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ABSTRACT. The main scope of this article is to define the concept of principal
eigenvalue for fully non linear second order operators in bounded domains
that are elliptic, homogenous with lower order terms. In particular we prove
maximum and comparison principle, Hélder and Lipschitz regularity. This
leads to the existence of a first eigenvalue and eigenfunction and to the existence
of solutions of Dirichlet problems within this class of operators.

1. INTRODUCTION

In [5], inspired by the acclaimed work of Berestycki, Nirenberg and Varadhan [3],
we extended the definition of principal eigenvalue to Dirichlet problems for fully-non
linear second order elliptic operators.

Precisely, given a bounded domain €2, given a@ > —1 we defined the ”principal
eigenvalue” for F(Vu, D?u) satisfying:

(H1) F(tp,uX) = |t|*nF(p, X), Vt € R*, p € RT

(H2) a|p|*trN < F(p,M + N) — F(p, M) < Alp|*trN for 0 < a < A, a > —1

and NV > 0.

Indeed we showed that

A=sup{A€R, T¢>0inQ, F(Vo,D?*p)+ \¢*"! <0 in the viscosity sense }

is well defined and it satisfies the following properties:
(I) There exists ¢ a continuous positive viscosity solution of

F(V¢,D%*¢) + ¢t =0 in Q
$=0 on 09Q.
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2 I. BIRINDELLI, F. DEMENGEL

(IT) Furthermore, suppose that X < X. If f < 0 in Q is bounded and continuous,
then there exists u mon-negative, viscosity solution of

(1) F(Vu,D*u) + At = f  inQ
u=0 on OfL.

If moreover f is egative in (), the solution is unique.

Hence A\ was denoted principal eigenvalue of —F in €.

In the case a = 0, and for F' a linear uniformly elliptic second order operator,
these results are included in [3]; when F' is one of the Pucci operators the problem
has been treated by Quaas [25] and Busca, Esteban and Quaas [8]. Their papers give
a more complete description of the spectrum and also treat bifurcation problems.
In [5] and in this note the situation is complicated by the fact that there are no
known results about the regularity of the solution, or the existence of the solution,
even without the zero order term.

Clearly the operator F' can be seen as a non-variational extension of the p-
Laplacian: A, = div(|V.[P72V.) with a = p — 2.

The scope of this article is to complete the results of [5]; indeed we consider
operators that depend explicitly on z, we include lower order terms, moreover we
define \ in a more suitable way i.e. without requiring that super-solutions are pos-
itive up to the boundary. Precisely we shall study existence of solutions, eigenvalue
problems and regularity of the solutions for operators of the following type:

G(x,u, Vu, D*u) := F(z, Vu, D*u) + b(z).Vu|Vu|* + c(z)|u|*u

where F satisfies assumptions as in [4] i.e. the above assumption (H1) and (H2), plus
some continuity with respect to the x variable. See e.g. [16] for similar conditions.
Because of the new setting the proofs differ in nature from [5] .

The hypothesis on b and ¢ are quite standard and they will be described in the
next section.

As mention above we define \ in a more ”correct” way i.e. :

Mi=sup{A € R, 3¢ >0 inQ, G(z,p, Vo, D*¢)+ > < 0 in the viscosity sense }.

The main aim of this paper is to prove the two following existence results:
Suppose that f < 0, bounded and continuous, that A < X, then there exists a non-
negative solution of

G(z,u, Vu, D?u) + \ut* = f  in Q,
u=20 on 0f.

Furthermore there exists ¢ > 0 in  such that ¢ is a viscosity solution of

G((E, ¢7 v¢a D2¢) + 5\¢1+o¢ =0 in Q
¢=0 on 0.

¢ is y-Holder continuous for all v €]0,1[ and locally Lipschitz.

Let us mention that it is possible to define another ”eigenvalue” : Indeed let
A =sup{y,3 ¢ <0in Q,G(x,¢, Vo, D?¢) + p|¢p|*¢ > 0 in the viscosity sense}.

If G(z,u,p, X) = —F(x,p,—X) + b(z) - p|p|*** + ¢(z)|u|*u then A\ = A\(G). Fur-
thermore if F' satisfies (H2) then so does F(z,p, X) = —F(x,p,—X). Hence it is
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possible to prove for A the same results than for . It is important to remark that
in general G # G and hence A can be different from .

While we were completing this paper, we received a very interesting preprint of
Ishii and Yoshimura [18] where similar results are obtained in the case @ = 0. Let
us mention that they call the eigenvalue a demi-eigenvalue as in the paper of P.L.
Lions [23], and they characterize it as the supremum of those A € IR for which there
is a viscosity supersolution u € C(2) of F[u] = Au+ 1 in Q which satisfies u > 0 in
Q. 7 (their F is our —G).

In the next section we state precisely the conditions on G and the definition of
viscosity solution in this setting. In section 3 we prove a comparison principle and
some boundary estimates that allow to prove that for A\ < X the maximum principle
holds. This will be done in the fourth section, where we also provide some estimates
on A and a further comparison principle when A < \. In section 5, using Ishii-Lions
technique we prove regularity results, these in particular give the required relative
compactness for the sequence of solutions that are used to prove the main existence’s
results in the last section.

2. MAIN ASSUMPTIONS AND DEFINITIONS.

In this section, we state the assumptions on the operators

G(x,u, Vu, D*u) = F(x, Vu, D*u) + b(z).Vu|Vu|* + c(x)|u|*u
treated in this note and the notion of viscosity solution.
The operator F is continuous on IRY x (IRV)* x S, where S denotes the space
of symmetric matrices on IRY.
The following hypothesis will be considered

(H1) F : Q xRN\ {0} xS - R, and Vt € R*, p > 0, F(z,tp,uX) =

|t (2, p, X).
(H2) Forx € Q, pe RN\{0}, M €S, N >0
(2) alp|*tr(N) < F(z,p, M + N) — F(z,p, M) < Alp|*tr(N).
(H3) There exists a continuous function @, @(0) = 0 such that for all z,y, p # 0,
vXelS

|F(x,p, X) = F(y,p, X)| <&(lz —y|)|p|*| X].

(H4) There exists a continuous function w with w(0) = 0, such that if (X,Y) € 52
and ¢ € IR satisfy

<(ar)=(ov)=el S )

and I is the identity matrix in IRY, then for all (z,y) € RN, z # y

The condition (H2), usually called uniformly elliptic condition, will be in some
cases replaced by the much weaker condition

(H2") forallz € Q, pe RN\0, M € S, N >0,
F(z,p,N + M) > F(z,p, M).



4 I. BIRINDELLI, F. DEMENGEL

Remark 1. The assumption (H2) and the fact that F(z,p,0) = 0 implies that
p|* (atr(M™) — Atr(M ™)) < F(z,p, M) < |p|*(Atr(M™) — atr(M ™))

where M = M+ — M~ is a minimal decomposition of M into positive and negative
symmetric matrices.

We now assume conditions for the lower order terms i.e. we shall suppose that
b:Q+— IRY and c¢: Q+— IR are continuous and bounded.

We shall sometimes require (for example for the comparison and the maximum
principle) that b satisfies:

(H5) -Either a < 0 and b is Hélderian of exponent 1 + «,
-or a > 0 and, for all x and y,

(b(z) = b(y),x —y) <0

Let us recall what we mean by wviscosity solutions, adapted to our context.
It is well known that in dealing with viscosity respectively sub and super solutions
one works with
u*(z) = limsup u(y)
yly—z|<r
and

uy () = ylllgfriirllir u(y).

It is easy to see that u, < u < u* and w* is upper semicontinuous (USC) u, is lower
semicontinuous (LSC). See e.g. [11, 16].

Definition 1. Let Q be a bounded domain in IRY, then v, bounded on € is called
a viscosity super solution of G(z, Vu, D*u) = g(z,u) if for all z¢ € €,

-Either there exists an open ball B(zg,d), § > 0 in £ on which v = cte = ¢ and
0 < g(x,c¢), for all z € B(zo,0)

-Or Vo € C%(Q), such that v, — ¢ has a local minimum on zg and V(zg) # 0,
one has

(3) G (w0, Vip(zo), D*p(x0)) < g(w0, v4(20)).

Of course u is a viscosity sub solution if for all zg € 2,

-Either there exists a ball B(zg,0), 6 > 0 on which v = c¢te = ¢ and 0 > g(z, ¢),
for all x € B(xo,9)

-Or Vo € C?(9), such that u* — ¢ has a local maximum on zo and Vi(xg) # 0,
one has

(4) G(wo, Vep(w0), D*p(x0)) > g(wo, u*(x0)).

A viscosity solution is a function which is both a super-solution and a sub-
solution.

In particular we shall use this definition with G(z,p, X) = F(x,p, X)+b(z) p|p|~.

See e.g. [10] for similar definition of viscosity solution for equations with singular
operators.

For convenience we recall the definition of semi-jets given e.g. in [11]

J2Tu(@) = {(p,X) e RN x 8, u(z) <u@)+ (p,x —Z) +

+%<X(;C —z),7— )+ o(jw — 2[%)}
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and

J2u(@) = {(p,X) e RN x 8, u(z) > u(@) + (p,x —Z) +
+%<X(x — )2 — ) + of|z — z|}.

In the definition of viscosity solutions the test functions can be substituted by the
elements of the semi-jets in the sense that in the definition above one can restrict
to the functions ¢ defined by ¢(z) = u(z) + (p,z — Z) + (X (z — &),z — &) with
(p, X) € J*» u(Z) when u is a super solution and (p, X) € J*Tu(Z) when u is a

sub solution.

Remark 2. In all the paper we shall consider that © is a bounded C? domain. In
particular we shall use several times the fact that this implies that the distance to
the boundary:

d(xz,00) = d(z) := inf{|z — y|, y € 00}
satisfies the following properties:

(1) d is Lipschitz continuous

(2) There exists 6 > 0 such that in Qs = {z € Q such that d(z) <4}, dis ClL.

(3) d is semi-concave, i.e. there exists C7 > 0 such that d(z) — Cy|z|? is concave
and then J>%d(z) # 0.

(4) If J2=d(z) # 0, d is differentiable at z and |Vd(z)| = 1.

3. A COMPARISON PRINCIPLE AND SOME BOUNDARY ESTIMATES.

We start by establishing a comparison result which is a sort of extension of the
comparison Theorem 2.1 in [4].

Theorem 1. Suppose that F satisfies (H1), (H2’), and (H}), that b is continuous
and bounded and b satisfies (H5). Let f and g be respectively upper and lower semi
continuous.

Suppose that B is some continuous function on R such that 3(0) = 0. Sup-
pose that ¢ > 0 in Q lower semicontinuous and o upper semicontinous, satisfy,
respectively, in the viscosity sense,

F(x,V¢,D*¢) +b(x).Ve|Vg|* — B(¢) < f

F(x,Vo,D?*s) + b(x).Vo|Va|* — B(o) > g.
Suppose that B is increasing on RY and f < g, or B is nondecreasing and f < g.
If 0 < ¢ on 09, then o < ¢ in €.

Before starting the proof, for convenience, of the reader let us recall the following
lemmata proved in [4], the first one being an extension of Ishii’s acclaimed result.

Lemma 1. Let 2 be a bounded open set in RY, which is piecewise C'. Let u upper

semi-continous in , v lower semicontinous in Q, (zj,y;) € 02, x; # y; , and
+2

g > sup{2, 222},

We assume that the function

(2, y) = u(z) — v(y) — §|x Lyl
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has a local mazimum on (z;,y;), with x; # y;. Then, there are X;, Y; € SV such
that

Jla; — ;172 (25 — y5), X;) € J*Tu(z;)

Gl — ;172 (25 — ), —Y;) € J>u(y;)

(I 0 X, 0 ) I -1
~an (g 7)< (0 v )= (L )

kj =273q(q — 1)|z; —y;|972.

Lemma 2. Under the previous assumptions on F', let v be a lower semicontinuous,
viscosity supersolution of

F(z, Vv, D*v(x)) 4 b(z).Vu|Vu|* — B(v(x)) < f(x)

for some functions (f, B) upper semi continuous in Q. Suppose that T is some point
in  such that

and

where

v(x) + Clz — Z|? > v(Z),
where T is a strict local minimum of the left hand side and v is not locally constant
around . Then,

—B(v(@)) < f(2)-

Remark: This Lemma was stated and proved for continuous super solutions in
[4]. The proof is similar but it is adjusted to lower semi continuous super solutions
and is given here for the convenience of the reader.

Proof. Without loss of generality we can suppose that z = 0.
Since the infimum is strict, for € > 0, there exists N such that for any n > N

inf (v(z) + Clz|?) > m, > v(0) + €
#<|zI<R

We take in the following also IV large enough in order that

(3 eson

and such that C(diamQ + 1)771 % < /4
Since v is not locally contant for any n , there exists (t,,z,) in B(0,2)? such
that
v(tn) > v(zn) + Clzn — tal?
We consider

inf v(z)+ Clz —t,]9.
z|<R

We prove in what follows that the infimum is achieved in B(0, 1) and that it is not
achieved on t,,.
Let us observe indeed

and since
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the infimum on |z| < 1/n cannot be achieved on t,,.

Moreover
inf  (v(z) 4+ Clx —t,]9) > inf  (v(x) + Clz|? + Clz — t,]|? — Clz|?)
#<|z|<R #<|zI<R
> my, — COglta||lr — 0,71 > my, — C(diamQ + 1)1 t,,|
3e

> mn—e/42v(0)+z

Since the infimum cannot be achieved on t,, let y,, |y,| < % be a point such
that the infimum is achieved on y,,, then

’U(IE) + C|3§ - tn|q Z v(yn) + C|yn - tn|q
and then
@(x) = v(yn) + Clyn — ta|? = Clz — t, |

is a test function for v on ¥, with a gradient # 0 on that point. Since v is a
supersolution one gets

—AC T gy, — 7TV — B(u(yn)) < f(yn)

Let us observe that v(yy,) — v(0). Indeed one has by the lower semicontinuity of

v(0) < liminf v(y,)
and using
v(0) + Cltn]* = v(yn) + Clyn — tn|®

one has the reverse inequality.
Then by the uppersemicontinuity of f and 5 one gets that

—B(v(0)) < f(0)

which is the desired conclusion.
O

Proof. of Theorem 1.
Suppose by contradiction that max (¢ — ¢) > 0 in Q. Since 0 < ¢ on the
boundary, the supremum can only be achieved inside ).

Let us consider for j € N and for some ¢ > max(2, z—ﬁ)
J
Vi(z,y) = o(x) — oly) — glw -yl

Suppose that (x;,y;) is a maximum for 1;. Then

(i) from the boundedness of o and ¢ one deduces that |z; — y;| — 0 as j — oo.
Thus up to subsequence x;,y; — T

(ii) One has liminf ¢;(z;,y;) > sup(oc — ¢);

(iii) lim sup ¢ (z;, y;) < limsupo(z;) — ¢(y;) = o(z) — ¢(Z)

(iv) Thus jlz; —y;]9 — 0 as j — +oo and 7 is a maximum point for o — ¢.

Claim: For j large enough, there exist x; and y; such that (z;,y;) is a mawi-
mum pair for ¥; and x; # y;.
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Indeed suppose that z; = y;. Then one would have

VYi(zj,z;) = o(zj) — d(z))

> olay) -~ 9 ~ Loy i

VYi(wj,z;) = o(z;) — d(z)) _
NI
> U(z)*(b(xj) q| gl

and then z; would be a local maximum for
J
P = ¢(y) + 5\%— -yl
and similarly a local minimum for
Yi=o0(z)— l|xj —z|%.
q

We first exclude that x; is both a strict local maximum and a strict local mini-
mum. Indeed in that case, by Lemma 2

—B(¢(x5)) < f(z5)

—B(o(x5)) = 9(x;)

This is a contradiction because either 3 is increasing

—9(z;) = Blo(z;)) > B(o(x;) = —f(z;) = —g(x;)
or

—g(z;) = Blo(z;)) = B(d(x;)) = —f(z;) > —g(z;).
Hence x; cannot be both a strict minimum for ® and a strict maximum for . In
the first case there exist § > 0 and R > ¢ such that B(z;, R) C Q and

Oay) =, il {6() + Tl — 7).

Then if y; is a point on which the minimum above is achieved, one has
J
o(z;) = ¢(y;) + §|=’Ej -yl
and (z;,y;) is still a maximum point for ¢; since for all (z,y) € Q2

o(z;) — ¢y;) — gll’j —yjl* = olx;) = olx;) > o(2) = o(y) - élx -yl

This concludes the Claim. In the other case, similarly, one can replace x; by a point
y; near r; with

J
o(x;) =o(y;) + 5|9Cj -5l
and (y;, ;) is still a maximum point for ;.
We can now conclude. By Lemma 1 there exist X; and Y; such that

(lzg =yl 72 (x5 —y5), X;5) € J>Fo(ay)
and



EIGENVALUE AND MAXIMUM PRINCIPLE 9

(o =y (x5 — y5), =Y;) € J>7 ().
We can use the fact that o and ¢ are respectively sub and super solution to obtain:

9(yi) < Flyjiley — " (y; — x5), =Y;) +
o b(y) g Ty — [ TDOTO T gy — ) — B(B(y;)
< Flxj,jlay — v % (x5 — 5), X5) +
+ b)) g g =y VOO @ )+
1
+ CUlz; — yi 1D + w(jlay _yj‘q"‘}) - B(é(yy))
1
< @)+ Clley — y| ) + w(iley — gyl + 3) + B(o(x;)) — B(P(y;))-

Passing to the limit and using the fact that g and f are respectively lower and
upper semi continuous and [ is continuous, we obtain

9(z) < f(7) + B(o(7)) - B(¢(7))

which contradicts our hypotheses in all cases and ¢ < 0 in €. g

As an application of the comparison theorem we will state bounds for sub and
super solutions near the boundary. The conclusions given in Proposition 1 and
Corollary 2 will be used in the proof of the maximum principle Theorem 3.

Proposition 1. Suppose that F satisfies (H1) and (H2), and that b is bounded.
Let u be uppersemicontinuous subsolution of

F(x,Vu, D*u) + b(z).Vu|Vu|* > —m  in Q
{ u =0 on Of)
for some constant m > 0. Then there exists § > 0 and some constant C3 that
depends only on the structural data such that

u(z) < Csd(x, 00)
if the distance to the boundary d(z,d8) < 4.

Proof. Let d(z) = d(xz,09). First let us observe that one can assume that there
exists dy such that Qg, = {x € © such that d(z) < dp} the supremum of u is
positive because otherwise there is nothing to prove.

We recall that  is a bounded C? domain and using the properties of the distance
function stated in Remark 2 we know that D?d < CId for some constant C; that
depends on Q. Let Q5 = {z € ; d(x) < d}. Suppose that § < T ATONTID)
For some constants v and Cs that will be chosen later we introduce

Y(x) = vlog(l + Cad(x)).

We use the inequalities

CoNC
D)t < 120
t’l“( w) — 1+ Cqd
and )
tr(D2¢)_ > 13 — 1C2OLN

T (14 Ced)? 14 Cad
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C1(A+a)N+|b|
a

Then choosing Cy > 4 , one has

F(z, Vi), D*9) + b(x). V|V |*

C. ol e
< Aol 2 2 L0 (A+a)N + b
=7 <1+02d) [1+C’2d+ 1A+ a)N + [bloe
a+2
< —gv‘”l Cs +.
- 2 14+ Cy

Now we choose 7 sufficiently large that v > supy, 4(;)<sy u(z) and

a—+2
g a+1 02 >
47 (1 ¥ @5) =m

i.e.

a (am)% <1+C25)Zﬁ S
=max{ (—)= —_— , SUP Uiy d(a .
g 1 G P Uiz, d(x)<5}

With this choice of constants we have obtained that

F(z, Vi, D*¢) + b(z). VY| V|~

_0 a+1 & o
" 1+ C%0

_ A4 at1 & ot
17 14+ Cy

—2m
F(x,Vu, D*u) + b(x) - Vu|Vu|*T!

|
Do

ININ A

and furthermore u < 1 on 9€;.

a+2
Hence by Theorem 1 with f = —%'y‘”l ( Cy ) , g(x) = —m we obtain

1+Cs6
u(z) < 7 log(1 + Cod(x)) < ACod(z)

since u < ¢ in Q5.

The comparison principle in [4] allows also to establish a strict maximum prin-

ciple:

Theorem 2. Suppose that F satisfies (H2), b and ¢ are continuous and bounded
and b satisfies (Hb5). Let u be a viscosity non-negative lowersemicontinuous super

solution of
F(x, Vu, D*u) + b(x).Vu|Vu|® + c(z)u*tt < 0.
Then either u =0 or u > 0 in (.

Remark: Other strong maximum principles and strong minimal principles have
been established in [2] for a more general class of fully nonlinear operators that are

”proper” .
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Proof. Using the inequality in (H2), let us recall, using Remark 1, that
F(z,p,M) > [|p|*(atr(M)" — Atr(M)")
= H(p,M).
Hence it is sufficient to prove the proposition when u is a super solution of
H(Vu, D*u) + b(x).Vu|Vu|® + c(x)u'T = 0.

H does not depend on z and it satisfies the hypothesis of Theorem 1.
Moreover one can assume that c is some negative constant. Indeed, suppose that
we have proved that for any v > 0 super solution of

(5) H(Vu, D*u) + b(x).Vu|Vu|® — |c|ou®™ <0,
we have that v > 0 in €. Then if
F(z,Vu, D*u) + b(z).Vu|Vu|* + c(z)u*™ <0

for some u > 0 we have that « is a non negative super solution of (5) and then
u > 0 and that would conclude the proof.

Hence we suppose by contradiction that zy is some point inside 2 on which
u(xg) = 0. Following e.g. Vazquez [27], one can assume that on the ball | — 21| =

|z — x9| = R, xo is the only point on which u is zero and that B(zq,3E) C Q.
Let uy =  inf LU 0, by the lower semicontinuity of u. Let us construct a sub
le—z1|=3

solution on the annulus £ < |z — 2| = p < 38
Let us recall that if qb( ) = e~ kP, the elgenvalues of D?¢ are ¢"'(p) of multiplicity
/

1 and ¢ of multiplicity N-1.
P
Then take k such that

kot > (W + |b|oo> kO 4 leloo
a

If k£ is as above, let m be chosen such that

—kR/2 _ o—kR)

m(e =u

and define v(z) = m(e~* —e~*%) with p = |2|. The function v is a strict subsolution
in the annulus, in the sense that it satisfies H(Vv, D?v)+b(z).Vv|Vo|® —|c|sov®t! >

0 in the annulus. Furthermore

v<u on m—x1|——

3k

v<0<u 0n|x—x1|——

Hence v > v everywhere on the boundary of the annulus. In fact u > v every-
where in the annulus, since we can use the comparison principle Theorem 1 for the
operator H + b(x).V.|V.|* — |¢|oo|.]|*. Then v is a test function for u at xzy. Then,
since u is a super solution and Vu(zg) # 0:

H(Vo(xo), D*v(0)) + b(0).Vo(x,)|Vo(x,)|* — |¢|eov® T (z0) <0

which clearly contradicts the definition of v. Finally u cannot be zero inside 2. [
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Corollary 1 (Hopf). Let v be a viscosity continuous super solution of
F(x, Vv, D*v) + b(x).Vo|Vo|® + c(2)|v|* < 0.
Suppose that v is positive in a neighborhood of x, € 90 and v(x,) = 0 then there
exist C >0 and § > 0 such that
v(x) > Clz — |

for |z — x| < 4.

To prove this corollary just proceed as in the proof of Theorem 2 and remark
that e ¢ — e=*2 > C(R — p).

In fact, one can get a better estimate about supersolutions near the boundary

i.e. some sort of limited expansion at the order two. We still denote by d(z) the
distance to the boundary of Q and, for d > 0, Qg = {z € Q, d(z) < d}.

Proposition 2. Suppose that v is a lowersemicontinuous supersolution of

F(x, Vv, D*v) + b.Vv|Vo|® + ¢v|*v <0
in Qq,, for some di > 0, and v is > 0 on the boundary, v > 0. Then there exists
de < dy, d2 > 0 and some constants vy, C > 0 such that on Qq4,
Cd(z)?

v(@) = y(d(2) + log(1 + Cd(x)?)) > (d(w) + —

).

Proof. We start by proving the following
Claim: For some constant C' > 0 large enough, there exists a neighborhood of
0N such that
o(z) = d(x) + log(1 + Cd?*(x))
satisfies
F(x,Vp,D?a) + b.Ve|Ve|* + clp|“0 > m > 0
for some constant m > 0.

Let dy be such that in Qq, :={x € Q: d(x) < dp} the distance is smooth and
there exists C7 such that |D2d\Oo < (C as seen in Remark 2. Note that this implies
that tr(D?d)* + tr(D?d)~ < C1N.

Let C > (22 4 34)NCy + 2582 4el 4314 d < inf (5%, L, do).

inf(1,2%)
In Qdo
, 1 1
ol <d+Cd* <o+ <1
We compute the two first derivatives of ¢ :
2Cd
= 1
Ve =Vd(1+ 1+Cd2)

and then

1< |Vl <2

2Cd 2C(Vd @ Vd)(1 — Cd?)

D?p = D?d(1
4 et 1+ Ca2)2.
In particular
2Cd
D2p)” < (D*d)" (1 + ———
and ( o) c
1-0Cd 2Cd
D2p)t > 2 d d)~———" — (D) (1 4+ ———),.
(D%9)* 2 20(Vd & Vi) (s — (D) (14 o)
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These imply that
tr(D%*p)” < 2C,N

and 24 12C
2ot > 0= - > =
tr(D*p)" > 025 2NC, > o
Hence we obtain

F(z,V, D) + b(2).Ve|Vel|® + c(z)p'

12

> inf(1,2) (e — 2ANCY) — bl Vil = el
2aC

> a _ 1+a

> inf(1,2%) 5% 6] 002 le]oo
aC

> inf(1,2%)(=——

> nf(1,2)(%%) > 0

This ends the proof of the Claim.

To conclude the proof of the proposition we choose C' and dp as in the claim,
dy < (dy,dp) . Since v > 0 inside {z, d(z) < di} let v be such that y(d2 + log(1 +
Cd3)) < ming(z)=g,v. Then v > y(d+log(14Cd?)) on the boundary of the ”crown
7 {z,0 < d(z) < d2} in Q. Since in addition v satisfies

F(x, Vv, D*v) + b.Vv|Vo|® + clv|*v < 0
and ¢ = y(d + log(1 + Cd?)) satisfies
F(x, Vi, D%p) +b.Vp|Ve|® + clp|*p > 0,
the comparison principle implies that v > v(d+log(1+ Cd?)) in {z,d(z) < dp}. O

4. MAXIMUM PRINCIPLE FOR A\ < A; BOUNDS FOR ).
4.1. Maximum principle. We can now state and prove the following Maximum

principle:

Theorem 3. Let Q be a bounded domain of IR"™. Suppose that F satisfies (H1),
(H2’), (H4), that b and ¢ are continuous and b satisfies (H5). Suppose that T < A
and that u is a viscosity sub solution of

G(x,u, Vu, D*u) + 7ju/*u >0 in Q

with u < 0 on the boundary of ), then u < 0 in €.

Remark: Similarly it is possible to prove that if 7 < A and v is a super solution of
G(x,v,Vv,D?*v) + 7[v|*v < 0 in Q

with v > 0 on the boundary of Q then v > 0 in Q.

Proof. Let A €]7, A[, and let v be a super solution of
G(z,v, Vv, D*v) + A>T <0,

satisfying v > 0 in 2, which exists by definition of .

We assume by contradiction that sup u(z) > 0 in Q.

Claim : sup 7 < +o0.

Near the boundary this holds true since from Proposition 1 and Corollary 1
there exists ¢ > 0 such that u(z) < Cd(x) and v(z) > C'd(x) for d(x) < ¢, for some
constants C' and C".
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In the interior we just use the fact that v > C'6 > 0in Qs = {z : d(x) > 6} and
we can conclude that ¥ is bounded in .

We now define 7' = sup,cq % and w = yv, where 0 < v < 7" and 7 is sufficiently

)\_T(%)lJra

, 1+«

> 2|¢|oo. Furthermore by definition of the
() -

close to 4 in order that

Y

supremum there exists § € {2 such that sup % = 7:8 =4

Clearly, by homogeneity, G(x,w, Vw, D*w) + Aw!T® < 0.
The supremum of u—w is strictly positive, and it is necessarily achieved on T € (2
since on the boundary u — w < 0. One has

(u—w)(@) = (u—w)(y)
and then
w(z) < u(Z) + (w—u)(g) < u(@).
On the other hand

and then

As in the comparison principle, we consider, for j € N and for some ¢ >

+2).
max(2, g—_ﬂ)

03(,y) = u(z) — wly) = T~y

Since sup(u — w) > 0, the supremum of v; is achieved in (z;,y;) € Q>

For j large enough, v; achieves its positive maximum on some couple (z;,y;) €
Q2 such that

1) z; # y; for j large enough, (this uses lemma 2 and the definition of 7).

2) (zj,y;) — (&,Z) which is a maximum point for u —w and it is an interior
point

3) jlzj —y;|* =0,

4) there exist X; and Y; in S such that

(s =yl "2 (x5 = y5), X;) € > u(xy)
and

(lzj =yl (x5 — y5), —Y;) € J> " w(y;)
Furthermore

X; 0 ( D —D; 25000~ D — g2 L L
(0 Yj)ﬁj(_Dj D, >§2 jalg — D|z; — yjl N

with ( 2)
qi ¢ — . x, J— .
|$j—yj|2(xj y])®( j yj))

The proof of these facts proceeds similarly to the one given in Theorem 1.

Dj =29"%qlx; — ;|72 (1 +

Condition (H4) implies that

F(xj, (xy —y;)le; —y; 1972 X5) = Fy;, (x5 —yi)|z; —y51972%, =Y5) < w(ile; —y;19).
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Then, using the above inequality, the properties of the sequence (z;,y;), the
condition on b -with C} below being either its Holder constant or 0-, and the ho-
mogeneity condition (H1), one obtains

—(7 + e(ay)ulz) T < Fag, iy —yy)le; —yil772, X;5)

+b(5) j TV s — gy DT (@ — )
F(yj,i(zj —y)ly —y;]77%,=Y))

+w(fla; — y;19) + Cogt T ay — gy 1

+b(y;) 3"y =y @y — y) + o(1)
< (A —ely))wly) T+ o(1).

By passing to the limit when j goes to infinity, since ¢ is continuous one gets

IN

(4 e@)u(@) " <~ e@)wl@)
If ¢(Z) + A > 0 one obtains that
1+«
Lt e(@)ul@) < —(A+ e(z)) (”) u(z) e

/

'\ 1+«
A— al
This contradicts the hypothesis that (:,gll()x > 2|¢|co-
2 -1

If ¢(Z) + A = 0 then 7 < X implies th;t
0< —(1+c(@)u(@)t™* <0
a contradiction. Finally if ¢(Z) + A < 0 we obtain
—(7 +e(@))u(@) T < (A +e(@)w (@) < —(A+c(@))u(@)

once more a contradiction since 7 < .

4.2. Bounds on .

Proposition 3. Let ¢(x) = 0. Let F satisfying (H1), (H2). Suppose that Q is
bounded in at least one direction, say ey, i.e. there exists R such that Q C [-R, R] X
RN=Y, and that by(z) =< b(z),e; > is bounded. Then there exist some constants
C1 >0, Cy > 0 which depend on a and N such that

_ C —C2|b1]|oo

N> e T

R2+a
We deal with the particular case of the dimension 1. In that case we shall use

variational techniques and weak solutions to estimate the first eigenvalue, this being
justified by the following lemma

Lemma 3. Suppose that Q =] — R, R[, R > 0, that a is some continuous function
such that
0<a<a(x)<A

in [-R, R], and that b is continuous and bounded. Suppose that g is continuous,
then the weak solutions (in W12+2(] — R, R[)) and the viscosity solutions of

a(@)|u'|*w” +b(x)|u' | = g(x)
for x €] — R, R[ coincide.
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Proof. Suppose first that u € W12+ is a weak solution.
The previous equation can also be written as

d s a1 @ (at1)b(t)
—(|u’|0‘u/ef ) dt) —g(m)e 0 e) dt
dx
: ra,,! at2 s O . . . .
Then since |u/|*u’ = h € L=+ and e’o =«® " is continuous, the product is a distribu-
. . . . . . = b(t)
tion T which satisfies ”T” is continuous”. Then T is C!, hence h(z) = e~ Jo armydt

is Ct. Finally u/(z) = h(x)“%a is C! on every point where h(z) # 0, i.e. on each
point where u’(x) # 0. Finally u is C? on such point, and then on those points it
satisfies the equation in the classical sense.

We now prove that u is a viscosity solution.

For that aim let ¢ be such that (u — ¢)(z) > 0 = (u — ¢)(Z) for all  in a
neighborhood of Z. Since u € C!, ¢/ (%) = v/(Z). If ¢/(Z) = 0 then there is nothing
to test, if ¢'(Z) # 0 then u”(Z) exists. Moreover ¢”(Z) < u”(Z), and then since on
such points u satisfies the equation in the classical meaning,

a(@)|¢'|"¢" (z) + b(x)|¢"(2)|*¢' () < a(@)|u'|*u" (Z) + b(x)|u'(2)|"v'(2) < g(x)
one sees that u is a super-solution.

Suppose that ¢ is some test function by above for u on Z, again we are only
intrested in the case ¢'(Z) # 0 which implies that «’ cannot be zero, and ¢ (Z) >
u”(x) Then since on those points u is a solution in the classical sense

a(@)|¢'|"¢" (Z) + b(@)|¢'|"¢' () > g(7).
This implies which implies that u is a sub solution .
We prove that the viscosity solutions are weak solutions, in the one dimensional
case.
Let v be a weak solution of

a(@)[v'|*v" + b(x)|v'|*v" = g(x)

v = 0 on the boundary.
Let now u be a viscosity solution of the same equation. We want to prove that
u = v. For that aim let € and let v, be the weak solution of

a()[v;| v, + b(@)|v|*v, = —e + g(x)
ve = 0 on the boundary. and v¢ be the weak solution of
a()|(v%)'[* (v)" +b(@)|(v)'|* (v) = € + g()

v¢ = 0 on the boundary. By the previous part v. and v® are viscosity solutions and
by the comparison theorem one gets

v <u <.

Moroever by passing to the limit for weak solutions (for example using variational
technics) it is easy to prove that v, and v¢ tend to v weakly in W2+< and then in
particular in C. We obtain that

v =u.

Proposition 4. For z €] — R, R| let

G(z,u, v/ u") == a(z)|u'|*u" + b(z)|u'|*u’
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with A > a(z) > a > 0, continuous on [—R, R] and b bounded, then there exist some
constants C; > 0, Co > 0 which depend on a and the bound of b such that

- Cre C2F
A > 17
R2+a

Proof. Let
r 1
B(x) = / de.
-R a(z)
Then it is easy to show that

- . ffg ‘u/‘a—&-QeB(m)dx
A> A= 1241er SR N
weWg* T (-RR) | [T ;‘(—J;)|u\°‘+263($)dx
Indeed, the infimum is achieved and w, a function achieving the infimum, is a weak
solution of
[u'|*(a(z)u” + b(z)u') = —A1|u|“u.
Due to the previous lemma u is also a viscosity solution. One can assume that
u > 0, so u > 0 in Q, using strong maximum principle of Vazquez. Hence, by
definition, A > \;.
But one has, for some universal constant C'

R 24« Ca ,—2|2|oR(a+1)
A > L2 e RlatD) I = G

a1 wewg o (-rR) [ |urte R+

which is the desired result. O

Proof of Proposition 3.
Suppose that €2 is contained in [~R, R] x RN~ let us define

u(z) = 39RY — (z1 + 2R)?,

where ¢ = % + 2,then |9,,| > ¢RI™! and

-1
aallﬂhu + blawlu < —q%Rq—Q.

Finally, using also u(z) < 39R?, one gets

G(I, u, Vu, DZ’LL) < 7cq2+aRq(oz+1)fa72 < 7CR7047237q(a+1)q2+au1+a7

and, by definition,

A > cho‘7237q(a+1)q2+O‘.
Using the expression of ¢ in function of b; one gets the announced estimate.
Remark 3. Let us note that in the case b = cte or when there exists some direction
e1 such that b(z).e; = cte and € is bounded in this direction one has a better

estimate.
Indeed, similarly to [5] one can consider

u(z) = u(z1) = TR? — 2 — 3(signb; ) Ray.
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This function is positive on x; €] — R, R], its gradient is never zero. Hence one has,
for some constant C:

G(x,u, Vu, D*u)

|3(signbi)R 4 2x1|*(—2 + by (—3R(signb;) — 2x1))
CR(—2 —3|b1|R + 2|b1|R)
CR*(—2 — |b1|R).

VANVAN

This implies that
G(z,u, Vu, D*u) < —C(2 4 |b1|R)R™2™“u! T

which yields

3 C1 C2|b,|
A Z R2+o¢ + R1+a

which is a more accurate lower bound than in the general case.

Proposition 5. Suppose that R is the radius of the largest ball contained in Q and
suppose that F satisfies assumption (H1) and (H2).

Furthermore let b and c be bounded functions. Then, there exists some constant
C1 which depends only on N, Q «, a and A, such that

3 1 1b] oo
A< Gy <Ra+2 + Ra+1) + [¢]oo-

Proof. Without loss of generality we can suppose that the largest ball contained in
N is Br(0). Let o be defined as
1
_ 7 _ R1)2
o(x) = 5 (lal* ~ B)
with ¢ = “£2 for € Br(0).

a+1’
We need to compute the supremum in Bg(0) of

—F(x,Vo,D?%s) — b(x).Vo|Vo|®

0a+1

Let o(x) = g(r), for r = |z|. Clearly ¢'(r) = r?¢=1 — 7471 R9 and
g"(r) = (2 = 1)r*"* — (¢ = )ri*R".

1
Furthermore ¢’ < 0 while ¢” < 0 for r < (zqq_—_ll) * R and positive elsewhere.

Hence by condition (H2) and using the fact that for radial functions the eigenvalues
/

of the Hessian are L with multiplicity N-1 and ¢” (see [?]) we get
r
1

-for r < (%)E R

N -1

|F (2, Vo, D?0)| < |g'|* |ag"(r) +a(——)g'(r)

1

while for r > ( g1 )E R

2q—1

PV, D%) < 1" ag"(r) + A1)/ 0)

i.e.

—F(x,Vo,D%) < |¢'|“r9™%(=Byr? 4+ BoRY)
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where By = a(2¢— 1)+ A(N —1) and By =a(qg—1) + A(N —1).
Let R; be defined as

1
B By + |b‘ooR(q_l)(a+1) q
then for r > R;
—F(x,Vo,D?0) — b(x).Vo|Va|* < 0.
Hence the supremum is achieved for » < R;. On that set one can use an upper
bound for | — F(z, Vo, D?c) + b.Vo|Vo|®| and a lower bound for o e.g.

1
72 5 (R~ RY)*.

More precisely for » < R; and for some constants C, Ca, Cf C4 depending on
a, A, N and |b| one has:

| — F(x,Vo,D%) — b.Vo|Vo|*| < alat-a—2__ C1R Cs|b|og R4 D (@+D)
oo+l > T (Rq _ R%)aJrQ Rq(aJrl)
oo
-  Rat2 Ra+1
Then ¢ is a subsolution in Br(0) of
Cy Cs

F(x,Vo,D?*s) +b.Vo|Va|* + clo|0 + (

Ra+2 + Ra+1

+ |eloc)|o|%o > 0,

with ¢ = 0 on OBgr(0). Suppose by contradiction that A\ > % + % + |¢]oo-
Clearly since Br(0) C Q, A(Br(0)) > X > 754 + 5531 + |¢|oo, and then according
to the maximum principle, Theorem 3, one should have that o < 0 in Bg(0), a
contradiction. O

4.3. Comparison theorem for \ < \.

Theorem 4. Suppose that F satisfies (H1), (H2’), and (H4), that b and ¢ are
continuous and bounded and b satisfies (H5). Suppose that T < X\, f <0, f is upper
semi-continuous and g is lower semi-continuous with f < g.

Suppose that there exist o upper semi continuous , and v non-negative and lower
semi continuous , satisfying

F(x, Vv, D*v) + b(x).Vv|Vo|® + (c(z) + T)v'T* < f in Q
F(x,Vo,D%*s) +b(z).Vo|Va|* + (c(z) +7)|o|*c > g in Q
oc<w on 0N

Then o < v in (lm each of these two cases:

1) If v > 0 on Q and either f < 0 in Q, or g(x) > 0 on every point T such that
f@) =0, B

2)Ifv>0inQ, f<0and f <g on )

Proof. We act as in the proof of Theorem 3.6 in [4].

1) We assume first that v > 0 on 2. Suppose by contradiction that o > v

o
somewhere in 2. The supremum of the function — on 912 is less than 1 since 0 < v
v
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on J and v > 0 on 012, then its supremum is achieved inside €. Let Z be a point
such that

0@ _ o)
ST B e
We define () _
(zy) =2 Ly oy

For j large enough, this function achieves its maximum which is greater than 1, on
some couple (z;,y;) € Q2. Tt is easy to see that this sequence converges to (7, 7), a

maximum point for 7.

Since on test functions that have zero gradient the definition of viscosity solutions
doesn’t require to test equation, we need to prove first that z;, y; can be chosen
such that x; # y; for j large enough.

Indeed, if x; = y; one would have for all z €

o(x) - %|% — x| o(z;)

which implies that ‘
d@sU@n+§%—xw

This means that o has a local maximum on the point ;. We argue as it is done
in the proof of Theorem 1 : If z; is not a strict local maximum then x; can be
replaced by x; close to it and then (x;, x;) is also a maximum point for ;.

If the maximum is strict using Lemma 2 one gets that

(c(ay) + 7)o ()T > g(x)).
But one also has

L|xj —z]%.

qC
hence z; is a local minimum for v, and if it is not strict, there exists x; which is
different from x; such that (x;, x;) is also a maximum point for ;.

If the minimum is strict using once more Lemma 2 one would have

(c(xz) + o' (z;) < f(xy).

This is a contradiction for j large enough. Indeed, passing to the limit one would
get

() > () —

(c(@) + 7)(o(2)F* = v(2)'"*) > 9(7) - f(7) 2 0.
Since o(z) > v(Z) this implies that
e(Z)+7>0.

Now there are two cases either f(Z) < 0 or f(Z) = 0 and the above inequality is
strict. In both cases it contradicts

(c(@) + T)o(@) ™ < f(2).
We can take x; and y; such that x; # y;.
Moreover there exist X; and Y; such that
X
"o(y;)

<j|93j —y; |7 (x5 — yy) ) € J>to(xy)
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and

(jxj — ;|7 (= — yj)v%) ’ ﬁg]) €I )

aj =y and

Faj, jlai—y;1 72 (x=y;), X5) = F (y5, gl —y;1 72 (x—y;), =Y5) < w(o(y;)ile;—y;|%).
We can use the fact that o and v are respectively sub and super solution to
obtain:

where §; = o(x;) —

X

glay) = rolag) e = eloy)o(e)' T < Pl glay =yl e - ), o)
J
+b(ay). g g — gy | DO (@5 — )
i v(y;) =Y
< jiFy',jﬂc-—y-q”x-—y- i) J
Sy ke — il e = ) T )
Fw(joly;)le; — yj|q)} +
+b($j).j1+a|:rj — yj|(q71)(1+a)*1(xj _ yj)
b o) i
< 0 LRyl — R — ) ) D
U(yj)lJr“{ (3 12; |7 (5 ;) B; 3; )
-1 1)(1 1 v(yj) e
by — gy 0D (2 yj)< 5 ) }
J

w(v(y;)ilz; —y;l?)

+ o(y;) e + Cjlay —ys |19+
Bite
< (=T —ely))B T+ Wf(yj) +o(1).
J

Passing to the limit, since c¢ is continuous, we get:
@< (2"
T z).
Tl
Either f(Z) = 0 and then we have reached a contradiction because, in that case, by
hypothesis

9(z) >0,
or f(z) < 0, and then we get

= a+1
0 < 1) [1 - ("8) ] < J(#) - g(2) < 0.

This concludes the proof of the first part.

2) For the second part, let m be such that f —g < —m <0, and f < —7%. Let €
be given such that by the uniform continuity of the function (x + €)'+ on [0, |v|so]
one has m

At eloo [0 ) — e <
Then w = v + € is a supersolution of

F(z, Vw, D*w)+ (A +c)w'™™ < f—i—% < g—% < g < F(0,Vo,D%*s)+ (A -c)|o|%o.
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We are now in a position to use the first part of the theorem, since
w=v+e>0 and u<v<v+e on ON.

and then u < v+ € in . Letting € go to zero we get the required conclusion. [

5. REGULARITY RESULTS

In this section we shall prove that the viscosity solutions are Holder continuous.
Since the Holder estimates depend only on the bounds of f and the structural
constants, this Holder continuity will allow us to have a compactness criteria that
will be useful in the next section. Let us note that we state all the results with
¢ = 0. Indeed, one can consider ¢(z)|u|*u in the right hand side since it is bounded,
and get the same regularity results.

Proposition 6. Suppose that F' satisfies (H1), (H2), (H3). Let f be a bounded

function in Q. Let u be a viscosity non-negative bounded solution of

(6) u=20 on 0f).

Then if b is bounded, for any v € (0,1) there ezists some constant C which depends
only on |f|eo and |bls such that for any (z,y) € Q2

{ F(z,Vu,D*u) + b(z).Vu|Vul®* = f  in Q

u(z) —u(y)| < Clz —y|".
An immediate consequence of the above Proposition is the

Corollary 2. Suppose that F satisfies (H1), (H2) and (H3). Suppose that f, is a
sequence of continuous and uniformly bounded functions, and u, is a sequence of
bounded viscosity solutions of

F(z,Vuy,, D2un) + b(x).Vup|Vug|* = fu(z)

with b bounded, u,, = 0 on 9S). Then the sequence u,, is relatively compact in C(S2).

Proof. The proof relies on ideas used to prove Holder and Lipschitz estimates in
[17], as it is done in [5].

We use Proposition 1 in section 3 which implies in particular that there exists
My such that

(7) u(z) < Mod(z)"
for d(z) := d(x,00) < 4.
We now prove Holder’s regularity inside €.

We construct a function ® as follows: Let M, and v be asin (7), M = sup(M,,
and ®(x) = M|z|?. We also define

As = {(x,y) € QQ? ‘CL‘ - y| < 6}'
Claim For any (z,y) € As
(8) ut(z) —un(y) < ®(x —y).

If the Claim holds this completes the proof, indeed taking x = y we would get
that v* = u, and then w is continuous. Therefore, going back to (8),

25(1;5)11)

2sup u
oY

u(z) —u(y) < [z =yl
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for (x,y) € As which is equivalent to the local Holder continuity.

Let us check that (8) holds on dAs. On that set:
- either |z — y| = 0 and then v*(z) — u,(y) < M§" since M > 2sup u,
-or (z,y) € (2 x Q). In that case, for (x,y) € (2 x 9Q) we have just proved
that
u*(x) < Myd(x)” < M|y — 2|7,
while for (z,y) € 90 x Q
0—uy(y) <0< Moly — [

Now we consider interior points. Suppose by contradiction that u*(z) — u.(y) >
®(xz —y) for some (x,y) € As. Then there exists (Z,y) such that

u*(Z) — us(y) — (7 — 9) = sup(u*(z) — us(y) — ®(z — y)) > 0.
Clearly Z # 3. Then using Ishii’s Lemma [16], there exist X and Y such that
(vM(z -z — g% X) € J>Hu*(2)
(YM(z —g)|lz — g% =Y) € J> " u.(p)

X 0 < B -B
0 Yy /) —-—\-B B
and B = D?®(z — §).

We need a more precise estimate, as in [17]. For that aim let :

with

(Z-y®z-7)
|z — gl
Using —(X +Y) > 0 and (I — P) > 0 and the properties of the symmetric
matrices one has

0<P:=

<I.

tr(X+Y) <tr(P(X+Y)).
Remarking in addition that X +Y < 4B, one sees that tr(X+Y) < tr(P(X4Y)) <
4tr(PB). But tr(PB) = yM(y — 1)|z — y|7=2 < 0, hence

9) [tr(X +Y)| > 4yM(1 =)z — [ ~>.
Furthermore by Lemma III.1 of [17] there exists a universal constant C' such that
[X], Y] < C(tr(X + )|+ |BI#|tr(X +Y)|?) < Cltr(X +Y)],

since |B| and |tr(X + Y)| are of the same order. Now we can use the fact that
u is both a sub and a super solution of (6), and applying condition (H2), (H3)
concerning F' :

f@) = (yM)ob(E).(z - g)lz — gD
< F(z,Ve(z-9),X)
< F(g,Ve(z —7),X) +w(jz — g))|[Ve(z — 9)|*|X]
< a|VO(T - §)[tr(X +Y) + F(7,V,8(7), tr(=Y))
+a(lz —y))|Ve(z — g)|*[X]
< (@) +alVOE —9)*tr(X +Y) + (yM) | |7 — |0 DD

+o(|z —g)|Ve(z — y)|*[tr(X +Y)].
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Which implies, using (9)

. \a o e P bloo |- _ -
VoM -nla-g? (a - Cale - 5l) 25l - 51) < £5)- (@)
We choose § small enough in order that Cw(d) + 2(|1b|_°j;)5 < 5. Recalling that
|V®(z — )| = yM|Z — §|"~! the previous inequality becomes:

(10) @M (1 ) - gD < g

Using M > w and |Z — g| < § one obtains

a(2supu)' Ty (1= 4)87 D < 4| f|..
This is clearly false for § small enough and it concludes the proof. O

For completeness sake we shall now prove some Lipschitz regularity of the solu-
tion. To get Lipschitz regularity we need a further assumption as it was done in
[5]. Let us remark that Lipschitz regularity is not necessary to prove the existence
results, hence this further assumption will be used only in the present part of the

paper.
(HT7) There exists v > 0 and k €]1/2,1] such that for all [p| =1, |q| < 3, BES
|F'(2z,p+ ¢, B) = Fx,p, B)| <vl[q|"|B|

which implies by homogeneity that for all p #0 , |q| < ‘%l, BeS
|F(z,p+q,B) = F(z,p, B)| < vlq|"|p|*"|B]
One has, then, the following regularity result:

Theorem 5. If F' satisfies (H1),(H2), (H3) and (H7) and if b is bounded, then the
bounded solutions of
F(z,Vu, D*u) + b(x).Vu|Vu|* = f inQ
u=0 on 0N}
are Lipschitz continuous inside 2.
Proof of Theorem 5. The proof proceeds similarly to the proof given by Ishii and
Lions in [17] and as it is required in that paper, we use the fact that we already
know that v is Holder continuous, together with the additional assumption (H7) .
To simplify the calculation but, without loss of generality we shall suppose that
in hypothesis (H2) @ = A = 1. Let 7 be in ]5-, 1] and ¢, such that by the Holder’s
continuity proved before
u(z) —uly)] < cylz —y|".
Let p be an increasing function such that p(0) = 0, and p(r) > r, let I(r) =
[T ds [ "9) 4o, let us note that since p > 0, for r > 0:
I(r) < rl'(r)

Let ro be such that '(rg) = 5. Let also § > 0 be given, K = 2, and z be such
that d(z,00Q) > 2.
We define p(x,y) = ®(x —y) + L|z — z|* where ®(z) = M (K|z| — I(K|z|)), and

A, ={(z,y) e RN xR, |z —y| < d,|z — 2| < 6}

We shall now choose all the constants above.
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- k is such that k = i
Ivr

- M and L are such that M = 45;,1% and L = CV(W_’“, using the Holder continuity
of u, one has
u(r) —uly) < e(z,y)
on 0A,. Indeed, the assumption on rg implies that ®(x) > MK% for |z| < rg and
then if |z — y| =4,

M MK§
w(@) —u(y) < 2supu< ;°<<4——f

=2
Pz —y) < o(z,y),

IN

while if | — z| =0
u(e) —u(y) < cyle—y|" <eyd = Lz — 2" < p(x,y).
Suppose by contradiction that for some point (Z,y) one has
w(Z) —u(y) > o(Z, 7).
Clearly z # 3. Note that
L|Z — 2|F < |z — g|".

Proceeding as in the previous proof, there exist X, Y such that

(MK (z —g)lz — g7 (1 = V'(K|z — gl)) + kL|z — 2/*7*(z — 2), X) € J*Fu(),

and

(ME (=1 (Kl = g)), =Y) € 7*~u(g),
where the matrices X and Y satisfy
X 0 B+L -B
o (o v)=(" &)

with B = D?®(z — ¢) and

L =kL|z — 2|F2 (I + (k- 2)(“"”_;5'9:';2)) .

Let us note that similarly to the Holder case, (11) implies that X +Y — L < 4B
and then

tr(X +Y — L) < 4tr(PB)
with

p_@-9e@-g)
1z — g2

This gives:

 MEp(K|z - g)))
[z

tr(X+Y —L)< < -MK?.
Let us note that

Vap(z) = MK(1 = I'(K|z - g]))

8l

+kL|Z — 2|F72%(z — 2)

=1

T -
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and

Lz — 2|1 = 0677 *6F1) = O(K'77).
From this we get in particular that for 6 > 0 small enough (or K large enough)

o _ MK
ZME 2 ([Vop(@,9)l, [Vye(,9)]) 2 ——.
Finally observe that |L| < k(k—1)L|z — 2|2 < (C67F)% (6)Y*=2/k = O(67-2) =
O(K?77), from which we derive that for K large enough t7(X +Y) < 0 and

[tr(X +Y)| > C(K?)

for some > 0 universal constant C, and |L| < [tr(X + Y)| for K large enough.

In the following we shall need a bound from above for |X|. In order to make
the reading easier the constants C' or ¢ will be constants which depend only on the
data, and they may vary from one line to another. Remark that the lemma III.1 in
[17] ensures the existence of some universal constant such that

X =L+ Y] < C (1B (X +Y = DI+ jtr(X +Y = L))

with B = D2p, and with the considerations on L with respect to |tr(X + Y)| one
also has
1 1
x| +1¥] < C (1B (X + V)1 + (X + 7))

Let us note that

CK
D] < ———

[z —gl’
and then with the assumptions on g, |tr(X +Y)| > C > K|tr(X +Y)| from which

one derives that 1
|X] < [tr(X +Y)[(1+ —
1z — 9l

K )

ol
N

We need to prove that
V(@ 9)[* 7" (L|z — 2| [X]| = o(|tr(X +Y)[|Ve|).

For that aim we write

_ Nja— _ —1\x =2 = Zve(l—%
Voo(@ p)|°  (Llz — 278 |X| < eKomF |z — g 0w X]
o 1
< eKOTF |z — gl (X +Y)|(1 4+ —4——)
Kz2|z —g|>
< dtr(X +Y)|(KoF )

ftr(X + V)| KK™773 = o(|tr(X + Y)|Ve|*)
We now obtain using assumption (H2) and (H3 ) concerning F

F(@) = b(2).Vop|Vip|® F(2,Vop(Z,7), X) + [0l O(K )

F(5,Vyp(Z,9), X) + V|L|Z — 2[* 1" Va0 X]|

+[bloc O(K9)

F(y,Vyp(z,9), -Y) + [Vo|*[tr(X + V)

+b(7)- Vyp| V| + O(K ™% 2| Vip|*)tr(X +Y)

+HVo|*tr(X +Y) 4 2[b|oc O(K %)

F(@) + O(K*o77%) — C(K2) + [b o O(K'+*)

IN A

IN

IN
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From this one gets a contradiction for K large. We have proved that for all z such
that d(z,08) > 26 and for y such that |z —y| < ¢

ul(z) — uly) < (28;15“> ('”Jéy').

Recovering the compact set ) by a finite number of C? sets Q;, Q; C ;41 such that
d(0€Q;,09;11) < 20, the local Lipschitz continuity is proved.

6. EXISTENCE’S RESULTS

We now prove the existence of non negative solutions of

G(x,u,Vu, D*u) + \u!t®* = —f  in Q
{ u=20 on Of)

where f is a given positive function. The steps are the following :

Step 1: Exhibit a sub and a super solution of the equation when the coefficient
of the zero order is non positive and f is constant.

Step 2: Under the same conditions on the zero order term, use Perron’s method
to solve the equation for any negative function —f.

Step 3: From the previous steps we construct a solution of the above Dirichlet
problem when A < \ without conditions on the sign of ¢(x).

Step 4: This will also allow to prove the existence of the associated eigenvalue.

The first step is obtained by remarking that 0 is a sub solution and establishing
the following

Proposition 7. Suppose that F satisfies (H1) and (H2), b and ¢ are bounded;
furthermore let ¢ be non-positive in Q). Then there exists a function u which is a
nonnegative viscosity super solution of

F(z,Vu, D*u) + b(x)|[Vu|*Vu + c(z)u't* < -1 in Q
u=0 on 09

Proof. Let d be the distance function to 0f2, which is well defined in €2 and satisfies
the properties stated in Remark 2. Let K > diam§. Then d < K. Let v €]0,1]
and let k be a large enough constant to be chosen later. Let u be defined as

1
we) =1 e

Clearly v = 0 on the boundary.

Suppose that 9 is a C? function such that (u —)(x) > (u —v)(z) = 0, for all x
in a small neighbourhood of Z. Then J*~u(Z) # () and then the function ¢ defined
as

1
YO T
is a C? function in a neighbourhood of Z, such that
(d—¢)(x) = (d—)(z) =0.

This implies that J%~d(Z) # (. According to some of the properties of d recalled in
the introduction, on such a point d is differentiable and then V¢ (z) = Vd(Z) has
modulus 1.
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One has kd(2) "'V ()
_ kyd(z 7 T
Vi(z) = (1+ d(z)7)k+1
and
9 krydr—2 2
D% = G s (1= 1= (kY + D)V © Vo +d(1 +d)D%).

We need to prove that one can choose k large enough in order that
F(x,V, D*9) + b(z). VY| VP|* + ()t < —1.

We use Remark 2 on the distance function and the following inequalities on
symmetric matrices

if Y >0 then (X-Y)"<X" and (X-Y) >X Y.
Using these with X = D?¢ and Y = D¢ ® D¢, and condition (H2) we obtain
F(z, Vi, D*)) <
e [a(y = 1= (kY + 1)) + (A + a)C1 Nd(1 + dV)]

y(a+1)—2—a . . oy .
MW is decreasing hence it is greater than

The function

K'y(omtl)f?fa
(14 K7)k(at)+at2

= (4.

We shall use this later.
Now we write
d—D(+a)

(1 + dv)(k+D)(e+1)

ka+1,yl+ad'y(oz+1)—2—a

(14 d)(E+D(a+D)+1

b(@).VY[VY|™ < [block! Tyt

< bleo d(1 +d)

We have obtained that there exists a constant C'= C'(4, a, |b|, N) such that
F(x, V), D*¥) + b(x). VY| VH|* + c(a)p' <

ka+1,yl+ad'y(a+1)72fa
(1+ dw)k(a+1)+a+2

Clearly since 7 < 1 we can choose k large enough in order that

[a(y —1—=d"(ky+1))+ Cd(1+d")].

-1
[a(’y —1— d"(k'y —+ 1)) + Cd(l + d’y)} < W < 0.
Then )
G D2 < k_a+1 1—0—040 - —
(9671/)7V¢7 w) = v 4(04(k’y)1+a)
which gives the result. (]

Remark 4. Clearly if u is the super solution constructed in the previous Propo-
1

sition then for any M > 0 and any 0 < ¢, < (#) " the function ug(x) =

MTa u(x) + ¢, is a super solution of:

F(x,Vug, D%us) + b(x).Vug|Vus|*t + c(x)us™ < =M in Q
U2 = Co on 0f).
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We are now in a position to solve step 2:
Theorem 6. Suppose that F satisfies (H1) and (H2), that b and ¢ are continuous
with ¢ < 0.

(1) If f is continuous, bounded and f < 0 on Q, then there exists u a nonneg-
ative viscosity solution of

F(z,Vu, D*u) + b(z).Vu|Vu|*T! + c(z)u't* = f  in Q
u=0 on 0f.

(2) For any bounded continuous function f < —M < 0 for some positive con-

stant M and any 0 < ¢, < (#) " there exists u a non negative solution
of

F(z,Vu, D*u) + b(z).Vu|Vu|*™ + c(z)u! T = f  in Q
u=c, on Of).

(12)

Remark 5. In a forthcoming paper,[6] we prove existence’s results with general
data.

Proof. Let ug be the viscosity super solution given in Proposition 7 (see Remark
4), of
G(I’,Ug, quv DQUZ) S 7|f|007

us = 0 on 0f).
We use Perron’s method, see Ishii’s paper [16]. We define

M={u>0, 0<u < us,uis a subsolution}.

Let v(x) = sup,c g u(x). We prove that v is both a sub and a super solution.

We use the same process as in [5] to prove that v* is a sub solution.

We now prove that v, is a super solution. If not, there would exist z € Q, r > 0
and ¢ € C?(B(z,r), with Vo (Z) # 0, satisfying

0= (vx —9)(7) < (vx — @) ()
on B(Z,r), such that
G(z,9(2), Vo(2), D*p(z)) > f(2).
We prove that ¢(Z) < v2(Z). If not one would have p(Z) = v,(Z) = v2(Z)
(v2 = @)(2) = (vs — ) (2) = (vs = 9)(T) = (v2 — 9)(T) = 0,
hence since vg is a super solution and ¢ is a test function for v, on Z,
G(z,9(z), Vo(z), D*p(z)) < f(2),

a contradiction. Then ¢(Z) < v2(Z). We construct now a sub solution which is
greater than v, and less than vs.
Let € > 0 be such that

G(z,9(7), V(7), D?p(2)) > f(T) +e,

and let ¢ be such that for |z — z| < o:
|G(@,0(2), Vo(7), D*¢(1)) —
+[f(2) = f(@)] <
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Then

Gla,0(2), Vo(a), D*p(x)) = f(w) + 7.

One can assume that
(vx = @)(@) 2 [ — 2|
We take r < §* and such that 0 < r < inf|,_z<s(v2(x) — ¢(x)), and define
w = sup(p(x) + 7, vy)
w is LSC as it is the supremum of two LSC functions.
One has w(Z) = ¢(Z) +r, and w = v, for r < |z — F| < 4.
w is a sub solution, since when w = ¢ + r one can use @ + 7 as a test function,
and using the continuity of c,

Gla.o(2), Vo(a), D*p(x)) = f + .

Elsewhere w = vy, hence it is a sub solution. Moreover w > vy, w # v, and w < g.
This contradicts the fact that v, is the supremum of the sub solutions. Using Holder
regularity we get that v, is Holder.

For the proof of the second statement, it is enough to remark that v = ¢, is
a sub solution of (13) and then proceed as above with us the solution, given in
Proposition 7 (see Remark 4), of

G(IE, Uz, qua D2U2) S _|f|oo7
ug = ¢, on . O
We now prove an existence result for A < X i.e. step 3.

Theorem 7. Suppose that F' ,b and c satisfy the assumptions in Theorem 1 and
that A < A,

(1) Suppose that f < 0, continuous and bounded, then there exists a nonnegative
solution of
F(z,Vu, D*u) + b(z).Vu|Vu|®* + (c(z) + Nu'T*=f in Q
u=20 on 082

(2) For any bounded and continuous function f < —M < 0 and any 0 < ¢, <

(IL) there exists u a non negative solution of

¢|oo

F(z,Vu, D?u) + b(z).Vu|Vul*T! + (c(z) + Mu!T*=f in Q
(13)
u=c, on Of).

Proof. We define a sequence by induction with u; = 0 and w,,1 as the solution of

F(2, Vni1, D*tns1) + b(2).Vn g1 [ Vins1|* + (e(z) — |eoo)unt =
=f— A+ |c|oc)ulte in Q,

Up41 =0 on 0f.

which exists by the previous theorem.

The sequence is positive and u,, is increasing, indeed we can use the comparison
Theorem 1 with the right hand side equal to f —(A+|c|oo)ul™ < 0 and the function
c(@) = (—c+|c|oo )P T, which is nonnegative and increasing with respect to ¢. We
need to prove that the sequence is bounded : suppose that it is not, then dividing
by |[tny1|17® and defining w,, = —%“—, one gets that w,, satisfies

_Un
[tn oo
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F(z, Vwny1, D2wn+1) + (@) Vwns1|Vwn1|* + (e(@) + A — e+ AlOO)wvlzi? =

f u1+a
— e
|t 41|33  Jung1 |5

Since the sequence is increasing the right hand side is bounded and it is greater
than % — (|A+ ¢|oo)wp. Then w,, converges to w while “2— converges

| n+1‘ " ‘”'rLJrl
u [e3
leale T <1,

1loe

to kw for k = lim

[
One gets, by passing to the limit and using the compactness result, that the limit
function w satisfies

F(z,w, Vw, D*w) + b(x).Vw|Vw|® + (A + c)w' ™ > (1 — k)|c + Mo T >0

with w > 0, |w|e = 1 and w = 0 on the boundary. This contradicts the maximum
principle (Theorem 3).

We have obtained that the sequence u, is bounded. Letting n go to infinity,
and using the compactness result (Corollary 2), the sequence being in addition
monotone, it converges in its whole to u which is a solution.

The solution is unique if f < —m < 0 on Q. Indeed suppose that u and v are two
solutions then v(1 + €) is a solution with f(1 + €)'+ in the right hand side. Since
it is strictly less than f one gets by the comparison principle 4 that v(1+¢€) > u
and since € is arbitrary v > u. One can of course exchange v and v and obtain that
U= g

6.1. Existence result for A = \. We have reached the final step:

Theorem 8. Let F', b and ¢ as in Theorem 1. Then, there exists ¢ > 0 in £ such
that ¢ is a viscosity solution of

F(x,V,D%¢) +b(x).VP|VP|* + (c(z) + N)¢'T*=0 inQ
¢o=0 on 0f).
Moreover ¢ is y-Hélder continuous for all v €]0, 1].

Proof. Let A, be an increasing sequence which converges to X. Let u, be a non-
negative viscosity solution of
F(z,Vuy,, D*uy) + b(z).Vu,|[Vu,|* + (c(x) + Ap)ult*=-1  in Q
Up =0 on 0f).
By Theorem 6 the sequence u,, is well defined. We shall prove that (u,,) is not
bounded. Indeed suppose by contradiction that it is. Then by the Holder’s estimate
and the compactness result (Corollary 2), one would have that a subsequence, still

denoted u,,, tends uniformly to a nonnegative continuous function v which would
be a viscosity solution of

F(z,Vu, D*u) + b(z).Vu|Vu|® + (c(z) + Nult®*= -1 inQ
u=0 on 0f.

But then u > 0 in 2 and bounded and one can choose £ small enough that
F(x, Vu, D*u) + b(x).Vu|Vul® + (c(z) + X+ e)u' T < —1 +eu' T <0
and this contradicts the definition of .
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We have obtained that |up|e — +00. Then defining w,, = fut one has
G(z,wp, Vwy,, D?w,) + A\wite = Iu"ﬁ in Q
wy, =0 on 0.

and then extracting as previously a subsequence which converges uniformly, one
gets that there exists w, |w|s = 1 and

G(z,w, Vw, D>w) + Aw't®* =0  in Q
w =70 on 0f.

The boundary condition is given by the uniform convergence. Clearly w is Hélder
continuous, and if F' satisfies the assumption (H7), then it is also locally Lipschitz
continuous. g

Remark 6. We have obtained that ) is also the supremum of the set
{\,3¢ >0 on Q,G(x,0,Vo,D?¢) + A\¢' T < 0 in the viscosity sense}.
Indeed, for A\ < X there exists v which is zero on the boundary, such that
G(z,v, Dv,D?) + \' T = —1.

Then using a continuity argument, one gets that for € small enough w =v 4 € is a
supersolution of

G(x,w, Dw, D*w) + Mw' T < —1/2.
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