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❖♥ t❤❡ P♦✇❡r ♦❢ ❖r❛❝❧❡ Ω? ❢♦r ❙❡❧❢✲❙t❛❜✐❧✐③✐♥❣ ▲❡❛❞❡r ❊❧❡❝t✐♦♥

✐♥ P♦♣✉❧❛t✐♦♥ Pr♦t♦❝♦❧s

❬❘❡❣✉❧❛r P❛♣❡r✱ ❊❧✐❣✐❜❧❡ ❢♦r t❤❡ ❇❡st ❙t✉❞❡♥t P❛♣❡r ❆✇❛r❞❪

❏♦✛r♦② ❇❡❛✉q✉✐❡r1✱ P❡✈❛ ❇❧❛♥❝❤❛r❞⋆1✱ ❏❛♥♥❛ ❇✉r♠❛♥1✱ ❛♥❞ ❖❦s❛♥❛ ❉❡♥②s②✉❦⋆⋆2

1 ▲❘■✱ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞✱ ❖rs❛②✱ ❋r❛♥❝❡✱ ④❥♦❢❢r♦②✳❜❡❛✉q✉✐❡r✱ ♣❡✈❛✳❜❧❛♥❝❤❛r❞✱ ❥❛♥♥❛✳❜✉r♠❛♥⑥❅❧r✐✳❢r
2 ■◆❊❙❈✲■❉✱ ■♥st✐t✉t♦ ❙✉♣❡r✐♦r ❚é❝♥✐❝♦✱ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ▲✐s❜♦❛✱ P♦rt✉❣❛❧✱ ♦❦s❛♥❛✳❞❡♥②s②✉❦❅✐st✳✉t❧✳♣t

❆❜str❛❝t✳ ❚❤✐s ♣❛♣❡r ❝♦♥s✐❞❡rs t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠ ♦❢ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ❧❡❛❞❡r ❡❧❡❝t✐♦♥ ✭SSLE✮ ✐♥ t❤❡
♠♦❞❡❧ ♦❢ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✳ ■♥ t❤✐s ♠♦❞❡❧ ❛♥ ✉♥❦♥♦✇♥ ♥✉♠❜❡r ♦❢ ❛s②♥❝❤r♦♥♦✉s✱ ❛♥♦♥②♠♦✉s ❛♥❞ ✜♥✐t❡
st❛t❡ ♠♦❜✐❧❡ ❛❣❡♥ts ✐♥t❡r❛❝t ✐♥ ♣❛✐rs✳ SSLE ✇❛s s❤♦✇♥ t♦ ❜❡ ✐♠♣♦ss✐❜❧❡ ✐♥ t❤✐s ♠♦❞❡❧ ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧
❛ss✉♠♣t✐♦♥s✳ ❚❤✐s ✐♠♣♦ss✐❜✐❧✐t② ❝❛♥ ❜❡ ❝✐r❝✉♠✈❡♥t❡❞ ❢♦r ✐♥st❛♥❝❡ ❜② ❛✉❣♠❡♥t✐♥❣ t❤❡ s②st❡♠ ✇✐t❤ ❛♥ ♦r❛❝❧❡

✭❛♥ ❡①t❡r♥❛❧ ♠♦❞✉❧❡ ♣r♦✈✐❞✐♥❣ s✉♣♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥ ✉s❡❢✉❧ t♦ s♦❧✈❡ ❛ ♣r♦❜❧❡♠✮✳ ❚❤✉s✱ ❋✐s❝❤❡r ❛♥❞
❏✐❛♥❣ ❤❛✈❡ ♣r♦♣♦s❡❞ s♦❧✉t✐♦♥s t♦ SSLE✱ ❢♦r ❝♦♠♣❧❡t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤s ❛♥❞ r✐♥❣s✱ ✉s✐♥❣ ❛♥ ♦r❛❝❧❡ Ω?✱
❝❛❧❧❡❞ t❤❡ ❡✈❡♥t✉❛❧ ❧❡❛❞❡r ❞❡t❡❝t♦r✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❡①t❡♥❞ t❤❡✐r r❡s✉❧ts✳
❋✐rst✱ ✇❡ s❤♦✇ t❤❛t Ω? ✐s ♣♦✇❡r❢✉❧ ❡♥♦✉❣❤ t♦ ❛❧❧♦✇ s♦❧✈✐♥❣ SSLE ❛❧s♦ ♦✈❡r ❛r❜✐tr❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤s
♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✳ ❚❤❡♥✱ ♦✈❡r r✐♥❣s✱ ✇❡ s❤♦✇ t❤❛t Ω? ❤❛s t❤❡ ♠✐♥✐♠✉♠ ♥❡❝❡ss❛r② ✏♣♦✇❡r✑ ✭♦r ♣r♦✈✐❞❡s t❤❡
♠✐♥✐♠✉♠ s✉♣♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥✮ t♦ s♦❧✈❡ SSLE✳ ❲❡ ♣r♦✈❡ t❤✐s ❜② ✐♠♣❧❡♠❡♥t✐♥❣ Ω? ✉s✐♥❣ SSLE✳ ❚❤✐s
r❡s✉❧t✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ♣r♦✈✐❞❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ Ω? ❛♥❞ SSLE✳ ❚❤✐s ❡q✉✐✈❛❧❡♥❝❡ ❛❧s♦
♠❡❛♥s t❤❛t Ω? ✐s t❤❡ ✇❡❛❦❡st ✭✐✳❡✳✱ ✏♥❡❝❡ss❛r②✑ ❛♥❞ s✉✣❝✐❡♥t✮ ♦r❛❝❧❡ t♦ s♦❧✈❡ SSLE ♦✈❡r r✐♥❣s✳ ▼♦r❡♦✈❡r✱ ✇❡
❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ r❡s✉❧t ♦✈❡r r✐♥❣s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ r❡❣✉❧❛r ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞✐❛♠❡t❡r✳ ❖♥ t❤❡ ♥❡❣❛t✐✈❡
s✐❞❡✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ Ω? ❛♥❞ SSLE ❞♦❡s ♥♦t ❤♦❧❞ ♦♥ ❛❧❧ ❣r❛♣❤s❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❞♦❡s
♥♦t ❤♦❧❞ ♦♥ ❝♦♠♣❧❡t❡ ❣r❛♣❤s ❛♥❞ ♦♥ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✳

❑❡②✇♦r❞s✿ ♥❡t✇♦r❦s ♦❢ ♠♦❜✐❧❡ ❛❣❡♥ts✱ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✱ s❡❧❢✲st❛❜✐❧✐③❛t✐♦♥✱ ❧❡❛❞❡r ❡❧❡❝t✐♦♥✱ ♦r❛❝❧❡s✱ ✇❡❛❦❡st
♦r❛❝❧❡

⋆ P❤✳❉✳ st✉❞❡♥t❀ ❈♦♥t❛❝t ❛✉t❤♦r✿ ▲❘■✱ ❇ât✳ ✻✺✵✱ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞ ✶✶✱ ✾✶✹✵✺ ❖rs❛② ❈❡❞❡① ❋r❛♥❝❡
⋆⋆ P❤✳❉✳ st✉❞❡♥t



❖♥ t❤❡ P♦✇❡r ♦❢ Ω? ❢♦r SSLE ✐♥ P♦♣✉❧❛t✐♦♥ Pr♦t♦❝♦❧s ✶

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡r❡ ❛r❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠s ✐♥ ❞✐str✐❜✉t❡❞ ❝♦♠♣✉t✐♥❣ t❤❛t ❛r❡ s✉❜❥❡❝t t♦ ✐♠♣♦ss✐❜✐❧✐t② r❡s✉❧ts✳ ❚❤❡ ✐♠♣♦s✲
s✐❜✐❧✐t② ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ s②st❡♠ ❛s②♥❝❤r♦♥②✱ ❧✐♠✐t❡❞ r❡s♦✉r❝❡s✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❢❛✐❧✉r❡s✱ t❤❡✐r t②♣❡✱ ♦r ♦t❤❡r
❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❝♦♥s❡♥s✉s ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ ✐♠♣♦ss✐❜❧❡ ✐♥ ❛s②♥❝❤r♦♥♦✉s s②s✲
t❡♠s ✇✐t❤ ♦♥❧② ♦♥❡ ❝r❛s❤ ❢❛✉❧t ❬✶✽❪✳ ❆♥ ❡❧❡❣❛♥t ❛♣♣r♦❛❝❤ ❢♦r ❝✐r❝✉♠✈❡♥t✐♥❣ t❤❡ ✐♠♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♥s❡♥s✉s ✐s t❤❡
❛❜str❛❝t✐♦♥ ❦♥♦✇♥ ❛s ❢❛✐❧✉r❡ ❞❡t❡❝t♦rs ✐♥tr♦❞✉❝❡❞ ❜② ❈❤❛♥❞r❛ ❛♥❞ ❚♦✉❡❣ ❬✶✸❪✳ ❆ ❢❛✐❧✉r❡ ❞❡t❡❝t♦r ❝❛♥ ❜❡ ✈✐❡✇❡❞
❛s ❛♥ ♦r❛❝❧❡✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s t♦ t❤❡ s②st❡♠ ♥♦❞❡s ❛ s✉♣♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❢❛✐❧✉r❡s ❛❧❧♦✇✐♥❣ t♦ s♦❧✈❡ ❛
❣✐✈❡♥ ♣r♦❜❧❡♠✳ ❲❤❡♥ ❞❡s✐❣♥✐♥❣ ❛♥ ♦r❛❝❧❡✱ ❛ ❢✉♥❞❛♠❡♥t❛❧ ✐ss✉❡ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦♥❡ t❤❛t ♣r♦✈✐❞❡s t❤❡ ♠✐♥✐♠✉♠
❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ s✉✣❝✐❡♥t t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✳ ❆♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t ❢❛✐❧✉r❡ ❞❡t❡❝t♦rs ♣r♦♣♦s❡❞ t♦ s♦❧✈❡
❝♦♥s❡♥s✉s ✐♥ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❛s②♥❝❤r♦♥♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧✱ t❤❡ ❡✈❡♥t✉❛❧ ❧❡❛❞❡r ❡❧❡❝t♦r Ω✱ ❤❛s ❜❡❡♥ ♣r♦✈❡♥
t♦ ❜❡ t❤❡ ✇❡❛❦❡st ❬✶✷❪✳ ■♥❢♦r♠❛❧❧②✱ t❤❛t ♠❡❛♥s t❤❛t ✐t s✉♣♣❧✐❡s t❤❡ ♠✐♥✐♠✉♠ s✉♣♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥ ♥❡❝❡ss❛r②
t♦ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✈❡r② ❜❛s✐❝ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧ ♦❢ ♠♦❜✐❧❡ ❛❣❡♥ts ❝❛❧❧❡❞ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✳ ■t ❤❛s
❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❢♦r ❧❛r❣❡ ♥❡t✇♦r❦s ♦❢ t✐♥②✱ ❛♥♦♥②♠♦✉s ❛♥❞ ❛s②♥❝❤r♦♥♦✉s ♠♦❜✐❧❡ ❛❣❡♥ts ❝♦♠♠✉♥✐❝❛t✐♥❣ ✐♥ ♣❛✐rs
❬✶❪✳ ❚❤❡ ♥❡t✇♦r❦ ❤❛s ❛♥ ✉♥❜♦✉♥❞❡❞ ❜✉t ✜♥✐t❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❛❣❡♥ts✱ ❡❛❝❤ ✇✐t❤ ♦♥❧② O(1) st❛t❡s✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡
s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ✉♥❦♥♦✇♥ t♦ t❤❡ ❛❣❡♥ts✳ ❲✐t❤ s✉❝❤ ♠✐♥✐♠❛❧ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ✐♠♣♦ss✐❜✐❧✐t② r❡s✉❧ts ❛r❡
♥♦t ❛ s✉r♣r✐s❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s❡♥s✉s ✐s ✐♠♣♦ss✐❜❧❡ ✐♥ s✉❝❤ ❛ ♠♦❞❡❧ ❡✈❡♥ ✇✐t❤♦✉t ❛♥② ❝r❛s❤ ❢❛✐❧✉r❡ ❬✻❪✳ ❆♥♦t❤❡r
✐♠♣♦ss✐❜✐❧✐t② ❝♦♥❝❡r♥s ❛ ♣r♦❜❧❡♠ ❝❛❧❧❡❞ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ❧❡❛❞❡r ❡❧❡❝t✐♦♥ ✭SSLE✮✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❢♦❝✉s ♦♥ t❤✐s
❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠ t❤❛t ✐s s❤♦✇♥ t♦ ❜❡ ✐♠♣♦ss✐❜❧❡ ✐♥ ♠❛♥② ❞✐✛❡r❡♥t ❝❛s❡s ❬✹✱✶✼✱✺❪✳ ❙❡❧❢✲st❛❜✐❧✐③❛t✐♦♥ ❬✶✻❪ ✐s ❛
❢r❛♠❡✇♦r❦ ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ tr❛♥s✐❡♥t st❛t❡✲❝♦rr✉♣t✐♥❣ ❢❛✉❧ts ❛♥❞ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛❧❧♦✇✐♥❣ t❤❡ s②st❡♠ t♦ st❛rt
❢r♦♠ ❛♥ ❛r❜✐tr❛r② ❝♦♥✜❣✉r❛t✐♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ♣r♦t♦❝♦❧ s♦❧✈❡s ❛ ♣r♦❜❧❡♠ ✐♥ ❛ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ✇❛② ✐❢ ❡✈❡r②
❢❡❛s✐❜❧❡ ❡①❡❝✉t✐♦♥ st❛rt✐♥❣ ❢r♦♠ ❛♥② ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠✳

❚❤❡ ❡✈❡♥t✉❛❧ ❧❡❛❞❡r ❡❧❡❝t♦r Ω ♦❢ ❈❤❛♥❞r❛ ❛♥❞ ❚♦✉❡❣ ❛♥❞ ♦t❤❡r ❝❧❛ss✐❝❛❧ ❢❛✐❧✉r❡ ❞❡t❡❝t♦rs ❝❛♥♥♦t ❜❡ ✉s❡❞
✇✐t❤ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✱ ❜❡❝❛✉s❡ t❤❡② ❛ss✉♠❡ t❤❛t t❤❡ ♥❡t✇♦r❦ ♥♦❞❡s ❤❛✈❡ ✉♥✐q✉❡ ✐❞❡♥t✐✜❡rs✱ ✉♥❛✈❛✐❧❛❜❧❡ t♦
❛♥♦♥②♠♦✉s ❛❣❡♥ts ✐♥ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✳ ▼❛♥② ♦t❤❡r ♣r❡✈✐♦✉s ♦r❛❝❧❡s✱ ❧✐❦❡ t❤♦s❡ ♣r♦♣♦s❡❞ ❢♦r ❛♥♦♥②♠♦✉s
♠♦❞❡❧s ✭❡✳❣✳✱ ❬✾❪✮✱ ❝❛♥♥♦t ❜❡ ✉s❡❞ ✐♥ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s ❡✐t❤❡r✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♠❡♠♦r② ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ❜②
t❤❡ ♠♦❞❡❧ ✭s❡❡ ❛ s✉r✈❡② ✐♥ ❬✻❪✮✳

❚♦ ❞❡❛❧ ✇✐t❤ t❤✐s ✐ss✉❡✱ ❋✐s❝❤❡r ❛♥❞ ❏✐❛♥❣ ✐♥tr♦❞✉❝❡❞ ❛ ♥❡✇ t②♣❡ ♦❢ ♦r❛❝❧❡✱ ❝❛❧❧❡❞ t❤❡ ❡✈❡♥t✉❛❧ ❧❡❛❞❡r ❞❡t❡❝t♦r
❬✶✼❪ ❛♥❞ ❞❡♥♦t❡❞ ❜② Ω?✳ ■♥st❡❛❞ ♦❢ ❡❧❡❝t✐♥❣ ❛ ❧❡❛❞❡r✱ ❧✐❦❡ Ω✱ Ω? s✐♠♣❧② r❡♣♦rts t♦ ❡❛❝❤ ❛❣❡♥t ❛♥ ✭❡✈❡♥t✉❛❧❧②
❝♦rr❡❝t✮ ❡st✐♠❛t❡ ❛❜♦✉t ✇❤❡t❤❡r ♦r ♥♦t ♦♥❡ ♦r ♠♦r❡ ❧❡❛❞❡rs ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ ♥❡t✇♦r❦ ✭s❡❡ ❙❡❝✳ ✷ ❢♦r ❛ ❢♦r♠❛❧
❞❡✜♥✐t✐♦♥✮✳ ❚❤✐s ♦r❛❝❧❡ ❞♦❡s ♥♦t r❡q✉✐r❡ ✉♥✐q✉❡ ✐❞❡♥t✐✜❡rs ❛♥❞ ❤❛s ❛❞❞✐t✐♦♥❛❧ ❞r❛st✐❝ ❞✐✛❡r❡♥❝❡s✳ ❖♥❡ ♦❢ t❤❡
✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ♥❛t✉r❡ ♦❢ t❤❡ SSLE ♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✼❪✳ ❲❤✐❧❡
Ω ✐s ❞❡s✐❣♥❡❞ t♦ ❝✐r❝✉♠✈❡♥t ✐♠♣♦ss✐❜✐❧✐t② r❡❧❛t❡❞ t♦ ❝r❛s❤ ❢❛✉❧ts✱ Ω? ✐s ❞❡s✐❣♥❡❞ t♦ ❞❡❛❧ ✇✐t❤ st❛t❡✲❝♦rr✉♣t✐♥❣
❢❛✉❧ts✳ ❚❤✉s✱ ✇❤✐❧❡ Ω ✐s r❡❧❛t❡❞ t♦ ❛ ❢❛✐❧✉r❡ ♣❛tt❡r♥ ❛♥❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r♦t♦❝♦❧ ✉s✐♥❣ ✐t✱ Ω? ✐♥t❡r❛❝ts ✇✐t❤
t❤❡ ♣r♦t♦❝♦❧✱ ♣r♦✈✐❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥ r❡❧❛t❡❞ t♦ t❤❡ s②st❡♠ ❝♦♥✜❣✉r❛t✐♦♥s r❡❛❝❤❡❞ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥✳ ❲✐t❤ Ω?✱
t❤❡r❡ ✐s s♦♠❡ s♦rt ♦❢ ❢❡❡❞❜❛❝❦ ❧♦♦♣✿ t❤❡ ♦✉t♣✉ts ♦❢ t❤❡ ♦r❛❝❧❡ ✐♥✢✉❡♥❝❡ t❤❡ ♣r♦t♦❝♦❧❀ ❛♥❞ ❝♦♥✈❡rs❡❧②✱ t❤❡ ♣r♦t♦❝♦❧
✐♥✢✉❡♥❝❡s t❤❡ ♦✉t♣✉ts ♦❢ t❤❡ ♦r❛❝❧❡✳ ❨❡t✱ t❤❡r❡ ❛r❡ s♦♠❡ ❢❡❛t✉r❡s ✐♥ ❝♦♠♠♦♥ ✇✐t❤ Ω✳ ❇♦t❤ Ω ❛♥❞ Ω? ❛r❡ ✉♥r❡❧✐❛❜❧❡
✐♥ t❤❡ s❡♥s❡ t❤❛t Ω? ❝❛♥ ♠❛❦❡ ❡rr♦rs✱ t❤❛t ✐s✱ t♦ ❣✐✈❡ ❢❛❧s❡ ✐♥❢♦r♠❛t✐♦♥ ❛t s♦♠❡ ♣♦✐♥t ❛♥❞ ❛t s♦♠❡ ❛❣❡♥ts✱ ❛♥❞ ✐s
♦♥❧② r❡q✉✐r❡❞ t♦ ❡✈❡♥t✉❛❧❧② ♣r♦✈✐❞❡ ❝♦rr❡❝t ❛♥s✇❡rs✱ s✐♠✐❧❛r❧② t♦ Ω✳ ❋✐♥❛❧❧②✱ s✉❝❤ ✇❡❛❦ ❣✉❛r❛♥t❡❡s ❛❧❧♦✇ ❜♦t❤ Ω
❛♥❞ Ω? t♦ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♣r❛❝t✐❝❡ ✉s✐♥❣ t✐♠❡♦✉ts ❛♥❞ ♦t❤❡r ❢❡❛t✉r❡s ♦❢t❡♥ ❢♦✉♥❞ ✐♥ r❡❛❧ s②st❡♠s ✭♠♦r❡ ❞❡t❛✐❧s
❛❜♦✉t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ Ω? ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✼❪❀ ❛❜♦✉t Ω✱ ✐♥ ❬✶✸❪✮✳

❚♦ ❞❡♠♦♥str❛t❡ t❤❡ ♣♦✇❡r ♦❢ Ω?✱ ❬✶✼❪ ❣✐✈❡s ❛ ✉♥✐❢♦r♠ s♦❧✉t✐♦♥ t♦ SSLE ✉s✐♥❣ Ω? ✐♥ ❝♦♠♣❧❡t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥
❣r❛♣❤s ❛♥❞ r✐♥❣s✳ ❯♥✐❢♦r♠ ♠❡❛♥s t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ♥❡t✇♦r❦ ❛♥❞ t❤❡ ❛❣❡♥ts ❞♦
♥♦t ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ♥❡t✇♦r❦ s✐③❡✳ ❖✉r ❢♦❝✉s ❤❡r❡ ✐s ♦♥ ✉♥✐❢♦r♠ s♦❧✉t✐♦♥s t♦♦✳✶

❈♦♥tr✐❜✉t✐♦♥s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✐♥✈❡st✐❣❛t✐♥❣ ♠♦r❡ ❛❜♦✉t t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ ♣❛rt✐❝✉❧❛r✐t✐❡s ♦❢
Ω?✳ ❋✐rst✱ ✇❡ ❡①t❡♥❞ t❤❡ r❡s✉❧t ♦❢ ❬✶✼❪ ❢♦r r✐♥❣s t♦ ❛r❜✐tr❛r② ❝♦♥♥❡❝t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡
✭❜② s❤♦✇✐♥❣ t❤❛t SSLE ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ ✉s✐♥❣ Ω? ♦✈❡r t❤✐s ❢❛♠✐❧② ♦❢ ❣r❛♣❤s❀ s❡❡ ❙❡❝✳ ✹✮✳ ❚❤✐s ❡①t❡♥s✐♦♥ ✐s ♠♦r❡
✐♥tr✐❝❛t❡ t❤❛♥ t❤❡ s♦❧✉t✐♦♥ ❢♦r r✐♥❣s✳
❙❡❝♦♥❞✱ ✇❡ s❤♦✇ t❤❛t SSLE ❛❧❧♦✇s t♦ ✐♠♣❧❡♠❡♥t Ω? ♦♥ r✐♥❣s ✭❙❡❝✳ ✺✳✶✮✳ ❈♦✉♣❧❡❞ ✇✐t❤ ♦✉r ♣r❡✈✐♦✉s r❡s✉❧t ♦r
✇✐t❤ t❤❡ r❡s✉❧t ♦❢ ❬✶✼❪✱ t❤✐s ✐♠♣❧✐❡s t❤❛t✱ Ω? ✐s ❡q✉✐✈❛❧❡♥t t♦ SSLE ♦✈❡r r✐♥❣s✳ ■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ t❤✐s ❛❧s♦ ♠❡❛♥s
t❤❛t Ω? ✐s t❤❡ ✇❡❛❦❡st ❢♦r s♦❧✈✐♥❣ SSLE ♦✈❡r t❤✐s ❢❛♠✐❧② ♦❢ ❣r❛♣❤s✳
❚❤❡♥✱ ✐♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ s❤♦✇ t❤❛t ♦✈❡r ❛r❜✐tr❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✱
SSLE ✐s str✐❝t❧② ✇❡❛❦❡r t❤❛♥ Ω? ✭s❡❡ ❙❡❝✳ ✺✮✳ ■♥t✉✐t✐✈❡❧②✱ ♦✉r r❡s✉❧ts ♠❡❛♥s t❤❛t✱ ✇❤❡r❡❛s SSLE ❛♥❞ Ω? ❛r❡ ♥♦t

✶ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st t♦ t❤❡ ♥♦♥✲✉♥✐❢♦r♠ s♦❧✉t✐♦♥s ❣✐✈❡♥ t♦ SSLE ♦✈❡r r✐♥❣s ✐♥ ❬✹❪ t❤❛t ❞♦❡s ♥♦t ✉s❡ ♦r❛❝❧❡s✳



✷ ❏♦✛r♦② ❇❡❛✉q✉✐❡r✱ P❡✈❛ ❇❧❛♥❝❤❛r❞✱ ❏❛♥♥❛ ❇✉r♠❛♥✱ ❛♥❞ ❖❦s❛♥❛ ❉❡♥②s②✉❦

❡q✉✐✈❛❧❡♥t ♦✈❡r ❝❡rt❛✐♥ ❢❛♠✐❧✐❡s ♦❢ ❣r❛♣❤s✱ t❤✐s ❞✐✛❡r❡♥❝❡ ❞✐s❛♣♣❡❛rs ♦♥ r✐♥❣s ❞✉❡ t♦ t❤❡ str♦♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥
❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ❜② t❤❡ r✐♥❣ str✉❝t✉r❡✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ r❡s✉❧t ♦♥ r✐♥❣s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❛♥❞ ✇❡
s❦❡t❝❤ t❤✐s ❡①t❡♥s✐♦♥ ❢♦r r❡❣✉❧❛r ❣r❛♣❤s ✭✐✳❡✳ ♦❢ ❝♦♥st❛♥t ❞❡❣r❡❡✮ ✇✐t❤ ❜♦✉♥❞❡❞ ❞✐❛♠❡t❡r ✭❙❡❝✳ ✻✮✳

❋♦r ♠♦❞❡❧✐♥❣ ♦r❛❝❧❡s ❛♥❞ ♣r♦❜❧❡♠s✱ ❛♥❞ ♦❜t❛✐♥✐♥❣ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠✱ ✇❡ ✉s❡ t❤❡ ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦
♣r♦♣♦s❡❞ ✐♥ ❬✺❪ ❛♥❞ ❛❞❛♣t❡❞ t♦ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s ✭s❡❡ ❙❡❝✳ ✷✳✷✮✳✶ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡r❡ ✐s ♥♦ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ ❛♥ ♦r❛❝❧❡ ❛♥❞ ❛ ♣r♦❜❧❡♠✱ s♦ t❤❡ r❡❧❛t✐♦♥s ✇❡ ❡①❤✐❜✐t ❝❛♥ ❡q✉✐✈❛❧❡♥t❧② ❜❡ ✈✐❡✇❡❞ ❛s r❡❧❛t✐♦♥s ❜❡t✇❡❡♥
♦r❛❝❧❡s ♦r ❜❡t✇❡❡♥ ♣r♦❜❧❡♠s✳ ◆♦t❡ t❤❛t t❤❡ ❢r❛♠❡✇♦r❦ ❛♥❞ ♦✉r r❡s✉❧ts ❝♦♥❝❡r♥ ❛♥ ❡①tr❡♠❡❧② ❣❡♥❡r❛❧ ❝❧❛ss ♦❢
♦r❛❝❧❡s✳

❘❡❧❛t❡❞ ❲♦r❦✳ ❇❡✐♥❣ ❛♥ ✐♠♣♦rt❛♥t ♣r✐♠✐t✐✈❡ ✐♥ ❞✐str✐❜✉t❡❞ ❝♦♠♣✉t✐♥❣✱ ❧❡❛❞❡r ❡❧❡❝t✐♦♥ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧②
st✉❞✐❡❞ ✐♥ ✈❛r✐♦✉s ♦t❤❡r ♠♦❞❡❧s✱ ❤♦✇❡✈❡r ♠✉❝❤ ❧❡ss ✐♥ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✳ ❇❡❝❛✉s❡ ♦❢ ♠♦❞❡❧ ❞✐✛❡r❡♥❝❡s✱ ♣r❡✈✐♦✉s
r❡s✉❧ts ❞♦ ♥♦t ❞✐r❡❝t❧② ❡①t❡♥❞ t♦ t❤❡ ♠♦❞❡❧ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❋♦r s✉r✈❡②s ♦♥ t❤❡s❡ ♣r❡✈✐♦✉s r❡s✉❧ts ✐♥ ♦t❤❡r ♠♦❞❡❧s✱
r❡❢❡r t♦ ❬✹✱✶✼❪✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♠❡♥t✐♦♥ ♦♥❧② t❤❡ ♠♦st r❡❧❡✈❛♥t ✇♦r❦s t♦ SSLE ✐♥ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✳
■t ✇❛s s❤♦✇♥✱ ❡✳❣✳ ✐♥ ❬✷✱✽❪✱ t❤❛t ❢❛st ❝♦♥✈❡r❣✐♥❣ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ ✉s✐♥❣ ❛♥ ✐♥✐t✐❛❧❧② ♣r♦✈✐❞❡❞
✉♥✐q✉❡ ❧❡❛❞❡r✳ ▼♦r❡♦✈❡r✱ ♠❛♥② s❡❧❢✲st❛❜✐❧✐③✐♥❣ ♣r♦❜❧❡♠s ♦♥ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s ❜❡❝♦♠❡ ♣♦ss✐❜❧❡ ❣✐✈❡♥ ❛ ❧❡❛❞❡r
✭t❤♦✉❣❤ t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s✱ s❡❡✱ ❡✳❣✳✱ ❬✹✱✼❪✮✳ ◆❡✈❡rt❤❡❧❡ss✱ SSLE ✐s ✐♠♣♦ss✐❜❧❡ ✐♥ ♣♦♣✲
✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s ♦✈❡r ❣❡♥❡r❛❧ ❝♦♥♥❡❝t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤s ❬✹❪✳ ❨❡t✱ ❬✹❪ ♣r❡s❡♥ts ❛ ♥♦♥✲✉♥✐❢♦r♠ s♦❧✉t✐♦♥ ❢♦r
SSLE ♦♥ r✐♥❣s✳ ❆ ✉♥✐❢♦r♠ ❛❧❣♦r✐t❤♠ ❢♦r r✐♥❣s ❛♥❞ ❝♦♠♣❧❡t❡ ❣r❛♣❤s ✐s ♣r♦♣♦s❡❞ ✐♥ ❬✶✼❪✱ ❜✉t ✉s❡s Ω?✳ ❘❡❝❡♥t❧②✱ ❬✶✵❪
s❤♦✇❡❞ t❤❛t ❛t ❧❡❛st n ❛❣❡♥t st❛t❡s ❛r❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t t♦ s♦❧✈❡ SSLE ♦✈❡r ❛ ❝♦♠♣❧❡t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥
❣r❛♣❤✱ ✇❤❡r❡ n ✐s t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ✭✉♥❛✈❛✐❧❛❜❧❡ ✐♥ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✮✳ ❋♦r t❤❡ ❡♥❤❛♥❝❡❞ ♠♦❞❡❧ ♦❢ ♠❡❞✐❛t❡❞
♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s ✭MPP ✮ ❬✶✾❪✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬✷✵❪ t❤❛t (2/3)n ❛❣❡♥t st❛t❡s ❛♥❞ ❛ s✐♥❣❧❡ ❜✐t ♠❡♠♦r② ♦♥ ❡✈❡r②
❛❣❡♥t ♣❛✐r ❛r❡ s✉✣❝✐❡♥t t♦ s♦❧✈❡ SSLE✳ ■t ✐s ❛❧s♦ s❤♦✇♥ t❤❛t t❤❡r❡ ✐s ♥♦ MPP t❤❛t s♦❧✈❡s SSLE ✇✐t❤ ❝♦♥st❛♥t
❛❣❡♥t✬s st❛t❡ ❛♥❞ ❛❣❡♥t ♣❛✐r✬s ♠❡♠♦r② s✐③❡✱ ❢♦r ❛r❜✐tr❛r② n✳ ■♥ ❬✶✶❪✱ ✈❡rs✐♦♥s ♦❢ SSLE ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛ss✉♠✐♥❣
Ω? t♦❣❡t❤❡r ✇✐t❤ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❧♦❝❛❧ ❢❛✐r♥❡ss ❝♦♥❞✐t✐♦♥s✱ ✐♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✬
❣❧♦❜❛❧ ❢❛✐r♥❡ss t❤❛t ✐s ❛❧s♦ ❛ss✉♠❡❞ ✐♥ t❤❡ ❝✉rr❡♥t ♣❛♣❡r ✭s❡❡ ❙❡❝✳ ✷✮✳
■♥ ❬✺❪✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ ❞✐✣❝✉❧t② ✐♥ s♦❧✈✐♥❣ SSLE ✐♥ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s ✐♥❞❡❡❞ ❝♦♠❡s ❢r♦♠ t❤❡ r❡q✉✐r❡♠❡♥t
♦❢ s❡❧❢✲st❛❜✐❧✐③❛t✐♦♥✱ ❜② ❣✐✈✐♥❣ ❛ s♦❧✉t✐♦♥ ✇✐t❤♦✉t ♦r❛❝❧❡ ❢♦r ❛r❜✐tr❛r② ❣r❛♣❤s ✇✐t❤ ❛ ✉♥✐❢♦r♠ ✐♥✐t✐❛❧✐③❛t✐♦♥✳ ❚❤❡♥✱
❛❣❛✐♥✱ ♦✈❡r ❛r❜✐tr❛r② ❣r❛♣❤s✱ ❬✺❪ ♣r♦♣♦s❡s ❛ ♣r♦t♦❝♦❧ ❢♦r SSLE✳ ❍♦✇❡✈❡r✱ t❤✐s ♣r♦t♦❝♦❧ ✉s❡s ❛♥ ♦r❛❝❧❡ ✇❤✐❝❤ ✐s ❛
❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ❝♦♣✐❡s ♦❢ Ω? ✭❛♥❞ t❤✉s ✐s ❛t ❧❡❛st ❛s str♦♥❣ ❛s ♦♥❡ ❝♦♣② ♦❢ Ω? ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r✮✳ ❋✐♥❛❧❧②✱ ❬✺❪
s❤♦✇s t❤❛t SSLE ❛♥❞ Ω? ❛r❡ ♥♦t ❡q✉✐✈❛❧❡♥t ♦✈❡r ❝♦♠♣❧❡t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤s✳

✷ ▼♦❞❡❧ ❛♥❞ ❉❡✜♥✐t✐♦♥s

✷✳✶ P♦♣✉❧❛t✐♦♥ Pr♦t♦❝♦❧

❲❡ ✉s❡ ❤❡r❡ t❤❡ s❛♠❡ ❞❡✜♥✐t✐♦♥s ❛s ✐♥ ❬✶✱✹✱✶✼❪ ✇✐t❤ s♦♠❡ s❧✐❣❤t ❛❞❛♣t❛t✐♦♥s✳ ❆ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤ ✐s ❛ ❞✐r❡❝t❡❞
❣r❛♣❤ G = (V, E) ✇✐t❤ n ✈❡rt✐❝❡s✳ ❊❛❝❤ ✈❡rt❡① r❡♣r❡s❡♥ts ❛ ✜♥✐t❡✲st❛t❡ s❡♥s✐♥❣ ❞❡✈✐❝❡ ❝❛❧❧❡❞ ❛♥ ❛❣❡♥t✱ ❛♥❞ ❛♥
❡❞❣❡ (u, v) ✐♥❞✐❝❛t❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭✐♥t❡r❛❝t✐♦♥✮ ❜❡t✇❡❡♥ u ❛♥❞ v ✐♥ ✇❤✐❝❤ u ✐s t❤❡ ✐♥✐t✐❛t♦r
❛♥❞ v ✐s t❤❡ r❡s♣♦♥❞❡r✳ ❚❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛♥ ❡❞❣❡ ❝♦rr❡s♣♦♥❞s t♦ t❤✐s ❛s②♠♠❡tr② ✐♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ■♥ t❤✐s
♣❛♣❡r✱ ❡✈❡r② ❣r❛♣❤ ✐s ✇❡❛❦❧② ❝♦♥♥❡❝t❡❞✳

❆ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ A(Q, X, Y,Out, δ) ❝♦♥s✐sts ♦❢ ❛ ✜♥✐t❡ st❛t❡ s♣❛❝❡ Q✱ ❛ ✜♥✐t❡ ✐♥♣✉t ❛❧♣❤❛❜❡t X✱ ❛ ✜♥✐t❡
♦✉t♣✉t ❛❧♣❤❛❜❡t Y ✱ ❛♥ ♦✉t♣✉t ❢✉♥❝t✐♦♥ Out : Q → Y ❛♥❞ ❛ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ δ : (Q × X)2 → P(Q2) t❤❛t
♠❛♣s ❛♥② t✉♣❧❡ (q1, x1, q2, x2) t♦ ❛ ♥♦♥✲❡♠♣t② ✭✜♥✐t❡✮ s✉❜s❡t δ(q1, x1, q2, x2) ✐♥ Q2✳✷ ❆ ✭tr❛♥s✐t✐♦♥✮ r✉❧❡ ♦❢ t❤❡
♣r♦t♦❝♦❧ ✐s ❛ t✉♣❧❡ (q1, x1, q2, x2, q

′
1, q

′
2) s✳t✳ (q

′
1, q

′
2) ∈ δ(q1, x1, q2, x2) ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② (q1, x1)(q2, x2) → (q′1, q

′
2)✳

❚❤❡ ♣r♦t♦❝♦❧ A ✐s ❞❡t❡r♠✐♥✐st✐❝ ✐❢ ❢♦r ❡✈❡r② t✉♣❧❡ (q1, x1, q2, x2)✱ t❤❡ s❡t δ(q1, x1, q2, x2) ❤❛s ❡①❛❝t❧② ♦♥❡ ❡❧❡♠❡♥t✳
❆ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛ ♠❛♣♣✐♥❣ C : V → Q s♣❡❝✐❢②✐♥❣ t❤❡ st❛t❡s ♦❢ t❤❡ ❛❣❡♥ts ✐♥ t❤❡ ❣r❛♣❤✱ ❛♥❞ ❛♥ ✐♥♣✉t

❛ss✐❣♥♠❡♥t ✐s ❛ ♠❛♣♣✐♥❣ α : V → X s♣❡❝✐❢②✐♥❣ t❤❡ ✐♥♣✉t ✈❛❧✉❡s ♦❢ t❤❡ ❛❣❡♥ts✳ ❆♥ ✐♥♣✉t tr❛❝❡ T ✐s ❛♥ ✐♥✜♥✐t❡
s❡q✉❡♥❝❡ T = α1α2 . . . ♦❢ ✐♥♣✉t ❛ss✐❣♥♠❡♥ts✳ ■t ✐s ❝♦♥st❛♥t ✐❢ α1 = α2 = . . . ✳ ❆♥ ✐♥♣✉t tr❛❝❡ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s t❤❡
s❡q✉❡♥❝❡ ♦❢ ✐♥♣✉t ✈❛❧✉❡s ❣✐✈❡♥ t♦ t❤❡ ❛❣❡♥ts ❢r♦♠ t❤❡ ♦✉ts✐❞❡ ❡♥✈✐r♦♥♠❡♥t✳

❲❡ ♥♦✇ ❞❡✜♥❡ ❛❣❡♥ts✬ ✐♥t❡r❛❝t✐♦♥s ✭❝❛❧❧❡❞ ❤❡r❡ ❛❝t✐♦♥s✮ ✐♥✈♦❧✈✐♥❣ t❤❡ ✐♥♣✉t ✈❛❧✉❡s✳ ❆♥ ❛❝t✐♦♥ ✐s ❛ ♣❛✐r σ = (e, r)
✇❤❡r❡ r ✐s ❛ r✉❧❡ (q1, x1)(q2, x2) → (q′1, q

′
2) ❛♥❞ e = (u, v) ✐s ❛ ❞✐r❡❝t❡❞ ❡❞❣❡ ♦❢ G✱ r❡♣r❡s❡♥t✐♥❣ ❛ ♠❡❡t✐♥❣ ♦❢ t✇♦

✐♥t❡r❛❝t✐♥❣ ❛❣❡♥ts u ❛♥❞ v✳ ▲❡t C,C ′ ❜❡ ❝♦♥✜❣✉r❛t✐♦♥s✱ α ❜❡ ❛♥ ✐♥♣✉t ❛ss✐❣♥♠❡♥t✱ ❛♥❞ u, v ❜❡ ❞✐st✐♥❝t ❛❣❡♥ts✳
❲❡ s❛② t❤❛t σ ✐s ❡♥❛❜❧❡❞ ✐♥ (C,α) ✐❢ C(u) = q1, C(v) = q2 ❛♥❞ α(u) = x1, α(v) = x2✳ ❲❡ s❛② t❤❛t (C,α) ❣♦❡s

✶ ■♥ ❬✶✼❪✱ ✇❤❡r❡ Ω? ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✱ t❤❡ ♦r❛❝❧❡ ✐s ❞❡✜♥❡❞ ✐♥ ❛ r❛t❤❡r ✐♥❢♦r♠❛❧ ✇❛②✳
✷ ❚❤❡ ✐♥♣✉t ❛❧♣❤❛❜❡t ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ❣✐✈❡♥ t♦ t❤❡ ❛❣❡♥ts ❢r♦♠ t❤❡ ♦✉ts✐❞❡ ❡♥✈✐r♦♥♠❡♥t✱ ❧✐❦❡
s❡♥s❡❞ ✈❛❧✉❡s✱ ♦✉t♣✉t ✈❛❧✉❡s ❢r♦♠ ❛♥♦t❤❡r ♣r♦t♦❝♦❧ ♦r ❢r♦♠ ❛♥ ♦r❛❝❧❡✳ ❚❤❡ ♦✉t♣✉t ❛❧♣❤❛❜❡t ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s t❤❡ s❡t ♦❢
✈❛❧✉❡s t❤❛t t❤❡ ♣r♦t♦❝♦❧ ✐ts❡❧❢ ♦✉t♣✉ts ♦✉ts✐❞❡✳ X ❛♥❞ Y ❛r❡ ❜♦t❤ t❤❡ ✐♥t❡r❢❛❝❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣r♦t♦❝♦❧✳



❖♥ t❤❡ P♦✇❡r ♦❢ Ω? ❢♦r SSLE ✐♥ P♦♣✉❧❛t✐♦♥ Pr♦t♦❝♦❧s ✸

t♦ C ′ ✈✐❛ σ✱ ❞❡♥♦t❡❞ (C,α)
σ
−→ C ′✱ ✐❢ σ ✐s ❡♥❛❜❧❡❞ ✐♥ (C,α)✱ C ′(u) = q′1, C

′(v) = q′2 ❛♥❞ C ′(w) = C(w) ❢♦r ❛❧❧
w ∈ V − {u, v}✳ ■♥ ♦t❤❡r ✇♦r❞s✱ C ′ ✐s t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ t❤❛t r❡s✉❧ts ❢r♦♠ C ❜② ❛♣♣❧②✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ r✉❧❡ r t♦

t❤❡ ♣❛✐r e ♦❢ t✇♦ ✐♥t❡r❛❝t✐♥❣ ❛❣❡♥ts✳ ❲❡ ✇r✐t❡ (C,α) → C ′ ✇❤❡♥ (C,α)
σ
−→ C ′ ❢♦r s♦♠❡ ❛❝t✐♦♥ σ✳ ●✐✈❡♥ ❛♥ ✐♥♣✉t

tr❛❝❡ Tin = α0α1 . . . ✱ ✇❡ ✇r✐t❡ C
∗
−→ C ′ ✐❢ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s C0C1 . . . Ck s✳t✳ C = C0✱ C

′ = Ck

❛♥❞ (Ci, αi) → Ci+1 ❢♦r ❛❧❧ 0 ≤ i < k✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ s❛② t❤❛t C ′ ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ C ❣✐✈❡♥ t❤❡ ✐♥♣✉t tr❛❝❡ Tin✳
❆ ✈✐rt✉❛❧ ❡①❡❝✉t✐♦♥ ✐s ❛ ♠❛①✐♠❛❧ s❡q✉❡♥❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s✱ ✐♥♣✉t ❛ss✐❣♥♠❡♥ts ❛♥❞ ❛❝t✐♦♥s (C0, α0, σ0)

(C1, α1, σ1) . . . s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ i✱ (Ci, αi)
σi−→ Ci+1✳ ❱✐rt✉❛❧ ❡①❡❝✉t✐♦♥s r❡♣r❡s❡♥t ❛❧❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ❛ ♣♦♣✉✲

❧❛t✐♦♥ ♣r♦t♦❝♦❧✱ ❜✉t✱ ❛s ✐♥ ❬✶✱✹✱✶✼❪✱ ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ ♦♥❧② ❢❛✐r ❡①❡❝✉t✐♦♥s✳ ❆ ✈✐rt✉❛❧ ❡①❡❝✉t✐♦♥ (C0, α0, σ0)(C1, α1, σ1) . . .
✐s ❣❧♦❜❛❧❧② ❢❛✐r✱ ❛♥❞ ✐s ❝❛❧❧❡❞ ❡①❡❝✉t✐♦♥✱ ✐❢✱ ❢♦r ❡✈❡r② C,C ′, α s✳t✳ (C,α) → C ′✱ ✐❢ (C,α) = (Ci, αi) ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥②
i✱ t❤❡♥ C ′ = Cj ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② j✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✜♥✐t❡ st❛t❡ s♣❛❝❡ ❛ss✉♠♣t✐♦♥✱ ✐♠♣❧✐❡s t❤❛t✱
✐❢ ✐♥ ❛♥ ❡①❡❝✉t✐♦♥ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡❧② ♦❢t❡♥ r❡❛❝❤❛❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡♥ ✐t ✐s ✐♥✜♥✐t❡❧② ♦❢t❡♥ r❡❛❝❤❡❞ ❬✸❪✳ ●❧♦❜❛❧
❢❛✐r♥❡ss ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛♥ ❛tt❡♠♣t t♦ ❝❛♣t✉r❡ t❤❡ r❛♥❞♦♠✐③❛t✐♦♥ ✐♥❤❡r❡♥t t♦ r❡❛❧ s②st❡♠s✱ ✇✐t❤♦✉t ✐♥tr♦❞✉❝✐♥❣
r❛♥❞♦♠✐③❛t✐♦♥ ✐♥ t❤❡ ♠♦❞❡❧✳

❚❤❡ ♦✉t♣✉t ❢✉♥❝t✐♦♥ Out : Q → Y ✐s ❡①t❡♥❞❡❞ ❢r♦♠ st❛t❡s t♦ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ♣r♦❞✉❝❡ ❛♥ ♦✉t♣✉t ❛ss✐❣♥♠❡♥t
Out(C) : V → Y ❞❡✜♥❡❞ ❛s Out(C)(v) = Out(C(v))✱ ❣✐✈❡♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ C✳ ❚❤❡ ♦✉t♣✉t tr❛❝❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡
❡①❡❝✉t✐♦♥ E = (C0, α0, σ0)(C1, α1, σ1) . . . ✐s ❣✐✈❡♥ ❜② t❤❡ s❡q✉❡♥❝❡ Tout = Out(C0)Out(C1) . . . ✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡
✉s❡ t❤❡ ✇♦r❞ tr❛❝❡ ❢♦r ❜♦t❤ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t tr❛❝❡s✳

✷✳✷ ❇❡❤❛✈✐♦✉r✱ ❖r❛❝❧❡✱ Pr♦❜❧❡♠ ❛♥❞ ■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ❞❡✜♥✐t✐♦♥s ❜❡❧♦✇ ❛r❡ ❛❞♦♣t❡❞ ❢r♦♠ ❬✺❪ ❛♥❞ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡s ✐♥ ❬✹✱✶✼❪✳ ❚❤❡② ❛r❡ r❡q✉✐r❡❞ t♦ ♦❜t❛✐♥
❛ ♣r♦♣❡r ❢r❛♠❡✇♦r❦ ❢♦r ❞❡✜♥✐♥❣ ♦r❛❝❧❡s ❛♥❞ ❡st❛❜❧✐s❤✐♥❣ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠ ❛♥❞✴♦r ❜❡t✇❡❡♥ ♣r♦❜❧❡♠s✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤✐s ❢r❛♠❡✇♦r❦ ✐s r❡❛❧ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✇❤✐❝❤ ✐♥ t✉r♥ ♣r♦✈✐❞❡s s❡❧❢✲✐♠♣❧❡♠❡♥t❛❜❧❡ ♦r❛❝❧❡s✱ ✐♥ ❝♦♥tr❛st
✇✐t❤ t❤❡ tr❛❞✐t✐♦♥❛❧ ❢❛✐❧✉r❡ ❞❡t❡❝t♦rs ❬✶✹✱✶✺❪✳ ■♥ s❤♦rt✱ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ✇❡ ❞❡✜♥❡ ❛ ❣❡♥❡r❛❧ ♥♦t✐♦♥ ♦❢ ❜❡❤❛✈✐♦✉r✱
✇❤✐❝❤ ✐s ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t tr❛❝❡s✳ ❆ ♣r♦❜❧❡♠ ❛♥❞ ❛♥ ♦r❛❝❧❡ ❛r❡ ❞❡✜♥❡❞ ❛s ❜❡❤❛✈✐♦✉rs✳ ❚❤❡♥✱ t♦
❝♦♠♣❛r❡ ❜❡❤❛✈✐♦✉rs✱ ✇❡ ❞❡✜♥❡ ❛ ♣❛rt✐❛❧ ♦r❞❡r r❡❧❛t✐♦♥ ✉s✐♥❣ ❛♥ ❛❜str❛❝t ♥♦t✐♦♥ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❜② ❛ ♣♦♣✉❧❛t✐♦♥
♣r♦t♦❝♦❧ ✉s✐♥❣ ❛ ❜❡❤❛✈✐♦✉r✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤ G ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✜①❡❞ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t♦ ✐t ❛r❡ ✐♠♣❧✐❝✐t✱ ❡①❝❡♣t
✇❤❡♥ ♠❡♥t✐♦♥✐♥❣ G ✐s ♣❛rt✐❝✉❧❛r❧② r❡❧❡✈❛♥t✳

❆ s❝❤❡❞✉❧❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❡❞❣❡s ✭♠❡❡t✐♥❣s✮✳ ❆♥ ✐♥♣✉t ♦r ❛♥ ♦✉t♣✉t tr❛❝❡ T = α0α1 . . . ✐s s❛✐❞ t♦ ❜❡
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ s❝❤❡❞✉❧❡ S = (u0, v0)(u1, v1) . . . ✐❢✱ ❢♦r ❡✈❡r② ♠❡❡t✐♥❣ i✱ ❢♦r ❡✈❡r② ❛❣❡♥t w ❞✐✛❡r❡♥t ❢r♦♠ ui

❛♥❞ vi✱ αi(w) = αi+1(w)✳ ❚❤❛t ✐s✱ ❛♥② t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❛ss✐❣♥♠❡♥ts ♦❢ ❛ ❝♦♠♣❛t✐❜❧❡ tr❛❝❡ ❝❛♥ ❞✐✛❡r ♦♥❧② ♦♥ t❤❡
✈❛❧✉❡s ♦❢ t❤❡ t✇♦ ♠❡❡t✐♥❣ ✭♥❡✐❣❜♦r✐♥❣✮ ❛❣❡♥ts✳ ◆♦t❡ t❤❛t t❤❡ ♦✉t♣✉t tr❛❝❡ ✭❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❡①❡❝✉t✐♦♥ ✇✐t❤ ❛
s❝❤❡❞✉❧❡ S✮ ✐s ♥❡❝❡ss❛r✐❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ S ❜② ❞❡✜♥✐t✐♦♥✳ ❋♦r t❤❡ ✐♥♣✉t tr❛❝❡s✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝♦♠♣❛t✐❜❧❡
♦♥❡s✳ ❙✉❝❤ ❛ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ ❛♥ ✐♥♣✉t tr❛❝❡ ❛♥❞ ❛ s❝❤❡❞✉❧❡ ✐s r❡q✉✐r❡❞ ❢♦r t❤❡ ♣r♦t♦❝♦❧ t♦ ❜❡ ❛❜❧❡ t♦ ❞❡t❡❝t
t❤❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ✐♥♣✉t✳ ❚❤✐s ❛♥❞ t❤❡ ♦✉t♣✉t tr❛❝❡ ❝♦♠♣❛t✐❜✐❧✐t②✱ ❛❧❧♦✇✱ ✐♥ t✉r♥✱ t♦ ♦❜t❛✐♥ ❛ r❡❛❧✲t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t
❢r❛♠❡✇♦r❦ ❛♥❞ s❡❧❢✲✐♠♣❧❡♠❡♥t❛❜✐❧✐t② ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳

❆ ❤✐st♦r② H ✐s ❛ ❝♦✉♣❧❡ (S, T ) ✇❤❡r❡ S ✐s ❛ s❝❤❡❞✉❧❡ ❛♥❞ T ✐s ❛ tr❛❝❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ S✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡
t②♣❡ ♦❢ t❤❡ tr❛❝❡✱ ❛ ❤✐st♦r② ❝❛♥ ❜❡ ❡✐t❤❡r ❛♥ ✐♥♣✉t ♦r ❛♥ ♦✉t♣✉t ❤✐st♦r②✳ ❆ ❜❡❤❛✈✐♦✉r B ♦✈❡r ❛ ❢❛♠✐❧② ♦❢ ❣r❛♣❤s F
✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t✱ ❢♦r ❛ ❣r❛♣❤ G ∈ F ❛♥❞ ❛ s❝❤❡❞✉❧❡ S ♦♥ G✱ ♠❛♣s ❡✈❡r② ✐♥♣✉t ❤✐st♦r② Hin ✇✐t❤ s❝❤❡❞✉❧❡ S t♦ ❛
s❡t B(Hin) ♦❢ ♦✉t♣✉t ❤✐st♦r✐❡s ✇✐t❤ t❤❡ s❛♠❡ s❝❤❡❞✉❧❡ S✳

❇❡❤❛✈✐♦✉rs ❝❛♥ ❜❡ ❝♦♠♣♦s❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ s❡r✐❛❧ ❝♦♠♣♦s✐t✐♦♥✱ ❛♥ ♦✉t♣✉t tr❛❝❡ ♦❢ ❛ ❜❡❤❛✈✐♦✉r ✐s t❤❡
✐♥♣✉t tr❛❝❡ ♦❢ ❛♥♦t❤❡r ♦♥❡✳ ❈♦♥s✐❞❡r t✇♦ ❜❡❤❛✈✐♦✉rs B1✱ B2 ♦✈❡r t❤❡ s❛♠❡ ❢❛♠✐❧② F ♦❢ ❣r❛♣❤s✱ ✇✐t❤ ✐♥♣✉t ❛❧♣❤❛❜❡ts
X1, X2 ✭❢♦r t❤❡ ✐♥♣✉t tr❛❝❡s✮✱ ❛♥❞ ♦✉t♣✉t ❛❧♣❤❛❜❡ts Y1, Y2 ✭❢♦r t❤❡ ♦✉t♣✉t tr❛❝❡s✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛❣r❛♣❤s✱
✇❡ ❞❡♥♦t❡ ❜② TZ ❛ tr❛❝❡ ✇✐t❤ ✈❛❧✉❡s ✐♥ Z✳ ▲❡t S ❜❡ ❛ s❝❤❡❞✉❧❡ ♦♥ G ∈ F ✳
❚❤✉s✱ ✐❢ Y1 = X2 = Z✱ t❤❡ s❡r✐❛❧ ❝♦♠♣♦s✐t✐♦♥ B = B2 ◦ B1 ✐s t❤❡ ❜❡❤❛✈✐♦✉r ♦✈❡r F ✱ ✇✐t❤ ❛❧♣❤❛❜❡ts X1✱ Y2

s✳t✳ (S, TY2
) ∈ B(S, TX1

) ✐✛ t❤❡r❡ ❡①✐sts ❛ tr❛❝❡ TZ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ S✱ s✳t✳ (S, TZ) ∈ B1(S, TX1
) ❛♥❞ (S, TY2

) ∈
B2(S, TZ)✳
❚❤❡ ♣❛r❛❧❧❡❧ ❝♦♠♣♦s✐t✐♦♥ B = B1⊗B2 ✐s t❤❡ ❜❡❤❛✈✐♦✉r ♦✈❡r F ✱ ✇✐t❤ ❛❧♣❤❛❜❡ts X1×X2✱ Y1×Y2 s✳t✳ (S, TY1

, TY2
) ∈

B(S, TX1
, TX2

) ✐✛ (S, TY1
) ∈ B1(S, TX1

) ❛♥❞ (S, TY2
) ∈ B2(S, TX2

)✳
■❢ X1 = U×V ❛♥❞ Y1 = U×W ✱ t❤❡ s❡❧❢ ❝♦♠♣♦s✐t✐♦♥ B = SelfU (B1) ♦♥ U ✐s t❤❡ ❜❡❤❛✈✐♦✉r ♦✈❡r F ✱ ✇✐t❤ ❛❧♣❤❛❜❡ts
V,W ✱ s✳t✳ (S, TW ) ∈ B(S, TV ) ✐✛ t❤❡r❡ ❡①✐sts ❛ tr❛❝❡ TU ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ S s✳t✳ (S, TU , TW ) ∈ B1(S, TU , TV )✳

●✐✈❡♥ ❛ ✭♣♦ss✐❜❧② ✐♥✜♥✐t❡✮ s❡t U ♦❢ ❜❡❤❛✈✐♦✉rs✱ ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❜❡❤❛✈✐♦✉rs ✐♥ U ✐s ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② ❛s ❡✐t❤❡r
❛ ❜❡❤❛✈✐♦✉r ✐♥ t❤❡ ❢❛♠✐❧② U ✱ ♦r t❤❡ ♣❛r❛❧❧❡❧✱ s❡r✐❛❧ ♦r s❡❧❢ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♠♣♦s✐t✐♦♥s ♦❢ ❜❡❤❛✈✐♦✉rs ✐♥ U ✳ ❚❤❡
❜❡❤❛✈✐♦✉r B2 ✐s ❝❛❧❧❡❞ ❛ s✉❜✲❜❡❤❛✈✐♦✉r ♦❢ B1 ✐❢ t❤❡② ❛r❡ ❞❡✜♥❡❞ ♦✈❡r t❤❡ s❛♠❡ ❢❛♠✐❧② ♦❢ ❣r❛♣❤s F ✱ ❛♥❞ ❢♦r ❡✈❡r②
❣r❛♣❤ G ∈ F ✱ ❢♦r ❡✈❡r② ❤✐st♦r② H ♦♥ G✱ B2(G,H) ⊆ B1(G,H)✳



✹ ❏♦✛r♦② ❇❡❛✉q✉✐❡r✱ P❡✈❛ ❇❧❛♥❝❤❛r❞✱ ❏❛♥♥❛ ❇✉r♠❛♥✱ ❛♥❞ ❖❦s❛♥❛ ❉❡♥②s②✉❦

●✐✈❡♥ ❛ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ A ✇✐t❤ ✐♥♣✉t ❛❧♣❤❛❜❡t X ❛♥❞ ♦✉t♣✉t ❛❧♣❤❛❜❡t Y ✱ ✇❡ ❞❡✜♥❡ t❤❡ ❜❡❤❛✈✐♦✉r
Beh(A) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♣r♦t♦❝♦❧ A ❛s t❤❡ ❜❡❤❛✈✐♦✉r ✇✐t❤ ✐♥♣✉t ❛❧♣❤❛❜❡t X✱ ♦✉t♣✉t ❛❧♣❤❛❜❡t Y s✳t✳ (S, TY ) ∈
Beh(A)(S, TX) ✐✛ t❤❡r❡ ❡①✐sts ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ A ✇✐t❤ s❝❤❡❞✉❧❡ S✱ ✐♥♣✉t tr❛❝❡ TX ❛♥❞ ♦✉t♣✉t tr❛❝❡ TY ✳

❆ ♣r♦❜❧❡♠ ❛♥❞ ❛♥ ♦r❛❝❧❡ ❛r❡ ❞❡✜♥❡❞ ❛s ❜❡❤❛✈✐♦✉rs✳ ❆ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ A ✐♠♣❧❡♠❡♥ts ❛ ❜❡❤❛✈✐♦✉r B ✭r❡s♣✳
s♦❧✈❡s ❛ ♣r♦❜❧❡♠ B ♦r ✐♠♣❧❡♠❡♥ts ❛♥ ♦r❛❝❧❡ B✮ ✉s✐♥❣ ❛ ❜❡❤❛✈✐♦✉r B′ ♦✈❡r ❛ ❣r❛♣❤ ❢❛♠✐❧② F ✐❢ t❤❡r❡ ❡①✐sts ❛
❝♦♠♣♦s✐t✐♦♥ B∗ ✐♥✈♦❧✈✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉rs B′ ❛♥❞ Beh(A)✱ s✳t✳ B∗ ✐s ❛ s✉❜✲❜❡❤❛✈✐♦✉r ♦❢ B✳

❲❡ s❛② t❤❛t ❛ ❜❡❤❛✈✐♦✉r B1 ✐s ✇❡❛❦❡r t❤❛♥ ❛ ❜❡❤❛✈✐♦✉r B2 ♦✈❡r ❛ ❣r❛♣❤ ❢❛♠✐❧② F ✱ ❞❡♥♦t❡❞ ❜② B1 4F B2✱ ✐❢
t❤❡r❡ ❡①✐sts ❛ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ t❤❛t ✐♠♣❧❡♠❡♥ts B1 ✉s✐♥❣ B2 ♦✈❡r F ✳ ❚❤❡ t✇♦ ❜❡❤❛✈✐♦✉rs ❛r❡ ❡q✉✐✈❛❧❡♥t ♦✈❡r
F ✱ ❞❡♥♦t❡❞ B1 ≃F B2✱ ✐❢ B1 4F B2 ❛♥❞ B2 4F B1✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ B2 ✐s ❛ ♣r♦❜❧❡♠ ❛♥❞ B1 ✐s ❛♥ ♦r❛❝❧❡✱ B1 ✐s
t❤❡♥ t❤❡ ✇❡❛❦❡st ♦r❛❝❧❡ ❢♦r ✐♠♣❧❡♠❡♥t✐♥❣ B2 ♦✈❡r F ✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t✱ ❜❡❝❛✉s❡ B1 4F B2✱ ❛♥② ♦r❛❝❧❡ t❤❛t ❝❛♥
❜❡ ✉s❡❞ t♦ ✐♠♣❧❡♠❡♥t B2✱ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐♠♣❧❡♠❡♥t B1✱ ❛♥❞ t❤✉s✱ B1 ✐s ✇❡❛❦❡r t❤❛♥ ❛♥② s✉❝❤ ♦r❛❝❧❡✳

❘❡♠❛r❦ ✶✳ ◆♦t❡ t❤❛t✱ t❤❡ r❡❧❛t✐♦♥ 4F ❞❡♣❡♥❞s ♦♥ ❛ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ ✭✐♥✈♦❧✈❡❞ ✐♥ ✐ts ❞❡✜♥✐t✐♦♥✮ ❛♥❞ t❤✉s ♦♥
✐ts ❡①❡❝✉t✐♦♥s✳ ❙✐♥❝❡ ♦✉r ❢♦❝✉s ✐s ♦♥ s❡❧❢✲st❛❜✐❧✐③❛t✐♦♥ ✉♥❞❡r ❣❧♦❜❛❧ ❢❛✐r♥❡ss✱ t❤❡ r❡❧❛t✐♦♥s ✇❡ ❡st❛❜❧✐s❤ ❜❡t✇❡❡♥
❜❡❤❛✈✐♦✉rs ✐♥✈♦❧✈❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✭♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✮ ✇✐t❤ ❣❧♦❜❛❧❧② ❢❛✐r ❡①❡❝✉t✐♦♥s st❛rt✐♥❣ ❢r♦♠ ❛r❜✐tr❛r②
✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ t②♣❡ ♦❢ ❡①❡❝✉t✐♦♥s ✐s ✐♠♣❧✐❝✐t ✐♥
t❤❡ ♥♦t✐♦♥ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

✸ ❙♣❡❝✐✜❝ ❇❡❤❛✈✐♦✉rs

✸✳✶ ❊✈❡♥t✉❛❧ ▲❡❛❞❡r ❊❧❡❝t✐♦♥ ❇❡❤❛✈✐♦✉r ELE

ELE ✐s ❞❡✜♥❡❞ ✇✐t❤ t❤❡ ✐♥♣✉t ❛❧♣❤❛❜❡t {⊥} ✭✐✳❡✳✱ ♥♦ ✐♥♣✉t✮ ❛♥❞ t❤❡ ♦✉t♣✉t ❛❧♣❤❛❜❡t {0, 1} s✉❝❤ t❤❛t✱ ❣✐✈❡♥ ❛
❣r❛♣❤ G ❛♥❞ ❛ s❝❤❡❞✉❧❡ S ♦♥ G✱ ❛ ❤✐st♦r② (S, T ) ∈ ELE(S) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♦✉t♣✉t tr❛❝❡ T ❤❛s ❛ ❝♦♥st❛♥t s✉✣①
T ′ = ααα . . . ❛♥❞ t❤❡r❡ ❡①✐sts ❛♥ ❛❣❡♥t λ s✉❝❤ t❤❛t α(λ) = 1 ❛♥❞ α(u) = 0 ❢♦r ❡✈❡r② u 6= λ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ λ ✐s
t❤❡ ✉♥✐q✉❡ ❧❡❛❞❡r✳ ◆♦t✐❝❡ t❤❛t ❢♦r ❛❧❧ ♦✉r ♣r♦t♦❝♦❧s✱ t❤❡r❡ ✐s ❛♥ ✐♠♣❧✐❝✐t ♦✉t♣✉t ♠❛♣ t❤❛t ♠❛♣s ❛ st❛t❡ t♦ 1 ✐❢ ✐t
✐s ❛ ❧❡❛❞❡r st❛t❡✱ ❛♥❞ t♦ 0 ♦t❤❡r✇✐s❡✳

■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ t❤❡ ✐♥❢♦r♠❛❧ ♣r♦❜❧❡♠ ♦❢ ❙❡❧❢✲❙t❛❜✐❧✐③✐♥❣ ▲❡❛❞❡r ❊❧❡❝t✐♦♥ ✭SSLE✮ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦✲
❞✉❝t✐♦♥ ❝♦♥s✐sts ✐♥ ♦❜t❛✐♥✐♥❣ ❛ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ t❤❛t s♦❧✈❡s ELE ✉s✐♥❣ ❛♥♦t❤❡r ❜❡❤❛✈✐♦✉r ✭✐❢ ♥❡❝❡ss❛r②✮ ❛♥❞
st❛rt✐♥❣ ❢r♦♠ ❛r❜✐tr❛r② ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳

✸✳✷ ❖r❛❝❧❡ Ω?

■♥❢♦r♠❛❧❧②✱ Ω? ✭✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✼❪✮ r❡♣♦rts t♦ ❛❣❡♥ts ✇❤❡t❤❡r ♦r ♥♦t ♦♥❡ ♦r ♠♦r❡ ❧❡❛❞❡rs ❛r❡ ♣r❡s❡♥t✳ ❚❤✉s✱ ✐t
❞♦❡s ♥♦t ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦♥❡ ♦r ♠♦r❡ ❧❡❛❞❡rs ✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✭♦❢ ❛ ♣r♦t♦❝♦❧ ❝♦♠♣♦s❡❞ ✇✐t❤
Ω?✮✳ ❚❤✐s ✐s s✉✣❝✐❡♥t✱ ❢♦r ❡①❛♠♣❧❡✱ t♦ s♦❧✈❡ ELE ✐♥ ❝♦♠♣❧❡t❡ ❣r❛♣❤s✱ ❜❡❝❛✉s❡ t✇♦ ❧❡❛❞❡rs ❛r❡ ❛❧✇❛②s ♥❡✐❣❤❜♦✉rs✱
❛♥❞ ❡✈❡♥t✉❛❧❧② ♦♥❡ ♦❢ t❤❡♠ ❝❛♥ ❜❡ ❡❧✐♠✐♥❛t❡❞✱ r❡s✉❧t✐♥❣ ✜♥❛❧❧② ✐♥ ❛ ✉♥✐q✉❡ r❡♠❛✐♥✐♥❣ ❧❡❛❞❡r ❬✶✼❪✳ ❖♥ r✐♥❣s✱ ❛
r❛t❤❡r ❡❧❛❜♦r❛t❡❞ ♠❡❝❤❛♥✐s♠ ✭t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❣❧♦❜❛❧ ❢❛✐r♥❡ss✮ ❛❧❧♦✇s t♦ ❝❛♥❝❡❧ s✉♣♣❧❡♠❡♥t❛r② ❧❡❛❞❡rs✱ ✇✐t❤♦✉t
❦♥♦✇✐♥❣ t❤❡✐r ♥✉♠❜❡r ❬✶✼❪✳

❋♦r♠❛❧❧②✱ Ω? ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❛❧♣❤❛❜❡ts ❛r❡ {0, 1}✳ ●✐✈❡♥ ❛♥ ❛ss✐❣♥♠❡♥t α✱ ✇❡
❞❡♥♦t❡ ❜② l(α) t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts t❤❛t ❛r❡ ❛ss✐❣♥❡❞ t❤❡ ✈❛❧✉❡ 1 ❜② α✳ ●✐✈❡♥ ❛ ❣r❛♣❤ G ❛♥❞ ❛ s❝❤❡❞✉❧❡ S ♦♥
G✱ (S, Tout) ∈ Ω?(S, Tin) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞ ❢♦r ✐♥♣✉t ❛♥❞ ♦✉t♣✉t tr❛❝❡s Tin ❛♥❞ Tout✳ ■❢
Tin ❤❛s ❛ s✉✣① α0α1 . . . s✉❝❤ t❤❛t ∀i, l(αi) = 0✱ t❤❡♥ Tout ❤❛s ❛ s✉✣① ❞✉r✐♥❣ ✇❤✐❝❤ ❛t ❡❛❝❤ ♦✉t♣✉t ❛ss✐❣♥♠❡♥t
❛t ❧❡❛st ♦♥❡ ❛❣❡♥t ✐s ❛ss✐❣♥❡❞ 0✳ ■❢ Tin ❤❛s ❛ s✉✣① α0α1 . . . s✉❝❤ t❤❛t ∀s, l(αs) ≥ 1✱ t❤❡♥ Tout ❤❛s ❛ s✉✣① ❡q✉❛❧
t♦ t❤❡ ❝♦♥st❛♥t tr❛❝❡ ✇❤❡r❡ ❡❛❝❤ ❛❣❡♥t ✐s ♣❡r♠❛♥❡♥t❧② ❛ss✐❣♥❡❞ t❤❡ ✈❛❧✉❡ 1✳ ❖t❤❡r✇✐s❡✱ ❛♥② Tout ✐s ✐♥ Ω?(S, Tin)✳

✹ SSLE ✉s✐♥❣ Ω? ♦✈❡r ●r❛♣❤s ✇✐t❤ ❇♦✉♥❞❡❞ ❉❡❣r❡❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t✱ ❢♦r ❛♥② ❣✐✈❡♥ ✐♥t❡❣❡r d✱ t❤❡ ❜❡❤❛✈✐♦✉r ELE ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ s❡❧❢✲st❛❜✐❧✐③✐♥❣
✇❛② ✉s✐♥❣ Ω? ♦✈❡r t❤❡ ❢❛♠✐❧② ♦❢ ✇❡❛❦❧② ❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✇✐t❤ ❛ ❞❡❣r❡❡ ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② d✳ Pr❡❝✐s❡❧②✱ ✇❡ ♣r❡s❡♥t
❛ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ Ad ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡ ❜❡❤❛✈✐♦✉r ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣♦s✐t✐♦♥ Self(Beh(Ad)◦Ω?) ✭s❡❡ ❋✐❣✳ ✶✮
✐s ❛ s✉❜✲❜❡❤❛✈✐♦✉r ♦❢ ELE ✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✇❡ ✜rst ❣✐✈❡ ❛ s♦❧✉t✐♦♥ ♦✈❡r t❤❡ ❢❛♠✐❧② ♦❢ str♦♥❣❧② ❝♦♥♥❡❝t❡❞
❣r❛♣❤s ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ tr❛♥s❢♦r♠ t❤✐s s♦❧✉t✐♦♥ ✐♥t♦ ♦♥❡ ♦✈❡r ✇❡❛❦❧② ❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✇✐t❤
❜♦✉♥❞❡❞ ❞❡❣r❡❡ ✭s❡❡ ❚❤❡♦r❡♠ ✹ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✮✳

❖✉r ♣r♦t♦❝♦❧ ✐s ✐♥s♣✐r❡❞ ❢r♦♠ ❋✐s❝❤❡r ❛♥❞ ❏✐❛♥❣✬s ♣r♦t♦❝♦❧ ❬✶✼❪ ❢♦r r✐♥❣s✳ ❚❤❡ ♠❛✐♥ ❞❡s✐❣♥ ❞✐✣❝✉❧t② ❝♦♠❡s
❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ♦r❛❝❧❡ ❞♦❡s ♥♦t ❛❧❧♦✇ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛
s✐♥❣❧❡ ♦r ♠♦r❡ ❧❡❛❞❡rs✳ ❚❤✉s✱ ❛ ❧❡❛❞❡r s❤♦✉❧❞ tr② t♦ ❦✐❧❧ ♣♦ss✐❜❧❡ ♦t❤❡r ❧❡❛❞❡rs✱ ✇❤❡♥ ❛✈♦✐❞✐♥❣ ❛ s❝❡♥❛r✐♦ ✇❤❡r❡
❛❧❧ ❧❡❛❞❡rs ❛r❡ ❦✐❧❧❡❞ ✐♥✜♥✐t❡❧② ♦❢t❡♥✳ ❚❤✐s ♠❡t❛♣❤♦r ❝♦♠❡s ❢r♦♠ ❬✶✼❪ ✕ ❧❡❛❞❡rs s❡♥❞✐♥❣ ❜✉❧❧❡ts ❢♦r ❦✐❧❧✐♥❣ ♦t❤❡r
❧❡❛❞❡rs✱ ❛♥❞ ♠❛② ♣r♦t❡❝t t❤❡♠s❡❧✈❡s ❜② s❤✐❡❧❞s✳ ❆❧t❤♦✉❣❤ t❤❡ ♣r♦t♦❝♦❧ ✐♥ ❬✶✼❪ ✐s ♥♦t s✐♠♣❧❡✱ t❤❡ r✐♥❣ t♦♣♦❧♦❣② ✐s



❖♥ t❤❡ P♦✇❡r ♦❢ Ω? ❢♦r SSLE ✐♥ P♦♣✉❧❛t✐♦♥ Pr♦t♦❝♦❧s ✺

❋✐❣✳ ✶✳ ❙❡r✐❛❧ ❝♦♠♣♦s✐t✐♦♥ Beh(Ad) ◦Ω? ❢♦❧❧♦✇❡❞ ❜② ❛ s❡❧❢ ❝♦♠♣♦s✐t✐♦♥✳

♦❢ ❣r❡❛t ❤❡❧♣✳ ❋♦r ❛r❜✐tr❛r② ❣r❛♣❤s✱ ♠❛♥❛❣✐♥❣ ❜✉❧❧❡ts ❛♥❞ s❤✐❡❧❞s ✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❛♥❞ ❛❣❡♥ts ♠✉st ✐♥
s♦♠❡ s❡♥s❡ ❦❡❡♣ ❛ tr❛❝❡ ♦❢ t❤❡♠✳ ❆s t❤❡ ❛❣❡♥ts ❛r❡ ✜♥✐t❡✲st❛t❡✱ ❛ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ ✐s ♥❡❡❞❡❞ ❢♦r ✐♠♣❧❡♠❡♥t✐♥❣ s✉❝❤
❛ ♠❛♥❛❣❡♠❡♥t✳

❆s ❛ ❜❛s✐❝ t♦♦❧ ❢♦r ♦✉r ♣r♦t♦❝♦❧✱ ✇❡ ✉s❡ t❤❡ 2✲❤♦♣ ❝♦❧♦r✐♥❣ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧✱ ❞❡♥♦t❡❞ ❜②
2HC✱ ♣r♦♣♦s❡❞ ✐♥ ❬✹❪✳ ❆ 2✲❤♦♣ ❝♦❧♦r✐♥❣ ✐s ❛ ❝♦❧♦r✐♥❣ s✉❝❤ t❤❛t ❛❧❧ ♥❡✐❣❤❜♦✉rs ♦❢ t❤❡ s❛♠❡ ❛❣❡♥t ❤❛✈❡ ❞✐st✐♥❝t
❝♦❧♦rs✳ ❲❡ ❞❡♥♦t❡ ❜② Colors t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ✭♦❢ s✐③❡ O(d)✮ ♦❢ ♣♦ss✐❜❧❡ ❝♦❧♦rs✳

✹✳✶ ❚❤❡ Pr♦t♦❝♦❧ Ad ✭❆❧❣♦r✐t❤♠ ✶✮

❚❤❡ ✐♥♣✉t ✈❛r✐❛❜❧❡s ✭r❡❛❞✲♦♥❧②✮ ♦❢ Ad ❛t ❡❛❝❤ ❛❣❡♥t x ❛r❡✿ t❤❡ ♦r❛❝❧❡ ♦✉t♣✉t Ω?x ✭✈❛❧✉❡s ✐♥ {0, 1}✮❀ ❛♥❞ t❤❡ ❛❣❡♥t
❝♦❧♦r cx ✭✈❛❧✉❡s ✐♥ Colors✮✱ ✇❤✐❝❤ st♦r❡s t❤❡ ♦✉t♣✉t ♦❢ 2HC✳ ❚❤❡ ✇♦r❦✐♥❣ ✈❛r✐❛❜❧❡s ❛r❡✿ t❤❡ ❧❡❛❞❡r ❜✐t leaderx
✭✈❛❧✉❡s {0, 1}✮❀ t❤❡ ❜✉❧❧❡t ✈❡❝t♦r bulletx ✭✈❡❝t♦r ✇✐t❤ ✈❛❧✉❡s ✐♥ {0, 1} ✐♥❞❡①❡❞ ❜② Colors✮❀ ❛♥❞ t❤❡ s❤✐❡❧❞ ✈❡❝t♦r
shieldx ✭✈❡❝t♦r ✇✐t❤ ✈❛❧✉❡s ✐♥ {0, 1} ✐♥❞❡①❡❞ ❜② Colors✮✳

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦t♦❝♦❧ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❆♥ ❛❣❡♥t ♠❛② ❤♦❧❞ s❡✈❡r❛❧ s❤✐❡❧❞s ✭r❡s♣✳ ❜✉❧❧❡ts✮✱ ❡❛❝❤ ♦❢ t❤❡♠
✇❛✐t✐♥❣ t♦ ❜❡ ❢♦r✇❛r❞❡❞ t♦ ❛♥ ♦✉t✲♥❡✐❣❤❜♦✉r✱ ❢r♦♠ ✐♥✐t✐❛t♦r t♦ r❡s♣♦♥❞❡r✱ ✇✐t❤ ❛ss♦❝✐❛t❡❞ ❝♦❧♦r✱ ❧✐♥❡s ✶✹ ✕ ✶✽
✭r❡s♣✳ ✐♥✲♥❡✐❣❤❜♦✉r✱ ❢r♦♠ r❡s♣♦♥❞❡r t♦ ✐♥✐t✐❛t♦r✱ ❧✐♥❡s ✼ ✕ ✶✷✮✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ r❡q✉✐r❡❞ ❢♦r ✐♠♣❧❡♠❡♥t✐♥❣ t❤✐s ✐s
❡♥❝♦❞❡❞ ✐♥ t❤❡ s❤✐❡❧❞ ❛♥❞ ❜✉❧❧❡t ✈❡❝t♦rs✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ❜✉❧❧❡ts ✐s t♦ ❦✐❧❧ ❧❡❛❞❡rs ✭❧✐♥❡ ✶✵✮✱ ✇❤❡r❡❛s t❤❡ ♣✉r♣♦s❡
♦❢ t❤❡ s❤✐❡❧❞s ✐s t♦ ♣r♦t❡❝t t❤❡♠ ❜② ❛❜s♦r❜✐♥❣ ❜✉❧❧❡ts ✭❧✐♥❡ ✶✼✮✳ ❆ ❧❡❛❞❡r ✐s ❝r❡❛t❡❞ ✇❤❡♥ t❤❡ ♦r❛❝❧❡ r❡♣♦rts t❤❛t
t❤❡r❡ ❛r❡ ♥♦ ❧❡❛❞❡rs ✐♥ t❤❡ s②st❡♠ ✭❧✐♥❡s ✷✱ ✸✮✳ ❲❤❡♥ ❛ ❧❡❛❞❡r ✐s ❝r❡❛t❡❞✱ ✐t ❝♦♠❡s ✇✐t❤ ✭❧♦❛❞s✮ ❛ s❤✐❡❧❞ ❢♦r ❡✈❡r②
❝♦❧♦r ✭❧✐♥❡ ✺✮✱ ❛♥❞ t❤✉s ✐s ♣r♦t❡❝t❡❞ ❢r♦♠ ❛♥② ❜✉❧❧❡t t❤❛t ❝♦✉❧❞ ❝♦♠❡ ❢r♦♠ ♦♥❡ ♦❢ ✐ts ♦✉t✲♥❡✐❣❤❜♦rs✳ ❚♦ ♠❛✐♥t❛✐♥
t❤❡ ♣r♦t❡❝t✐♦♥✱ ❡❛❝❤ t✐♠❡ ❛♥ ❛❣❡♥t r❡❝❡✐✈❡s ❛ s❤✐❡❧❞ ❢r♦♠ ✐ts ✐♥✲♥❡✐❣❤❜♦r✱ ✐t r❡❧♦❛❞s s❤✐❡❧❞s ❢♦r ❡✈❡r② ❝♦❧♦r ✭❧✐♥❡ ✶✻✮✳
❉✉❛❧❧②✱ ❛♥② t✐♠❡ ❛♥ ❛❣❡♥t r❡❝❡✐✈❡s ❛ ❜✉❧❧❡t✱ ✐t r❡❧♦❛❞s ❜✉❧❧❡ts ❢♦r ❡✈❡r② ❝♦❧♦r ✭❧✐♥❡ ✶✶✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❤❡♥❡✈❡r ❛
❧❡❛❞❡r ✐♥t❡r❛❝ts ❛s ❛♥ ✐♥✐t✐❛t♦r✱ ✐t ❧♦❛❞s ❜✉❧❧❡ts ❢♦r ❡✈❡r② ❝♦❧♦r ✭❧✐♥❡ ✷✷✮✳

❆❧❣♦r✐t❤♠ ✶✿ Pr♦t♦❝♦❧ Ad ✲ ✐♥✐t✐❛t♦r x✱ r❡s♣♦♥❞❡r y

✶ ✭❈r❡❛t❡ ❛ ❧❡❛❞❡r ❛t x✱ ✐❢ ♥❡❡❞❡❞✮
✷ ✐❢ Ω?x = 0 t❤❡♥
✸ leaderx ← 1
✹ ∀c ∈ Colors, bulletx[c]← 1
✺ ∀c ∈ Colors, shieldx[c]← 1

✻ ❡♥❞
✼ ✭▼♦✈❡ ❜✉❧❧❡t ❢r♦♠ y t♦ x✱ ✐❢ ❛♥②✮
✽ ✐❢ bullety[cx] = 1 t❤❡♥
✾ ✐❢ shieldx[cy] = 0 t❤❡♥

✶✵ leaderx ← 0
✶✶ ∀c ∈ Colors, bulletx[c]← 1

✶✷ bullety[cx]← 0

✶✸ ❡♥❞
✶✹ ✭▼♦✈❡ s❤✐❡❧❞ ❢r♦♠ x t♦ y✱ ✐❢ ❛♥②✮
✶✺ ✐❢ shieldx[cy] = 1 t❤❡♥
✶✻ ∀c ∈ Colors, shieldy[c]← 1
✶✼ bullety[cx]← 0
✶✽ shieldx[cy]← 0

✶✾ ❡♥❞
✷✵ ✭▲♦❛❞ ❜✉❧❧❡ts ✐❢ x ✐s ❛ ❧❡❛❞❡r✮
✷✶ ✐❢ leaderx = 1 t❤❡♥
✷✷ ∀c ∈ Colors, bulletx[c]← 1

✹✳✷ ❈♦rr❡❝t♥❡ss

❈♦♥s✐❞❡r ❛ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G ♦❢ ❞❡❣r❡❡ ✭✐♥ ❛♥❞ ♦✉t ❞❡❣r❡❡ t♦❣❡t❤❡r✮ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ d✳ ❋♦r t❤❡
s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✐♥ ❛♥② ❡①❡❝✉t✐♦♥ ✇❡ ❝♦♥s✐❞❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦t♦❝♦❧ 2HC ♣❡r♠❛♥❡♥t❧② ♦✉t♣✉ts ❛ ❝♦rr❡❝t
2✲❤♦♣ ❝♦❧♦r✐♥❣ ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣ ✭✈❛r✐❛❜❧❡s cx✱ ❢♦r ❡✈❡r② ❛❣❡♥t x✮✳

❆ ♣❛t❤ ✐♥ G ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❛❣❡♥ts π = x0 . . . xr s✉❝❤ t❤❛t (xi, xi+1) ✐s ❛ ❞✐r❡❝t❡❞ ❡❞❣❡ ♦❢ G✳ ■❢ x0 = xr✱ π
✐s ❛ ❧♦♦♣ ❛t x0✳ ■❢ u ✐s ❛♥ ❛❣❡♥t t❤❛t ❛♣♣❡❛rs ✐♥ π✱ ✇❡ ❞❡♥♦t❡ ✐t ❜② u ∈ π✱ ❛♥❞ ❜② indπ(u) t❤❡ ✐♥❞❡① ♦❢ t❤❡ ✜rst
♦❝❝✉rr❡♥❝❡ ♦❢ u ✐♥ π✱ ✐✳❡✳ t❤❡ ♠✐♥✐♠✉♠ i s✉❝❤ t❤❛t xi = u✳ ■❢ (x, y) ✐s ❛♥ ❡❞❣❡ ♦❢ G✱ ✇❡ s❛② t❤❛t x ❤❛s ❛ s❤✐❡❧❞
❛❣❛✐♥st y ✐❢ shieldx[cy] = 1✳ ❙✐♠✐❧❛r❧②✱ ✇❡ s❛② t❤❛t y ❤❛s ❛ ❜✉❧❧❡t ❛❣❛✐♥st x ✐❢ bullety[cx] = 1✳

❉❡✜♥✐t✐♦♥ ✶ ✭Pr♦t❡❝t❡❞ ▲❡❛❞❡r✮✳ ❈♦♥s✐❞❡r ❛ ❧♦♦♣ π = x0 . . . xr+1 ❛t ❛ ❧❡❛❞❡r λ ✭= x0 = xr+1✮✳ ❲❡ s❛② t❤❛t
λ ✐s ❛ ❧❡❛❞❡r ♣r♦t❡❝t❡❞ ✐♥ π ✐❢ t❤❡r❡ ❡①✐sts i ∈ {0, . . . , r} s✉❝❤ t❤❛t xi ❤❛s ❛ s❤✐❡❧❞ ❛❣❛✐♥st xi+1 ❛♥❞✱ ✐❢ i ≥ 1✱ xi ✐s
♥♦t ❛ ❧❡❛❞❡r ❛♥❞ ❤❛s ♥♦ ❜✉❧❧❡t ❛❣❛✐♥st xi−1✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❡✈❡r② j ∈ {1, . . . , i − 1}✱ xj ✐s ♥♦t ❛ ❧❡❛❞❡r✱ ❤❛s ♥♦
s❤✐❡❧❞ ❛❣❛✐♥st xj+1 ❛♥❞ ♥♦ ❜✉❧❧❡t ❛❣❛✐♥st xj−1✳ ❚❤❡ ❛❣❡♥t xi ✐s t❤❡ ♣r♦t❡❝t♦r ♦❢ λ ✐♥ π❀ t❤❡ ♣❛t❤ x0 . . . xi ✐s t❤❡
♣r♦t❡❝t❡❞ ③♦♥❡ ✐♥ π✳ ❚❤❡ ❛❣❡♥t λ ✐s ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r ✐❢ ✐t ✐s ♣r♦t❡❝t❡❞ ✐♥ ❡✈❡r② ❧♦♦♣ ❛t λ✳



✻ ❏♦✛r♦② ❇❡❛✉q✉✐❡r✱ P❡✈❛ ❇❧❛♥❝❤❛r❞✱ ❏❛♥♥❛ ❇✉r♠❛♥✱ ❛♥❞ ❖❦s❛♥❛ ❉❡♥②s②✉❦

◆♦t❡ t❤❛t ❛ ♥❡✇ ❧❡❛❞❡r ♦r ❛ ❧❡❛❞❡r t❤❛t r❡❝❡✐✈❡s ❛ s❤✐❡❧❞ ❜❡❝♦♠❡s ♣r♦t❡❝t❡❞ ❜② ❧♦❛❞✐♥❣ s❤✐❡❧❞s ❢♦r ❡✈❡r② ❝♦❧♦r✳
❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s ✐♥ t❤❡ s❡q✉❡❧✳ ●✐✈❡♥ ❛♥ ❡①❡❝✉t✐♦♥ E✱ SE ❞❡♥♦t❡s t❤❡ ♠❛①✐♠✉♠ ✭✐♥✜♥✐t❡✮ s✉✣①

♦❢ E s✉❝❤ t❤❛t ❡❛❝❤ ❝♦✉♣❧❡ (C,α) ✭C ❜❡✐♥❣ ❛ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛♥❞ α ❛♥ ✐♥♣✉t ❛ss✐❣♥♠❡♥t✮ ✐♥ SE ♦❝❝✉rs ✐♥✜♥✐t❡❧②
♦❢t❡♥✳ IRCE ❞❡♥♦t❡s t❤❡ ✭✜♥✐t❡✮ s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ♦❝❝✉rr✐♥❣ ✐♥ SE ✱ ✐✳❡✳✱ t❤❡ s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t ♦❝❝✉r
✐♥✜♥✐t❡❧② ♦❢t❡♥ ✐♥ E✳

▲❡♠♠❛ ✶✳ ■❢ C ∈ IRCE ❤❛s ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r✱ t❤❡♥ ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ IRCE ❤❛s ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ❝♦✉♣❧❡ (C,α) t❤❛t ♦❝❝✉rs ✐♥ SE ✱ C ❜❡✐♥❣ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✭✐♥ IRCE✮ ❛♥❞ α ❛♥ ✐♥♣✉t ❛ss✐❣♥♠❡♥t✳
▲❡t C ′ ❜❡ ❛ ❝♦♥✜❣✉r❛t✐♦♥ s✳t✳ (C,α) ❣♦❡s t♦ C ′ ✈✐❛ ❛♥ ❛❝t✐♦♥ ✐♥✈♦❧✈✐♥❣ ❛ ❞✐r❡❝t❡❞ ❡❞❣❡ (x, y)✳ ❇② ❣❧♦❜❛❧ ❢❛✐r♥❡ss✱
C ′ ∈ IRCE t♦♦✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t ✐t ❤❛s ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r✳

◆♦t❡ t❤❛t ✇❤❡♥ ❛ ❧❡❛❞❡r ✐s ❝r❡❛t❡❞✱ ✐t ✐s ❛❧r❡❛❞② ♣r♦t❡❝t❡❞ ❜② ✐ts❡❧❢ s✐♥❝❡ ✐t ❤❛s ❛ s❤✐❡❧❞ ❛❣❛✐♥st ❡✈❡r② ♦❢ ✐ts
♦✉t✲♥❡✐❣❤❜♦rs ✭❧✐♥❡ ✺✮✳ ❲❡ t❤✉s ❢♦❝✉s ♦♥ tr❛♥s✐t✐♦♥ r✉❧❡s t❤❛t ❞♦ ♥♦t ✐♥✈♦❧✈❡ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛ ❧❡❛❞❡r✳ ▲❡t λ ❜❡ ❛
♣r♦t❡❝t❡❞ ❧❡❛❞❡r ✐♥ C ❛♥❞ π ❜❡ ❛♥② ❧♦♦♣ ❛t λ✳ ▲❡t µ ❜❡ t❤❡ ♣r♦t❡❝t♦r ♦❢ λ ✐♥ π✳ ■❢ x ❛♥❞ y ❞♦ ♥♦t ❛♣♣❡❛r ✐♥ t❤❡
♣r♦t❡❝t❡❞ ③♦♥❡ ✐♥ π✱ t❤❡♥ ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥✱ t❤❡ st❛t❡s ♦❢ t❤❡ ❛❣❡♥ts ✐♥ t❤❡ ♣r♦t❡❝t❡❞ ③♦♥❡ ❤❛✈❡ ♥♦t ❝❤❛♥❣❡❞ ❛♥❞
λ ✐s st✐❧❧ ♣r♦t❡❝t❡❞ ✐♥ π✳ ❚❤❡♥✱ ❛ss✉♠❡ t❤❛t x ♦r y ❛♣♣❡❛r ✐♥ t❤❡ ♣r♦t❡❝t❡❞ ③♦♥❡ ❛♥❞ ❧❡t z ∈ {x, y} ❜❡ t❤❡ ❛❣❡♥t
✇✐t❤ ❧♦✇❡st ✐♥❞❡① indπ(z)✳ ❇② t❤❡ ❝❤♦✐❝❡ ♦❢ z✱ indπ(z) ≤ indπ(µ)✳

❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ indπ(z) < indπ(µ)✳ ■❢ z = x✱ t❤❡♥ z ❝❛♥♥♦t r❡❝❡✐✈❡ ❛ ❜✉❧❧❡t ✭❢r♦♠ y✮✱ ✐✳❡✳✱ ❡✐t❤❡r x ❤❛s
❛ s❤✐❡❧❞ ❛❣❛✐♥st y ♦r y ❤❛s ♥♦ ❜✉❧❧❡ts ❛❣❛✐♥st x✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♣❛t❤ t❤❛t ❣♦❡s ❢r♦♠ λ t♦ ✭t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡
♦❢✮ z = x ❢♦❧❧♦✇❡❞ ❜② ❛♥② ♣❛t❤ t❤❛t ❣♦❡s ❢r♦♠ y t♦ λ ②✐❡❧❞s ❛ ❧♦♦♣ ✇✐t❤✐♥ ✇❤✐❝❤ λ ✐s ♥♦t ♣r♦t❡❝t❡❞ ✐♥ C❀ ❤❡♥❝❡
❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❍❡♥❝❡✱ ✐❢ z = x✱ ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥✱ λ ✐s st✐❧❧ ♣r♦t❡❝t❡❞ ❜② µ ✐♥ π✳ ◆♦✇✱ ✐❢ z = y✱ y ♠❛② ♦♥❧②
r❡❝❡✐✈❡ ❛ s❤✐❡❧❞✱ ❛♥❞ t❤✉s✱ ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥✱ λ ✐s st✐❧❧ ♣r♦t❡❝t❡❞ ✐♥ π ✭❜② µ ♦r y✮✳

◆♦✇✱ ❛ss✉♠❡ t❤❛t indπ(z) = indπ(µ)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t z = µ ∈ {x, y}✱ ❛♥❞ t❤❛t ❡✈❡r② ❛❣❡♥t ✐♥ t❤❡ ♣r♦t❡❝t❡❞
③♦♥❡✱ ❡①❝❡♣t µ✱ ✐s ❞✐✛❡r❡♥t ❢r♦♠ x ❛♥❞ y✳ ■❢ µ = y✱ t❤❡♥ ❞✉r✐♥❣ t❤❡ tr❛♥s✐t✐♦♥✱ µ ♠❛② ♦♥❧② r❡❝❡✐✈❡ ❛ s❤✐❡❧❞ ✭✇❤✐❝❤
♠❡r❣❡s ✇✐t❤ ✐ts ♦✇♥ s❤✐❡❧❞✮❀ ❤❡♥❝❡✱ λ ✐s st✐❧❧ ♣r♦t❡❝t❡❞ ❜② µ ✐♥ π ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥✳ ❚❤❡ ❝❛s❡ µ = x ✐s ♠♦r❡
❝♦♠♣❧✐❝❛t❡❞✳ ❋✐rst ❝♦♥s✐❞❡r t❤❡ s✉❜❝❛s❡ ✇❤❡r❡ y ✐s ♥♦t t❤❡ ❛❣❡♥t t❤❛t ❢♦❧❧♦✇s t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡ ♦❢ µ ✐♥ π✳ ❚❤❡♥
µ ❝❛♥♥♦t r❡❝❡✐✈❡ ❛ ❜✉❧❧❡t ❞✉r✐♥❣ t❤❡ tr❛♥s✐t✐♦♥✱ ♦t❤❡r✇✐s❡✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❛❜♦✈❡ s❤♦✇s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛
❧♦♦♣ ❛t λ ✇✐t❤✐♥ ✇❤✐❝❤ λ ✐s ♥♦t ♣r♦t❡❝t❡❞ ✐♥ C✳ ❆❢t❡r t❤❡ tr❛♥s✐t✐♦♥✱ ✭t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡ ♦❢✮ µ ❤❛s st✐❧❧ ❛ s❤✐❡❧❞
❛❣❛✐♥st t❤❡ ❛❣❡♥t r✐❣❤t ❛❢t❡r ✐t✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t λ ✐s st✐❧❧ ♣r♦t❡❝t❡❞ ✐♥ π✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ s✉❜❝❛s❡ ✇❤❡r❡ y ✐s
t❤❡ ❛❣❡♥t t❤❛t ❢♦❧❧♦✇s t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡ ♦❢ µ ✐♥ π✳ ■❢ y ✐s ♥♦t ❛ ❧❡❛❞❡r✱ t❤❡♥ ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥✱ y ❜❡❝♦♠❡s t❤❡
♥❡✇ ♣r♦t❡❝t♦r ♦❢ λ ✐♥ π✳ ■❢ y ✐s ❛ ❧❡❛❞❡r✱ t❤❡♥ ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥✱ λ ✐s ♥♦ ❧♦♥❣❡r ♣r♦t❡❝t❡❞✱ ❜✉t y ✐s ♣r♦t❡❝t❡❞ s✐♥❝❡
t❤❡ r❡❝❡♣t✐♦♥ ♦❢ ❛ s❤✐❡❧❞ ♣r♦❞✉❝❡s s❤✐❡❧❞s ❢♦r ❡✈❡r② ❝♦❧♦r✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥✱ t❤❡r❡ ✐s ❛ ♣r♦t❡❝t❡❞
❧❡❛❞❡r ✐♥ C ′✳

❲❡ t❤✉s ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ✐♥ ❛❧❧ ❝❛s❡s✱ C ′ ❝♦♥t❛✐♥s ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r✳ ●✐✈❡♥ ❛♥② ❝♦♥✜❣✉r❛t✐♦♥ C ′′ ∈ IRCE ✱
t❤❡r❡ ♠✉st ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s ❢r♦♠ (C,α) t♦ (C ′′, α′′) ❞✉r✐♥❣ SE ✱ ❢♦r s♦♠❡ ✐♥♣✉t ❛ss✐❣♥♠❡♥t α′′✳ ❙✐♥❝❡ C
❤❛s ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r✱ t❤❡ ♣r♦♦❢ s❤♦✇s t❤❛t ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ t❤✐s s❡q✉❡♥❝❡✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r C ′′✱ ❤❛s ❛❧s♦
❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r✳ ❚❤❡r❡❢♦r❡✱ ❛♥② ❝♦♥✜❣✉r❛t✐♦♥ C ′′ ✐♥ IRCE ❤❛s ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r✳ ⊓⊔

▲❡♠♠❛ ✷✳ ■❢ ♥♦ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ IRCE ❤❛s ❛ ❧❡❛❞❡r✱ t❤❡♥ ✐♥ ❡✈❡r② ✐♥♣✉t ❛ss✐❣♥♠❡♥t ✐♥ SE✱ Ω?x = 0 ❢♦r s♦♠❡
❛❣❡♥t x✳ ■❢ ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ IRCE ❤❛s ❛ ❧❡❛❞❡r✱ t❤❡♥ ✐♥ ❡✈❡r② ✐♥♣✉t ❛ss✐❣♥♠❡♥t ✐♥ SE✱ Ω?x = 1 ❢♦r ❡✈❡r②
❛❣❡♥t x✳

Pr♦♦❢✳ ❚❤✐s st❡♠s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ω?✳ ⊓⊔

▲❡♠♠❛ ✸✳ ❊✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ IRCE ❤❛s ❛ ❧❡❛❞❡r✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t s♦♠❡ ❝♦♥✜❣✉r❛t✐♦♥ C ✐♥ IRCE ❧❛❝❦s ❛ ❧❡❛❞❡r✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐❢ ♥♦ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ IRCE

❤❛s ❛ ❧❡❛❞❡r✱ t❤❡♥ ❜② ▲❡♠♠❛ ✷✱ ✐♥ ❡✈❡r② ✐♥♣✉t ❛ss✐❣♥♠❡♥t ✐♥ SE ✱ Ω?x = 0 ❢♦r s♦♠❡ ❛❣❡♥t x✳ ❍❡♥❝❡✱ ✐♥ SE ✱
❞✉r✐♥❣ ❛ tr❛♥s✐t✐♦♥ ✐♥✈♦❧✈✐♥❣ x✱ ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r ✐s ❝r❡❛t❡❞ ✭❧✐♥❡s ✷ ✕ ✺✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ IRCE ❝♦♥t❛✐♥s ❛
❝♦♥✜❣✉r❛t✐♦♥ C ′ ✇✐t❤ ❛ ❧❡❛❞❡r✱ t❤❡♥ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s ❢r♦♠ (C,α) t♦ (C ′, α′) ❢♦r s♦♠❡ ✐♥♣✉t ❛ss✐❣♥♠❡♥ts
α✱ α′✱ s✐♥❝❡ ❜♦t❤ C ❛♥❞ C ′ ♦❝❝✉r ✐♥✜♥✐t❡❧② ♦❢t❡♥ ✐♥ SE ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦t♦❝♦❧✱ ❞✉r✐♥❣ s♦♠❡ ♦❢ t❤❡s❡ ❛❝t✐♦♥s✱
❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r ♠✉st ❜❡ ❝r❡❛t❡❞✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡r❡ ✐s ❛ ❝♦♥✜❣✉r❛t✐♦♥ C ′′ ∈ IRCE ✇✐t❤ ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r✳
❇② ▲❡♠♠❛ ✶✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ IRCE ✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r C✱ ❤❛s ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r❀ ❤❡♥❝❡
❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ⊓⊔

▲❡♠♠❛ ✹✳ ❆❧❧ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ IRCE ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❧❡❛❞❡rs✳



❖♥ t❤❡ P♦✇❡r ♦❢ Ω? ❢♦r SSLE ✐♥ P♦♣✉❧❛t✐♦♥ Pr♦t♦❝♦❧s ✼

Pr♦♦❢✳ ❇② t❤❡ ❧❡♠♠❛s ✷ ❛♥❞ ✸✱ ✐♥ ❡✈❡r② ✐♥♣✉t ❛ss✐❣♥♠❡♥t ✐♥ SE ✱ Ω?x = 1 ❢♦r ❡✈❡r② ❛❣❡♥t x✳ ❚❤✉s ♥♦ ❧❡❛❞❡r ✐s
❝r❡❛t❡❞ ❞✉r✐♥❣ SE ✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts t✇♦ ❝♦♥✜❣✉r❛t✐♦♥s C,C ′ ✐♥ IRCE s✉❝❤ t❤❛t t❤❡ ♥✉♠❜❡r l ♦❢ ❧❡❛❞❡rs
✐♥ C ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♥✉♠❜❡r l′ ♦❢ ❧❡❛❞❡rs ✐♥ C ′✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ l < l′✳ ❇② ❞❡✜♥✐t✐♦♥
♦❢ SE ✱ t❤❡r❡ ♠✉st ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s ❢r♦♠ (C,α) t♦ (C ′, α′) ❢♦r s♦♠❡ ✐♥♣✉t ❛ss✐❣♥♠❡♥ts α, α′✳ ❚❤❡ ❢❛❝t t❤❛t
l < l′ ✐♠♣❧✐❡s t❤❛t ❞✉r✐♥❣ t❤✐s s❡q✉❡♥❝❡ ❛ ❧❡❛❞❡r ✐s ❝r❡❛t❡❞❀ ❤❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ⊓⊔

▲❡♠♠❛ ✺✳ ◆♦ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ IRCE ❝♦♥t❛✐♥s ❛♥ ✉♥♣r♦t❡❝t❡❞ ❧❡❛❞❡r✳

Pr♦♦❢✳ ❇② t❤❡ ❧❡♠♠❛s ✷ ❛♥❞ ✸✱ ✐♥ ❡✈❡r② ✐♥♣✉t ❛ss✐❣♥♠❡♥t ✐♥ SE ✱ Ω?x = 1 ❢♦r ❡✈❡r② ❛❣❡♥t x✳ ❆ss✉♠❡ t❤❛t
C ∈ IRCE ❝♦♥t❛✐♥s ❛♥ ✉♥♣r♦t❡❝t❡❞ ❧❡❛❞❡r λ✳ ❙✐♥❝❡ λ ✐s ♥♦t ♣r♦t❡❝t❡❞ ✐♥ C✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ π = x0 . . . xr ❢r♦♠
x0 = λ t♦ s♦♠❡ ❛❣❡♥t xr s✉❝❤ t❤❛t ❢♦r ❡✈❡r② 0 ≤ i < r✱ xi ❤❛s ♥♦ s❤✐❡❧❞ ❛❣❛✐♥st xi+1✱ ❛♥❞ xr ✐s ❡✐t❤❡r ❛ ❧❡❛❞❡r
♦r ❤❛s ❛ ❜✉❧❧❡t ❛❣❛✐♥st xr−1✳ ■❢ xr ✐s ❛ ❧❡❛❞❡r✱ t❤❡♥ ✐♥ ❛♥② tr❛♥s✐t✐♦♥ ✇❤❡r❡ ✐t ✐s t❤❡ ✐♥✐t✐❛t♦r✱ ✐t ❝r❡❛t❡s ❛ ❜✉❧❧❡t
❛❣❛✐♥st xr−1✳ ❚❤✉s✱ ✐♥ ❜♦t❤ ❝❛s❡s✱ t❤❡r❡ ✐s ❛ ❜✉❧❧❡t t❤❛t✱ ❜② ♠♦✈✐♥❣ ✭❜❛❝❦✇❛r❞✮ ❛❧♦♥❣ t❤✐s ♣❛t❤ t♦ λ✱ ❝❛♥ ❦✐❧❧ t❤✐s
♥♦♥✲♣r♦t❡❝t❡❞ ❧❡❛❞❡r✳ ❚❤✉s✱ ❛ ❝♦♥✜❣✉r❛t✐♦♥ C ′ ✇✐t❤✐♥ ✇❤✐❝❤ λ ✐s ♥♦t ❛ ❧❡❛❞❡r ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ C✳ ❉✉r✐♥❣ t❤❡
s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s ❢r♦♠ C t♦ C ′✱ ♥♦ ❧❡❛❞❡rs ❛r❡ ❝r❡❛t❡❞✳ ❚❤✉s✱ C ′ ❤❛s ❢❡✇❡r ❧❡❛❞❡rs t❤❛♥ C✳ ❚❤❡ ❣❧♦❜❛❧ ❢❛✐r♥❡ss
❡♥s✉r❡s t❤❛t C ′ ∈ IRCE ✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ▲❡♠♠❛ ✹✳ ⊓⊔

❚❤❡♦r❡♠ ✶✳ ❚❤❡ ♣r♦t♦❝♦❧ Ad s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠ ELE ✉s✐♥❣ Ω? ✭✐✳❡✳✱ Ω? < ELE✮ ♦✈❡r str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❣r❛♣❤s
✇✐t❤ ❞❡❣r❡❡ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ d✳

Pr♦♦❢✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛s✱ ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ C ∈ IRCE ❤❛s l ≥ 1 ♣r♦t❡❝t❡❞ ❧❡❛❞❡rs ❛♥❞ ♥♦ ✉♥♣r♦t❡❝t❡❞
❧❡❛❞❡rs❀ ❛♥❞ ✐♥ ❡✈❡r② ✐♥♣✉t ❛ss✐❣♥♠❡♥t ✐♥ SE ✱ Ω?x = 1 ❢♦r ❡✈❡r② ❛❣❡♥t x✳ ❆ss✉♠❡✱ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❛t l ≥ 2✳
▲❡t λ1, λ2 ❜❡ t✇♦ ♣r♦t❡❝t❡❞ ❧❡❛❞❡rs ✐♥ C✳ ❈♦♥s✐❞❡r ❛ s❤♦rt❡st ♣❛t❤ p1 ✭r❡s♣✳ p2✮ ❢r♦♠ λ1 t♦ λ2 ✭r❡s♣✳ ❢r♦♠ λ2 t♦
λ1✮✳ ❈♦♥s✐❞❡r t❤❡ ❧♦♦♣ π1 = p1p2 ❛t λ1✱ ❛♥❞ t❤❡ ❧♦♦♣ π2 = p2p1 ❛t λ2✳ ❉❡♥♦t❡ ❜② µ1 ✭r❡s♣✳ µ2✮ t❤❡ ♣r♦t❡❝t♦r
λ1 ✭r❡s♣✳ λ2✮ ✐♥ π1 ✭r❡s♣✳ π2✮✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ✐♥ C✱ t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡ ♦❢ µ1 ✭r❡s♣✳ µ2✮ ✐s ✐♥ p1 ✭r❡s♣✳ p2✮✳ ❇②
❞❡✜♥✐t✐♦♥ ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦t♦❝♦❧✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♠♦✈❡ t❤❡ ✭✜rst ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡✮ ♣r♦t❡❝t♦r µ1 t♦ t❤❡
♣♦s✐t✐♦♥ r✐❣❤t ❜❡❢♦r❡ λ2✳ ❆♥♦t❤❡r ♠♦✈❡♠❡♥t ♠❛❦❡s t❤❡ ♣r♦t❡❝t♦r tr❛♥s❢❡r ✐ts s❤✐❡❧❞ t♦ λ2✱ t❤✉s t✉r♥✐♥❣ λ1 ✐♥t♦
❛ ♥♦♥✲♣r♦t❡❝t❡❞ ❧❡❛❞❡r ✭λ2 ✐s st✐❧❧ ❛ ♣r♦t❡❝t❡❞ ❧❡❛❞❡r✮✳ ❚❤❡♥ λ2 ❝❛♥ ✜r❡ ❛ ❜✉❧❧❡t t❤❛t ❦✐❧❧s λ1✳ ❙✐♥❝❡ ♥♦ ❧❡❛❞❡r ✐s
❝r❡❛t❡❞ ❞✉r✐♥❣ t❤❡ ❞❡s❝r✐❜❡❞ s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s ✭Ω?x = 1 ❢♦r ❡✈❡r② ❛❣❡♥t x✮✱ t❤❡ r❡❛❝❤❡❞ ❝♦♥✜❣✉r❛t✐♦♥ C ′ ❤❛s
l− 1 ❧❡❛❞❡rs✳ ❆s ❣❧♦❜❛❧ ❢❛✐r♥❡ss ❡♥s✉r❡s t❤❛t C ′ ∈ IRCE ✱ t❤✐s ❝♦♥tr❛❞✐❝ts ▲❡♠♠❛ ✹✳ ❚❤❡r❡❢♦r❡✱ ❛❧❧ ❝♦♥✜❣✉r❛t✐♦♥s
✐♥ IRCE ❤❛✈❡ ❛ ✉♥✐q✉❡ ❧❡❛❞❡r✳ ❙✐♥❝❡ ❛ ❧❡❛❞❡r ❝❛♥♥♦t ♠♦✈❡✱ t❤❡r❡ ✐s ❛ ♣❡r♠❛♥❡♥t ❧❡❛❞❡r✳ ⊓⊔

✺ ■s Ω? t❤❡ ❲❡❛❦❡st ❖r❛❝❧❡ ❢♦r ❙♦❧✈✐♥❣ SSLE❄

❲❡ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❞✐✛❡r❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣✐❡s✳ ❋♦r r✐♥❣s✱ t❤❡ ❛♥s✇❡r ✐s ♣♦s✐t✐✈❡✳
■t ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜✲s❡❝t✐♦♥ ✺✳✶✳ ■♥ ❙❡❝✳ ✻✱ ✇❡ ❣✐✈❡ ❛ s❦❡t❝❤ ♦❢ ❤♦✇ t♦ ❡①t❡♥❞ t❤❡ r❡s✉❧t ♦♥ r✐♥❣s t♦
r❡❣✉❧❛r ❣r❛♣❤s ✇✐t❤ ❜♦✉♥❞❡❞ ❞✐❛♠❡t❡r✳ ❋♦r s♦♠❡ ♦t❤❡r t♦♣♦❧♦❣✐❡s✱ ❛ ♥❡❣❛t✐✈❡ ❛♥s✇❡r ✭❈♦r♦❧❧❛r② ✶✮ ❢♦❧❧♦✇s ❢r♦♠
❚❤❡♦r❡♠ ✷ ❜❡❧♦✇✳ ❙♦♠❡✇❤❛t s✐♠✐❧❛r t❤❡♦r❡♠ ❛♥❞ ✐ts ♣r♦♦❢✱ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❝♦♠♣❧❡t❡ ❣r❛♣❤s✱ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞
✐♥ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ❬✺❪✳ ❍❡r❡ ✇❡ ♣r❡s❡♥t ❛ ♠♦r❡ ❣❡♥❡r❛❧ r❡s✉❧t t❤❛t ❛♣♣❧✐❡s t♦ ✐♥✜♥✐t❡ ❢❛♠✐❧✐❡s ♦❢ ❣r❛♣❤s✱ ❝❛❧❧❡❞
❤❡r❡ ♥♦♥✲s✐♠♣❧❡ ✭❧✐❦❡ ✐♥ ❬✹❪✮✳ ❆ ❢❛♠✐❧② F ✐s ♥♦♥✲s✐♠♣❧❡ ✐❢ t❤❡r❡ ✐s G ∈ F s✉❝❤ t❤❛t t✇♦ ❞✐s❥♦✐♥t s✉❜❣r❛♣❤s ♦❢ G ❛r❡
❛❧s♦ ✐♥ F ✳ ❈♦♠♣❧❡t❡ ❛♥❞ ❛r❜✐tr❛r② ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ ❛r❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ♥♦♥✲s✐♠♣❧❡ ❢❛♠✐❧✐❡s ♦❢ ❣r❛♣❤s✳
■♥ ❝♦♥tr❛st✱ ♥♦t❛❜❧❡ s✐♠♣❧❡ ❢❛♠✐❧✐❡s ♦❢ ❣r❛♣❤s ✐♥❝❧✉❞❡ r✐♥❣s✱ ♦r✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ❝♦♥♥❡❝t❡❞ r❡❣✉❧❛r ❣r❛♣❤s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✷ ♣r♦✈❡s t❤❡ ✐♠♣♦ss✐❜✐❧✐t② ♦❢ ❛ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ Ω? ✉s✐♥❣ ELE ♦✈❡r
❛♥② ♥♦♥✲s✐♠♣❧❡ ❢❛♠✐❧② ♦❢ ❣r❛♣❤s ✭❢♦r ❞❡✜♥✐t✐♦♥s✱ s❡❡ ❙❡❝✳ ✷✳✷ ❛♥❞ r❡♠❛r❦ ✶✮✳ ❈♦✉♣❧❡❞ ✇✐t❤ t❤❡ r❡s✉❧t ♦❢ ❙❡❝✳ ✹✱
✐✳❡✳ Ω? < ELE ♦✈❡r ❝♦♥♥❡❝t❡❞ ❛r❜✐tr❛r② ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✱ ✇❡ ❤❛✈❡ t❤❛t Ω? ≻ ELE ♦✈❡r t❤❡ s❛♠❡ ❣r❛♣❤
❢❛♠✐❧②✱ ✇❤❡♥ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❝♦♥❝❡r♥❡❞✳ ❚❤✉s✱ ❜② ❞❡✜♥✐t✐♦♥✱ Ω? ✐s ♥♦t t❤❡ ✇❡❛❦❡st ♦r❛❝❧❡ ❢♦r
SSLE✱ ♦✈❡r ❝♦♥♥❡❝t❡❞ ❛r❜✐tr❛r② ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✳ ❙✐♠✐❧❛r❧②✱ Ω? ✐s ♥♦t t❤❡ ✇❡❛❦❡st ♦r❛❝❧❡ ❢♦r SSLE ♦✈❡r
❝♦♠♣❧❡t❡ ❣r❛♣❤s ✭❛♥❞ Ω? ≻ ELE✮✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ t❤❡♦r❡♠ ✷ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ SSLE ♣r♦t♦❝♦❧ ♦✈❡r ❝♦♠♣❧❡t❡
❣r❛♣❤s ❣✐✈❡♥ ✐♥ ❬✶✼❪✳ ❚❤✐s ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❈♦r♦❧❧❛r② ✶ ❜❡❧♦✇✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ✉s❡s ❛ ❝❧❛ss✐❝❛❧ ♣❛rt✐t✐♦♥✐♥❣
❛r❣✉♠❡♥t✳ ❉✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ s♣❛❝❡✱ ✐t ❤❛s ❜❡❡♥ ♠♦✈❡❞ t♦ t❤❡ ❛♣♣❡♥❞✐①✳

❚❤❡♦r❡♠ ✷✳ ❋♦r ❛♥② ♥♦♥✲s✐♠♣❧❡ ❢❛♠✐❧② ♦❢ ❣r❛♣❤s F ✱ t❤❡r❡ ✐s ♥♦ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ A ✐♠♣❧❡♠❡♥t✲
✐♥❣ Ω? ♦✈❡r F ✉s✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ELE✳

❈♦r♦❧❧❛r② ✶✳ Ω? ≻ ELE ♦✈❡r ❝♦♠♣❧❡t❡ ❣r❛♣❤s ❛♥❞ ♦✈❡r ❛r❜✐tr❛r② ❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✳ ▼♦r❡♦✈❡r✱
Ω? ✐s ♥♦t t❤❡ ✇❡❛❦❡st ♦r❛❝❧❡ t♦ s♦❧✈❡ ELE ♦✈❡r t❤❡s❡ t✇♦ ❢❛♠✐❧✐❡s✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ♦✈❡r ❛♥② ♥♦♥✲s✐♠♣❧❡ ❢❛♠✐❧②
♦❢ ❣r❛♣❤s✳



✽ ❏♦✛r♦② ❇❡❛✉q✉✐❡r✱ P❡✈❛ ❇❧❛♥❝❤❛r❞✱ ❏❛♥♥❛ ❇✉r♠❛♥✱ ❛♥❞ ❖❦s❛♥❛ ❉❡♥②s②✉❦

✺✳✶ Ω? ✐s t❤❡ ✇❡❛❦❡st ♦r❛❝❧❡ ❢♦r SSLE ♦✈❡r r✐♥❣s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t Ω? ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ✇❛② ❣✐✈❡♥ t❤❡ ❜❡❤❛✈✐♦✉r ELE ♦✈❡r
♦r✐❡♥t❡❞ r✐♥❣s✳ ❚❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ RingDetector ♣r♦t♦❝♦❧ ♣r❡s❡♥t❡❞ ❜❡❧♦✇ ✭s❡❡ ❆❧❣♦r✐t❤♠ ✷✮✳
❚❤❡s❡ r❡s✉❧ts ❛r❡ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❡①t❡♥❞ t♦ ♥♦♥✲♦r✐❡♥t❡❞ r✐♥❣s t❤❛♥❦s t♦ t❤❡ s❡❧❢✲st❛❜✐❧✐③✐♥❣ r✐♥❣ ♦r✐❡♥t❛t✐♦♥
♣r♦t♦❝♦❧ ♣r❡s❡♥t❡❞ ✐♥ ❬✹❪✳ ❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤✐s r❡s✉❧t✱ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ r❡s✉❧t ♦❢ ❙❡❝✳ ✹✱ ✐s t❤❛t Ω? ≃rings ELE ✱
✇❤❡♥ s❡❧❢✲st❛❜✐❧✐③❛t✐♦♥ ✐s ❝♦♥❝❡r♥❡❞✳ ❚❤✐s ❛❧s♦ ✐♠♣❧✐❡s t❤❛t Ω? ✐s t❤❡ ✇❡❛❦❡st ♦r❛❝❧❡✳

■♠♣❧❡♠❡♥t✐♥❣ Ω? ❜② t❤❡ RingDetector ♣r♦t♦❝♦❧ ✉s✐♥❣ ELE ✭❆❧❣♦r✐t❤♠ ✷✮
❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ t❤❡ ✉♥✐q✉❡ ❧❡❛❞❡r ♣r♦✈✐❞❡❞ ❜② ELE ✐s ❝❛❧❧❡❞ t❤❡ ♠❛st❡r✱ ✇❤❡r❡❛s t❤❡ ♦✉t♣✉t ♦❢ Ω? r❡♣♦rts
❛❜♦✉t t❤❡ ❧❡❛❞❡rs✳ ❍❡♥❝❡✱ t❤❡ ❣♦❛❧ ❝♦♥s✐sts ✐♥ t❤❡ ♠❛st❡r ❞❡t❡❝t✐♥❣ t❤❡ ♣r❡s❡♥❝❡ ♦r t❤❡ ❛❜s❡♥❝❡ ♦❢ ❧❡❛❞❡rs ✐♥ t❤❡
❣r❛♣❤✱ t❤❛t ✐s t♦ ♠✐♠✐❝ Ω?✳

▲❡t ✉s ❞❡✜♥❡ t❤❡ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ♣r♦t♦❝♦❧ RingDetector✳ ❚❤❡ ✐♥♣✉t ✈❛r✐❛❜❧❡s ✭r❡❛❞✲♦♥❧②✮ ❛t ❡❛❝❤ ❛❣❡♥t x ❛r❡✿
t❤❡ ♠❛st❡r ❜✐t masterx ✭✈❛❧✉❡s ✐♥ {0, 1}✮ t❤❛t ❦❡❡♣s t❤❡ ♦✉t♣✉t ♦❢ ELE ❀ ❛♥❞ t❤❡ ❧❡❛❞❡r ❜✐t leaderx ✭✈❛❧✉❡s ✐♥
{0, 1}✮✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ✐♥♣✉t ♦❢ Ω?✳ ❚❤❡ ✇♦r❦✐♥❣ ✈❛r✐❛❜❧❡s ❛r❡✿ t❤❡ ♣r♦❜❡ ✜❡❧❞ probex ✭✇✐t❤ ✈❛❧✉❡s✿ ⊥ ✲ ♥♦
♣r♦❜❡✱ ♦r 0 ✲ ✇❤✐t❡ ♣r♦❜❡✱ ♦r 1 ✲ ❜❧❛❝❦ ♣r♦❜❡✮❀ t❤❡ t♦❦❡♥ ✜❡❧❞ ✭✇✐t❤ ✈❛❧✉❡s✿ ⊥ ✲ ♥♦ t♦❦❡♥✱ ♦r 0 ✲ ✇❤✐t❡ t♦❦❡♥✱ ♦r 1
✲ ❜❧❛❝❦ t♦❦❡♥✮❀ t❤❡ ✢❛❣ ❜✐t flagx ✭✇✐t❤ ✈❛❧✉❡s✿ 0 ✲ ❝❧❡❛r❡❞✱ 1 ✲ r❛✐s❡❞✮❀ ❛♥❞ t❤❡ ♦✉t♣✉t ❜✐t ✭✈❛❧✉❡s ✐♥ {0, 1}✮✱ ✇❤✐❝❤
r❡♣r❡s❡♥ts t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦✉t♣✉t ♦❢ Ω?✳

❊❛❝❤ t✐♠❡ ❛♥ ❛❣❡♥t ❤❛s ✐ts ❧❡❛❞❡r ❜✐t s❡t t♦ 1✱ ✐t r❛✐s❡s ✐ts ✢❛❣ ✭❛♥❞ t❤❡ ✢❛❣ ♦❢ t❤❡ ♦t❤❡r ❛❣❡♥t ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥✮
✕ ❧✐♥❡ ✺✳ ❆ t♦❦❡♥ ♠♦✈❡s ❝❧♦❝❦✇✐s❡✱ ❛♥❞ ✐ts ♣✉r♣♦s❡ ✐s t♦ ❞❡t❡❝t ❛ ❧❡❛❞❡r ✭❛❝t✉❛❧❧②✱ ❛ r❛✐s❡❞ ✢❛❣✮ ❛♥❞ t♦ r❡♣♦rt ✐t t♦
t❤❡ ♠❛st❡r ✭❧✐♥❡s ✶✽ ✕✷✻✮✳ ❆ ♣r♦❜❡ ♠♦✈❡s ❝♦✉♥t❡r✲❝❧♦❝❦✇✐s❡✱ ❛♥❞ ✐ts ♣✉r♣♦s❡ ✐s t♦ r❡♣♦rt t♦ t❤❡ ♠❛st❡r t❤❡ ❧❛❝❦
♦❢ t♦❦❡♥s ✭❧✐♥❡s ✼ ✕ ✶✸✮✳ ❚❤❡ ♠❛st❡r ❧♦❛❞s ❛ ✇❤✐t❡ ♣r♦❜❡ ❡❛❝❤ t✐♠❡ ✐t ✐s t❤❡ r❡s♣♦♥❞❡r ♦❢ ❛♥ ✐♥t❡r❛❝t✐♦♥ ✭❧✐♥❡ ✷✮✳
❲❤❡♥ ❛ ♣r♦❜❡ ♠❡❡ts ❛ t♦❦❡♥✱ t❤❡ ♣r♦❜❡ ❜❡❝♦♠❡s ❜❧❛❝❦ ✭❧✐♥❡ ✶✵✮✳ ❲❤❡♥ t✇♦ ♣r♦❜❡s ♠❡❡t✱ t❤❡② ♠❡r❣❡ ✐♥t♦ ❛ ❜❧❛❝❦
♣r♦❜❡ ✐❢ ♦♥❡ ♦❢ t❤❡♠ ✇❛s ❜❧❛❝❦✱ ❛♥❞ ✐♥t♦ ❛ ✇❤✐t❡ ♣r♦❜❡ ♦t❤❡r✇✐s❡ ✭❧✐♥❡ ✶✷✮✳ ❚❤❡ ♠❛st❡r ❧♦❛❞s ❛ t♦❦❡♥ ❝♦❧♦r❡❞ ✇✐t❤
✐ts ✢❛❣ ♦♥❧② ✇❤❡♥ ✐t r❡❝❡✐✈❡s ❛ ✇❤✐t❡ ♣r♦❜❡ ✭❧✐♥❡ ✶✼✮✳ ❊❛❝❤ t✐♠❡ ❛ t♦❦❡♥ ♠❡❡ts ❛♥ ❛❣❡♥t ✇✐t❤ ✐ts ✢❛❣ r❛✐s❡❞✱ t❤❡
t♦❦❡♥ ❜❡❝♦♠❡s ❜❧❛❝❦ ✭❧✐♥❡ ✷✶✮ ❛♥❞ t❤❡ ✢❛❣ ✐s ❝❧❡❛r❡❞ ✭❧✐♥❡ ✷✺✮✳ ❚✇♦ ♠❡❡t✐♥❣ t♦❦❡♥s ♠❡r❣❡ ✐♥t♦ ❛ ❜❧❛❝❦ t♦❦❡♥ ✐❢
♦♥❡ ♦❢ t❤❡♠ ✐s ❜❧❛❝❦✱ ❛♥❞ ✐♥t♦ ❛ ✇❤✐t❡ t♦❦❡♥ ♦t❤❡r✇✐s❡ ✭❧✐♥❡ ✷✸✮✳ ❲❤❡♥ t❤❡ ♠❛st❡r r❡❝❡✐✈❡s ❛ t♦❦❡♥✱ ✐t ✇❤✐t❡♥s
t❤❡ t♦❦❡♥✱ ❛♥❞ ✐t ♦✉t♣✉ts 0 ✐❢ t❤❡ t♦❦❡♥ ✐s ✇❤✐t❡✱ ❛♥❞ 1 ♦t❤❡r✇✐s❡ ✭❧✐♥❡s ✷✽ ✕✸✶✮✳ ■♥ ❛♥② ✐♥t❡r❛❝t✐♦♥✱ t❤❡ r❡s♣♦♥❞❡r
❝♦♣✐❡s t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ✐♥✐t✐❛t♦r✱ ✉♥❧❡ss t❤❡ r❡s♣♦♥❞❡r ✐s t❤❡ ♠❛st❡r ✭❧✐♥❡ ✸✸✮✳

❆❧❣♦r✐t❤♠ ✷✿ Pr♦t♦❝♦❧ RingDetector ✲ ✐♥✐t✐❛t♦r x✱ r❡s♣♦♥❞❡r y

✶ ✭✐❢ t❤❡ ♠❛st❡r ✐s t❤❡ r❡s♣♦♥❞❡r✱ ✐t ❝r❡❛t❡s ❛ ✇❤✐t❡ ♣r♦❜❡✮
✷ ✐❢ mastery = 1 t❤❡♥ probey ← 0
✸

✹ ✭r❛✐s❡ ✢❛❣s ✐❢ ♥❡❡❞❡❞✮
✺ ✐❢ leaderx ∨ leadery t❤❡♥ flagx ← flagy ← 1
✻

✼ ✭♠♦✈❡ ♣r♦❜❡ ❢r♦♠ y t♦ x✮
✽ ✐❢ probey 6= ⊥ t❤❡♥
✾ ✭t❤❡ ♣r♦❜❡ ❜❡❝♦♠❡s ❜❧❛❝❦ ✇❤❡♥ ♠❡❡t✐♥❣ ❛ t♦❦❡♥✮

✶✵ ✐❢ tokenx 6= ⊥ t❤❡♥ probex ← 1
✶✶ ♦t❤❡r✇✐s❡✱ ❦❡❡♣s t❤❡ s❛♠❡ ❝♦❧♦r ♦r ♠❡r❣❡s✮
✶✷ ❡❧s❡ ✐❢ probex ∈ {⊥, 0} t❤❡♥ probex ← probey
✶✸ probey ← ⊥

✶✹ ❡♥❞
✶✺

✶✻ ✭✐❢ t❤❡ ♠❛st❡r r❡❝❡✐✈❡s ❛ ✇❤✐t❡ ♣r♦❜❡✱ ✐t ❧♦❛❞s ❛ t♦❦❡♥✮
✶✼ ✐❢ masterx = 1 ❛♥❞ probex = 0 t❤❡♥ tokenx ← flagx

✶✽ ✭♠♦✈❡ t♦❦❡♥ ❢r♦♠ x t♦ y✮
✶✾ ✐❢ tokenx 6= ⊥ t❤❡♥
✷✵ ✭t❤❡ t♦❦❡♥ ❜❡❝♦♠❡s ❜❧❛❝❦ ✇❤❡♥ ♠❡❡t✐♥❣ ❛ ✢❛❣✮
✷✶ ✐❢ flagy = 1 t❤❡♥ tokeny ← 1
✷✷ ✭♦t❤❡r✇✐s❡✱ ❦❡❡♣s t❤❡ s❛♠❡ ❝♦❧♦r ♦r ♠❡r❣❡s✮
✷✸ ❡❧s❡ ✐❢ tokeny ∈ {⊥, 0} t❤❡♥ tokeny ← tokenx

✷✹ ✭t❤❡ ✢❛❣ ✐s ❝❧❡❛r❡❞✮
✷✺ flagy ← 0
✷✻ tokenx ← ⊥

✷✼ ❡♥❞
✷✽ ✭✐❢ t❤❡ ♠❛st❡r r❡❝❡✐✈❡s ❛ t♦❦❡♥✱ ✐t ❝❤❛♥❣❡s ✐ts ♦✉t♣✉t ❛♥❞

✇❤✐t❡♥s t❤❡ t♦❦❡♥✮
✷✾ ✐❢ mastery = 1 ❛♥❞ tokeny 6= ⊥ t❤❡♥
✸✵ outy ← tokeny

✸✶ tokeny ← 0

✸✷ ✭❛ ♥♦♥✲♠❛st❡r r❡s♣♦♥❞❡r ❝♦♣✐❡s t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ✐♥✐t✐❛t♦r✮
✸✸ ✐❢ mastery = 0 t❤❡♥ outy ← outx

❈♦rr❡❝t♥❡ss
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ✐♥♣✉t tr❛❝❡ T = α0α1 . . . ♦❢ ❡✈❡r② ❡①❡❝✉t✐♦♥ E ✐s ❛ss✉♠❡❞ t♦ ♣r♦✈✐❞❡ ❛ ✉♥✐q✉❡ ♠❛st❡r✱

✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❛❣❡♥t λ ✐♥ E s✉❝❤ t❤❛t αi(λ).master = 1 ❢♦r ❛❧❧ i✳✶ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ELE ❛♥❞
RingDetector✱ s✉❝❤ ❛♥ ✐♥♣✉t tr❛❝❡ ❡①✐sts ✐♥ ❛♥ ✐♥✜♥✐t❡ s✉✣① ♦❢ ❡✈❡r② E ♦❢ RingDetector✳ ❋♦r t❤❡ ❝♦rr❡❝t♥❡ss
♣r♦♦❢✱ ✇❡ ❢♦❝✉s ♦♥❧② ♦♥ s✉❝❤ s✉✣①❡s✱ ❢♦r ❡✈❡r② ❡①❡❝✉t✐♦♥✳

❚❤❡ ❧❡❛❞❡r ❜✐t ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ ✐♥♣✉t tr❛❝❡ r❡♣r❡s❡♥ts t❤❡ ✐♥♣✉t ♦❢ Ω?✳ ■♥ t❤✐s tr❛❝❡✱ ❧❡❛❞❡rs ❝❛♥ ❛♣♣❡❛r ♦r
❞✐s❛♣♣❡❛r ❛❧♠♦st ❢r❡❡❧②✱ ❞✉r✐♥❣ ❡❛❝❤ ♠❡❡t✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r ❛ ❧❡❛❞❡r ❝❛♥ ✏❥✉♠♣✑ ❢r♦♠ u t♦ v ❞✉r✐♥❣ ❛♥ ✐♥t❡r❛❝t✐♦♥

✶ ❲❡ ♣r❡❝✐s❡ t❤❡ ♥♦t❛t✐♦♥s✳ α ❜❡✐♥❣ ❛♥ ❛ss✐❣♥♠❡♥t ✭r❡s♣✳ C ❛ ❝♦♥✜❣✉r❛t✐♦♥✮✱ α.v ✭r❡s♣✳ C.v✮ ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ α ✭r❡s♣✳
C✮ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ v❀ ❛♥❞ α(x).v ✭r❡s♣✳ C(x).v✮ ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤✐s ♣r♦❥❡❝t✐♦♥ ❛t ❛❣❡♥t x✳



❖♥ t❤❡ P♦✇❡r ♦❢ Ω? ❢♦r SSLE ✐♥ P♦♣✉❧❛t✐♦♥ Pr♦t♦❝♦❧s ✾

❜❡t✇❡❡♥ u ❛♥❞ v✳ ❚❤♦✉❣❤✱ ❛ ❧❡❛❞❡r ❝❛♥♥♦t ✏❥✉♠♣✑ t♦ ❛ ❞✐st❛♥t ✭♥♦♥ ♥❡✐❣❤❜♦✉r✐♥❣✮ ❛❣❡♥t ♦♥ t❤❡ r✐♥❣✱ ❜② t❤❡
❝♦♠♣❛t✐❜✐❧✐t② ♦❢ ❛♥ ✐♥♣✉t tr❛❝❡ ✇✐t❤ ❛ s❝❤❡❞✉❧❡ ✭s❡❡ ❙❡❝✳ ✷✳✷✮✳ ❚❤❡ ❢❛❝t t❤❛t ❛ ❧❡❛❞❡r ❝❛♥ ✏❥✉♠♣✑ ❝♦✉♥t❡r✲❝❧♦❝❦✇✐s❡
❢r♦♠ t❤❡ r❡s♣♦♥❞❡r t♦ t❤❡ ✐♥✐t✐❛t♦r ✐♥tr♦❞✉❝❡ s♦♠❡ s✉❜t❧❡t✐❡s ✐♥ RingDetector✳ ❲✐t❤♦✉t t❛❦✐♥❣ ❝❛r❡✱ s✉❝❤ ❛
✏❥✉♠♣✐♥❣✑ ❧❡❛❞❡r ❝♦✉❧❞ ❜❡ ✉♥❞❡t❡❝t❛❜❧❡✳ ❚♦ ❡♥s✉r❡ ✐ts ❞❡t❡❝t✐♦♥✱ t❤❡ ✢❛❣ ❜✐ts ♦❢ ❜♦t❤ t❤❡ r❡s♣♦♥❞❡r ❛♥❞ t❤❡
✐♥✐t✐❛t♦r ❛r❡ r❛✐s❡❞✱ ❡✈❡♥ ✐❢ t❤❡ ❧❡❛❞❡r ✐s ❞❡t❡❝t❡❞ ♦♥❧② ❛t ♦♥❡ ♦❢ t❤❡ t✇♦ ✐♥t❡r❛❝t✐♥❣ ❛❣❡♥ts ✭❧✐♥❡ ✺✮✳

❲❡ ✉s❡ ❜❡❧♦✇ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s SE ❛♥❞ IRCE ❞❡✜♥❡❞ ✐♥ ❙❡❝✳ ✹✳

▲❡♠♠❛ ✻✳ ❋♦r ❛♥② ❡①❡❝✉t✐♦♥ E✱ ✐♥ ❛♥② ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ IRCE✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❛❣❡♥t ❤♦❧❞✐♥❣ ❛ t♦❦❡♥ ✭❜❧❛❝❦
♦r ✇❤✐t❡✮✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ❝♦♥✜❣✉r❛t✐♦♥ C ∈ IRCE ✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t ✐♥ C ❛t ❧❡❛st ♦♥❡ ❛❣❡♥t ❤♦❧❞s ❛ t♦❦❡♥✳ ❇②
❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t✱ ❢♦r ❡✈❡r② ❛❣❡♥t x✱ C(x).token = ⊥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❝❡♥❛r✐♦ ✇✐❧❧ ♣r♦❞✉❝❡ ❛ t♦❦❡♥✳
❋✐rst✱ t❤❡ ♠❛st❡r λ ✐♥t❡r❛❝ts ❛s ❛ r❡s♣♦♥❞❡r ❛♥❞ ♣r♦❞✉❝❡s ❛ ✇❤✐t❡ ♣r♦❜❡ ❛t λ✳ ❚❤❡♥✱ ❛❧❧ t❤❡ ♦t❤❡r ♣r♦❜❡s ♠♦✈❡
✭❝♦✉♥t❡r✲❝❧♦❝❦✇✐s❡✮ t♦ t❤❡ ♠❛st❡r✳ ❚❤❡♥ t❤❡ ✇❤✐t❡ ♣r♦❜❡ ❛t λ ✈✐s✐ts ❛❧❧ ❛❣❡♥ts ❛♥❞ r❡t✉r♥s t♦ λ✳ ❙✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦
t♦❦❡♥s ✐♥ t❤❡ ❣r❛♣❤✱ t❤❡ ✇❤✐t❡ ♣r♦❜❡ ❞♦❡s ♥♦t t✉r♥ ❜❧❛❝❦✳ ❚❤❡♥✱ t❤❡ ✇❤✐t❡ ♣r♦❜❡ ❛rr✐✈✐♥❣ ❛t λ ♣r♦❞✉❝❡s ❛ t♦❦❡♥
✭❧✐♥❡ ✶✼✮✳ ❚❤✐s s❝❡♥❛r✐♦ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧❡❛❞❡rs✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥✜❣✉r❛t✐♦♥ C ′ ✇✐t❤

❛t ❧❡❛st ♦♥❡ t♦❦❡♥ s✉❝❤ t❤❛t C
∗
−→ C ′✱ ❢♦r ❛♥② ✐♥♣✉t tr❛❝❡✳ ❇② ❣❧♦❜❛❧ ❢❛✐r♥❡ss✱ C ′ ∈ IRCE ✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❛t✱ ♥♦

r✉❧❡ ♦❢ t❤❡ ♣r♦t♦❝♦❧ ❝❛♥ r❡♠♦✈❡ ❛❧❧ t♦❦❡♥s✳ ■♥ ❧✐♥❡ ✷✻✱ t❤❡ t♦❦❡♥ ✐s r❡♠♦✈❡❞ ❢r♦♠ ❛♥ ✐♥✐t✐❛t♦r x✱ ❜✉t ✐s ♣r❡s❡♥t ♦r
❝r❡❛t❡❞ ✐♥ t❤❡ r❡s♣♦♥❞❡r y ✭❧✐♥❡ ✷✸✮✳ ◆♦ ♦t❤❡r ✐♥str✉❝t✐♦♥ r❡♠♦✈❡s ❛ t♦❦❡♥✳ ❚❤✉s C ❝❛♥♥♦t ♦❝❝✉r ✐♥✜♥✐t❡❧② ♦❢t❡♥❀
❤❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❍❡♥❝❡✱ ✐♥ C ❛t ❧❡❛st ♦♥❡ ❛❣❡♥t ❤♦❧❞s ❛ t♦❦❡♥✳

❆ss✉♠❡ ♥♦✇ t❤❛t C ❤❛s ❛t ❧❡❛st t✇♦ t♦❦❡♥s✳ ❙✐♥❝❡ t✇♦ ♠❡❡t✐♥❣ t♦❦❡♥s ♠❡r❣❡ ✐♥t♦ ♦♥❡✱ t❤❡r❡ ✐s ❛ ❝♦♥✜❣✉r❛t✐♦♥
C ′ ✇✐t❤ ❡①❛❝t❧② ♦♥❡ t♦❦❡♥ s✉❝❤ t❤❛t C

∗
−→ C ′✱ ❢♦r ❛♥② ✐♥♣✉t tr❛❝❡✳ ❇② ❣❧♦❜❛❧ ❢❛✐r♥❡ss✱ C ′ ❜❡❧♦♥❣s t♦ IRCE ✳ ❙✐♥❝❡ C

❛❧s♦ ♦❝❝✉rs ✐♥✜♥✐t❡❧② ♦❢t❡♥ ✐♥ t❤❡ ❡①❡❝✉t✐♦♥✱ C ′ ∗
−→ C✱ ❢♦r ❛♥② ✐♥♣✉t tr❛❝❡✳ ❚♦ r❡❛❝❤ C✱ ❛ t♦❦❡♥ s❤♦✉❧❞ ❜❡ ❝r❡❛t❡❞✳ ■t

❝❛♥ ❤❛♣♣❡♥ ♦♥❧② ✐❢ t❤❡ ♠❛st❡r r❡❝❡✐✈❡s ❛ ✇❤✐t❡ ♣r♦❜❡✳ ❚❤✉s✱ t❤❡ ♠❛st❡r s❤♦✉❧❞ r❡❝❡✐✈❡ ✐♥✜♥✐t❡❧② ♠❛♥② ✇❤✐t❡ ♣r♦❜❡s
❞✉r✐♥❣ SE ✳ ❍♦✇❡✈❡r✱ ♦♥❝❡ t❤❡r❡ ✐s ❛ t♦❦❡♥✱ s✐♥❝❡ t❤❡ t♦❦❡♥s ♠♦✈❡ ❝❧♦❝❦✇✐s❡ ❛♥❞ t❤❡ ♣r♦❜❡s ❝♦✉♥t❡r✲❝❧♦❝❦✇✐s❡✱ ❛♥②
♣r♦❜❡ ❛rr✐✈✐♥❣ ❛t t❤❡ ♠❛st❡r ♠✉st ❜❡ ❜❧❛❝❦❀ ❤❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ C ❤❛s ❡①❛❝t❧② ♦♥❡ t♦❦❡♥✳ ⊓⊔

❚❤✉s✱ ✐♥ t❤❡ s✉✣① SE ✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ t♦❦❡♥ ♠♦✈✐♥❣ ❝❧♦❝❦✇✐s❡✳ ❲❡ ❞✐✈✐❞❡ SE ✐♥t♦ r♦✉♥❞s✱ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳
❆ r♦✉♥❞ ❜❡❣✐♥s ✇✐t❤ ❛♥ ✐♥t❡r❛❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♠❛st❡r ❤♦❧❞s t❤❡ t♦❦❡♥ ❛♥❞ ✐s t❤❡ ✐♥✐t✐❛t♦r❀ t❤❡ r♦✉♥❞ ❡♥❞s ✇✐t❤
t❤❡ ✜rst ❡✈❡♥t ✐♥ ✇❤✐❝❤ t❤❡ ♠❛st❡r ✐s t❤❡ r❡s♣♦♥❞❡r ❛♥❞ t❤❡ ✐♥✐t✐❛t♦r ❤♦❧❞s t❤❡ t♦❦❡♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ r♦✉♥❞
❝♦rr❡s♣♦♥❞s t♦ t❤❡ t♦❦❡♥ tr❛✈❡❧✐♥❣ ❛r♦✉♥❞ t❤❡ ✇❤♦❧❡ r✐♥❣ st❛rt✐♥❣ ❛♥❞ ❡♥❞✐♥❣ ❛t t❤❡ ♠❛st❡r✳

▲❡♠♠❛ ✼✳ ▲❡t R ❜❡ ❛ r♦✉♥❞ ✐♥ SE✳ ❲❡ ❞❡♥♦t❡ ❜② (C0, α0) . . . (Cr, αr) t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ✐♥♣✉t
❛ss✐❣♥♠❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ R✳ ❈❛s❡ ✭❛✮ ■❢ t❤❡r❡ ❛r❡ ♥♦ ❧❡❛❞❡rs ✐♥ R ✭✐✳❡✳✱ ❢♦r ❡✈❡r② 0 ≤ i ≤ r✱ ❛♥❞ ❡✈❡r② ❛❣❡♥t
x✱ ✇❡ ❤❛✈❡ αi(x).leader = 0✮✱ t❤❡♥ ❛❢t❡r t❤❡ ❧❛st ❛❝t✐♦♥ ✐♥ R✱ ❛❧❧ t❤❡ ❛❣❡♥ts ❤❛✈❡ t❤❡✐r ✢❛❣s ❝❧❡❛r❡❞ ✭s❡t t♦ 0✮✳
❈❛s❡ ✭❜✮ ■❢ t❤❡r❡ ❛r❡ ♥♦ ❧❡❛❞❡rs ✐♥ R✱ ❛♥❞ ✐❢ ❛❧❧ ❛❣❡♥ts ❤❛✈❡ t❤❡✐r ✢❛❣s ❝❧❡❛r❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ r♦✉♥❞✱ t❤❡♥
❛t t❤❡ ❡♥❞ ♦❢ t❤❡ r♦✉♥❞✱ t❤❡ ♠❛st❡r ♦✉t♣✉ts 0 ❛♥❞ ❛❧❧ ❛❣❡♥ts ❤❛✈❡ t❤❡✐r ✢❛❣s ❝❧❡❛r❡❞✳ ❈❛s❡ ✭❝✮ ■❢ t❤❡r❡ ✐s ❛t ❧❡❛st
♦♥❡ ❧❡❛❞❡r ❛t ❡❛❝❤ ❛ss✐❣♥♠❡♥t αi ❞✉r✐♥❣ t❤❡ r♦✉♥❞✱ ✐✳❡✳✱ ❢♦r ❡✈❡r② 0 ≤ i ≤ r t❤❡r❡ ✐s s♦♠❡ ❛❣❡♥t xi s✉❝❤ t❤❛t
αi(xi).leader = 1✱ t❤❡♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ r♦✉♥❞✱ t❤❡ ♠❛st❡r ♦✉t♣✉ts 1✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢s ♦❢ ❝❛s❡s ✭❛✮ ❛♥❞ ✭❜✮ ❛r❡ r❡❧❛t✐✈❡❧② s✐♠♣❧❡✳ ❚❤❡② ❤❛✈❡ ❜❡❡♥ ♠♦✈❡❞ t♦ t❤❡ ❛♣♣❡♥❞✐①✳
❈❛s❡ ✭❝✮✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ❧❡❛❞❡r ❛t ❡❛❝❤ ❛ss✐❣♥♠❡♥t ❞✉r✐♥❣ t❤❡ r♦✉♥❞✳ ▲❡t µ ❜❡ ❛ ❧❡❛❞❡r ❛❣❡♥t ✐♥ t❤❡

❛ss✐❣♥♠❡♥t α0✱ ✐✳❡✳✱ α0(µ).leader = 1✳ ❉✉r✐♥❣ t❤❡ r♦✉♥❞✱ t❤❡r❡ ♠✉st ❜❡ s♦♠❡ ❛❝t✐♦♥ i✱ s✉❝❤ t❤❛t µ = vi ✐s t❤❡
r❡s♣♦♥❞❡r✱ ❛♥❞ t❤❡ ✐♥✐t✐❛t♦r ui ❤♦❧❞s t❤❡ t♦❦❡♥✳ ■❢ µ ✐s ❛ ❧❡❛❞❡r ✐♥ ❛♥ ❛ss✐❣♥♠❡♥t αi✱ t❤❡♥ ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥✱ t❤❡
t♦❦❡♥ t✉r♥s ❜❧❛❝❦✳ ■❢ µ ✐s ♥♦t ❛ ❧❡❛❞❡r✱ ✐♥ ❛ss✐❣♥♠❡♥t αi✱ s✐♥❝❡ µ ✐s ❛ ❧❡❛❞❡r ✐♥ t❤❡ ❛ss✐❣♥♠❡♥t α0✱ t❤❡r❡ ♠✉st ❜❡
s♦♠❡ ❛❝t✐♦♥ j < i s✉❝❤ t❤❛t αj(µ).leader = 1 ❛♥❞ αj+1(µ).leader = 0✳ ◆♦✇✱ s✐♥❝❡ t❤❡ ✐♥♣✉t tr❛❝❡ ✐s ❝♦♠♣❛t✐❜❧❡
✇✐t❤ t❤❡ s❝❤❡❞✉❧❡✱ µ ♠✉st ❜❡ t❤❡ ✐♥✐t✐❛t♦r uj ♦r t❤❡ r❡s♣♦♥❞❡r vj ✐♥ t❤❡ tr❛♥s✐t✐♦♥ (Cj , αj) → Cj+1✳ ❍❡♥❝❡✱ µ
♠✉st r❛✐s❡ ❛ ✢❛❣ ✐♥ ❜♦t❤ t❤❡ r❡s♣♦♥❞❡r vi ❛♥❞ t❤❡ ✐♥✐t✐❛t♦r ui ✭❧✐♥❡ ✺✮✱ ✐✳❡✳✱ ✇❡ ❤❛✈❡ Cj+1(µ).f lag = 1 ✭j +1 ≤ i✮✳
❘❡❝❛❧❧ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ t♦❦❡♥✱ s♦ t❤❡ ✢❛❣ ❝❛♥♥♦t ❜❡ ❝❧❡❛r❡❞ ❞✉r✐♥❣ t❤❡ r❡♠❛✐♥✐♥❣ ❛❝t✐♦♥s ✉♥t✐❧ i✳ ❍❡♥❝❡✱ ❛t
❛❝t✐♦♥ i✱ t❤❡ t♦❦❡♥ t✉r♥s ❜❧❛❝❦ ✭❧✐♥❡ ✷✶✮ ✇❤❡♥ t❤❡ t♦❦❡♥ ♠♦✈❡s ❢r♦♠ t❤❡ ✐♥✐t✐❛t♦r ui t♦ t❤❡ r❡s♣♦♥❞❡r vi = µ✳ ■♥
❛❧❧ ❝❛s❡s✱ t❤❡ ♠❛st❡r r❡❝❡✐✈❡s ❛ ❜❧❛❝❦ t♦❦❡♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ r♦✉♥❞✱ ❛♥❞ t❤✉s ♦✉t♣✉ts 1✳ ⊓⊔

❚❤❡♦r❡♠ ✸✳ ❚❤❡ ♣r♦t♦❝♦❧ RingDetector ✐s ❛ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ Ω? ✉s✐♥❣ ELE ✭✐✳❡✳✱ ELE < Ω?✮
♦✈❡r ♦r✐❡♥t❡❞ r✐♥❣s✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ❣❧♦❜❛❧❧② ❢❛✐r ❡①❡❝✉t✐♦♥ E ❛♥❞ ❢♦❝✉s ♦♥ t❤❡ s✉✣① SE ✳ ❇② ▲❡♠♠❛ ✻✱ ✐♥ SE ✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡
t♦❦❡♥ ♠♦✈✐♥❣ ❝❧♦❝❦✇✐s❡✳ ▲❡t SE = . . . R1R2 . . . Ri . . . ✱ ✇❤❡r❡ ❡❛❝❤ Ri ✐s ❛ r♦✉♥❞✳



✶✵ ❏♦✛r♦② ❇❡❛✉q✉✐❡r✱ P❡✈❛ ❇❧❛♥❝❤❛r❞✱ ❏❛♥♥❛ ❇✉r♠❛♥✱ ❛♥❞ ❖❦s❛♥❛ ❉❡♥②s②✉❦

❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥♣✉t tr❛❝❡ T = α0α1 . . . ✐♥ SE ♣❡r♠❛♥❡♥t❧② ❛ss✐❣♥s ♥♦ ❧❡❛❞❡r ❡✈❡r②✇❤❡r❡✱
✐✳❡✳✱ ❢♦r ❡✈❡r② i✱ ❢♦r ❡✈❡r② ❛❣❡♥t x✱ αi(x).leader = 0✳ ❇② ▲❡♠♠❛ ✼✱ ❛t t❤❡ ❡♥❞ ♦❢ R1✱ ❛❧❧ ✢❛❣s ❛r❡ ❝❧❡❛r❡❞✳ ❍❡♥❝❡✱
❛t t❤❡ ❡♥❞ ♦❢ R2✱ t❤❡ ♠❛st❡r ♦✉t♣✉ts 0 ❛♥❞ ❛❧❧ ✢❛❣s ❛r❡ ❝❧❡❛r❡❞✳ ❇② ✐t❡r❛t✐♦♥✱ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ r♦✉♥❞ Ri✱
i ≥ 2✱ t❤❡ ♠❛st❡r ♦✉t♣✉ts 0✳ ❙✐♥❝❡ t❤❡ ♠❛st❡r ✉♣❞❛t❡s ✐ts ♦✉t♣✉t ♦♥❧② ✇❤❡♥ ✐t r❡❝❡✐✈❡s t❤❡ t♦❦❡♥✱ ❛♥❞ s✐♥❝❡ t❤✐s
❤❛♣♣❡♥s ❡①❛❝t❧② ❛t t❤❡ ❡♥❞ ♦❢ ❛ r♦✉♥❞✱ ✐♥ t❤❡ s✉✣① R2R3 . . . ✱ t❤❡ ♠❛st❡r ♣❡r♠❛♥❡♥t❧② ♦✉t♣✉ts 0✳ ❚❤❡ ❢❛❝t t❤❛t
t❤❡ r❡s♣♦♥❞❡r ❛❧✇❛②s ❝♦♣✐❡s t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ✐♥✐t✐❛t♦r ✭✉♥❧❡ss t❤❡ r❡s♣♦♥❞❡r ✐s t❤❡ ♠❛st❡r✮ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s
❛ s✉✣① ❞✉r✐♥❣ ✇❤✐❝❤ ❛❧❧ ❛❣❡♥ts ♣❡r♠❛♥❡♥t❧② ♦✉t♣✉t 0✳

❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ✐♥♣✉t tr❛❝❡ ✐♥ SE ✐s s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❧❡❛❞❡r ❛t ❡✈❡r② ✐♥♣✉t ❛ss✐❣♥♠❡♥t✳ ❇②
▲❡♠♠❛ ✼✱ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ Ri✱ t❤❡ ♠❛st❡r ♦✉t♣✉ts 1✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❛❜♦✈❡ s❤♦✇s t❤❛t t❤❡r❡ ✐s ❛ s✉✣①
♦❢ ❡①❡❝✉t✐♦♥ ❞✉r✐♥❣ ✇❤✐❝❤ ❛❧❧ ❛❣❡♥ts ♣❡r♠❛♥❡♥t❧② ♦✉t♣✉t 1✳

◆♦t❡ t❤❛t✱ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s ♦❢ ✐♥♣✉t tr❛❝❡s ✐♥ SE ✱ t❤❛t ✐s ✇❤❡♥ t❤❡r❡ ❛r❡ ✐♥♣✉t ❛ss✐❣♥♠❡♥ts ✇✐t❤ ❛ ❧❡❛❞❡r
❛♥❞ s♦♠❡ ♦t❤❡r ✇✐t❤♦✉t✱ ♥♦t❤✐♥❣ ❤❛s t♦ ❜❡ ♣r♦✈❡♥✱ ❜❡❝❛✉s❡ t❤❡♥✱ t❤❡ ♦✉t♣✉t ♦❢ Ω? ✐s ❛r❜✐tr❛r②✳ ⊓⊔

❘❡♠❛r❦ ✷✳ ◆♦t❡ t❤❛t ❛ s✐♠♣❧❡r s♦❧✉t✐♦♥ ♠❛♥❛❣✐♥❣ ♦♥❧② t♦❦❡♥s✱ s❡♥t ♣❡r✐♦❞✐❝❛❧❧② ❜② t❤❡ ♠❛st❡r✱ ❛♥❞ ✇✐t❤♦✉t
♠❛♥❛❣✐♥❣ ❛♥② ♣r♦❜❡s✱ ✇♦✉❧❞ ♥♦t ❜❡ ❝♦rr❡❝t✳ ❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r ❛♥ ✐♥♣✉t tr❛❝❡ ✇❤❡r❡ t❤❡r❡ ✐s ♦♥❡ ❧❡❛❞❡r ✐♥ ❡✈❡r②
✐♥♣✉t ❛ss✐❣♥♠❡♥t✱ ❜✉t t❤✐s ❧❡❛❞❡r ♠♦✈❡s r❡♣❡❛t❡❞❧② ❝❧♦❝❦✇✐s❡✱ ✏❥✉♠♣✐♥❣✑ ❢r♦♠ ♦♥❡ ❛❣❡♥t t♦ ✐ts s✉❝❝❡ss♦r ♦♥ t❤❡
r✐♥❣✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ω?✱ ✐♥ t❤✐s s❝❡♥❛r✐♦✱ t❤❡ ♠❛st❡r s❤♦✉❧❞ ❡✈❡♥t✉❛❧❧② ❛♥❞ ♣❡r♠❛♥❡♥t❧② ♦✉t♣✉t 1✳ ❍♦✇❡✈❡r✱
✐t ✐s ✐♥✜♥✐t❡❧② ♦❢t❡♥ ♣♦ss✐❜❧❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ t♦❦❡♥s ❞✐r❡❝t❧② ❢♦❧❧♦✇✐♥❣ t❤❡ ❧❡❛❞❡r ♦♥❡ ❛❢t❡r t❤❡ ♦t❤❡r✱ ❞✉r✐♥❣ t❤❡
✇❤♦❧❡ t♦✉r✱ ❢r♦♠ t❤❡ ♠❛st❡r t♦ t❤❡ ♠❛st❡r✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✜rst t♦❦❡♥ ❛rr✐✈✐♥❣ ❛t t❤❡ ♠❛st❡r ✐s ❜❧❛❝❦✱ ❜✉t t❤❡
❢♦❧❧♦✇✐♥❣ t♦❦❡♥ ✐s ✇❤✐t❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ✜rst t♦❦❡♥ ❤❛s ❝❧❡❛r❡❞ ❡✈❡r② ✢❛❣ r❛✐s❡❞ ❜② t❤❡ ❧❡❛❞❡r✳ ❚❤❡ r❡♣❡t✐t✐♦♥
♦❢ t❤✐s s❝❡♥❛r✐♦ ❝❛✉s❡s ❛♥ ♦s❝✐❧❧❛t✐♦♥ ♦❢ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ♠❛st❡r ❜❡t✇❡❡♥ 0 ❛♥❞ 1✳

❚❤❡ ❝♦r♦❧❧❛r② ❜❡❧♦✇ ❢♦❧❧♦✇s ❢r♦♠ t❤❡♦r❡♠s ✸ ❛♥❞ ✶✱ t❤❡ r✐♥❣ ♦r✐❡♥t❛t✐♦♥ ♣r♦t♦❝♦❧ ♦❢ ❬✹❪✱ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ ✇❡❛❦❡st ♦r❛❝❧❡✳

❈♦r♦❧❧❛r② ✷✳ Ω? ≃rings ELE✱ ✐✳❡✳✱ Ω? ✐s t❤❡ ✇❡❛❦❡st ♦r❛❝❧❡ t♦ s♦❧✈❡ ELE ♦✈❡r r✐♥❣s✳

✻ P❡rs♣❡❝t✐✈❡s

❚❤✐s ✇♦r❦ ♦♣❡♥s ♠❛♥② q✉❡st✐♦♥s ❛❜♦✉t t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ SSLE ✐♥ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✳ ❲❤❛t ❛r❡ ♦t❤❡r ❛❞❞✐t✐♦♥❛❧
❢❛♠✐❧✐❡s ♦❢ ❣r❛♣❤s ♦✈❡r ✇❤✐❝❤ SSLE ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ Ω? ❄ ❋♦r ❡①❛♠♣❧❡✱ ✐s Ω? st✐❧❧ s✉✣❝✐❡♥t ♦✈❡r
❝♦♥♥❡❝t❡❞ ❛r❜✐tr❛r② ❣r❛♣❤s ✭♥♦♥✲s✐♠♣❧❡ ❢❛♠✐❧②❀ ❝❢✳ ❙❡❝✳ ✺✮ ♦r ♦✈❡r ❝♦♥♥❡❝t❡❞ r❡❣✉❧❛r ❣r❛♣❤s ✭s✐♠♣❧❡ ❢❛♠✐❧②✮✳ ■❢
♥♦t✱ ✇❤❛t ❝❛♥ ❜❡ s✉✣❝✐❡♥t ♦r❛❝❧❡s✱ ❛♥❞ t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣❧②✱ ✇❤✐❝❤ ♦❢ t❤♦s❡ ❛r❡ ♥❡❝❡ss❛r②❄

❲❡ s❦❡t❝❤ ❜❡❧♦✇ ❛♥ ❛♥s✇❡r ❢♦r s♦♠❡ ♦❢ t❤❡s❡ q✉❡st✐♦♥s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ r❡s✉❧t ♦♥ r✐♥❣s ❝❛♥
❜❡ ❡①t❡♥❞❡❞ t♦ ♦t❤❡r s✐♠♣❧❡ ❢❛♠✐❧✐❡s ♦❢ ❣r❛♣❤s ❛♥❞ ✇❡ ♣r❡s❡♥t ❤❡r❡ ❛ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ❢❛♠✐❧② ♦❢
r❡❣✉❧❛r ❣r❛♣❤s ✭♦❢ ❝♦♥st❛♥t ❞❡❣r❡❡✮ ✇✐t❤ ❜♦✉♥❞❡❞ ❞✐❛♠❡t❡r✳ ❲❡ ❝❧❛✐♠ t❤❛t✱ ♦✈❡r t❤✐s ❢❛♠✐❧②✱ Ω? ✐s ❡q✉✐✈❛❧❡♥t t♦
✭♦r ✐s t❤❡ ✇❡❛❦❡st ♦r❛❝❧❡ ❢♦r s♦❧✈✐♥❣✮ SSLE✳ ◆♦t❡ t❤❛t t❤❡ ♣r♦t♦❝♦❧ ❣✐✈❡♥ ✐♥ ❙❡❝✳ ✹ ✐s ❛♣♣❧✐❝❛❜❧❡ ❛❧s♦ ✐♥ t❤✐s ❝❛s❡✱
s♦ ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t Ω? ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❣✐✈❡♥ SSLE✳ ❲❡ s❦❡t❝❤ ❜❡❧♦✇ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦t♦❝♦❧✱
❝❛❧❧❡❞ TreeDetector✳

❚❤✐s ♣r♦t♦❝♦❧ ✉s❡s t✇♦ ♦t❤❡r ♣r♦t♦❝♦❧s ❢r♦♠ ❬✹❪✳ ❖♥❡ ♣❡r❢♦r♠s ❛ t✇♦✲❤♦♣ ❝♦❧♦r✐♥❣ ❛♥❞✱ ❛♥♦t❤❡r ♦♥❡ ❜✉✐❧❞s ❛
s♣❛♥♥✐♥❣ tr❡❡✱ ✇✐t❤ t❤❡ ♠❛st❡r ❛t t❤❡ r♦♦t ✭t❤❡ ❧❛tt❡r ♣r♦t♦❝♦❧ r❡q✉✐r❡s ❝♦♥st❛♥t ❞❡❣r❡❡ ❛♥❞ ❜♦✉♥❞❡❞ ❞✐❛♠❡t❡r✮✳
Pr♦t♦❝♦❧ TreeDetector ✉s❡s t❤❡ s♣❛♥♥✐♥❣ tr❡❡ str✉❝t✉r❡ t♦ ❞❡t❡❝t t❤❡ ❧❡❛❞❡rs ✐♥ t❤❡ ✐♥♣✉t✳ ■t ✐s ♥❡❝❡ss❛r✐❧② ♠♦r❡
❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ RingDetector✱ ❜❡❝❛✉s❡ ♥♦✇✱ ❞✉r✐♥❣ ❛ ♠❡❡t✐♥❣✱ ❛ ❧❡❛❞❡r ❝❛♥ ✏❥✉♠♣✑ ❛❧❧ ♦✈❡r t❤❡ ❣r❛♣❤✱ ❛♥❞ ♥♦t
♦♥❧② ♦✈❡r t❤❡ ❡❞❣❡s ♦❢ ❛ tr❡❡✱ ✉s❡❞ ❢♦r tr❛✈❡rs❛❧ ✭✐♥ t❤❡ r✐♥❣ ❝❛s❡✱ ❛❧❧ t❤❡ ❡❞❣❡s ❛r❡ ✉s❡❞ ❢♦r tr❛✈❡rs❛❧✮✳

▲✐❦❡ ✐♥ RingDetector t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❧❡❛❞❡r r❛✐s❡s ❛ ✢❛❣✳ ❚❤❡ ✢❛❣ ❞❡t❡❝t✐♦♥ ✐s ♠❛❞❡ ❜② ✇❛✈❡s ♦❢ t♦❦❡♥s
t❤❛t st❛rt ❛t ❧❡❛✈❡s ❛♥❞ ❣♦ ✉♣✇❛r❞ t❤❡ tr❡❡✱ t♦ t❤❡ ♠❛st❡r✳ ❊❛❝❤ ❛❣❡♥t ❦♥♦✇s t❤❡ ♥✉♠❜❡r ♦❢ ✐ts ❝❤✐❧❞r❡♥ ❛♥❞
♣r♦♣❛❣❛t❡s t❤❡ ✇❛✈❡ ♦♥❧② ❛❢t❡r ❤❛✈✐♥❣ ♠❡t ❛❧❧ ♦❢ t❤❡♠ ✭t❤❡♥✱ ✐❢ s♦♠❡ ❧❡❛❢ ❣❡♥❡r❛t❡s t♦❦❡♥s ❢❛st❡r t❤❛♥ ❛♥♦t❤❡r
❧❡❛❢✱ t❤❡② ❛r❡ ❜❧♦❝❦❡❞ s♦♠❡✇❤❡r❡✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠❛st❡r ✉♣❞❛t❡s ✐ts ♦✉t♣✉t ♦♥❧② ✇❤❡♥ ✐t ❤❛s ♠❡t ❛❧❧ ✐ts
❝❤✐❧❞r❡♥✳ ❚❤✐s ♣r♦✈✐❞❡s ❛ s♦rt ♦❢ s②♥❝❤r♦♥✐③❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❛❧❧♦✇✐♥❣ t♦ ❤❛✈❡ s♦♠❡t❤✐♥❣ ❛♥❛❧♦❣♦✉s t♦ t❤❡ r♦✉♥❞s
♦❢ RingDetector✳

❆ ❦❡② ♣♦✐♥t ✐s t❤❛t✱ ❞✉r✐♥❣ ❛ ♠❡❡t✐♥❣✱ ✐❢ ♦♥❡ ♦❢ t❤❡ ❛❣❡♥ts ✐s ❛ ❧❡❛❞❡r✱ t❤❡♥ ❛ ✢❛❣ ✐s r❛✐s❡❞ ✐♥ ❜♦t❤ ✐♥t❡r❛❝t✐♥❣
❛❣❡♥ts✳ ❚❤✉s✱ ✐❢ ❛ ❧❡❛❞❡r ✏❥✉♠♣s✑ ♦♥ ❛ ❞✐st❛♥t ❛❣❡♥t ♦❢ t❤❡ tr❡❡✱ t✇♦ ✢❛❣s ❛r❡ r❛✐s❡❞✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ❛ ❧❡❛❞❡r ✐s
❞❡t❡❝t❡❞ ❡✈❡♥ ✐❢ ✐t ❤❛s ✏❥✉♠♣❡❞✑ t♦ t❤❡ tr❡❡ ❜r❛♥❝❤ ✇❤❡r❡ t❤❡ ❧❛st t♦❦❡♥ ✇❛✈❡ ❤❛s ❛❧r❡❛❞② ♣❛ss❡❞✳

❆❣❛✐♥✱ ❧✐❦❡ ✐♥ RingDetector✱ t♦❦❡♥s st❛rt ✇❤✐t❡✱ ❛♥❞ ✇❤❡♥ ♠❡❡t✐♥❣ ❛ r❛✐s❡❞ ✢❛❣✱ ❜❡❝♦♠❡ ❜❧❛❝❦ ❛♥❞ ❝❧❡❛r t❤❡
✢❛❣✳ ■❢ t❤❡ ♠❛st❡r r❡❝❡✐✈❡s ❛ ❜❧❛❝❦ t♦❦❡♥ ❢r♦♠ ♦♥❡ ♦❢ ✐ts ♥❡✐❣❤❜♦✉rs ✐♥ t❤❡ tr❡❡✱ ✐t ♦✉t♣✉ts 1 ❛♥❞ 0 ♦t❤❡r✇✐s❡✳
❚❤❡ t❡❝❤♥✐❝❛❧ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ s❤♦✇ t❤❛t s✉❝❝❡ss✐✈❡ ✏❥✉♠♣s✑ ♦❢ ❛ ❧❡❛❞❡r t❤r♦✉❣❤ t❤❡ ❣r❛♣❤ ❝❛♥♥♦t ❝❛✉s❡ ❛♥
♦s❝✐❧❧❛t✐♦♥ ♦❢ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ♠❛st❡r✳
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✷✵✳ ❘✳ ▼✐③♦❣✉❝❤✐✱ ❍✳ ❖♥♦✱ ❙✳ ❑✐❥✐♠❛✱ ❛♥❞ ▼✳ ❨❛♠❛s❤✐t❛✳ ❖♥ s♣❛❝❡ ❝♦♠♣❧❡①✐t② ♦❢ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ❧❡❛❞❡r ❡❧❡❝t✐♦♥ ✐♥ ♠❡❞✐❛t❡❞

♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧✳ ❉✐str✐❜✉t❡❞ ❈♦♠♣✉t✐♥❣✱ ✷✺✭✻✮✿✹✺✶✕✹✻✵✱ ✷✵✶✷✳

❆♣♣❡♥❞✐①

❚❤❡♦r❡♠ ✷✳ ❋♦r ❛♥② ♥♦♥✲s✐♠♣❧❡ ❢❛♠✐❧② ♦❢ ❣r❛♣❤s F ✱ t❤❡r❡ ✐s ♥♦ s❡❧❢✲st❛❜✐❧✐③✐♥❣ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ A ✐♠♣❧❡♠❡♥t✲
✐♥❣ Ω? ♦✈❡r F ✉s✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ELE ✭✐✳❡✳✱ t❤❡r❡ ✐s ♥♦ ❝♦♠♣♦s✐t✐♦♥ B = ELE ◦Beh(A) ⊆ Ω?✮✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ r❡s✉❧t ❜② ❝♦♥tr❛❞✐❝t✐♦♥ ✉s✐♥❣ ❛ ❝❧❛ss✐❝❛❧ ♣❛rt✐t✐♦♥✐♥❣ ❛r❣✉♠❡♥t✳ ❆ss✉♠❡ s✉❝❤ ❛ ♣r♦t♦❝♦❧ A
❛♥❞ ❝♦♥s✐❞❡r ❛ ❣r❛♣❤ G ❢r♦♠ ❛ ❣✐✈❡♥ ♥♦♥✲s✐♠♣❧❡ ❢❛♠✐❧② F ✱ s✉❝❤ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ❞✐s❥♦✐♥t s✉❜❣r❛♣❤s ♦❢ G✱ G1

❛♥❞ G2 t❤❛t ❛r❡ ❛❧s♦ ✐♥ F ✳ ❊✈❡r② ❡①❡❝✉t✐♦♥ E ♦❢ A ❤❛s ❛♥ ✐♥♣✉t tr❛❝❡ (T, Tin)✱ ✇❤❡r❡ T ✐s ❛♥ ♦✉t♣✉t tr❛❝❡ ♦❢ ELE
❛♥❞ Tin r❡♣r❡s❡♥ts t❤❡ ✐♥♣✉t tr❛❝❡ ♦❢ Ω?✳ ●✐✈❡♥ ❛ s❝❤❡❞✉❧❡ S ♦♥ G✱ (S, Tout) ∈ B(S, T, Tin) s✉❝❤ t❤❛t Tout ✐s ❛♥
♦✉t♣✉t tr❛❝❡ ♦❢ A ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦♥❡ ♦❢ Ω?✮ ✐♥❞✉❝❡❞ ❜② S✳

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ELE ✱ ❡❛❝❤ T ❡✈❡♥t✉❛❧❧② ♣❡r♠❛♥❡♥t❧② ❛ss✐❣♥s 1 t♦ ❛ ✉♥✐q✉❡ ❛❣❡♥t λ ❛♥❞ 0 t♦ ❡✈❡r② ♦t❤❡r❀
✇❡ ❞❡♥♦t❡ ❜② β t❤✐s ❛ss✐❣♥♠❡♥t✳ ❲✳❧✳♦✳❣✳✱ ❛ss✉♠❡ t❤❛t λ ∈ G1✳ ❲❡ ❝❤♦♦s❡ t❤❡ tr❛❝❡ Tin t♦ ❜❡ t❤❡ ❝♦♥st❛♥t tr❛❝❡
αα . . . ✇❤❡r❡ α ❛ss✐❣♥s 1 t♦ s♦♠❡ ❛❣❡♥t µ ∈ G2✱ ❛♥❞ 0 t♦ ❡✈❡r② ♦t❤❡r✳

❇② t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ A✱ t❤❡ ♦✉t♣✉t tr❛❝❡ Tout ❤❛s ❛ s✉✣① ❡q✉❛❧ t♦ t❤❡ ❝♦♥st❛♥t tr❛❝❡ ❛ss✐❣♥✐♥❣ 1 t♦ ❡✈❡r②
❛❣❡♥t✳ ❚❤✉s✱ ❢♦r ❡✈❡r② ❝♦✉♣❧❡ (C, γ) ✐♥ SE ✱ γ = (β, α) ❛♥❞ t❤❡ ♦✉t♣✉t ❛ss♦❝✐❛t❡❞ t♦ C ❛ss✐❣♥s 1 t♦ ❡✈❡r② ❛❣❡♥t✳
■❢ ✇❡ r❡str✐❝t (C, γ) t♦ t❤❡ ❣r❛♣❤ G1✱ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ✐♥♣✉t ❛ss✐❣♥♠❡♥t (C1, γ1)✳ ❚❤❡ ❛❣❡♥t λ ✐s
st✐❧❧ t❤❡ ✉♥✐q✉❡ ❛❣❡♥t t♦ ❜❡ ❛ss✐❣♥❡❞ 1 ❜② β1✱ ❛♥❞ α1 ❛ss✐❣♥s 0 t♦ ❡✈❡r② ❛❣❡♥ts ✐♥ G1✳ ❙✐♥❝❡ t❤❡ ♣r♦t♦❝♦❧ ♠✉st ❜❡
s❡❧❢✲st❛❜✐❧✐③✐♥❣✱ ❛♥❞ s✐♥❝❡ G1 ∈ F ✱ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s✱ ✐♥✈♦❧✈✐♥❣ ❛❧❧ t❤❡ ❛❣❡♥ts ♦❢ G1 ❛♥❞ ❤❛✈✐♥❣ t❤❡



✶✷ ❏♦✛r♦② ❇❡❛✉q✉✐❡r✱ P❡✈❛ ❇❧❛♥❝❤❛r❞✱ ❏❛♥♥❛ ❇✉r♠❛♥✱ ❛♥❞ ❖❦s❛♥❛ ❉❡♥②s②✉❦

✐♥♣✉t ❛ss✐❣♥♠❡♥t γ1 ❞✉r✐♥❣ t❤❡ s❡q✉❡♥❝❡✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥✜❣✉r❛t✐♦♥ C ′1 t❤❛t ♦✉t♣✉ts 0 ❛t ❛t ❧❡❛st ♦♥❡ ❛❣❡♥t
✐♥ G1✳ ❚❤✐s ✐♥✈♦❧✈❡s t❤❛t t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❡①❡❝✉t✐♦♥ (C, γ)(C1, γ)(C2, γ) . . . (C

′, γ) s✉❝❤ t❤❛t C ′ ♦✉t♣✉ts
1 ❛t t❤❡ ❛❣❡♥ts ♦❢ G2 ❛♥❞ 0 ❛t s♦♠❡ ❛❣❡♥t ✐♥ G1✳ ❚❤❡ ❣❧♦❜❛❧ ❢❛✐r♥❡ss ❡♥s✉r❡s t❤❛t C ′ ♦❝❝✉rs ✐♥ SE ❀ ❤❡♥❝❡ ❛
❝♦♥tr❛❞✐❝t✐♦♥✳ ⊓⊔

❚❤❡♦r❡♠ ✹✳ ●✐✈❡♥ ❛♥② ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ A ✐♠♣❧❡♠❡♥t✐♥❣ ❛ ❜❡❤❛✈✐♦✉r B ♦✈❡r ❛ ❢❛♠✐❧② ♦❢ str♦♥❣❧② ❝♦♥♥❡❝t❡❞
❣r❛♣❤s✱ t❤❡r❡ ✐s ❛ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ A′ ✭❣✐✈❡♥ ✐♥ t❤❡ ♣r♦♦❢✮ ✐♠♣❧❡♠❡♥t✐♥❣ B ♦✈❡r ❛ ❢❛♠✐❧② ♦❢ ✇❡❛❦❧② ❝♦♥♥❡❝t❡❞
❣r❛♣❤s✳

Pr♦♦❢✳ ❲❡ ❣✐✈❡ ❛ ❝♦♥str✉❝t✐✈❡ ♣r♦♦❢✳ ❲❡ s❤♦✇ ❤♦✇ t♦ tr❛♥s❢♦r♠ A ✐♥t♦ ❛ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧ A′✳ ●✐✈❡♥ A✱ ✇❡
❞❡✜♥❡ ❜❡❧♦✇ ❛ ✭♣♦ss✐❜❧②✮ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ♣r♦t♦❝♦❧ AND✳ ■t ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦♥❡ ❜② t❤❡
tr❛♥s❢♦r♠❡r ♣r♦♣♦s❡❞ ✐♥ ❬✹❪✱ ✐❢ AND ✐♠♣❧❡♠❡♥ts ❛♥ ❡❧❛st✐❝ ❜❡❤❛✈✐♦✉r ✭❛s ELE ✐♥ ♦✉r ❝❛s❡✮✳

AND ❤❛s t❤❡ s❛♠❡ st❛t❡ s♣❛❝❡✱ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts ❛s A✱ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✐t✐♦♥ r✉❧❡s✳ ❚❤❡ r✉❧❡
(p, x)(q, y) → (p′, q′) ✐s ❛ r✉❧❡ ♦❢ AND ✐❢ ❛♥❞ ♦♥❧② ✐❢ (p, x)(q, y) → (p′, q′) ✐s ❛ r✉❧❡ ♦❢ A ♦r (q, y)(p, x) → (q′, p′) ✐s ❛
r✉❧❡ ♦❢ A✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ A ❤❛s ❛ ✉♥✐q✉❡ r✉❧❡ (p, x)(q, y) → (p′, q′)✱ t❤❡♥ AND ❤❛s t✇♦ r✉❧❡s✱ (p, x)(q, y) → (p′, q′)
❛♥❞ (q, y)(p, x) → (q′, p′)✳ ■♥ t❤✐s ❡①❛♠♣❧❡ AND ✐s ❞❡t❡r♠✐♥✐st✐❝ ❜✉t ✐t ✇♦✉❧❞ ♥♦t ❜❡ t❤❡ ❝❛s❡ ✐❢ A ❤❛❞ ❛❧s♦ ❛ r✉❧❡
(q, y)(p, x) → (q′′, p′′)✳ ■♥t✉✐t✐✈❡❧②✱ AND✱ ❡①❡❝✉t✐♥❣ ♦✈❡r ❛ ✇❡❛❦❧② ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G✱ s✐♠✉❧❛t❡s A ♦✈❡r ❛ str♦♥❣❧②
❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✇❤✐❝❤ ✐s t❤❡ s②♠♠❡tr✐❝ ❝❧♦s✉r❡ Gsym ♦❢ G✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✐t ✐s ❛s ✐❢ AND s✐♠✉❧❛t❡❞ ❛ s❝❤❡❞✉❧❡r✱
♦✈❡r ❛ ♥♦♥ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② G✱ ✇❤✐❝❤ ❝♦✉❧❞ ❝❤♦♦s❡ ❛t ❡✈❡r② ✐♥t❡r❛❝t✐♦♥ ✇❤✐❝❤ ❛❣❡♥t ✐s t❤❡ ✐♥✐t✐❛t♦r✱ ❛♥❞
✇❤✐❝❤ ✐s t❤❡ r❡s♣♦♥❞❡r✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t AND ✐♠♣❧❡♠❡♥ts t❤❡ s❛♠❡ ❜❡❤❛✈✐♦✉r B ❛s A ♦✈❡r ❛ ❢❛♠✐❧② ♦❢ ✇❡❛❦❧②
❝♦♥♥❡❝t❡❞ ❣r❛♣❤s✳

●✐✈❡♥ ❛ ✇❡❛❦❧② ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G✱ t❤❡ s②♠♠❡tr✐❝ ❝❧♦s✉r❡ Gsym ♦❢ G ✐s ❛ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✳ ❲❡ s❤♦✇
t❤❛t✱ ✐❢ E = (C0, α0, σ0)(C1, α1, σ1) . . . ✐s ❛ ❣❧♦❜❛❧❧② ❢❛✐r ❡①❡❝✉t✐♦♥ ♦❢ AND ♦♥ G✱ t❤❡♥ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢
❛❝t✐♦♥s σ′

i✱ i ∈ N✱ s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ E′ = (C0, α0, σ
′
0)(C1, α1, σ

′
1) . . . ✐s ❛ ❣❧♦❜❛❧❧② ❢❛✐r ❡①❡❝✉t✐♦♥ ♦❢ A ♦♥

Gsym✳ ❍❡♥❝❡✱ ✐❢ A s♦❧✈❡s B ♦✈❡r Gsym t❤❡♥ AND s♦❧✈❡s B ♦✈❡r G✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s σ′
i ✐s

❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ■❢ σi = (ui, vi, (q, y)(p, x) → (q′, p′)) ❜✉t (q, y)(p, x) → (p′, q′) ✐s ♥♦t ❛ r✉❧❡ ♦❢ A✱ t❤❡♥ ❞❡✜♥❡
σ′
i = (vi, ui, (p, x)(q, y) → (p′, q′))✳ ■❢ (q, y)(p, x) → (q′, p′) ✐s ❛ r✉❧❡ ♦❢ A✱ t❤❡♥ ❞❡✜♥❡ σ′

i = σi✳ ⊓⊔

▲❡♠♠❛ ✼✱ ❝❛s❡s ✭❛✮ ❛♥❞ ✭❜✮✳ ▲❡t R ❜❡ ❛ r♦✉♥❞ ✐♥ SE✳ ❲❡ ❞❡♥♦t❡ ❜② (C0, α0) . . . (Cr, αr) t❤❡ s❡q✉❡♥❝❡ ♦❢
❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ✐♥♣✉t ❛ss✐❣♥♠❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ R✳ ❈❛s❡ ✭❛✮ ■❢ t❤❡r❡ ❛r❡ ♥♦ ❧❡❛❞❡rs ✐♥ R ✭✐✳❡✳✱ ❢♦r ❡✈❡r②
0 ≤ i ≤ r✱ ❛♥❞ ❡✈❡r② ❛❣❡♥t x✱ ✇❡ ❤❛✈❡ αi(x).leader = 0✮✱ t❤❡♥ ❛❢t❡r t❤❡ ❧❛st ❛❝t✐♦♥ ✐♥ R✱ ❛❧❧ t❤❡ ❛❣❡♥ts ❤❛✈❡
t❤❡✐r ✢❛❣s ❝❧❡❛r❡❞ ✭s❡t t♦ 0✮✳ ❈❛s❡ ✭❜✮ ■❢ t❤❡r❡ ❛r❡ ♥♦ ❧❡❛❞❡rs ✐♥ R✱ ❛♥❞ ✐❢ ❛❧❧ ❛❣❡♥ts ❤❛✈❡ t❤❡✐r ✢❛❣s ❝❧❡❛r❡❞ ❛t t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ r♦✉♥❞✱ t❤❡♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ r♦✉♥❞✱ t❤❡ ♠❛st❡r ♦✉t♣✉ts 0 ❛♥❞ ❛❧❧ ❛❣❡♥ts ❤❛✈❡ t❤❡✐r ✢❛❣s ❝❧❡❛r❡❞✳

Pr♦♦❢✳ ❈❛s❡ ✭❛✮✳ ❆ss✉♠❡ t❤❡r❡ ❛r❡ ♥♦ ❧❡❛❞❡rs ❞✉r✐♥❣ t❤❡ r♦✉♥❞ R✳ ❙✐♥❝❡ t❤❡ t♦❦❡♥ ♠♦✈❡s ❝❧♦❝❦✇✐s❡ ❢r♦♠ t❤❡
♠❛st❡r t♦ t❤❡ ♠❛st❡r✱ ❛♥❞ s✐♥❝❡ ❛ t♦❦❡♥ ❝❧❡❛rs ❛♥② ✢❛❣ ✐t ❡♥❝♦✉♥t❡rs✱ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ r♦✉♥❞✱ t❤❡ t♦❦❡♥ ❤❛s
❝❧❡❛r❡❞ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ r❛✐s❡❞ ✢❛❣s ✐♥ t❤❡ r✐♥❣✳

❈❛s❡ ✭❜✮✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❧❡❛❞❡rs ❞✉r✐♥❣ R✱ ❛♥❞ t❤❛t ❛❧❧ t❤❡ ✢❛❣s ❛r❡ ❝❧❡❛r❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳
❉✉r✐♥❣ t❤❡ ✜rst ❛❝t✐♦♥ ✐♥ R✱ t❤❡ ♠❛st❡r ❤♦❧❞s t❤❡ t♦❦❡♥ ❛♥❞ ❝♦❧♦rs ✐t ✐♥ ✇❤✐t❡✳ ❙✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦ ❧❡❛❞❡rs ✐♥ R✱ ✐♥
❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤✐♥ t❤❡ r♦✉♥❞✱ ❛❧❧ t❤❡ ✢❛❣s ❛r❡ ❝❧❡❛r❡❞✳ ❍❡♥❝❡✱ ✇❤❡♥ ♠♦✈✐♥❣ ❝❧♦❝❦✇✐s❡ ❢r♦♠ t❤❡ ♠❛st❡r t♦
t❤❡ ♠❛st❡r✱ t❤❡ t♦❦❡♥ ♠❡❡ts ♥♦ r❛✐s❡❞ ✢❛❣s ❛♥❞ st❛②s ✇❤✐t❡✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ r♦✉♥❞✱ t❤❡ ♠❛st❡r r❡❝❡✐✈❡s ❛ ✇❤✐t❡
t♦❦❡♥ ❛♥❞ ♦✉t♣✉ts 0✳ ⊓⊔


