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STABLE DETERMINATION OF TIME-DEPENDENT SCALAR POTENTIAL FROM
BOUNDARY MEASUREMENTS IN A PERIODIC QUANTUM WAVEGUIDE

MOURAD CHOULLI, YAVAR KIAN, AND ERIC SOCCORSI

ABSTRACT. We prove logarithmic stability in the determination of the time-dependent scalar potential in a
1-periodic quantum cylindrical waveguide, from the boundary measurements of the solution to the dynamic
Schrédinger equation.

Keywords : Schrodinger equation, periodic scalar potential, infinite cylindrical quantum waveguide, sta-
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1. INTRODUCTION

1.1. Statement of the problem and existing papers. In the present paper we consider an infinite
waveguide 2 = R x w, where w is a bounded domain of R? with C?-boundary dw. We assume without
limiting the generality of the foregoing that w contains the origin. For shortness sake we write z = (a1, 2’)
with ' = (a2, x3) for every & = (z1,22,23) € Q. Given T > 0, we consider the following initial-boundary
value problem (abbreviated to IBVP in what follows)

(=10 — Au+V(t,x)u=0 in@=(0,T) xQ,
(1.1) u(0,-) = ug in €,

u=g on ¥ = (0,T) x 09,
where the electric potential V' is 1-periodic with respect to the infinite variable x:

(12) V(',$1+1,') :V(',$1,'), z1 € R.
1
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The main purpose of this paper is to prove stability in the recovery of V' from the “boundary” operator
(13) Ay : (Uo,g) — (a,/LL|E,U(T, ))a

where the measure of 0,u|x; (resp. u(T,-)) is performed on ¥ (resp. €2). Here v(z), x € 09, denotes the
outward unit normal to Q and d,u(t, z) = Vu(t,z) - v(z).

There are only a few results available in the mathematical literature on the identification of time-dependent
coefficients appearing in an initial boundary-value problem. G. Eskin proved in [Esl] that time analytic
coefficients of hyperbolic equations are uniquely determined from the knwoledge of partial Neumann data.
The case of a bounded cylindrical domain was addressed in [GK] where the time-dependent coefficient
of order zero in a parabolic equation is stably determined from a single Neumann boundary data. In
[Chol[§3.6.3], using optics geometric solutions, M. Choulli proved logarithmic stability in the recovery of
zero order time-dependent coefficients from partial boundary measurements for parabolic equations. In [CK]
Lipschitz stability was derived in the same problem for coefficients depending only on time from a single
measurement of the solution.

All the above mentioned results were obtained in bounded domains. Several authors considered the
problem of recovering time independent coefficients in an unbounded domain from boundary measurements.
In most of the cases the unbounded domain under consideration is either an half space or an infinite slab. In
[Ra] Rakesh studied the problem of recovering a scalar potential of the wave equation in an half space from
the Neumann-to-Dirichlet map. Then, by combining a unique continuation theorem for the Cauchy problem
associated to wave equation with constant speed with the X-ray transform method developed by Hamaker,
Smith, Solmon, Wagner in [HSSW], he derived uniqueness for electric potentials which are constant outside
some a priori fixed compact set. This result has been extended by Nakamura to a more general class of
coefficients in [Na]. The inverse problem of identifying an embedded object in an infinite slab was examined
in [Ik] and [SW], and in [LU] the compactly supported coefficients of a stationary Schrédinger equation are
identified from the knowledge of partial Dirichlet-to-Neumann (abbreviated to DN in the following) data. In
an infinite cylindrical waveguide [CS] and [K] established a stability estimate with respect to the DN map
for an unknown coefficient in absence of any assumption on its behavior outside a compact set. For inverse
problems with time-independent coefficients in unbounded domains we refer to [DKLS].

In [Es2], Eskin proved uniqueness modulo gauge invariance in the inverse problem of determining the
time-dependent electric and magnetic potentials from the DN map for the Schrédinger equation in a simply-
connected bounded or unbounded domain. More specifically the inverse problem of determining periodic
coefficients in the Helmholz equation was recently examined in [F1].

1.2. Main results and outline. In order to express the main result of this article we first define the trace
operator 19 by

Tow = (w‘g,w(O, )) , we C§e([0,T] x R,C*(w)),

and extend it to a bounded operator from H?(0,T; H*(Q)) into L?((0,T) x R, H3/?(dw)) x L*(Q). The
space Yo = H?(0,T; H?(Q))/Ker (7o), equipped with its natural quotient norm, is Hilbertian according to
[Sc][§XXTIL.4.2, Theorem 2]. Moreover the mapping 7y : Yo 3 W+ 70W € 79(H?(0,T; H*(R))), where W is
arbitrary in W, being bijective, it turns out that X, = 70(H2(0,T; H*(Q))) is an Hilbert space for the norm

lwllx, = 17 " wllye, w € Xo.
Furthermore we have
wllx, = inf{||W | mz0,7:m2(0)); W € H*(0,T; H*(Q)) such that 7oW = w}.

As will be seen in the coming section, the linear operator Ay defined by (1.3) is actually bounded from X
to X7 = L?(X) x L*(Q). Last, putting

Q' =(0,1) xw, Q= (0,T) x ', XL = (0,T) x (0,1) x &,

we may now state the main result of this paper.
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Theorem 1.1. For M > 0 fized, let Vy, Vo € W2°°(0,T; W2>°(Q)) fulfill (1.2) together with the three
following conditions:

(1.4) (Va = Vi)(T,-) = (Vo = Vi)(0,) = 0 in €,
(1.5) Vo Vi=0in¥,
(1.6) [Villwz.eo0,7w20 )y < M, j=1,2.

Then there are two constants C' > 0 and v* > 0, depending only on T', w and M, such that the estimate

1 -5
Ve~ Villiaor gc(ln( )) ,
@) ||AV2 - AV1 ||B(X07X1)

holds whenever 0 < |[Av, — Av, [|5(x,,x,) < 7*

Theorem 1.1 follows from an auxiliary result we shall make precise below, which is related to the following
IBVP with quasi-periodic boundary conditions,

(=10 —A+V)v=0 in Q’,
v(0,-) = v in ]

(1.7) v="nh on X,
v(-1,-) = ev(-,0,) on (0,7) X w,

0z, v(-,1,-) = €0, v(-,0,-) on (0,T) x w,

where 6 is arbitrarily fixed in [0,27). To this purpose we introduce the !set

Hﬂ%e(ﬂl) ={uec H*(Q); u(l,-) = eu(0,-) and 9,,u(1,-) = ¢*d,,u(0,-) on dw},
and note 7 the linear bounded operator from H?(0,T; H*(€)) into L((0,T) x (0,1), H3/?(dw)) x L?(Q),
such that

Tow = (wysr,w(0,-)) for w e C5°((0,T) x (0,1),C™(@)).
Then the space 27, = 70(H?(0,T; H 4(€))), endowed with the norm
||’ng[0/79 = inf{||W | g20,1;m207); W € H?(0,T; Hﬁe(Q’)) satisfies )W = w},

is Hilbertian, and it is shown in section 3.3 that the operator

Avg : (vo,h) € 2y = (Oyve,ve(T, ")) € Z{ = L*((0,T) x (0,1) x dw) x L*(Y),
is bounded. Here vp denotes the L*(0,T; H 4(€¥')) N H' (0, T; L*('))-solution of (1.7) associated to (vo, h).

The following result essentially claims that Theorem 1.1 remains valid upon substituting 2 , (vesp.27) for
XO (resp. Xl)

Theorem 1.2. Let M and V;, j = 1,2, be the same as in Theorem 1.1. Then we may find two constants
C >0 and v* > 0, depending on T, w and M, such that we have

2

1 -3
1.8 Vo —Villpzon < C [ In ,
(1.8) V2 1l Q) < <||AV279 _AV1,9||B(5L”({,A%”{)>>
for any 6 € [0,27), provided
(1.9) 0 <llAveo — Aviollszy, 20 <"

The text is organized as follows. In section 2 we define the boundary operator Ay and prove that it is
bounded. In section 3 we use the Floquet-Bloch-Gel'fand transform to decompose the IBVP (1.1) into a
collection of problems (1.7) with quasi-periodic boundary conditions. section 4 is devoted to building optics
geometric solutions to the above mentioned quasi-periodic boundary value problems. Finally the proof of
Theorems 1.1-1.2, which is by means of suitable optics geometric solutions defined in section 4, is detailled
in section 5.

IThe full definition of H?e(ﬂ’) can be found in section 3.1.
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Remark 1.1. The method of the proofs of Theorems 1.1 and 1.2 given in the remaining part of this text can
be easily adapted to the case of the inverse elliptic problem of recovering the (time-independent) periodic
scalar potential V' in the stationnary Schrédinger equation

(—A+V(@)u=0 inQ,

U=y on 02,

from the knowledge of the DN map g — 0,u. Nevertheless, in order to prevent the inadequate expense of
the size of this paper, we shall not extend the technique developped in the following sections to this peculiar
framework.

2. BOUNDARY OPERATOR

In this section we prove that the boundary operator Ay is bounded from Xy into X;. This preliminarily
requires that the existence, uniqueness and smoothness properties of the solution to the IBVP (1.2) be
appropriately established in Corollary 2.1. To this end we start by proving the following technical lemma.

Lemma 2.1. Let X be a Banach space, My be a m-dissipative operator in X with dense domain D(My)
and B € C([0,T),B(D(My))). Then for all vo € D(My) and f € C([0,T],X) N LY(0,T; D(My)) (resp.
f € WhY0,T; X)) there is a unique solution v € Zo = C([0,T], D(My)) N CL([0,T], X) to the following
Cauchy problem

v'(t) = Mov(t) + B(t)v(t) + f(t),
(2.1)
v(0) = wp,
such that
(2.2) vl zo = [lvllcogo, 1), D(M0)) + IVllor (0, 11,5) < Cllvollpare) + [1£114)-

Here C is some positive constant depending only on T and || B||c(jo,11,8(D(Mo))), and || f|l« stands for the
norm || fllc(jo,r),x)nL 0,1:0(00)) (Tesp | fllwrao,r;x))-
Proof. Put Y = C([0,T], D(My)) and define
K:'Y — Y
v [t - (Ko)(t) = [ S(t - s)B(s)v(s)ds} ,

where S(t) denotes the contraction semi-group generated by My. The operator K is well defined from
[CH][Proposition 4.1.6] and we have

(2.3) [Kv(t)lx <tM|vlly, t €[0,7], M = [|Bllc(o,r1,8(D(Mo)))-
Therefore K € B(Y') and we get

n n

(2.4) [Emo(d)x < -

nl H'UHY’ te [OaT]’

by iterating (2.3). Fix F' € Y and put Kv=Kv+Fforalvey. Thus, since
IN(”U—IN(”w:K”(U—w), v,we€Y, neN,

(2.4) entails that K" is strictly contractive for some n € N*. Hence K admits a unique fixed point in Y,
which is the unique solution v € Y to the following Volterra integral equation

(2.5) u(t) = /0 S(t — s)B(s)v(s)dt + F(t), t € 0,T].
As a consequence we have

(2.6) lolly < ™[Ry,

by Gronwall lemma.
The last step of the proof is to choose F(t) = S(t)vg + fot S(t — s)f(s)ds for t € [0,T] and to apply
[CH][Proposition 4.1.6] twice, so we find out that F' € Y. Therefore the function v given by (2.5) belongs
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to C1([0,T], X) and it is the unique solution to (2.1). Finally we complete the proof by noticing that (2.2)
follows readily from (2.6). O

Prior to solving the IBVP (1.1) with the aid of Lemma 2.1, we define the Dirichlet Laplacian A9 = —AP
in L?(Q) as the selfadjoint operator generated in L?(€2) by the closed quadratic form

ap(u) = /Q |Vu(x)|2dz, u € D(ag) = H&(Q),

and establish the coming;:

Lemma 2.2. The domain of the operator Ay is HE(Q) N H*(Q) and the norm associated to D(Ap) is
equivalent to the usual one in H2(Y).

Proof. We have
@ o~
(2.7) FAF = / Ag rdk,
R
where .7 denotes the partial Fourier with respect to z1, i.e.

1 .
/e‘mlu(xl,x’)dxl, (k,x") € Q,
R

(Fu)(k.a') = k.2) = 57

and Ay = —A, + k2, k € R, is the selfadjoint operator in L2(w) generated by the closed quadratic form
ao,k(v) = [ (|Vo(a')* + k*Jv(2')|?)da’, v € D(dox) = D(ao) = Hj(w). Since w is a bounded domain with
C%-boundary, we have D(Ag ;) = Hl(w) N H2(w) for each k € R, by [Ag].

Further, bearing in mind that (2.7) reads

D(Ag) = {u € L*(Q), (k) € D(Agy) a.e. k € R and Jz ||g07kﬂ(k:)|\%2(w)dk < oo},
(FAgu)(k) = Ao xi(k) ae. k € R,

and noticing that
2
1Aov 720y = Y CIR7 V70l 320y, v € Hy(w) N H? (W), k €R,
§=0
with € = 2!/(j1(2 — 7)1, j = 0,1,2, we see that D(Ap) is made of functions u € L?(Q) satisfying simulta-
neously (k) € H(w) N H?(w) for a.e. k € R, and k + (14 k*)7/2||a(k)| g2-i () € L*(R) for j = 0,1,2.
Finally, ||@(k)|| 2 (. being equivalent to ||Au(k)| r2(wy by [Ev][§6.3, Theorem 4], we obtain the result. [

Let B denote the multiplier by V' € C([0,T], W2°°(£2)). Due to Lemma 2.2 we have B € C([0,T], B(D(4y)))
with HBHC([O,T],B(D(AU))) < HVHC([O,T],WQ*”(Q))- Therefore, applying Lemma 2.1 to My = —iAy we obtain
the following existence and uniqueness result:

Proposition 2.1. Let M >0 and V € C([0,T], W?>(Q)) be such that |V ||c(jo,r), w2y < M. Then for
all vo € HY(Q) N H?(Q) and f € WH1(0,T; L?(Q)) there is a unique solution v € Zy = C([0,T], H3 () N
H?(Q)) N CL([0,T]; L*(Q2)) to

—idww—Av+Vo=f inQ,
(2.8) v(0,-) = v in Q,

v=20 on X.

Moreover v fulfills
[vllz, <C (HU0||H2(Q) + HfHWM(o,T;LZ(Q))) )
for some constant C > 0 depending only on w, T and M.

Finally, using a classical extension argument we now derive the coming useful consequence to Proposition

2.1.
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Corollary 2.1. Let M and V be the same as in Proposition 2.1. Then for every (g,uo) € Xo, the IBVP
(1.1) admits a unique *solution

s(g,u0) € Z = L*(0,T; H*(2)) N H'(0,T; L*(52)).
Moreover we have

(2.9) (g, wo)llz < Cl[(g,uo)ll x,

for some constant C > 0 depending only on w, T and M.

Proof. Choose G € W2(0,T; H*(Q2)) obeying 710G = (g,u0) and ||W|lw2(0,1;12(0)) < 2//(g:uo)l|lx,- Then u
is solution to (1.1) if and only if u — G is solution to (2.8) with f = i0;G + AG — VG and vy = ug — G(0, .).
Therefore the result follows from this and Proposition 2.1. O

Armed with Corollary 2.1 we turn now to defining Ay. We preliminarily need to introduce the trace
operator 71, defined as the linear bounded operator from L?((0,7) xR, H?(w))NH (0, T; L*(Q2)) into L?(X) x
L?(Q), which coincides with the mapping

w— (ywps, w(T,-)) for w e C5°([0,T] x R, C*>(w)).
Evidently, we have
Im15(g, o)l x, < Clls(g; uo)llz < Cll(g,u0)llx,,
by (2.9), hence the linear operator Ay = 71 05 is bounded from Xy into X with [|[Av || = |[Av|[(x,,x,) < C.
Here and the remaining part of this text C' denotes some suitable generic positive constant.

Remark 2.1. In light of [LM2][Chap. 4,82] and since Q is a smooth manifold with boundary 92, we may as
well define Ay (g, up) in a similar way as before for all ug € H2(£2) and all

g € H¥*3/2($) = L*(0, T; H**(0Q)) N H*?(0,T; L*(09)),
fulfilling the compatibility conditions [LM2][Chap. 4, (2.47)-(2.48)]. Nevertheless there is no need to impose
these conditions in our approach since they are automatically verified by any (g, ug) € Xo.

3. FLOQUET-BLOCH-GEL'FAND ANALYSIS

In this section we introduce the partial Floquet-Bloch-Gel’'fand transform (abbreviated to FBG in the
sequel) which is needed to decompose the Cauchy problem (1.1) into a collection of IBVP with quasi-periodic
boundary conditions of the form (1.7).

3.1. Partial FBG transform. The main tool for the analysis of periodic structures such as waveguides is
the partial FBG transform defined for every f € C5°(Q) by

+oo
(3.1) fo(t,x) = USf)a(t,x) = Z e k0 f(t o + k'), teR, z = (x1,2') €Q, € [0,27).
k=—o0
We notice from (3.1) that
(3.2) fo(t,z +1,2") =¥ fo(t,x1,2"), teR, 21 €R, 2’ €w, 0 €0,2n),
and
omf 0™ fo .
. = 2
(3.3) (Uazm)e S m € N*, 0 €]0,2n),

whenever z =t or z; , j = 1,2,3. With reference to [RS2][SXIIL.16], U extends to a unitary operator, still
denoted by U, from L?(Q) onto the Hilbert space fé’i%) L2(Q)dl/(2m) = L2((0,2m)d0/(2m), L2((0,T) x )).

Let Hﬁsﬁloc(Q), s = 1,2, denote the subspace of distributions f in Q such that fio,r)xrxw € H*((0,T) x
I x w) for any bounded open subset I C R. Then a function f € Hﬁloc(Q) is said to be 1-periodic with
respect to a1 if f(t,x1 + 1,2") = f(t,x1,2") for a.e. (t,21,2") € Q. The subspace of functions of Hﬁiloc(Q)

2The coming proof actually establishes that this solution belongs to C([0, T], H2(Q)) N CL(]0, T], L2(2)).
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which are 1-periodic with respect to z; is denoted by Hy ., (Q). Such a function is obviously determined
by its values on @ so we set Hy . (Q") = {ujq, u € Hf . (Q)}. Inlight of (3.2)-(3.3) we next introduce

H;y(Q') = {e¥%1y;u € H; ,..(Q)} for every 0 € [0,2). In view of [Di|[Chap. II, §1, Définition 1] we have

UH®(Q) = /6B H; (Q’)ﬁ s=1,2
N
More generally, for an arbirary open subset Y of R", n € N*| we define the FBG transform with respect
tox1 of f € C&P(R xY) by

—+o0
fYﬁ(zlay) = (uYf)e(zlay) = Z e_ZkGf(zl + kvy)a €1 S Rv ) S Ya 9 S [05 271-)7
k=—o0

and extend it to a unitary operator Uy from L?(R xY') onto f(% 2m) L?((0,1)x Y)d@/(27). Similarly as before

we say that a function f € Hf,, (RxY) = Hp (R, L*(Y))NL{, (R, H*(Y)), s > 0, is 1-periodic with respect
toxy if f(z1+1,y) = f(x1,y) for a.e. (x1,y) € RxY. Then we note H§7peT(R xY') the subspace of 1-periodic
functions with respect to 1 of Hy,.(R x Y) and set Hf ,.((0,1) x Y) = {ujo,1)xy, u € Hf . (R xY)}.

Next we put Hf,((0,1) x V) = {e1y, u € H; ,..((0,1) x Y)} for all € [0,27), so we have

@ do
Ust(RxY):/ Hfp((0,1) xY) =, s> 0.
©O2m) 2
For the sake of simplicity we will systematically omit the subscript Y in Uy in the remaining part of this
text.

3.2. FBG decomposition. Bearing in mind that 2y, = 70(H?(0,T; H 4(?'))), where we recall that 7 is
the linear bounded operator from H2(0,T; H?(Y')) into L((0,T) x (0,1), H3/2(dw)) x L?(Q) satisfying

Tow = (wys, w(0,+)) for w e C§°((0,T) x (0,1),C*>(w)),

it is apparent that

(3.4) Lo =UX, = /®

do ® df
2y o— and UtoU ~* z/ TH—-
(02m) 2T (

0,2m) 27
Here the notation 7 stands for the operator 7 restricted to H*(0,T; H74(€)). Further we put 2 =
L0, T H7 »(Y)) N H(0,T; L*(Q')), 0 € [0,27), so we have

@ db
(3.5) ¥ =UZ = 71

(02m) 27
Then, applying the transform U to both sides of each of the three lines in (1.1) we deduce from (3.5) the
following:

Proposition 3.1. Let V.€ W2>°(0,T; W*>(Q)) fulfill (1.2) and let (g,uo) € Xo. Then u is the solution
s(g,u0) € Z to (1.1) defined in Corollary 2.1 if and only if Uu € % and each iy = (Uu)g € Zp, 6 € [0, 27),
is solution to the following IBVP

(—i0s—A+Vv=0 inQ =(0,T)x,
(3.6) v(0,) = g, in Q,
v =gy on X,

where go (resp. o) stands for (Ug)o (resp. Uuo)a), ie (G, 1i0.0) = (U(g,uo))s.
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3.3. Reduced boundary operators. We first prove the following existence and uniqueness result for (3.6)
by arguing in the same way as in the derivation of Corollary 2.1.

Lemma 3.1. Assume that V' obeys the conditions of Proposition 3.1 and satisfies |V |[w=2(o,r;w2 ) < M

for some M > 0. Then for every (go, tio,0) € Zg 4, 0 € [0,27), there exists a unique solution sq(Jo, tio,0) € 25
0 (3.6). Moreover we may find a constant C = C(T,w, M) > 0 such that the estimate

(3.7) I56(go, to,0)ll 2y < Cll(go, to,6)ll 2,

holds for every 6 € [0, 27).

Proof. Let Agg be the selfadjoint operator in L?()') generated by the closed quadratic form

ap,p(u) = / |Vu(m)|2dac, u € D(ap,g) = LQ(O, 1; H&(w)) N Hﬂlﬁ(o, 1; L2(w)),
Q/

in such a way that Agg acts as (—A) on its *domain D(Agg) = Hf (') N L?(0,1; Hj(w)). Let B de-
note the multiplier by V € C([0,T], W2°°(Q)). Due to (1.2) we have B € C([0,T],B(D(Apg))) and
HB”C([O,T],B(D(AO’Q))) < ||V||C([O,T]7W2,OC(Q/)). Therefore, for every f S W“(O, T; L2(Q/)) and V0,6 S Hﬁe(Q/)ﬂ
L?(0,1; Hy(w)) there is unique solution vg € L*(0,T; L*(0,1; Hy(w)) N HF 4(¥)) N H'(0,T;5 L*(Y')) to the
IBVP

—i0w — Av+Vo=f in @,
(3.8) v(0,-) = vo,9 in Q,

v=20 on X/,
by Lemma 2.1, satisfying

[vell 20,72, 90)) + lIvell i 0,7522(0)) < C (ool ey + [ lwrao,rirzcery) -

Further, from the very definition of 27, we may find Wy € H?(0,T; H 5(€')) such that 75 ,Wp = (ge, %0,0)
and ||Wal| g2 0,512 )y < 2/(ge, o 9)”10 o- Thus, taking f = i0,Wp+AWy—VWy and vy g = ug,e — Wa(0,-)
in (3.8), it is clear that vg — Wy is solution to (3 6) if and only if vg is solution to (3.8). This yields the
desired result. O

In virtue of Lemma 3.1 the linear operator sy is thus bounded from 2y 4 into 2, with
(3.9) Isoll = llsolln 2y, 25 < C, 0 €[0,2).
Let 7/ be the linear bounded operator from L?((0,7)x(0,1), H2(Q'))NH(0,T; L*(Q)) into 27 = L?((0,T) x
(0,1) x dw) x L*(Q'), obeying
mw = (Gywsy, w(T,-)) for w e C°((0,T) x (0,1), C*(w)),
in such a way that
@ do @ do
(3.10) 21 =UX, = 2/ — and UriU™! :/ =,
(0,27) m (0,2m) 27
In light of (3.7) we then have
Im156(g0, t0,0) || 27 < Cllse(o, i0,0)ll 25 < Cl(o, to,0)ll 2, 0 € [0,2),

so the reduced boundary operator Ayg = 7{ 0 §9 € B(%O'ﬁ, 27).
Further, bearing in mind (3.4)-(3.5) and (3.10) we deduce from Proposition 3.1 and Lemma 3.1 that

@ de

UAVu71 :/ Avyg—.

(0,27) 27

In light of [Di][Chap. II, §2, Proposition 2] this finally entails that

(3.11) [AvIB(x0.x1) = sup B(2Y 0 21)-
0€(0,27) ’

3This can be easily seen by arguing in the exact same way as in the derivation of Lemma 2.2.
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4. OPTICS GEOMETRIC SOLUTIONS

Let r > 0 and @ € [0,27) be fixed. This section is devoted to building optics geometric solutions to the
system

(—i@t — A + V)’U = 0 in QI,
(4.1) u(-, 1,-) = e“u(-,0,-) on (0,7T) X w,
Oz u(1,-) = €9, u(-,0,-) on (0,T) x w.

Specifically, we seek solutions uy g, k € Z, to (4.1) of the form
upo(t,z) = (eiexl T wp gt z)) efi((7'+47r2k2)t+z’.£j+27rkz1), z = (1, z/) cq,

where wy g € H*(0,T; Hf ,(Q')) fulfills

C
w6l m2 0, 7; 12 (2)) < ;(1 + [kl),

for some constant ¢ > 0 which is independent of r, k and 6. The main issue here is the quasi-periodic
condition imposed on wy . To overcome this problem we shall adapt the framework introduced in [Ha] for
defining optics geometric solutions in periodic media.

4.1. Optics geometric solutions in periodic media. Fix R > 0 and put O = (=R, R)x (0,1)x (—R, R).
We recall that u € H} (R*) is O-periodic if it satisfies

loc

3
u(y +2RE;) = uly), 7=10,2,3, and u(y + &) = u(y), a.e. y=tE + ijé’j €0,

j=1

where {€;}_, denotes the canonical basis of R*. We note H},,.(O) the subset of O-periodic functions in
H} (R*), endowed with the scalar product of H'(O). Similarly we define H>,.(O) = {u € H,.(O), dyu €
H.,,(0), k=0,1,2,3}.

Further we introduce the space

Hy ={e*"e 25 u; € Hf,(Ry; HE,(R®) N Hy,, (0)}, 6 € [0,27),

per
which is Hilbertian for the natural norm of J#? = H?(—R, R; H*((0,1) x (=R, R)?)), and mimmick the proof
of [Hal][Theorem 1] or [Cho][Proposition 2.19] to claim the coming technical result.

Lemma 4.1. Let s > 0, let & € R* be such that k- E = 0, and set ¥ = s€y + ik. Then for every h €
the equation

(4.2) —i0p — A+ 29 - Vo = h in O,
admits a unique solution 1 € 7). Moreover, it holds true that
R

4.3 2> < —||h]| 2.

(43) Il < 2ol

Proof. For all a € Zy = 08, + =62 + (5Z) x Z x (£Z)°, put

1 .
oY) = eV y=(t,x) € O,
ba(y) 2R} y = (t,x)

in such a way that {¢4 }aez, is a Hilbert basis of L?(0). Assume that ¢ € 7 is solution to (4.2). Then for
each o € Zg it holds true that (h, ¢a)r2(0) = (—i0s) — Atp + 20 - Vb, o) 12(0) Whence

<h, ¢a>L2(O) = <1/1, _iat(ba - A¢oz —29- v¢a>L2(O)

3

= |ao+ Z af =2k - a+ 2isas | (¢, Pa)r2(0);
=1
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by integrating by parts, with

3
(4.4) R} ao—i—Za?—Qn-a—i—Qisag = 2s|ag| > %
j=1

Therefore we necessarily have

(4.5) b= (h, pa)12(0)

3 2 . «@
acz, @0+ D051 0f — 2o+ 2isa

On the other hand the function ¢ defined by the right hand side of (4.4) is in 52 since

) (1+ 0+ af) (Z1<yucs 0203 b, a)12(0)
ol = 30

2
acZo ‘040 + 2?21 aF —2k-a+ 21’5042‘
2
< N raztal 0262 | [(h, da) 2o |? < +o0.
= 272 0 0 Shat! s Pa)L2(0)
a€Zy 1<4,1<3

Here we used the fact that the last sum over a € Zy is equal to ||h]|%,., which incidentally entails (4.3).

Finally the trace operators w ~— 0, w|—r,r]x{0,1} x|~ Rr,r]? Peing continuous on 2 for m = 0,1, we end up

getting that ¢ € 7). O

Remark 4.1. Tt should be noticed that in contrast to [Ha][Theorem 1] where the fundamental H?-solutions ¢
to the Faddeev-type equation are obtained from any L2-right hand side h, it is actually required in Lemma
4.1 that h be taken in .22, This boils down to the fact that the elliptic regularity of the Faddeev equation
does not hold for the Schrodinger equation (4.2).

4.2. Building optics geometric solutions. We first deduce from Lemma 4.1 the:

Lemma 4.2. Let £ € C?\ R? verify

(4.6) € -RE=0.

Then, for all § € [0,2r) and k € Z, there exists Ey g € B(H*(0,T; H*(Q')), H*(0,T; H o('))) such that
o= Eyof, where f € H?(0,T; H*(Y)), is solution to the equation

(4.7) (=i — A + 4imkdy, + 2i€ - Vo )p = f in Q.

Moreover we have

co
(4.8) | Ex,0ll 820,752 (0))) < Sel

for some constant ¢y > 0 independent of €, k and 0.
Proof. Pick R > 0 so large that any planar rotation around the origin of R? maps w into (—R, R)?. Next,

bearing in mind that » = |J¢| > 0, we call S the unique planar rotation around Og2 € w, mapping the second
vector ey in the canonical basis of R? onto —S¢/r:
3¢

(49) SCQ = *T.

Further, pick f € H?(0,T; H*(Q')), and put

(4.10) f(tyzy,2') = f(t,z1,S*2"), (t,21,2") € (0,T) x (0,1) x Sw,

where S* denotes the inverse transformation to S. Evidently, f € H2 (0,7; H*((0,1) x Sw)). Moreover, as
Ow is C?, there exists

P e B(H?*(0,T; H*((0,1) x Sw)), H*(R, H*((0,1) x R?))),
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such that (Pf)\(o,T)x(o,1)xsw = f, by [LM1][Chap. 1, Theorems 2.2 & 8.1]. Let x = x(t,2") € C°((—R, R)?)
fulfill x = 1 in a neighborhood of [0, 7] x Sw. Then the function
(4.11) h(t,z1,2") = x(t, 2 )(Pf)(t, 21,2, (t,z1,2") € O,

belongs to #2. Moreover it holds true that

hj0,1)x(0,1)x 5w = [

The next step of the proof is to choose k = (0, 27k, S*RE) € R* so we get
RE-SE
— =

H'(SQ:S*%f'eQ:?R&'SQQZ* 0,

by combining (4.6) with (4.9). We call ¢ the J#-solution to (4.2) obtained by applying Lemma 4.1 with
¥ =r& +ir and h given by (4.9)-(4.11), and put

(4.12) (Erof)(t,z1,2") = (t, 21,82, (t,21,2") € Q.
Obviously, Eyef € H?(0,T; Hf ,(€')) and (4.3) yields

CR
(4.13) 1Bk fllz2(0,15m2(0)) < Clldlloe < ——Ilhlle=,
Furthermore, in light of (4.10)-(4.11) we have

IBllez < 1P Fll e m2rex0,1)) < 1Pl E20,75m2(0,1) x50 < ClE 20,7502 (20))

where || P|| stands for the norm of P in the space of linear bounded operators acting from H?(0,T; H*((0,1) x
Sw)) into H?(R, H?((0,1) x R?)). Putting this together with (4.13), we end up getting (4.8).

This being said, it remains to show that ¢ = Ej, ¢ f is solution to (4.7). To see this we notice from (4.12)
that ¢ = 1 o F, where F is the unitary transform (¢,21,2) — (t, 21, Sz’) in R%. As a consequence we have
Vo = FVy o F, whence

(4.14) 0 -VipoF =F09) -Vo=121k0y,p + i€ - Vo,
and
(4.15) “Ap=-V-Vp=-—FV . FVipoF=-V.-VpoF = —ApoF.

Moreover we have ho F = fo F = f in @, directly from (4.10)-(4.11), and 8y = d;3p o F, so (4.7) follows
readily from this, (4.2) and (4.14)-(4.15). O

Armed with Lemma 4.2 we are now in position to establish the main result of this section.

Proposition 4.1. Assume that V. € W (0,T; W2>=(Q)) satisfies (1.2) and ||V ||wz. (0 rw20 () < M
for some M > 0. Pickr >1q = co(1+ M), where cy is the same as in (4.8), and let £ € C*\ R? fulfill (4.6)
and |S¢| = r. Then for all 0 € [0,27) and k € Z, there exists wy g € HQ(O,T;Hie(Q’)) obeying

c
(416) ||wk70HH2(O7T;H2(Q/)) S ; (1 + |k|) ,

for some constant ¢ > 0% independent of r, k and 6, such that the function

(4.17) uo(t,x) = (eieml +wpo(t, ) e—i((f‘f+4ﬂ—2k2)t+27rkZ1+z/,£), (t,2) = (t,21,7') € Q,

is a H?(0,T; H‘ie(Q’))—solution to the equation (4.1).

4Actually ¢ depends only on T, |w| and M.



12 MOURAD CHOULLI, YAVAR KIAN, AND ERIC SOCCORSI

Proof. A direct calculation shows that uy ¢ fulfills (4.1) if and only if wy ¢ is solution to

(—i0p — A+ 4imkdy, + 2i€ - Vo +V)w + 1 Wy g =0 in Q'

(4.18) w(-,1,-) = e?w(-,0,-) on (0,7) X w,
Or,w(-1,-) = €9, w(-,0,-) on (0,7) X w,

with

(4.19) Wio =V + 6% — 4rko.

In light of (4.18)-(4.19) we introduce the map

Gro: H?*(0,T;H74()) — H?(0,T; H o())
q — =Ko (Vq+61911Wk79),

set
(4.20) M = 1272 (3T |w|)Y?(4n? + ||V|| + 8x2|k|),
where [|V| is a shorthand for ||V||y2.(0,7;w2 . (q)), and notice that

< M.

(4.21) HWkﬁeml HHZ(O,T;HQ(Q’)) =

Then we have

Gr.0all 120,112 (0)) < 070 IVl z20.0:m2()) + M), g € H?(0,T; H o(2")),
in virtue of (4.8) and (4.21) . From this and the condition r > r¢, involving,
(4.22) r=|S¢ = co(1+ V),

then follows that |G eqll g2(0,7;m2(.)) < M for all ¢ taken in the ball By centered at the origin with radius
M in H?(0,T; H »(€')). Moreover, it holds true that

||q - ‘fHHZ(o,T;H?(Q/))
2

1Gr,0q0 — Gr.0qll 520,112 () < , 4,4 € B,

hence Gy ¢ has a unique fixed point wy g € H?(0,T; HHQ,G(Q’)). Further, by applying Lemma 4.2 with
f=- (Vwkﬂ + ew“Wkﬂ) S HQ(O,T; HQ(Q/)),

we deduce from (4.7) that wrg = Ejgf is a solution to (4.18). Last, taking into account the identity
Hwk,GHH?(O,T;HZ(Q/)) = ||Gk,0wk,9||H2(O,T;H2(Q/))7 we get that

lwkollm20,m:m2(0)) < 1Growio — Gro0ll m2(0,75m2(0)) + |Gr00l 20,7512

IN

1 Ex,6(Vwy,o)|l 2 0.7:m2@0)) + || Bro (€7 W) HH2(O,T;H2(Q/))

IN

Co
" (VI lwk ol 20,7312 (02y) + M)

directly from (4.8) and (4.21). Here 0 denotes the function which is identically zero in €'. From this and
(4.22) then follows that ||wp. gl 52 (0,7 52(07)) < (2¢0/r)M, which, combined with (4.20), entails (4.16). [

5. STABILITY ESTIMATE

This section contains the proof of Theorem 1.2, which, along with (3.11), yields Theorem 1.1. We start
by estabilishing two auxiliary results.
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5.1. Auxiliary results. In view of deriving Lemma 5.2 from Proposition 4.1, we first prove the following
technical result.

Lemma 5.1. For all r > 0 and ¢ = (n,£) € R? x R with n # Oz, there exists ; = (;(r,n,0) = (&, 75) €
C? xR, j =1,2, such that we have

(5.1) IS¢l =r, 7=¢&, G—CG=( RG-S =0,
and

1 1] », P 2
5.2 §*§—(n+—)+r, il < Inl” + 5 +2r°.

Proof. Let n- be any non zero R2-vector, orthogonal to 7 and put 7;- = rn*/|nt|. Then, a direct calculation
shows that

1 : ¢ : 1 : 0\?

g':_ < -1 j+1+_>77+ -1 ]ini_a 7_'_<1 j+1+—) 77277”27 j:1527

fulfill (5.1)-(5.2). O
In light of Proposition 4.1 and Lemma 5.1 we may now derive the following:

Lemma 5.2. Assume that V; € W°(0,T; W>(Q)), j = 1,2, fulfill (1.2) and fixr > ro = co(1+ M) > 0,

where M > maxj—1 5 ||Vj[lw2.0 0, w2 () and co is the same as in (4.8). Pick ¢ = (n,£) € R* x R with

n # Ogz, and let ¢; = (&5, 75) € C* x R, j = 1,2, be given by Lemma 5.1. Then, there is a constant C' > 0

depending only on T', |w| and M, such that for every k € Z and 0 € [0,27), the function ujre, j = 1,2,
defined in Proposition 4.1 by substituting &; for £, satisfies the estimate

2 (1 + T2)3e|w|r
T

Huj,k,@||H2(O,T;H2(Q/)) < C(l + q(C,k/’)) , ke, 0 e [0,27'('), r>To,

with

0
a(C, k) = a(n, ¢, k) = [n* + % + k2

Proof. In light of (4.17) we have

lwj k.01l r20,7;m2 (02))

Ti+Anl k2t 2k €
(rs ) )|y 0 (02

0z —i
< (1 om0y + lwskoll a2 0.y lle™™
with
o DT ) s e e ) < (L [ 472K (U [P+ 4Rl
and
1€ [ 20,7120y < e(T|w])'?,
for some positive constant ¢ which is independent of r, 6, (, k, T and w. Thus we get the desired result by
combining the three above inequalities with (4.16) and (5.2). O

5.2. Proof of Theorem 1.2. Let ( = (n,£), r and (; = (&;,7;), j = 1,2, be as in Lemma 5.2, fix k € Z,
and put
(kt, ka) = (k/2,—k/2) if k is even
DRI (R +1)/2,—(k—1)/2) if k is odd.
Further we pick 6 € [0,27) and note u;, j = 1,2, the optics geometric solution u; x; ¢, defined by Lemma 5.2.
In light of Lemma 3.1 there is a unique solution v € L*(0,T; H (') N H'(0,T; L*(€')) to the boundary
value problem
(=0 + A+ Vo)v=0 in Q'
(5.3) v(0,-) = u1(0,-) in O,

v =1 on X/,
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in such a way that © = v — u; is solution to the following system:

(—z@t—l—A—i—Vg)u = (Vl —‘/Q)Ul n Ql

u(0,) =0 in O,
(5.4) u=0 on Y/,
u(-,1,-) = e’u(-,0,-) on (0,7) X w
O, u(-,1,-) = €0, u(-,0,-) on (0,7) X w.
Therefore we get
(5.5) / (Vi — Vo)urug dtdx = Oyutg dtdo (x) — z/ u(T, Yuo (T, ) dz,
’ E; ( ’

by integrating by parts and taking into account the quasi-periodic boundary conditions satisfied by u and
us. Notice from (5.3)-(5.4) that d,u = (A%/zﬁ — A%,he) (g1) and u(T,.) = (A‘Q/%e - A‘Q/h(,) (g1), where

g1 = (U1|2;,U1(0, )) S %0/79.

Thus, putting
B = 0 if kisevenor k € R\ Z
F=) 4x% if k is odd,

for all k € Z, and
(5.6) 0= 0kp = e*“’“uu + eiemlw_g + w1y W3,

we deduce from (5.1), (4.17) and (5.5) that

(57) / (Vl o ‘/2)efi((erﬁkk)t+27rk:61+z’.77)dtdx — A + B+ 07
with

(5.8) A = - / (Va — Va)olt, o) (ki amhanta’n) gy gy,
(59) B o= [ (Mo~ M) (p)mdtdo(a),

Q
I

(5.10) *i/, (AY, 0 — AT, o) (91)ua(T,-) da.

Next, we introduce
— (‘/2_‘/1)(25’1') if (tax) EQ)
Vit,z) = { 0 if (t,z) € RY\ Q,
and
pr(r1) = ™1 11 € R, k€ Z,
so (5.7) can be rewritten as

(5-11) / (‘/1 _ Vv2)e—i((€+5kk)t+27rk:m+z"77) dtdx = <‘7([ + Brk,n), ¢k>L2(O . ,

where V stands for the partial Fourier transform of V' with respect to t € R and 2’ € R?. Further, in light
of (4.16) and (5.6) it holds true that

IN

(TIwD? (Jlwill L2y + lwallz2@n) + llwillze@n lwellzegn

(e e 4+ il + S0+ )3+ 62D

r
1+ k2
C,<+||>,
T

ol L1 (@n

IN
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where the constant ¢’ > 0 depends only on T, |w| and M. Since ||[Vi — Va|oo < 2M, it follows from this and
(5.8) upon substituting ¢’ for 4M ¢’ in the above estimate that

(1+4q(¢ k)

)
7"2

(5.12) Al < Vi = Valloolloll za@ry < ¢
where q is defined in Lemma 5.2. Moreover, we have

B < (Av;,0 — Ay, o) (@) L2z

UQHL?(Z;)v
by (5.9) and

C] < (AT, 6 — A, 0) (00| 22 w2l L2y,
from (5.10), whence

1/2
(5.13) Bl+10] < (A0 = ALy o) (@0 13ar) + 1830 = A%, ) (@) 132(a))

9 9 1/2
x (luelasy) + lua(T, )z )

[(Avg,o — AVlﬁ)(gl)||L2(E;)><L2(Q/) l92llL2(s)x L20)

IN

IN

[Ava,0 — Aviollseay, 2ol 2y, g2l 27,
where we note
go = (UQ‘Z;,UQ(T, )) .
The next step is to use that ||g1]l2y, and ||g2] 2, are both upper bounded, up to some multiplicative
constant depending only on T" and w, by [|u;| g2 0, 7;12(q))- Therefore (5.13) and Lemma 5.2 yield

1 2\6
( +27") eQ\w\T

(5.14) Bl +|C| < C?||Avy 0 — Avs ollse2y 2 (1 +a(C, k)™ , T >0
Now, putting (5.7)—(5.12) and (5.14) together, we end up getting that
= 1 k
(5.15) ‘<V(£+ Bk, ), ¢k>L2(O NE Cﬁw (1 (1 +q(¢, k)21 + T2)662\w\r) .

where
Y= HAV%G - AVh"HB(%d,e,%{)

and the constant ¢’ > 0 is independent of k, r and ¢ = (1, ¢).
The next step is to apply Parseval-Plancherel theorem, getting

(5.16) V2 = Valltsiy = IV smuconynrey = 32 || 066 DIPAC,

kEZ
where 9((, k) = 0(¢,n, k) stands for <I7(€, 1), Pr)r2(0,1) for all (¢, k) € R® x Z. By splitting [5, [0(¢, k)|?dC,
k € Z, into the sum [, [6(£, 1, 2k)|?dldn + [gs [6(€,7, 2k + 1)|*dldn and performing the change of variable
¢ =0 — (2k+ 1) in the last integral, we may actually rewrite (5.16) as

(5.17) Vo = VillZ2qy = Z/ |6(¢ + Brk, n, k)[2dbdn = / 16(¢ + Bk, n, k)|[2dedndp(k),
k‘EZ ]RS ]R4

where = Y, ., 6n. Putting B, = {(¢,k) € R* x Z, [(¢,k)| < p} for some p > 0 we shall make precise
below, we treat pr [0(£ + Brk,n, k)|?dldndu(k) and f]R4\Bp |0(¢ + Brk,n, k)|?dldndu(k) separately. We start
by examining the last integral. To do that we first notice that (¢,7,k) — |(¢ + Bxk,n, k)| is a norm in R* so
we may find a constant C7 > 0 such that the estimate

[(,n, k)| < Cu[ (£ + Bk, n, k).
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holds for every (¢,7m,k) € R:. As a consequence we have

. 1 .
/ 6(€ + Bik,n, k)| *dedndu(k) < — [(£,m, k)P |0(£ + Bk, n, k)[*dldndp(k)
R4\ B, P~ JRN\B,
012 24 2
< = |(€+ Bk, n, k)|"[o(£ + Bik,n, k)|"dldndp(k)
P” JRN\B,
Ct 2\ 2
< o3 | QI Bk PG+ Gk, k) Ptdndu(k).
R4

The change of variable ¢/ = ¢ + 8,k in the last integral then yields

. C? .
[ late s B, ) Patdndu() < 51 [ (141 RPYBC k) Pdcduh) <
R4\ B, p= Jre

CQ
p—;IIVllip(Qq,

so we end up getting that

- 402 M2
(5.18) [ 1o+ ik b Patdndu() < <5
RN\B, p

Further, we introduce C, = {(¢,k) € R* |n| < p~'} in such a way that the integral [, . [6(£ +
Brk,n, k)|>dldndu(k) is upper bounded by

~ m ~
[ 1o+ sk wPatandu(vy < sup [ Jo(e+ ik b Pt
Co P nl<p=t JR2
™ ~
< 5 swp 3 [ [t pukn k)Pt
P Inl<p=t kez /R
™ ~
< — sup > 60,0, k)2,
P Inl<p—t keZ
giving
. T 47 M?
(5.19) / 6(€ + Bik,n, k) Pdldndp(k) < V72 @xoiy) < 5
B,NC, p ® 1 p
and

a(¢, k) < 3%, (G k) € BN (RI\C,), p > 1.
From (5.15) and the above estimate then follows that
2
[0(¢ + Brk,n, k)| < c”% (1 + 'yp247"1262|‘*’|’”) , (¢ k) € B,N(R*\Cp), p>1, r>max(1,7),
whence

8
(5.20) / |0(¢ + Brk,n, k)[2dbdndu(k) < c”p—4 (1 + 72/)487“2464'“'T) , p>1, 7 >max(1,719),
BpN(RN\C)) r

upon eventually substituting ¢’ for some suitable algebraic expression of ¢”.
Last, putting (5.17)—(5.20) together we find out that

1 8
(5.21) Vo — V1||%2(Q/) < Oy (F + i—4 + 72p567’2064°”) , p>1, r>max(1,r),

where the constant Cy > 0 depends only on 7', w and M. By taking r = r; = ﬁ Iny~ ! and p = rf/s in
(5.21), which is permitted since r; > max(1,rg) from (1.9), we find out that
_1,16/5 _1\—4/5
(5.22) Ve = VillZ2(ny < C3 (1 +7 (Iny) / ) (Iny1) )
where Cj is another positive constant depending only on 7', w and M. Now, since supg.. <., (7 (ln 7_1) 16/5)

is just another constant depending only on T', w and M, then (1.8) follows readily from (5.22).



STABLE DETERMINATION OF TIME-DEPENDENT AND SPACE PERIODIC SCALAR POTENTIAL 17

REFERENCES

[Ag] S. AGMON, Lectures on Elliptic Boundary Value Problems, Van Nostrand Co., Inc., Princeton, N.J.-Toronto-London,
1965.

[CH] T. CAZENAVE AND A. HARAUX, An introduction to semilinear evolution equations, Clarendon Press, Oxford, 1998.

[Cho] M. CHoULLI, Une introduction auz problémes inverses elliptiques et paraboliques, Mathématiques et Applications, Vol.
65, Springer-Verlag, Berlin, 2009.

[CK] M. CHouLLl, Y. KIAN, Stability of the determination of a time-dependent coefficient in parabolic equations, Math. Control
and Related Fields 3, Vol. 2 (2013), 143-160.

[CS] M. CHouLLI, E. SOCCORSI, Recovering the twisting function in a twisted waveguide from the DN map, arXiv:1209.5662.

[Di] J. DIXMIER, Les algébres d’opérateurs dans l’espace hilbertien (algébres de Von Neumann), Cahiers scientifiques, Vol. 25,
Gauthier-Villars, Paris, 1957.

[DKLS] D. Dos SANTOs FERREIRA, Y. KURYLEV, M. Lassas, M. SALO The Calderon problem in transversally anisotropic
geometries, arXiv:1305.1273.

[Es1l] G. EskIN, Inverse hyperbolic problems with time-dependent coefficients, Comm. PDE 32, vol. 11 (2007), 1737-1758.

[Es2] G. ESkIN, Inverse problem for the Schrodinger equation with time-dependent electromagnetic potentials and the
Aharonov-Bohm effect, J. Math. Phys. 49, vol. 2 (2008), 1-18.

[Ev] L. C. EvaNs, Partial Differential Equations, Graduate Studies in Mathematics, Vol. 19, American Mathematical Society,
1998.

[F1] S. Fuiss, A Dirichlet-to-Neumann approach for the exact computation of guided modes in photonic crystal waveguides,
arXiv:1202.4928.

[GK] P. GAITAN, Y. KIAN, Stability result for a time-dependent potential in a cylindrical domain, Inverse Problems 29, Vol.
6 (2013), 065006 (18pp).

[Ha] P. HAHNER, A periodic Faddeev-type operator, J. Diff. Equat. 128 (1996) 300-308.

[HSSW] C. HAMAKER, K. T. SMiTH, D. C. SOLOMONAND, S. C. WAGNER, The divergent beam z-ray transform, Rocky Mountain
J. Math. 10 (1980), 253-283.

[Ik] M. IKEHATA, Inverse conductivity problem in the infinite slab, Inverse Problems 17 (2001), 437-454.

[K] Y. KIAN, Stability of the determination of a coefficient for the wave equation in an infinite wave guide, arXiv:1305.4888.

[KLU] K. KrurPCcHYK, M. LassAs, G. UHLMANN, Inverse Problems with Partial Data for a Magnetic Schrédinger Operator in
an Infinite Slab or Bounded Domain, Comm. Math. Phys. 312 (2012), 87-126.

[LU] X. L1, G. UHLMANN, Inverse Problems on a Slab, Inverse Problems and Imaging 4(2010), 449-462.

[LM1] J.-L. Lions, E. MAGENES, Problémes auzx limites non homogénes et applications, vol. 1, Dunod, Paris, 1968.

[LM2] J.-L. Lions, E. MAGENES, Problémes auzx limites non homogénes et applications, vol. 2, Dunod, Paris, 1968.

[Na] S.I. NAKAMURA, Uniqueness for an Inverse Problem for the Wave Equation in the Half Space, Tokyo J. of Math. 19,
vol. 1 (1996), 187-195.

[Ra] RAKESH, An inverse problem for the wave equation in the half plane, Inverse Problems 9 (1993), 433— 441.

[RS1] M. REED, B. SIMON, Methods of Modern Mathematical Physics II: Fourier Analysis, Sel-adjointness, Academic Press,
1978.

[RS2] M. REED, B. SIMON, Methods of Modern Mathematical Physics IV: Analysis of Operators, Academic Press, 1978.

[SW] M. Saro, J. N. WaNG, Compler spherical waves and inverse problems in unbounded domains, Inverse Problems 22
(2006), 2299-2309.

[Sc] L. SCHWARTZ, Topologie générale et analyse fonctionnelle, Hermann, Paris, 1970.

IECL, UMR CNRS 7502, UNIVERSITE DE LORRAINE, ILE DU SAULCY, 57045 METZ CEDEX 1, FRANCE
E-mail address: mourad.choulli@univ-lorraine.fr

CPT, UMR CNRS 7332, A1X MARSEILLE UNIVERSITE, 13288 MARSEILLE, FRANCE, AND UNIVERSITE DE TOULON, 83957 LA
GARDE, FRANCE
E-mail address: yavar.kian@univ-amu.fr

CPT, UMR CNRS 7332, A1X MARSEILLE UNIVERSITE, 13288 MARSEILLE, FRANCE, AND UNIVERSITE DE TOULON, 83957 LA
GARDE, FRANCE
E-mail address: eric.soccorsi@univ-amu.fr



