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ESSENTIAL SELF-ADJOINTNESS OF SCHRODINGER OPERATORS ON
VECTOR BUNDLES OVER INFINITE GRAPHS

OGNJEN MILATOVIC AND FRANCOISE TRUC

ABSTRACT. Given a Hermitian vector bundle over an infinite weighted graph, we define the
Laplacian associated to a unitary connection on this bundle and study the essential self-adjointness
of a perturbation of this Laplacian by an operator-valued potential. Additionally, we give a suf-
ficient condition for the resulting Schrodinger operator to serve as the generator of a strongly
continuous contraction semigroup in the corresponding ¢P-space.

1. INTRODUCTION

In recent years, there has been quite a bit of interest in the study of self-adjoint extensions
of the adjacency operator, (magnetic) Laplacians and Schrodinger-type operators on infinite
graphs, (see, for instance, [1, 5, 6, 15, 16, 17, 19, 22, 30, 31, 32, 35, 36, 39, 42, 49, 50, 51, 52|)
and also in the study of Laplacian in ¢P-spaces on infinite graphs. To describe the context
of some of those studies, let (X,b,m) be a weighted graph with vertex set X, edge weights b
(satisfying the conditions described in section 2.1 below), and vertex weights m: X — (0, 00).
Let Q© be the form defined on (complex-valued) finitely supported functions on X,

Q) (u,v) = % > bl y)(ul@) —uy)(o(z) —oly) + Y wiz)ulz)o(@), (1)

z,yeX zeX

where w: X — [0,00). Let #,(X) be the space of P-summable functions with weight m as
in Definition 2.5 below, let Q(”) be the closure of Q) in £2,(X), and let L be the associated
self-adjoint operator. Since QP is a Dirichlet form, the semigroup e tL, t > 0, extends to a
Co-semigroup on /h,(X), where p € [1,00). Let L, denote the generators of these semigroups.
The following assumption on (X,b,m) plays an important role in the description of operators
L,:

Assumption (A1) For any sequence {z, },ez, of vertices such that x, ~ 2,41 for all n € Z,
the following equality holds:
Z m(zy,) = oo.

n€Z+
Before describing the operators L,, we introduce some notations. Let

D, :={u: X - C: Z b(x,y)|u(y)| < oo, for all x € X},
yeX
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let Ay, be the Laplacian operator acting on functions u € bvs,

(Apmu)(z) := > bla,y)(u(e) — u(y)), (2)

m(x) e

and let L = Ay m + w/m with domain B;
Under the assumption (A1), the following characterization of operators L, is given in [36,
Theorem 5]: for any p € [1,00) the operator L, is the restriction of L to

Dom(L,) = {u € 2,(X) N D, : Lu € ,(X)}.

Actually, assumption (A1) can be replaced (in the case w = 0) by the existence of an intrinsic
metric with finite jump size and such that the restriction of the weighted degree

Deg,,(x) := m?x) Z b(z,y), xr e X,
yeX

to every distance ball is bounded, see [30] (for p = 2) and [26] (for any p). In analogy with
Karp’s theorem for Riemannian manifolds, the authors of [26] additionally prove an ¢P-Liouville
type theorem, which, in the case p € (1,00), generalizes earlier results of [24], [25], [39], and [45].
In the setting of a graph that has uniform subexponential growth with respect to an intrinsic
metric with finite jump size, the paper [2] establishes p-independence of the spectrum of the
operator L, described above.

As in the continuous case (Schrédinger operators on Riemannian manifolds), it is natural to
extend self-adjointness and spectral problems to operators acting on vector-valued functions or,
more generally, sections of vector bundles over graphs. In the last two decades, the notion of
vector bundles and connections on graphs has attracted quite a bit of attention, with fruitful
applications, such as analysis of large data sets [48] and the theory of molecular bonds [4]. In
the case of finite graphs, the author of [38] extends the classical matrix-tree theorem (which
relates the determinant of the combinatorial Laplacian to the number of spanning trees) to the
context of one- and two-dimensional vector-bundle Laplacians. The vector-bundle Laplacians
and Schrodinger-type operators considered in the present paper (see definitions 2.3 and 2.4)
are a generalization to infinite graphs of the operator from [38], and our goal is to investigate
conditions which ensure maximal accretivity or essential self-adjointness. Let us also mention
the paper [20], which establishes a Feynman-Kac-type formula for Schrédinger operators on
Hermitian vector bundles over arbitrary weighted graphs.

We close this section with an outline of the organization of our paper. In sections 2.1 and 2.2 we
describe the setting of discrete sets and the notion of (Hermitian) vector bundle and connection.
The operator theoretic preliminaries are explained in section 2.3. The main results are presented
in section 2.4, with some comments. Section 3 contains preliminary results, such as Green’s
formula, Kato’s inequality, and ground state transform. The last part of the paper is devoted
to the proofs of the theorems.



2. SETUP AND MAIN RESULTS

2.1. Weighted graph. Let X be a countably infinite set. We assume that X is equipped with
a measure m: X — (0,00). Let b: X x X — [0,00) be a function such that

(i) b(z,y) = by, ), for all z, y € X;
(i) b(z, m) =0, for all z € X;

(iii) Deg, (z Z b(z,y) < oo, for all z € X.
yev

Vertices x, y € X with b(z,y) > 0 are called neighbors, and we denote this relationship by
x ~y. We call the triple (X, b, m) a weighted graph. We assume that (X, b, m) is connected, that
is, for any x, y € X there exists a path + joining x and y. Here, 7y is a sequence x1, x2, ..., Tn € X
such that © = x1, y = 2, and xj ~ 241 forall 1 <j <n—1.

2.2. Hermitian vector bundles on graphs and connection. Following the discussion of [38,
Section 3], which concerned finite graphs, we define a Hermitian vector bundle over the graph
(X,b,m) described in section 2.1. A family of (finite-dimensional) complex linear spaces F' =
(Fy)zex is called a complex vector bundle over X and written F' — X, if any two F, and F,
are isomorphic as complex vector spaces. Then the F,’s are called the fibers of FF — X, and the
complex linear space

T(X,F) =[] Fe = {ulu: X > F, u(z) € F,}
zeX

is called the space of sections in F' — X. We define the space of finitely supported sections
['.(X,F) of the bundle F — X to be the set of u € I'(X, F') such that u(z) = 0 for all but
finitely many = € X.

Definition 2.1. Let ' — X be a complex vector bundle. An assignment ® which associates to
any x ~ y an isomorphism of complex vector spaces @, ,: F, — F, is called a connection on
F— X if

Dy, = (q)x,y)_l for all x ~ y. (3)

We now define Hermitian vector bundles and the corresponding unitary connections on dis-
crete sets:

Definition 2.2. (i) A family of complex scalar products
(IVp,: Fr xF, - C, z€lX,

1s called a Hermitian structure on the complex vector bundle F — X, and the pair given by
F — X and (-,-)p, is called a Hermitian vector bundle over X.

(ii) Let F — X be a complex vector bundle with a connection ® defined on it. Then ® is called
unitary with respect to a Hermitian structure (-,-)g, on F' — X if for all x ~y one has

LR (4)
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where T denotes the Hermitian adjoint of an operator T with respect to (-,-)r, -

Definition 2.3. The Laplacian Af;f: D — (X, F) on a Hermitian vector bundle F — X with
a unitary connection ® is a linear operator with the domain

D:={ueTl(X, F): bey]u )F, < oo, forallz e X} (5)
yeX
defined by the formula
(A ) (@) = : > b, y)(u(z) — @y uly)). (6)

m(x) =

Remark 2.1. The operator Ang is well-defined by the property (iii) of b(x,y), definition (5),
and unitarity of ®.

Remark 2.2. In the case F, = {x} x C with the canonical Hermitian structure, the sections of
the bundle F — X can be canonically identified with complex-valued functions on X. Under this
identification, any connection ® can be uniquely written as ®,, = W) where 0: X x X —
[, 7| is a magnetic potential on (X,b), which, due to (3), satisfies the property 0(z,y) =
—0(y,z) for all x, y € X. As a result, we get the magnetic Laplacian operator. In particular, if
0 = 0 we get the Laplacian operator (2).

Remark 2.3. If the property (iii) of b(x,y) is replaced by
f{y € X: b(x,y) >0} < o0, forallz € X,

where §.S denotes the numbeaof elements in the set S, then the graph (X,b,m) is called locally
finite. In this case, we have D =T'(X, F).

2.3. Operators and quadratic forms. Let (X,b,m) be a connected weighted graph and let
F — X be a Hermitian vector bundle with a unitary connection ®.

Definition 2.4. We define the Schrodinger-type operator fIW,q): D — (X, F) by the formula
]TIW@u = AbFﬁu + Wu, (7)
where W (x): Fy — F, is a linear operator for any x € X, and D is as in (5).
We give now a description of ¢P-spaces.

Definition 2.5. (i) For any 1 < p < oo we denote by I'yr (X, F) the space of sections u €
I'(X, F) such that

lullp == >~ m(@)u(@)[f, < oo, (8)

zeX
where | - |g, denotes the norm in F, corresponding to the Hermitian product (-,-)g,. The space
of p-summable functions X — C with weight m will be denoted by £5,(X).
(i) By 'y (X, F') we denote the space of bounded sections of F', equipped with the norm
[ul| oo == sup |u()|F,- (9)

zeX
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The space of bounded functions on X will be denoted by ¢>°(X).

The space I'p2 (X, F') is a Hilbert space with the inner product

(u,0) =Y m(x)(u(x), v(z))F, (10)
zeX
In what follows, when there is no ambiguity, we will write || - || instead of || - ||2.
Definition 2.6. Let 1 < p < +00 and let D be as in (5). The mazimal operator Hy, max is given
by the formula H) maxu = Hy,ou with domain
Dot (Hpmax) = {u € Tp (X, F) N D : Hwou € Tpw (X, F)}. (11)
Moreover if
HW,CD[PC(Xa F)] - PZ%(X7 F)? (12)
then we set Hy min 1= fIW,CD|FC(X7F).

Remark 2.4. Note that under our assumptions on (X,b,m), the inclusion (12) does not nec-
essary hold. It holds if we additionally assume that (X,b,m) is locally finite.

We now define two quadratic forms and their associated operators, which will be used in the
statement of Theorem 2.3. Let W (x): F, — F, be a linear operator satisfying

(W(z)u(z),v(x))F, = (u(@), W(z)o(r))F, (13)
and
(W (z)u(x),u(x))r, >0, for all z € X. (14)

We first define a symmetric sesqui-linear form Q%/) o 0Ly (X, F) with the domain Dom(QE,f,) ®) =
(X, F):

QW@ u, 1) =3 Z b x y y:vu(y) U(CC) - q)y,:vv(y»Fz
z,yeX
+ > m(@)(W(@)u(z),v(z))r, (15)
zeX

If W satisfies (14), then Q%f,) o is closable, and we denote its closure in T'p2 (X, F) by Qg,f,) 313. Let
H I(,VC)D be the self-adjoint operator associated with Q . We may think of Hy;, (D ) as a Schrodinger
operator with Dirichlet-type boundary conditions. We deﬁne the form qu) by the same formula
as in (15), with the domain
N N
Dom(Qyy) == {u € Tz (X, F): Qi p(u,u) < oo}

The form QE,{,V ZI> is symmetric, non-negative and closed. The associated self-adjoint operator

in T'pz. (X, F) will be denoted by HI(/I]/\,% and may be thought of as a Schrodinger operator with

Neumann-type boundary conditions.
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2.4. Statement of the results. In what follows, we often refer to Assumption (A1) specified
in section 1, and we denote by T the closure of an operator 7. We are now ready to state the
first result.

Theorem 2.1. Assume that (X,b,m) is a connected weighted graph, and let F — X be a
Hermitian vector bundle with a unitary connection ®. Let W (x): F, — F, be a linear operator
satisfying

Re (W (z)u(x),u(x))p, >0, for all x € X. (16)
Then, the following properties hold:

(i) Assume that (A1) is satisfied. Let 1 < p < oo, and assume that (12) is satisfied. Then
Hp min generates a strongly continuous contraction semigroup on Uy (X, F').

(ii) Assume that (12) is satisfied for p = 1. Additionally, assume that (X,b,m) is stochas-
tically complete. Then Hi min generates a strongly continuous contraction semigroup on

T (X, F).

Remark 2.5. By [36, Definition 1.1], stochastic completeness of (X,b,m) means that there is
no non-trivial and non-negative w € £>°(X) such that

(Apm +a)w <0, a >0,
where Ay, is as in (2).

Remark 2.6. By the remark preceding Theorem X.49 in [44], the following property holds: if a
linear operator T on a Banach space X generates a strongly continuous contraction semigroup,
then T is a maximal accretive operator on X. For the definition of an accretive operator on a
Banach space, see [44, Section X.8|. In particular, under the assumptions of Theorem 2.1, the
operator Hp min is mazimal accretive for all 1 < p < oo.

In the next theorem, we make the following assumption, which is stronger than (12):
]TIW@[I‘C(X, F) CTp (X, F)NT (X, F), with 1/p+1/p" =1. (17)

Remark 2.7. If (X,b,m) is a locally finite graph then (17) is satisfied. If inf,cx m(z) > 0 then
(A1) and (17) are satisfied.

Theorem 2.2. Let (X,b,m) and ® be as in Theorem 2.1. Assume that the hypotheses (A1)
and (16) are satisfied. Then, the following properties hold:
(i) Let 1 < p < oo, and assume that (17) is satisfied. Then Hpmin = Hp max-
(ii) Assume that (17) is satisfied for p = 1. Additionally, assume that (X,b,m) is stochas-
tically complete. Then m = Hi max-

The following result is a vector bundle Laplacian analogue of [36, Theorem 6.

Theorem 2.3. Let (X,b,m) and ® be as in Theorem 2.1. Assume that W satisfies (13)
and (14). Additionally, assume (A1) and Hwo[l'c(X, F)] C Ty (X, F). Then, the following
properties hold:

6



(i) the operator Hamin is essentially self-adjoint, and Ho min = Ha max = H‘(,[?% = H‘(,V;,'

(i) Qi s = Qi a-

Before stating the next result, we introduce some notations. In what follows, d.(z,y) denotes
the combinatorial distance between z, y € X, defined as the number of edges in the shortest
path connecting the vertices x and y. Fix a vertex xg € X and define r.(x) := d.(zo, x), for all
x € X. The n-neighborhood BY (x0) of xg € X with respect to d. is defined as

{zeX:r.z) <ntU{{z,y} € E:rc(z) <nand r.(y) <n}, (18)

where n € Z, and E stands for the set of (unoriented) edges of the graph (X,b,m).
In the next result, we assume that (X,b,m) is a locally finite weighted graph satisfying the
following condition:

Assumption (A2) Assume that
lim —
n—oo N

—0, (19)

where

bo:= max (deg(z)) and  by:= max (max <b(m’y)>>. (20)

mGB,(LC)(mO) meB,(LC)(:vo) Y~z m(x)

Here, BY (zp) as in (18), and deg(z) stands for the degree of x € X, that is, the number of
neighbors of z € X.

Theorem 2.4. Assume that (X,b,m) is a locally finite, weighted and connected graph, which
satisfies the condition (A2). Let F — X be a Hermitian vector bundle with a unitary connection
O, and let W(z): Fy — Fy be a linear operator satisfying (13). Additionally, assume that there
exists a constant C € R such that

(f[w,qm,u) > —CHuH2 for allu e T.(X, F), (21)

where (+,-) is as in (10) and ||-|| is the corresponding norm. Then fIW,q) is essentially self-adjoint
on T(X, F).

In the remaining results we will use the notion of intrinsic metric.

Definition 2.7. A pseudo metric (see [30]) is a map d: X x X — [0,00) such that d(z,y) =
d(y,x), for all x, y € X; d(xz,x) =0, for all x € X; and d(x,y) satisfies the triangle inequality.
A pseudo metric d = d, is called a path pseudo metric if there exists a map o: X x X — [0, 00)
such that o(x,y) = o(y,x), for all x, y € X; o(z,y) > 0 if and only if x ~ y; and

do(z,y) = inf{l,(y): v path connecting x and y},
where the length l, of the path v = (xg,x1,...,2y) is given by

|
—

n

lo(7) = ) o(wi it). (22)

i

I
=)
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It is known that on a locally finite graph a path pseudo metric is a metric; see [30, Lemma
A.3(a)]. The following definitions come from [30]:

Definition 2.8. (i) A pseudo metric d on (X,b,m) is called intrinsic if
1
m(z) ;{b(m,y)(d(gg,y))Q <1, for all x € X.

(ii) An intrinsic path pseudo metric d = d, on (X,b,m) is called strongly intrinsic if

%x) Z b(z,y)(o(z,y))? <1, forall z € X.
yeX

m
Remark 2.8. On a locally finite graph (X,b,m), the formula

Y { m(z)  m(y)

=b
o1(z,y) (z,y) n Deg, (z)’ Deg, (y

where Deg,(x) is as in property (iii) of b(z,y), defines a strongly intrinsic path metric; see [30,
Example 2.1].

1/2
) } , with x ~ y, (23)

Our next result states that Theorem 2.4 remains true without condition (A2) provided (X, d)
is metrically complete with respect to an intrinsic metric.

Theorem 2.5. Assume that (X,b,m) is a locally finite, weighted, and connected graph. Let
F — X be a Hermitian vector bundle with a unitary connection ®. Let d = d, be an intrinsic
path metric on X such that (X,d) is metrically complete. Let W(z): F, — Fy be a linear
operator satisfying (13). Additionally, assume that there exists a constant C € R such that (21)
is satisfied. Then fIW,q) is essentially self-adjoint on T'o(X, F).

Next results concern operators that are not necessarily semi-bounded from below.

Theorem 2.6. Assume that (X,b,m) is a locally finite, weighted and connected graph, and let
F — X be a Hermitian vector bundle with a unitary connection ®. Let d, be a strongly intrinsic
path metric on X. Let q: X — [1,00) be a function satisfying

a2 (@) = ¢ (y)| < Ko(a,y), (24)

for all x,y € X such that x ~ y, where K is a constant. Let W(x): F, — Fy be a linear
operator satisfying (13). Additionally, assume that there exists € € [0,1) such that

a(Ai’iu,u) + Wu,u) > —(qu,u), for allu e T'.(X,F), (25)
where (-,-) is as in (10). Let
oq(z,y) = min{g~2(@),¢72(y)} - o(2,y) (26)

and let dg, be the path metric corresponding to o4. Assume that (X,d,,) is metrically complete.

Then Hyw. is essentially self-adjoint on I'o(X, F).
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In the next (and final) result, we will use the notion of a regular graph introduced in [7]. Let
us first recall the definition of the boundary of a given set A C X:

0A := {z € A: there exists y € X\ A such that y ~ z}.

In the sequel, we denote by ()? ,c/l\) the metric completion of (X,d), and we define the Cauchy
boundary X as follows: X := X\X. Note that (X, d) is metrically complete if and only if
X is empty. For a path metric d =d, on X and = € X, we set

D(r) = inf dy(z, 2). (27)

Definition 2.9. Let (X,b,m) be a graph with a path metric d,. Let € > 0 be given and let
X, ={x e X: D(z) > ¢}, (28)

where D(x) is as in (27). We say that a graph (X,b,m) with a path metric d, is regular if for
any sufficiently small €, any bounded subset of 0X. (for the metric d,) is finite.

Remark 2.9. Definition 2.9 covers a broad class of graphs. For instance, weighted graphs whose
first Betti number is finite are reqular; see [7, Corollary 4.1]. In particular, any weighted tree is
reqular; see [7, Proposition 4.2].

We are ready to state our last theorem.

Theorem 2.7. Assume that (X,b,m) is a locally finite, weighted, and connected graph. Let
d = d, be an intrinsic path metric on X such that (X,d) is not metrically complete. Assume
that (X,b,m) is a reqular graph in the sense of Definition 2.9. Let F — X be a Hermitian vector
bundle with a unitary connection ® and let W (z): F,, — F, be a linear operator satisfying (13).
Additionally, assume that there exists a constant C' such that

OV @uto) ol > (g5~ C) @l (29

for all x € X and all uw € To(X,F), where D(zx) is as in (27). Then j:IW@ is essentially
self-adjoint on I'o(X, F).

2.5. Comments on the existing literature. In relation to Theorems 2.1 and 2.2, we should
mention that Kato [34, Section A] gave sufficient conditions under which the closure of the
minimal operator corresponding to —A + W, where A is the standard Laplacian on R™ and
0 < W e LV (R"), generates a strongly continuous contractive semigroup in LP(R™), 1 <
p < oo. Furthermore, under the conditions of [34, Section A], one has the equality of the
minimal and maximal operators corresponding to —A+W. The paper [41] contains an extension
of the results in [34, Section A] to the context of magnetic Schrodinger operators in LP(M),
1 < p < oo, where M is a manifold of bounded geometry. With regard to Theorem 2.4,
we should point out that the condition (A2) comes from the paper [39], which studied the
essential self-adjointness of the Laplacian on 1-forms in the context of a locally finite graph.
The authors of [1] generalize the self-adjointness result of [39] by replacing the hypothesis (A2)

with weaker requirements of “completeness” and “homogeneity” of the graph; see [1, Section
9



3.3.1]. Theorem 2.5 is an extension of [19, Theorem 2.10(b)], which concerned the essential self-
adjointness of a semibounded from below magnetic Schrodinger operator on a locally finite graph
with a complete intrinsic metric. Theorem 2.6 generalizes [42, Theorem 1.10], which was proven
for the magnetic Schrodinger operator satisfying the condition (25) with ¢ = 0. We should
note that the condition (25) goes back to [46]. Theorem 2.7 is an extension of [42, Theorem
1.5], which was proven for the magnetic Schrédinger operator on a regular graph in the sense of
Definition 2.9. In the context of the Schrédinger operator on a regular graph of bounded degree,
a result of this kind was proven in [7, Theorem 4.2]. Let us point out that Theorem 1.8 of [42]
could be extended in a similar way.

Recently, several researchers have come up with the concept of an intrinsic metric on a graph.
The definition used in the present paper goes back to [14]. For applications of intrinsic metrics
in different settings, see, for instance, [2, 3, 11, 12, 13, 18, 19, 23, 26, 28, 29, 30, 40]. For a proof
of a Hopf-Rinow-type theorem for locally finite weighted graphs with a path metric, see [30].
For a proof of Feynman—Kac-Itd6 formula for magnetic Schrodinger operators with a general
class of potentials on arbitrary weighted graphs see [19].

3. PRELIMINARY LEMMAS

3.1. Green’s formula. We begin with a variant of Green’s formula, which is analogous to [19,
Lemma 2.1] and [21, Lemma 4.7] concerning Schrédinger operators with magnetic potential and
without magnetic potential, respectively.

Notation 3.1. Assume that (X,b,m) is a connected weighted graph, and let F — X be a
Hermitian vector bundle with a unitary connection ®. Let W (z): F, — F, be a linear operator.
We denote by W* the Hermitian adjoint of W, that is, (W (x))* is the Hermitian adjoint of
W (z) with respect to (-,*)F, .

Lemma 3.1. Let (X,b,m), ®, F, and W be defined as in Notation 3.1, and let ITIW@ be as
in (7). Then, the following properties hold:
(i) if ]TIW@[I’C(X, F)] C T (X, F) for some 1 < p < oo, then any u € T+ (X, F) with

1/p+1/p* =1 belongs to the set D defined by (5);
(ii) for allu € D and all v € T'o(X, F), the sums

> m(z)(Hwau,v)p,, > m(x)(u, Hw- a0)p,,
rzeX zeX

and the expression
% D by ule) = Dy pu(y), v(@) = ypv(@))r + Y m(@)(W(@)u(), o)k, (30)
z,yeX zeV

converge absolutely and agree;
(iil) if Hw,e[Le(X, F)] C Ty (X, F) and W satisfies (13), then

QV)y(u,0) = (Hwou,v) = (u, Hwev),  for all u, v e Te(X, F), (31)
10



where Q%/?/%cp is as in (15) and (-,-) is as in (10).

Proof. To make the notations simpler, throughout the proof we suppress Fy in |- |r,. From the
assumption Hy,e[l'o(X, )] C ' (X, F), it is easily seen that the function y +— b(z,y)/m(y)
belongs to /h,(X), for all x € X. In the case 1 < p* < oo, for all u € L e (X, F), by Holder’s
inequality with 1/p 4+ 1/p* = 1 we have

1/p 1/p*

> b y)lu@)l < [ D (b(x’y)>pm(y) > luly)P

yeX yeX m(y) yeX

(32)

In the case p* =1, forall u € 'y, (X, F), by Holder’s inequality with p = oo and p* = 1 we have

> b, y)uly \<sup< > > luly) : (33)

yeX yeX

In the case p* = oo, for all u € T'y< (X, F), by Holder’s inequality with p = 1 and p* = co we
have

bey]u \<sup lu(y) bey . (34)

yeX yeX

This concludes the proof of property (i). Let us prove property (ii). Since v € T'.(X, F), the
first two sums are performed over finitely many z € X. We now turn to the sum (30). By
Cauchy—Schwarz inequality and unitarity of <I>y « We get

Y b y)(ul@), yav@)rl < D bz, y)lul@)lo(y)]

eyeX z,yeX
= Z lv(y)| <Z b(w,y)]u(aﬂ)o < 00
yeX reX

where the convergence follows from the fact that v € D and v € I.(X,F).

Similarly,
Y b y)ul@),v@)r | < Y ba,y)|u()]o()]

x,yeX z,yeX
= Z |u(z)||v(z Z b(z,y) | < oo,
reX yeX

where the convergence follows by property (iii) of b(z,y) and since v € T'.(X, F'). Hence, the
three sums converge absolutely. The equality of sums follows directly from Fubini’s theorem.
This shows property (ii). Finally, (31) follows from the equality of three sums and the definition
of Q- 0

In the next Lemma, T™* denotes the adjoint of operator T
11



Lemma 3.2. Let (X,b,m), ® and F be defined as in Notation 3.1. Assume that W(x): F, — F
satisfies (13), and that Hyo[l'.(X,F)] C Fggn(X, F). Let Hmin and Ho max be as in Defini-
tion 2.6 with p = 2. Then, Ha min is a symmetric operator in T'p (X, F) and (Ha min)* = H2 max-
Proof. The symmetry of Hy pin follows by Lemma 3.1(iii). The inclusion 'z (X, F') C D, where
D is as in (5), follows by Lemma 3.1(i). Thus, by (11) with p = 2 we have

Dom (Hamax) = {u € Tz (X, F): Hyou € Tz (X, F)}.
Using Lemma 3.1(ii) we get

(u,]TIW@v) = (fIW,cpu,v), for all uw € Dom(Ha max) and v € I'o(X, F),

from which (H2min)* = H2max follows easily. O

3.2. Kato’s inequality. The version of Kato’s inequality used in the present paper is analogous
to that of [9], which was proven in the case of magnetic Laplacian (acting on functions) with
m(z) =1 and b(z,y) = 1 whenever x ~ y.

Lemma 3.3. Let Ay, and Alif be defined as in (2) and (6) respectively. Then, the following
pointwise inequality holds for all u € D:

ul(Apmlul) < Re (A} Su,u)p,, (35)

, M

where | - | denotes the norm in F,, and Rez denotes the real part of a complex number z.

Proof. Using (2), (6), and the unitarity of ®, ,, we obtain

()| (Apmul) (@) — Re (A u(@), u(x))F,
S > b(@,y) [Re (@ puly), u(@))p, — [u(@)||u(y)]] <0,
cX

m(x) ;

and the lemma is proven. O

3.3. Ground state transform. We will use an analogue of the “ground state transform” given
in [19, Proposition 2.12] and [21, Proposition 3.2].

Lemma 3.4. Let (X,b,m), ®, and F be defined as in Notation 3.1. Assume that W (z): Fy —
F, satisfies (13). Let X € R, and let uw € D so that

(Hw.e — Nu = 0. (36)
Then, for all finitely supported functions g: X — R, we have
Qi (gu, gu) = Mlgul”

+% > bz y)(g(z) — g()*(Re (u(x), Dypu(y))r,), (37)
z,yeX

where Qg,f,)@(-, \) is as in (15).
12



Proof. By (36) and (7) we get

Mgull? = Au, g*u) = Y~ m(@)((Hwau)(x), ¢ (z)u(x))r,
zeX

= > b, y)(u@) — Oy puy), ¢ (@)ul@)) p, + (Wau, gu). (38)
z,yeX
Note that the first quantity on the right hand side of the last equality in (38) is real-valued
because ||gu? and (Wgu, gu) are real-valued. Let Q((f()b(-,-) be as in (15) with W = 0. Using
the property (i) of b(x,y), unitarity of ®, ,, and (3) we have

Z b 1‘ y ya&u(y) gz(ac)u(x»Fx
z,yeX
=2 3 by ule) — @yuly), X )ulo),
WeX
+5 ) bzy wu(@), 6% (W) u()) r,
zyeX
== Z b, y)( ©ypu(y), g (@)u(x) — @yu(9?(W)uy)r,
z,yeX
= Qi p (gu. gu) Z b(x,y)g(x)(9(y) — 9(@))(Pyu(y), u(z))F,
zyeX
+% D7 b, y)gW)(g(x) — g()(w(z), @y auly)) ., (39)
z,yeX

where the last equality follows by direct computation. Taking the real parts in (39) and using
the observation that the leftmost side of (39) is real-valued, and noting that

Re (u(z), @y ,u(y))r, = Re (®y pu(y), u(z))r,,

we get
Z b(z,y)( y:vu(y) 92(x)u($)>Fz
z,yeX
= Qi (gu, gu) Z b(x,y)(g(z) — 9())*(Re (u(z), ®you(y))F,)- (40)
z,yeX
Combining (38) and (40) we get (37). O

3.4. Cut-off functions. In this section, we define cut-off functions used in several proofs below.
Assume that (X,b,m) is locally finite, and let d, be a path metric. Fix zop € X and define

Xn() = <<w> v 0) A, z€X, nelZ,. (41)
Denote
B (x0) :={z € X: dy(x9,2) < n}. (42)

13



The sequence {Xn}nez, satisfies the following properties, which are checked easily: (i) 0 <
Xn(z) <1, for all z € X; (ii) xn(z) =1 for x € BJ(zp) and x,(x) = 0 for = ¢ B3, (zo); (iii) for
all z € X, we have lim y,(x) =1; and (iv) the functions y,, satisfy the inequality

n—o0

do (2,
@)~ @) < TED oy, (43)

4. PROOF OF THEOREM 2.1

We begin by recalling an abstract fact about generators of strongly continuous contraction
semigroups. Let T be a linear operator on a Banach space X" and let p(T') denote the resolvent set
of T. By Hille-Yosida Theorem (see [10, Theorem I1.3.5]), the operator T' generates a strongly
continuous contraction semigroup on X if and only if the following three conditions are satisfied:

(C1) T is densely defined and closed;
(C2)  (=00,0) C p(T);
(@3) (v +T)7 | <71, for all v > 0,
where || - || denotes the operator norm (of a bounded linear operator X — X).
In Lemmas 4.1 and 4.3 below, we assume that the hypotheses of Theorem 2.1 are satisfied.

Lemma 4.1. Let 1 < p < co. Then, the operator Hp in satisfies the following inequality:

Re Z (Hpmint) (), u(z)|u(x) P~ g, >0, for allu e T.(X, F). (44)
rzeX
Proof. By Lemma 3.1, for all u, v € T'.(X, F') we have
> m@) (A (@), v(@) = Qfp(u,v), (45)
zeX

where Q(()CZI) is as in (15) with W = 0. Using (45) with u € T+(X, F) and v := u|u[P~2, we have

Re 3 m(a) (Agtu)(w), u() u(@) P 2)r, = 5 S bla,y) [u@)? + u(y)P

reX x,yeX
—Re< pat(y), u(@)u(@)P?) p, — Re (@ yu(z), uly)|uly)P~*)r,]
> Z b(@,y) [[u(@)” + [uy)P — [u(@)|lu@) P~ = [uly)|[u)P~] . (46)
zyeX

For p =1, from (46) and the assumption (16) we easily get (44).
Let 1 < p < oo and let p* satisfy 1/p + 1/p* = 1. By Young’s inequality we have

@ | (u@)P")" @I (= D)

P p* 4 4

[u(@)[Ju(y)P~" <

and, likewise,

luy)|Ju(z)P~L < |U(I?j)|” N (p— 1;|u(x)|p.
14



From (47) and (48) we get
~Ju(@)|[u() P~ = fu@)llu@) P~ > ~[u(@)P ~ |u(y) . (49)
Using (49), (46), and the assumption (16), we obtain (44). O

The following lemma is a special case of [35, Proposition 8]:

Lemma 4.2. Assume (A1). Let o > 0 and 1 < p < co. Let Ay, be as in (2). Assume that
u € lh(X) is a real-valued function satisfying the inequality (Apm + @)u > 0. Then u > 0.

Remark 4.1. The case p = oo is more complicated and involves the notion of stochastic com-
pleteness; see, for instance, [12], [27], [35], [36], [37], [51], and [52].

In the remainder of this section and in section 5, we will use certain arguments of [34, Part
A] in our setting. In the sequel, Ran T' denotes the range of an operator 7'

Lemma 4.3. Let 1 < p < oo and let X\ € C with Re A > 0. Then, Ran (Hpmin + A) is dense in
H(X).
Proof. Let u € (I'p (X, F))* = I',,+(X, F), be a continuous linear functional that annihilates
A+ Hpmin)Te(X, F):

Z m(x) (A + Hpmin)v(2), w(x))F, =0, for all v € I'o(X, F). (50)

rzeX
By assumption (12) we know that ffw,qw € I'p (X, F). Since u € T'y+ (X, F), we may use
Lemma 3.1 (iii) in (50). As a result, we get

> m(z)(v(z), X+ Hy=g)u(x))p, =0,  forall v € [(X, F),

zeX
where X is the complex conjugate of A. The last equality leads to

A+ Ay + W u =0, (51)
Using Kato’s inequality (35), assumption (16), and (51) we have
[ul (Db mlul) < Re (Ay 5w, u)p,
= —(Re N)|uf> = Re (W*u,u)p, < —(Re \)|ul?,
where |u| € £, (X) with 1 < p* < co. Rewriting the last inequality, we obtain
|ul(Apmul + (Re Aful) < 0.
For all z € X such that u(z) # 0, we may divide both sides of the last inequality by |u(z)| to
get
(Apm + Re A)|u| <0. (52)

Note that the inequality (52) also holds for those z € X such that u(x) = 0; in this case, the
left hand side of (52) is non-positive by (2). Thus, the inequality (52) holds for all z € X. By

Lemma 4.2, from (52) we get |u| < 0. Hence, u = 0. O
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End of the proof of Theorem 2.1(i). By the definition of accretivity for an operator in
Banach space (see, for instance, [44, Section X.8]), the inequality (44) means that the operator
Hp min is accretive in I'yp (X, F'). By an abstract fact (see the remark preceding Theorem X.48
in [44]), the operator Hp miy is closable and Hy, win is accretive in I'yp (X, F)). Thus, the following

inequality holds:

Re Z m(x){(Hp mintt) (2), u(x)|u(2)[P~2) 5, >0 for all w € Dom(Hp min)- (53)
reX

Let A € C with Re A > 0. Using Hélder’s inequality, from (53) we get
(Re N)[lullp < |(A+ Hp min)ullp, for all u € Dom(H,, min)- (54)

By Lemma 4.3 we know that Ran (Hp min+A) is dense in I'yp (X, F'). This, together with (54)

shows that Ran (Hpmin + A) = [pe (X, F). Hence, from (54) we get

S 1
(v + Hpin) 'l < =, forall y >0,

)

where || - || is the operator norm Ty (X, F) — T'ye (X, F). Thus, conditions (C1), (C2) and
(C3) of Hille-Yosida Theorem are satisfied. Hence, the operator Hp min is the generator of a

contraction semigroup on 'y (X, F). O

Proof of Theorem 2.1(ii). Repeating the proof of Lemma 4.3 in the case p = 1 and using
Remark 2.5, from (52) with u € I'jeo (X, F') we obtain |u| = 0. Therefore, for all A € C with
Re A > 0, the set Ran (Hi min + A) is dense in I'pn (X, F'). From here on, we may repeat the
proof of Theorem 2.1(i). O

5. PROOF OF THEOREM 2.2

We begin with the following lemma.

Lemma 5.1. Let 1 < p < oo and 1/p+ 1/p* = 1. Assume that (17) is satisfied. Then Hp max
s a closed operator.

Proof. Let uy, be a sequence in Dom(H, max) such that up, — w and Hy, maxur, — f, as k — o0,
using the norm convergence in I'p» (X, F'). We need to show that u € Dom(Hpmax) and f =
H, maxu. Let v € (X, F) be arbitrary, and consider the sum

Y m@)(Hpmaxur) (@), 0(2))r, = Y m(a)(Hwou) (@), v(@)) F,.

zeX zeX
Since Hya[le(X, F)] C L' pe (X, F), we may use Lemma 3.1 to get
> m@)(Hwour)(x),0(2)r, = Y m(x){ur(@), (Hw+ov)(2)) 5, (55)

zeX reX
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Using the norm convergence uy, — u in I';p (X, F') and the assumption HW ov €1 (X F) with
1/p+ 1/p* =1, by Holder’s inequality we get

> m(x) (ug(x), (Hw+ o) () e, — Y m( ,(Hw+ a0) (7)) F,
reX zeX
Using the norm convergence H w,eur — [ in [ (X, F), by Holder’s inequality we get
> m@)(Hwau)(x) =y m( v(x)) -
zeX zeX
Therefore, taking the limit as & — oo on both sides of (55), we obtain

Y m(@)(u(@), (Hwea)(@)r, = Y m@)(f(@),v(@))r,. (56)

zeX reX

Since u € I'jp (X, F') and since ITIW@[I’C(X, )] CT - (X, F), we may use Lemma 3.1 to rewrite
the left-hand side of (56) as follows:

> m(x)(u(x), (Hy-s0)(@)r, = Y m(x){(Hwaou)(z),v(z))F, (57)
zeX zeX

Since v € T'.(X, F) is arbitrary, by (56) and (57) we get HW¢u = f. Additionally, since
u €Ty (X, F), by Lemma 3.1 we get u € D, where D is as in (5). Thus, u € Dom (Hp max) and
Hp maxu = f. Therefore, H), nax is a closed operator. O

Maximal operator associated with A ,,. Let 1 < p < oo and let Ay, be as in (2). We
define the maximal operator Ly max in ,(X) by the formula Ly maxu = Ap u with the domain

Dom (Lp max) = {u € £2,(X) N D : Apu € 2,(X)}, (58)

where D is as in (5) and sections are replaced by functions X — C.
Under the assumption (Al), it is known that L, max generates a contraction semigroup on
5.(X) for all 1 < p < oo; see [36, Theorem 5]. Thus, by Hille-Yosida Theorem we have

1
(=00,0) C p(Lp,max) and 10y + vamaX)_lu < '’ for all v > 0, (59)

where || - || denotes the operator norm (for a bounded linear operator £5,(X) — ¢5,(X)) and p(T)
denotes the resolvent set of an operator T

Lemma 5.2. Let 1 < p < oo and let A € C with Re A > 0. Assume that the hypotheses
(A1), (12), and (16) are satisfied. Then, the following properties hold:

(i) for all u € Dom(Hp max), we have
(Be Mllullp < A+ Hp,max)ullp; (60)

(ii) the operator X\ + Hp max: Dom(Hp max) C I (X) — €h,(X) is injective.
17



Proof. Let w € Dom(Hp max) and f := (A + Hpmax)u. By the definition of Dom(Hp max), we
have f € [y (X, F'), where 1 < p < +o0. Using (35) and (16) we get

[ul(Re A+ A ) ul) < Re (A4 Ay ), u)

<Re((A+ A0+ W)u,up, = Re (f,u)r, < |flul.

In what follows, we denote v := Re A. For all z € X such that u(x) # 0, we may divide both
sides of the last inequality by |u(z)| to get

(v + Bom)ul < [f]- (61)

Note that the inequality (61) also holds for those z € X such that u(x) = 0; in this case, the
left hand side of (61) is non-positive by (2). Thus, the inequality (61) holds for all z € X.
According to (59) the linear operator

(7 + Lpma) ™1 £, (X) = £5,(X)
is bounded. Hence, we can rewrite (61) as
(7 + Bom)[( + Lpmax) " ] = Jul] Z 0. (62)
Since
(v + Lpmax) T fl € (X)) and fu] € £,(X),
it follows that ((v + Ly max) 1| f| — [u]) € £(X). Hence, applying Lemma 4.2 to (62) we get
ul < (v+ Lp,maX)71|f|- (63)

Taking the [? norms on both sides and using (59) we get

_ 1
el < 1y + Lpma) ~ f1lp < ;Hpra

and (60) is proven. We now turn to property (ii). Assume that v € Dom(H) max) and (A +
Hp max)u = 0. Using (60) with f = 0, we get |lul|, = 0, and hence u = 0. This shows that
A+ H), max is injective. O

End of the proof of Theorem 2.2. We will consider the cases 1 < p < oo and p = 1
simultaneously, keeping in mind the stochastic completeness assumption on (X, b, m) when p = 1.
Since Hpmin C Hpmax and since Hp max is closed (see Lemma 5.1), it follows that Hp min C

Hp max- To prove the equality Hj, min = Hpmax, it is enough to show that Dom(Hp,maX) C
Dom (Hp min). Let v > 0, let u € Dom(H)p max), and consider

v = (Hpmin +7) " (Hp,max + 7)u- (64)
By Theorem 2.1, the element v is well-defined, and v € Dom(H) min)-
Since Hp min C Hp max, from (64) we get
(Hip s +7) (0 = ) = .

Since Hpmax + 7 is an injective operator (see Lemma 5.2), we get v = u. Therefore, u €
Dom(H, min)- O
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6. PROOF OF THEOREM 2.3

The equality Ha min = H2 max follows directly from Theorem 2.2 in the case p = 2. Note that

the operator Ho min is symmetric (as the closure of a symmetric operator). Furthermore, by
Theorem 2.1 and Remark 2.6 the operator Hs n,in is maximal accretive. Hence, by [33, Problem
V.3.32] the operator Ha min is self-adjoint. Note that the equality (31) extends to

(u, Hy minv) = Qg,ﬁ?b(u,v), for all u € Dom(Q%,ﬁZI)) and v € I'o(X, F).

Hence, we have the operator relation Ha pin C H‘(,[l,)c)b, which leads to Ha min C HI(/IZ/DC)D. Since
HI(/II,?C)I) and Ha min are self-adjoint, it follows that Ha min = Hl(/ll/?c)p- Again, by Lemma 3.1, for all

u € Dom(H‘(,[J,V%) and v € I'.(X, F') we have

Z m(:c)(fIW,cpu,v)pI = %ZZD(U,’U) = (H&]fgu,v).

rzeX
This shows that HI(/I],V c%u = fIW@u for all u € Dom(HI(/I],V c%) Hence, we have the operator relation
HI(/I]/\,% C Hj max- Since HI(/I]/\,% and Hy max are self-adjoint, it follows that Ha max = H‘(,lj,g This
concludes the proof of property (i). Now property (ii) follows directly from the equality H. ‘(,[l,) ) =
7 0
w,o-

7. PROOF OF THEOREM 2.4

Throughout this section we assume that the hypotheses of Theorem 2.4 are satisfied. Let
Hj in and Hy max be as in Definition 2.6 and let Id(x) denote the identity endomorphism of F.
Using (21), we may add, without loss of generality, the operator kId(z) to fIW,cp, where k € R
is a sufficiently large constant, to get

(Ha,minv,v) > ||v||2, for all v e To(X, F). (65)

Since Hg min is & symmetric operator satisfying (65) and since (Hzmin)* = H2max (as seen in
Lemma 3.2), the essential self-adjointness of Hj min is equivalent to the following statement:
ker(Hz max) = {0}; see [44, Theorem X.26].

Let u € Dom(H2 max) satisfy Ha maxt = 0. Let d. be the combinatorial distance as in (18)
and let {xn}nez, be asin (41) with d, = d.. Note that the sequence {x,}nez, satisfies the
properties (i)—(iii) of section 3.4, with B (x() replaced by Br(f)(xo). Additionally, note that (43)
becomes |xn(z) — xn(y)| < 1/n. Also note that by the definition of d., the functions y,, are
finitely supported. Since X is locally finite, it follows that D = I['(X, F). Thus, using (65) with
v = xpu, Lemma 3.4 with g = x,, and A = 0, and (31) we get

S m@) @) < [xnull? < (Hzmin(xn), xnt) = Qg (Xntt, Xnt)
ze B (o)

:% > b, y) (xn (@) = Xn())? (Re (u(@), By 2u(y)) £,)- (66)
z,yeX
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Using (66), properties of x,,, the definition (20), and the inequality

[Re (u(2), @y0u(y))r.| < [u(@)l|@youy)l = [u(@)|lu@)] < —5—+ =5, (67)
we obtain
o _ Onbn 1o
>, ml@)u@)? < =5l
$EB£LC)($())
We now let n — oo and use (19) to get ||u|| = 0, which gives u = 0. O

8. PROOF OF THEOREM 2.5

Throughout this section we assume that the hypotheses of Theorem 2.5 are satisfied. As in
the proof of Theorem 2.4, we may assume (65), and the argument reduces to showing that if
u € Dom(H2 max) satisfies Ha maxt = 0, then u = 0.

Let {Xn}nez. be as in (41). By hypothesis, we know that (X,d,) is a complete metric space
and, thus, balls with respect to d, are finite; see, for instance, [30, Theorem A.1]. Thus, the
functions x,, are finitely supported. Since X is locally finite, it follows that D= I'(X, F). Thus,
using (65) with v = x,,u, Lemma 3.4 with g = x,, and A = 0, and (31), we get (66) with Bﬁf)(xo)
replaced by Bg(x). Using (66), properties of x,,, Definition 2.8 (i), and the inequality (67), we
obtain .

Y. m@)u()]? < — llull®
z€BZ (z0)
Letting n — oo we get ||u|| = 0; hence, u = 0. O

9. PROOF OF THEOREM 2.6

The arguments used in this section are based on the method of [47] in the setting of Rie-
mannian manifolds. Throughout the section we assume that the hypotheses of Theorem 2.6 are
satisfied. Let Ha min and Ha max be as in Definition 2.6. We begin with a generalization of [42,
Proposition 4.1], which was proven there in the context of magnetic Schrédinger operators and
under the assumption (25) with € = 0.

Proposition 9.1. If u € Dom(H2 max), then

> b(a,y) min{g (), ¢ (1) Hu(z) — Dy puly)?
z,yeX

4 ~
< —— (I Hwaul el + (2 + Dllul?) (69)

where I;'W@ is as in (7), € is as in (25), and K is as in (24).
Proof. Let u € Dom(H2 max) and let g: X — R be a finitely supported function. Define
1/2

I | X denluta) = 2t Pl@) + 0D | (69)
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A direct computation, which uses the properties b(z,y) = b(y,z), (3) and (4), shows that
1% = 4Re (¢>A) P u,u) + Re Z, (70)

,m
where

Z =Y bz, y)(g* (@) — ¢ ) (@y2uly) — ul@), Byou(y) + u(z))F,.
z,yeX

By (70) we have

where

§%:= Y bl y)lule) + By auly)(9(@) — 9(v)°.

z,yeX

The inequality in (71) can be verified by using (31) to rewrite the term (A,if(gu), (gu)) and
writing out the sums on the left-hand and right-hand side of the inequality.
Starting from (70) and using the factorization

9*(2) = g*(y) = (9(=) — 9(y))(9() + 9(y)),
Cauchy—Schwarz inequality, and
(9(x) + 9))? < 2(g*(z) + 5> (),
we obtain
I? < 4Re (g*Ap u, u) + V218,
where S is as in (71). For € € [0,1) as in (25), the last inequality gives
(1—¢e)I? < 4(1 —&)Re (PAF 2w, u) + V2(1 — €)IS

= 4Re (gQﬁIW,cpu, u) — 4(g*Wu,u) — 4eRe (gQAfjf;u, u) +V2(1 —¢)IS
< 4Re (¢* Hy.pu, u) — 4(g*Wu,u) — 46(A£?’£(gu),gu) +e8? +V2(1 —¢)IS
<4Re (ngIW@u, u) + 4(g2qu, u) +eS% +V2(1 — €)I8, (72)

where in the first inequality we used (71) and in the second inequality we used (25).
Using the inequality ab < ‘2—2 +b? with @ = \/2(1 —¢) - I in the term v2(1 — £)IS and
rearranging, we get

2 _
I’ < 1% <4Re (gQHW,cpu,u) + 4(92qu,u) + 52> (73)

Let {Xn}nez, be as in (41). Since (X,d,,) is a complete metric space, by [30, Theorem A.1] it
follows that the balls with respect to d, are finite. Let By (zo) be as in (42) with d, replaced
by dy,. Since ¢ > 1 it follows that Bg, (zg) C Bj(zo). Thus, the functions x, are finitely

supported.
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Let ¢ be as in (25), and define

Yn(z) = Xn(x)qilp(x)- (74)
Clearly, functions 1, have finite support. Furthermore, by property (i) of x, and since ¢ > 1,
we have
0 < plx) < ¢ V%(x) <1, for all z € X, (75)
and by property (iii) of x,, we have
lim o, (x) = ¢~ ?(x), for all z € X. (76)
n—o0

Finally, by (24), properties (i) and (43) of x,, and the inequality ¢ > 1, we have

[t () — Pn(y)] < (% + K) o(x,y), for all = ~ y, (77)

where K is as in (24). In what follows, we define I,, and S,, by the same formulas as I in (69)
and S in (71), respectively, with g = 1,,. Using (77), the inequality

|@yzu(y) +u(@)]® < 2(ju(@)]? + |u(y)?)
and Definition 2.8(ii), we get

1 2
s2<a( k) I,
n
which, together with (73) and (75), gives

2 ~

I < 1_- <4Re (V5 Hw,pu, u) + 4(nqu, u) + Si)
_2 7 — 2

< 7 (WHwoul lull + 4wl +4 (07" + K)* ul2) 78)

Letting n — oo in (78) and using (76), Fatou’s lemma, and the inequality

2min{g '(x),¢ (9} < ¢ (@) +q (), forallz, ye X,
we get (68). O
End of the proof of Theorem 2.6. From now on the proof proceeds as in [42, Theorem

1.9]. For completeness, we include the argument. By [33, Problem V.3.10] the operator Ha min
is essentially self-adjoint if and only if

(H2,maxt, v) = (u, H max?), for all u,v € Dom(H2 max)- (79)
Let d,, be as in the hypothesis of Theorem 2.6. Fix xp € X and define
P(z) := dg,(v0, ), reX. (80)

For a function f: X — R, define f*(z) := max{f(x),0}. Let u,v € Dom(Ha max), let s > 0,
and define

)\ T ~ ~
Jo= Y m) <1_P( )) (((Hwau) (@), v@)p, — (u(@), (Hwev)@)e,) . (81)

S
zeX
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As indicated in the proof of Proposition 9.1, the set {x € X: P(z) < s} is finite. Thus, for all
s > 0, the summation in (81) is carried out over finitely many vertices. From the definition of
Js and dominated convergence theorem it is easy to see that

lim Jg = (H2maxt, v) — (4, H2 maxv), for all u, v € Dom(H2 max)- (82)

s§——+00

Using the definition of Js, properties b(z,y) = b(y,z), (3), and (4), we get
2J;= Y [((1=P()/s)" = (1= P(y)/s)") b(z,y)

T, yeX
((u(z), By av(y) —v(@))F, — (Pyauly) — ul@), v(y) e,
which, together with the triangle inequality and property
i (@) = £ (@)] < |fi(e) = fol@),
leads to

2|Js] S% Y bz,y)|P(x) = P(y)] (1@y00(y) — v(@)||u(z)]

+[ @y zuly) — ul@)[[o(@)]) . (83)
Additionally, by (80) and (26), for all x ~ y we have
[P(z) = P(y)| < do,(,y) < 0g(2,y)
= min{g~"*(2),q72(y)} - o(x,y). (84)

We now combine (83) and (84) and use Cauchy—-Schwarz inequality together with Defini-
tion 2.8(ii). As a result, we obtain

1
|Js| < %(HUHTH + |lu||Ty), for all u, v € Dom(H2 max), (85)
where
1/2
Ty:= | Y blz,y)min{g '(z),q ' (v)}Hu(z) — Dy.uly)|’
z,yeX

Since u € Dom(Hz max) and v € Dom(Hz max), by Lemma 3.2 it follows that ﬁIW,cpu €lp (X, F)

and ﬁIW,qw €Iy (X, F). Thus, by Proposition 9.1, the expressions T,, and 7;, are finite. We
now let s — 400 in (85) to get Js; — 0, which, together with (82), shows (79). O

10. PrROOF OF THEOREM 2.7

The following lemma, whose proof is given in [7, Proposition 4.1], describes an important
property of regular graphs.

Lemma 10.1. Assume that (X, b, m) is a locally finite graph with a path metric d,. Additionally,
assume that (X, b, m) is reqular in the sense of Definition 2.9. Let X, be as in (28). Then, closed

and bounded subsets of X. are finite.
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To prove Theorem 2.7 we follow the method of [42, Theorem 1.5] (see also [7]) . For com-
pleteness, all details are given below. The main idea is the Agmon-type estimate given in the
next lemma. This kind of estimate has been first used in [43] for Schrédinger operators on an
open set with compact boundary in R", and refined in [8] for magnetic Laplacians.

Lemma 10.2. Let A € R and let v € T2 (X, F) be a weak solution Of(ﬁW7cp —A)v=0. Assume
that there exists a constant c; > 0 such that, for all u € T' (X, F)

(0 (B =)= 3 o (pet) mlua)is, +elul? (56)

where D(z) is as in (27).Then v = 0.

Proof. Let p be a number such that 0 < p < 1/2. For any ¢ > 0, we define f.: X — R by
fe(z) = F.(D(z)), where D(z) is as in (27) and F.: R* — R is given by

0for s<e
p(s—¢e)/(p—e)fore<s<p
sfor p<s<1

1forl<s.

F.(s) =

Let us fix a vertex zp. For any a > 0, we define go: X — R by go(2) = Go(ds(z0,x)), where
Go: RT — R is given by

1fors<1/a
Ga(s)=¢ —as+2forl/a<s<2/a
0 for s > 2/a.
We also define
E.o ={x € X:e <D(x) and dy(z9,z) < 2/a}. (87)

By Lemma 10.1 the set E, , is finite because F , is a closed and bounded subset of X., where
X, is as in (28). Since the support of f.g, is contained in E; ,, it follows that f.g, is finitely
supported. Additionally, note that

|fe(2)ga () = f2(¥)9a )] < [fe(@)]|ga(®) = ga(¥)] + |9a@)I|f(x) = fo(y)]

< L ID(@) = D(y)| + alds (w0,2) = do (0, )]
Hence, by [5, Lemma 4.1] it follows that f.g, is a S-Lipschitz function with respect to d,, where

B=p/lp—c)+a
By Lemma 3.4 with g replaced by f-g., we have

(fsgava (ﬁW@ - A)(fsgav))

= S b ) (n(x) — Fog0(0)? (Re (u(a), B, cu(w)r,). (39)

z,yeX
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The unitarity of the operator @, , implies the inequality

Re (u(x), &, su(y)r, < 5(0(@)E, + o))

so from the symmetry of the weight b we get that
(fz—:gav, (ﬁIW,CD - ) fz—:gav Z Zb €T,y |v |FI((f€ga)( ) (fega)(y))2

) > D [0@)E b, ) (do(2.9)?

1
2
rxeX y~zx

2
g%( ’ +a> 3" mi@)lo(@)f (59)

— &
P zeX

where the second inequality uses the fact that f.g, is a S-Lipschitz function with 5 = p/(p — )+
«, and the last one comes from Definition 2.8.
On the other hand, by the definitions of f. and g, and the assumption (86) we have

(gt (e = N(fegat) 2 5 32 m@lo(@)l, + eallfogarl (90)

2€5p.0
where

Spai={r € X:p<D(x)and dy(2g,z) < 1/a}.
Combining (90) and (89) we obtain

1 2
3 X m@k@ +alfal? <5 (2 +a) X n@h@k,
$ESpo¢ zeX
We fix p and ¢, and let o — 04. After that, we let ¢ — 0+. Finally, we take the limit as
p — 0+. As a result, we get v = 0. O

End of the Proof of Theorem 2.7. Since Afﬁpc()(’p) is a non-negative operator, for all
u € I'o(X, F), we have

(u, Hwau) = Y m(@)(W (@)u(z), u())F,
zeX

Therefore, using assumption (29) we obtain:

(o (B =300 3 37 Gesm@@f, — 0+ Ol
> lxezxmax (W, 1> m(:c)|u(a:)|%z —(A+C+ 1/2)||uH2 (91)

Choosing, for example, A = —C' — 3/2 in (91) we get the inequality (86) with ¢; = 1.
Thus, (Hw,e — A)|r.(x,r) With A = —C — 3/2 is a symmetric operator satisfying (u, (Hw,e —
ANu) > ||ul|?, for all u € To(X,F). By [44, Theorem X.26] we know that the essential self-

adjointness of (Hw,e — A)|p.(x,F) is equivalent to the following statement: if v € T'p (X, F)
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satisfies (fIW@ — A)v =0, then v = 0. Thus, by Lemma 10.2, the operator (ﬁw@ = Mlrox,F)
is essentially self-adjoint. Thus, ﬁw7¢\pc( x,F) is essentially self-adjoint. O
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