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The quenched limiting distributions
of a one-dimensional random walk in random scenery

Nadine Guillotin-Plantard* and Yueyun Hu'

Université Lyon 1 and Université Paris 13

Summary. For a one-dimensional random walk in random scenery (RWRS)
on Z, we determine its quenched weak limits by applying Stranssen [14]’s func-
tional law of iterated logarithm. As a consequence, conditioned on the random
scenery, the one-dimensional RWRS does not converge in law, in contrast with
the multi-dimensional case.

Keywords: Random walk in random scenery; Weak limit theorem; Law of the
iterated logarithm; Brownian motion in Brownian Scenery; Strong approxima-
tion.

AMS Subject Classification: 60F05, 60G52.

1. INTRODUCTION

Random walks in random sceneries were introduced independently by Kesten and Spitzer [9]
and by Borodin [3, 4]. Let S = (S,)n>0 be a random walk in Z? starting at 0, i.e., Sp = 0 and
(Sp — Sn-1),,>1 Is a sequence of i.i.d. Z%-valued random variables. Let £ = (&;),cz4 be a field of
i.i.d. real random variables independent of S. The field £ is called the random scenery. The
random walk in random scenery (RWRS) K := (K, )n>0 is defined by setting Ky := 0 and, for
n € N*

K,=) &, (1.1)
=1

We will denote by P the joint law of S and £. The law P is called the annealed law, while the
conditional law P(-|€) is called the quenched law.

Limit theorems for RWRS have a long history, we refer to [6] or [7] for a complete review.
Distributional limit theorems for quenched sceneries (i.e. under the quenched law) are however
quite recent. The first result in this direction that we are aware of was obtained by Ben Arous
and Cerny [1], in the case of a heavy-tailed scenery and planar random walk. In [6], quenched
central limit theorems (with the usual \/n-scaling and Gaussian law in the limit) were proved
for a large class of transient random walks. More recently, in [7], the case of the planar random
walk was studied, the authors proved a quenched version of the annealed central limit theorem
obtained by Bolthausen in [2].

In this note we consider the case of the simple symmetric random walk (S,),>0 on Z, the
random scenery (£;)zcz is assumed to be centered with finite variance equal to one and there
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exists some § > 0 such that E(|¢|**®) < co. We prove that under these assumptions, there is
no quenched distributional limit theorem for K.

Theorem 1. For P-a.e. &, under the quenched probability P (. | £), the process
~ K, .

K = 3 > 9
" (2n3/21oglog n)1/? e

does not converge in law. More precisely, for P-a.e. £, under the quenched probability P (. | &),
the limit points of the law of K,,, as n — oo, under the topology of weak convergence of measures,
are equal to the closure of the laws of random variables in Kp, with
My
(f(2))%dz <1},
(1.2)
where (L1 (z),z € R) denotes the family of local times at time 1 of a one-dimensional Brownian
motion B starting from 0 and my = info<s<1 Bs, M := supy<g<1 Bs.

Kp:= {/Ml f(z)dLyi(z) : f € C([my1, My1] — R) such that f(0) = 0,/

mi mi

Let us mention that the random set Kp directly comes from Strassen [14|’s limiting set. More-
over, f is the derivative of the (random) function f and the precise meaning of frlr‘il f(x)dLy(z)

can be given by the integration by parts and the occupation times formulas: fnj\ﬁl f(z)dLy(z) =
=% Li@) f(@)de = = [y f(By)ds.

Instead of Theorem 1, we shall prove that there is no quenched limit theorem for the continuous
analogue of K introduced by Kesten and Spitzer [9] and deduce Theorem 1 by using a strong
approximation for the one-dimensional RWRS. Let us define this continuous analogue: Assume
that B := (B(t))i>0, W := (W (t))¢>0, W := (W (t))s>0 are three real Brownian motions starting
from 0, defined on the same probability space and independent of each other. For brevity, we
shall write W () :== W (z) if z > 0 and W (—z) if £ < 0 and say that W is a two-sided Brownian
motion. We denote by Pg, Py the law of these processes. We will also denote by (L¢(2))i>0,z¢r
a continuous version with compact support of the local time of the process B. We define the

continuous version of the RWRS, also called Brownian motion in Brownian scenery, as

+o0o +oo _ +oo
7 = / Lo(@)dW (z) + / Lo(—2)d WV (z) = / Lo(a)dW (2).
0 0 —00

It was proved by Kesten and Spitzer [9] that the process (n~3/* K ([nt]));>0 weakly converges in
the space of continuous functions to the continuous process Z = (Z(t));>0. Zhang [15] (see also
[5, 10]) gave a stronger version of this result in the special case when the scenery has a finite
moment of order 2+ ¢ for some J > 0, more precisely, there is a coupling of £, .S, B and W such
that (£, W) is independent of (S, B) and for any € > 0, almost surely,

1y 1 4,
max |K(m)—Z(m)| =o(n2"2@) 7)) n — 4o0. (1.3)
0<m<n

Theorem 1 will follow from this strong approximation and the following result.

Theorem 2. Py -almost surely, under the quenched probability P(-|W), the limit points of the
law of

- Zt

Ly = , t — o0,

LT (232 loglog t) /2

under the topology of weak convergence of measures, are equal to the closure of the laws of
random variables in Kp defined in Theorem 1. Consequently under P(-|W), as t — oo, Z; does
not converge in law.
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To prove Theorem 2, we shall apply Strassen [14]’s functional law of iterated logarithm applied
to the two-sided Brownian motion W; we shall also need to estimate the stochastic integral
[ gmi iy (2)dLy (z) for a bounded Borel function g, this will be done by using the theory of
enlargement of filtrations, see Section 2 for the details.

2. PROOFS

At first, we reformule Strassen’s theorem as follows: For a two-sided one-dimensional Brownian
motion (W (t),t € R) starting from 0, define for any A > €€,

W (At)
(2X\log log \)1/2’

Theorem 3 (Strassen). Almost surely, for any s < 0 < r, (Wx(t),s < t < r) is relatively
compact in the uniform topology and the set of its limit points is Ks ., with

Ksp = {f eC([s,r] = R): f(0)=0, /sr(f(x))2dx < 1}.

W)\(t) = teR.

Proof: For any fixed s < 0 < r, by applying Strassen’s theorem (|14]) to the two-dimensional

W (Aru) W (Als|w) P
VoA loglog X’ \/2>\\s|loglog)\)0SuS1’ we get that (Wy(t),s <t <) is

relatively compact in the uniform topology with K ;- as the set of limit points. By inverting a.s.
and s,r, we see that there exists an event {2y with full probability such that for any w € €, for
all s < 0 < r integers, (Wy(t)(w),s <t < r) is relatively compact in the uniform topology and
the set of its limit points is g ..

rescaled Brownian motion: (

Now, let w € Q. We are going to check that for any s < 0 < r, (Wy(t)(w),s <t < r) is
relatively compact in the uniform topology and the set of its limit points is K ..

To this end, for any s < 0 < r, let £ < 0 <[ be integers such that k <s <k+1<0<1-1<
r < [. Let d(-,-) be the distance in the uniform topology: d(f,g) := sup,<;<p |f(t) — g(t)| for
f»g € C([a,b] — R), which is consistent on @ < 0 < b. For any & > 0, for all large A > X\o(e,w),
d(Wi(-)(w), k) < €, hence there exists some f = fi 51 € Ki, such that d(Wy(-)(w), f) < e.
Notice that if we denote by g := f1,(:) the restriction of f on [s,r], then g € K, and
d(Wx()(w),g) < e, this proves that for any w € €, all possible limits of (W, (t)(w),s <t <)
as A — oo are in K ..

It remains to check that for any f € Ky, infinitely often A — oo, (Wy(t)(w),s <t < )
are in the ball centered at f of radius . It is enough to check this for all f € Ky, such that
N |f(t)2dt < 1. We may find some function h € ICk,1 such that f is the restriction of h on [s,7].
Since infinitely often as A — oo, (Wy(t)(w),k <t <) are in the ball centered at h of radius ¢,
the desired conclusion follows. [

Next, we recall some properties on Brownian local times: The process & — Li(z) is a (contin-
uous) semimartingale (by Perkins [12]), moreover, the quadratic variation of  — Li(x) equals
4 [* Li(z)dz. By Revuz and Yor ([13], Exercice VI (1.28)), for any f locally bounded Borel
function,

B 1
3 [ f@a@ == [ wdut [ 1. (2.4

Recall that m, = info<;<; By and M; = Supg<¢<1 Bt When f is random but measurable

with respect to o{mq, My}, we define [ f(z)dLi(z) through (2.4): the integral fol f(By)dBy is
well defined since by the theory of (initial) enlargement of filtration (see e.g. Jeulin and Yor
[8], Mansuy and Yor [11]), B is still a continuous semimartingale with respect to the filtration
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(c{Bs,s < t,my, M;})o<i<1 (see the forthcoming (2.11) for the semimartingale decomposition).
Denote by L'(B) := L'(Pp,0{Bs,0 < s < 1}) and || - ||; the L'-norm.

Lemma 4. There exists some constant ¢1 > 0 such that for any bounded Borel function g :
(a,b,2) € R3 — g, p(x) € R, we have

| [ oman@aza@)], < su lgusto).

Proof: Let ||g|l := supgyp 4 [gap(z)]. Using (2.4) and observing that || fOBl Gy, v (w)dully <
|9lloc E[|B1]], it is enough to prove that for some positive constant cs,

1
| [ gman(Ban.], <e ol (25)

The difficulty here is the dependence of g on (my, M7), in particular, there is no L2-isometry
for fol G M,y (By)dB,. We need here an (initial) enlargement of filtration (see e.g. Jeulin and
Yor [8], Mansuy and Yor [11]): Let (F;) be the natural filtration of B and F; := o{ My, mi}V Fy

for 0 <t < 1. We compute at first the law of (m, M) conditioned on F;: for any measurable
bounded function h:R? - Rand 0 < t < 1,

E(h(mi, M) = E(h(me A (B o), My v (Be+ V)| ),

where (Mmj_¢, ]\/4\1_,5) are independent of F; and have the same law as (mj_¢, M1_), and x Ay :=
min(z,y),z Vy := max(z,y) for any z,y € R. For any fixed r > 0, the law of (m,, B,, M,) is
given as follows (cf. Revuz and Yor [13|, Exercice III (3.15)): For any a < 0 < b,

P(a <m, <M, <b,B, € daz) Jdz = i ( r(a:—}—Zk(b—a))—pr(ﬂz—2b—|—2k(b—a))) =: T ap(x),

k=—o00
(2.6)
with pp(z) = (2r)~Y/2e=2*/(2)_Integrating on € [a, b] gives that
o0 btk(b—a)
or(a,b) == P(a <m, <M, < b) = Z (—1)]“/ pr(z)dz. (2.7)
ke — oo a+k(b—a)
Therefore for any fixed r > 0,
]P’(mr e da, M, € db) = ¢y (a,b)dadb, a<0<b,
with
Gr(ab) = 30 (<1 (K + Dpr(b + k(b — @) = k(k = 1)pi(a + k(b - a)))
k=—0oc0
= 2 Y (=DFk(k+D)pl(b+ k(b — a)), (2.8)
k=—0oc0
where pi.(z) = —Tp.(x) denotes the derivative of p,(z) with respect to x. Plainly, 1, (a,b) is

continuous on (a,b,r) for a < 0 < b and r > 0. We can show that 1, (a,b) > 0 for any a <0 < b
and r > 0, see Remark 5.



It follows that for any 0 <t < 1,
E(h(mh M1)‘ft) = / dadb 1—¢(a,b) h(my A (Be + a), My V (By + b))
a<0<b

= L+ 1L+ I3+ 14,

with
_[1 = / dﬂ?/ dy’(ﬁlft(x _Btay _Bt)h(x’y)’
—00 M
my Mi— By
L = / dx/ dbl/)l_t(l' — B, b) h(m, Mt)?
—00 0
0 Mi—By
I3 = / da/ dby—¢(a,b) h(my, My) = ¢1-4(my — By, My — By)h(my, My),
mtht 0

0 o)
I, = / da/ dyyn—i(a,y — By)h(my,y).

mt—Bt Mt

Let us adopt the following notation: for any f € C((—o0,0) x (0,00) — R),

0 0
Vf(a,b):= 8_£ a—'l}j
Define for a < 0 < b,
0 b
o= [Cdev@, v b= [ olandy (2.9

Then Iy = [™ dxzp@t(x — By, My — By) h(z, M) and by Ito’s formula,

me
dl, = — [/ de VP, (@ — By, My — By) (e, My)|dB, + L.

—00

where here and in the sequel, f.v. denotes some finite variation process. Similarly,

dl, = - / dﬂﬁ/ dy Vip1—¢(x — Be,y — By) h(x,y)} dB; + fv.,
- J =00 Mt

dl; = —|Voi_(my— By, My — By) h(mt,Mt)]dBt + fv.,

a, = - / dy Vqﬁﬁ)t(mt — Bi,y — By) h(my, y)} dBy + fv..
L J My

It follows that if we denote by X; := E(h(ml, Ml)‘]:t> for 0 <t < 1, then X is a martingale

and

dXy = Qi(h)dBy,
where Q¢(h) := [p2 Qi(dxdy)h(z,y) with
Qi(de, dy) = - :1(J:<mt)1(Mt<y) Vipi_(x — B,y — Bt)] dxdy —
—[1peme) VUi (e — B, My — By)| dw @ oy, (dy) —

- :v¢1—t(mt — By, My — Bt)] m, (dx) @ Spp, (dy) —

— _1(y>Mt) V?/)ﬁ)t(mt — Bt, Yy — Bt)] 6mt (dx) ® dy



On the other hand, we may re-write Xy = [po Q¢(dxdy)h(z,y) with
Qu(da,dy) = [1($<mt)1(Mt<y)¢1_t(m — By - Bt)] dedy +
[ eem 2@ = Bu, My = By)| do @ 8, (dy) +
|14y = Br, My = By)| o, (d2) © S, (dy) +
+ oW me = Buyy = Bo)| o, (d) @ dy.
Then we have Q(dzdy) = o0;(x,y) Q(dzdy) with the density o;(z,y) given by
oz, y) = —Le<m L <y) Vlegi—t(x — B,y — Bt)

_1(1'<mt7y=Mt) Vlog ¢§2_)t(x — By, M; — Bt)
_1(J1:mt,y:Mt) \Y log gblft(mt - Bta Mt - Bt)

~L(ammegorr) Vog WY, (my — By — By). (2.10)

The theory of enlargement of filtrations says that
_ t
Bt:Bt-i-/ 0s(my, My)ds, 0<t<1, (2.11)
0

with B a Brownian motion with respect to (.773)

By Cauchy-Schwarz’ inequality and the L?-isometry for B , we get that

1
< \/E/O 9727117M1(BS)d5 < 19lloo>

<ol (1+ B( [ loutms 3)las) )

Then (2.5) follows once we have checked that

1
E‘ / 9mq M (Bs)dBs
0

which in view of (2.11) imply that

1
E‘ / gml,Ml (Bs)st
0

H-z(/o1 |gs(m1,M1)(ds) < . (2.12)

To prove (2.12), we use (2.10) and write
Qt(ml,Ml) = Jl(t) + Jg(t) + Jg(t) + J4(7f),
with obvious definitions of J;,1 < ¢ < 4. Notice that {m; < m;} = {mi1—+ < my — B} and

{M; < My} = {]\/4\1_,5 > M; — B;} where m., M. are the minimum and maximum processes of
Bs := Bst — Bs, s > 0. Recalling that ¢ _4(a,b) are the densities of (m1_;, M1_¢), we have that

E“Jl(t)\] = E|:1(m1<mt)1(Mt<M1)‘V10g Y1—¢(my — By, My — Bt)u
Mt—Bt
= E/ da/ db|V¢1,t(a, b)|
—00 M —Bt
Elementary computations show that for any r > 0,

Vi (a,b) =2 (=1 k(k + 1)p, (b + k(b — a)),
keZ
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where p,. (z) = (-1+ f—j)pr(:v) is the second order derivative of p,.(-). Bounding all terms by its
absolute values, we get that

m¢— Bt o) —a
Bl < 22 7 aa [ 7 oY koG D (b4 kb a).

— 00 Mtht kEZ (1 - t)2

In the above sum ), _,, we decompose as ) -, and ) ,__,. By changing B to —B, it is

easy to see that the two sums >, -, and » ;- o give the same contribution in E{f da [ db]. It
follows that

E[lh )]

IN

4E/mt_3t da/oo E S D Ul Che)) S SPAT S

—Oo Mt—Bt kzl (1 - t)2

4 o 0 m¢— DBy
= 7(1 _t)Q/O dl’(l Pl t [Zk/ dal(k(lZ(k-i—l)(Mt—Bt)—a:)

o0

< 4 [Twatd ()E[l L]
> (1—t)2 0 €T T )p1—\T (xZMtfmt)Mt_mt )

where the above equality follows from a change of variable x = b+ k(b — a). If we denote by ~.
a Brownian motion independent of B, then for any 0 <t < 1,

4 L+ )i
E[Ul(t)‘] < WE[l(%_tEMﬁmgT}

which is continuous for ¢ € (0,1), behaves as \/ ast — 0 (with ¢3 := 4E[1(y, ~0)(14+77)77] E[Mliml])

and converges to 0 as ¢ 1 1 (since M17m1 has finite moments of any order and ). Consequently,

/OlE[\Jl(t)\]dt< .

The other terms Ja(t), J3(t), J4(t) can be estimated in the same way: By symmetry, fol E[|J4(t)|]dt =
fol E[|J2(t)|]dt. For Jy(t), we observe that for any 0 <t <1 and a <0 < b,

(2) ((a,b)da = <m1,t € da, Mi_; < b).
It follows that
2
E[l®l] = E[Lumcmolanorn|V1og vt (m1 — Bi, M, — By |
2) ,~
= E[1(ﬁbl_t<mt73t)1(1T4\1_t§Mt,Bt)|V10g wg—)t(ml—ta M; — Bt)u

m¢—DBy
= E/ da|V?,(a, My — By)|. (2.13)

— 00

9 (2)t .
By (2.9) and (2.8), 5=t (a.b) = [) 2=t (a,y)dy = 23 p(— 1R (B, (b + k(b — a)) —

da

Py (—=ka)) =23 cp(=1)* K2, (b + k(b — a)), by the asymmetry of p}_,(-). Hence,

T 0y - 2 <a,b>+a¢ a.b) = 23 (1 k(b + k(b — a).

Oa
kEZ



It follows that
mt—Bt (2) me— Bt ,
[ advelian] < 23 [T dalkst 0+ 0 - a)

o keZ

= 2 > pralb+k(b— (m = By)).
kEZ k0

Using the elementary fact: for any x > 0 and r > 0,

S pelke) <2 /O (i)t = (2.14)

kEZ,k#£0

we deduce from (2.13) that for any 0 <t < 1,

E[]Jg(t)]} < E(ﬁ) - %E(ﬁ)

Hence .
/ E[|J2(t)|]dt < .
0
Finally for J3(t), we have that
E[|J3(t)|] = E [1(m1:mt)1(Mt:M1) |V log ¢1—¢(my — By, My — Bt)‘]
= E |:1(m1_t2mtiBt)1(M1—tSMt*Bt) ‘v log ¢1—t(mt - Bt7 Mt - Bt)|:|
= EUVQSkt(mt — By, My _Bt)”' (2.15)

Recalling (2.7). Elementary computations yield that
Vor-i(a,b) = > (=1 [pr-i(b+ k(b — 0)) = pr-sla+ k(b — )| =23 (~1)p1-o(b+ k(b - a)).

kEZL keZ

Hence |[V¢i1-¢(a,b)| < 2p1-i(a) + 2p1-¢(b) + 23,z 20P1-1(j(b — @) < W(187t) + 524 It
follows that

8 1 8 2 1
5[l < G Py NI Y
Ol <\ lza—p T2 =) S\ ra=n T iR an o
Therefore fo [\Jg )\] dt < oo, which completes the proof of (2.12). Then Lemma 4 follows. [J

Remark 5. Recall that 1, (a,b) is the density of (m,, M,) (cf. (2.8)). To check that 1, (a,b) > 0,
M. Lifshits suggested to use the following integration equation: For any a < 0 < b and any
r>s >0, by the Markov property at s,

b
Yr(a,b) = /]P’(Bsedx,a<ms<Ms<b)1/1r_s(a—x,b—x)
b
= / Ysap(x)Vr—s(a—x,b—x)dx, (2.16)

by using the notation in (2.6). Elementary computations show that for any s > 0 and a < 0 < b,
Tsap(®) > ps(x) — ps(2b — x) — ps(x — 2a), Va<x<b,



which implies that for any a < 0 < b and 0 < s < a®> A b?,
Tsap(0) > (1 —2¢72)ps(0) > 0. (2.17)

If r(a,b) = 0, then by the continuity of Ysqp(-) and Yr_s(-,-), we deduce from (2.16) that
Ur_s(a,b) = 0 for any 0 < s < a®> Ab*> Ar. By iterating this procedure, we would get that
Yy(a,b) =0 for all 0 < v < r; but this contradicts with the fact that for any fived a < 0 < b,

2b—a b—2a

Uy(a,b) ~ 4 pu(20 —a) +4

pu(b — 2a), v — 0,

which is positive for all small v. Hence ¥(a,b) > 0 for anyr >0 and a < 0 < b.

Remark 6. If we enlarge the filtration only with My, it was known that (see Jeulin and Yor [8])

By =B + /Ot %(hM&MQ% - 1(MS:M1)]€(%)>, 0<t<l,
with B a Brownian motion in the filtration (F, V o{Mi})o<i<1 and k(x) :== efé W.
Let
Hyi= [ WGLi),  with Wa(y) = 5 MZQQ;’LW yER,

By using (2.4), it is easy to check that Py-almost surely, Hy € L'(B) = L'(Pg,0{Bs,0 <
s < 1}). Write dy1(€,m) for the distance in L(B) for any ¢,n € LY(B).

Lemma 7. P(dW)-almost surely,
dri(Hx,Kp) — 0, as A — 0o,

where Kp is defined in (1.2). Moreover, Py -almost surely for any § € Kp, liminfy_, d(Hy,&) =
0.

IN

It easy to see that Kp C L'(B), since by Cauchy-Schwarz’ inequality, (f%l f(w)dLl(x))2
(le(x)de)(fxl(f(x))de) < sup, Li(x) € LP(B) for any p > 0.

Proof: Let ¢ > 0. Applying Theorem 3 to s = my and r = M7, we get that Py -a.s. for all large
A > Ao(W), there exists a (random) function f = fi € Ky, ay such that sup,,, <<, [Wa(z) —
f(x)] <e. Let g(x) := Wix(x) — f(z). Notice that sup,, <,<n, |9(7)| < €, and conditioned on

W, g is measurable with respect to o{my, M;}. By Lemma 4, H fg(x)dLl(x)Hl < c¢1e. Hence

dri(Hx,Kp) — 0. The another part of the Lemma is again a consequence of Strassen’s law of
iterated logarithm (Theorem 3) and Lemma 4. [

We now are ready to give the proof of Theorems 2 and 1.
Proof of Theorem 2. Firstly, we remark that by Brownian scaling, Py-a.s.,

Z: () Mg
B —/m1 WW(\/Ey)dLl(y). (2.18)

In fact, by the change of variables z = yv/t, we get

/:O Li(x)dW (z) = \/g/:" (%ﬁ) W
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which has the same distribution as
—+o0
Vi [ nwdwv
— 0

from the scaling property of the local time of the Brownian motion. Since (Lji(z))zer is a
continuous semi-martingale, independent from the process W, from the formula of integration
by parts, we get that Py -a.s.,

Vi [ o = o [ () ar),

- t1/4

yielding (2.18). Theorem 2 follows from Lemma 7. [J

Proof of Theorem 1. We use the strong approximation of Zhang [15] : there exists on a
suitably enlarged probability space, a coupling of £, S, B and W such that (£, W) is independent
of (S, B) and for any ¢ > 0, almost surely,

1 1
max |K(m)— Z(m)| = o(n2 @5 ) n - 40 (2.19)
0<m<n

From the independence of ({,W) and (S, B), we deduce that for P-a.e. (&, W), under the
quenched probability P(.|¢, W), the limit points of the laws of K, and Z, are the same ones.
Now, by adapting the proof of Theorem 2, we have that for P-a.e. (£,W), under the quenched
probability P(.|¢, W), the limit points of the laws of Z,, as n — oo, under the topology of weak
convergence of measures, are equal to the closure of the laws of random variables in Kp. It gives
that for P-a.e. (£, W), under the quenched probability P(.|¢, W), the limit points of the laws of
K, as n — oo, under the topology of weak convergence of measures, are equal to the closure of
the laws of random variables in g and Theorem 1 follows. [

Acknowledgments. We are grateful to Mikhail Lifshits for Remark 5.

REFERENCES

[1] Ben Arous, G. and Cerny, J., (2007) Scaling limit for trap models on Z%, Ann. Probab. 35 (6), 2356 — 2384.

[2] Bolthausen, E. (1989) A central limit theorem for two-dimensional random walks in random sceneries, Ann.
Probab. 17, 108—-115.

[3] Borodin, A.N. (1979) A limit theorem for sums of independent random variables defined on a recurrent
random walk, Dokl. Akad. nauk SSSR 246 (4), 786 — 787.

[4] Borodin, A.N. (1979) Limit theorems for sums of independent random variables defined in a transient random
walk, in Investigations in the Theory of Probability Distributions, IV, Zap, Nauchn. Sem. Leningrad. Otdel.
Mat. Inst. Steklov. (LOMI) 85, 17-29. 237 244.

[5] Csaki, E., Konig, W. and Shi, Z. (1999) An embedding for the Kesten-Spitzer random walk in random
scenery, Stochastic Process. Appl. 82 (2), 283-292.

[6] Guillotin-Plantard, N. and Poisat, J. (2013) Quenched central limit theorems for random walks in random
scenery, Stochastic Process. Appl. 123 (4), 1348 — 1367.

[7] Guillotin-Plantard, N., Poisat, J. and Dos Santos, R.S. (2013) A quenched central limit theorem for planar
random walks in random sceneries, Submitted.

[8] Jeulin, T. and Yor, M. (1977) Grossissement d’une filtration et semi-martingales: formules explicites. Sémi-
naire de Probabilités, XII, 78 — 97, Lecture Notes in Math., 649, Springer, Berlin, 1978.

[9] Kesten, H. and Spitzer, F. (1979) A limit theorem related to a new class of self-similar processes, Z. Wahrsch.
Verw. Gebiete 50 (1), 5-25.

[10] Khoshnevisan, D. and Lewis, T.M. (1998) A law of the iterated logarithm for stable processes in random
scenery, Stochastic Process. Appl. 74 (1), 89-121.

[11] Mansuy, R. and Yor, M. (2006) Random times and enlargements of filtrations in a Brownian setting. Lecture
Notes in Mathematics, 1873. Springer-Verlag, Berlin.

[12] Perkins, E. (1982). Local time is a semimartingale. Z. Wahrsch. Verw. Gebiete 60 no. 1, 79 — 117.

[13] Revuz, D. and Yor, M. (1999). Continuous martingales and Brownian motion. Third edition. Springer-Verlag,
Berlin.

[14] Strassen, V. (1964). An invariance principle for the law of the iterated logarithm. Z. Wahrsch. Verw. Gebiete
3, Issue 3, 211 — 226.



11

[15] Zhang, L. (2001) The strong approximation for the Kesten-Spitzer random walk. Statistics & Probability
Letters 53, 21 — 26.



