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fax number : (33) 134256546

Abstract

In this paper we prove some existence and regularity results concern-
ing parabolic equations

uy = F(z, Vu, D*u) + f(z,t)

with some boundary conditions, on x]0,T'[, where €2 is some bounded
domain which possesses the exterior cone property and F' is some fully
nonlinear elliptic operator, singular or degenerate.

1 Introduction

In this paper we consider parabolic equations
u; = F(z,Vu, D*u) + h(z,t) - Vu|Vul® + f(z,t) in Qr
U(l’, t) = W%t) on aQT

where Qr = 0x]0,7[ and Q is some bounded domain in RY and T > 0.
Here u;, Vu, D?u denote respectively the derivative of u with respect to ¢, the
gradient and the hessian with respect to x.



The operator F'is uniformly elliptic, homogeneous of degree a;, & > —1 with
respect to the gradient, and positively homogeneous of degree 1 with respect
to the hessian. This operator can be either degenerate (o > 0) or singular
(a < 0).

A typical example is the a+2-Laplace operator, the operators |Vu|* M (D?u),
where M is one of the Pucci’s operators, but we also present some non diver-
gence type extension of the v 4+ 2 Laplacian.

Our purpose here is to present a convenient and new definition of viscosity
solutions for this class of parabolic equations, the difficulty being that since
the operator F' is not defined on points where the gradient is zero, one cannot
"test” such points. In the stationary case [3] this difficulty is overcome by just
"not testing” , unless the function be locally constant. Here the situation is
more involved and requires some testing.

The existence of solutions for the Dirichlet problem is obtained using clas-
sical tools : The existence of lower and upper barriers, a comparison theorem
and "Perron’s method 7. In the present article, most of these results require
new technics.

For the sake of completeness, we establish some Hélder’s regularity result,
under the assumptions that f is continuous and bounded in space and Holder’s
in time, and ¢ is Holderian in space and Lipschitz in time.

The case of Q = IR is also treated, assuming that the data are uniformly
continuous and bounded.

Analogous problems were studied by Crandall, Kocan, Lions, and Swiech in
[9] for the case of Pucci’s operators, by Ishii and Souganidis, [16] for operators
singular or degenerate and homogeneous of degree 1, by Onhuma and Sato,
[20] in the case of the p-Laplacian, and by Evans and Spruck, [13] for the mean
curvature equations.

In [20] the authors consider the case of the p-Laplacian and a right hand
side equals to zero. They give a convenient definition of viscosity solution which
provides a comparison principle. This definition requires to introduce a set of
admissible test functions when the gradient of u is zero. In [18] , Juutinen and
Kawhol treat the case of the infinite Laplacian when the right hand side f is
zero and the domain is regular. Let us note that their situation is analogous to
the present one when v = 0. In their case the operator is linear with respect to
D2y but it is not well defined on points where the gradient is zero. Though the
operator that they consider does not satisfy (H2) one can adapt the definition
of viscosity solutions that they propose to our case, and vice versa. That is the



reason why we have considered interesting to check the equivalence between
their solutions and ours, as well as for the solutions in the sense of Ohnuma
and Sato (see the appendix).

This paper is organized as follows : In section 2 we give the assumptions
on the operator F' and we present the notion of viscosity solution which will be
adopted in the paper. In section 3 we establish some comparison theorem and
exhibit the lower and upper barriers which will allow to get some existence’s
result in section 4, where we precise the ”Perron’s” method in the present
context. We end the section by establishing some Holder’s regularity results on
the solution.

Section 5 is devoted to the case of IR x]0, T'[, under some assumptions of

uniform boundedness of the data, f and .

2 Hypothesis and definition of viscosity solu-
tions.

In all that paper, (except in section 5) we shall assume that €2 is some bounded
domain which satisfies the uniform exterior cone condition, i.e. we assume that
there exist ¢ € ]0, 7 and 7 > 0 such that for any z € 9 and for an axe through
z of direction 7., the infinite cone T defined as

(x—2)-7

Ty =A{x: = < cos¢}, satisfies T,NQN Bx(z) = {z}.

|2 — |

For a real T positive let Qr = Qx]0,T[. We denote by dQr the parabolic
boundary (9 x [0,7]) U ( x {0}).

Let « > —1, 0 < a < A be given, let S be the space of symmetric (N, N)
matrices, and suppose that F' satisfies

(H1) F'is continuous on QxRY\ {0} x S — R and Vt € IR*, u > 0, for all
re,p#0and X € 9,

F(x,tp, nX) = |t|*uF (z,p, X).
(H2) Forz € Q, pe RM\{0}, M €S, N€ S, N >0

alp|tr(N) < F(z,p, M + N) — F(z,p, M) < Alp|“tr(N). (2.1)



(H3) There exists a continuous function w with w(0) = 0, such that if (X,Y) €
S? and ¢ € IR* satisfy

“(or)=(hv)=e(L )

and [ is the identity matrix in IRY, then for all (z,y) € RY, 2 #y

F(z,({(x—y),X) = F(y,((z —y),-Y) < w(Clz—y[*).

Concerning h, it is assumed to be continuous and bounded on ()7 with
values in IRY, and to satisfy (H4) :
There exists wy, < 1 and ¢, > 0 such that for all (z,?), (x,s) in Qr

|h(z,t) — h(z,s)| < cplt — s|“".

Furthermore
- Either aw < 0 and for all (z,y) in ©Q and ¢ €]0, T

[h(z, 1) = h(y,t)| < cple —y|™*
-or a > 0 and for all (z,y) in 2 and ¢t €]0, T

(h(z,t) = h(y,t) -z —y) <0.

Examples
1) Let 0 < a < A be given and MIA be the Pucci’s operator

M;A(N) = Atr(N*) —atr(N™)

where N* denotes the positive and negative parts of the matrix N, M 4(N) =
—M7 ,(=N). Then F defined as

F(x,p, M) = [p|* MG 4(M)

satisfies (H1), (H2).
2) Let @ > —1, then the o + 2-Laplace operator

Flp, M) = p|° (mM) +a(rL, |%|>>
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satisfies (H1) and (H2).
3) Suppose that 1 < ¢ <2, ¢(q) > q — 2, suppose that B is some uniformly
invertible matrix, with Lipschitz coefficients on €2, and define

F(z,p,N) = [p|"”*tr(B*(x)N) + c(q)[p|" (N (B(2)p, B(x)p))
Then F satisfies (H1), (H2), (H3), (see [3]).

Concerning the right hand side f, we shall assume that it is at least contin-
uous and will precise further regularity when it will be needed.

We now give the definition of viscosity solutions adapted to our context.

It is well known that when dealing with viscosity respectively sub- and
super- solutions one is lead to introduce the upper and lower semi-continuous
envelope of u, i.e.

u*(z,t) = limsup  wu(y,7)
@)l (y,m) = (1) [<r
and

uy(z,t) = lim inf u(y, 7).
+ )(wmemmT(y)

It is easy to see that u, < u < u* and u* is upper semicontinuous (USC), u, is
lower semicontinuous (LSC). See e.g. [8, 14].

In the sequel C!? denotes the space of functions which are C! in the time
variable, and C? in space.

Definition 1 We shall say that u, locally bounded, is a viscosity sub-solution

of
uy — F(x,Vu, D*u) — h(z,t) - Vu|Vu|* = f(z,t) in Qx (0,T)

if , for any (Z,t) € Q x (0,7),

e For all p € CY? such that (u* — ) has a local mazimum on (z,t) with

Vp(z,t) # 0

Sot(i.vi) - F(£>V@(£>ﬂa DZ@(EJE)) - h(j'va : Vgplvaa(f,ﬂ < f(jaﬂ



e or, If there exists 6; and ¢ € C' (|t — 01, + 81[), such that for any t €
Jt — 01,8+ 0]

u*(z,1) — p(t) > u*(z,t) — p(t), and
sup  (u(x,t) — @(t)) is constant in a neighborhood of Z,
te]t—a1,t+01]
then
(1) < f(z,1).
u, locally bounded, is a viscosity super-solution of

uy — F(x,Vu, D*u) — h(z,t) - Vu|Vu|* = f(z,t) in Qx (0,T)

if, for any (z,t) € Q x (0,T),

e For all ¢ € CY? such that (u, — ) has a local minimum on (Z,t) with
Ve(z,t) # 0,

9075(577{) - F(f7v@(f7t_>a DQQO(ZE',E)) - h(jaf) ’ V@|V@|a(j7f) > f(J_],t-)

e or, if there exists 6; and ¢ € C'(|t — &1, + &1]) such that for any t €
]f— 51,E+ 51[

{ w.(2,7) — @(F) < uu(2,1) — (t) and

cinf (uy(z,t) — @(t)) is locally constant in a neighborhood of Z,
te)t—o1,t+01]

then

(1) = f(z,1).

Finally a locally bounded function u is a viscosity solution when u is both a
viscosity sub- and super-solution.

Remark 1 In the case where u does not depend on x, we recover the definition

of wiscosity solutions in [3], [5].

Remark 2 We prove in the appendix that the solutions in the sense of defini-
tion 1 are the same as those of Onhuma and Sato in the case where o # 0, and
to those of Juutinen and Kawohl in the case of the infinity Laplacian.
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Remark 3 For convenience of the reader we recall the definition of semi-jets
for parabolic problems :

T u(@t) = {(g.p.X) e Rx (RY)" xS, q(t—1) +p.(x - 7)

b Y- DX =)+ ollt ) +olle — ) > u(e 1) — u(a, D)}

and

TP u(@t) = {(g,p,X) € Rx (RY)" xS, q(t —1) +p.(z — )

+ % (x— 5)X(z —7) + o[t — ) + o[z — ) < u(w, ) — u(z,5)}

and the closed semi-jets

Ju(z,t) = {(g,p,X) € Rx (RY)* x S,3 (v,,t,) — (z,1) and
(Gns P> Xn) € T2 M u(@n, tn), (u(n, th), Gns Py Xn) — (u(Z,1),¢,p, X)}

J2u(z,t) = {(¢,p,X) € Rx (RY)* x 8,3 (z,,t,) — (Z,1) and
(ns Prs Xa) € T2 7u(@n, tn), (wl@n, tn), G oy Xa) — (u(Z,1),4,p, X)}.

It 1s classical that one can deal with closed semi jets in place of semi jets or
test functions, as it can be seen from [14], [8].

In the following we shall denote by 144 the equation
wy = F(x, Vu, D*u) + h(x,t) - Vu|Vul® + f(z,1)

and when v is a continuous function defined on 0Qr, by 1y} the boundary
value problem

u; = F(x,Vu, D*>u) + h(z,t) - Vu|Vu|* + f(z,t) for (z,t) € Qr
u(z,t) = (x,t) for (z,t) € 0Qr

Remark 4 [t is immediate to see that if u is a sub-solution (respectively super-
solution) of 1¢py and if ¢ is some C' function depending only on t, (x,t) —
u(x,t) + () is a sub-solution (respectively super-solution) of 1ysi .



3 Comparison principle and barriers.

In all this section we assume that €2 is some bounded domain which satisfies
the uniform exterior cone condition, that F' satisfies (H1), (H2), (H3), and h
satisfies (H4).

We begin to prove some comparison principle for the operator
u;—F(x, Vu, D*u)—h(x,t)-Vu|Vu|®. One of its consequences is the uniqueness
of the solutions for 1.

Theorem 1 Suppose that u is a bounded sub-solution for 1y and v is a
bounded super solution for 1ipy, with g < f in Qx|0,T[, g being upper semi-
continuous and f being lower semicontinuous. Suppose that u* < v, on 0Qr,
then u* < v, in Q x [0,T].

The proof of this theorem requires the following technical lemma whose
proof is postponed for the sake of clearness.

Lemma 1 Suppose that € is some open set and 0 € ). Suppose that u is a
super-solution of

uy — F(z, Vu, D*u) — h(z,t) - Vu|Vu|* > f(x,t)

in Qr = Qx]0,T[ and suppose that Cy is some constant , that ¢ is some C!
function on 0, T, that k > sup(2, 3—1?) and (0,t) € Qx]0,T[ are such that for
some 61 > 0

. - o i
senoath_gos, (1) = 9(8) + Cilal") = u(0,2) — ()
Then
¢'(t) > f(0,1).

Proof of theorem 1 :
Suppose by contradiction that u*(z,t) > v,(Z,t) for some (z,t) € Qr, let
k > 0 be such that

2K _ (u* — v,)(Z, 1)
T—-1t 2 ‘

Note that u(z,t) := u*(x,t) — 75 is a strict sub-solution, vy (z,t) := v.(x,t) +

7 is a strict super-solution and u; — v; > 0 somewhere in Q7. Moreover the



maximum of u; — vy cannot be achieved in [t — T'| < I, since in that set one

has
4k

T—1

B B <super — v
U T+ Uy T+ < sup(u* — v,

while

2K
T—t

K K
u*(z,1) — T_7 (vi(Z, 1) + T——f) > sup(u” — v,) —

In the sequel we replace u by v — == which is a sub-solution of 1y _=_ and

T (T—1)2
v by v + 7 which a super-solution of 1 iy}
We define for j € N and for k& > sup(2, 23, 2(1—7)%
o J 2 J .
\Ijj(mvtayas)_u (:p,t)—v*(y,s)—§|t—s| _E|x_y|

Then 1; achieves its maximum on (z;,;,y;,s;) € (2x]0,T[)2% It is easy and
classical to check that the sequences (z;,t;), and (y;, s;) both converge to (z,t)
which is a maximum point for u* — v,, and that j|s; — t;|* + j|z; — y;|*

We want to prove that for j large enough z; # y,;. Suppose not i.e. z; = y;
then

— 0.

J J J
(y,8) — vi(z4,85) — E|%‘ —y|* - §|S — 4 + §|tj — 547

would achieve v, by below at (z;,s;). Then applying Lemma 1 in its form for
super-solutions with Cy = 4, ¢ being replaced by t — v.(x;,s;) — 4|t — ¢;|> +
%]tj — 54|, 0 being replaced by z;, and ¢ by s; one would get that

K

—Jj(s; —t5) > T2 + f(zj,85)-
On the other hand
N J J J
(z,t) = u™ (2, t5) + E\%‘ —al" + §\t — ;% — §|tj — 55

would achieve u* by above on (z;,¢;). Using Lemma 1 in its form for sub-
solutions, ¢ being replaced by t — u(z;,t;) + 3|t — t;|> — 3|t; — s;?, 0 by x;,
C1 by —1%, one gets that

K

it = 55) < glws,t) = 75



Substracting the two inequalities, passing to the limit and using the upper
semicontinuity of g and the lower semicontinuity of f, one gets that

2K

. 2K
ity =) +5(s — ) <~ hgfgop(g(xjatj) — fl@g85)) £~

which is a contradiction. We have then proved that x; # y;.
By Ishii’s lemma [8], (see also lemma 2.1 in [3]) there exist (X;,Y;) € S? |
with )
((t; = s5), dley — " (g — yy), X;) € T (ay,1))
((t5 = 55)s gl =yl (25 = y5), =Y5) € T*"uuly;, 55)

and for some positive constant ¢

X; 0 . v (1 =1
< . — 9.

This implies that, using assumption (H3) and the fact that j|z; — y;|* — 0,
K . _
7z P W) < 3t = s5) = Flygdley =yl (25 — ), =)
- 1+ah(y]’ sj) - (x5 — yj)lz; — yj|k_2+(k_1)a
<ty = s) = Flaggle; — gl (25 — ), X5) + o(1)
- Hah(x]a ) (x5 — yj)lz; — "kiﬂ(kil)a +o(1)
S g($j,tj) — ﬁ+0(1)

In the previous inequalities we have used

|(k:—1)(1+a) 4o

\h(zj,t5) — h(z;, 55)] |25 — y; J
S Chlt S]‘wh 1+a|l’] yj|(k71)(1+a)
, (+a)(k=1) 1ta_wp
< (Gt — s F Gl -yt i

o(1)
and when oo < 0

\h(x5,85) — h(y;, 8;)||x; — yy|FHEF) jire < jiveqg, — g [FOFe) = o(1).
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Using the lower semicontinuity of f, the uppersemicontinuity of g and letting
J go to +00 we get a contradition.

Proof of Lemma 1 First replacing if necessary ¢ by o(t) — Cy|t — t|? for
some constant Cy > 0 and C'; by some constant strictly larger, one can assume
that the infimum is strict in x and t separately.

Clearly 9 (z,t) = p(t) — Cy|x|F — Cy(t—t)? is a test function for u in (0, %) but
its gradient with respect to x is zero. So we are going to prove that either the
function ¢ +— p(t) — Colt — t]* is a 7 test” function as in the second case of the
definition of viscosity super-solution and then the conclusion of the Lemma is
immediate. Or, if this is not the case, then it is possible to construct a sequence
of points tending to (0, ) for which there exists a test function whose gradient
with respect to z is different from zero, but tends to zero on that sequence.
Then passing to the limit we will get the required inequality.

Hence we suppose first that the function ¢ — ¢(t) — Cy|t — £|* is as in the
definition of viscosity super-solution i.e. we suppose that there exists §; > 0,
such that for all = € B(0,d,),

inf {v(z,t) —pt) + Cao(t = 1)°} = inf {v(0,1) — p(t) + Ca(t — 1)*}.

[t—t|<d1 [t—t]<d1
We claim that this infimum is achieved on (0,?). Indeed, the infimum is less or
equal to v(0,t) — ¢(¢) and on the other hand it is more or equal to

inf (e (0,61, [1—i<or {0 (, t) + Ci|z|F — o(t) + Ca(t — t)*} which equals v(0, ).

Then the conclusion given in the definition of viscosity super-solution is in
that case that /() > f(0,1).

We now suppose that we are not in this situation i.e. that x — inf;,_zs v(z,t)—
©(t) + Cy|t — t|* is not constant in a neighborhood of 0.

Recall that since the infimum is strict in x and ¢ separately, for all § > 0,
d < 07 there exists €(d) > 0 such that

inf inf D4 CylzlF = o(t) + Cyo(t — )2
" ({t—£>6}£eB(o,51)}{v(x’ )+ Cilz]" —p(t) + Co(t — )7},

‘ ko Y
gl (0o ) 4 Clalt = pl0) + Calt — 77

> 0(0,1) = @(t) + €(9).

We choose 65 < inf(%, ). With that choice, for all x € B(0, ,)

i —ylk— — N <« — @
wenoA _ges, W)+ Cile =yl =) + Colt = 1)} < v(0,8) —(t) + =

11



while

(0(.8)  p0) + Cily — 2" + Calt ~ ) 2 0(0.0) — (D) + 22,

inf
{lyl>6,]t—¢[<d1}

and one also has

inf £ — o(t) + Cle — ylF + Co(t — F)?
{yeB(O,zli?)thgbé}{U(% ) 90( )—i- \x y‘ 4 2( 3 }

This implies that for all z € B(0, d2)

inf v(y,t) +C ol — o)+ Ot — )
{yGB(QéﬂJt7ﬂ<ﬁ1}{ (y,8) + Culy — " — p(t) + Cot — 1)}

= inf )+ Chly —zl" —o(t) + Co(t — )%} (3.2

wesot g W)+ Cily — ol —o(t) + Gt =17} (3.2)

We now observe that @ — infy,_j<s {v(z,t) — ¢(t) + Ca|t — t]*} is not constant
in any neighborhood of 0, hence there exist (xs,ys) € B(0, d2)

: - _ 712 : . 712 _ k
qinf s {v@@s )—p(O)+Coft=t} > inf {v(ys, t)=p(t) +Colt—A7}+Chlws—us]"

Hence

inf U’t_t+0$—k+0t—£2
{yGB(O,él),‘t7{|<51}{ (Y1) — (1) 1|25 —y| 5| I“}

is achieved on some point (zs,ts) with z5 # xs5. Indeed if it was achieved on
(xs,ts), for some ts one would have

U(l’g,t(g) — gO(lf(;) + C2|t5 - £|2

{yEB(O,61),|t7£|<51}{ (y ) 90() 1’ g y’ 2’ ’ }

< inf {u(ys,t) — p(t) + Cilys — 5" + Colt — £°}
{lt—t]<ér}

: o 72
oot (v, t) = o(t) + Goft — 17}

< wv(ws, ts) — @(ts) + Calts — 2,

a contradiction. Moreover using (3.2), the infimum is achieved in B(0,§)x]t —

5, t+ 4.

12



From all this, one gets that (y,t) — v(zs,t5) + o(t) — o(ts) + Cilrs — 25|F —
Chlrs —y|* + Cy(ts — )% — Co|t — 1]? is a test function for v on (z5,¢5) and since
v is a super-solution

@' (ts) —2Cy(ts — 1) — F(=Cik|rs — 25| (25 — 75), X;5)
+ 011+ak1+a|1'5 . Z(sl(k_l)(a+1)_1h(257 td) . (25 o xd)
>

f(ZtSa t5)
where X5 = —D?*(Cy|zs — y|*) |,=-;- We have finally obtained that

(,D/(t(;) - 202(t5 - E) + AOll+ak21+a|fL‘§ - Z(5|'I€(Ot—'—1)_a_2 + |h|ook1+a|.l’5 — 25|(k—1)(a+1)
> f(zs,15)-
Using x5 € B(0,d2) C B(0,9), z5 € B(0,9), |[ts — t| < 0, this implies that
¢ (ts) + O(8) + O(6™*TV=72) > f(z5,15).
a+2

Letting ¢ go to zero, using k > &7 and the lower semicontinuity of f one gets

the result. This ends the proof of lemma 1.

We now construct a super- solution and a sub-solution for 1,1 We recall
the existence’s result of a global barrier in [7] :

Proposition 1 For all z € 052, there exists some function W, continuous on

Q, such that W.(z) =0, W, > 0 in Q\ {2}, which satisfies

F(z, VW,, D*W.) + h(z,t) - VIW,[VW,|* < =1 in Q.

Furthermore VW, # 0 everywhere and there exist ¢ > 0, ¢ > 0 and v €]0, 1]
which depend on the parameters of the cone, such that for all z € 02 and x € )

clz—z|" < W, (z) <¢lz —x|.

Remark 5 One can ask, up to change the constants v and the constants ¢ and
¢, that W, be such that —W, be a sub-solution of the equation

F(z,VV,D*V) + h(z,t) - VVIVV[* > 1 in Q.

13



The proof of Proposition 1 can be found in [7].

We now give some existence’s result of super-solutions and sub-solutions for
the parabolic problem.

Proposition 2 Suppose that v is continuous on 0Qr and that f is uniformly
bounded. Then there exists a continuous super-solution W for 1yf|.. 4} -
Under the same assumptions there exists a continuous sub-solution V' for

L floev} -

Proof of Proposition 2.

We prove the proposition assuming that v is Holder’s continuous of exponent
~ in space and Lipschitz in time, because in that case we provide a formula
which will be more explicit for the proof of the Hélder’s continuity later. We
shall give later the changes to bring when 1 is only continuous.

Let ¢, be some holder’s constant in space for 1. We define

Wl(.CE,t) = inf {w(sz)—i_(%/} + (’wt‘oo + |f’oo)1ia) WZ(x)+|wt‘oo|t_T‘}'

(z,7)€00x[0,T]

Let us note that when (z, 7) is fixed, (z,t) — (%" + (|t)t] 0o + |f|oo)1%a> W.(x)+

[]o|t — 7| is a super-solution of g 3. Indeed, defining Ay = % + ([0|o0 +
1 1 N

[floo) T, and Ay = (¢ht]oe + [ floo) T,

—F (2, \aVW,, \sD*W,) — h(z) - Ao VW | A\ VIV, |*

)\ 1+«
- (f) (F(z, MVW., \D*W,) + h(z,t) - V(M) [V (M W,)|Y)
1

—F(z, \DW,, \\D*W.) — h(z,t) - V(MW,)|[V (M W) |
| Floo + [¥t]oo

AVARLY,

Moreover in the viscosity sense , 0,(|t — 7|) > —1. This implies that all the
functions in the infimum are super-solutions of 1yf_y.

Since all the super-solutions in the infimum above have their gradient with
respect to x # 0 everywhere, one can apply the classical result of [8], [14] on
the infimum of super-solutions, to obtain that W is a super-solution.

We need to prove that W; satisfies the boundary condition on the lateral
boundary Wi (z,t) := ¢(z,t) for x € 0Q and t € [0,7] . Indeed first taking

14



(x,t) in the infimum one gets Wi(x,t) < ¥ (z,t). On the other hand for all
(2,7) € 0% [0,T], ¥(2,7) + Zc|le — 2|7 + [¢|o|t — 7| = ¥(,t), which implies
by considering the infimum, the reverse inequality.

The same arguments permit to check that Wi (x,0) 2 Y(z,0) for all z € Q.

We now define ¢; = sup{2, Sé—ﬁ}, q= %, cq =qlq— 1) XS , and also

Ky = ¢i(diam Q|h|o + A(N + ¢ — 2))(diam Q)@ ~DlFe)—1 (3.3)

Then, it is not difficult to see that for any positive constant K; and for all
y e
(z,t) — Ki|o — y|" + KT Kot
Cq .
is a super-solution of 1yo; and then in particular taking K; = ——— with ¢,
q

defined above, for all kK € IR™ and y € Q

CZ) , C;]p 1+a
(5.0) 0 sl = gl 4 (Sl + o)t () Kt

is a super-solution of 13-
We now define

C
Wola,t)i= inf ({5,004 5+ o —pl® & (1l + [iloc)t
q

yeQ,kelR+
1
CZ) +a }
+ Kot
q,.qg—1 )
Cqk1

W3 being the infimum of super-solutions of 14y, using Proposition 3 later in
its form for super-solutions, it is a super-solution of 1¢_,

We need to check that Wa(z,0) = ¢(z). On one hand, by taking y = = and
t = 0 in the infimum one gets Wa(x,0) < k4 ¢(x,0) for all k. On the second
hand, we use the identity for ¢ > 1, and for any positive number P

keRT

P
inf {k+ G—}= P (3.4)
cak
that we apply here with P = ¢j |z — y|?. This yields
q

C
Waz,0) = inf {P(y,0)+ 5+ —lr —y|"}
CqR

yeQ,kelRT

15



- ;gg{w(y, 0) + cylz —y}
> 1(x,0).

We need also to check that Wy(z,t) > ¢(x,t) when x € 0Q. For that aim we
use for all z € Q

q

C
Wy(z.t) >  inf 0 Y g — gyl ot
2(x,t) = yeﬁfgem+{w(y, )+H+Cgﬁq_1|x Y1} 4 [ oo t]
> (,0) + [Yi|oolt]
> Y(z,t).

We now define
W(z,t) = inf(Wi(x,t), Wa(z,t))

Then W is a super-solution of 1y, 4}
Similarly one can define a sub-solution V' by :

V(x,t) =sup(Vi(z,t), Va(z,t))

where
Cw 1
Vilwd)i=  sup {(5m) = (2 4+ (Wil + [Fle) T ) Wa(o)
(2,7)€00x[0,T],k€RT &
i A
and

d

Valwt) = suwp {0(y.0) = k= tlo—gl" = (f]o+ il

2 -1
yeQ,keR+ qu
1
( Ci )+aK }
— t
q,q-1 2
Cqk?

and K3 has been defined before. Then V' is a sub-solution of 1;_s 4. This
ends the construction in the case where v is Holder continuous in space and
Lipschitzian in time.

We now give the changes to bring when ) is only continuous. The following
construction is similar to the construction in [9].

16



Let wfp and wy, be the modulus of continuity of ¢ respectively in ¢ and «,
uniformly in the other variable, i.e.

wfp(é) = sup  [Y(z,t) —P(x,7)]
{¢t, 7,]t—7|<8, z€Q}
and
wa((S) = Sup( sSup ‘w(yvt)_w('z?t)L sSup |¢(y>0)—¢(270)‘)

{t€l0,71,(y,2)€09, |y—2|<d} {(1,2)€9, |y—=z|<6}

and we define for Kk > 0

G sup (Wi (Jo1 — @2]) — K)F
! (z1,22)€00X, Wac1 (l’g)
and
(wy(6) — k)"
¢y = sup
5>0 0
. (wip(8) — k)"
S ST
Then the barriers are given by
Wy (2,t) = inf T)42 (*’” N *’”ﬁ)wz St}
()= int (e )2 (6 ()7 ) W) +eslt—rl)

Wo(z,t) = inf {¢(y,0) + 2k + |z — y|™ + (K2(§)"" + | floo + ¢5) t}

kelRT yeQ

and W = inf(Wy, W3). Similarly we define the sub-solution V.
This ends the proof of Proposition 2.

Let us observe that using the comparison principle in theorem 1,

V< W

17



4 Existence and regularity.

In this section we assume as in section 3 that €2 is some bounded domain which
satisfies the uniform exterior cone condition, that F' satisfies (H1), (H2), (H3),
and h satisfies (H4). We also assume that f and ¢ are continuous and bounded.

For the regularity results presented later, we shall suppose in addition that
1 is Holderian in space , lipschitzian in time and f is Holderian in time.

We first prove, using Perron’s method, and with the aid of the sub and super-
solutions defined in section 3, that there exists a unique continuous solution
of

u; — F(z,Vu, D*u) — h(z,t) - Vu|Vu|* = f in Qr
u(z,t) = Y(x,t) for (z,t) € 0Qr.

Next we prove some Holder’s estimates on this solution.
We consider V' and W as in section 3 before, we recall that V < W,V is a
sub-solution, and W is a super-solution. Let

E = {u,sub — solution of 14y, V <u < W}

We need to prove that if « =: sup F, the lower semi-continuous enveloppe u, is
a super solution of 1y , while * is a sub-solution. This can be done using
the two following propositions :

Proposition 3 Suppose that Q2 is some open set in RN . Suppose that (u,) is
some locally uniformly bounded sequence of sub-solutions for

Uny — F (2, Vuy, D*u,) — h(z,t) - Vu,|Vu,|* < f.

Let u be defined as

1
w(Z,t) = limsup{u,(y,s),n > —, [t —s| + |y — x| < r}.
r

r—0

Suppose that [ is upper semicontinuous. Then u is a sub-solution .

Proposition 4 Suppose that f is continuous and V and W are respectively
sub-solution and super-solution with V- < W, and let u = sup{sub — solutions <
W, Then u is a super-solution, hence it is a solution.

18



Proof of Proposition 3
u is upper semicontinuous by construction.
We assume that we are in the ”exceptional ” case, ie that (Z,¢) is such that
there exists ¢ € C! which depends only on ¢, and there exists some d;, such that
Supj;_yj<s, (U(z, 1) — p(t)) = u(z,t) — ¢(1), and 2 — supy,_g <, (W@, t) — (1)) is
constant on B(Z,d1). Then maxaep(z ) je—11<s, (U2, ) — @(t)) = u(2,1) — (7).
Let k > sup(2, 3—ﬁ) We also have Sup{xeB(:E,51)7|t*ﬂ<5l}{a(ﬂf, t)—p(t)) —|z—
z|F — |t —1?} = u(z,t) — p(f) and the supremum is strict in x and ¢ separately.
Let us consider

sup  {ul(w,t) — (t) — |v — zF — |t — 17}
z€B(z,01),|t—t|<1

This supremum is achieved on some (x,, t,,). We begin to observe that u}(z,,t,) —
u(Z,t). Indeed by the definition of @, there exists (y,,s,) which goes to
(z,1) and u’(Yn, sp) — u(Z,t). Then u*(zn,t,) — @(tn) — |20 — Z|F — |t, —
t2 > w5 (Yn, sn) — ©(tn) — |yn — Z|* — |sn — £|*> — @(Z,%), which implies that
lim inf w* (2, t,) > u(Z,t). On the other hand, using the definition of

lim sup 1 (2, £n) < (2, 1)

n

Moreover since the supremum is strict, (x,,t,) — (Z,t). We now distinguish
the case where T # x,, for an infinity of n and x = z,, for all n large.

If Z # x, for an infinity of n, using the fact that (z,t) — @(t) + |z — Z|F +
|t —t|* is a test function for u* on (x,,t,), with a non zero gradient with respect
to x on (z,,t,), one gets that

Oty +20tn — 1) — ARz, — z|FletD—am2 _ plteip) g, — z|(-Dle+D)
< @(ta) + 2(tn — ) = Fklon — 2" (20 — 7), D*(Jz — 7[")(20))
— Wz, tn) - (zn — DKz, — 3| *- DD

< f(xmtn>

This gives the result by passing to the limit since &k > Z—ﬁ and f is upper

semicontinuous. We now suppose that x,, = & for all n large enough. Then
using lemma 1 in its form for sub- solutions one gets that

Spl(tn) + Q(tn - i) -0< f(fatn)-
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Once more by passing to the limit and using the upper semi continuity of f we
get the desired result.

When we are not in the ”exceptional case”, one can argue as in [14] and [4],
Proposition 5.2, so we finally get that @ is a sub-solution.

Proof of Proposition /
First case We suppose by contradiction that there exists some point (Z, ),
some € > 0 and some o € C1? such that Vip(z,1)) # 0 and

¢t(j’£) - h(j7f> ’ v@(f75|v¢(j7a|a - F(j’ Vg@(i‘,f),D%O(iyf)) < f(i‘aﬂ —€

and (i, — ) > (4, — ¢)(Z,t) =0 on B(Z,0,) x {|t —t] < &1}, for some d; > 0.
We prove first that u,(z,t) < W(z,t). If not ¢ achieves also W by below
on (Z,t) and since W is a super-solution one has

@t(i'?ﬂ o h(i'?ﬂ ) V¢(£7{>|v¢(j>a‘a - F(:Z‘,Vgo(:i‘,ﬂ, DZQO(@E)) > f(f@

a contradiction. We have then ¢(z,t) < W(Z,1).

Let ¢ be defined as ¢(z,t) = p(x,t) — |x — Z|¥ — |t — £|* which achieves also
, by below on a neighborhood of (Z,t). Moreover the infimum of %, — @ on
(7,1) is strict in z and ¢ separately. Using the continuity of F', h , ¢, V@, D?@,
let § < d; small enough in order that for all (z,t) € {|Jx —z| < §} x {|t—1| < d},

P:(7,t) — &u(y, )|+ |h(Z,1) - V(a, f)! P(Z, 1) = h(y,t) - Vo(y, 1) Ve(y, 1)
|F(y, Vo(y,t), D*a((y,t)) — F(z,Vg(z,1), D*@(z,1))|

+ 1@ - fly < 5,
and (W — (,Z?)(l’,t) >0. Let 0 <r < inf{|x,j|§5}x{‘t,ﬂ§5}(W — (,27), and r < 23—:
We define w = sup(@ +r, @) in B(z,0;) x {|t —t| < 6;} and w = 1, elsewhere.
Then w(Z,t) = ¢(z,t) + r and when |z — Z| + |t — t| > §, w = U,. w is
then a sub-solution which is greater than u, somewhere. We have reached a
contradiction.

Second case
We now assume that there (7, ) is such that , for some € > 0, some ; and for
some ¢ in C'(t — dy,¢+ d1) on has for |z — Z| < &y ,

o () = elt)) = a(@,1) — o(@,1) = 0
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with

pi(t) < f(7,1) —e (4.5)
We prove that p(Z,t) < W(z,t). Indeed, if not one would have

{2€B(2,01 )t€]i—01,F+01[}

and using lemma 1 one would obtain since W is a super-solution that

(1) < f(z,1),

a contradiction with (4.5). We have then obtained that p(z,t) < W(z,1).

We define ¢ by @(x,t) = p(t) — |z — Z|F — |t — #|*. then @ achieves u by
below on (Z,t) and the infimum of @, — ¢ is strict in = and ¢ separately on that
point.

Using the continuity of F', f, V@, D?@ one can choose § < §; small enough
in order that for |z —z| < § and |t — ¢] <4,

@t(xv t) - h(jﬂ?) ’ ng(x,t)\V@(x,tﬂa - F<x> V@<I,t), D2¢($7t>) < f(xvt) - %
and (W — @)(x,t) > 0.

From this and using lemma 1 for the point (Z, ¢) one sees that on |z —Z| < §
and [t —t| <9, (z,t) — @(x,t) is a sub-solution.

As before, we choose r < infy,_z<s5 p—f<s)(W — @)(x,t) and such that
r< 2,‘3—51, we define w = sup(@(x,t) +7, 4,) in the set {|x —Z| < 0o, |t — | < b2},
then w is a sub-solution which coincides with u,(Z,t) +r on (z,¢) and with a,
for |x — Z| 4+ |t — ] > 6. We have obtained a sub-solution which is less than
W and strictly greater than @, on some open neighborhood of (Z,f) . This
contradicts the definition of # and then u, is a super-solution. This ends the
proof of Proposition 3.

By the comparison principle in Theorem 1, we get that @, > @*, hence the
function « is continuous and it is the required solution. We have obtained the
following existence’s result :

Theorem 2 Suppose that f and v are continuous and bounded on Qr. Then
there exists a unique continuous solution of 1{y.y.

Remark 6 The uniqueness is given by the comparison principle.
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We now prove some Holder’s estimate :

Theorem 3 Let v be given in Proposition 1.

Suppose that f is continuous, bounded on Qr, and Holder’s continuous of
exponent vy with respect to t, that ¢ is Holder’s continuous with exponent ~y
with respect to x and Lipschitz in t, and let u be the solution of 1¢sy\. Then
there exists some constant c, such that for all (x,t), (y,s) in Q%, and for v* =

1nf(7f’ 2((X+¥)—Oc’y’ a-i—;—oz'y)

[u(e, t) — uly, s)] < c(lz =y + [t —s|").

Corollary 1 Suppose that (f,,) is a sequence of continuous and uniformly bounded
functions, uniformly Hélderian in t, and (1) is a sequence of functions uni-
formly Hoélder’s continuous in x and uniformly Lipshitzian in t, then the se-
quence (un) of solutions of 15, .1 s uniformly bounded and uniformly Holder’s
continuous.

In order to prove Theorem 3 we give three preliminary results, which establish
some Holder’s estimates on the bottom and on the lateral boundary of Q7.

Proposition 5 Let ) be an Holder fu_nctz’on with exponent v in x and Lipshitz
int on OQr, let f be continuous on Qr and let u be the solution of

Owu = F(z,Vu, D*u) + h(z,t) - Vu|Vul|®* + f(z,t)  in Qr
U(ﬁ,t) = @D(l’,t) on aQT

Then there ezists some constant Cy such that, for all (x,t) € Qx]0,T[,

|U’(I7 t) - ﬂ)(l', O)| S C2tinf<2(a+’ly)_°‘7’a+2’y_a7>.

Proof.
By the comparison principle in theorem 1 one has
u(z,t) < Wz, t)
< W2(x7t)
Cq 14+
< G0+ int (H () K2t) (U floe + 11l

KERF cara—1

= U, 0) + O 4 (| flog + [eloo)t
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for some constant C' which depends on (cy, 4, a, ¢1,7), computed with the aid
of (3.4), replacing g by (¢ — 1)(a + 1) + 1.

This yields the result. The symmetric lower bound is obtained by consider-
ing V instead of W and arguing similarly.

As a consequence one has the following

Proposition 6 We assume here that f is continuous on Qp, Hélder with re-
spect to t, for some exponent ;. Let u be a solution of 1{s.y. Then there exists
Cy depending on the Holder’s constant ¢y, and cy of ¢ and f respectively , such
that for all x € Q and for all (t,s) €]0, T,

lu(z,t 4+ s) —u(x,t)| < Cys?",

where y* = inf(Q(aﬁl)_a, T2y V)

Proof of Proposition 6: Let ¢; be such that for all z € 2 and for all (¢,s) €
10, T[x]0, T — 1],

[f(z,t+s) = fla,t)] < cps™.
We define for s fixed in |0, 7, and t €]0,T — s|

v(z,t) = u(z,t+s)+tcps’ + sup [Y(x,t+ s) + cpts’ —P(z,t)|
(z,t)€00Qx]0,T—s]

+ sug lu(z, s) — (x,0)].

Then v satisfies on Q2x]0,T — s|
Ow — F(z, Vv, D*) = h(z,t) - Vo|Vo|* = f(x,t +5) + ¢5s7 > f(a,1).

Since u satisfies the opposite inequality on the same open set, and by construc-
tion v(z,t) > u(x,t) on 0Qr_s, one has by Theorem 1

u(z,t) —v(x,t) <0,

which gives the result, redefining Co = 2T 7= 4 |o)y| T 7 +CyT TAD=a gt
C5. For the reverse inequality, one uses for s fixed and for ¢t €]0,T — s|

v(z,t) = u(z,t+s)—1tcps™ — sup [Y(z,t+ 5) + cts™ —P(z,t)|
(z,t)€00x]0,T—s|
~ suplu(z, s) - (. 0)].
x€N
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Then, v satisfies on 0,7 — s|
vy — F(z, Vv, D*0) — h(z,t) - Vo|Vo|* < f(z,t +5) — ¢ < f(a, 1)

and u(z,t) satisfies the opposite inequality on ]0,7 — s[. Moreover v(z,t) <
u(z,t) on 0Q7r_s. Then Theorem 1 implies that

u(w,t+s) < u(z,t) + Cos?
with Cy as above.
We now give an estimate on the lateral boundary :

Proposition 7 We assume that 1 is Holder continuous of exponent v with
respect to x and Lipschitz with respect to t. Let u be a solution of 1(4y. Then
there ezists Cy such that for all (z,z,) € Q x IQ and t € [0,T),

lu(z,t) — u(z,,t)] < Cylx — z,|".

Proof

We use once more the super-solution. Taking in the infimum defining W
the point (z,,t) which is on the lateral boundary, and using the properties of
the barrier, one has

u(z,t) < W(z,t)
S Wl(ﬂf,t>
< P(@ort) + LW (&) + (1w + [Wloo) T W, ()
< 1)+ (4 (e + Rl el — ]

This gives the result with

Ch = &% + (|f oo + [tht]oo) T59).

&

One gets the lower bound by considering V' instead of W. This ends the proof
of Proposition 7.
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We now prove Theorem 3. First observe that u is bounded as soon as f and ¥
are bounded, due to Theorem 1, the inequalities V < u < W, and the definition
of V and W.

In the following 4 is some real < inf(1, 7).

Let us note that the uniform continuity of F on Q x {|p| = 1} x {|X| =1} and
its homogeneity assumptions imply that there exists a continuous function @,
@(0) = 0 such that for all (z,y) in Q?, p#0,VX € S

|F(z,p, X) — F(y,p, X)| <@z —y|)|p|*X].

Let 6 be small enough in order that, for C' the universal constant defined in

(4.8) later, one has ©(d) < {5, and §|h|o < &. We define

1
2 OOé‘cu+1—(cu-i—2)'y Tta 9 2
L = sup 01,( 7]oo0 ) EPE ) and M = sup(Cy, 2
aly) (1 —7) 07 07

where (] is given in Proposition 7, and C5 is given in Proposition 6. We also
define

Afs = {(($7t)7 (ya S)) € Q%v |£L‘ - yl < 57 |t - S| < 5}
Claim For any (z,t), (y,s) € As

®(z,t,y,5) = u(z,t) —uly,s) — Llz —y|" — M|t — s|"" <0. (4.6)

To prove this claim, we argue by contradiction and suppose that the supremum
of ¢ is positive. Then, for x small enough > 0 the supremum of ¢ — 7%~ — =*-
is also strictly positive. In the following we replace ¢ by ¢ — =~ — 7 .
From the choice of the constants and Propositions 6 and 7 we know that
the inequality (4.6) with the "new ” ¢ holds on 0Aj :
Indeed if z € 99, y € Q, and (¢, ) €]0,T[%, |s — t| < 4§, using Proposition 7,
one has

u(z,t) —uly,s) = P(x,t) =9z, 5) +ulz,s) —uly,s)
< |iloolt = | + Chlz —y[?

which gives the result since M > Cy > |1 T"7" and L > C;. The same is
true by exchanging x and y.

If |x —y| = 0 or [t —s| = 4, the result holds by the choice of L and
M. Fort = 0 or s = 0, one uses Proposition 6 and Proposition 7 to get
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lu(x,t) — u(y,0)] < |u(z,t) —u(x,0)] + |u(z,0) — u(y,0)] < cylz —y|7 + Cot”,
from which we conclude since L > ¢, and M > Cs.

Finally the supremum cannot be achieved on {t = T'} or {s = T'} since in
that case the function equals —oo.
Recall that we have assumed that

sup  P(x,t,y,s) > 0.
(2,1),(y,5)€Q%

Then for n > 0 large enough

7+ K K
2

Tt T—s

q)n(x7t>y7 S) = u(x,t)—u(y, 8)_L|‘T_y|ﬁ/_M<|t_8|2+ni2)

has also a supremum > 0, and it cannot be achieved on the boundary, by the
previous considerations. We denote by (Z,, ), (Jn, 5,) a couple inside As on
which the supremum of v, is achieved, and in the following we fix n large
enough and drop the indexes n for simplicity.

Suppose that £ = ¢. Then one would have
1 *

)7,

wf?

n
which contradicts Proposition 6 and the choice of M. Hence T # y and using
Ishiis” lemma (see also lemma 2.1 in [3]), there exist X € S and Y in S such
that:

* 1?—5 K _ o o ~ )
(Mfy (—35)2 + 1)17§ + (T_QQ’VL(fU—y)W—yI” 2,X> € J*u(z,1)
- n?
* E_g K B o o o o
(M7 (F—3)2+5)—F N (T—E)Q’WLCE_y)|"”_y|7 2’_Y> c J* u(y, 3)
o n?

X 0\_( B -B
0OY )=-\-B B
and B = Ly|ZT — g 2(I + (y — 2)E=02E=0)y

|z—g]?
We need a more precise estimate, as in [15]. For that aim let P the sym-
metric matrix defined as :
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(Z-—yez-7)
[z — gl
Using —(X +Y) > 0, (I — P) > 0 and the properties of the symmetric matrices

one has

0< P :=

<.

tr(X+Y)<tr(P(X+Y)).
Remarking in addition that X +Y < 4B, one sees that tr(X +Y) < tr(P(X +
Y)) < 4tr(PB). But tr(PB) = vL(y — 1)|Z — g7~ < 0, hence

tr(X +Y)| > 4yL(1 — )|z — |2 (4.7)

Furthermore by Lemma III.1 of [15] there exists a universal constant C' such
that

IX[,[Y| < C|tr(X +Y)| + |Bl2[tr(X + Y)|2) < Cltr(X +Y)|,  (4.8)

since |B| and [tr(X +Y)| are of the same order. This constant is the constant
used for the choice of L at the beginning of the proof.
Using the fact that u is both a sub- and a super-solution we get

t—35 .

_ o Mo *
f(=T7E) = gl <((E—8)2—|—%)1_W2> +(T—f)2
) (T =7 — gj‘(V*l)(a+1)—1
t

= <<<f— 5 + —>> Ty

- Ll+a,yl+ozh<

&I

— F(g,7L(@ — )|z — g% =Y) — L'y en(y, 5) - (z — g)|z — g0~ Dt

- o(lz -y (vLlz — g~ ")~ X]

—  LYn|yte |z — g|O e 4 (v Lz — g Y %altr (X 4+ YY)

Z—9)  |hleo,.
c 50 |z —7)

> 471+aL1+a(1 _ 'Y)’f _ g’7—2+(—y—1)(a+1) (CL . (:)(

+ f(9,3).
This is a contradiction with the assumptions on L. We have obtained that
w(z,t) —u(y,s) < Lz —y[? + M|t —s|".
This ends the proof.
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5 The case R x]0, T

In this section we still assume that F' satisfies (H1), (H2) , (H3) that h satis-
fies (H4), and = IRY. We assume in addition that F' satisfies the uniform
Lipschitz condition :

(H5) There exists some constant C' such that for all p # 0, for all X and
for all ¢, such that |¢| < %‘, and for all z € IR, one has

|F(z,p+q,X) — F(z,p, X)| < Clp|* || X],

and we prove here the following existence’s theorem

Theorem 4 We suppose that 1 is uniformly continuous and bounded on RN
and f is uniformly continuous and bounded on RN x [0,T]. Then there exists
a unique continuous and bounded viscosity solution of

uy — F(x,Vu, D*>u) — h(x,t) - Vu|Vu|* = f(z,t) in RVx]0,T]
u(z,0) = Y(x) for all z € RY.

The proof of Theorem 4 follows the lines of the previous sections, in the
case where () is bounded. We then need to produce a super-solution and a
sub-solution and to prove some comparison principle.

The super-solution is obtained with the aid of the following proposition

Proposition 8 There exists G, some positive C* function on [0, 00[, and some
constant B such that u(z) = G(|x|) satisfies on RN x]0, T

F(z,Vu, D*u) + h(x,t) - Vu|Vu|* < B.

Proof
Let ¢; = sup(2, 3—ﬁ), and define
rdt ifr<1
G(r)= _
(T> { ql(l-;h)?“ + ql(qle 1) +1-— q% ifr>1

With this choice of G, by an easy computation, one gets that there exists some
constant B such that for u(z) = G(|z|)

F(x,Vu, D*u) + h(x,t) - Vu|Vul|* < B.
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Proof of theorem 4

We give the proof in the case where ¢ is Holder’s continuous and we shall
give the changes to bring in the case where 1) is only continuous. We denote
by v, and ¢y respectively some Holder’s exponent and some Holder’s constant
for ¢. Let ¢ = ;’—;.

We define on the model of W5 in section 3,
(CTZJ + 2|77Z)|oo)q

q,.g—1
Cqr1Y

€ +2wroo>q>”a 5o,

q,.q—1
Cqk1

Wz, t)= inf {Yy)+x +

yeRN kelR+

G(ly — f) + [ floot

Then W is an infimum of super-solutions for 14 y. Moreover

- . (CUJ + 2|¢]oo)q
W) = ot i) +es S ey
> P(y) + eyl —y|™
> (),
and also using G(r) > r for r > 1
. (CdJ + 2’w]oo>q
£ Sy T 4l¥]eo)” _
il )+ I )
: (cp +2P]o0)?
> A R T P
> {‘y_xlirllfnew}(zb(y) + K+ e |z —yl)
> ijgf>1{w(y) + (ep + 2|l ly — [}

> (y) + 2l = Y(2).

This implies that W (x,0) > ¢ (x). Moreover taking y = z in the infimum, one
gets
W(z,0) < K+ (),

for all k. We have obtained that W (z,0) = ¢(x
uniformly bounded, indeed

We now observe that W is

(cy + 2|¢|oo)q) e Bt}

q,.q—1
Cqk?

[l SW(e,t) < gg+{w<x>+n+|f\oot+(

q\ 1Ho
< ¢@)+1+|f|@+<%) Bt

q
Y]oo + C

AN
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for some constant C' which depends on the data and 7T
Moreover for all (z,y) € (R")? and for all ¢ € [0, T,

W(z,t) < ¥(y) + crlz — y[* + cot@ins, (5.9)
Indeed taking y = x in the infimum defining W and using (3.4) one has
Wiz, t) < (x) + ctiETs < Y(y) + eyl —y[™ + ctaT e
This will be used for the Holder’s estimates later.

Let us note that

21| )
V= s (w)-x — © Gy )
9 Ooq 14+
R

with B as before, is a sub-solution of 1 4. Moreover V is bounded and
satisfies for some constants ¢; and ¢, and for all (z,y) € (IRY)? and ¢ € [0, 7]

V(z,t) > Y(y) — |z —y|™ — Cotaai s (5.10)

In the case where 1 is only continuous we introduce

B feR* G((S) ’

where w is the modulus of continuity of ¢» and we define

W)= il {9(y) + GG — ) + | fluct + () B},
yeRN kelR+
and
V(z,t) = sup {¢(y) —r — EG(|lx —y|) — | floot — (c§) T*Bt}.
yeRN kelR+

V and W hence defined are uniformly bounded. Using Theorem 5 below one
gets that V' < W. We now define u as the supremum of sub-solutions such
that V' < u < W, and remarking that Perron’s method in section 4 does not
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use the boundedness of (2, we obtain that there exists a solution of 17, on
IRY x]0, T[, in the sense that u* is a sub-solution and wu, is a super-solution.
We now use the fact that V' < u* and u, < W to derive using Theorem 5 that
u, > u*, hence u is continuous. Applying once more Theorem 5 one gets that
the solution is unique. This ends the proof of Theorem 4.

Theorem 5 Suppose that f and g are uniformly continuous and bounded and
f > g. Suppose that u and v are respectively upper semicontinuous and lower
semicontinuous and satisfy

uy — F(x, Vu, D*u) — h(z,t) - Vu|Vu|* < g(z,t) in RV x]0, T,

vy — F(z, Vv, D*0) — h(z,t) - Vo|Vo|* > f(z,t) in RN x]0, T7,

with u(x,0) < v(x,0). Suppose in addition that there exists some constant ¢
such that for all (z,y) in RY,

u(z,t) <u(y,0)+ca(le—y|+1) (5.11)

and
v(z,t) > v(y,0) —c1(Jz —y| + 1). (5.12)

Then u(z,t) < v(x,t) for all (z,t) € RN x [0,T].

Proof of theorem 5

One can replace v by (v), = v +
which is infinite on t =T

We shall prove that u < v, and next we shall let k go to zero. In the sequel
and for the sake of simplicity we drop the index k.

Suppose by contradiction that there exists (Z,t) such that (u—v)(Z,t) > 0.
Then t < T according to the previous property of v.

We introduce for j € N and for k£ = sup(3, %, g—ﬁ,a—i— 1, O‘T“, 2%—?")), the
function 1; defined as

K

7. Then v, is a strict super-solution,

y k .
JIT =Y 7
(et s) = ule.t) — o(y, ) - 270 !

t — s|?.
It =

1
—rlelt =
3k
Then for j large enough the supremum of %; is still > 0, for example as soon
as
jz*

w(z,t) —v(z,t)
31
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In the following C will denote some constant which can vary from one line to
another.

We prove first that if ¥;(z;,y;,t;,s;) > 0, jlo; — y;|* < C. Indeed, using
the fact that u(z,t) — v(y,s) < 2c1(|Jz — y| + 1), one gets that j|lz; — y;|* is
bounded, In particular |z; — y;| goes to zero. From this one also derives that

;" gt = s5)?
jSk + 2 S C’

and then |z;] < C'& j3.
Moreover using Ishii’s lemma [14], (see also lemma 2.1 in [3]) there exist
(X;,Y;) € S such that

. kloi|F 2. D2(|z*)(x; -
(m 5)s gl -yl —yj>+%, Xﬁ%)eﬁ*uum),

and
(Gt = 55), oy — " (w5 = w3), —Y5) € T 7u(y;, 85).

We want to prove that z; # y; for j large enough. Suppose by contradiction
that z; = y;. We observe then that z; # 0. If it was not the case the function
o(z,t) = u(0,t;) + L|z|* +5 l2f 4 g 1(t—s;)* —L(s; —t;)* would touch u by above
on 0 and then using lemma 1 one would obtain since k& > sup(2, g‘—ﬁ)

3t —s;) =0 < g(0,1;).

On the other hand v(0,s;) — £(t —¢;)* + L(s; — t;)* — J‘%Vc would touch v by

below on (0, s;), hence using once more lemma 1, we would get

j(t] —Sj) -0 2 f(O,Sj) +

K
(T = s;)*

Using |t; — s;| — 0, the uniform continuity of f and g , substracting the two
inequalities and passing to the limit we would get a contradiction.

We now suppose that z; = y; and according to the previous argument
we know that under this assumption, z; # 0. Then the function p(z,t) =
u(zj, t;) + Lo —a;F + |”T|k +L(t—s;)2—L(s;—t;)* - ‘j]‘ achieves u by above
on (x;,t;), where its gradlent is different from 0. We then have

kla;|* 2

. y pa ol byl (o)
31ty 55) = £, ML () iy gy K (]
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On the other hand the function ¢ (z,t) = v(x;, s;) — Lo — z;|F — L(t —t;)* +
L(s; —t;)* achieves v by below on (z;, s;). Then by lemma 1, we get that

K

gty —s;) — 0> f(zj,s;) + T—s)

We now use the properties of ' and obtain that

klag "2y o (l2]") kla "2y (Kl "
| F (5, jjgk *, D? T (z;))) + hlz;t;)- Jjgk ’ jjgk |

< C |xj|k(a+1)—a—2 |xj|(k—1)(a+1)
- j3k(1+oz) j3k(1+o¢)
< C (j3(k(()¢+1)—a—2)—3k:(1+o¢) + j—3(a+1))

= o(1)

Finally using the fact that |x; —y;|+|t; —s;| goes to zero, the uniform continuity
of f and g , substracting the two equations and passing to the limit we get a
contradiction.

We have obtained that x; # y;.

We now prove that j2?|z; — y;|*' — +o00. In particular this will imply
that for j large enough jlo; — y;[F"%(x; — y;) + kl%‘j% # 0. Suppose by
contradiction that for some constant ¢ > 0, and for a subsequence denoted in
the same manner for simplicity, j|z; —y;[*~' < ¢j 7!, then | X;| < jlz;—y;|F 2 <

4 _q\ k=2 3k g .
(72| — y;[F") =T 0 and also || + |D? (']—') ()] < 1X;] +¢j6 — 0.
Using the fact that u and v are respectively sub-and super-solution, one has

v

9(x;, 1) J(t; = s5) —o(1)

and % + flyj,85) <ty —s5) +o(1).
Substracting the two inequalities, passing to the limit and using the properties
of f and g, one gets a contradiction. We have obtained that j|z; — y;|*~" > E
for some constant c. From this one derives that jlz; — vy;|"?(z; — y;) +

k=2,
W’J'.?)—km] ~ireo JlTi =y (x; — y;). With the aid of this remark and using

the assumption (H5)
. _ k|x;|*2; : _
| Py, glay — sl 2 —yy) + %ij) — F(xj, jloy — yil* 2z — ), X))
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IN

i X (ilay — g

cj My — y;|F 2 ifa<1
¢j

< o a
= L Gl - e a1

= o(1)
by the choice of k. One also has using assumption (H2)

| F( il o, k2 o k|[l’,'J|k72l'] X. )
zj, jlry — vyl (w; yj)+jT7 j+jT(x]))

, _ k|z;|* 2,
— Flxj, jlay —y;) 2 — ;) + %J{M

IN

cj (|l — vyl )"

cj o« if a<0
< —6+S (. kya(E=L)y .
3Tk Gl —yP)* R ifa>0
= o(1)

by the choice of k.
Treating analogously the terms involving A, in particular using the Holder’s
regularity of h with respect to t, together with (H3), one obtains

. . _ k|2, D?(|2]*)(x;)
glaj, ty) > j(t; — s;) = Fay, jloy — y* (25 — y5) + %,Xj + TJ)

kla; |2 |

~ k—2 k|$j’k_2wj : k-2
— h(zj,t5) - { dlzj — vl (%'—yj)Jro Jleg =yl (2 — yy) + =

(
3(t = s5) — Flaj, jloy — ;"2 (25 — 95), X;)
(25, t5) - dlvg — vyl 2 (2 — yy)ldley — v P> = o(1)
>ty — ;) — Flysdley — v (x5 — yy), =Y))
(yj,s5) - J|9CJ —yi P ay — y)ldlzy — yil N @y — )| = o(1)
(

Yj,5) + ﬁ —o(1)
We now conclude as before : We use the fact that |z; — y;| + |[t; — s;| goes
to zero, the uniform continuity of f and g , and we pass to the limit to get a
contradiction.

This ends the proof of Theorem 5.

(LY
>

>

> f

We now prove that the solutions are Holder’s continuous when f and v are
Holder’s continuous.
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Theorem 6 We assume that f is uniformly continuous and bounded, is ¢
Holderian with respect to t, uniformly in x, and that v is bounded and Holderian
of exponent v, on RN. Suppose that u is the solution of 1¢4y on RN x]0,T7.
Then u is Holder’s continuous of exponent v, with respect to x and of exponent

7" = inf (v, 2(a+¥;”7a%, a+2’yiba'y¢) with respect to t.

To prove Theorem 6 we shall need the following proposition, which estab-
lishes some Holder’s regularity with respect to ¢, when x is fixed.

Proposition 9 Under the assumptions of Theorem 6 there exists some con-
stant Cy such that for all x € RY and for all t,s > 0

lu(z,t + 5) —u(x,t)| < Cys?”

where v* = inf(~y, m), q= 3—;, ¢ = sup(2, g—ﬁ)

Proof
We first use the estimates (5.9) and (5.10) which give for y =z :

|’¢(ZL’) - u(:z:,s)| < @sm

and the comparison principle in Theorem 5 on IRY x]0,T[ : We define for s
fixed in [0, 7] and t € [0,T — s]

v(z,t) = u(z,t+s) + cfts™ 4+ sup |P(x) —u(x, s)|.
z€lRN

where ¢y is some Holder’s constant of f with respect to ¢t. Then v is a super-
solution of 1s4y on RN x [0,T — s[. Let us note that v and u satisfy

u(,t) < U(y) + erle — y" + oot T < p(y) + 261 |z — y| + 1) + T TET0=
(5.13)
and

o(@,t) 2 ) —erle—y| —ca(t+s) T > i (y) 261 (Jo—y|+1)—cp(2T) 750

(5.14)
and u(x,0) < v(z,0) by construction. Hence one can apply the comparison
Theorem 5 to obtain that

u(z,t) <wv(z,t) <u(x,t+s)+cfTs" + 023'1<a+11)*a
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In the same manner defining v(x,t) = u(x,t + s) — ¢fts’ — sup,epn [Y(z) —
u(z,s)| then u and v are super and sub-solution for the same equation, and
then using Theorem 5 one gets

U(ZE, t) Z u(x,t + S) — chSVf — 02311(04-&-11)—1 .
The result follows.

Proof of theorem 6

First we observe that u is bounded, taking y = x in the inequalities (5.11)
and (5.12) and using the fact that ¢ is bounded. We denote by L, some
constant such that for all (z,y) € RY, |[¢(z) — ¥ (y)| < Ly|z — y|*.

TTa
Let 0 be given less than 1, L > sup(4c; + Ly, (W‘if—ho)’) ,1) and

0 (1_%/)

M > sup(22 ¢, 2¢2I7 ) We define the set

PR §*
A& = {(xvyvtu 8)7 |ZL’ - y| < 57 |t - S| < 5a (t7 S) G]O’T[}

and for j large (more precisely j > 85;%), the function

w<x7y7tu 8) = u(x,t) - U(y, S) - L|‘,1j - y|7¢ - M’t - SP*'

We assume by contradiction that ¢ is positive somewhere. Then for j large
2
enough ¢;(z,y,t,s) = ¥(x,y,t,s) — % has also its supremum strictly positive,

and for xk small enough, the same is true for

Y; —

KK
T—t T-—s

We begin to observe that on the boundary of Ay, this function is < 0. Indeed
in the case where |t — s| =§

u(z,t) —u(y,s) < 2supu < M|t — |7

In the case where ¢t =0, s > 0 and |xr — y| < J one has

U(l’, 0) - u(yv O) + U(y, 0) - u(yv S)
Lylz —y|" + ca8”

u(z,0) —u(y,s) <
<

Finally the supremum cannot be achieved for t =T or s =T
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Let us note that if ¥; has a supremum > 0,

|z|? 1 S K

n i 2
Uity s) = ule ) =uly, o)~ Lle—y[™ =g =M+t =sP) ¥ ==

has also a supremum > 0, for n large enough. We fix n large enough. Let
(x;,y;,tj,s;) be a point where the supremum of 1), is achieved. By the previous
considerations, it cannot be achieved on the boundary. By Proposition 9 one
has z; # y; and then the function (z,y) — |z —y|" is C* on a neighborhood of
(x;,y;). Using Ishii’s lemma (see also Lemma 2.1 in [3] ) we have the existence
of (X;,Y;) in S? such that

K

* 1 2L 1
(’7 M(t; = 55)(5 + It = 5572 +(T——tj)2’

_ T I _
BoL(ey =l — w7+ L 7) € I u(e ;)
(V" M(t; — s 1 t— s ) E L
VM (t; SJ)(n2+|] s4°)

K —
m77¢L($a‘ —yi)|z; — y[7 % =Y)
J

€ j2”u(yj, S;)

(0 v )= ( S )

and B(z,y) = Lygle — y|" (1 + (7 — 2) “=2557)

lz—y|?

with

) (vy—1)
Let us observe that due to the hypothesis, ]f—§| < 25‘;.13“ < szw
oLz — yi)ley —y; 7% + 3| = F Llwy —y
We use as in the proof of Theorem 2, the inequality

, and then

tr(X; + ;)| = —tr(X; +Y;) > 4v,(1 — yy) L]y — y; 72

and the fact that for some universal constant c

X1+ [Y5] < e(ftr(X; + Y5l
Now, due to the property (H5) of F' one has

|F (25, oLz — yj)|z; — y; |7~ +j_



— F(xj, Lz —yj)lz; —y; 7% X))
O(~ M) (Llz; — y )1 XG)
(5)(

1 -1\«
O(z5)(La; =37

IN

IN +

o(1)(L|xj — ;"= tr(X; + Y5)].
And we use the fact that h is bounded to observe that

| (h(zj,t5) — h(y;,8) - (L) (2 — yj)|ay — ;|00
< o(V)(ypLlay — y; 7 r (X +Y))]

We now write

K

x 1 7
flzjt5) = VM(tj—Sj)(EHtj—SjF)? l+m

_ T 1
— F(aj,ypL(z; — yy)|z; —y "7 + j—;,Xj + F)

— By, t5) - (L) (g — )|y — gy OO0
K
(T —s5)?
—  Flyj, Lz — yj)le; —y 772, =Y5)
— h(yj i) (L) (g — yy) |y — gy |FOOwTD
+(ypLlzy — (X + Y5) + o)y Llzy — g ([tr(X; + Y5)))
F(ys:85) + (Ll =y~ 1) (X5 4+ V) (1 — o(1)).

N 1 v
> ’YM(tj—Sj)(ﬁHtj—SjF)Q t—

v

We have obtained a contradiction since this would imply that

(voLlay —y; ™) Llay =y 7 (1 = o(1)) < 2[fle,
which is absurd by the choice of the constant L.

With the same arguments, and using Ascoli’s theorem, we have the following
compactness result :

Corollary 2 Let (f,, ¥n) be a sequence of bounded Hélder’s continuous func-
tions, (Vn)n being uniformly Hélder’s and (f,), being uniformly Hélder’s in t,
uniformly w.r.t. . Then the sequence (uy), of solutions of 1y, .1 is relatively
compact in C.(RN x]0,TY).
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6 Appendix

In this appendix we prove that the solutions of Ohnuma and Sato in the case
where a # 0 are the same as our solutions. In the same manner we prove that
it is also the case for the infinity Laplacian, using the adapted definition of
Juutinen and Kawhol.

6.1 The equivalence of definition 1 with the definition of
Ohnuma and Sato in the case of the p-Laplacian.

For the convenience of the reader we recall here the definition of F(F') and
A(F), [20]. Here h and the right hand side are assumed to be zero, and the
operator F' does not depend on =x.

Definition 2 We denote by F(F) the set of functions ¢ € C*([0,00[) which
satisfy

”»

0(0) = (0)=¢ (0) =0, ¢ (r) >0 for all r > 0

and

lim  F(£Ve(|lz]), £D*p(|z])) =0
lim FEEVp(jal), D% (o))

A function b € C*(Qr) belongs to A(F) if for all z = (z,t) € Qp with
Vi(Z) = 0, there are a constant 6 > 0, some ¢ € F(F), and w € C([0, c0[)
satisfying w > 0 and lim,_o 2% = 0 which satisfy, for all z = (t,z), |z — 2| < 0,

T

[¥(2) = ¢(2) = u(Z)(t = )] < o(lz — 2]) + w(|t — 7).

And we recall the definition of viscosity solution

Definition 3 wu is a viscosity sub-solution if for all ¥ € A(F) such that v
achieves u by above on z = (T,1)

{ Vi(2) — F(V, D*)(2) <0, if Vi(2) #0
P(2) <0 otherwise

Proposition 10 The solutions in the sense of definition 1 are the same as the
solutions in the Ohnuma and Sato’s sense.
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Proof
Suppose that u is a super-solution of 1y in the Ohnuma and Sato’s sense.
Suppose that (Z, ) is some point such that for some §; and for some C! function
pon 0,77 :
inf (u(@,t) — (1) =u(@,t) —o(t) =0

[t—t|<d1
and such that = — infj_z5 (u(z,t) — @(t)) is constant on B(Z,d) for some
0 > 0. Then in particular

inf t) — ot
a:eB(i:,gl,|t—f|<51<u(x’ ) — (1))

has its infimum equals to zero achieved on (7,t). Then, for € > 0 the function

(1) = 9(8) + (Bt~ 1) + 5 () — )t — 8
which belongs to A(f), satisfies

inf t) — h(x,t)) =0.
nea EB(E’é)(uu‘, ) — h(z,t))
Indeed
inf (u—h)(x,t) <u(z,t) — o) =0.

[t—t|<61,2€B(Z,0)

Moreover for t close to t

plt) > 9(0) + (Bt — 1) + (" () — )t — D)
hence

et ey W@t = il (s t) = e(t) = u(@, ) — () = 0.
Then h achieves u by below on (Z,t) and and then since u is a super-solution
of 1foy, /() > 0, which is the desired conclusion.

We want to prove the reverse sense. We assume that v is a super solution in
our sense. We suppose that (Z, ) and v are such that (u—v) > (u—1)(Z,t) = 0,
with ¢ € A(F).

Let ¢ € F(F) and w be a continuous function such that w(0) = 0, w(t—t) =
o(|t —t]), and for all (z,t) € V a neighborhood of (z, ),

Y2, t) = ¢(7,1) — O (T, 8)(t = )| < @l — 7[) + w(t - 1)
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Then

h(w,t) = (2, 1) + Op(T, 8)(t — 1) — (v — 7]) —w(t — 1) < (z,1)

Moreover

inf (u(z,t) —h(x,t)) =0

(z,t)eV

Indeed
inf (u(z,t) — h(x,t)) <u(z,t) — h(z,1)

(z,t)eV

secondly by the previous remark,
u—h>u—1.

Now acting as in lemma 1 i.e. replacing C}|x—Z|* by ¢(|x—Z|) and Cy|t —£|* by
w(|t — t]) one gets since lim, .o F(V f, D?f)(|x|) = 0 that dy¢(z,t) > 0, which
is the desired conclusion.

6.2 The case of the infinity Laplacian

We prove here that our definition is equivalent to the definition given by Juu-
tinen and Kawhol in the case of the infinity Laplacian in [18]. Here f = 0,
h = 0 and the operator F' is replaced by F,, defined as F(M,p) = (M%, %).
We denote by A(M) and A(M) the smallest and the larger eigenvalue of M.
The definition of viscosity solution in the sense of Juutinen and Kahwol is the
following :

Definition 4 u is a viscosity super-solution of
uy — Foo(D*u, Du) = 0

if for all (z,t) € Qr and for all ¢ € CY* with (u — ¢) > (u — )(z,t) on a
neighborhood of (Z,t) and Vo(Z,t) # 0, then

¢i(T,1) — Fxo (D@, Dip)(7,1) > 0,
and if Vo(z,t) =0
©i(Z,1) — A(D?*p)(z,1) > 0.
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u s a viscosity sub-solution of
uy — Foo(D*u, Du) = 0

if for all (z,t) € Qr and for all ¢ € C?* with (u — ¢) > (u — ¢)(Z,t) around
(Z,t)and Vp(z,t) # 0, then

(Pt(i',ﬂ - FOO<D2(P7 D@)(f,ﬂ < 07

and if Vo(z,t) =0

@i(T, 1) — A(D?*p)(z,1) < 0.

We treat only the equivalence between the super-solutions in our sense and
in the sense of [18], the case of the sub-solutions can be made with obvious
changes. For this, we shall need the following lemma, whose proof is postponed
for the sake of clearness.

Lemma 2 Suppose that u is a super-solution in the sense of definition 1 of
uy — Foo (Vu, D*u) > 0

and suppose that ¢ is some C' function on ]0,T[, with o(t) = 0, that k >
sup(2, &82), that M is some symmetric matriz and (0,t) € Qx]0,T[ are such
that for some 61 > 0

1
mEB(O,(Sllr)l,|t—f|<§1 (U(.ZU, ) 90( ) 2( x, :L‘)) U(O, _>
Then
@' (t) — M(M) > 0.

We postpone the proof of Lemma 2, and prove the equivalence of the defi-
nitions. We prove first that if u is a super-solution in the sense of [18], it is a
super-solution in our sense. If ¢ is some function which achieves u by below
on (Z,t) and is such that Vy(Z,t) # 0, there is nothing to prove. Suppose
now that there exists §; and some C' function on [t — &y, + ;[ such that for
x € B(z,4)

inf (u(z,t) —p(t)) =u(Z,t) — p(f)

[t—t[<é1
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then (t,z) — ¢(t) achieves u by below and then the Hessian of ¢ is zero, hence
¢'(t)—0=>0

which is the same as our conclusion.

We prove the reverse assertion. We then consider a super-solution u in our
sense and assume that ¢ is some C? function which achieves u by below on (Z, t)
with Vo(7,t) = 0. Applying lemma 2 with Z in place of 0, replacing ¢(t)by
Opo(z,1)(t — ), and taking M = D?*¢(Z,t) one gets the desired conclusion.

Proof of lemma 2:
For every C5 > 0 one still has

: 1 2
venoath_g s, (1@ t) = () = 5 (M, 2) + Cot = 1)7) = u(0, 1)
and the infimum is strict in ¢.
We assume first that z — infy,_g<s, (u(x, t) —@(t) + Ca(t —1t)?) is equal to u(0, t)
and is constant w.r.t. z in a neighboorhood of . We then prove that M < 0
and ¢'(t) > 0, which will imply that ¢'(t) — A\(M) > 0.

Indeed one has for all = in a neighborhood of 0, u(0,?) = inf;_gs, (u(z,t) —
o(t) + Cy(t — £)?) and also by hypothesis

u(0,t) = inf {u(z,t) — p(t) — %(Mx, z) + Oyt —1)%}

1
|t—t|<d1,2€B(0,61)

and then for all x in a neighborhood of 0,

u(0,) < inf {u(z,t) — p(t) + Co(t — 1)*} — %(Mx,@ =u(0,1) — %(Mx,x)

|t—| <61

This implies that for all  in a neighborhood of 0,

(Mz,z) <0,

or equivalently that M is a nonpositive symmetric matrix. Using the definition,
as we pointed out before, ¢/(t) > 0 and this implies the desired result.

We now assume that we are not in the case where & — infj_z<5,)(u(z,t) —
(t) + Co(t —)?) is equal to u(0,t) and is constant w.r.t. = in a neighboorhood
of .
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For the sequel one can assume that M is invertible. indeed, if it is not the case
there exists € > 0 small in order that M — eld is invertible. Moreover M — eld
is also such that

1
inf — —=((M —e¢l K )% =
(\t—ﬂ<511)r,lxeB(0,61){u<x’t) o(t) 2(( eld)(z),x)+Ch|z|"+Ca(t—1)*} = u(0,1)
So we shall prove that

o' (t) — MM —eld) >0

and we shall get the result by passing to the limit with e.
So from now we assume that M is invertible.
For k > 2 and for all positive constant C; then

inf {ulet) — o) — %(Mm, )+ Ozl + Colt — )%}

[t—t|<d1,2€B(0,61)

has also its infimum achieved on (0,¢), and this infimum is strict in = and ¢.
Hence for all 6 > 0 there exists €¢(d) > 0 such that

inf ( inf {u(z,t) — p(t) — %(Mx,:v) + Cy|z|* + Co(t — )%}

[t—t|>6,2€B(0,61)

. 1 . )
(|t—ﬂi%1f,\m|>5{u(x’ t) = () = §<Mx,x> + Cy|z|” + Co(t — 1) })
> U(O, f) + 6(5)

infy, e sp(ar) [Ai(M)]

In the following we choose § such that (26)*! < hC

be such that 92 < d and

. Let then 0y

k(281)" 1010 + [ M | oo (03 + 26901) < €/4

With this choice, using the fundamental calculus theorem, one gets that for
x € B(O, 52),

, 1 k 2
dgai sy ) — ) = 5 (Mly = 2), (y = 2)) + Cilw =y + Golt = 1)7)

IN

1 €
inf t) — o(t) — = (M CilylF + Cy(t — H)*) + —
enes o L) = (8) = S (My,y) + Crly” + Colt = )7} + 5

= u(0.9)+ 5 (6.15)
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while

(6.16)

: _ 1 2
inf ({t—f|<l£§,|y>5} Huly,t) —o(t) - é(M(y —2),(y — 2)) + Cilz — y|* + Co(t — D)%},
: 1
(\tfﬂ>§2£B<o,al){u<y’ t) —(t) — 5{M(y —2), (y —2))
+ Cilz —y|* + Co(t — £)%})
> u(0,t) + %

We choose x5 as follows : Since the function inf|,_gs,)(u(x, t) —@(t)+Colt —t|?)
is not constant around Zz, for all § > 0 there exists x5 and ys in B(0,y) such
that

inf {u(zs,t) — @(t) + Colt — [*}
|t—t|<51
> inf {u(ys,t) — @(t) + Calt — 1
[t—t|<d1
1
— §<M($6 — s), 25 — ys) + Cilzs — vs|*}.

Then the infimum infy,_g5, yeo,6,) (WY, t) — @(t) — 5)M(y — x5), (y — x5)) +

Ci|ws—y|*+Cy(t—1)?), is achieved on some point (25, ts) with zs # x5. Moreover
by (16.15) and (6.16) the infimum is achieved in B(0,0)x |t —d,¢+4[. Let (zs,15)
be a point on which this infimum is achieved, then
1 1
Y(z,t) = () + 5 (M(z —25), 0 = 25)) = 5{M (25 — 25), (25 — 25))
+ Chi|zs — 2z5|F — Ci|as — x|*

— Cy(t — 1)+ Co(ts — 1)?

achieves u by below on (zs,ts).

With the choice of §, the gradient of 1) on z;, which equals M(zs — x5) +
kCi|rs — 25|*2(xs — 25) is different from zero, since zs # x;5. Indeed if it was
the case, x5 — 25 would be an eigenvector for M corresponding to the eigenvalue
kCy|xs — 25|*~1, which is impossible since kC}(26)*~! < inf;(|\;(M)]. Using the
fact that u is a super-solution one gets that

O (ts) — FooM(z5 —x5) + kCy|as — 25" (x5 — 25), M — C1D*(|z5 — 2|*)(25))

> 0
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and then using the definition of F, one has Fio (M (25 —x5)+kCy|xs— 25" 2 (25—
25), M — C1D?*(|zs — 2|*)(25)) > M(M) + o(1) and finally

P(ts) — A(M)
> o(1).

Letting ¢ go to zero and using z5 € B(0,d5) C B(0,0), |t —t5] < d, k > 2 and
the lower semicontinuity of f one gets

¢'(t) — A(M) = 0.

Acknowledgment : The author thanks the referee for the changes that he
suggested, which permit to considerably improve this article.
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