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Université de Cergy-Pontoise, AGM UMR 8088

1 Introduction and results

Let €2 be a bounded smooth domain in IR", n > 2. We assume that ¢ and f are
some continuous functions on 2 which change sign in €.
We are interested in the following partial differential equation

~Au+(q—Nu= f(x)u*', u>0inQ, (1)
u=20 on 0f),
where ) is a real parameter and 2* = % is the critical exponent for the Sobolev
embedding.
Let A1 be the principal eigenvalue of —A + ¢ in §2, or equivalently
M= b 9P+ [ gl 2
' ey oty U VO [ vl (2)

It is well known that there exists ¢ > 0 which realizes the infimum in (2); it
satisfies the Euler-Lagrange equation

{—A¢+(q—A1)¢:o, ¢ >0in Q )
¢ =0 on 0f)

The strict maximum principle implies that ¢ > 0 in €. In the sequel we shall
choose ¢ normalized in L*(Q).



In this paper, we will study the existence of classical solutions of (1) when
A > AL

In the sub-critical case (i.e. the exponent of v on the right hand side of (1) is
less than 2* —1) , the problem has been studied by Berestycki, Capuzzo-Dolcetta,
and Nirenberg ,[4], [5] and Alama and Tarantello[1] . The same problem (with
sub-critical exponent) and the Heisenberg Laplacian has been studied in[6]. On
another hand the case where A < A\; and the right hand side is critical has been
studied by Hebey and Vaugon in [12], see also Demengel and Hebey [11] for the
p-Laplacian case.

In [1], [5] [6], the authors establish the following necessary condition

Theorem 1 Assume that (1) has a solution. Then the following conditions are
satisfied:

(i) Jo f6* <0 if A> A

(1)) QT :={x e, f(x) >0} £Dif A< )

(iii) @t £ 0, Q" :={z € Q, flx) <0} #0Dif \=\.

The main result of the present article is the following:

Theorem 2 Let K(n,?2) be the best constant for the Sobolev embedding of H'(IR™)
into L* (IR"™). We assume that [, f¢*" < 0 and that

M, = sup [ I} > K(n,2) sup f (4)
{J, IVol2+ [ (a=2)of2=1} /&

then there exists a real \* > Xy, such that for every X\ € [\, \*[, (1) possesses a
solution, and there is no solution for A > \*.

Remark 1 1. The same problem with ¢ = 0 was considered in [14] and [1]. In
particular in [14] Ouyang, through a bifurcation method, proved the existence
of a branch of solutions of

—Au— A= fuP, u>0in 2 (5)
u=20 on 0f)
bifurcating on the right from A\ under conditions similar to i), i), i) in
Theorem 1, X # A1, and for p large (i.e. p < 2=5 ifn > 10 and for any p

n—10
if n < 10). These solutions u(\) don’t coincide with those considered here,
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since they are “small” and [ fu(N\)PTL < 0. On the other hand, for p+ 1
sub-critical, through variational methods, he proved the existence of another
solution, with X sufficiently close to \;.

In [1], Alama and Tarantello completed these results by perturbing the bi-
furcation solution and applying the mountain pass lemma, obtaining in that
fashion the second solution, even in the critical case. This requires a con-
dition similar to our condition (4), adapted to the case ¢ = 0.

Our proof is direct. It uses the geometry of the functionals involved and the
concentration compactness Lemma, which permits to overcome the lack of
compactness.

2. The value K(n,2) has been computed independently by Aubin in [2, 3] and
Talenti [15]. It is achieved on functions of the form

u(r) = (62 + |x|2)1_%

and then 4
K(n, 2)2 =
n(n —2)wr_,

The condition (4) is comparable with the conditions in [12], [2],[11].

Furthermore it is not very restrictive since, in section 3, we prove that one
always has
M, > K(n,2)* sup f.

3. Let us remark that I, defined as I\(u) := [o|Vul* + [o(g — M)u? is not
coercive on the space HE. But it is coercive on the hyperplan ¢+ as soon
as X\ is close to A\i. Indeed, let v = u — ([qudp) @, where ¢ is supposed to
be normalized. Let us consider the set of eigenfunctions, {dy}rer (61 = @)
for —A + q, which is complete in L*>. Using the fact that ¢ is simple, one
can write v = Yo L@y where t, = (v, ¢y), hence

I\(v) = ;()‘k = Nt = (A2 = Al (6)

taking X\ less than Ao, one gets the result.

4. It would be interesting to have a better estimate for \*.



While working on this case, we also considered similar equations for the p-

Laplacian. The results we obtained will be published in a forthcoming paper
[7].

2 Proof of Theorem 2

The proof of Theorem 2 is based on some variational methods similar to those
used in [5].

One of the key ingredient in the proof of Theorem 2 will be the famous con-
centration compactness principle of P.L. Lions [13], that we enounce here:

Lemma 1 Let § be some bounded open set in R", and (uy) be some sequence in
H}(Q), which is bounded in H'(Y). Then there exist a subsequence of (uy), still
denoted (uy,) for simplicity, two nonnegative measures j1 and v on §2, a sequence
of points x; in Q, two sequences of nonnegative reals (j1;) and (v;) and a function
w in Hy, such that

[Vug> = > [Vul? + 3 pids,

(the convergence being tight i.e. [o|Vug|* towards fgu,),

|uk|2* = |u|2* + Zuiémi
7

(the convergence being tight on Q i.e. [q|ur|* towards fsv ), with the inequality

2
Vz?* < K(”v 2)2[% (7)
Remark 2 In the sequel we shall denote the space of bounded measures on £ by
M (). This space will be endowed with the weak topology or the tight one. Recall
that the tight convergence is equivalent to weak convergence and convergence of
the total variations.

The proof of Theorem 2 is divided in several steps.

Step 1 For large A > A; (1) has no solution.

Step 2 If there exists a solution for a certain A’ > Ay, then (1) has a solution
for any A\ < A < \.

Step 8 For A = A\ and for A > \; sufficiently close to A\; there exists a solution
to (1) .



In the first two steps, we follow the proofs given in [5][6].
Step 1. Let zp € Q7 and R > 0 such that B(xg, R) C QF. Let p* and ¢
be respectively the principal eigenvalue and eigenfunction for —A with Dirichlet

conditions.
—AY — =0 in B(xzg, R)
1/):0 on aB(Io,R)

Suppose that there exists a solution of (1) for A > ||¢||oc + p*. Then since f > 0
in B(xg, R), one has

—Au+ (¢ —Nu > 0in B(zo, R)
u>0 on 0B(xg, R).

On the other hand, ‘g—f: < 0 on 0B(xg, R) implies

o0

o</ L Ul + PA </ ffg—A 0
~ JoB(zo,R) u@n B(xo,R)( ub + phu) < B R)(N e Jup <

Zo,

from which one derives a contradiction.
Step 2 One uses a sub and super solution argument. Namely, let A’ > A1, and
denote by w a solution for A = X. For A\ €]\, N[, w satisfies

—Aw+ (g = Nw 2> —Aw+ (¢ = N)w = fu” inQ
w =0 on 0f)

and w is a super solution of (1) for A. On the other hand, if ¢ is defined by ( 3),
€¢ is a sub solution of (1) as soon as e is sufficiently small. Indeed

—A(e9) + (g = N)(e9) = (M — Neg < f(a)e” ¢

since f is bounded from below. Since by Hopff’s maximum principle, e¢ < w for
e small enough one obtains that there exists a solution for .
Step 8 One defines as in [5] [6] the following

Sy = {u e H(Q), Ii(u) =1}

and for € small and positive,

Moy = sup{ [ fluP™}

ueS)



My = sup{ [ fluf*'}.

u€ESH

Let us observe that according to [5] [6], Sx # 0, M., > 0 and M, , is achieved by
some maximizer u. . u. can be chosen positive since |u | is a maximizer as well.
The proof that M, > 0 is identical to the sub-critical case. Furthermore, it is not
difficult to see that for A > Ay, M\ > M), = M,.

Claim 1: The sequences (M), (M) and ||ue||gr ) are bounded uniformly
with respect to € and X for € small enough and \ close to \;.

Let u be such that I)(u) = 1. Remarking that I)(|u|) = I\(u) and that ||u.|| g
is bounded if and only if ||(|u.|)|| g1 is, one can assume in what follows that v > 0.
Let then v € HY(Q), v € ¢, and t € IR such that u = v + t¢, and [, fu® >0,

one gets
L) =1+ (A=)t

and noticing that ¢t = [, u¢ > 0,
[ rwrto) < e [ e a2t o+
Q Q Q
+ [l 8)

using the mean-value Theorem. Let a = — [, f|¢|?", and €o be such that [, f¢> —¢ <
—%"‘ for € < ¢g. By Young’s inequality, there exists some constant C such that

*_e— *—e— *—e Qo ¢
| floo272? 1/Qv(t¢)2 L Gl + S

hence for some Cy positive
* _Oé * *
/Qf(v +19)" 7 < T 4 Gl 9)

Using remark 1 on the coerciveness of I, on ¢, and choosing A\ € [\, ’\1%)‘2],
one has

Vol < L)+ lg = Allvl3

< Iy(v) (1 -+ QW) . (10)
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Using Poincaré’s inequality and (10), there exists some constant C5 which does
not depend on A, such that

3 < C3(In(v))
= C3(1+ (A= )t2). (11)

Finally, through the convexity inequality:

1+ AT < 2511+ (A= A)5

;EtQ*—e)
2*

< 2%+2%(A—/\1) > e

Then, we choose A sufficiently close to A; in order to have

2% -1

* 2%
Q%TCE(jézyA —-Al‘ 2

a
< R
4
and (9) becomes
* * * * 2 *
/ Fut e 7L < ol < Yy 0,07 2%
Q 2 4
Finally there exists C'5 independent of € and A such that
/ fur e 7S < . (12)
Q 4~

We may choose in (12) u = u,, with u. = v, + t.$, v. € ¢, one obtains that
both [, fu? ~¢ and t, are bounded for A — \; sufficiently small. More precisely,
we have proved that for A sufficiently close to A, one has

Moy + tf**% < Cs. (13)

This implies that (M, ) and () are bounded. Using I)(v.) = 14 (A — \;)tZ, one
obtains that (v.) is bounded as well. Finally (u.) is bounded independently of e.
This ends the proof of claim 1.

Our purpose now is to let € go to zero. Since the sequences (u.), (t.), (M)
are bounded, one can extract from them some subsequences, denoted in the same
manner, such that



ue — win H'(Q) weakly (14)
te — t (15)
Me,/\ — M)\. (16)

Let us note that lim, ,oM. , = My > M,. Indeed, let § > 0 be given and u € Sy,
such that [, fu? > My — 3§ . Then [, fu* =€ > M, — 26 for € small enough. We
then deduce that

M, = limM, , > M,.

Since u, satisfies the following partial differential equation

—Auc+ (g = MNue = (Mcp)™ fuZ = in Q (17)
e = 0 on 0f2
by passing to the limit when € — 0, one has
~Au+(g—Nu =My fu¥1inQ (18)
u =0 on 0f).

The point here is to prove that

i) u is not identically zero.

ii) My = M, and u is a maximizer for Mj.
In order to prove i) let us multiply (17) by ucp, where ¢ € D() and integrate
by parts. One obtains

[1VuPo+ [uVuVo+ [(g=Nudo =M [ fu 0. (19)
Q Q Q Q

Similarly, multiplying (18) by up one gets

/Q IVul2p + /Q uVu. Ve + /Q (q — Nulp = M, /Q fu'o. (20)

Using the concentration compactness principle as given in Lemma 1 we get
that there exist two nonnegative measures, y and v, compactly supported in €,
a numerable set of points z; in €2, some sequences of nonnegative numbers v; and
i, such that

Vu > = i > |Vul> + 3 116, in M (Q) tightly
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lu > = v =ul* +3 v, in M*(Q) tightly

with )
o
Vi

S K(”a 2)2luz

€ €

Let us observe that [, u? ¢ is bounded and hence, u?>"~¢ converges to some
measure 7 in M1(Q) tightly, up to a subsequence. By Holder’s inequality, one
has 7 < v. Since one can extract once more a subsequence from u,, one can also
assume that u. converges almost everywhere towards u. By Fatou’s lemma, for
all p € D(Q), ¢ > 0, one has [, |u|* ¢ < (7, ¢), and then 7 > |u|?". Finally there
exists some 0 < ; < y; such that

U= |ul* + 3 56,
%

One then obtains, by passing to the limit in (19)

ot fuvuTo [ a-Nluo = o ([ 71 + S steete) - 1)
Subtracting (20) from (21) one gets
(= Vul’,0) = M, i f (2:)p(w:) (22)

which implies that, if g = p 4+ p° is the Lebesgue decomposition of p in its
absolutely continuous part and a singular one, % = |Vu|?* and p° = ¥, fi;0,, =
H;1 Zz ﬁzf(xz)dxm hence

pi < fis = M, i f (). (23)

Clearly if f(z;) <0 then p; = 0 and therefore ; = 0.
Observe that
1

A 0 0 O3 -

M, + K (n,2)* sup f(z)

Let us define B =

5 . By assumption one has M; > B >
K(n,2)* sup f(z). From claim 1, we know that |t| < K a constant independent



2
of A\. Suppose that |A — ;]| is sufficiently small in order to have M@ (1 + (A —
Al)K2)2l**1 > B, Passing to the limit in the definition of M, ), one has

/QfUQ* + Z%f(xz) =M,

and then
Z vif(z) < My(1+ (A — Al)tQ) (24)

then, using (4), lemma 1, (7) and the definition of B,

- vif(zi) o vif (@) o 2
s (o) () 00w

< K(n,2)%sup fz*

f; < P
< Bz i < B
for some 3 < 1. This implies that ji; = 0 and then v; = 0. Finally, My = [, fu?,
w is a minimizer and M, = M,. This ends the proof of Theorem 2. ]

Corollary
Under the assumptions [, f¢* < 0 and My, > K(n,2)* sup f, then for A >
AL, A = A,
M)\ — M)\l = Ml-

Moreover, from any sequence (uy)x of maximizers, one can extract a sequence
which converges strongly towards a maximizer for ;.

Proof

Clearly, M), < M, for every A > \;. Let (uy) be a sequence of maximizers
obtained by Theorem 2, for A > \; sufficiently close to ;. By the inequality (12)
one gets that (uy) is uniformly bounded in H! with respect to A. Extracting a
subsequence from (M)) and (uy), one obtains that uy — w which satisfies

1 «
_A'LU + (q — Al)ﬂ) = Mfw2 -1

where M| = lim M, > M,,. Arguing as in the previous proof, one gets that
w cannot be zero, and by the positiveness of I,, one has [, fw?* > 0. Since

10



Jo fu¥ = My — M| = [, fw® + X, vif(x;), then for every i, v;f(x;) < Mj.
Proceeding as we already did in the proof of Theorem 2

Wi = sz\/?l) < (Vif(xi>>122* (Vz{é"/tl)
1 1

2
2*
> < Bu;

where 3 < 1. Finally one gets that u; = v; = 0, [, fw? = 1, w is a maximizer
for M,,, and M), = Mj. Moreover, there is strong convergence of u, towards w.

3 About the condition (4). Test functions.

In this section, we follow the ideas developped in [11]. However, we give some
details of the proof for completeness sake.
We assume from now on that n > 4. We first prove that

My, > K(n,2)” sup f.

Let 6 > 0 be given, suppose that f achieves its supremum on a point xy inside
Q) and let u, be defined as

_n
2.

ue(x) = (€ + |z — /")’

Suppose that R is small enough to have f > sup f — d on B(xzg,2R) and choose
¢ € D(B(z0,2R)), » =1 on B(zg, R), 0 < ¢ < 1. Finally define v, = u.p. Then

) = [ V@)l + [ (@= )y

| vul+ [ (w21l + 21 Vull [V
R"” B(CC(),QR)\B(x(),R)

+ [ a= M)y
(n—2)%w,_q oo r"tdr
) *)
2 o (412" JB(20,2R)\B(x0,R)

+2/ V||V +/ M
o TV [ (o + DO

< Cie¥ " o8 (25)

IN

IN

u?|Vel|* +

11



where

(n —2)? /+°° r"ldr y (n—2)2F(”T+3)F(”7*1)
o (I+r2)r h 2 nl ‘

On the other hand

LA = (fla) =) [ Jucel*
Q B(zo,R)
> (f(wo) = 0)Cae™ +O(e7) (26)
where
cn Wit [ e w, o T(5)0(5 +1)
T2 o (42 2 n! '
Since % = K (n,2)~2 one gets that
c3
I, (ve) < K(n,2)™2
(Jo flue)2 = (sup f — 8)

which implies the desired result, since ¢ is arbitrary.
Let us introduce, for n > 4 4 2j,

/+°° rldr s wpa PG+ PG -5 —1)
J 1 (1 + r2)n—2 2 (n — 2)!

and for n > 2k

5 /Jroo r2ktrn=ldr  w, 1 T(k+ %)F(n +1-— g)
nk — Wn— = .
ok ! (14 r2)n 2 n!

We have the following result

Theorem 3 Suppose that n > 4, that q and f are smooth functions, and suppose
that f achieves its mazimum on an interior point xy. Let also ky and k, be the
integers defined by

kg =inf{j >0, A7(g — M) (z0) # 0}
kp=inf{k > 1, A*(f)(zg) # 0}.

Then one has My, > K(n,2)* sup f in each one of the following situations

12



1. If n > 2k, +4, kf = ks + 1 and

an,kzq a n—2 Bn,kf N
i) = (57) gy e <0

2. If ky > k,+ 1 and A (g — \y)(zo) < 0.
3. If n> 2k and k, > ky, and A f(z¢) > 0
Remark 3 When g = 0 the condition in 1) becomes if \y > 0, and if ky =1

n— 2> BuiAf(x)
2n f(zo)

and no condition when ky > 2, which is exactly the condition given in [1].

<0

—Oén,o)q - (

Proof of Theorem 3. Suppose that 6 > 0 is such that B(xo,2d) CC 2 and let ¢
be some smooth function, compactly supported in B(zg,2d) whose value is 1 on
a neighborhood of xy. Let

u(r) = (¢ +rH)'2

and let v, be defined as
Ve = Uelp

Suppose that J is the biggest integer such that n > 2J + 4 and let n = 2J + 2,
one can write

oo pntldy Foo pntntliy
€ \% € 2l < 7n+2/ 470 < *n+2+77/
‘/ (uep)l /n| u| < ce s (I4+r2)n — ‘ o (I4+rHn

this last integral being convergent. Using the definition of 7, one gets that

|/ (uep)] / i |Vu6|2| = O(e‘"+4+2‘]).

Let us now treat the term [a (g — A)v? = Jra(qg — M) (ucp)?
We remark that for all j such that j < J one has

[ )t = [l = o),

13



Indeed, this difference can be majorized (up to a constant) by

) oo qu20tn—1
62]—4+n du
5 1 2\n—2 """
+u

Let 1 be such that n — 4 — 2j > n > 2(J — j), then one may write

i 4 00 u2j+n—1 i 4 0o u2j+n+77—1 0i 4

J "/ —— = €7 "/ —————du < TSI

€ € u <€
L) (1 + u2)"—2 L) u”(l + u2)“—2

where the constant C' is given by the rest of some convergent integral.
Then, using a Taylor expansion around z(, one gets that

AjQ(x9)an7j 2 + 0(64—n+2J)

/Rn(q—h)(uecpﬁ = (q(x0) — M) /]Rn IS

1<j<["50 = (2)!

and then

/mn(q — M)v? = (q(zo) — )\1)/]Rn 2y

Alg(zo)a
1<t =T (2!

n,j 2 + O(€4fn+2J)’

) u2j+n—1du
where a,, j = wp—1 / W Here we have used the technical Lemma 6 in
w2

[11], which basically says that the integrals over odd order terms in the Taylor
expansion are zero.

Let us now treat the denominator. Let K be the greatest integer such that
n > 2K, let us see that for all k < K

S = [ ) = o),

Indeed the difference above can be majorized by

2k+n—1 2k+n+n—1
C€*n+2k /OO u du —n+2k /OO u du
s (T4wu?)r — & (14 u?)run’

hence by choosing 7 such that n — 2k > n > 2(K — k), one gets

T A T 2k 2K —n
Ce WU ek (2K,
s (1 4+ u?)n

14



Using a Taylor expansion around x for f and Lemma 6 in [11], one gets

/}Rn fluep)” :f(xo)/ uep) + > BenAFf xo)/ P2 (4. 0) 4 O

E<[5]

= f(z0)Coe™+ > A () £ (20) Bpne* " + O(e " +213))

K<[2]

w\:

=)

uip)? )V = (f(20)Cae™) AT (20) oy o 21m)
(/]Rnf( «0)”)F = (f(20)Ce (1+k<z[:]5knf( BTeA ( ))-

Suppose that ky < [§], then the sum above may be reduced, say

k
(|t p)™)* = (flzg)ee ™ F (1 +6Af(f<)) +o(e?r))
oo 2k+n—1
where 3, = wnil/o Mdu

Suppose that n > 2k, + 4, and 2k; > 2k, + 2, then one may write

Iy, (ve) _ ¢
(f fo2)z  (f(zo)ea) ™

As a consequence, the first nonzero term which appears in this development is

(1 + e ag, nA%q(wo) + o)) (1 + o).

c
the term with A*aq(zg). Since in this calculation — 1 isnothing else that

i f(@o)ea) =
K(n,2)72(sup f)2*, the result follows as soon as Aksq(zq) < 0.
Suppose that n > 2ky and 2k, 4+ 4 > 2k then

Dl 0 (o g 20 )
(J fo)e (f(wo)ez) 7 ol 2* f(x0)Co +o(e™))
f (@)=

as soon as A f(zg) > 0.

Finally suppose that n > 2k, +4 = 2k; + 2, then the first nonzero term in the
expansion above are of the same order at the numerator and the denominator.
Then the result follows as soon as

2 Akff(xo)ﬁkf,n

o F(50)Co < 0.

Akq(q - Al)(xO)akq,n -
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