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Existence's results for parabolic problems related to fully non linear operators degenerate or singular

In this paper we prove some existence and regularity results concerning parabolic equations

with some boundary conditions, on Ω×]0, T [, where Ω is some bounded domain which possesses the exterior cone property and F is some fully nonlinear elliptic operator, singular or degenerate.

Introduction

In this paper we consider parabolic equations

u t = F (x, ∇u, D 2 u) + h(x, t) • ∇u|∇u| α + f (x, t) in Q T u(x, t) = ψ(x, t)
on ∂Q T where Q T = Ω×]0, T [ and Ω is some bounded domain in IR N and T > 0.

Here u t , ∇u, D 2 u denote respectively the derivative of u with respect to t, the gradient and the hessian with respect to x.

The operator F is uniformly elliptic, homogeneous of degree α, α > -1 with respect to the gradient, and positively homogeneous of degree 1 with respect to the hessian. This operator can be either degenerate (α > 0) or singular (α < 0).

A typical example is the α+2-Laplace operator, the operators |∇u| α M(D 2 u), where M is one of the Pucci's operators, but we also present some non divergence type extension of the α + 2 Laplacian.

Our purpose here is to present a convenient and new definition of viscosity solutions for this class of parabolic equations, the difficulty being that since the operator F is not defined on points where the gradient is zero, one cannot "test" such points. In the stationary case [START_REF] Birindelli | Comparison principle and Liouville type results for singular fully nonlinear operators[END_REF] this difficulty is overcome by just "not testing" , unless the function be locally constant. Here the situation is more involved and requires some testing.

The existence of solutions for the Dirichlet problem is obtained using classical tools : The existence of lower and upper barriers, a comparison theorem and "Perron's method ". In the present article, most of these results require new technics.

For the sake of completeness, we establish some Hölder's regularity result, under the assumptions that f is continuous and bounded in space and Hölder's in time, and ψ is Hölderian in space and Lipschitz in time.

The case of Ω = IR N is also treated, assuming that the data are uniformly continuous and bounded.

Analogous problems were studied by Crandall, Kocan, Lions, and Swiech in [START_REF] Crandall | Swiech Existence's results for boundary problems for uniformly elliptic and parabolic fully non linear equation ejde[END_REF] for the case of Pucci's operators, by Ishii and Souganidis, [START_REF] Ishii | Souganidis Generalized motion of non compact hyperbolic surfaces with velocity haing arbitrary growth on the curvature tensor Tohoku Math[END_REF] for operators singular or degenerate and homogeneous of degree 1, by Onhuma and Sato, [START_REF] Ohnuma | Singular degenerate Parabolic equations with applications to the p-Laplace diffusion equation[END_REF] in the case of the p-Laplacian, and by Evans and Spruck, [START_REF] Evans | Spruck Motion of level sets by mean curvature, IV, I[END_REF] for the mean curvature equations.

In [START_REF] Ohnuma | Singular degenerate Parabolic equations with applications to the p-Laplace diffusion equation[END_REF] the authors consider the case of the p-Laplacian and a right hand side equals to zero. They give a convenient definition of viscosity solution which provides a comparison principle. This definition requires to introduce a set of admissible test functions when the gradient of u is zero. In [START_REF] Juutinen | On the evolution governed by the infinity Laplacian Math[END_REF] , Juutinen and Kawhol treat the case of the infinite Laplacian when the right hand side f is zero and the domain is regular. Let us note that their situation is analogous to the present one when α = 0. In their case the operator is linear with respect to D 2 u but it is not well defined on points where the gradient is zero. Though the operator that they consider does not satisfy (H2) one can adapt the definition of viscosity solutions that they propose to our case, and vice versa. That is the reason why we have considered interesting to check the equivalence between their solutions and ours, as well as for the solutions in the sense of Ohnuma and Sato (see the appendix). This paper is organized as follows : In section 2 we give the assumptions on the operator F and we present the notion of viscosity solution which will be adopted in the paper. In section 3 we establish some comparison theorem and exhibit the lower and upper barriers which will allow to get some existence's result in section 4, where we precise the "Perron's" method in the present context. We end the section by establishing some Hölder's regularity results on the solution.

Section 5 is devoted to the case of IR N ×]0, T [, under some assumptions of uniform boundedness of the data, f and ψ.

2

Hypothesis and definition of viscosity solutions.

In all that paper, (except in section 5) we shall assume that Ω is some bounded domain which satisfies the uniform exterior cone condition, i.e. we assume that there exist φ ∈ ]0, π[ and r > 0 such that for any z ∈ ∂Ω and for an axe through z of direction n z , the infinite cone T φ defined as

T φ = {x : (x -z) • n z |z -x| ≤ cos φ}, satisfies T φ ∩ Ω ∩ B r(z) = {z}.
For a real T positive let Q T = Ω×]0, T [. We denote by ∂Q T the parabolic boundary (∂Ω × [0, T ]) ∪ (Ω × {0}).

Let α > -1, 0 < a < A be given, let S be the space of symmetric (N, N ) matrices, and suppose that F satisfies (H1) F is continuous on Ω × IR N \ {0} × S → IR and ∀t ∈ IR ⋆ , µ ≥ 0, for all

x ∈ Ω, p = 0 and X ∈ S, F (x, tp, µX) = |t| α µF (x, p, X). Concerning h, it is assumed to be continuous and bounded on Q T with values in IR N , and to satisfy (H4) :

There exists ω h ≤ 1 and c h > 0 such that for all (x, t), (x, s) in

Q T |h(x, t) -h(x, s)| ≤ c h |t -s| ω h .
Furthermore -Either α ≤ 0 and for all (x, y) in Ω and t ∈]0, T [

|h(x, t) -h(y, t)| ≤ c h |x -y| 1+α
-or α > 0 and for all (x, y) in Ω and t ∈]0, T [ (h(x, t) -h(y, t) • x -y) ≤ 0.

Examples 1) Let 0 < a < A be given and M + a,A be the Pucci's operator

M + a,A (N ) = Atr(N + ) -atr(N -)
where N ± denotes the positive and negative parts of the matrix N , M - a,A (N ) = -M + a,A (-N ). Then F defined as

F (x, p, M ) = |p| α M ± a,A (M )
satisfies (H1), (H2).

2) Let α > -1, then the α + 2-Laplace operator

F (p, M ) = |p| α tr(M ) + α M p |p| , p |p| 
satisfies (H1) and (H2).

3) Suppose that 1 < q ≤ 2, c(q) ≥ q -2, suppose that B is some uniformly invertible matrix, with Lipschitz coefficients on Ω, and define F (x, p, N ) = |p| q-2 tr(B 2 (x)N ) + c(q)|p| q-4 (N (B(x)p, B(x)p)).

Then F satisfies (H1), (H2), (H3), (see [START_REF] Birindelli | Comparison principle and Liouville type results for singular fully nonlinear operators[END_REF]).

Concerning the right hand side f , we shall assume that it is at least continuous and will precise further regularity when it will be needed.

We now give the definition of viscosity solutions adapted to our context. It is well known that when dealing with viscosity respectively sub-and super-solutions one is lead to introduce the upper and lower semi-continuous envelope of u, i.e.

u ⋆ (x, t) = lim sup (y,τ ),|(y,τ )-(x,t)|≤r u(y, τ ) and u ⋆ (x, t) = lim inf (y,τ ),|(y,τ )-(x,t)|≤r u(y, τ ).
It is easy to see that u ⋆ ≤ u ≤ u ⋆ and u ⋆ is upper semicontinuous (USC), u ⋆ is lower semicontinuous (LSC). See e.g. [START_REF] Crandall | Lions User's guide to viscosity solutions of second order partial differential equations[END_REF][START_REF] Ishii | Viscosity solutions of non-linear partial differential equations Sugaku Expositions[END_REF].

In the sequel C 1,2 denotes the space of functions which are C 1 in the time variable, and C 2 in space.

Definition 1 We shall say that u, locally bounded, is a viscosity sub-solution of

u t -F (x, ∇u, D 2 u) -h(x, t) • ∇u|∇u| α = f (x, t) in Ω × (0, T ) if , for any (x, t) ∈ Ω × (0, T ),
• For all ϕ ∈ C 1,2 such that (u ⋆ -ϕ) has a local maximum on (x, t) with ∇ϕ(x, t) = 0

ϕ t (x, t) -F (x, ∇ϕ(x, t), D 2 ϕ(x, t)) -h(x, t) • ∇ϕ|∇ϕ| α (x, t) ≤ f (x, t).
• or, If there exists δ 1 and ϕ

∈ C 1 (] t -δ 1 , t + δ 1 [), such that for any t ∈ ] t -δ 1 , t + δ 1 [ u ⋆ (x, t) -ϕ( t) ≥ u ⋆ (x, t) -ϕ(t), and sup 
t∈] t-δ 1 , t+δ 1 [ (u ⋆ (x, t) -ϕ(t)) is constant in a neighborhood of x, then ϕ ′ ( t) ≤ f (x, t).
u, locally bounded, is a viscosity super-solution of

u t -F (x, ∇u, D 2 u) -h(x, t) • ∇u|∇u| α = f (x, t) in Ω × (0, T ) if, for any (x, t) ∈ Ω × (0, T ),
• For all ϕ ∈ C 1,2 such that (u ⋆ -ϕ) has a local minimum on (x, t) with ∇ϕ(x, t) = 0,

ϕ t (x, t) -F (x, ∇ϕ(x, t), D 2 ϕ(x, t)) -h(x, t) • ∇ϕ|∇ϕ| α (x, t) ≥ f (x, t).
• or, if there exists δ 1 and ϕ

∈ C 1 (] t -δ 1 , t + δ 1 [) such that for any t ∈ ] t -δ 1 , t + δ 1 [ u ⋆ (x, t) -ϕ( t) ≤ u ⋆ (x, t) -ϕ(t) and inf t∈] t-δ 1 , t+δ 1 [ (u ⋆ (x, t) -ϕ(t)) is locally constant in a neighborhood of x, then ϕ ′ ( t) ≥ f (x, t).
Finally a locally bounded function u is a viscosity solution when u is both a viscosity sub-and super-solution.

Remark 1 In the case where u does not depend on x, we recover the definition of viscosity solutions in [START_REF] Birindelli | Comparison principle and Liouville type results for singular fully nonlinear operators[END_REF], [START_REF] Birindelli | Eigenvalue, maximum principle and regularity for fully non linear homogeneous operators[END_REF].

Remark 2

We prove in the appendix that the solutions in the sense of definition 1 are the same as those of Onhuma and Sato in the case where α = 0, and to those of Juutinen and Kawohl in the case of the infinity Laplacian.

Remark 3 For convenience of the reader we recall the definition of semi-jets for parabolic problems :

J 2,+ u(x, t) = {(q, p, X) ∈ IR × (IR N ) ⋆ × S, q(t -t) + p.(x -x) + 1 2 t (x -x)X(x -x) + o(|t -t|) + o(|x -x| 2 ) ≥ u(x, t) -u(x, t)} and J 2,-u(x, t) = {(q, p, X) ∈ IR × (IR N ) ⋆ × S, q(t -t) + p.(x -x) + 1 2 t (x -x)X(x -x) + o(|t -t|) + o(|x -x| 2 ) ≤ u(x, t) -u(x, t)}
and the closed semi-jets

J2,+ u(x, t) = {(q, p, X) ∈ IR × (IR N ) ⋆ × S, ∃ (x n , t n ) → (x, t) and (q n , p n , X n ) ∈ J 2,+ u(x n , t n ), (u(x n , t n ), q n , p n , X n ) → (u(x, t), q, p, X)} J2,-u(x, t) = {(q, p, X) ∈ IR × (IR N ) ⋆ × S, ∃ (x n , t n ) → (x, t) and (q n , p n , X n ) ∈ J 2,-u(x n , t n ), (u(x n , t n ), q n , p n , X n ) → (u(x, t), q, p, X)}.
It is classical that one can deal with closed semi jets in place of semi jets or test functions, as it can be seen from [START_REF] Ishii | Viscosity solutions of non-linear partial differential equations Sugaku Expositions[END_REF], [START_REF] Crandall | Lions User's guide to viscosity solutions of second order partial differential equations[END_REF].

In the following we shall denote by 1 {f } the equation

u t = F (x, ∇u, D 2 u) + h(x, t) • ∇u|∇u| α + f (x, t)
and when ψ is a continuous function defined on ∂Q T , by 1 {f,ψ} the boundary value problem

u t = F (x, ∇u, D 2 u) + h(x, t) • ∇u|∇u| α + f (x, t) for (x, t) ∈ Q T u(x, t) = ψ(x, t) for (x, t) ∈ ∂Q T Remark 4 It is immediate to see that if u is a sub-solution (respectively super- solution) of 1 {f } and if ϕ is some C 1 function depending only on t, (x, t) → u(x, t) + ϕ(t) is a sub-solution (respectively super-solution) of 1 {f +ϕ ′ } .
3 Comparison principle and barriers.

In all this section we assume that Ω is some bounded domain which satisfies the uniform exterior cone condition, that F satisfies (H1), (H2), (H3), and h satisfies (H4). We begin to prove some comparison principle for the operator u t -F (x, ∇u, D 2 u)-h(x, t)•∇u|∇u| α . One of its consequences is the uniqueness of the solutions for 1 {f,ψ} .

Theorem 1 Suppose that u is a bounded sub-solution for 1 {g} and v is a bounded super solution for 1 {f } , with g ≤ f in Ω×]0, T [, g being upper semicontinuous and f being lower semicontinuous. Suppose that

u ⋆ ≤ v ⋆ on ∂Q T , then u ⋆ ≤ v ⋆ in Ω × [0, T [.
The proof of this theorem requires the following technical lemma whose proof is postponed for the sake of clearness.

Lemma 1 Suppose that Ω is some open set and 0 ∈ Ω. Suppose that u is a super-solution of

u t -F (x, ∇u, D 2 u) -h(x, t) • ∇u|∇u| α ≥ f (x, t) in Q T = Ω×]0, T [ and suppose that C 1 is some constant , that ϕ is some C 1 function on ]0, T [, that k > sup(2, α+2
α+1 ) and (0, t) ∈ Ω×]0, T [ are such that for some

δ 1 > 0 inf x∈B(0,δ 1 ),|t-t|<δ 1 (u(x, t) -ϕ(t) + C 1 |x| k ) = u(0, t) -ϕ( t) Then ϕ ′ ( t) ≥ f (0, t).
Proof of theorem 1 : Suppose by contradiction that u ⋆ (x, t) > v ⋆ (x, t) for some (x, t)

∈ Q T , let κ > 0 be such that 2κ T - t < (u ⋆ -v ⋆ )(x, t) 2 . Note that u 1 (x, t) := u ⋆ (x, t) -κ T -t is a strict sub-solution, v 1 (x, t) := v ⋆ (x, t) + κ T -t is a strict super-solution and u 1 -v 1 > 0 somewhere in Q T . Moreover the maximum of u 1 -v 1 cannot be achieved in |t -T | < T - t 2 , since in that set one has u ⋆ - K T -t -(v ⋆ + K T -t ) ≤ sup(u ⋆ -v ⋆ ) - 4κ T - t while u ⋆ (x, t) - K T - t -(v ⋆ (x, t) + K T - t) ≥ sup(u ⋆ -v ⋆ ) - 2κ T - t.
In the sequel we replace u by u -κ T -t which is a sub-solution of 1 {f -κ (T -t) 2 } and v by v + κ T -t which a super-solution of 1 {f + κ (T -t) 2 } . We define for j ∈ N and for k > sup(2, α+2 α+1 , 2(1+α) ω h ),

Ψ j (x, t, y, s) = u ⋆ (x, t) -v ⋆ (y, s) - j 2 |t -s| 2 - j k |x -y| k
Then ψ j achieves its maximum on (x j , t j , y j , s j ) ∈ (Ω×]0, T [) 2 . It is easy and classical to check that the sequences (x j , t j ), and (y j , s j ) both converge to (x, t) which is a maximum point for u ⋆ -v ⋆ , and that j|s j -

t j | 2 + j|x j -y j | k → 0.
We want to prove that for j large enough x j = y j . Suppose not i.e. x j = y j then (y, s)

→ v ⋆ (x j , s j ) - j k |x j -y| k - j 2 |s -t j | 2 + j 2 |t j -s j | 2
would achieve v ⋆ by below at (x j , s j ). Then applying Lemma 1 in its form for super-solutions with C 1 = j k , ϕ being replaced by t → v ⋆ (x j , s j ) -j 2 |t -t j | 2 + j 2 |t j -s j | 2 , 0 being replaced by x j , and t by s j one would get that -j(s j -t j ) ≥ κ T 2 + f (x j , s j ). On the other hand

(x, t) → u ⋆ (x j , t j ) + j k |x j -x| k + j 2 |t -s j | 2 - j 2 |t j -s j | 2
would achieve u ⋆ by above on (x j , t j ). Using Lemma 1 in its form for subsolutions, ϕ being replaced by t → u(x j , t j )

+ j 2 |t -t j | 2 -j 2 |t j -s j | 2 , 0 by x j , C 1 by -j k , one gets that j(t j -s j ) ≤ g(x j , t j ) - κ T 2 .
Substracting the two inequalities, passing to the limit and using the upper semicontinuity of g and the lower semicontinuity of f , one gets that lim j→+∞ j(t j -s j ) + j(s j -t j ) ≤ -2κ

T 2 + lim sup j→+∞ (g(x j , t j ) -f (x j , s j )) ≤ - 2κ T 2
which is a contradiction. We have then proved that x j = y j . By Ishii's lemma [START_REF] Crandall | Lions User's guide to viscosity solutions of second order partial differential equations[END_REF], (see also lemma 2.1 in [START_REF] Birindelli | Comparison principle and Liouville type results for singular fully nonlinear operators[END_REF]) there exist (X j , Y j ) ∈ S 2 , with (j(t j -s j ), j|x j -

y j | k-2 (x j -y j ), X j ) ∈ J2,+ u ⋆ (x j , t j ) (j(t j -s j ), j|x j -y j | k-2 (x j -y j ), -Y j ) ∈ J2,-v ⋆ (y j , s j )
and for some positive constant c

X j 0 0 Y j ≤ cj|x j -y j | k-2 I -I -I I
This implies that, using assumption (H3) and the fact that j|x j -

y j | k → 0, κ T 2 + f (y j , s j ) ≤ j(t j -s j ) -F (y j , j|x j -y j | k-2 (x j -y j ), -Y j ) -j 1+α h(y j , s j ) • (x j -y j )|x j -y j | k-2+(k-1)α ≤ j(t j -s j ) -F (x j , j|x j -y j | k-2 (x j -y j ), X j ) + o(1) -j 1+α h(x j , t j ) • (x j -y j )|x j -y j | k-2+(k-1)α + o(1)
≤ g(x j , t j ) -κ T 2 + o(1).

In the previous inequalities we have used

|h(x j , t j ) -h(x j , s j )| |x j -y j | (k-1)(1+α) j 1+α ≤ c h |t j -s j | ω h j 1+α |x j -y j | (k-1)(1+α) ≤ (j|t j -s j | 2 ) ω h 2 (j|x j -y j | k ) (1+α)(k-1) k j 1+α k - ω h 2 = o(1)
and when α < 0

|h(x j , s j ) -h(y j , s j )||x j -y j | (k-1)(1+α) j 1+α ≤ j 1+α |x j -y j | k(1+α) = o(1).
Using the lower semicontinuity of f , the uppersemicontinuity of g and letting j go to +∞ we get a contradition.

Proof of Lemma 1 First replacing if necessary ϕ by ϕ(t) -C 2 |t -t| 2 for some constant C 2 > 0 and C 1 by some constant strictly larger, one can assume that the infimum is strict in x and t separately.

Clearly ψ(x, t) = ϕ(t)-C 1 |x| k -C 2 (t-t) 2 is a test function for u in (0, t) but its gradient with respect to x is zero. So we are going to prove that either the function t → ϕ(t) -C 2 |t -t| 2 is a " test" function as in the second case of the definition of viscosity super-solution and then the conclusion of the Lemma is immediate. Or, if this is not the case, then it is possible to construct a sequence of points tending to (0, t) for which there exists a test function whose gradient with respect to x is different from zero, but tends to zero on that sequence. Then passing to the limit we will get the required inequality.

Hence we suppose first that the function t → ϕ(t) -C 2 |t -t| 2 is as in the definition of viscosity super-solution i.e. we suppose that there exists δ 1 > 0, such that for all x ∈ B(0, δ 1 ),

inf |t-t|<δ 1 {v(x, t) -ϕ(t) + C 2 (t -t) 2 } = inf |t-t|<δ 1 {v(0, t) -ϕ(t) + C 2 (t -t) 2 }.
We claim that this infimum is achieved on (0, t). Indeed, the infimum is less or equal to v(0, t) -ϕ( t) and on the other hand it is more or equal to inf {x∈B(0,δ 1 ),|t-t|<δ 1 } {v(x, t)

+ C 1 |x| k -ϕ(t) + C 2 (t -t) 2 } which equals v(0, t).
Then the conclusion given in the definition of viscosity super-solution is in that case that ϕ ′ ( t) ≥ f (0, t).

We now suppose that we are not in this situation i.e. that x → inf |t-t|<δ 1 v(x, t)ϕ(t) + C 2 |t -t| 2 is not constant in a neighborhood of 0.

Recall that since the infimum is strict in x and t separately, for all δ > 0, δ < δ 1 there exists ǫ(δ) > 0 such that inf inf

{|t-t|>δ,x∈B(0,δ 1 )} {v(x, t)+ C 1 |x| k -ϕ(t) + C 2 (t -t) 2 }, inf {|t-t|≤δ 1 ,|x|>δ} {v(x, t) + C|x| k -ϕ(t) + C 2 (t -t) 2 } ≥ v(0, t) -ϕ( t) + ǫ(δ).
We choose δ 2 ≤ inf(

ǫ(δ) 4C 1 k(2δ 1 ) k-1 , δ). With that choice, for all x ∈ B(0, δ 2 ) inf {y∈B(0,δ 1 ),|t-t|≤δ 1 } {v(y, t) + C 1 |x -y| k -ϕ(t) + C 2 (t -t) 2 } ≤ v(0, t) -ϕ( t) + ǫ(δ) 4 11 while inf {|y|>δ,|t-t|≤δ 1 } {v(y, t) -ϕ(t) + C 1 |y -x| k + C 2 (t -t) 2 } ≥ v(0, t) -ϕ( t) + 3ǫ(δ) 4 ,
and one also has

inf {y∈B(0,δ 1 ),|t-t|>δ} {v(y, t) -ϕ(t) + C|x -y| k + C 2 (t -t) 2 } ≥ v(0, t) -ϕ( t) + 3ǫ(δ) 4 .
This implies that for all x ∈ B(0, δ 2 )

inf {y∈B(0,δ 1 ),|t-t|<δ 1 } {v(y, t) + C 1 |y -x| k -ϕ(t) + C 2 (t -t) 2 } = inf {y∈B(0,δ),|t-t|≤δ} {v(y, t) + C 1 |y -x| k -ϕ(t) + C 2 (t -t) 2 }. (3.2) We now observe that x → inf |t-t|<δ 1 {v(x, t) -ϕ(t) + C 2 |t -t| 2 } is not constant in any neighborhood of 0, hence there exist (x δ , y δ ) ∈ B(0, δ 2 ) inf {|t-t|<δ 1 } {v(x δ , t)-ϕ(t)+C 2 |t-t| 2 } > inf {|t-t|<δ 1 } {v(y δ , t)-ϕ(t)+C 2 |t-t| 2 }+C 1 |x δ -y δ | k .
Hence inf

{y∈B(0,δ 1 ),|t-t|<δ 1 } {v(y, t) -ϕ(t) + C 1 |x δ -y| k + C 2 |t -t| 2 }
is achieved on some point (z δ , t δ ) with z δ = x δ . Indeed if it was achieved on (x δ , t δ ), for some t δ one would have

v(x δ , t δ ) -ϕ(t δ ) + C 2 |t δ -t| 2 = inf {y∈B(0,δ 1 ),|t-t|<δ 1 } {v(y, t) -ϕ(t) + C 1 |x δ -y| k + C 2 |t -t| 2 } ≤ inf {|t-t|<δ 1 } {v(y δ , t) -ϕ(t) + C 1 |y δ -x δ | k + C 2 |t -t| 2 } < inf {|t-t|<δ 1 } {v(x δ , t) -ϕ(t) + C 2 |t -t| 2 } ≤ v(x δ , t δ ) -ϕ(t δ ) + C 2 |t δ -t| 2 , a contradiction. Moreover using (3.2), the infimum is achieved in B(0, δ)×] t - δ, t + δ[.
From all this, one gets that (y,

t) → v(z δ , t δ ) + ϕ(t) -ϕ(t δ ) + C 1 |x δ -z δ | k - C 1 |x δ -y| k + C 2 (t δ -t) 2 -C 2 |t -t| 2 is a test function for v on (z δ , t δ ) and since v is a super-solution ϕ ′ (t δ ) -2C 2 (t δ -t) -F (-C 1 k|x δ -z δ | k-2 (z δ -x δ ), X δ ) + C 1+α 1 k 1+α |x δ -z δ | (k-1)(α+1)-1 h(z δ , t δ ) • (z δ -x δ ) ≥ f (z δ , t δ ) where X δ = -D 2 (C 1 |x δ -y| k ) | y=z δ . We have finally obtained that ϕ ′ (t δ ) -2C 2 (t δ -t) + AC 1+α 1 k 1+α |x δ -z δ | k(α+1)-α-2 + |h| ∞ k 1+α |x δ -z δ | (k-1)(α+1) ≥ f (z δ , t δ ). Using x δ ∈ B(0, δ 2 ) ⊂ B(0, δ), z δ ∈ B(0, δ), |t δ -t| ≤ δ, this implies that ϕ ′ (t δ ) + O(δ) + O(δ k(α+1)-α-2 ) ≥ f (z δ , t δ ).
Letting δ go to zero, using k > α+2 α+1 and the lower semicontinuity of f one gets the result. This ends the proof of lemma 1.

We now construct a super-solution and a sub-solution for 1 {f,ψ} We recall the existence's result of a global barrier in [START_REF] Birindelli | Eigenvalue and Dirichlet problem for fullynonlinear operators in non smooth domains[END_REF] :

Proposition 1 For all z ∈ ∂Ω, there exists some function W z , continuous on Ω, such that W z (z) = 0, W z > 0 in Ω \ {z}, which satisfies

F (x, ∇W z , D 2 W z ) + h(x, t) • ∇W z |∇W z | α ≤ -1 in Ω.
Furthermore ∇W z = 0 everywhere and there exist c > 0, c > 0 and γ ∈]0, 1[ which depend on the parameters of the cone, such that for all z ∈ ∂Ω and

x ∈ Ω c|z -x| γ ≤ W z (x) ≤ c|z -x| γ .
Remark 5 One can ask, up to change the constants γ and the constants c and c, that W z be such that -W z be a sub-solution of the equation

F (x, ∇V, D 2 V ) + h(x, t) • ∇V |∇V | α ≥ 1 in Ω.
The proof of Proposition 1 can be found in [START_REF] Birindelli | Eigenvalue and Dirichlet problem for fullynonlinear operators in non smooth domains[END_REF].

We now give some existence's result of super-solutions and sub-solutions for the parabolic problem.

Proposition 2 Suppose that ψ is continuous on ∂Q T and that f is uniformly bounded. Then there exists a continuous super-solution W for 1 {|f |∞,ψ} .

Under the same assumptions there exists a continuous sub-solution V for

1 {-|f |∞,ψ} . Proof of Proposition 2.
We prove the proposition assuming that ψ is Hölder's continuous of exponent γ in space and Lipschitz in time, because in that case we provide a formula which will be more explicit for the proof of the Hölder's continuity later. We shall give later the changes to bring when ψ is only continuous.

Let c ψ be some holder's constant in space for ψ. We define

W 1 (x, t) := inf (z,τ )∈∂Ω×[0,T ] {ψ(z, τ )+ c ψ c + (|ψ t | ∞ + |f | ∞ ) 1 1+α W z (x)+|ψ t | ∞ |t-τ |}. Let us note that when (z, τ ) is fixed, (x, t) → c ψ c + (|ψ t | ∞ + |f | ∞ ) 1 1+α W z (x)+ |ψ t | ∞ |t -τ | is a super-solution of 1 {|f |∞} . Indeed, defining λ 2 = c ψ c + (|ψ t | ∞ + |f | ∞ ) 1 1+α , and λ 1 = (|ψ t | ∞ + |f | ∞ ) 1 1+α , -F (x, λ 2 ∇W z , λ 2 D 2 W z ) -h(x) • λ 2 ∇W z |λ 2 ∇W z | α = - λ 2 λ 1 1+α F (x, λ 1 ∇W z , λ 1 D 2 W z ) + h(x, t) • ∇(λ 1 W z )|∇(λ 1 W z )| α ≥ -F (x, λ 1 DW z , λ 1 D 2 W z ) -h(x, t) • ∇(λ 1 W z )|∇(λ 1 W z )| α ≥ |f | ∞ + |ψ t | ∞ Moreover in the viscosity sense , ∂ t (|t -τ |) ≥ -1.
This implies that all the functions in the infimum are super-solutions of 1 {|f |∞} . Since all the super-solutions in the infimum above have their gradient with respect to x = 0 everywhere, one can apply the classical result of [START_REF] Crandall | Lions User's guide to viscosity solutions of second order partial differential equations[END_REF], [START_REF] Ishii | Viscosity solutions of non-linear partial differential equations Sugaku Expositions[END_REF] on the infimum of super-solutions, to obtain that W 1 is a super-solution.

We need to prove that W 1 satisfies the boundary condition on the lateral boundary W 1 (x, t) := ψ(x, t) for x ∈ ∂Ω and t ∈ [0, T ] . Indeed first taking (x, t) in the infimum one gets W 1 (x, t) ≤ ψ(x, t). On the other hand for all (z, τ

) ∈ ∂Ω × [0, T ], ψ(z, τ ) + c ψ c c|x -z| γ + |ψ t | ∞ |t -τ | ≥ ψ(x, t
), which implies by considering the infimum, the reverse inequality.

The same arguments permit to check that W 1 (x, 0) ≥ ψ(x, 0) for all x ∈ Ω. We now define q 1 = sup{2, α+2 α+1 }, q = q 1 γ , c q = q(q -1)

1-q q , and also

K 2 = q 1 (diam Ω|h| ∞ + A(N + q 1 -2))(diam Ω) (q 1 -1)(1+α)-1 . (3.3)
Then, it is not difficult to see that for any positive constant K 1 and for all

y ∈ Ω (x, t) → K 1 |x -y| q 1 + K 1+α 1 K 2 t
is a super-solution of 1 {0} and then in particular taking K 1 = c q ψ c q q κ q-1 with c q defined above, for all κ ∈ IR + and y ∈ Ω

(x, t) → c q ψ c q q κ q-1 |x -y| q 1 + (|f | ∞ + |ψ t | ∞ )t + c q ψ c q q κ q-1 1+α K 2 t is a super-solution of 1 {|f |∞} .
We now define

W 2 (x, t) := inf y∈Ω,κ∈IR + {ψ(y, 0) + κ + c q ψ c q q κ q-1 |x -y| q 1 + (|f | ∞ + |ψ t | ∞ )t + c q ψ c q q κ q-1 1+α K 2 t},
W 2 being the infimum of super-solutions of 1 {|f |∞} , using Proposition 3 later in its form for super-solutions, it is a super-solution of 1 |f |∞ . We need to check that W 2 (x, 0) = ψ(x). On one hand, by taking y = x and t = 0 in the infimum one gets W 2 (x, 0) ≤ κ + ψ(x, 0) for all κ. On the second hand, we use the identity for q > 1, and for any positive number P

inf κ∈IR + {κ + P c q q κ q-1 } = P 1 q (3.4)
that we apply here with P = c q ψ |x -y| q 1 . This yields

W 2 (x, 0) = inf y∈Ω,κ∈IR + {ψ(y, 0) + κ + c q ψ c q q κ q-1 |x -y| q 1 } = inf y∈Ω {ψ(y, 0) + c ψ |x -y| γ } ≥ ψ(x, 0).
We need also to check that W 2 (x, t) ≥ ψ(x, t) when x ∈ ∂Ω. For that aim we use for all

x ∈ Ω W 2 (x, t) ≥ inf y∈Ω,κ∈IR + {ψ(y, 0) + κ + c q ψ c q q κ q-1 |x -y| q 1 } + |ψ t | ∞ |t| ≥ ψ(x, 0) + |ψ t | ∞ |t| ≥ ψ(x, t). We now define W (x, t) = inf(W 1 (x, t), W 2 (x, t))
Then W is a super-solution of 1 {|f |∞,ψ} Similarly one can define a sub-solution V by :

V (x, t) = sup(V 1 (x, t), V 2 (x, t))
where

V 1 (x, t) := sup (z,τ )∈∂Ω×[0,T ],κ∈IR + {ψ(z, τ ) - c ψ c + (|ψ t | ∞ + |f | ∞ ) 1 1+α W z (x) -|ψ t | ∞ |t -τ |} and V 2 (x, t) = sup y∈Ω,κ∈IR + {ψ(y, 0) -κ - c q ψ c q q κ q-1 |x -y| q 1 -(|f | ∞ + |ψ t | ∞ )t - c q ψ c q q κ q-1 1+α K 2 t}
and K 2 has been defined before. Then V is a sub-solution of 1 {-|f |∞,ψ} . This ends the construction in the case where ψ is Hölder continuous in space and Lipschitzian in time.

We now give the changes to bring when ψ is only continuous. The following construction is similar to the construction in [START_REF] Crandall | Swiech Existence's results for boundary problems for uniformly elliptic and parabolic fully non linear equation ejde[END_REF].

Let ω t ψ and ω x ψ be the modulus of continuity of ψ respectively in t and x, uniformly in the other variable, i.e.

ω t ψ (δ) = sup {t, τ,|t-τ |≤δ, x∈Ω} |ψ(x, t) -ψ(x, τ )|
and

ω x ψ (δ) = sup( sup {t∈[0,T ],(y,z)∈∂Ω, |y-z|≤δ} |ψ(y, t)-ψ(z, t)|, sup {(y,z)∈Ω, |y-z|≤δ} |ψ(y, 0)-ψ(z, 0)|)
and we define for κ > 0

c κ 1 = sup (x 1 ,x 2 )∈∂Ω×Ω, (ω x ψ (|x 1 -x 2 |) -κ) + W x 1 (x 2 )
and

c κ 2 = sup δ>0 (ω t ψ (δ) -κ) + δ c κ 3 = sup δ>0 (ω x ψ (δ) -κ) + δ q 1
Then the barriers are given by

W 1 (x, t) = inf κ∈IR + ,z∈∂Ω,τ ∈[0,T ] {ψ(z, τ )+2κ+ c κ 1 + (|f | ∞ + c κ 2 ) 1 1+α W z (x)+c κ 2 |t-τ |}, W 2 (x, t) = inf κ∈IR + ,y∈Ω {ψ(y, 0) + 2κ + c κ 3 |x -y| q 1 + K 2 (c κ 3 ) 1+α + |f | ∞ + c κ 2 t}
and W = inf(W 1 , W 2 ). Similarly we define the sub-solution V . This ends the proof of Proposition 2.

Let us observe that using the comparison principle in theorem 1,

V ≤ W.
4 Existence and regularity.

In this section we assume as in section 3 that Ω is some bounded domain which satisfies the uniform exterior cone condition, that F satisfies (H1), (H2), (H3), and h satisfies (H4). We also assume that f and ψ are continuous and bounded.

For the regularity results presented later, we shall suppose in addition that ψ is Hölderian in space , lipschitzian in time and f is Hölderian in time.

We first prove, using Perron's method, and with the aid of the sub and supersolutions defined in section 3, that there exists a unique continuous solution u of

u t -F (x, ∇u, D 2 u) -h(x, t) • ∇u|∇u| α = f in Q T u(x, t) = ψ(x, t) for (x, t) ∈ ∂Q T .
Next we prove some Hölder's estimates on this solution.

We consider V and W as in section 3 before, we recall that V ≤ W , V is a sub-solution, and W is a super-solution. Let

E = {u, sub -solution of 1 {f,ψ} , V ≤ u ≤ W }.
We need to prove that if ū =: sup E, the lower semi-continuous enveloppe ū⋆ is a super solution of 1 {f,ψ} , while ū⋆ is a sub-solution. This can be done using the two following propositions : Proposition 3 Suppose that Ω is some open set in IR N . Suppose that (u n ) is some locally uniformly bounded sequence of sub-solutions for

u nt -F (x, ∇u n , D 2 u n ) -h(x, t) • ∇u n |∇u n | α ≤ f.
Let ū be defined as

ū(x, t) = lim sup r→0 {u n (y, s), n ≥ 1 r , |t -s| + |y -x| ≤ r}.
Suppose that f is upper semicontinuous. Then ū is a sub-solution .

Proposition 4 Suppose that f is continuous and V and W are respectively sub-solution and super-solution with V ≤ W, and let ū = sup{sub -solutions ≤ W }. Then ū is a super-solution, hence it is a solution.

Proof of Proposition 3 ū is upper semicontinuous by construction. We assume that we are in the "exceptional " case, ie that (x, t) is such that there exists ϕ ∈ C 1 which depends only on t, and there exists some δ 1 , such that sup |t-t|≤δ 1 (ū(x, t) -ϕ(t)) = ū(x, t) -ϕ( t), and x → sup |t-t|≤δ 1 (ū(x, t) -ϕ(t)) is constant on B(x, δ 1 ). Then max x∈B(x,δ 1 ),|t-t|≤δ 1 (ū(x, t) -ϕ(t)) = ū(x, t) -ϕ( t).

Let k > sup(2, α+2 α+1 ). We also have sup {x∈B(x,δ 1 ),|t-t|<δ

1 } {ū(x, t) -ϕ(t)) -|x - x| k -|t -t| 2 } = ū(x, t) -ϕ( t)
and the supremum is strict in x and t separately.

Let us consider

sup x∈B(x,δ 1 ),|t-t|<δ 1 {u ⋆ n (x, t) -ϕ(t) -|x -x| k -|t -t| 2 }
This supremum is achieved on some (x n , t n ). We begin to observe that u ⋆ n (x n , t n ) → ū(x, t). Indeed by the definition of ū, there exists (y n , s n ) which goes to (x, t) and

u ⋆ n (y n , s n ) → ū(x, t). Then u ⋆ n (x n , t n ) -ϕ(t n ) -|x n -x| k -|t n - t| 2 ≥ u ⋆ n (y n , s n ) -ϕ(t n ) -|y n -x| k -|s n -t| 2 → ū(x, t), which implies that lim inf u ⋆ n (x n , t n ) ≥ ū(x, t
). On the other hand, using the definition of ū lim sup

n u ⋆ n (x n , t n ) ≤ ū(x, t).
Moreover since the supremum is strict, (x n , t n ) → (x, t). We now distinguish the case where x = x n for an infinity of n and x = xn for all n large. If x = x n for an infinity of n, using the fact that (x, t) → ϕ(t) + |x -x| k + |t-t| 2 is a test function for u ⋆ n on (x n , t n ), with a non zero gradient with respect to x on (x n , t n ), one gets that

ϕ ′ (t n ) + 2(t n -t) -Ak 2+α |x n -x| k(α+1)-α-2 -k 1+α |h| ∞ |x n -x| (k-1)(α+1) ≤ ϕ ′ (t n ) + 2(t n -t) -F (k|x n -x| k-2 (x n -x), D 2 (|x -x| k )(x n )) -h(x n , t n ) • (x n -x)k 1+α |x n -x| (k-1)(α+1)-1 ≤ f (x n , t n )
This gives the result by passing to the limit since k > α+2 α+1 and f is upper semicontinuous. We now suppose that x n = x for all n large enough. Then using lemma 1 in its form for sub-solutions one gets that

ϕ ′ (t n ) + 2(t n -t) -0 ≤ f (x, t n ).
Once more by passing to the limit and using the upper semi continuity of f we get the desired result.

When we are not in the "exceptional case", one can argue as in [START_REF] Ishii | Viscosity solutions of non-linear partial differential equations Sugaku Expositions[END_REF] and [START_REF] Birindelli | Eigenvalue and Maximum principle for fully nonlinear singular operators Advances in Partial Diff[END_REF], Proposition 5.2, so we finally get that ū is a sub-solution.

Proof of Proposition 4

First case We suppose by contradiction that there exists some point (x, t), some ǫ > 0 and some ϕ ∈ C 1,2 such that ∇ϕ(x, t)) = 0 and

ϕ t (x, t) -h(x, t) • ∇ϕ(x, t)|∇ϕ(x, t)| α -F (x, ∇ϕ(x, t), D 2 ϕ(x, t)) ≤ f (x, t) -ǫ and (ū ⋆ -ϕ) ≥ (ū ⋆ -ϕ)(x, t) = 0 on B(x, δ 1 ) × {|t -t| < δ 1 }, for some δ 1 > 0.
We prove first that ū⋆ (x, t) < W (x, t). If not ϕ achieves also W by below on (x, t) and since W is a super-solution one has

ϕ t (x, t) -h(x, t) • ∇ φ(x, t)|∇ φ(x, t)| α -F (x, ∇ϕ(x, t), D 2 ϕ(x, t)) ≥ f (x, t)
a contradiction. We have then ϕ(x, t) < W (x, t).

Let φ be defined as φ(x, t) = ϕ(x, t) -|x -x| k -|t -t| k which achieves also ū⋆ by below on a neighborhood of (x, t). Moreover the infimum of ū⋆ -φ on (x, t) is strict in x and t separately. Using the continuity of F , h , φ, ∇ φ, D 2 φ, let δ < δ 1 small enough in order that for all (x, t)

∈ {|x -x| ≤ δ} × {|t -t| ≤ δ}, | φt (x, t) -φt (y, t)| + |h(x, t) • ∇ φ(x, t)|∇ φ(x, t)| α -h(y, t) • ∇ φ(y, t)|∇ φ(y, t)| α | + |F (y, ∇ φ(y, t), D 2 φ((y, t)) -F (x, ∇ φ(x, t), D 2 φ(x, t))| + |f (x, t) -f (y, t)| ≤ ǫ 2 ,
and (W -φ)(x, t) > 0. Let 0 < r < inf {|x-x|≤δ}×{|t-t|≤δ} (W -φ), and r < δ k 2 k-1 . We define w = sup( φ + r, ū⋆ ) in B(x, δ 1 ) × {|t -t| < δ 1 } and w = ū⋆ elsewhere. Then w(x, t) = ϕ(x, t) + r and when |x -x| + |t -t| > δ, w = ū⋆ . w is then a sub-solution which is greater than ū⋆ somewhere. We have reached a contradiction.

Second case We now assume that there (x, t) is such that , for some ǫ > 0, some δ 1 and for some ϕ in

C 1 ( t -δ 1 , t + δ 1 ) on has for |x -x| < δ 1 , inf {t, |t-t|<δ 1 } (ū ⋆ (x, t) -ϕ(t)) = ū⋆ (x, t) -ϕ(x, t) = 0 with ϕ t ( t) ≤ f (x, t) -ǫ. (4.5) 
We prove that ϕ(x, t) < W (x, t). Indeed, if not one would have

inf {x∈B(x,δ 1 )t∈] t-δ 1 , t+δ 1 [} (W (x, t) -ϕ(t)) = W (x, t) -ϕ( t),
and using lemma 1 one would obtain since W is a super-solution that

ϕ ′ ( t) ≤ f (x, t),
a contradiction with (4.5). We have then obtained that ϕ(x, t) < W (x, t). We define ϕ by φ(x, t) = ϕ(t) -|x -x| k -|t -t| k . then φ achieves u by below on (x, t) and the infimum of ū⋆ -φ is strict in x and t separately on that point.

Using the continuity of F , f , ∇ φ, D 2 φ one can choose δ < δ 1 small enough in order that for |x -x| ≤ δ and |t -t| ≤ δ,

φt (x, t) -h(x, t) • ∇ φ(x, t)|∇ φ(x, t)| α -F (x, ∇ φ(x, t), D 2 φ(x, t)) ≤ f (x, t) - ǫ 2 
and (W -φ)(x, t) > 0.

From this and using lemma 1 for the point (x, t) one sees that on |x -x| < δ and |t -t| ≤ δ, (x, t) → φ(x, t) is a sub-solution.

As before, we choose r < inf {|x-x|≤δ, |t-t|<δ} (W -φ)(x, t) and such that r < δ k 2 k-1 , we define w = sup( φ(x, t) + r, ū⋆ ) in the set {|x -x| < δ 2 , |t -t| < δ 2 }, then w is a sub-solution which coincides with ū⋆ (x, t) + r on (x, t) and with ū⋆ for |x -x| + |t -t| > δ. We have obtained a sub-solution which is less than W and strictly greater than ū⋆ on some open neighborhood of (x, t) . This contradicts the definition of ū and then ū⋆ is a super-solution. This ends the proof of Proposition 3.

By the comparison principle in Theorem 1, we get that ū⋆ ≥ ū⋆ , hence the function ū is continuous and it is the required solution. We have obtained the following existence's result : Theorem 2 Suppose that f and ψ are continuous and bounded on Q T . Then there exists a unique continuous solution of 1 {f,ψ} .

Remark 6

The uniqueness is given by the comparison principle.

We now prove some Hölder's estimate : Theorem 3 Let γ be given in Proposition 1.

Suppose that f is continuous, bounded on Q T , and Hölder's continuous of exponent γ f with respect to t, that ψ is Hölder's continuous with exponent γ with respect to x and Lipschitz in t, and let u be the solution of 1 {f,ψ} . Then there exists some constant c, such that for all (x, t), (y, s) in Q 2 T , and for

γ ⋆ = inf(γ f , γ 2(α+1)-αγ , γ α+2-αγ ) |u(x, t) -u(y, s)| ≤ c(|x -y| γ + |t -s| γ ⋆ ).
Corollary 1 Suppose that (f n ) is a sequence of continuous and uniformly bounded functions, uniformly Hölderian in t, and (ψ n ) is a sequence of functions uniformly Hölder's continuous in x and uniformly Lipshitzian in t, then the sequence (u n ) of solutions of 1 {fn,ψn} is uniformly bounded and uniformly Hölder's continuous.

In order to prove Theorem 3 we give three preliminary results, which establish some Hölder's estimates on the bottom and on the lateral boundary of Q T .

Proposition 5 Let ψ be an Hölder function with exponent γ in x and Lipshitz in t on ∂Q T , let f be continuous on Q T and let u be the solution of

∂ t u = F(x, ∇u, D 2 u) + h(x, t) • ∇u|∇u| α + f (x, t) in Q T u(x, t) = ψ(x, t) on ∂Q T
Then there exists some constant C 2 such that, for all (x, t)

∈ Ω×]0, T [ , |u(x, t) -ψ(x, 0)| ≤ C 2 t inf( γ 2(α+1)-αγ , γ α+2-αγ ) .

Proof.

By the comparison principle in theorem 1 one has

u(x, t) ≤ W (x, t) ≤ W 2 (x, t) ≤ ψ(x, 0) + inf κ∈IR + κ + c q ψ c q q κ q-1 1+α K 2 t + (|f | ∞ + |ψ t | ∞ )t = ψ(x, 0) + Ct 1 (q-1)(1+α)+1 + (|f | ∞ + |ψ t | ∞ )t
for some constant C which depends on (c ψ , A, a, q 1 , γ), computed with the aid of (3.4), replacing q by (q -1)(α + 1) + 1. This yields the result. The symmetric lower bound is obtained by considering V instead of W and arguing similarly.

As a consequence one has the following Proposition 6 We assume here that f is continuous on Q T , Hölder with respect to t, for some exponent γ f . Let u be a solution of 1 {f,ψ} . Then there exists C 2 depending on the Hölder's constant c ψ and c f of ψ and f respectively , such that for all x ∈ Ω and for all (t, s

) ∈]0, T [ 2 , |u(x, t + s) -u(x, t)| ≤ C 2 s γ ⋆ ,
where

γ ⋆ = inf( γ 2(α+1)-α , γ α+2-αγ , γ f ).
Proof of Proposition 6: Let c f be such that for all x ∈ Ω and for all (t, s) ∈ ]0,

T [×]0, T -t[, |f (x, t + s) -f (x, t)| ≤ c f s γ f .
We define for s fixed in ]0, T [, and

t ∈]0, T -s[ v(x, t) = u(x, t + s) + t c f s γ f + sup (x,t)∈∂Ω×]0,T -s[ |ψ(x, t + s) + c f ts γ f -ψ(x, t)| + sup x∈Ω |u(x, s) -ψ(x, 0)|. Then v satisfies on Ω×]0, T -s[ ∂ t v -F (x, ∇v, D 2 v) -h(x, t) • ∇v|∇v| α = f (x, t + s) + c f s γ f ≥ f (x, t).
Since u satisfies the opposite inequality on the same open set, and by construction v(x, t) ≥ u(x, t) on ∂Q T -s , one has by Theorem 1 u(x, t) -v(x, t) ≤ 0, which gives the result, redefining

C 2 = 2T 1+γ f -γ ⋆ +|ψ t | ∞ T 1-γ ⋆ +C 2 T 1 q(α+1)-α -γ ⋆ + C 2 .
For the reverse inequality, one uses for s fixed and for

t ∈]0, T -s[ v(x, t) = u(x, t + s) -t c f s γ f - sup (x,t)∈∂Ω×]0,T -s[ |ψ(x, t + s) + c f ts γ f -ψ(x, t)| -sup x∈Ω |u(x, s) -ψ(x, 0)|. Then, v satisfies on ]0, T -s[ v t -F (x, ∇v, D 2 v) -h(x, t) • ∇v|∇v| α ≤ f (x, t + s) -c f s γ f ≤ f (x, t)
and u(x, t) satisfies the opposite inequality on ]0, T -s[. Moreover v(x, t) ≤ u(x, t) on ∂Q T -s . Then Theorem 1 implies that

u(x, t + s) ≤ u(x, t) + C 2 s γ ⋆
with C 2 as above.

We now give an estimate on the lateral boundary :

Proposition 7
We assume that ψ is Hölder continuous of exponent γ with respect to x and Lipschitz with respect to t. Let u be a solution of 1 {f,ψ} . Then there exists C 1 such that for all (x, x o ) ∈ Ω × ∂Ω and t ∈ [0, T ),

|u(x, t) -u(x o , t)| ≤ C 1 |x -x o | γ .

Proof

We use once more the super-solution. Taking in the infimum defining W the point (x o , t) which is on the lateral boundary, and using the properties of the barrier, one has

u(x, t) ≤ W (x, t) ≤ W 1 (x, t) ≤ ψ(x o , t) + c ψ c W xo (x) + (|f | ∞ + |ψ t | ∞ ) 1 1+α W xo (x) ≤ ψ(x o , t) + ( c ψ c + (|f | ∞ + |ψ t | ∞ ) 1 1+α )c|x -x o | γ .
This gives the result with

C 1 = c( c ψ c + (|f | ∞ + |ψ t | ∞ ) 1 1+α 
).

One gets the lower bound by considering V instead of W . This ends the proof of Proposition 7.

We now prove Theorem 3. First observe that u is bounded as soon as f and ψ are bounded, due to Theorem 1, the inequalities V ≤ u ≤ W, and the definition of V and W .

In the following δ is some real < inf(1, 1 T ). Let us note that the uniform continuity of F on Ω × {|p| = 1} × {|X| = 1} and its homogeneity assumptions imply that there exists a continuous function ω, ω(0) = 0 such that for all (x, y) in Ω 2 , p = 0, ∀X ∈ S

|F (x, p, X) -F (y, p, X)| ≤ ω(|x -y|)|p| α |X|.
Let δ be small enough in order that, for C the universal constant defined in (4.8) later, one has ω(δ) < a 4C , and δ|h| ∞ < a C . We define

L = sup C 1 , 2|f | ∞ δ α+1-(α+2)γ a (γ) 1+α (1 -γ) 1 1+α , 2 sup u δ γ , 1 and M = sup(C 2 , 2 sup u δ γ ⋆ )
where C 1 is given in Proposition 7, and C 2 is given in Proposition 6. We also define

∆ δ = {((x, t), (y, s)) ∈ Q 2 T , |x -y| < δ, |t -s| < δ}. Claim For any (x, t), (y, s) ∈ ∆ δ Φ(x, t, y, s) := u(x, t) -u(y, s) -L|x -y| γ -M |t -s| γ ⋆ ≤ 0. (4.6)
To prove this claim, we argue by contradiction and suppose that the supremum of φ is positive. Then, for κ small enough > 0 the supremum of φ

-κ T -t -κ T -s
is also strictly positive. In the following we replace φ by φ -κ T -t -κ T -s . From the choice of the constants and Propositions 6 and 7 we know that the inequality (4.6) with the "new " φ holds on ∂∆ δ : Indeed if x ∈ ∂Ω, y ∈ Ω, and (t, s) ∈]0, T [ 2 , |s -t| < δ, using Proposition 7, one has

u(x, t) -u(y, s) = ψ(x, t) -ψ(x, s) + u(x, s) -u(y, s) ≤ |ψ t | ∞ |t -s| + C 1 |x -y| γ which gives the result since M ≥ C 2 ≥ |ψ t | ∞ T 1-γ ⋆ and L ≥ C 1 .
The same is true by exchanging x and y.

If |x -y| = δ or |t -s| = δ, the result holds by the choice of L and M . For t = 0 or s = 0, one uses Proposition 6 and Proposition 7 to get

|u(x, t) -u(y, 0)| ≤ |u(x, t) -u(x, 0)| + |u(x, 0) -u(y, 0)| ≤ c ψ |x -y| γ + C 2 t γ ⋆ , from which we conclude since L > c ψ and M > C 2 .
Finally the supremum cannot be achieved on {t = T } or {s = T } since in that case the function equals -∞. Recall that we have assumed that sup (x,t),(y,s)∈Q 2 T Φ(x, t, y, s) > 0.

Then for n > 0 large enough

Φ n (x, t, y, s) = u(x, t)-u(y, s)-L|x -y| γ -M (|t-s| 2 +n -2 ) γ ⋆ 2 - κ T -t - κ T -s
has also a supremum > 0, and it cannot be achieved on the boundary, by the previous considerations. We denote by (x n , tn ), (ȳ n , sn ) a couple inside ∆ δ on which the supremum of ψ n is achieved, and in the following we fix n large enough and drop the indexes n for simplicity.

Suppose that x = ȳ. Then one would have

u(x, t) -u(x, s) ≥ M (( t -s) 2 + 1 n 2 ) γ ⋆ 2 ,
which contradicts Proposition 6 and the choice of M . Hence x = ȳ and using Ishiis' lemma (see also lemma 2.1 in [START_REF] Birindelli | Comparison principle and Liouville type results for singular fully nonlinear operators[END_REF]), there exist X ∈ S and Y in S such that:

M γ ⋆ t - s (( t -s) 2 + 1 n 2 ) 1-γ ⋆ 2 + κ (T -t) 2 , γL(x -ȳ)|x -ȳ| γ-2 , X ∈ J2,+ u(x, t) M γ ⋆ t - s (( t -s) 2 + 1 n 2 ) 1-γ ⋆ 2 - κ (T -s) 2 , γL(x -ȳ)|x -ȳ| γ-2 , -Y ∈ J2,-u(ȳ, s) with X 0 0 Y ≤ B -B -B B and B = Lγ|x -ȳ| γ-2 (I + (γ -2) (x-ȳ)⊗(x-ȳ) |x-ȳ| 2
). We need a more precise estimate, as in [START_REF] Ishii | Viscosity solutions of Fully-Nonlinear Second Order Elliptic Partial Differential Equations[END_REF]. For that aim let P the symmetric matrix defined as :

0 ≤ P := (x -ȳ ⊗ x -ȳ) |x -ȳ| 2 ≤ I.
Using -(X + Y ) ≥ 0, (I -P ) ≥ 0 and the properties of the symmetric matrices one has tr(X + Y ) ≤ tr(P (X + Y )).

Remarking in addition that X + Y ≤ 4B, one sees that tr(X + Y ) ≤ tr(P (X + Y )) ≤ 4tr(P B). But tr(P B) = γL(γ -1)|x -ȳ| γ-2 < 0, hence

|tr(X + Y )| ≥ 4γL(1 -γ)|x -ȳ| γ-2 . (4.7)
Furthermore by Lemma III.1 of [START_REF] Ishii | Viscosity solutions of Fully-Nonlinear Second Order Elliptic Partial Differential Equations[END_REF] there exists a universal constant C such that

|X|, |Y | ≤ C(|tr(X + Y )| + |B| 1 2 |tr(X + Y )| 1 2 ) ≤ C|tr(X + Y )|, (4.8) 
since |B| and |tr(X + Y )| are of the same order. This constant is the constant used for the choice of L at the beginning of the proof. Using the fact that u is both a sub-and a super-solution we get

f (x, t) ≥ M γ ⋆ t - s (( t -s) 2 + 1 n 2 ) 1-γ ⋆ 2 + κ (T -t) 2 -F (x, γL(x -ȳ)|x -ȳ| γ-2 , X) -L 1+α γ 1+α h(x, t) • (x -ȳ)|x -ȳ| (γ-1)(α+1)-1 ≥ M γ ⋆ t - s (( t -s) 2 + 1 n 2 ) 1-γ ⋆ 2 - κ (T -s) 2 -F (ȳ, γL(x -ȳ)|x -ȳ| γ-2 , -Y ) -L 1+α γ 1+α h(ȳ, s) • (x -ȳ)|x -ȳ| (γ-1)(α+1)-1 -ω(|x -ȳ|)(γL|x -ȳ| γ-1 ) α |X| -L 1+α |h| ∞ γ 1+α |x -ȳ| (γ-1)(α+1) + (γL|x -ȳ| γ-1 ) α a|tr(X + Y )| ≥ 4γ 1+α L 1+α (1 -γ)|x -ȳ| γ-2+(γ-1)(α+1) (a - ω(|x -ȳ|) C - |h| ∞ 2C |x -ȳ|) + f (ȳ, s).
This is a contradiction with the assumptions on L. We have obtained that

u(x, t) -u(y, s) ≤ L|x -y| γ + M |t -s| γ ⋆ .
This ends the proof.

5 The case IR N ×]0, T [

In this section we still assume that F satisfies (H1), (H2) , (H3) that h satisfies (H4), and Ω = IR N . We assume in addition that F satisfies the uniform Lipschitz condition : (H5) There exists some constant C such that for all p = 0, for all X and for all q, such that |q| < |p| 2 , and for all x ∈ IR N , one has

|F (x, p + q, X) -F (x, p, X)| ≤ C|p| α-1 |q||X|,
and we prove here the following existence's theorem Theorem 4 We suppose that ψ is uniformly continuous and bounded on IR N and f is uniformly continuous and bounded on IR N × [0, T ]. Then there exists a unique continuous and bounded viscosity solution of

u t -F (x, ∇u, D 2 u) -h(x, t) • ∇u|∇u| α = f (x, t) in IR N ×]0, T [ u(x, 0) = ψ(x) for all x ∈ IR N .
The proof of Theorem 4 follows the lines of the previous sections, in the case where Ω is bounded. We then need to produce a super-solution and a sub-solution and to prove some comparison principle.

The super-solution is obtained with the aid of the following proposition Proposition 8 There exists G, some positive C 2 function on [0, ∞[, and some constant B such that u(x) = G(|x|) satisfies on

IR N ×]0, T [ F (x, ∇u, D 2 u) + h(x, t) • ∇u|∇u| α ≤ B.
Proof : Let q 1 = sup(2, α+2 α+1 ), and define

G(r) = r q 1 if r < 1 q 1 (1+q 1 )r 2 + q 1 (q 1 -1) 2r + 1 -q 2 1 if r > 1.
With this choice of G, by an easy computation, one gets that there exists some constant B such that for u

(x) = G(|x|) F (x, ∇u, D 2 u) + h(x, t) • ∇u|∇u| α ≤ B.

Proof of theorem 4

We give the proof in the case where ψ is Hölder's continuous and we shall give the changes to bring in the case where ψ is only continuous. We denote by γ ψ and c ψ respectively some Hölder's exponent and some Hölder's constant for ψ. Let q = q 1 γ ψ . We define on the model of W 2 in section 3,

W (x, t) = inf y∈IR N ,κ∈IR + {ψ(y) + κ + (c ψ + 2|ψ| ∞ ) q c q q κ q-1 G(|y -x|) + |f | ∞ t + (c ψ + 2|ψ| ∞ ) q c q q κ q-1 1+α
Bt}.

Then W is an infimum of super-solutions for 1 {|f |∞} . Moreover

W (x, 0) = inf {|y-x|<1,κ∈IR + } (ψ(y) + κ + (c ψ + 2|ψ] ∞ ) q c q q κ q-1 G(|x -y|) ≥ ψ(y) + c ψ |x -y| γ ψ ≥ ψ(x),
and also using

G(r) ≥ r for r ≥ 1 inf {|y-x|>1,κ∈IR + } (ψ(y) + κ + (c ψ + 2|ψ] ∞ ) q c q q κ q-1 G(|x -y|) ≥ inf {|y-x|>1,κ∈IR + } (ψ(y) + κ + (c ψ + 2|ψ] ∞ ) q c q q κ q-1 |x -y|) ≥ inf |y-x|>1 {ψ(y) + (c ψ + 2|ψ| ∞ )|y -x| 1 q } ≥ ψ(y) + 2|ψ| ∞ ≥ ψ(x).
This implies that W (x, 0) ≥ ψ(x). Moreover taking y = x in the infimum, one gets W (x, 0) ≤ κ + ψ(x), for all κ. We have obtained that W (x, 0) = ψ(x). We now observe that W is uniformly bounded, indeed

-|ψ| ∞ ≤ W (x, t) ≤ inf κ∈IR + {ψ(x) + κ + |f | ∞ t + (c ψ + 2|ψ| ∞ ) q c q q κ q-1 1+α Bt} ≤ ψ(x) + 1 + |f | ∞ t + (c ψ + 2|ψ| ∞ ) q c q q 1+α Bt ≤ |ψ| ∞ + C
use the boundedness of Ω, we obtain that there exists a solution of 1 {f,ψ} on IR N ×]0, T [, in the sense that u ⋆ is a sub-solution and u ⋆ is a super-solution.

We now use the fact that V ≤ u ⋆ and u ⋆ ≤ W to derive using Theorem 5 that u ⋆ ≥ u ⋆ , hence u is continuous. Applying once more Theorem 5 one gets that the solution is unique. This ends the proof of Theorem 4.

Theorem 5 Suppose that f and g are uniformly continuous and bounded and f ≥ g. Suppose that u and v are respectively upper semicontinuous and lower semicontinuous and satisfy

u t -F (x, ∇u, D 2 u) -h(x, t) • ∇u|∇u| α ≤ g(x, t) in IR N ×]0, T [, v t -F (x, ∇v, D 2 v) -h(x, t) • ∇v|∇v| α ≥ f (x, t) in IR N ×]0, T [, with u(x, 0) ≤ v(x, 0)
. Suppose in addition that there exists some constant c 1 such that for all (x, y) in

IR N , u(x, t) ≤ u(y, 0) + c 1 (|x -y| + 1) (5.11) 
and v(x, t) ≥ v(y, 0) -c 1 (|x -y| + 1).

(5.12)

Then u(x, t) ≤ v(x, t) for all (x, t) ∈ IR N × [0, T ].

Proof of theorem 5

One can replace v by (v) κ = v + κ T -t . Then v κ is a strict super-solution, which is infinite on t = T .

We shall prove that u ≤ v κ and next we shall let κ go to zero. In the sequel and for the sake of simplicity we drop the index κ.

Suppose by contradiction that there exists (x, t) such that (u -v)(x, t) > 0. Then t < T according to the previous property of v.

We introduce for j ∈ N and for k = sup(3, |α| 3 , α+2 α+1 , α + 1, α+2 6 , 2(1+α) ω h ), the function ψ j defined as

ψ j (x, y, t, s) = u(x, t) -v(y, s) - j|x -y| k k - 1 j 3k |x| k - j 2 |t -s| 2 .
Then for j large enough the supremum of ψ j is still > 0, for example as soon as

j 3k > |x| k u(x, t) -v(x, t) .
In the following C will denote some constant which can vary from one line to another.

We prove first that if ψ j (x j , y j , t j , s j ) > 0, j|x j -y j | k ≤ C. Indeed, using the fact that u(x, t) -v(y, s) ≤ 2c 1 (|x -y| + 1), one gets that j|x j -y j | k is bounded, In particular |x j -y j | goes to zero. From this one also derives that

|x j | k j 3k + j|t j -s j | 2 2 ≤ C,
and then |x j | ≤ C 1 k j 3 . Moreover using Ishii's lemma [START_REF] Ishii | Viscosity solutions of non-linear partial differential equations Sugaku Expositions[END_REF], (see also lemma 2.1 in [START_REF] Birindelli | Comparison principle and Liouville type results for singular fully nonlinear operators[END_REF]) there exist (X j , Y j ) ∈ S such that

j(t j -s j ), j|x j -y j | k-2 (x j -y j ) + k|x j | k-2 x j j 3k , X j + D 2 (|x| k )(x j ) j 3k ∈ J2,+ u(x j , t j ),
and

j(t j -s j ), j|x j -y j | k-2 (x j -y j ), -Y j ∈ J2,-v(y j , s j ).
We want to prove that x j = y j for j large enough. Suppose by contradiction that x j = y j . We observe then that x j = 0. If it was not the case the function

ϕ(x, t) = u(0, t j ) + j k |x| k + |x| k j 3k + j 2 (t -s j ) 2 -j 2 (s j -t j ) 2
would touch u by above on 0 and then using lemma 1 one would obtain since k > sup(2, α+2 α+1 ) j(t j -s j ) -0 ≤ g(0, t j ).

On the other hand v(0, s j ) -j 2 (t -t j ) 2 + j 2 (s j -t j ) 2 -j|x| k k would touch v by below on (0, s j ), hence using once more lemma 1, we would get

j(t j -s j ) -0 ≥ f (0, s j ) + κ (T -s j ) 2 .
Using |t j -s j | → 0, the uniform continuity of f and g , substracting the two inequalities and passing to the limit we would get a contradiction.

We now suppose that x j = y j and according to the previous argument we know that under this assumption, x j = 0. Then the function ϕ(x, t) = u(x j , t j ) + j k |x -

x j | k + |x| k j 3k + j 2 (t -s j ) 2 -j 2 (s j -t j ) 2 - |x j | k
j 3k achieves u by above on (x j , t j ), where its gradient is different from 0. We then have

j(t j -s j ) -F (x j , k|x j | k-2 x j j 3k , D 2 ( |x| k j 3k )(x j )) -h(x j , t j ) • k|x j | k-2 x j j 3k |k|x j | k-1 j 3k α ≤ g(x j , t j ).
On the other hand the function ψ(x, t) = v(x j , s j ) -j k |x -x j | kj 2 (t -t j ) 2 + j 2 (s j -t j ) 2 achieves v by below on (x j , s j ). Then by lemma 1, we get that

j(t j -s j ) -0 ≥ f (x j , s j ) + κ (T -s j ) 2 .
We now use the properties of F and obtain that

|F (x j , k|x j | k-2 x j j 3k , D 2 (|x| k ) j 3k (x j ))) + h(x j , t j ) • k|x j | k-2 x j j 3k k|x j | k-1 j 3k α | ≤ C |x j | k(α+1)-α-2 j 3k(1+α) + |x j | (k-1)(α+1) j 3k(1+α) ≤ C j 3(k(α+1)-α-2)-3k(1+α) + j -3(α+1) = o(1)
Finally using the fact that |x j -y j |+|t j -s j | goes to zero, the uniform continuity of f and g , substracting the two equations and passing to the limit we get a contradiction.

We have obtained that x j = y j . We now prove that j 2 |x j -y j | k-1 → +∞. In particular this will imply that for j large enough j|x j -y j | k-2 (x j -y j ) + k

|x j | k-2 x j j 3k
= 0. Suppose by contradiction that for some constant c > 0, and for a subsequence denoted in the same manner for simplicity, j|x j -y

j | k-1 ≤ cj -1 , then |X j | ≤ j|x j -y j | k-2 ≤ (j 2 |x j -y j | k-1 ) k-2 k-1 j 3-k k-1 → 0 and also |X j | + |D 2 |x| k j 3k (x j )| ≤ |X j | + cj -6 → 0.
Using the fact that u and v are respectively sub-and super-solution, one has g(x j , t j ) ≥ j(t j -s j ) -o(1) and κ T 2 + f (y j , s j ) ≤ j(t j -s j ) + o(1).

Substracting the two inequalities, passing to the limit and using the properties of f and g, one gets a contradiction. We have obtained that j|x j -y j | k-1 ≥ c j for some constant c. From this one derives that j|x j -y j | k-2 (x j -y j ) +

k|x j | k-2 x j j 3k
∼ j→+∞ j|x j -y j | k-2 (x j -y j ). With the aid of this remark and using the assumption (H5)

| F (x j , j|x j -y j | k-2 (x j -y j ) + k|x j | k-2 x j j 3k , X j ) -F (x j , j|x j -y j | k-2 (x j -y j ), X j )| ≤ cj -3 |X j |(j|x j -y j | k-1 ) α-1 ≤ cj -α-1 |x j -y j | k-2 if α < 1 cj -3+ α+1 k (j|x j -y j | k ) α-α+1 k if α ≥ 1 = o(1)
by the choice of k. One also has using assumption (H2)

| F (x j , j|x j -y j | k-2 (x j -y j ) + k|x j | k-2 x j j 3k , X j + D 2 (|x| k ) j 3k (x j )) -F (x j , j|x j -y j | k-2 (x j -y j ) + k|x j | k-2 x j j 3k , X j )| ≤ cj -6 (j|x j -y j | k-1 ) α ≤ cj -6-α if α < 0 cj -6+ α k (j|x j -y j | k ) α( k-1 k ) if α ≥ 0 = o(1)
by the choice of k.

Treating analogously the terms involving h, in particular using the Hölder's regularity of h with respect to t, together with (H3), one obtains g(x j , t j ) ≥ j(t j -s j ) -F (x j , j|x j -y j | k-2 (x j -y j ) +

k|x j | k-2 x j j 3k , X j + D 2 (|x| k )(x j ) j 3k ) -h(x j , t j ) • j|x j -y j | k-2 (x j -y j ) + k|x j | k-2 x j j 3k j|x j -y j | k-2 (x j -y j ) + k|x j | k-2 x j j 3k α ≥ j(t j -s j ) -F (x j , j|x j -y j | k-2 (x j -y j ), X j ) -h(x j , t j ) • j|x j -y j | k-2 (x j -y j )|j|x j -y j | k-1 | α -o(1) ≥ j(t j -s j ) -F (y j , j|x j -y j | k-2 (x j -y j ), -Y j ) -h(y j , s j ) • j|x j -y j | k-2 (x j -y j )|j|x j -y j | k-1 (x j -y j )| α -o(1) ≥ f (y j , s j ) + κ T 2 -o(1)
We now conclude as before : We use the fact that |x j -y j | + |t j -s j | goes to zero, the uniform continuity of f and g , and we pass to the limit to get a contradiction. This ends the proof of Theorem 5.

We now prove that the solutions are Hölder's continuous when f and ψ are Hölder's continuous.

Theorem 6

We assume that f is uniformly continuous and bounded, is γ f Hölderian with respect to t, uniformly in x, and that ψ is bounded and Hölderian of exponent γ ψ on IR N . Suppose that u is the solution of 1 {f,ψ} on IR N ×]0, T [. Then u is Hölder's continuous of exponent γ ψ with respect to x and of exponent γ ⋆ = inf(γ f , γ ψ 2(α+1)-αγ ψ , γ ψ α+2-αγ ψ ) with respect to t.

To prove Theorem 6 we shall need the following proposition, which establishes some Hölder's regularity with respect to t, when x is fixed.

Proposition 9 Under the assumptions of Theorem 6 there exists some constant C 2 such that for all x ∈ IR N and for all t, s > 0

|u(x, t + s) -u(x, t)| ≤ C 2 s γ ⋆ where γ ⋆ = inf(γ f , 1 q(α+1)-α ), q = q 1 γ ψ , q 1 = sup(2, α+2 α+1 ).
Proof :

We first use the estimates (5.9) and (5.10) which give for y = x : where c f is some Hölder's constant of f with respect to t. Then v is a supersolution of 1 {f,ψ} on IR N × [0, T -s[. Let us note that v and u satisfy

|ψ(x) -u(x, s)| ≤ c 2 s 1 q(α+1)-α
u(x, t) ≤ ψ(y) + c 1 |x -y| γ ψ + c 2 t 1 q(α+1)-α ≤ ψ(y) + 2c 1 (|x -y| + 1) + c 2 T 1 q(α+1)-α (5.13) and v(x, t) ≥ ψ(y)-c 1 |x-y| γ ψ -c 2 (t+s) 1 q(α+1)-α ≥ ψ(y)-2c 1 (|x-y|+1)-c 2 (2T ) 1 q(α+1)-α
(5.14) and u(x, 0) ≤ v(x, 0) by construction. Hence one can apply the comparison Theorem 5 to obtain that

u(x, t) ≤ v(x, t) ≤ u(x, t + s) + c f T s γ f + c 2 s 1 q(α+1)-α
In the same manner defining v(x, t) = u(x, t + s) -c f ts γ f -sup x∈IR N |ψ(x)u(x, s)| then u and v are super and sub-solution for the same equation, and then using Theorem 5 one gets

u(x, t) ≥ u(x, t + s) -c f T s γ f -c 2 s 1 q(α+1)-1 .
The result follows.

Proof of theorem 6

First we observe that u is bounded, taking y = x in the inequalities (5.11) and (5.12) and using the fact that ψ is bounded. We denote by L ψ some constant such that for all (x, y)

∈ IR N , |ψ(x) -ψ(y)| ≤ L ψ |x -y| γ ψ . Let δ be given less than 1, L > sup(4c 1 + L ψ , 4|f |∞ γ 1+α ψ (1-γ ψ ) , 1 1+α
, 1) and

M ≥ sup( 2 sup u δ γ ⋆ , c 2 , 2c 2 T γ ⋆ δ γ ⋆
). We define the set ∆ δ = {(x, y, t, s), |x -y| < δ, |t -s| < δ, (t, s) ∈]0, T [} and for j large (more precisely j ≥ 8 sup u γ ψ ), the function

ψ(x, y, t, s) = u(x, t) -u(y, s) -L|x -y| γ ψ -M |t -s| γ ⋆ .
We assume by contradiction that ψ is positive somewhere. Then for j large enough ψ j (x, y, t, s) = ψ(x, y, t, s) -|x| 2 2j 2 has also its supremum strictly positive, and for κ small enough, the same is true for

ψ j - κ T -t - κ T -s .
We begin to observe that on the boundary of ∆ δ , this function is ≤ 0. Indeed in the case where |t

-s| = δ u(x, t) -u(y, s) ≤ 2 sup u ≤ M |t -s| γ ⋆ .
In the case where t = 0, s > 0 and |x -y| ≤ δ one has

u(x, 0) -u(y, s) ≤ u(x, 0) -u(y, 0) + u(y, 0) -u(y, s) ≤ L ψ |x -y| γ ψ + c 2 s γ ⋆
Finally the supremum cannot be achieved for t = T or s = T .

Let us note that if ψ j has a supremum > 0,

ψ n j (x, t, y, s) = u(x, t)-u(y, s)-L|x-y| γ ψ - |x| 2 2j 2 -M ( 1 n 2 +[t-s| 2 ) γ ⋆ 2 - κ T -t - κ T -s
has also a supremum > 0, for n large enough. We fix n large enough. Let (x j , y j , t j , s j ) be a point where the supremum of ψ n is achieved. By the previous considerations, it cannot be achieved on the boundary. By Proposition 9 one has x j = y j and then the function (x, y) → |x -y| γ ψ is C 2 on a neighborhood of (x j , y j ). Using Ishii's lemma (see also Lemma 2.1 in [START_REF] Birindelli | Comparison principle and Liouville type results for singular fully nonlinear operators[END_REF] ) we have the existence of (X j , Y j ) in S 2 such that

γ ⋆ M (t j -s j )( 1 n 2 + |t j -s j | 2 ) γ ⋆ 2 -1 + κ (T -t j ) 2 , γ ψ L(x j -y j )|x j -y j | γ ψ -2 + x j j 2 , X j + I j 2 ∈ J2,+ u(x j , t j ) (γ ⋆ M (t j -s j )( 1 n 2 + |t j -s j | 2 ) γ ⋆ 2 -1 - κ (T -s j ) 2 , γ ψ L(x j -y j )|x j -y j | γ ψ -2 , -Y j ) ∈ J2,-u(y j , s j ) with
X j 0 0 Y j ≤ B(x j , y j ) -B(x j , y j ) -B(x j , y j ) B(x j , y j ) and B(x, y) = Lγ ψ |x -y| γ ψ -2 (I + (γ ψ -2) (x-y)⊗(x-y)

|x-y| 2

)

Let us observe that due to the hypothesis, |

x j j 2 | ≤ 2 sup u j ≤ γ ψ Lδ (γ ψ -1)

2

, and then

|γ ψ L(x j -y j )|x j -y j | γ ψ -2 + x j j 2 | ≥ γ ψ 2 L|x j -y j | γ ψ -1 .
We use as in the proof of Theorem 2, the inequality

|tr(X j + Y j )| = -tr(X j + Y j ) ≥ 4γ ψ (1 -γ ψ )L|x j -y j | γ ψ -2
and the fact that for some universal constant c

|X j | + |Y j | ≤ c(|tr(X j + Y j )|.
Now, due to the property (H5) of F one has

|F (x j , γ ψ L(x j -y j )|x j -y j | γ ψ -2 + x j j 2 , X j + I j 2 ) -F (x j , γ ψ L(x j -y j )|x j -y j | γ ψ -2 , X j )| ≤ O(j -1 )(L|x j -y j | γ ψ -1 ) α-1 |X j | + O( 1 j 2 )(L|x j -y j | γ ψ -1 ) α ≤ o(1)(L|x j -y j | γ ψ -1 ) α |tr(X j + Y j )|.
And we use the fact that h is bounded to observe that

| (h(x j , t j ) -h(y j , s j )) • (γ ψ L) 1+α (x j -y j )|x j -y j | (1+α)(γ ψ -1)-1 | ≤ o(1)(γ ψ L|x j -y j | γ ψ -1 ) α |tr(X j + Y j )| We now write f (x j , t j ) ≥ γ ⋆ M (t j -s j )( 1 n 2 + |t j -s j | 2 ) γ ⋆ 2 -1 + κ (T -t j ) 2 -F (x j , γ ψ L(x j -y j )|x j -y j | γ ψ -2 + x j j 2 , X j + I j 2 ) -h(x j , t j ) • (γ ψ L) 1+α (x j -y j )|x j -y j | (1+α)(γ ψ -1)-1 ≥ γ ⋆ M (t j -s j )( 1 n 2 + |t j -s j | 2 ) γ ⋆ 2 -1 - κ (T -s j ) 2 -F (y j , γ ψ L(x j -y j )|x j -y j | γ ψ -2 , -Y j ) -h(y j , s j ) • (γ ψ L) 1+α (x j -y j )|x j -y j | (1+α)(γ ψ -1)-1 +(γ ψ L|x j -y j | γ ψ -1 ) α tr(X j + Y j ) + o(1)|γ ψ L|x j -y j | γ ψ -1 | α (|tr(X j + Y j )|) ≥ f (y j , s j ) + (γ ψ L|x j -y j | γ ψ -1 ) α tr(X j + Y j )(1 -o(1)).
We have obtained a contradiction since this would imply that

(γ ψ L|x j -y j | γ ψ -1 ) α L|x j -y j | γ ψ -2 (1 -o(1)) ≤ 2|f | ∞ ,
which is absurd by the choice of the constant L.

With the same arguments, and using Ascoli's theorem, we have the following compactness result : Corollary 2 Let (f n , ψ n ) be a sequence of bounded Hölder's continuous functions, (ψ n ) n being uniformly Hölder's and (f n ) n being uniformly Hölder's in t, uniformly w.r.t. x. Then the sequence (u n ) n of solutions of 1 {fn,ψn} is relatively compact in C c (IR N ×]0, T [).

Appendix

In this appendix we prove that the solutions of Ohnuma and Sato in the case where α = 0 are the same as our solutions. In the same manner we prove that it is also the case for the infinity Laplacian, using the adapted definition of Juutinen and Kawhol.

The equivalence of definition 1 with the definition of

Ohnuma and Sato in the case of the p-Laplacian.

For the convenience of the reader we recall here the definition of F(F ) and A(F ), [START_REF] Ohnuma | Singular degenerate Parabolic equations with applications to the p-Laplace diffusion equation[END_REF]. Here h and the right hand side are assumed to be zero, and the operator F does not depend on x. Proof Suppose that u is a super-solution of 1 {0} in the Ohnuma and Sato's sense. Suppose that (x, t) is some point such that for some δ 1 and for some C 1 (u(x, t) -ϕ(t)) = u(x, t) -ϕ( t) = 0.

Then h achieves u by below on (x, t) and and then since u is a super-solution of 1 {0} , ϕ ′ ( t) ≥ 0, which is the desired conclusion. We want to prove the reverse sense. We assume that u is a super solution in our sense. We suppose that (x, t) and ψ are such that (u-ψ) ≥ (u-ψ)(x, t) = 0, with ψ ∈ A(F ).

Let ϕ ∈ F(F ) and ω be a continuous function such that ω(0) = 0, ω(t-t) = o(|t -t|), and for all (x, t) ∈ V a neighborhood of (x, t), |ψ(x, t) -ψ(x, t) -∂ t ψ(x, t)(tt)| ≤ ϕ(|x -x|) + ω(t -t) then (t, x) → ϕ(t) achieves u by below and then the Hessian of ϕ is zero, hence ϕ ′ ( t) -0 ≥ 0 which is the same as our conclusion.

We prove the reverse assertion. We then consider a super-solution u in our sense and assume that ϕ is some C 2 function which achieves u by below on (x, t) with ∇ϕ(x, t) = 0. Applying lemma 2 with x in place of 0, replacing ϕ(t)by ∂ t ϕ(x, t)(tt), and taking M = D 2 ϕ(x, t) one gets the desired conclusion.

Proof of lemma 2: For every C 2 0 one still has inf x∈B(0,δ 1 ),|t-t|<δ 1 (u(x, t) -ϕ(t) -1 2 (M x, x) + C 2 (t -t) 2 ) = u(0, t) and the infimum is strict in t.

We assume first that x → inf |t-t|<δ 1 (u(x, t) -ϕ(t) + C 2 (t -t) 2 ) is equal to u(0, t) and is constant w.r.t. x in a neighboorhood of x. We then prove that M ≤ 0 and ϕ ′ ( t) ≥ 0, which will imply that ϕ ′ ( t) -λ(M ) ≥ 0. Indeed one has for all x in a neighborhood of 0, u(0, t) = inf |t-t|<δ 1 (u(x, t)ϕ(t) + C 2 (t -t) 2 ) and also by hypothesis u(0, t) = inf |t-t|<δ 1 ,x∈B(0,δ 1 ) {u(x, t) -ϕ(t) -

1 2 M x, x + C 2 (t -t) 2 }
and then for all x in a neighborhood of 0, u(0, t) ≤ inf |t-t|<δ 1 {u(x, t) -ϕ(t) + C 2 (t -t) 2 } -1 2 M x, x = u(0, t) -

1 2 M x, x
This implies that for all x in a neighborhood of 0, M x, x ≤ 0, or equivalently that M is a nonpositive symmetric matrix. Using the definition, as we pointed out before, ϕ ′ ( t) ≥ 0 and this implies the desired result.

We now assume that we are not in the case where x → inf |t-t|<δ 1 ) (u(x, t)ϕ(t) + C 2 (t -t) 2 ) is equal to u(0, t) and is constant w.r.t. x in a neighboorhood of x.

For the sequel one can assume that M is invertible. indeed, if it is not the case there exists ǫ > 0 small in order that M -ǫId is invertible. Moreover M -ǫId is also such that inf 

(

(

  H2) For x ∈ Ω, p ∈ IR N \{0}, M ∈ S, N ∈ S, N ≥ 0 a|p| α tr(N ) ≤ F (x, p, M + N ) -F (x, p, M ) ≤ A|p| α tr(N ). (2.1) (H3) There exists a continuous function ω with ω(0) = 0, such that if (X, Y ) ∈ S 2 and ζ ∈ IR + satisfy and I is the identity matrix in IR N , then for all (x, y) ∈ IR N , x = y F (x, ζ(x -y), X) -F (y, ζ(x -y), -Y ) ≤ ω(ζ|x -y| 2 ).

  and the comparison principle in Theorem 5 on IR N ×]0, T [ : We define for s fixed in [0, T [ and t ∈ [0, T -s[ v(x, t) = u(x, t + s) + c f ts γ f + sup x∈IR N |ψ(x) -u(x, s)|.

Definition 2

 2 We denote by F(F ) the set of functionsϕ ∈ C 2 ([0, ∞[) which satisfy ϕ(0) = ϕ ′ (0) = ϕ " (0) = 0, ϕ " (r) > 0 for all r > 0 and lim |x|→0,x =0 F (±∇ϕ(|x|), ±D 2 ϕ(|x|)) = 0 A function ψ ∈ C 2 (Q T ) belongs to A(F ) if for all z = (x, t) ∈ Q T with ∇ψ(z) = 0,there are a constant δ > 0, some ϕ ∈ F(F ), and ω ∈ C([0, ∞[) satisfying ω ≥ 0 and lim r→0 ω(r) r = 0 which satisfy, for all z = (t, x), |z -z| < δ, |ψ(z) -ψ(z) -ψ t (z)(t -t)| ≤ ϕ(|x -x|) + ω(|t -t|).And we recall the definition of viscosity solutionDefinition 3 u is a viscosity sub-solution if for all ψ ∈ A(F ) such that ψ achieves u by above on z = (x, t)ψ t (z) -F (∇ψ, D 2 ψ)(z) ≤ 0, if ∇ψ(z) = 0 ψ t (z) ≤ 0 otherwise Proposition 10The solutions in the sense of definition 1 are the same as the solutions in the Ohnuma and Sato's sense.

  function ϕ on ]0, T [ : inf |t-t|<δ 1 (u(x, t) -ϕ(t)) = u(x, t) -ϕ( t) = 0 and such that x → inf |t-t|<δ 1 (u(x, t) -ϕ(t)) is constant on B(x, δ) for some δ > 0 . Then in particular inf x∈B(x,δ),|t-t|<δ 1 (u(x, t) -ϕ(t))has its infimum equals to zero achieved on (x, t). Then, for ǫ > 0 the function

h(x, t) = ϕ( t) + ϕ ′ ( t)(tt) + 1 2 (ϕ ′′ ( t) -ǫ)(t -t) 2 which belongs to A(f ), satisfies inf |t-t|<δ 1 ,x∈B(x,δ) (u(x, t) -h(x, t)) = 0. Indeed inf |t-t|<δ 1 ,x∈B(x,δ) (u -h)(x, t) ≤ u(x, t) -ϕ( t) = 0.

Moreover for t close to t

ϕ(t) ≥ ϕ( t) + ϕ ′ ( t)(tt) + 1 2 (ϕ ′′ (( t) -ǫ)(t -t) 2 hence inf |t-t|<δ 1 ,x∈B(x,δ) (u -h)(x, t) ≥ inf |t-t|<δ 1 ,x∈B(x,δ)

  |t-t|<δ 1 ),x∈B(0,δ 1 ) -ǫId)(x), x +C 1 |x| k +C 2 (t-t) 2 } = u(0, t) So we shall prove that ϕ ′ ( t) -λ(M -ǫId) ≥ 0 and we shall get the result by passing to the limit with ǫ.So from now we assume that M is invertible. For k > 2 and for all positive constantC 1 then inf |t-t|<δ 1 ,x∈B(0,δ 1 ) {u(x, t) -ϕ(t) -1 2 M x, x + C 1 |x| k C 2 (t -t) 2 }has also its infimum achieved on (0, t), and this infimum is strict in x and t.Hence for all δ > 0 there exists ǫ(δ) > 0 such that inf infIn the following we choose δ such that (2δ) k-1 < inf λ i ∈Sp(M ) |λ i (M )| 2kC 1. Let then δ 2 be such that δ 2 < δ andk(2δ 1 ) k-1 C 1 δ 2 + |M | ∞ (δ 2 2 + 2δ 2 δ 1 ) ≤ ǫ/4With this choice, using the fundamental calculus theorem, one gets that for x ∈ B(0, δ 2 ), -x), (y -x)+ C 1 |x -y| k + C 2 (t -t) 2 }

	{u(x, t)-ϕ(t)-(M inf 1 2 {|t-t|<δ,y∈B(0,δ)} {u(y, t) -ϕ(t) -M (y ≤ 1 2 inf |t-t|<δ 1 ,y∈B(0,δ 1 ) {u(y, t) -ϕ(t) -	1 2	M y, y + C 1 |y| k + C 2 (t -t) 2 } +	ǫ 4
	= u(0, t) +	ǫ 4		(6.15)

|t-t|>δ,x∈B(0,δ 1 ) {u(x, t) -ϕ(t) -1 2 M x, x + C 1 |x| k + C 2 (t -t) 2 } inf (|t-t|<δ 1 ,|x|>δ {u(x, t) -ϕ(t) -1 2 M x, x + C 1 |x| k + C 2 (t -t) 2 }

> u(0, t) + ǫ(δ)
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for some constant C which depends on the data and T . Moreover for all (x, y) ∈ (IR N ) 2 and for all t ∈ [0, T ], W (x, t) ≤ ψ(y) + c 1 |x -y| γ ψ + c 2 t 1 q(α+1)-α .

(5.9)

Indeed taking y = x in the infimum defining W and using (3.4) one has W (x, t) ≤ ψ(x) + ct 1 q(α+1)-α ≤ ψ(y) + c ψ |x -y| γ ψ + ct 1 q(α+1)-α .

This will be used for the Hölder's estimates later.

Let us note that

Bt} with B as before, is a sub-solution of 1 {-|f |∞,ψ} . Moreover V is bounded and satisfies for some constants c 1 and c 2 , and for all (x, y)

In the case where ψ is only continuous we introduce

where ω is the modulus of continuity of ψ and we define

V and W hence defined are uniformly bounded. Using Theorem 5 below one gets that V ≤ W . We now define u as the supremum of sub-solutions such that V ≤ u ≤ W , and remarking that Perron's method in section 4 does not Then

secondly by the previous remark,

The case of the infinity Laplacian

We prove here that our definition is equivalent to the definition given by Juutinen and Kawhol in the case of the infinity Laplacian in [START_REF] Juutinen | On the evolution governed by the infinity Laplacian Math[END_REF]. Here f = 0, h = 0 and the operator F is replaced by F ∞ defined as F ∞ (M, p) = M p |p| , p |p| . We denote by λ(M ) and Λ(M ) the smallest and the larger eigenvalue of M . The definition of viscosity solution in the sense of Juutinen and Kahwol is the following :

if for all (x, t) ∈ Q T and for all ϕ ∈ C 1,2 with (u -ϕ) ≥ (u -ϕ)(x, t) around (x, t)and ∇ϕ(x, t) = 0, then

We treat only the equivalence between the super-solutions in our sense and in the sense of [START_REF] Juutinen | On the evolution governed by the infinity Laplacian Math[END_REF], the case of the sub-solutions can be made with obvious changes. For this, we shall need the following lemma, whose proof is postponed for the sake of clearness.

Lemma 2 Suppose that u is a super-solution in the sense of definition 1 of

and suppose that ϕ is some C 1 function on ]0, T [, with ϕ( t) = 0, that k > sup(2, α+2 α+1 ), that M is some symmetric matrix and (0, t) ∈ Ω×]0, T [ are such that for some

We postpone the proof of Lemma 2, and prove the equivalence of the definitions. We prove first that if u is a super-solution in the sense of [START_REF] Juutinen | On the evolution governed by the infinity Laplacian Math[END_REF], it is a super-solution in our sense. If ϕ is some function which achieves u by below on (x, t) and is such that ∇ϕ(x, t) = 0, there is nothing to prove. Suppose now that there exists δ 1 and some

We choose x δ as follows : Since the function inf |t-t|<δ 1 ) (u(x, t)-ϕ(t)+C 2 |t-t| 2 ) is not constant around x, for all δ > 0 there exists x δ and y δ in B(0, δ 2 ) such that

Then the infimum inf |t-t|<δ 1 ,y∈B(0,δ 1 ) (u(y, t) -ϕ(t) -1 2 M (y -x δ ), (y -x δ ) + C 1 |x δ -y| k +C 2 (t-t) 2 ), is achieved on some point (z δ , t δ ) with z δ = x δ . Moreover by ( 6.15) and (6.16) the infimum is achieved in B(0, δ)×] t-δ, t+δ[. Let (z δ , t δ ) be a point on which this infimum is achieved, then

achieves u by below on (z δ , t δ ).

With the choice of δ, the gradient of ψ on z δ , which equals

Indeed if it was the case, x δ -z δ would be an eigenvector for M corresponding to the eigenvalue Letting δ go to zero and using z δ ∈ B(0, δ 2 ) ⊂ B(0, δ), |t -t δ | < δ, k > 2 and the lower semicontinuity of f one gets ϕ ′ ( t) -λ(M ) ≥ 0.