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Approximate controllability for a 2D Grushin
equation with potential having an internal
singularity

Morgan MORANCEY *f

Abstract

This paper is dedicated to approximate controllability for Grushin
equation on the rectangle (z,y) € (—1,1) x (0,1) with an inverse square
potential. This model corresponds to the heat equation for the Laplace-
Beltrami operator associated to the Grushin metric on R?, studied by
Boscain and Laurent. The operator is both degenerate and singular on
the line {z = 0}.

The approximate controllability is studied through unique continu-
ation of the adjoint system. For the range of singularity under study,
approximate controllability is proved to hold whatever the degeneracy is.

Due to the internal inverse square singularity, a key point in this work
is the study of well-posedness. An extension of the singular operator is
designed imposing suitable transmission conditions through the singular-
ity.

Then, unique continuation relies on the Fourier decomposition of the
2D solution in one variable and Carleman estimates for the 1D heat equa-
tion solved by the Fourier components. The Carleman estimate uses a
suitable Hardy inequality.

Keywords : unique continuation, degenerate parabolic equation, singular po-
tential, Grushin operator, self-adjoint extensions, Carleman estimate.
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1 Introduction

1.1 Main result

We consider for v > 0 the following degenerate singular parabolic equation

C
atf - ang - |£L'|2’Ya§yf+ Pf = u(taxay)Xw(‘xay)7 (tax7y) € (OaT) X Qa

f(t,z,y) =0, (t,,y) € (0,T) x 09,
(1.1)

with initial condition

f0,2,y) = fOx,y), (2,y) € (1.2)

The domain is 2 := (—1,1) x (0,1) and w, the control domain, is an open
subset of 2. The function x is the indicator function. The coefficient ¢ of the
singular potential is real and will be restricted to (—%7 %) The degeneracy set
{z = 0} coincides with the singularity set ; it separates the domain Q in two
connected components. Due to the singular potential, the first difficulty is to
give a meaning to solutions of (1.1). Through the study of an associated 1D
heat equation, we will design a suitable extension of the considered operator
generating a continuous semigroup. The solutions considered in this article will
be related to this semigroup. This is detailed in Section [2] Before stating the
controllability result, we give some motivations and justify the range of constants
13

ce(-11)

In [4], Boscain and Laurent studied the Laplace-Beltrami operator for the
Grushin-like metric given by the orthonormal basis X = <(1)) and Y = <|$0|7>
on R x T with v > 0 i.e.

Lu = 92 2992 4 — Lo u. 1.3
wi= 02t o0, u — Lo, (13)

They proved that this operator with domain C§° ((R\{0}) x T) is essentially self-
adjoint on L?(R x T) if and only if v > 1. Thus, for the heat equation associated
to this Laplace-Beltrami operator, no information passes through the singular
set {x = 0} when v > 1. This prevents controllability from one side of the
singularity.

The change of variables u = |z|7/?v, leads to study

Ao = 02,0+ | 02,0 - 2 (% +1) = (1.4)
The model (1.1)) can then be seen as a heat equation for this operator. By
choosing a coefficient ¢ instead of 3 (% + 1) we authorize a wider class of singular
potentials and decouple the effects of the degeneracy and the singularity for a
better understanding of each one of these phenomena. Adapting the arguments
of [], one obtains that for any v > 0, the operator —93, — |z[*0;, + % with



domain C§°(Q\{z = 0}) is essentially self-adjoint on L?() if and only if ¢ > 3.
Thus, to look for controllability properties, our study focuses on the range of
constants ¢ < %.

The lower bound ¢ > —% for the range of constants considered comes from
well posedness issues linked to the use of the following Hardy inequality (see

e.g. [9] for a simple proof)

Al Z?deg /Olzx(z)de, ¥z € H'((0,1),R) with 2(0) = 0. (1.5)

The critical case in the Hardy inequality ¢ = —i is not directly covered by the
technics of this article.

The notion of controllability under study in this article is given in the following
definition.

Definition 1.1. Let 7" > 0 and w C . The problem is said to be
approximately controllable from w in time T if for any (f°, f7) € L?(2)2, for
any € > 0, there exists u € L?((0,T) x w) such that the solution of —,
in the sense of Proposition [2.5] satisfies

I[f(T) — fT||L2(Q) <e.

The main result of this article is the following characterization of approximate
controllability.
Theorem 1.1. Let T >0, v > 0 and c € (f%, %) Let w be an open subset of
Q. Then, 18 approximately controllable from w in time T in the sense of
Definition [1.1].

Except for the critical case of the Hardy inequality (¢ = —i), this theorem
fills the gap, for the approximate controllability property, between validity of
Hardy inequality (c > —1) and the essential self-adjointness property of [4] for
c> 5.

=1

Remark 1.1. One key point for this approximate controllability result is to give
a meaning to the solutions of (I.1I)). As it will be noticed (see e.g. Sect. [2.4)
there are various possible definitions of solutions (depending mostly on what
transmission conditions are imposed at the singularity). The validity of the
approximate controllability property under study will strongly depend on these
transmission conditions. This is why, in Definition [I.1] it is precised that the
solutions are understood in the sense of Proposition

Remark 1.2. Going back to the Laplace-Beltrami operator studied by Boscain
and Laurent , we would get approximate controllability for the heat equa-
tion associated to the operator A, for any v € (0,1). To be closer to the setting
they studied one can notice that, essentially with the same proof, the approxi-
mate controllability result of Theorem also holds on (—1,1) x T. This will
be detailed in Remark [3.4l



By a classical duality argument, approximate controllability will be studied
through unique continuation of the adjoint system. The unique continuation re-
sult will be proved by a suitable Carleman inequality for an associated sequence
of 1D problems. This Carleman estimate rely on a precise Hardy inequality.

The model can also be seen as an extension of [3] where Beauchard et
al. studied the null controllability without the singular potential (i.e. in the
case ¢ = 0). The authors proved that null controllability holds if v € (0,1) and
does not hold if v > 1. In the case v = 1, for w a strip in the y direction, null
controllability holds if and only if the time is large enough.

The inverse square potential for the Grushin equation has already been taken
into account by Cannarsa and Guglielmi in [7] but in the case where both degen-
eracy and singularity are at the boundary. With our notations, they proved null
controllability in sufficiently large time for Q@ = (0,1) x (0,1), w = (a,b) x (0, 1),
v =1 and any ¢ > *i' They also proved that approximate controllability holds
for any control domain w C €, any v > 0 and any ¢ > —%. Thus, the fact
that our model presents an internal singularity instead of a boundary singular-
ity deeply affects the approximate controllability property as it does not hold
when ¢ > %.

As in [3], the results of this article will strongly use an associated sequence
of 1D problems. As a by-product of the proof of Theorem [I.I] we obtain the
following approximate controllability result for the 1D heat equation with a
singular inverse square potential.

Theorem 1.2. Let T > 0 and c € (—%, %) Let w be an open subset of (—1,1).
Then approximate controllability holds for

Ouf =% f + —f =ult.o)xu(2), ()€ (0.1)x (-1,1),
f(t,=1) = f(t,1) =0, te(0,7), (1.6)
£(0,2) = fO(x), z € (-1L1),

where the solutions of @ are given by Proposition .

The null controllability issue for the 1D heat equation with such an internal
inverse square singularity remains an open question. Like , it has to be
noticed that the solutions of are related to the semigroup generated by a
suitable extension of the Laplace operator with a singular potential.

1.2 Structure of this article

Due to the internal singularity and the fact that the considered operators admit
several self-adjoint extensions, the functional setting and the well posedness are
crucial issues in this article. Section [2]is dedicated to these questions.

Section [3] is dedicated to the study of the unique continuation property for
the adjoint system. Using decomposition in Fourier series in the y variable and
unique continuation for uniformly parabolic operator we reduce the problem to



the study of a 1D singular problem with a boundary inverse square potential.
Then we conclude proving a suitable Carleman inequality using an adapted
Hardy’s inequality.

We end this introduction by a brief review of previous results concerning
degenerate and/or singular parabolic equations.

1.3 A review of previous results

The first result for a heat equation with an inverse square potential W deals

with well posedness issues. In [2], Baras and Goldstein proved complete in-
stantaneous blow-up for positive initial conditions in space dimension N if

¢ < ¢*(N) = —%. This critical value is the best constant in Hardy’s
inequality. Cabré and Martel also studied in [6] the relation between blow-up
of such equations and the existence of an Hardy inequality. Thus, most of the
following studies focus on the range of constants ¢ > ¢*(N). In this case, well
posedness in L?(2) has been proved in [25] by Vazquez and Zuazua. Notice
that in those cases the singular set is the point {0} (the singularity being at the
boundary in the one dimensional case) whereas in this article the singular set
is a line separating the 2D domain in two connected components.

The controllability issues were first studied for degenerate equations. In [8] 18|
9, 10], Cannarsa, Martinez and Vancostenoble proved null controllability with
a distributed control for a one dimensional parabolic equation degenerating at
the boundary. Then, they extended this result to more general degeneracies
and in dimension two. These results are based on suitable Hardy inequalities
and Carleman estimates. More recently, Cannarsa, Tort and Yamamoto [1I]
proved approximate controllability for this one dimensional equation degenerat-
ing at the boundary with a Dirichlet control on the degenerate boundary. Then,
Gueye [16] proved null controllability for the same model. Its proof relies on
transmutation and appropriate nonharmonic Fourier series.

Meanwhile, these Carleman estimates were adapted for heat equation with an
inverse square potential -5 in dimension N > 3. In [24], Vancostenoble and
Zuazua proved null controllability in the case where the control domain w con-
tains an annulus centred on the singularity. Their proof relies on a decompo-
sition in spherical harmonics reducing the problem to the study of a 1D heat
equation with an inverse square potential which is singular at the boundary.
The geometric assumptions on the control domain were then removed by Erve-
doza in [I5] using a direct Carleman strategy in dimension N > 3. Notice that
although these results deal with internal singularity they cannot be adapted to
our setting. Indeed, in [24] it is crucial that the singularity of the 1D prob-
lem obtained by decomposition in spherical harmonics is at the boundary. The
Carleman strategy developed in [I5] cannot be adapted in this article because
our singularity is no longer a point but separates the domain in two connected
components.

For null controllability for a one dimensional parabolic equation both degener-
ate and singular at the boundary we refer to [23] by Vancostenoble. The proof



extends the previous Carleman strategy together with an improved Hardy in-
equality.

As the functional setting for this study is obtained through the design of a suit-
able self-adjoint extension of our Grushin-like operator, we mention the work [5]
conducted simultaneously to this study. In this paper, Boscain and Prandi stud-
ied some extensions of the Laplace-Beltrami operator for v € R. Among
other things, they designed for a suitable range of constants an extension called
bridging extension that allows full communication through the singular set.
Even if the models under consideration are not exactly the same, the approxi-
mate controllability from one side of the singularity given by Theorem [T.1]is in
agreement with the existence of this bridging extension.

2 Well posedness

The previous results of the literature dealing with an inverse square potential
were obtained thanks to some Hardy-type inequality. For a boundary inverse
square singularity (as in [23]), the condition z(0) = 0 needed for to hold is
contained in the homogeneous Dirichlet boundary conditions considered. Thus,

C

in [23], the appropriate functional setting to study the 1D operator —92, + =
with ¢ > *i is

{femz . nm01); 0%+ 55 e 20}

For an internal inverse square singularity one still has

1 2 1
/ ﬂdx < 4/ zp(x)*dx, Vz e H'(—1,1) such that 2(0) =0. (2.1)
1 22 _q
This inequality ceases to be true if z(0) # 0. Thus, the functional setting must
contain some informations on the behaviour of the functions at the singularity.
In this section, we design a suitable self-adjoint extension of the operator
02, — |29, + % on C3°(Q\{z = 0}). The next subsection deals with
an associated one dimensional equation. Section will then relate this one
dimensional problem to the original problem in dimension two. In all what
follows, the coefficient of the singular potential will be parametrized in the form
¢ = ¢, where

¢, =% — %, for v € (0,1). (2.2)
2.1 Introduction of the 1D operator

Forn € N*, v > 0 and v € (0, 1) we consider the following homogeneous problem

Of = uf + 5 F + (e f =0, (L) € (0,7) x (~1,1),
flt,—1) = f(t,1) =0, te(0,T).

(2.3)



This equation is formally the homogeneous equation satisfied by the coefficients
of the Fourier expansion in the y variable done in [3] and will be linked to (1.1))
in Sect. From now on, we focus on the well posedness of (2.3)).

Remark 2.1. A naive functional setting for this equation is the adaptation of [23]
{£ € L2=1,1); fio € HL((0,1]) N HY (0, 1),

f|[71,0] € HIQOC([_]‘7O)) N H(%(_]wo) and — a:%zf + %f € LQ(_L 1)}

However, a functional setting where the two problems on (—1,0) and (0,1)
are well posed is not pertinent for the control problem from one side of the
singularity. It leads to decoupled dynamics on the connected components of
(717 0) U (Oa 1)

We study the differential operator
A — _ 52 Cv 2012y
nf(2) = =00, f(2) + 5 (@) + (nm) |27 f(2).

As v € (0,1), the results of [4] imply that A,, defined on C§°((—1,0) U (0,1))
admits several self-adjoint extensions. We here specify the self-adjoint extension
that will be used. Let

HE(-1,1):= {f € H*(-1,1); f(0) = f'(0) = 0},
and
Fo = {f € L*(—=1,1); f = ¢ |z["*2 + ¢f x| 72 on (0,1)
and f = cl_\x|”+% +c;|x\7”+% on (71,0)}.
Notice that for any fs € Fs,
cy
(—8; + ﬁ) fo(x) =0, Ve (~1,00U(0,1). (2.4)

The parametrization (2.2)) of the coefficient of the singular potential by v allows
to write easily the functions of Fj.

The domain of the operator is defined by

D(A,) = {f =frtfsifr€ f{g(—lvl)’ fs € Fs such that f(—1) = f(1) =0,
c] +cy +ef +e5 =0 and

1 1 1 1
(v+35)e +(v+35) = W3l +(v+3)d ) (29)
2 2 2 2
Notice that for v € (0,1), D(A,) C L?(—1,1). In the following, this unique
decomposition of functions of D(A,) will be referred to as the regular part
for f, and the singular part for f;. As this domain is independent of n, it



will be denoted by D(A) in the rest of this article. The coefficients of the
singular part will be denoted by ¢ if there is no ambiguity and ¢ (f) otherwise.
The conditions imposed on these coefficients in will be referred to as the
transmission conditions. These conditions are discussed in Remark [2.3] their
role and origin are discussed in Sect. 2.2] and 2.4}

This operator satisfies the following properties

Proposition 2.1. For any n € N* and v € (0, 1), the operator (A, D(A)) is
self-adjoint on L?(—1,1). Moreover, for any f € D(A),
1

1
(Anf, f) = m, / 0uf (@) da + (m)? / ol P, (26)

where m,, := min{1, 4v?}.

Before proving this proposition in Sect. 2.2 we give some comments on this
construction of the 1D operator.

Remark 2.2. As noticed in (2.4, the functions of F; are chosen in the kernel of
the singular differential operator —93, + <. Thus, for any f € D(A),

Anf = (=020 + 507) + ()7,

As done in [I, Proposition 3.1], for any f, € H3(—1,1), writing
fr@) = [ = s)o)ds
0

and applying Minkowski’s integral inequality we get that the map = — ?12 fr(x)
belongs to L?(—1,1). Thus, (A,, D(A)) is indeed an operator in L?(—1,1).
Remark 2.3. The reason for imposing these particular transmission conditions
is threefold. First, it implies the self-adjointness of the operator under consid-
eration. This will be pointed out in the proof of Proposition This choice is
guided by the general theory of self-adjoint extensions from the point of view of
boundary conditions as detailed by Zettl [26] Theorem 13.3.1, Case 5|. For the
sake of clarity, the proof of self-adjointness is done independently of this general
theory in Sect. A discussion relating this general theory and the domain
together with other possible choices is done in Sect.

The second interest of these transmission conditions is to ensure the posi-
tivity of the operator, as detailed in the proof of Proposition [2:2]

Finally, these transmission conditions are really transmission conditions in
the sense that they allow some information to cross the singularity. In matrix
form, the transmission conditions can be rewritten as

+ —
e (f) -1 -1 2v=1\ (¢ (f)
= — L Vf e D(A). 2.7
() =z (on "7 1) (7)) wep @n
Thus, the invertibility of the above matrix implies that if the singular part of
some function f € D(A) identically vanishes on one side of the singularity it also

vanishes on the other side. This is a crucial point for the proof of approximate
controllability.



Using Proposition the well posedness of the one dimensional system ([2.3))
follows from Proposition [2.1]and the Hille-Yosida theorem (see e.g. [12, Theorem
3.2.1)).

Proposition 2.2. For any n € N* and any f° € L?(—1,1), problem with
initial condition f(0,-) = f° has a unique solution

f€C°([0,+00), L*(—1,1)) N C°((0,4+00), D(A)) N C*((0, +00), L*(—1,1)).
This solution satisfies

1 Oz2-10) < NNz,

In all what follows, we denote by e~4»* the semigroup generated by —A,, i.e.
for any f0 € L?(—1,1), the function t s e~4»t f0 is the solution of (2.3) given

by Proposition [2:2}

2.2 Well posedness of the 1D problem

This subsection is dedicated to the proof of Proposition 2.1} The proof uses the
following two lemmas.
The following lemma is proved in |26 Lemma 9.2.3].

Lemma 2.1. For f,g € H2(—1,1) @ Fs, if we define

[fmg](x) = (fg, - f/g)('r)7 vz 7& Oa

then
1

/11 (_6§xf + %f) (x)g(z)dzr = /71 f(x) (_62-3;9 + %g> (z)dz
+[£.91(1) = [f, 9)(07) + [£,9)(07) = [£. g] (1)

The following lemma characterizes the behaviour of the regular part at the
singularity.

Lemma 2.2. For any f € H?(0,1), satisfying f(0) = f'(0) =0,

lim f(m) =0 and lim f/(laj) =0.

z—0 g3 z—0 g3

The same holds for functions in H3(—1,1) and both limits x — 0%,
Proof of Lemma[2.3 As f(0) = f'(0) = 0, it comes that

o= [ " f(s)dsat

Then, Cauchy-Schwarz inequality implies,

sors [vi( ] t If”(8)|2d8>;dt ([ If”(S)st)éxg-

The proof of the second limit is similar.



We now turn to the proof of Proposition [2.1

Proof of Proposition[2.1. We start by proving that (A,, D(A)) is a symmetric
operator. Thus, A% is an extension of A, and self-adjointness will follow from
the equality D(A}) = D(A,,).

First step : we prove that (A, D(A)) is a symmetric operator.
Let f,g € D(A). As f(1) = g(1) = f(-1) = g(—1) = 0, it comes that
[£,91(1) = [£. g](=1) = 0.
Lemma, implies that

[£,91(0%) = [fs,9s)(07) = (¢ (F)es (9) — c5 (f)ef (9)) [l + 2, o[ 7+ 2] (0%),

and

[£,91(07) = [£5, 95)(07)
= (¢r (N)ez (9) = 5 (Ner (9)) [l 2, |~ 2](07)
= —(c1 (Nez (9) = e (Ner (9) 22, [ 2] (07).

Thus, using the matrix formulation (2.7]) of the transmission conditions, we get
that for any f,g € D(A)

cf (Hez (9) = e3 (el (9) = —(e1 (Fez (9) — ez (Nex (9))-

This leads to
[£,9)(07) = [f,g)(07).
Finally, Lemma implies that for any f,g € D(A), (4. f,9) = {(f, Ang).

Thus, to prove self-adjointness it remains to prove that D(Af) = D(A).
As D(A) is independent of n and x +— (nm)?|z|[*Y € L°°(—1,1) it comes that
D(A7) = D(A5).

Second step : minimal and mazimal domains. First, we explicit the minimal
and maximal domains in the case of a boundary singularity. Without loss of
generality, we study the operator in (0, 1).

Using [T}, Proposition 3.1], the minimal and maximal domains associated to the
differential expression Ay in L?(0, 1) are respectively equal to

Hg([0,1]) == {y € H*([0,1]): y(0) = y(1) = y'(0) = y'(1) = 0}

and
{y € H*([0,1]); y(0) = /(0) = 0} & Span {xv+%7 x—”+%} .

Then, [26, Lemma 13.3.1] imply that the minimal and maximal domains asso-
ciated to Ag on the interval (—1,1) are given by

Doin = {f € B3(-L1); f(-1) = 1) = f(-1) = F () =0}, (2)



and ~
Doz = H2(=1,1) & F. (2.9)

Besides, the minimal and maximal operators form an adjoint pair.

Third step : self-adjointness. The operator Ag being a symmetric extension
of the minimal operator it comes that D(Ag) C D(A{) C Dpas- Let g € D(AP)
be decomposed as g = g, + g5 with g, € flg(—l, 1) and g5 € F,. We prove that
g satisfy the boundary and transmission conditions. By the definition of D(Af),
there exists ¢ > 0 such that for any f € D(A),

[(Aof, )| < cllf]lze-

Let f € D(A) N H2(—1,1) be such that f = 0 in (—1,0). Then, Lemma
implies that

Thus, ¢g(1) = 0. Symmetric arguments imply that g(—1) = 0.
We now turn to the transmission conditions. Let f € D(A) be such that its
singular part is given by

1 1
+ _ + -
c (f) =9 s (f) o
Then, the transmission conditions imply
_ 1 _ 1
01(f)—57 Cz(f)——5~

By Lemma 2.1

(Aof,g) = (f, Aog) + [f,9](07) — [f,g](0T).

Using Lemma [2.2]it comes that the regular parts have no contribution at 0 i.e.
[£:91(07) = [£5,95](07) and [f, g](0F) = [fs, g5](0F). Straightforward computa-
tions lead to

[£.91(07) = =cf (9) — 3 (9),  [f,9](07) =c1 (9) + 5 (9).

We thus recover the first transmission condition. The second transmission condi-
tion follows from similar computations with the choice of a particular f € D(A)
satisfying

v

() =52 )=

Thus, D(A§) € D(A). This proves that (4,, D(A)) is a self-adjoint operator.

-
<
+

NI

Fourth step : positivity. We end the proof of Proposition by proving

([2-6). Let f € D(A).

11



Using Lemma and integration by parts it comes that

s )= [ (= ut+ Br)@s@a+ [ P e,

= [ @@+ Grea+ [ e Aa)da + (<011 F0)

+ 8acf?“(_1)f7'(_1) + [frafs](l) - [frafs](0+) + [frvfs](oi) - [frafs](_l)'

Using Lemma it comes that [f., fs](0T) = [fr, fs](07) = 0. Gathering the
boundary terms and using f(1) = f(—1) = 0 it comes that

1

Unf ) = [ @ufif@)+ G ra)da+ [ (nnlaP (e da
+ fr(l)axfs(l) - f’r’(_l)axfs(_l)- (2'10)
As f(1) = f(=1) =0, it comes that
FWL0) =~ O+ 0) (v 5) ef )+ (v 3) ).
R0 = (i) ((vag) o+ (v g)a).

Thus, a sufficient condition to ensure that A, is non-negative is
e+ (v g) e+ (-veg)am)
——t i+ ) ((veg) et + (v+g)dm). @

This follows directly from the transmission conditions. Thus, (2.10) implies

1

D)z [ @5+ SR [ P e (212)

1
-1 —1

If ¢, > 0, we get (2.6) with m, = 1. If ¢, < 0, using Hardy’s inequality (2.1]),

it comes that

1
| 0t @)+ S @

1 1 2(x
= (+de) [ @t Pe)e—de, [ @f R0 - s

-1

> (1—&—40,,)/ (Op fr)? (z)dz.

-1

This gives (2.6) with m, = 42, This ends the proof of Proposition

12



2.3 Semigroup associated to the 2D problem

Let fO € L?(Q2). For almost every x € (—1,1), f%(x,-) € L?(0,1) and thus can
be expanded in Fourier series as follows

= > f@en), (2.13)

neN*

where (¢5,)nen~ is the Hilbert basis of L?(0,1) of eigenvectors of the Laplace
operator on H?(0,1) with homogeneous boundary conditions i.e.

on(y) == V2sin(nmy), Vn € N*,

)= / P@w)en )iy

For any t € (0,T), we define the following operator

(SO (@ y) ==Y falt,z)on(y) (2.14)

neN*

and

where for any n € N*, f,(t) := e~4nt fO. Then, the following proposition holds.

Proposition 2.3. S(t) defined by is a continuous semigroup of contrac-
tion in L2(£2).

Proof of Proposition[2.3. By Proposition S(t) is well defined, with value
in L?(Q), it is a semigroup and satisfies the contraction property. For any
f° € L*(Q), we have

1SEL0 = £l = D falts) = £olI2 1)
neN*

By Proposition [2.2] it comes that

1fat,) = Fallez -1y —2 0,

t—0

falt,) = Fllr2=1,1) < 201222 (-1,1)-

Thus, by the dominated convergence theorem, S(t)f° = f%in L3(9).
—

Recall that the infinitesimal generator A of S(t) is defined on

D(A) := {f € L*(Q); lim % exists },

t—0

by
Af = lim 7S(t)f — f

t—0

13



The previous limits are related to the L? norm. Then, from [20, Theorems 1.3.1
and 1.4.3] it comes that (A, D(A)) is a closed dissipative densely defined oper-
ator and satisfies for any A > 0, R(A\I — A) = L*(Q). The following proposition
links the system and the semigroup S(t).

Proposition 2.4. The infinitesimal generator A of S(t) is characterized by

D(A) = {f cL*(Q);f = Z fn(x)on(y) with f,, € D(A) and

neN*
S Al B < +oo}, (2.15)
neN*
and
neN*

This operator extends the Grushin differential operator in the sense that
Af = 02, f + 1200, = S5, Vf € CF(Q\{e = 0}). (2.17)

Proof of Proposition[2.. Let f° € D(A). Then, Af° € L?(Q2) and

SO 4 w29

t t—0

As AfY € L3(9), it can be decomposed in Fourier series in the y variable i.e.

neN*
Thus,
S(6)f° = f° ’ Iult) = £3 ’
[ECEETIRPPY D YOS Y et
L2(Q) neN* L2(-1,1)

This implies that for any n € N*, f° € D(A) and
(Afo)n = *Anfg

We thus get
—AL = (Anf)(@)en(y).

neN*

Conversely, let g € L%(Q) be such that for any n € N*, g, € D(A) and

% ||Angn\|L2( 11y < +oo. Let f € D(A). Then,
neN*

(AL < D 1{Anfas ga) < (Z Ifn|L2> (Z IAn9n||%2>

neN* neN* neN*

=
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This implies that g € D(A*). Finally, self-adjointness of S(¢) and thus of A
ends the proof of (2.15)). Straightforward computations lead to (2.17)) and thus
ends the proof of Proposition [2.4]

O
Using Proposition we rewrite (1.1)-(1.2) in the form
") = Af(t) +v(t), te0,7],
FO= A0+, €T 219
f(0) = f7,

where v(t) : (z,y) € Q — u(t,z,y)xw(x,y). The following proposition is classi-
cal (see e.g. |20]) and ends this well posedness section

Proposition 2.5. For any f° € L?(Q), T > 0 and v € L*((0,T); L*(Q2)),
system has a unique mild solution given by

ft)=S@)f° +/O S(t—7)o(r)dr, tel0,T].

In the following a solution of (|1.1)) will mean a solution of (2.18).

2.4 General theory of self-adjoint extensions

This subsection is dedicated to enlighten the choices made in the construction
of the functional setting leading to the definition of D(A).

The question of finding the self-adjoint extensions of a given closed symmet-
ric operator is classical. In [2I, Theorem X.2| such extensions are characterized
by means of isometries between the deficiency subspaces. The particular case
of Sturm-Liouville operators has been widely studied : most of these result
are contained in [26]. The self-adjoint extensions are characterized by means of
generalized boundary conditions. In our case, we are concerned with the Sturm-
Liouville operator —% + % on the interval (—1,1). This fits in the setting of
[26, Chapter 13]. The number of boundary conditions to impose is given by the
deficiency index. Following [I, Proposition 3.1], it comes that our operator on
the interval (0, 1) has deficiency index 2. This is closely related to the fact that
v € (0,1). Then, [26, Lemma 13.3.1] implies that the deficiency index for the
interval (—1,1) is 4. We thus get the following proposition which is simply a
rewriting of [26], Theorem 13.3.1 Case 5].

Proposition 2.6. Let u and v in Dy,q, be such that their restriction on (0,1)
(resp. (—1,0)) are linearly independent modulo HZ(0,1) (resp. H3(—1,0)) and

[u»v](_l) = [u,’l}}(o_) = [uav](0+) = [u,v](l) =1

Let My,..., My be 4 x 2 complex matrices. Then every self-adjoint extension
of the minimal operator is given by the restriction of Dpq. to the functions f
satisfying the boundary conditions

o (o) + 2 (o) 0 () -0 (135) -

15



where the matrices satisfy (M1 Ma Ms My) has full rank and

MEM; — MyEMS + MsEM; — MyEM; =0, with E := ((1) _01> .

Conversely, every choice of such matrices defines a self-adjoint extension.

We end this section by giving the choice of such matrices that we made and
give another functional setting that would lead to well posedness but that is not
adapted to controllability issues. We define on (0, 1) v and v to be solutions of

(@) + 25 f(a) = 0

with (u(1) = 0,4/(1) = 1) and (v(1) = —1,0'(1) = 0) i.e.

1 1 | Y
u(r) = —a¥tz — —g7VF3
2v 2v
1 1
v(z) = Il S S PR
2v 2v

Thus for any f € Dpaz, [f,u](1) = f(1) and [f,v](1) = f'(1), and for any
x €10,1], [u,v](z) = 1. We design v and v similarly on (—1,0) i.e.

1 1 1 o1
u(z) :*EMHQ Jr$|$| vta,

1 1
Voo i Y5 ot
v(r) = ——=z|"" - —= 2z 2,
(2) = = 2aptt = D2
Due to the choice of functions v and v, the homogeneous Dirichlet conditions

at £1 are implied by the choice

1 0 0 0 0 0 0 0
0 0 ~ ~ 0 0
M, = 0 0 sy My=| My |, M3z= | M3 |, My= 0 0
0 O 0 0 0 0 1 0

Then, the conditions of Proposition [2.6] are satisfied if and only if the matrix
(M3 Ms3) has rank 2 and det(Msz) = det(Ms). Straightforward computations
lead to, for any f € D,as

Fad0) =ef +ef. 1007 = (v g )ef + (vt 5) e
[f,u](07) =¢ + ¢y, [f,v](07) =— (1/-4— ;) - (—V+ ;) cy -
Construction of D(A). The choice

- 10
MQ:M?’:(O 1)
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lead to the definition of D(A) in (2.5). The computations done in the fourth
step of the proof of Proposition (see (2.12))) prove the positivity and thus,
Proposition could also be seen as an application of Proposition [2.6]

Other construction. At this stage, there is another choice that would lead
to a self-adjoint positive extension. If, we set

~ 0 0 ~ 1 0
M2_<0 1) andM3—<0 0>,

then the domain with conditions

1
o =—¢f, o = —Lfc;, (2.19)
v+ b
give rise to a self-adjoint positive operator. However, from a point of view of con-
trollability, this domain does not seem interesting as this conditions couple the
coeflicients on each side on the singularity. As it can be noticed from the proof
of Proposition [3.1] once the domain of A,, is defined to ensure well-posedness,
the only requirement on the transmission condition to obtain the approximate
controllability result of Theorem [I.1] is

¢ =c; =0 = cf=cf=0.

This is not satisfied for the transmission conditions and we cannot apply
the results developed in this article to this functional setting.

As a matter of fact, one gets from [26, Proposition 10.4.2] (characterizing
self-adjoint extensions in the case of a boundary singularity, similarly to Propo-
sition for internal singularity) that the two problems on (—1,0) and (0, 1)
with conditions (2.19)) are well-posed. Thus the dynamics really are decoupled
and approximate controllability from one side of the singularity does not hold
for the transmission conditions .

Remark 2.4. Notice that the goal here is not to give an exhaustive characteri-
zation. This will be pointless with regards to the main goal of giving a meaning
to . Indeed, in the construction of the semigroup S we here imposed the
same transmission conditions for each Fourier component. As soon as we have
different transmission conditions ensuring to have a self-adjoint extension A,,,
there is infinitely many extensions .4 generating a semigroup.

Symmetry of transmission. At this stage, one can wonder if there are
non-symmetric transmission conditions i.e. a choice of matrices My and Mj3
such that

- = +
cp =¢c; =0 = ¢ =c; =0,
ci=cf=0 = c=c =0

Rewriting the condition
(4 (46 )
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as N
~ (el ~ [c 0
My (L My L] =
() +(1) - 0)
we get that the condition det(My) = det(Ms) implies det(Z\A@) = det(Ms). Tt is
then not possible to have only one of the matrices My and M3 invertible. Thus,
in this setting, there is no choice of non-symmetric transmission conditions.

3 Unique continuation

We consider the adjoint system of (1.1))

Ohg — 02,9 — [ 0yg+ 59 =0, (ta,y) € (0,1) x
g(t,z,y) = g(t,z,y) =0, (t,z,y) € (0,T) x 99, (3.1)
9(0,z,y) = g%z, y), (z,y) € .

Here again this system is understood in the sense of the self-adjoint extension
A designed i.e. for any ¢° € L?(2), the solution of (3.1)) is given by S(t)g°.

This section is dedicated to the study of the following unique continuation
property

Definition 3.1. Let 7' > 0 and w C ). We say that the unique continuation
property from w holds for system (3.1) if the only solution of (3.1]) vanishing on
(0,T) x w is identically zero on (0,T") x Q i.e.

(go € L*(Q), x,S(t)g° =0 for a.e. t € (O,T)) = ¢"=0.

By a classical duality argument, Theorem [I.] is equivalent to the following
unique continuation theorem.

Theorem 3.1. Let T >0, v >0 and v € (0,1). Let w be an open subset of Q.
The unique continuation property from w holds for the adjoint system mn
the sense of Definition [3.]]

Without loss of generality, we may assume that w is an open subset of one
connected component of Q\{z = 0}. As it will be noticed in Remark if w
intersects both connected components of Q\{z = 0} then the proof is simpler.
In the following we assume that w C (—1,0) x (0, 1).

The rest of this section is dedicated to the proof of Theorem[3.1] In Sect.
we prove that if g(t) := S(t)g" is vanishing on (0,7) x w then it is vanishing on
(0,T) x (=1,0) x (0,1). This will imply that any Fourier component g, has no
singular part and is identically zero on [—1, 0].

Then, we are left to study a one dimensional equation on the regular part
with a boundary inverse square singularity. Dealing with the regular part, we
know furthermore that the function under study has the H? regularity and sat-
isfies 0,9y, (t,0) = 0. This will be used in Sect. [3.2] to prove a suitable Carleman
estimate, relying on an Hardy inequality, to end the proof of Theorem
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3.1 Reduction to the case of a boundary singularity
The goal of this section is the proof of the following proposition

Proposition 3.1. Let T > 0, v > 0, v € (0,1) and w be an open subset of
(—=1,0) x (0,1). Assume that g° € L*(Q) is such that g(t) := S(t)g° is vanishing
on (0,T) x w. Then g is vanishing on (0,T) x (—=1,0) x (0,1). Moreover, for
any n € N*, the n'* Fourier component satisfies

¢y (gn) =cy (gn) = Cf(gn) = C;(gn) =0,
n(t, ) = X(0,1) (@) gn,r(t, ) for every (t,x) € (0,7) x (—1,1),

where gn r is the reqular part of gy.

Proof of Proposition[3.1 Let e > 0 be such that
wC Q= (—-1,—¢) x(0,1).

For every t € [0, T,

(SH) (@, y) = > gnlt)en(y),

neN*

where g, is the solution of with initial condition ¢2.

The solution of is defined through an abstract extension operator. We
check that on Q_, the operator A is uniformly elliptic. Let h € D(A) and
¢ € C§° (7). Then,

—€ 1
<Ah7¢>L2(Q;) :/_1 /0 Ah(w,y)(b(x,y)dydx
= - Z <Anhn7¢n>L2(—1,—a)

neN*
- Z <hnvAn¢n>L2(71,fs)
neN*
Cl

= (h, (aﬁm o202, - x2) 6) 2o
Thus, h € D(A) implies that

D'(Q7) (42 2 02 Cy
As h € D(A), this equality also holds in L?(Q_). In particular, this implies
that
2 27 52 2(0)—
Oyl + 2770, h € L7(Q7),

and also that A is uniformly elliptic on €. Thus, using classical unique contin-
uation results for uniformly parabolic operators with variable coefficients (see
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e.g. |22, Theorem 1.1]), it comes that S(¢)g° = 0 for every t € (0,7] in L?(7).
Then, it comes that S(t)g° = 0 for every t € (0,7] in L3(Qy). If, for any
n € N*, we decompose g,, in regular and singular part (as defined in (2.5)) we
get
c1 (gn(t)) = c3 (gn(t)) = 0, Vi€ (0,T).
Gnr(t,x) =0, V(t,z) € (0,T) x (—1,0),

Using the transmission conditions in (2.5)), it also comes that ¢ (g, (t)) =
c5 (gn(t)) = 0 and thus the singular part is identically zero on (0,7) x (—1,1).
This ends the proof of Proposition [3.1]

Remark 3.1. Notice that Proposition [3.1] proves that if w intersects both con-
nected components of Q\{z = 0}, then unique continuation from w hold for any
v e (0,1).

Proposition implies that if x,,S(
N*, g, € C°((0,T], H* N Hy(0,1)) N C*

t)g" is identically zero then for any n €
((0,T],L?(0,1)) is solution of

Ougn — 92ugn + (o5 + (nm)2®) gu = 0, () € (0,T) x (0,1),
Gn(£,0) = ga(t,1) = 0, te(0,7), (34)
Dugn(t,0) =0, te(0,7).

We prove in Sect. [3.2] that this leads to g, = 0 using a suitable Carleman
estimate.

3.2 Carleman estimate

This subsection is dedicated to the proof of the following Carleman type in-
equality.

Proposition 3.2. Let T > 0 and Qp := (0,T) x (0,1). There exist Ry, Co > 0
such that for any R > Rg, for every v > 0, v € (0,1) and n € N*, any
g € C*(0,T],L3(0,1)) N C°((0,T), H* N H}(0,1)) with d,9(t,0) = 0 on (0,T)

satisfies

ot [, e (i sy e
< //T |Prvrg(tx)? exp (ﬂ) dadt, (3.5)

Py =0 — aﬁx + (% + (mT)QxQ"’) ,

where

and b satisfies

{ ifve(0,3], be(0,1), (3.6)

ifre(3,1), b=2-2ve(0,1).
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Before proving Proposition we show that it ends the proof of Theorem
Let ¢° € L?(Q) be such that x,,S(t)g° = 0. Using Proposition [3.1| and the final
comment of Sect. it comes that for any n € N*, g, € C1((0,T],L?(0,1)) N
C°((0,T), H*NHL(0,1)) with 0,9,(¢,0) =0 on (0,T). As, g, is solution of (3.4)),
it comes that P, , 49, =0 on (0,7) x (0,1). Then, Proposition implies that
gn = 0 and thus, as g € C°([0, 7], L*(0,1)), we recover g° = 0.

Remark 3.2. Contrarily to Carleman estimates proved by Vancostenoble [23],
there are no boundary terms in the right-hand side of the inequality. Actually,
the homogeneous Neumann boundary condition at = = 0 is crucial for inequality

(13.5) to hold.
The proof will rely on the following Hardy type inequality.

Proposition 3.3. For any z € H?> N H}(0,1) with 2'(0) = 0,
(1-a)* ! a-2 2 ' @ r()2
— | z(z)*de < | z%2'(z)°dx < 00, Vo €[-2,2).
0 0

The statement and the proof are classical (see for example [23, Theorem
2.1]). The main novelty here is that due to the extra information z'(0) = 0, we
can prove the Hardy inequality with singular potential up to o > —2.

Proof of Proposition[3.3 Applying the generalized Hardy inequality [9] we get
Proposition for @ € [0,2). Let o € [—2,0). Applying this generalized Hardy
inequality to 2/, we have

(a+1)2

1 1
1 / %2 (z)?dx < / 22" (2)*dx < oo.
0 0

For any c € R,
! o a—2 2
0< / (x?z’(x) + cmTz(;v)) dz
0
1
= / %2 (2)? + % 2(x)? + ca® 1 (2% (2)da.
0
From Lemma [2.2] integration by parts lead to

/01 2971 (22Y (2)de = — /Ol(a 12022 (2)da

Thus, for any ¢ € R,
1 1
/ 27 (z)?dz > (c(a — 1) — c?) / 222 dx.
0 0

Choosing ¢ = 3 (a — 1) ends the proof of Proposition
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We set some notations that will used throughout the proof.
Let 0:t€ (0,T) — t(T 77 Let o(t,z) := 0(t)z® where b satisfies . Notice
that as b € (0,1) every space derivative of the weight function is blngular at
x = 0. This will be useful to handle the singular potential. The idea of using
such a weight is inspired by [11I]. In Remark we give further comments on
this choice of weight function. To simplify the notations, we denote the partial
derivative by subscripts: g, stands for 0,g.

Proof of Proposition[3.3 We set for R > 0,
2(t,x) = e B2 (1 1), (3.7

From the definition of o we get that, for any = € (0,1), 2(0,z) = 2(T,z) =
2¢(0,z) = z(T,z) = 0. The boundary conditions on g also imply that for any

(0,7), z(t,0) = z(¢t, 1) = 2z,(¢,0) =0
By Proposition these boundary conditions imply that = +— z(;’f) S
L?(0,1), z — # € L?(0,1) and using Lemmawe get

2t 2) — 0, z(t ) — 0. (3.8)

Straightforward computations lead to e 7P, , ,g = PIJ{ z + Pp z where

Prz:=(Roy — R*02)z — 20 + (C—; + (n7r)2x27) z,
x

Ppz:=2 —2Ro2; — Rogy2.

1
/ / P 2Py 2dxdt < 3 / / e 2R\, , ,g|*dadt. (3.9)

The rest of the proof follows the classical Carleman strategy [17] (see [13] for a
pedagogical presentation). We just pay attention to the singular terms.

Then,

First step : integrations by part lead to

1

5// e 2P, 14l dscdt>// P 2Pg zdadt
T

—R/ 0.(t, 1)z tldt—2R// szdxdt
T

R
+ // (20'tt + 2R20'x0zt - QRSO—gUzm + 2ammxz) Z2dzdt
T

+ R//Q (—2% + 2’y(n7r)2x2’7_1) opz2dxdt. (3.10)
T
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Performing integrations by parts, it is easily seen that (PIJ{Z, Ppz) =1L+ --+Is,
where

R
I := ((Roy — R*02)2 — 240, 24) = // ( — 5 + RQUIUIt)ZQdLL'dt,
Qr

I: = _RQ<0',5,Z7 204,25 + Opu?)

T
= 7R2/ [atamzz](l)dt + R? // O’mtO'mszl'dt,
0 T

I3:= R¥022,20,25 + 0ps?)

= R3/ [ - R3 // 202 Oz’ 2dzdt,
0 T

I4 L= R<ZII, QJmZaj + Umxz>

T
_R/ (002 ] dt—R// o dxdt—i—R/ Ua:aszzz](l)dt

— R// Umz + Uxmzzx) dzdt

T
_g / ([022]8 + [o2az2alp — [B0waez]}) d
0

1
+ R// <20mm22 — 20M2£> dadt.
T

Is: = <<% + (mr)zx%’) 2,2t — 2R0, 2, — ROy 2)

=R /OT [(% + (TL7T)2172’Y> 0'3522};(115

+R// % +( 2 27) oz 22 dadt.
T

and

23



Summing these terms and using (3.9) leads to

1
= // 672R"\73n,l,ﬁg|2dxdt > // szszdxdt
2 Qr T

- _R? T[U 211 3 r 3211 ’ 2
= 1042 ]Odt—I—R [Ug:z ]Odt—l—R [owzgv]odt
0 0 0

T T 1
+R/ [amzzz]ldt—R/ [100002?] At
0

—R/ + (2nm)? |x|2“’> o zQ} dt — 2R// Oppz2dadt

R
+ // (—O’tt + QRQO';EUzt — 2R3030—zx + Ua:xmx) Z*dxdt
Qr 2 2

+R// 2— + 2y(nm)?z? ™ 1) op22dxdt.

The weight being regular at = 1 and z(¢, 1) = 0 every boundary term at z = 1
vanishes except

T
R/ o (t, 1)22(t,1)dt.
0
Using (3.8) and b > 0 we get that every boundary term at x = 0 vanish. For

example
& (x) — 0.

x3 10

Opeez’ = b(b—1)(b— 2)a®

Thus, we get (3.10).

Second step : lower bounds on the right-hand side of . Recall that
o(t,r) = 0(t)x® with b satisfying (3.6).

Boundary term. As b > 0, we have o,(¢,1) > 0 and thus
T
R/ 0. (t,1)22(t, 1)dt > 0. (3.11)
0

Potential coming from the degeneracy. As o, (t,z) = bf(t)2*~1 > 0 on
Qr and fol ;—zdx < 00, it comes that

0< R// 2y(nm)e? o, 22dedt < oco. (3.12)
T

Regular term. Let

I := // (-%Utt +2R%0,0,4 — QRSUiam) Z2dxdt.
T
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We prove that for R large enough the leading term in I, is the one in R3. From
straightforward computations we have

—2R? / / 020,22 dzdt = 2b°(1 — b)R? / / 03230422 dadt. (3.13)
Qr Qr

Notice that this term is non-negative as b € (0, 1). Classical computations imply
that
10:()] + 10()0: ()] < CO°(t), vt e (0,T).

Here and in the following, C' denotes a positive constant that may vary each
time it appears. Thus,

‘ / / (= Zou + 2R*0,04¢) szajdt’ <C / / 6° (R*2**~ + Ra®) 2*dzdt.
T T

As b € (0,1), for every x € (0,1), 22072 < 2%~% and 2* < 2%*~%. Hence, as
soon as R > 1,

‘// (—ggtt + 2R20xaxt) z2dzdt‘ < CR? // 03230422 dxdt.
T T
Together, with (3.13]), we get

I, > C(R?® - R?) / / 03230422 dadt.

Using, 23°=% > 1 on (0, 1), we get the existence of Cy and Ry positive constants
such that for R > Ry,

I, > CyR? // 6322 dzxdt. (3.14)

Singular potential. Let

1 vYxT
I, :=—-2R // Umzidxdt + R// <Umm — 2C Z > 22dzdt.
QT T 2 z

Notice that the two singular potentials are of the same order. Indeed,

1 CLOg

p0ee — 255 = 2 (=1 2)(b—3) — de,) b,

We prove that
I, > 0. (3.15)
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From the Hardy’s inequality given in Proposition with a:= b — 2, we get
T 1
I, = 2Rb(1 —b) / 0 / 2222 dxdt
0 0
b g ! b—4 2
—|—§R 0 (b—1)(b—2)(b—3)—4c,)x" *2*dxdt
0 0
T 1
> gR/ 9/ (1=b)(b=3)% = (1= b)(b—2)(b—3) —4c,) 2" *22dwdt
0 0

b o b—4 2
= §R 0 (1-0)(3-0)—4c,)x’ *2°dadt
0 0

Recall that ¢, = v? — i. Thus, if v € (0, %] we have ¢, < 0 and thus
(1-05)(3=b)—4c, > (1 -0b)(3—0) >0,

for any b € (0,1). This gives (3.15]).
If v € (3,1), setting b = 2 — 2v we still have b € (0,1) and

(I1-0)(3—0b)—4c, =0.
This gives (3.15).

Conclusion. Gathering (3.11)), (3.12), (3.14) and (3.15) in (3.10) we get
that for R > Ry,

1
= / / e 2P, , g’ dzdt > CyR? / 0322 dxdt.
T

2

This ends the proof of Proposition 3.2
O

Remark 3.3. We here point out some of the differences between Proposition [3.2]
and the Carleman estimates established in the case of a boundary inverse square
singularity in [24] 23]. In both estimates the singular potential appears as

// U—gzzdﬂcdt.
.

In [24], the weight is defined by p(z) =1 — “32—2 Thus, the singular potential can
be treated with some classical Hardy type inequalities.

In our situation, using the extra information z,(¢,0) = 0, we are able to deal
with a weight function with singular derivatives. The weight is chosen concave
so that the term in R? is the leading one. The weight is chosen increasing to
deal with the boundary term o, (¢,1)z2(¢,1). At the same time, this allows to
deal with the potential coming from the degeneracy . The price to pay is
that we have to handle very singular terms of the form

2
/ Oz® %dmdt.
QT
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Thus the Carleman estimate stated in Proposition [3.2] only holds because of the
extra information z,(t,0) = 0.

Remark 3.4. To be closer to the setting studied by Boscain and Laurent [4], we
could study for (¢,z,y) € (0,T) x (—1,1) x T,

f(tflay) :f(talay) :07 (316)
f(O,J),y) = fo(f&y)

Defining the semigroup as

T() [ (x,y) =Y falt,z)e™,
neE”Z

with f, := e tAn 12 we get that its infinitesimal generator is an extension of the

singular Grushin operator on C§°([(—1,0) U (0,1)] x T). As in Proposition |2.5]
this semigroup leads to a unique mild solution of . As0< 3 (% + 1) <3
for v € (0,1), essentially with the same proof as Sect. we would obtain
approximate controllability for any v € (0, 1).

4 Conclusion, open problems and perspectives

In this paper we have investigated the approximate controllability properties
for a 2D Grushin equation which presents both a degeneracy and an inverse
square singularity on the internal set {x = 0}. As the associated operator
possesses several self-adjoint extensions, the functional setting in which we study
the well posedness and unique continuation for the adjoint system is crucial.
This functional setting relies on a precise study of the 1D associated operators
and the design of a self-adjoint extension of the singular operator with suitable
transmission conditions across the singularity.

Using classical unique continuation results for uniformly parabolic operators,
the study of unique continuation is reduced to the study of a 1D problem with a
boundary inverse square singularity. The proof of unique continuation is ended
with a suitable Carleman type estimate that relies on a Hardy inequality.

An interesting open problem coming from this work is the question of null
controllability in the case v € (0,1). The classical strategy would be to prove
uniform observability for the 1D adjoint systems. This has been done in the
case where there is no singular potential in [3] and with a boundary singular
potential in [7]. The Carleman type estimate we proved in this paper might not
be directly used as it holds true only for the regular part of the coefficient g,,.
Dealing with the singular part in Carleman type estimates is quite tricky as we
cannot perform integrations by part on the singular part. The other difficulty
relies on the fact that we want these estimates to be uniform with respect to n.
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