Let x be a solution of (Px(y)) (resp. (Po(y))). Denote T = S+ =T, the
associated model subspace. If the Strong Null Space Property holds

Vo € Ker(®)\ {0},  (ex, 1) + (Ps(fs), ds) < Jp,(=0s), (NSP*)
then the vector z is the unique minimizer of (Px(y)) (resp. (Po(y))).

This result reduces to the one proved in [15] when J is decomposable norm pre-
composed by a linear operator, where decomposability is intended in the sense of [7].
This is covered by our result when specializing it to a strong gauge J. In such a
case, (NSP®) reads

V6 € Ker(®)\ {0}, (e, 07.) < J(—0g, ).

3.2. Dual Certificates

In this section we derive from (NSP®) a weaker sufficient condition, stated in terms of
a dual vector, the existence of which certifies uniqueness.

For some model subspace T, the restricted injectivity of ® on T plays a central role
in the sequel. This is achieved by imposing that

Ker(®)NT = {0}. (Cr)

To understand the importance of (Cr), consider the noiseless case where we want to
recover a vector zy from y = ®xg, whose model subspace is T'. Assume that the latter
is known. From Proposition 1(iv), zg € T N{x : y = ®x}. For zy to be uniquely
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recovered from y, (Cr) must be verified. Otherwise, if (Cr) does not hold, then any
xo+ 9, with 6 € Ker ®NT'\ {0}, is also a candidate solution. Thus, such objects cannot
be uniquely recovered.

We can derive from Theorem 2 the following corollary.

Corollary 1. Let x be a solution of (Px(y)) (resp. (Po(y))). Assume that there exists
a dual vector « such that n = ®*« € ri(0J(x)), and (Cr) holds where T =T,. Then x
is the unique solution of (Px(y)) (resp. (Po(y))).

Piecing together Theorem 1 and Corollary 1, one can build a particular dual certificate
for (Px(y)), and then state a sufficient uniqueness explicitly in terms of the decomposable
structure of the subdifferential of the regularizing gauge J.

Theorem 3. Let © € RY, and suppose that f, € ridJ(x). Assume furthermore
that (Cr) holds for T =T, and let S = T+,

(i) If
o7 (y — x) = Aea, (2)
T3 (N5 (y — ) — Ps(fa)) < 1. @
then x is the unique solution of (Pi(y)).

(ii) If there exists a dual certificate o such that
dra=e, and J; (Pga—Ps(fs)) <1

then x is the unique solution of (Po(y)).

4. Piecewise Regular Gauges

Until now, except of being bounded (i.e. full domain), no other assumption was
imposed on the regularizing gauge J. But, toward the goal os studying robust recovery
by solving (Pa(y)), more will be needed. This is the main reason underlying the
introduction of a subclass of bounded gauges J for which the mappings x — e,
z+— Pg, (fz) and x — J7 exhibit local regularity.

4.1. Piecewise Regular Gauges

Definition 9 (Piecewise Regular Gauge). A bounded gauge J is said to be piecewise
regular (PRG for short) at x € RN, with respect to the mapping x + f, € 110J(z)
and T a coercive gauge bounded on T, = T = S+, if there exist three non-negative
reals Vg, fy, To and a real &, such that for every x’ € T with T'(x — 2') < v,, one has
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T, =Ty (ie. 2/ €T) and

[(ey —ew) < pL(x —2'). (4)

T2 (Ps(fu— f)) < 7ol — ). (5)
J: (u) = J7 (u

sup M < &T(x— ). (6)

uesS J}DI (U)
u#0

The gauge J is strongly piecewise regular at = € RN if is is piecewise reqular at x and
strong (Definition 8) with respect to T

In plain words, (4),(5) and (6) amount to imposing that J is sufficiently regular
(Lipschitzian-like) on T. Recall from Section 2.4 that T is a non-empty cone and
epz = €y for all p > 0. Thus we have u,, = pu,. Moreover, one can always impose
1V < C for some global constant C' (but of course v, can be smaller and even zero).

Many well-studied gauges are strongly piecewise regular. One can for instance think
of the ¢'-norm, the ¢! — ¢2-norm and the nuclear norm. The analysis-¢' regularization
or ¢>*-norm are however not strong PRG. Piecewise regularity of these examples is
investigated in details in Section 6.

4.2. Operations Preserving Piecewise Regularity

Piecewise regularity is preserved under addition and pre-composition by a linear
operator. It is worth observing that strong piecewise regularity is however not preserved
under the same operations. More precisely, the composition of a strong gauge with a
linear operator is not strong anymore, nor is the gauge of the sum of two strong gauges.

4.2.1. Addition

The following proposition determines the model subspace and the antipromoting gauge
of the sum of two gauges
H=J+G

in terms of those associated to J and G.

Proposition 7. Let J and G be two bounded gauges. Denote T7 and e; (resp. T¢
and ec ) the model subspace and vector at a point © corresponding to J (resp. G). Then
the subdifferential of H has the decomposability property with

(i) TH =T7NTC, or equivalently S¥ = (I'")+ = span (SJ U SG).
(ZZ) eyg = PTH(eJ + eg).

(iti) Moreover, let J?, and G4 denote the antipromoting gauges for the pairs (J, £ €
110.J(z)) and (G, f¢ € ri0G(x)), correspondingly. Then, for the particular choice
of

= fE
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we have fH € ri0OH (), and for a given n € S*, the antipromoting gauge of H
reads

HJ?;I (n) = m}rfg:n maX(J;;g (m), jSxc (m2)) -
We now establish piecewise regularity of the sum with the decomposability property
dictated by Proposition 7.

Proposition 8. If J and G are piecewise regular gauges at x with the corresponding
parameters (7 v pl 77 ¢7) and (DC,vG 1S 78, €9), then H = J + G is also
piecewise regqular at , for the choice fH = f + f& and TH = max(T'7,TY), with the
parameters

v = min(v),v)
Y= M P ¢ M P
py = iy Mrps pu(Pru) + pg Mrpe pu (Pra)

H J G J G
Te = Tp +Tp + 1y MF*],H}’H (PSHQTJ) + g MFG,H?H(PSHQTG)

¢ = max(¢],¢).

4.2.2. Pre-composition by a Linear Operator

Gauges of the form Jy o D*, where Jj is a bounded regularizing gauge, correspond to
the so-called analysis-type regularizers. The most popular example in this class if the
total variation where Jy is the £! or the ¢! — ¢ norm, and D* = V is a finite difference
discretization of the gradient.

In the following, we denote T' = T, = S+ and e = e, the subspace and vector
in the decomposition of the subdifferential of J at a given x € RY. Analogously,
Ty = Sg- and e are those of the gauge Jy at D*z. The following proposition details
the decomposability structure of analysis-type gauges.

Proposition 9. Let Jy be a bounded gauge. With the above notation, the subdifferential
of the analysis gauge J = Jy o D*, which is also bounded, has the decomposability
property with

(i) T = Ker(Dyg,), or equivalently S = Im(Dsg, ).
(ii) e = Pr Dey.

(iii) Moreover, let I8ty p-. denote the antipromoting gauge for the pair (Jo, fo,p*z €
ridJo(x)). Then, for the particular choice of

Jx =D fo,p+x
we have f, € ridJ(z), dom J3, =S and for everyn € S

J3, (n) = (D;ron +2).

. o
lnf JOafO D*x
z€Ker(Ds,) ’

The infimum can be equivalently taken over Ker(D) N Sy.
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Capitalizing on these properties, we now establish that an analysis gauge J = Jyo D™,
where Jj is a PRG, is also piecewise regular.

Proposition 10. If Jy is a bounded piecewise regular gauge at uw = D*x with the
parameters (Lo, Vo u, 1o.u, To,us So,u), then J = Jo o D* is piecewise regular at x, with
the choice fu = Dfo. and I' any bounded coercive gauge on T, with the parameters

1
=
Mrr,(D*)
Mz = MO,uMF,Fg (PTD)MF,FO (D*)

re = (rouM; DY, Ps D) + pio.uMry g5, (D4, Ps D)) Mr,r, (D)

0,f0,u’

fw - go,uMF,Fo (D*) .

Vg

ng fo U (

5. Exact Model Selection and ldentifiability

In this section, we state our main recovery guarantee, which asserts that under appropri-
ate conditions, (P (y)) with a piecewise regular gauge J has a unique solution z* whose
model subspace T« = Ty,, even in presence of noise. Put differently, regularization by
J is able to select the correct model subspace underlying xg.

Beside condition (Cr,) stated above, the following Identifiability Criterion will play
a pivotal role.

Definition 10. Forz € R such that (Cr,) holds, we define the Identifiability Criterion
at x as
IC(z) = J§ (®%, @7 ex — Ps, fa).

Note that if J is a strong gauge on T, then it becomes IC(x) = J°(®%, @}r;*ex).
The Identifiability Criterion clearly brings into play the promoted subspace Tmo/ and
the interaction between the restriction of ® to T, and Sg,. It is a generalization of
the irrepresentable condition that has been studied in the literature for some popular
regularizers, including the ¢'-norm [17], analysis-¢' [40], and ¢*-¢? [1]. See Section 6
for a comprehensive discussion.

5.1. Noiseless Identifiability

We begin with the noiseless case, i.e. w =0 in (1). It turns out that in such a setting,
IC(z0) < 1 is a sufficient condition for identifiability without any any other particular
assumption on the bounded gauge J, such as piecewise regularity. By identifiability,
we mean the fact that x¢ is the unique solution of (Py(y)).

Theorem 4. Let 2o € RY and T = T,,. We assume that (Cr) holds and IC(zo) < 1.
Then xq is the unique solution of (Po(y)).
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5.2. Exact Model Selection

It turns out that even in presence of noise in the measurements y according to (1),
condition IC(zg) < 1 characterizes also those vectors where (P, (y)) with piecewise
regular gauges provides a robust selection of the model subspace of zy. Our main
contribution is the following theorem.

Theorem 5. Let xg € RN and T = T,,. We suppose that J is a piecewise reqular
gauge o with the corresponding parameters (U, Vgy, s Tao s Sxo)- Assume that (Cr)
holds and IC(xg) < 1. Then there exist positive constants (Ar, Br) that solely depend
on T and a constant C(zg) such that if w and X\ obey

Ar

_ <AL i
T 1C(a0) Jw| < A < Vg min (Br, C(w0)) (7)

the solution x* of (Px(y)) with noisy measurements y is unique, and satisfies Tpx =T .
Furthermore, one has

|z — 2*| = O( max(u, 1))

Clearly this result asserts that exact recovery of T, from noisy partial measurements
is possible with the proviso that the regularization parameter A lies in the interval (7).
The value A should be large enough to reject noise, but small enough to recover the
entire subspace Ty,. In order for the constraint (7) to be non-empty, the noise-to-signal
level |w|/vz, should be small enough, i.e.

Jw| _ 1-1C(xo)

~
on AT

min (Br, C(xg)) -

The constant C(z) involved in this bound depends on zy and has the form

Clan) = L gy (Dot
é.,'[,‘oyl'o 5.’1;(]
where H(B)ﬂ;;lﬂ/2¢<(ﬂiﬁl)2> and @(u)=v14+u—1.

The constants (Dr, Er) only depend on T. C(zo) captures the influence of the
parameters Tz, = (L Tug, Exo ) Where the latter reflect the geometry of the regularizing
gauge J at xg. More precisely, the larger C'(xg), the more tolerant the recovery is to
noise. Thus favorable regularizers are those where C(z) is large, or equivalently where
Tz, has small entries, since H is a strictly decreasing function.

6. Examples of Piecewise Regular Gauges

6.1. Synthesis /; Sparsity

The regularized problem (P)(y)) with J(z) = |z|1 = Zfil |z;] promotes sparse
solutions. It goes by the name of Lasso [38] in the statistical literature, and Basis
Pursuit DeNoising (or Basis Pursuit in the noiseless case) [10] in signal processing.
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The ¢! norm is a PRG. The norm J(z) = |z|; is a symmetric (bounded) strong
gauge. More precisely, we have the following result.

Proposition 11. J = | - |1 is a symmetric strong gauge with

T,={neRN:Vjgl n =0}, S.={neRY:Viel n =0},

€x = sign(x), fa: = €z, J}l = ” ' Hoo +ts, »
where I = I(x) = {i: z; # 0}. Moreover, it is strongly piecewise regular with

D=l loor vo= (L= 8)minfuil 3 €0,1] and =70 =& =0,

Relation to previous work. The theoretical recovery guarantees of £!-regularization
have been extensively studied in the recent years. There is of course a huge literature
on the subject, and covering it comprehensively is beyond the scope of this paper. In
this section, we restrict our overview to those works pertaining to ours, i.e., sparsity
pattern recovery in presence of noise.

For instance, an identifiability criterion was introduced in [17]. Let s € {—1,0, +1}¥
and I its support. Suppose that ® 7y has full column rank, which is precisely (Cr) in
this case. The synthesis identifiability criterion IC,1 of s is defined as

TG (s) = 977 27 5(1)loe = max | (25, @751

From Definition 10 and Proposition 11, one immediately recognizes that IC: (sign(z)) =
IC(z). The condition IC (sign(z)) < 1, also known as the irrepresentable condition
in the statistical literature, was proposed [17] for exact support (and sign) pattern
recovery with ¢;-regularization from partial noisy measurements. In this respect, this
work can then be viewed as a special instance of ours, as Theorem 5 in this case ensures
recovery of the support pattern.

6.2. Analysis /! Sparsity

Let D = (d;); be a collection of P atoms d; € RY. The analysis semi-norm associated
to D is J(z) = |D*x|, = Zil |(d;, x)|. Obviously, the synthesis ¢!-regularization
corresponds to D = Id. Popular examples of analysis-type ¢! semi-norms include for
instance the discrete anisotropic total variation [35], the Fused Lasso [39] and shift
invariant wavelets [36].

The analysis ¢ semi-norm is a PRG. The semi-norm J(z) = |D*x|; is a symmetric
piecewise regular gauge. This is formalized in the following proposition whose proof is
a straightforward application of Proposition 9, Proposition 10 and Proposition 11.
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Proposition 12. J = |D* - |1 is a symmetric (bounded) gauge with

T, = Ker(D{j.y)) = {n € RN : Vj & I, (dj, n;) =0}, S, =Im(Dye),
Cx = PKer(D}‘C) DSIgD(D* )7 fw = DSigI’l(D*!IJ),

J.?m (n) = zeKeirI(lg( I\D(Io)n + 200, for meS,,

where I = I(x) = {i: (d;, z;) # 0}. Moreover, it is piecewise reqular with parameters

=(1- 5)mi}1 [{d;, x:)],6 €]0,1] and py =714 =& =0.
1€

Relation to previous work. Some insights on the relation and distinction between
synthesis- and analysis-based sparsity regularizations were first given in [14]. When D
is orthogonal, and more generally when D is square and invertible, the two forms of
regularization are equivalent in the sense that the set of minimizers of one problem
can be retrieved from that of an equivalent form of the other through a bijective
change of variable. It is only recently that theoretical guarantees of ¢!-analysis sparse
regularization have been investigated, see [40] for a comprehensive review. Among
such a work, the authors in [26] propose a null space property for identifiability in the
noiseless case. The most relevant work to ours here is that of [40], where the authors
prove exact robust recovery of the support and sign patterns under conditions that are
a specialization of those in Theorem 5

More precisely, let I be the support of D*xg, and s its sign vector. Denote T =
Ty, = St = Ker(D}.), es, = sign(D*z¢) = s, e = ey, = Pr Ds, f = f,, = Ds. From
Definition 10 and Proposition 12, the criterion IC(xg) in this case takes the form

IC(x0) = J7, (2595 Pr Ds — Pg Ds)

= _inf |D{. (P95 Pr—Ps) Ds + 2]
zEKelrr(lD(IC)) ” () ( sET T S) 8 Z”

— _inf |Df. ((0d = Pr)@*® Py (®587) ' Py —Pg) D .
ZGKelrI(lD(IC))” () (( T) 7(®5®7) "' Pr —Pg) Ds + z|

= inf P*OP ‘I) i) 1p. _(P ) D .
zEKclrI(lDUc)) (I” ( 7(®7®7) "' Pr —(Pr +Pg)) Ds + 2|

= if  [D{., (®*®Pr(®dr) " Pr—1d) Dipysiry + 2] -

zeKer(D(IC))

Introducing U as a matrix whose columuns form a basis of T', IC(xq) can be equivalently
rewritten

IC(x0) = inf |DF

2" @A~ 1d) Dypys( + 2lee
z€Ker(D(zey) ( (I)=(I) "

(1)

where AUl = U(U*®*®U)~'U*. We recover exactly the expression of the IC,_p
introduced in [40].
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6.3. /> Antisparsity Regularization

Regularization by the £*°-norm corresponds to taking J(z) = |z = max, ;).
IR
It plays a prominent role in a variety of applications including approximate nearest

neighbor search [21] or vector quantization [24]; see also [37] and references therein.

The (*°-norm is a PRG. The norm J(z) = |z]~ is a symmetric piecewise regular
gauge, but unlike the £!-norm, it is not strongly so (except for N = 2). Therefore, in
the following proposition, we rule out the trivial case z = 0.

Proposition 13. J = | - |« s a symmetric (bounded) gauge with

SI:{'f]:n(Ic):O and (77(1),8(1)>=O}, Twz{a: acry = psy  for pE]R},

S o
= fo=es, Jp(n) = max (=[sini)+ for ne€S,,
where s = sign(z) and I = I(z) = {i: |z;| = |z|xc}. Moreover, it is piecewise regular
with
=], va=(01- 6)(Hﬂc||OO — r;lé%f |xj|),§ €]0,1] and py =7, =& =0.
Relation to previous work. In the noiseless case, i.e. (Py(y)) with J = |- |,

theoretical analysis of £°°-regularization goes back to the 70’s through the work of [6].
[24] provided results that characterize signal representations with small (but not
necessarily minimal) ¢>°-norm subject to linear constraints. A necessary and sufficient
condition for a vector to be the unique minimizer of (Py(y)) is derived in [25]. The
work of [13] analyzes recovery guarantees by ¢*°-regularization in a noiseless random
sensing setting.

The authors in [37] analyzed the properties of solutions obtained from a constrained
form of (Py(y)) with J = | - |o. In particular, they improved and generalized the
bound of [24] on the £°° of the solution.

The work of [3, 28] studies robust recovery with regularization using a subclass of
polyhedral norms obtained by convex relaxation of combinatorial penalties. Although
this covers the case of the £°°-norm, their notion of support is however, completely
different from ours. We will come back to this work with a more detailed discussion in
Section 6.5.

6.4. Block/Group Sparsity Regularization
Let’s recall from Section 2.2 that B is a uniform disjoint partition of {1,--- , N},
{1,...,N}=Jb, ot/ =0, £V .
beB

The ¢* — ¢2 norm of z is

J(2) = lels =) las].

beB
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This prior has been advocated when the signal exhibits a structured sparsity pattern
where the entries are assumed to be clustered in few non-zero groups; see for instance
[4, 44]. The corresponding regularized problem (P, (y)) is known as the group Lasso.

The ¢'-¢%2 norm is a PRG. The ¢! —¢? norm is a symmetric strongly piecewise regular
gauge.

Proposition 14. The (' — 2 norm associated to the partition B is a symmetric
(bounded) strong gauge with

Tz:{nv.7¢1777j20}7 Sa::{nVZEIanzzo}7
€x = (/\/(fb))be& fo = es, J° = ” : ”oo,Q"‘LSm ,

where I = I(z) ={b: xp # 0}, and N'(a) = a/|a| if a # 0, and N (0) = 0. Moreover,

it 1s strongly piecewise reqular with

2
D= o2 ve=(1- 5)1511}1 lzo], 6 €]0,1] g = Vi and 1, =&, =0.
€

x

Relation to previous work. Theoretical guarantees of the group Lasso have been
investigated by several authors under different performance criteria; see e.g. [44, 34, 1,
11, 23, 43] to cite only a few. In particular, the author in [1] studies the asymptotic
group selection consistency of the group Lasso in the overdetermined case, under a
group irrepresentable condition. This condition also appears in noiseless identifiability
in the work of [7]. The group irrepresentable condition is nothing but the specialization
to the group Lasso of our condition based on IC(zp). Indeed, using Definition 10
and Proposition 14, and assuming that ®py is full column rank (i.e. (Cr) is fulfilled),
IC(xq) reads

. * +7* X
IC(zp) = H‘b(chb([) (m)bel ®

o0,

It is worth mentioning that the discrete isotropic total variation in d-dimension,
d > 2, can be viewed as an analysis-type ¢! — £? semi-norm. Piecewise regularity and
theoretical recovery guarantees with such a regularization can be retrieved from those
of this paper using the results on the pre-composition rule given in Section 4.2.2.

6.5. Polyhedral Regularization

A particular case of analysis priors are polyhedral gauges, that are in general not
strongly piecewise regular. The ¢! and ¢*° norms are special cases of polyhedral priors
(¢! being strongly piecewise regular, while ¢ being only piecewise regular). There
are two alternative ways to define a polyhedral gauge. The H-representation encodes
the gauge through the hyperplanes that support the polygonal facets of its unit level
set. The V-representation encodes the gauge through the vertices that are the extreme
points of this unit level set. We focus here on the H-representation.
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A polyhedral gauge is a PRG. A polyhedral gauge in the H-representation is defined
as

J(x) = lgr?g\(“{((x, hi))+ = Jo(H*xz) where Jy(u)= 1&12})\({}[(%)%
and we have defined H = (h;)Y* € RN*Nu,

Such a polyhedral gauge can also be thought as an analysis gauge as considered in
Section 4.2.2 by identifying D = H. One can then characterize decomposability and
piecewise regularity of Jy and then invoke Proposition 9 and 10 to derive those of J.
This is what we are about to do. In the following, we denote (a’)i<i<n, the standard
basis of RV# .

Proposition 15. Jy(u) = maxigicny, (Ui)+ @5 a (bounded) gauge and,
o Ifu; <0,Vie{l,---,Ng}, then

S, = span (a') T, = span (a')

i€ly’ iglo’
ey, =0, fu:,uZai, for any 0 < p <1,
i€lp
Jj = inf max (7’ Io| + ‘,T) or neS,,
Fu ("7) TZmaxicry (=) /B M| Ol Z & f K ¢

i€l

where
Ip={ie{l,-- ,Ng}: u; = Jo(u) =0} .

o IfAie{l,--- Ny} such that u; > 0, then

Su={n: mus)=0 and {nr,). s) =0}
T, = {a Doy = MS(1y) for pe R} )

S

€y = |Ta Ju = éu, J;u(ﬂ) = Inax (_‘I+|77i)+ for ne€sS,,
+| i€l

where

S:Zai and Iy ={ie{l,--- ,Ng}: u;=Jo(u) and u; >0} .

iely
Moreover, it is piecewise reqular with parameters (assuming I; # 0)

' = 1-6 i ',66071 d w=Tu =& =0.
vy = ( )(gg;tfu jQITi}j>0uJ) 10,1 and py =T =¢

Relation to previous work. As stated in the case of £>°-norm, the work of of [3]
considers robust recovery with a subclass of polyhedral norms but his notion of support
is different from ours. The work [30] studies numerically some polyhedral regularizations.
Again in a compressed sensing scenario, the work of [9] studies a subset of polyhedral
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regularizations to get sharp estimates of the number of measurements for exact and
lo-stable recovery. The closest work to ours is that reported in [41], where theoretical
recovery guarantees by polyhedral regularization were provided under similar conditions
to ours and with the same notion of support as considered above. However only bounded
coercive polyhedral gauges were considered there.

6.6. Nuclear Norm Regularization

The nuclear norm, or trace norm, has been proposed as an effective convex relaxation
for rank minimization problems to provably recover low-rank matrices [8, 32]. The
nuclear norm of a Ny x Ny rank-r matrix x is defined as J(z) = |z|. = | diag(2)|1,
where x = UXV™ is a reduced singular value decomposition (SVD) of z, with diag(¥) =
(0i)1<i<r the singular values, U (N7 x r) and V' (N2 x r) are the matrices of left and
right singular vectors.

The nuclear norm is a PRG. In the following, we show that the nuclear norm is a
symmetric strongly piecewise regular gauge.

Proposition 16. The nuclear norm is a symmetric strong gauge with
Sm = {UICVJ_ . C c R(N1_7-)X(N2_7')}7
T, = {UA* +BV*: A€ RNZXT,B c RN1><7‘} _ {Z c RVI=m)x(Na—r) . UIZVL _ 0}’

x 7

e, =UV", fo=e€s, J°(xr)=maxo;+1s

where U,V span the orthogonal of the ranges of U, V. Moreover, it is strongly
piecewise regular with parameters

1 . 1
Uy = 113’161}1 loil,  pe = P and T, =&, =0.
I can be observed that dim(7,) = r(N; + Ny —r) and dim(S,) = Ny Ny — dim(T,,) =
NiNy —r(Ny + Nap) 472,

Relation to previous work. The work in [2] defines an irrepresentabilty condition
for the nuclear norm. This irrepresentability condition is assumed in [2] to establish
asymptotic rank consistency of nuclear norm minimization in the overdetermined
case. Similarly to (8), this condition can be shown to be equivalent to our condition
IC(zo) < 1, when specialized to the case of the nuclear norm. Note also that [2]
provides a proof of the PRG property of the nuclear norm (Proposition 16). In their
unified framework, the work [32] derives tight bounds on the number of Gaussian
measurements needed for exact and robust recovery by nuclear norm minimization.
The work of [32] complements these results, using the irrepresentable condition tailored
to the nuclear norm, to get tight bounds for noiseless identifiability.

Let us also point out that the recent work of [19] considers an analysis-type form of
the nuclear norm, the so-called trace Lasso. However no recovery guarantees (with or
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without noise) were given. In fact, combining Proposition 16 and the results on the
pre-composition rule given in Section 4.2.2, one can establish piecewise regularity and
derive theoretical recovery guarantees for the trace Lasso.

7. Conclusion

In this paper, we introduced the notion of piecewise regular gauge as a generic convex
regularization framework, and presented a unified view of to derive exact and robust
recovery guarantees for a large class of convex regularizations. In particular, we
provided sufficient conditions ensuring uniqueness of the minimizer to both (Py(y))
and (Po(y)), whose byproduct is to guarantee exact recovery of the original object zg
in the noiseless case by solving (Py(y)). In presence of noise, sufficient conditions were
given to certify exact recovery of the model subspace underlying zy. As shown in the
considered examples, these results encompass a variety of cases extensively studied in
the literature (e.g. ¢!, analysis ¢!, /! — ¢2, nuclear norm), as well as less popular ones
(inf, polyhedral).

Appendices

A. Proofs of Section 2

Proof of Lemma 1. (i)-(iii) are obtained from [20, Theorem V.1.2.5]. (iv) is obtained by
combining [20, Corollary V.1.2.6 and Proposition IV.3.2.5]. (v): the second statement
follows by combining (iii)-(iv), while the first part is the second one written in dom yo =
aff C = span C' since 0 € C. O

Proof of Lemma 2. (i) follows from [33, Theorem 15.1]. (ii) [33, Corollary 15.1.1] or
[20, Proposition V.3.2.4]. (iii) [33, Corollary 15.1.2] or [20, Proposition V.3.2.5]. O

Proof of Lemma 3. We have from Lemma 2 and calculus rules on support functions,

Y(C14+C2)° = 0C14C2, = 0y +oc, -

Thus
(Cr1+C2)° ={u:oc,(u) +oc,(u) <1} .
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This yields that

Yoy 40, () = U(Cl+C2)°(x)
= Oocy (u)+oc, (w)<1
= s ()
oc, (u)+ac2 (u)<1
= sup sup (u, x)
p€[0,1] ooy (u)<p,ocy (u)<1—p

+
= Sup Oo¢, (w)<p \% Ooc, (u)glfp(x)
p€[0,1]

+
= SUp pose (w<1 V (1= p)0oc (<1 ()
p€[0,1]

+
= sup poce V (1 —plocg(x)
pe(0,1]

+
= sup o,c; V oa-pog(®)
p€[0,1]

+
= sup pyo, V(1 —p)ve.(x) ,
p€0,1]

which is the first assertion.
The last identity can be rewritten

V01+Cy(x) = sup inf pye, (21) + (1= p)ye, (2) -
pEl0,1] T1tT2=2

Under the boundedness and continuity assumption of the lemma, the objective in the
sup inf is a continuous bounded concave-convex function on [0, 1]x{(z1,22) : 1 + 22 = x}.
Since the latter sets are non-empty, closed and convex, and [0, 1] is obviously bounded,
we have from using [33, Corollary 37.3.2]

Yoi+c. () = inf sup pye,(2) + (1= p)ye, (@ — 2)
z€RN pE[0,1]

inf max(y, (2), 76, (@ = 2))

O

Proof of Lemma 4. It is immediate to see that D(C') is a closed convex set containing
the origin. Moreover, we have Im(D*) N dom(o¢) # ), since the origin is in both of
them. Thus, using [20, Theorem X.2.1.1] and Lemma 2, we have

Wp(e)® = pe) = (tpc))” =0coD* .

Now, as by assumption 0 € ri C, we have 0 € ri(C°), and therefore Im(D*) Nri(C°) # 0.
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By virtue of [20, Theorem X.2.2.3] and Lemma 2, we get

Yp(c)(T) = o(p(oy)° (2)
= OgcoD*(u) <1($)
= (tocwy<1 0 D*)" (x)

=info, (<i1(v) st. Dv=zx

= ] f D+
zEIgﬂ}r(D) O-‘TC(w)gl( xr + 2;)

= inf Dt
-ekbip) Frema DT+ 2)

= inf DT .
zelgelr(D) ’YC( T Z)

Proof of Proposition 1.

(i) Each element of S, can be written as u = Zle pini, for k > 0, where n; €
0J(z) and Zle p; = 1. By Fenchel identity applied to the gauge J, and using
Lemma 2(iii), we have

<£L', 771> = J(x) +lee (771)7 Vi .
Since n; € 9J(z) C C°, we get
(x, n;) = J(x), Vi,

Multlplylng by p; and summing this identity over ¢ and using the fact that
ZZ 1 pi = 1 we obtain the desired result.

(i) This is due to the fact that e, is the orthogonal projection of 0 on the affine space
S,. Tt is therefore an element of S, N (S, — e,)*, i.e. e, € Sy N Ty

(iii) This is straightforward from the fact that S, = {17 eERN: np, = O}, S, =S, +ey
and e, € T, from (ii).

(iv) For any v € S,, we have v + e, € S, since e, € S,. Thus applying (i), we get
(x, ex +v) = J(z) and (z, e;) = J(z). Combining both identities implies that
(z, v) =0, Yo € S, or equivalently that x € S} = T,.

O
Proof of Proposition 2. Let x € RY. We have
0J(z) =Fgo(x) = HNC®,

where H = {n € RV : (n, x) = J(x)} is the supporting hyperplane of C° at z. By
Proposition 1(i), we have

S, =aff0J(x) C H
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which implies that -
S, NC°CHNC".

The converse inclusion is true since 9.J(z) = HNC° C S,. O

Proof of Proposition 3. The first assertion follows from Lemma 1(v) since 0 € ri(0.J (x)—
fz). Let’s now turn to the second part. Since f, € ridJ(x) C S, Proposition 1 implies
that f, = Pg, (fz) + Pr,(fz) = Ps, (fz) + €. Hence, using Proposition 2, we get

BJ(‘T) - fz = (OO - fac) N (gz - fz)
=(C° = fa) N (Sz —{Ps,.(f2)})
=(C° = fa)NS: .
We therefore obtain

J})(W) = Y(Co—f.)NSx (n)
= max(yco—f, (1), Vs, (1))
= max(yco- 1, (1), s, (1))
=yco—r.(n) +ts.(n) -

At this stage, Lemma 3 does not apply straightforwardly since 0 € C° but f, # 0 in
general. However, proceeding as in the proof of that lemma, we arrive at

o F
Yoo+ {-f,3(n) = sup pJ°V (L= p)og_p,10(n)
p€[0,1]

where, from Definition 2, {—f.}° = {n: (n, fz) = —1}, which indeed contains the

origin as an interior point. Continuing from the last equality, we get

o
Yeor(—f,3 (M) = sup pJ°V (1= p)y—ys,ye0 (1)
p€0,1]

° +
= sup pJ°V (1= p)yes{—r.3u{op ()
p€[0,1]

o+
= sup pJ°V (1 — P)V{—/fo; ue[o,1]}(77) .
p€0,1]

It is easy to see that

T iftnerfs, Te Ry,
+o00  otherwise .

Vi-pfa: pefoa]y(=n) = {

Thus

Yoo ri—r,3(m) = sup inf pJ°(17fe +n) + (1 —p)7
p€f0,1] T=0
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Recalling that J° is a bounded gauge, hence continuous, the objective in the sup inf
fulfills the assumption of the second assertion of Lemma 3, whence we get

Yoo r{—poy(n) = b max(J°(rfo +n),7) -

Proof of Proposition 4. The gauge Jy, is the support function of the set
Ko = 0J(z)— fo={neRV: J? (n) <1} CS,,
where the inclusion follows from Proposition 3.

(i) Since K, is a bounded set, its support function is also bounded [20, Proposi-
tion V.2.1.3]. It follows that dom J;, = R¥.

(ii) We have

Jy,(d) = sup (n,d) = sup (n,d)= sup (ns,,d)
nEK 73 (<1 T8 (ns,)<1
= sup (n, dr,) + (1, ds,) = sup (1, ds,)
ney ney

where we used the fact that (1, dr,) =0 on K,.

(iii) As a consequence of (ii), Jy, (dr,) = 0. Clearly, T, C Ker(Js,) and Jy, is constant
along all affine subspaces parallel to T,. But, since 0 € ri K., excluding the origin,
the supremum in J¢, is always attained at some nonzero n € K, C S;. Thus
J,(d) > 0 for all d such that d ¢ T,. This shows that actually Ker(Js,) = T}.
In particular, this yields that on S, the gauge Jy, is coercive.

(iv) Using some calculus rules with support functions and assertion (ii), we have

Jy, (d) = Jy,(ds,) = o(coy{—f.1)ns. (ds,)
=0 (inf(ocoy(—1,1(ds, ), 05(ds,)))
=0 (inf(oco (1,1 (ds, ), tr(ds,)))
=0cot{-1.3(ds,)

oco(ds,) — (Ps,(fz), ds,)

= J(ds,) — (Ps,(fz), ds,) -

Proof of Theorem 1. We embark from

0J(z)={neRY: neC® and (n,z)=J(z)}.
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Invoking Proposition 1, we get that for every n € 0J(x), nr, = e, and Pr, (fz) = es.
It remains now to uniquely characterize the part of the subdifferential lying in S,
ie. 0J(x) — ey. Since fy € ridJ(x), we have from the one-to-one correspondence of
Lemma 1(i) and the definition of the antipromoting gauge,

ne{neRY: J§ (ns, —Ps,(fa)) <1} <= ns, —Ps,(fa) € 0J(x) = fa
<= ng, €90J(z) — e,
— nedlx).

O

Proof of Proposition 5. This is a convenient rewriting of the fact that x is a global
minimizer if, and only if, 0 is a subgradient of the objective function at x.

(i) For problem (Px(y)), this is equivalent to

%@*(y — ®x) € dJ(x).

Projecting this relation on 7" and S yields the desired result.

(ii) Let’s turn to problem (Py(y)). We have at any global minimizer z
0 € 9J(z) + " Niq: a—y} (P7)
where N{q. =y} (2) is the normal cone of the constraint set {a: a =y} at z,
which is obviously the whole space R?. Thus, this monotone inclusion is equivalent
to the existence of a € R? such that
o € 0J(x) .

Projecting again this on T and S proves the assertion.

Proof of Lemma 5. Let J =~¢,x € T and 2’ € S.
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=: By virtue of Lemma 2, we have
J°(x+ ') = sup(z + 7', u)
uelC

= sup (z+ 2, u)
J(w)<1

=sup J(ur + ug) < Lz, ur) + (2, ug)
= sup J(ur) + J(us) < Uz, ur) + (x', ug)

= sup sup (x, ur) + (2, ug)
p€[0,1] J(ur)<p,J (us)<1—p

= sup p sup (z,ur)+(1—p) sup (2, us)

pE0.1] J(ur)<1 J(us)<1
= sup p sup (z,v)+(1-p) sup (2, w)
p€l0,1] veCnT wCNT

sup pocnr () + (1 - p)ocns(z’)
p€0,1]

= max(ocnr(z), ocns (') -

Since
ocnr(x) =0 (inf(oc(x),ts(x))) = oc(x) = J°(x)
and
ocns(2') = o (inf(oc(2), 1r(2'))) = oc(2') = J°(2')
the implication follows.
<«: Using again Lemma 2, we get

J(z+2') = sup (x + ', u)
ueC®

= sup (@, ur) + (2, ug)
Jo(ur+us)<1

= sup (x, ur) + (2, ug)
max(J° (ur),J°(ug))<1

= sup (@, ur) + (2, ug)
Jo(ur)<1,J°(us)<1

= sup (z,v)+ sup (2, w)
veConT welC°ns

= oconr(T) + 0cons ()

co (inf(oce (), 1s5(x))) + o (inf(oce (2), v (2)))
oce(x) +ace (')

=J(x)+ J(2) .

This concludes the proof. O

Proof of Proposition 6. Let J = yc. We only need to show that J¢ (ns,) = J°(ns, ).
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This follows from Proposition 3, Lemma 5 and Lemma 2(ii). Indeed,

JS (ns,) = igfo max(J°(re; +ns, ), T) from Proposition 3,
= igfo max(7J°(ez), J°(ns, ), T) from Lemma 5,
= igf max(J°(ns,), T) from e, € 8J(z) C C°,
= J%(ns,) -

B. Proofs of Section 3

Proof of Lemma 6. Let 1,z be two (global) minimizers of (P)(y)). Suppose that
Pzt # dr?. Define v, = tzy + (1 — t)zy for any t € (0,1). By strict convexity of
u > |y — u]3, one has

1 t 1—1t
§||y — Q3 < §||y — Q|3 + T“y — Qo3

Since J is convex, we get
J(xp) < tJ(x1) + (1 —t)J(z2).

Combining these two inequalities contradicts the fact that x1, x5 are global minimizers
of (Px(y))- 0
Proof of Theorem 2. To prove this theorem, we need the following lemmata.

Lemma 7. Let C be a non-empty closed convex set and f a proper lsc convez function.
Let x be a minimizer of min,cc f(2). If

f(w,z—2)>0 V2€C,z#x,
then, x is the unique solution of f on C.

Proof. We first show that ¢t — (f(xz +¢(z — z)) — f(2)) /t is non-decreasing on (0, 1].
Indeed, let g : [0,1] — R a convex function such that g(0) = 0. Let (¢,s) € (0, 1]? with
s > t. Then,

g9(t) = g (s(t/s)) = g (s(t/s) + (1 —1/s)0)

<19 (1 1/9900)
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which proves that t € (0,1] — @ is non-decreasing on (0, 1]. Since f is convex,

applying this result shows that the function

te 0,1 = g(t) = flz+t(z —2) - f(2)

is such that ¢g(0) = 0 and g(t)/t is non-decreasing.
Assume now that that f/'(z,z —x) > 0. Then, for every z € C,

9(1) = f(z) = f(a) = f'(z,2—2) >0, VzeCz#u,
which is equivalent to x being the unique minimizer of f on C. O

We now compute the directional derivative of a bounded gauge J.

Lemma 8. The directional derivative J'(x,8) at point x € RN in the direction § reads

J'(x,6) = (s, O1,) + (Ps,(fa), 9s,) + J1, (0s,).
Proof. This comes directly from the structure of Jy,. Indeed, one has

Iy, (0s,) = Iy, (0) Using Proposition 4(ii)

= sup (1, 9)
n€ds (@) —{fs}

=—(0, fz) + sup (n, d)
neodJ(x)

= —{8, fu) + J'(z,0)
= 7<6ra 5T’£> - <PSm (fT)7 551> + J,(‘T75) :

O

We are now in position to show Theorem 3. We provide the proof for (Py(y)). That
of (Py(y)) is similar.

Let = be a solution of (Py(y)). According to Lemma 6, the set of minimizers of
(Pr(y)) reads M C z+ Ker(®), which is a convex set. We can therefore rewrite (Px(y))
as

min J(z).

zeM
Invoking Lemma 7 with C = M, z is thus the unique minimizer if
V6 € Ker(®)\ {0}, J'(z,6) >0.
Using Lemma 8 and the fact that Ker(®) is a subspace, this is equivalent to
V6 € Ker(®)\ {0}, {es, 67) + (Ps(f2), 6s) < J5(~bs).

which is (NSPS). O
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Proof of Corollary 1. Using [20, Theorem V.2.2.3], we know that
n €ri(0J(z)) & J'(z,8) > (n, 6) V4 such that J'(z,0) + J'(x,—d) > 0.
Applying this with n = ®*« € ri(dJ(x)), and using Lemma 8, we obtain
P*a € 1i(9J(2)) & J'(x,8) > (a, ®§) V6 such that Jy (8) + J¢, (—0) > 0.

Moreover, since J;, and Ker(Jy,) = T,, = T from Proposition 4(iii), and (Cr) holds,
we get

P*a €1i(0J(2)) & J'(z,0) > (o, BS) V65 ¢ T
= J'(x,6) >0 V6§ € Ker(®).

We conclude using Theorem 2. O

Proof of Theorem 3.
(i) Let the dual vector a = (y — ®x) /A, and n = ®*« € dJ(z) by Theorem 1(i). We

then observe that

ne{neRYN: Jg (ns —Ps(fa)) <1} < ns —Ps(fs) €1i(0J(z) — {f:})
<~ neri(dJ(xz)) .
Thus, applying Corollary 1 with such a dual vector yields the assertion.

(ii) The proof is similar to (i) except that we invoke Theorem 1(ii).

C. Proofs of Section 4

Proof of Proposition 7.

(i) First, we have
OH(x) = 0J(z) + 0G(x),

Let S7 = span(dJ(z) —n”) and S¢ = span(9G(z) —n%), for any pair n” € 9.J(x)
and n% € 0G(z). Choosing nf! =7’ + 1% € OH(x) we have
SH = span(0H(x) — n')
= span ((0J(z) — n”)+(0G(z) —n?))
= span (span(dJ(z) — n”)+ span(dG(z) — nG))
= span(S7 U SY).

As a consequence we have TH = (SH)L =17/ nTC.
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(ii) Moreover, since TH 1 §7 U S¢ we have from Proposition 1(iii) that
eg =Pru(0H(z)) = Pru(0J(x)+0G(x))
= Pqgm (ej + Pgu 8J(x) +eg+ Pgc BG(JU))
= Pru(es+eg).
(iii) As fJ €ridJ(x) and f¢ € 1i0G(x), it follows from [33, Corollary 6.6.2] that
fH = 7 4 (€ eriaJ(z) + 110G (z) = 1i (0J(x) + 0G(x)) = riOH (z) .
The antipromoting gauge associated to H is then
Hip = Yor(w)- 11 = V(0J(2)~1)+(0G() - 7€) »

which is coercive and bounded on S¥ according to Proposition 3. Invoking
Lemma 3, we get the desired result since for any p > 0,

w pJis(u) + (1= p)Gia(n —u) = pYoja)—pz (W) + (1 = p)Vag ) re (N — w)
is bounded and continuous on S7 N (S +n), for n € S¥ = span(S7 + ) by (i).
O

Proof of Proposition §. In the following, all operator bounds that appear are finite
owing to the coercivity assumption on the involved gauges in Definition 9 of a PRG.

It is straightforward to see that the function I''! = max(I'/,T'%) is indeed a gauge,
which is bounded and coercive on TH# = T N T%. Moreover, given that both J and G
are PRG at x with corresponding parameters v and v¢, we have with the advocated
choice of T'H# and v,

IM(z—2')<v! and T%z-2') <9,

for every Va' € TH such that T (z — 2’) < v, Tt follows that:

e Since J and G are both PRG, then we have T}/ = T/, and T¢ = TS, and thus
by Proposition 7(i)

TH=T/nT¢ =T, nTS =T =T".
e u-stability: we have from Proposition 7(ii)
TH (e — By =TH (Ppu(e] + €5 —el, —€5))
<TH (Pru(el —el)) + T7 (Pru (el —€5))
< MF'I,FH (PTH) FJ (ei - ei/) + MFGJ‘H (PTH) FG (ef - 6?;)
< (M;’ Mers pi (Pra) + ps Mre ru (PTH)) Iz —a'),

where we used pJ- and pS-stability of J and G in the last inequality.
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e 7H_stability: the fact that S’ C S¥ and S¢ C S and subadditivity of gauges
lead to

fu (Pon(f2 = f2)))
= H°H (PSf( - x’/) +Psc(fS = f3) + Pgu(e] —el) + Pgn(ed —el))
< Hu (Pso(f = 1)) + Hn (Pse(ff = £1))
+ Hin (Pgu (el —el)) + Hin (Pgu(ef — ) (9)

According to Proposition 7(iii), we have

°u (Pss(f = f2)) = inf max(J, , G .
me( s (fa — 12 )) mma=P oy (£~ 1) (fmf(nl) fg(ﬂ2))

Since dom J§, = ST (mym2) = Pgs(f] — f7),0) is a feasible point of the last
problem, and we get

Hyw (Pss(f] = £2)) < T35 (Pso (] = £1)) -

Moreover, as e, e’, € T7 (see Proposition 1(ii)) and S’ C S#, we have

U L Ll (el —el)|?
- UlETJ,’Vlzg}IEI-F’V]zESH I = (e — e2)I” + [na]?
- meT",vgg’l,mesH I — (e — e2)I? + 2]
= ain = (e — el .
That is
Pgi(e] —e))) = Pgunrs(e] —el) .
Thus

x

H;i—j (PsH (ei — ei/)) < MF‘],H;H (PsHmTJ)FJ (e‘] - ei/) .
Similar reasoning leads to the following bounds

Hpu (Pso(f7 = f) < Gje (Pse(fy = £2)),
Hpu (Pgn(e —ef)) < MFJ e (PSHQTG)FG (e§ —€S) .

T z’
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Having this, we can continue to bound (9) as

¢ (Pan(f11 — 11))
< T3 (Pss (] = f)) + Ge (Pse(f — f3)

+ MI"J,H;’_E (PSHOTJ)FJ (e;{- - ei,) =+ MI‘J,H‘f’%{ (PSHmTG)FG (ef - ef,)
<7/ (= a) + 77T (@ — ') + g MFJ,H;H (Pgrnrs )T (z — ')

x

+us MFG,H}?H (Pgrnre)TC (¢ — ')
< (Ta;J +78+ /JiMFLH;H (Psuprs) + 1S MFG,H;H (PsHmTG)) 'z —a'),

where the last two inequalities J and G follow from p’-, 7./-, u&- and 7&- stability
of J and G.

o ¢H_stability: Proposition 7(iii) again yields that for any n € S¥
2 = inf_max(75, (), G ()
< max(J%, (), G (1))
for any feasible (71, 72) € S7 x S¢ N {(n1,72 : M1 +n2 = n}. Now both J and G

are PRG, hence respectively ¢/- and ¢G-stable. Therefore, with the form of T'
we have

7o, (m) < (1+ &1 (x —a")) I3, () < B3, (M)
7o (m2) < (1+ ET (@ — 2')G56 (72) < BGa(72)
where 8 = 1+ max (¢J,£9) T (z — 2’). Whence we get
max(Jp, (m), Gye (12)) < fmax(Jp, (), Ge () -
Taking in particular

(71,72) € Argmin max(J3,(m), Gie(n2))
Mmtn2=n ) )

we arrive at

ju(n) <B inf  max(J7,(m),Gie(n2)) = BHiu(n) .
z/ m-+nz2=n x x x

This completes the proof.

Proof of Proposition 9.
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(i) One has 3J = DodJyo D*, hence S = DSy = Im(Dg,) and T = S+ = Ker(D%, ).
(ii) As S = DSy = Dey + S, we get rom Proposition 1

e € argmin |z| = argmin |z| = Dey + argmin |h + Dey|
2€S8 z—Deg€S hes

= Deo + Ps(—Deo) = (Id - Ps)Deo == PT Deo .
(iii) With such a choice of f,,, we have
fo.p+z €110Jo(D*x) = Dfo prs € DridJo(D*z)

— f, €1riDIJy(D*x) <= f, €ridJ(z) .
We follow the same lines as in the proof of Lemma 4, where we additionally invoke
Proposition 4(ii) to get
J1.(d) = 0952)- 1. (d)

= ID(8J0(D*x)~fo,p*a ) (d)

= 0070 (D*x)— fo pro (D7)

= Jo, 5o pr, (D*d)

= Jo.fo.p+. (Do) -

Note that Jy, is indeed constant along affine subspaces parallel to Ker(Dj, ) =
S+ =T. We now get that for every n € S = Ker(Di{o)J—

J7,(n) =0, @<1(n)
= UJo,fo,D*z(Dgod)gl(n)
- (”owfo,mw)sl ODEO) (n)

= ilgf O’JO,fOYD*z(w)gl(U) st. Dgv=n

inf J° DF .
zEK(la?(DSO) O’f(J,D*T,( 5077+Z)

The infimum is bounded and is attained necessarily at some z € Ker(Dg,)NSy # ()
since dom Jg , = Sy and Im(DY ) = Im(Dj,) C So. Moreover, Ker(Dg,) N
So = Ker(D) N Sp.

O

Proof of Proposition 10. In the following, all operator bounds that appear are finite
owing to the coercivity assumption on the involved gauges in Definition 9 of a PRG.

e Let 2/ such that )

I'(z—2")< ————Vy.p s
( ) Mrr (D7) 0P
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Hence,

Lo(D*z — D*2') < Mrr,(D*)l'(z — 2') < vo pra
As Jp is a PRG at D*z, we have Ty p-y = Ty, p+a» = To and consequently, using
Proposition 9(i), T, = Ker(Dg, . )=Ker(Dy  )=Ty =T = S+

e 1 -stability: we now have

[(e; —€,) = T(Pr D(eo,p+x — €0,0*27)) Proposition 9(ii)
< Mrp, r(Pr D)To(eo,p+e — €0,0%a")
< o, pr2Mr, r(Pr D)To(D*z — D*2') using po, p+z-stability of Jo
< po,p*aMry,r(Pr D)Mrp py (D*)T(z — 2).

o 7,-stability: since fo p+, € 0Jo(D*x) and fo p+p € 0Jo(D*z’), one has
fo.p+z — fo,p*ar = Psy(fo.p*x — fo,D*2) + €0,D*2 — €0,D*a-
Thus, subadditivity yields
J7 (Ps(fe — fur)) = J3 (Ps D(fo,p*a — fo,p*a))
< J7 (Ps DPs,(fo.pz — fo,pe2r)) + J5, (Ps D(eo,pxz — €0,0%21))-

Using Proposition 9(iii) and 79 p«,-stability of Jy, we get the following bound on
the first term

J3 (Ps DPsy(fo,p+z — fo,p*a))
inf Jg’,fovD*m(Dgo Ps DPs,(fo.pee — fo.par) + 2)

z€Ker(D)NSo

SIS fopma (D& Ps DPs,(fo.pea — fo,p+a))

< M‘]g,fovD*z“]g,me*z (D%, Ps D)Jg 4. ... (Psy(fo,pez — fo.p=ar))
< TO,D*mMJg,fOYD*m7J6’,fOYD*m (D, Ps D)To(D*x — D*z')

< 70,p 2 Mg e T i (D§, Ps D)Mrp 1, (D*)I(z — ).

fo,D*
Now, combining Proposition 9(iii) and pg p=,-stability of Jy, we obtain the
following bound on the second term

I}, (Ps D(eo,p+z — €0,p%0r)) < 5 4, .. (D, Ps D(eo,p=z — €0,p+47))
S Mro,gg, (D& Ps D)To(eo,pa — €0,0%a")

< Ho,preMro,gg (DZ, Ps D)Mr r,(D*)0(x — ).

x

Combining these inequalities, we arrive at

J;I (PS(f;I; - fm’)) < (TO’D*ZMJO

0.f0,D*a

I3 50 pe. (P, Ps D)

+ MO,D*IMFO,J&fD - (D;CO Pgs D)>MF,I‘0 (D )'(x — :L'/),

x

whence we get 7,-stability.
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o {,-stability: from Proposition 9(iii), we can write for any n € S

(e} _ . ) +
Jf‘”/ (77) - zEKcir(l[f))ﬁSO Jfo’D*m/ (DSOn + Z)
<Jf e (DEn+2)

for any z € Ker(D) N Sy.

Owing to &y, p-5-stability of Jy, and since Dgon € Sy, we have for any feasible
z € Ker(D)N Sy

J;O,D*I/ (D;OU + 2) < (1 + §O7D*$F0(D*m - D*Z‘/)) ']S,fo,D*z(D;on + 2) ’
Taking in particular

ze Arginf J5g . ,(D§0ﬂ +2)
z€Ker(D)NSy e

we get the bound
o * * . o +
J7 () < (14 &,p=oTo(D*x — D*a")) zeKelrI(lg)mso I6, fo pru (D0 + 2)
= (L +&o,p=2Lo(D*x — D*2")) J7 ,(n)
= (1+&o0,p-aMr,r, (D) (2 —2")) I3, (n) ,

where we used again Proposition 9(iii) in the first equality.

D. Proofs of Section 5

Proof of Theorem 4. This is a straightforward consequence of Theorem 3(ii) by con-
structing an appropriate dual certificate from IC(zg). Denote e = e,,, f = fz, and
S = T+. Taking the dual vector a = CI);’*e, we have on the one hand

Lol e =e

since e € Im(®%.).
On the other hand,

J3 (5P e — Ps f) = IC(zg) < 1.
O

Proof of Theorem 5. To lighten the notation, we let € = |w|, v = vy, b = fzg, T =

TI07£ = fwovf = f$0'
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The strategy is to construct a vector which is the unique solution to
.1
min |y — ®x|* + XJ(z) (PX ()
z€T 2

and then to show that it is actually the unique solution to (P, (y)) under the assumptions
of Theorem 5.

The following lemma gives a convenient implicit equation satisfied by the unique
solution to (P! (v)).

Lemma 9. Let xg € RY and denote T = T,,,. Assume that (Cr) holds. Then (PI(y))
has exactly one minimizer &, and the latter satisfies

& =20+ Ohw — \N(@5dr)"'é where &€ Pr(dJ(2)). (10)

Proof. Assumption (Cr) implies that the objective in (P (y)) is strongly convex on
the feasible set T', whence uniqueness follows immediately. By a trivial change of
variable, (P{ (y)) be also rewritten in the unconstrained form

1
& = argmin = |y — ®rz|* + \J(Prz) .
TzERN 2

Thus, using Proposition 5(i), & has to satisfy
Oh(y — D) + Ae = 0,

for any € € Pr(9J(&)). Owing to the invertibility of ® on T, i.e. (Cr), we obtain (10).
O

We are now in position to prove Theorem 5. This is be achieved in three steps:
Step 1: We show that in fact T; = T.
Step 2: Then, we prove that & is the unique solution of (Py(y)) using Theorem 3.

Step 3: We finally exhibit an appropriate regime on A and ¢ for the above two
statements to hold.

Step 1: Subspace equality. By construction of Z in (P] (y)), it is clear that T C 7.
The key argument now is to use that J is PRG at xg, and to show that

D(zo— ) < v, (11)

which in turn will imply subspace equality, i.e. T; = T (see Definition 9).
We have from (10) and subadditivity that
[(zg — &) < T(=®Fw) + AT((95D7)'é)
M r((9727) ") {T (= 7w) + AL(€)}
Mrj((@}@qﬂ)il) {M@QI((I);)&? + OLQ)\} . (12)

NN
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where ag = I'(€). Consequently, to show that (11) is verified, it is sufficient to prove
that
Ae 4+ BA < v, (Ch)

where we set the positive constants

A= Mpr((@7®7) " )M p(PF),
B = aoMF7F(((I)§~‘I)T)71).

Suppose for now that (C4) holds and consequently, T; = T. Then decomposability
of J on T (Theorem 1) implies that

é=Pr (0J(2)) =Pr(0J(2)) =€,
where we have denote é = e;. Thus (10) yields the following implicit equation

&= zo + Pfw — \(®5D7) e (13)

Step 2: i is the unique solution of (P,(y)). Recall that under condition (C), J is
decomposable at & and g with the same model subspace T'. Moreover, (13) is nothing
but condition (2) in Theorem 3 satisfied by Z. To deduce that & is the unique solution
of (Px(y)), it remains to show that (3) holds i.e.,

J}3()\_1<I>g(y —®) — fs) < 1. (14)

where we use the shorthand notations f = fz and fs = Pg f .
Under condition (C7), the &-stability property (6) of J at x yields

TEAT @G (y — @2) — fs) < (L+E0(z0 — &) Jp(A T @5(y — @F) — fs).  (15)
Furthermore, from (13), we can derive
A0 (y — @3) — fs = PLOF e+ AT OEQrw — fs, (16)
where Qr = Id — ®79 = Pger(®z)- Inserting(16) in (15), we obtain
TSN @5 (y — @) — fs) < (14 ED(wo — 2)) J3(@5D7"¢ + A 05Qrw — f).
Moreover, subadditivity yields
T @505 e + AT @EQrw — fs) < JR(P@EPE e — fs) + JHPEDLT(E — e))
+J7(Ps(f = ) + JFA T 25Qrw). (17)
We now bound each term of (17). In the first term, one recognizes

J3 (@55 e — fs) < IC(ap). (18)
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Appealing to the p-stability property, we get
JH @57 (€ —€)) < Mr sz (~ 5@ ")l (e — @)
< qu,Jfo(—@E@?’*)F(xo - &). (19)
From 7-stability, we have
I3 (fs — fs) < 7T (w0 — 1). (20)
Finally, we use a simple operator bound to get
1
J;(Ail(I)gQTUJ) S XMP’JJ? (QEQT)&' (21)
Following the same steps as for the bound (12), except using é = é here, gives
[(zo — 2)) < Mpr((®5®7) ") { M r(h)e + AT(é)} . (22)
Plugging inequalities (18)-(22) into (15) we get the upper-bound
T(@5D7"e + AT 25Qrw — fs)
< (1+£&0(zo — 2)) (Ic(xo) +T (2 — &) (pMr, g2 (~P5P7") +7)
1
+ XM@Q,J}; ((I)Z'QT)E)
1
< (1 +&(cie + Ae2)) (IC((EO) + (cre+ Ae2) i + XC4€) <1,
where we have introduced

p=pcs+7 and a3 =T(é)=T(€) =ap

and
g = A, Co = OélMF,F(((I’i}(I)T)_l)v
3 = MF,J;(—‘I%‘I);F’*), ca = Mp e (P5Qr).
If is then sufficient that
1
(1+ E(cre + Aea)) (IC(a:o) ¥ (16 + Aea)ji + Xc45) <1, (23)

for (3) in Theorem 3 to be in force.
In particular, if
Ce <\

holds for some constant C' > 0 to be fixed later, then inequality (23) is true if
a=—&fi(a/C+c)’
P(A\) =a 4+ b\ +c¢>0 where b= —(c1/C + c2) (EIC(x0) + Eca/C + 1)
c=1-1IC(xp) —cs4/C
(24)
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Let us set the value of C to

C = 264
o 1-— IC(SL‘())’
which, for 0 < IC(zg) < 1, it ensures that ¢ = #@0) is bounded and positive, and

thus, the polynomial P has a negative and a positive root Anax equal to

b ac a = —Ea((1 - IC(xo))e1/(2¢a) + c2)?
Mmax = 500 (=435 ), § b= —((1=IC(xo))er/(2es) + c2) (7 + (1 +IC(x0))¢/2)
¢ = (1-1C(xo))/2
_ i+ (1+1IC(x0))E/2 o ( 26(1 —IC(xo)) 2 )
§a((1—TC(wo))er/eq +2¢2) © \ (i + (1+1C(20))¢/2)?
1-— IC(:EO)H
£

\%

(n/€),

where

o(8)=\1+B—1, and H(B) = f+1/2 ( 23 >

(c1/ea+2c2)” \(B+1)?

To get the above lower-bound on Ayax, we used that ¢ is increasing (in fact strictly)
and concave on Ry with ¢(1) = 0, and that IC(zg) € [0,1[. Consequently, we can
conclude that the bounds

204 e < A < 1-— IC(l‘o)

T-1C(zo) ¢ H(j/¢) (Ca)

imply condition (23), which in turn yields (14).

Step 3: (C) and (C5) are in agreement. It remains now that show the compatibility
of (Cy) and (C3), i.e. to provide appropriate regimes of A\ and ¢ such that both
conditions hold simultaneously. We first observe that (C4) and the left-hand-side
of (C) both hold for X fulfilling

A AT !
A< Cov where Cy= ( —|—B> < (WA—FB) .
2¢y 2¢y

This updates (C5) to the following ultimate range on A

204

IC(LL‘())
1—1IC(z0)"

1—
<A < min (Cgl/7 €

Now in order to have an admissible non-empty range for A, the noise level € must be
upper-bounded as

H()

< 1-— IC(J?Q)

c< IC(QUO)H

min (coy, 1o : (u/g)) .

264
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Finally, the constants provided in the statement of the theorem (and subsequent
discussion) are as follows

Ar = 2¢4, By = Cy, Dy = c3, and Er = 01/84 + 2¢o

which completes the proof.

E. Proofs of Section 6

Proof of Proposition 11. The subdifferential of | - |; reads

oo <1}

The expressions of Sy, Ty, e, and f, follow immediately. Since e, € rid|-|1(z) and |- |1
is separable, it follows from Definition 8 that the ¢!-norm is a strong gauge. Therefore
Jt =J° =] "], and Proposition 6 specializes to the stated subdifferential.

8” . ”1(17) = {77 S RN D) = sign(x(l)) and ||77(1c)

Turning to piecewise regularity, let 2’ € T, i.e. I(2’) C I(x), and assume that

2 =@/l < v = (1= 8)min ;] .6 €]0,1] .

This implies that Vi € I(x), |2;] > vy — |2 — 2| o = 0, which in turn yields I(z') = I(z),
and thus T, = T,. Since the sign is also locally constant on the restriction to 7" of the
£°°-ball centered at x of radius v,, one can choose u, = 0. Finally 7, = £, = 0 because

Jz = ez U
Proof of Proposition 13. The proof of the first part was given Section 2.2 and Sec-

tion 2.3 where the £*°-norm example was considered.

It remains to show piecewise regularity. Let 2’ € T, and assume that
o = < vz = (1= 0) (Jolo — max ). 8 €0.1]
J
This means that z’ lies in the relative interior of the £*-ball (relatively to T') centered at
x of radius 7)o —mélx |;|. Within this ball, the support and the sign pattern restricted
jgl

to the support are locally constant, i.e. I(x) = I(z') and sign(z(;(;))) = sign(w’u(z,) ).
Thus T, = T, = T and e, = e, and from the latter we deduce that u, = 0. xs
fz = e, we also conclude that 7, = £, = 0, which completes the proof. O

Proof of Proposition 14. Again, the proof of the first part was given Section 2.2 and
Section 2.4 where the ¢! — f?-norm example was handled.

Let 2’ € T, ie. I(z') C I(x), and v, = (1 — 5)%11}1 |xb|, 6 €]0,1]. First, observe that
€

the condition
l& = 2'looyz = max |y — 3] < ve
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ensures that for all b € I
lzpl = o] — lzo — 24 > ve — |2 — 2" 0,2 2 0,

and thus I(2') = I(z), i.e. T,y = T,. Moreover, since the gauge is strong, one has
7. = & = 0. To establish the u,-stability we use the following lemma.

Lemma 10. Given any pair of non-zero vectors u and v where, |u —v| < p|ul, for
0 < p<1, we have

’ v v Ju— v
lul ol Tl
where C, = %\/1 —/1—p2€1,V2[.
Proof. Let d =v—wu and 8 = ":j" |d>” [—1,1]. We then have the following identities
2
TEREE P B 7R3 11 )
Jul vl lullv] lullv/Tul® + [dI? + 2[ul[d] 3"
for non-zero vectors u and d, the unique maximizer of (25) is 5* = —|d|/|u|. Note

that the assumption |d|/|u] < p < 1 assures 8* to comply with the admissible range of
8 and further, the argument of the square root will be always positive. Now, inserting
B* in (25), using concavity of /- on Ry, and that |d|/|u| < p, we can deduce the

following bound
a2 ( ||du2 |d]?
—2-92/(1- + 1- p2
" ul? P ||u||2 2 )

\
2_2<(1_ ) | )

u

lul ol

pPlul>) P2 |ul?
1_ 2
Y PO i
p? Jul

\/1 —p° |dJ?

p? Jul® -

O

By definition of v,, we have (1 — §)|xp| > v, for § €]0,1], Vb € I, and thus
|zp — 2| < vy < (1 —0)|zp|. Lemma 10 then applies, and it follows that, Vb € I
b= T |z} — o]

IN () — N < ol =2l o ,

(B Vg

and therefore we get

C
IV (@) = N(@)oo.2 < —Ee" = oo,

x
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which implies pz-stability for p, = C,/vy.

O
Proof of Proposition 15. In general, the subdifferential of Jy reads
1} ifw; >0
0Jo(u) = Zpisiai tp€Xnsieq 0,1 ifu; =0,

i€l {0} ifu; <0

where X7 is the canonical simplex in R and I = {i € {1,--- ,Ng}: (2;)s = Jo(z)}.
o Ifu; <0,Vie{l,---, Ny}, the above expression becomes
0Jo(u) = {Zpisiai : pE€ Xy, si €10, 1]} ,
i€lp

where Ip = {i € {1,--+ Ny} : u; = Jo(u) = 0}. Equivalently, dJo(u) is the
intersection of the unit ¢; ball and the positive orthant on RHol. The expressions
of Sy, T,, and e, then follow immediately. dJy(u) then contains e, = 0, but not
in its relative interior. Choosing any f, as advocated, we have f, € ridJy(u).
To get the antipromoting gauge, we some calculus rules on gauges and apply
Lemma 3 to get

Jo = i f u ) )
rnay) = max( ke )

where the extra-constraints on 7 come from the fact that 9Jy(u) is in the positive
orthant, and the ¢! norm is the gauge of the unit £!-ball. We then have

J7, (o)) = inf max(T Z (na’ +n;) , 1)

720, pTZmax;cry —ni

i€l
= inf max(Tu|lp| + Z 0i,T) .
TZmaxicry (—mi) /B icly
e Assume now that w; > 0 for at least one ¢ € {1,---,Ny}. In such a case,

Jo(u) = |u]eo, and the subdifferential becomes
8J0 (’U,) = E[+ N

where I, {i € {1,--- ,Ng}: u; = Jo(u) and wu; >0}. The forms of S,, T,
ew, fu and the antipromoting gauge can then be retrieved from those of the
¢°°-norm with s(;,y =1 and S(15) = 0.

For piecewise regularity, the parameters are derived following the same lines as for
the ¢*°-norm. Let u’ € T, and assume that
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for 6 €]0,1]. This means that 2’ lies in the relative interior of the ¢!-ball (relatively to
T) centered at = of radius

max u; — max U; = |ufe —  max
el FE14u;>0 FE14u;>0

|uj]

Within this set, one can observe that the set I, associated to u is constant. Moreover,
the sign pattern is also constant leading to the fact that T,,, = T,, = T. Hence, we
deduce as in the ¢*°-case that p, = 7, = &, = 0. O]

Proof of Proposition 16. The subdifferential of the nuclear norm is a classical result in
convex analysis of spectral functions, see e.g. [42, 22]. The expressions of the subspaces
T,, S, and e, follow immediately. Since the nuclear norm is a strong gauge, we get
from Proposition 6 that the antipromoting gauge is the spectral norm.

Let’s turn to piecewise regularity. The proof is a straightforward adaptation of the
arguments in [2, Proposition 16]. The latter result was stated for the spectral norm,
but remains valid for the nuclear norm. O
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