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On the Geometrical Gyro-Kinetic Theory

Emmanuel Frénod* Mathieu Lutz’

Abstract - Considering a Hamiltonian Dynamical System describing the motion of charged
particle in a Tokamak of a Stellarator, we build a change of coordinates to reduce it dimension. This
change of coordinates is in fact an intricate succession of mappings that are built using Hyperbolic
Partial Differential Equations, Differential Geometry, Hamiltonian Dynamical System Theory and
Symplectic Geometry, Lie Transforms and a new tool which is here introduced : Partial Lie Sums.
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1 Introduction

At the end of the 70’, Littlejohn [25] 26] 27| shed new light on what is called the Guiding
Center Approximation. His approach incorporated high level mathematical concepts from
Hamiltonian Mechanics, Differential Geometry and Symplectic Geometry into a physical af-
fordable theory in order to clarify what has been done for years in the domain (see Kruskal
[24], Gardner [12], Northrop 28], Northrop & Rome [29]). This theory is a nice success.
It has been beeing widely used by physicists to deduce related models (Finite Larmor Ra-
dius Approxzimation, Drift-Kinetic Model, Quasi-Neutral Gyro-Kinetic Model, etc., see for
instance Brizard [2], Dubin et al. [5], Frieman & Chen [10], Hahm [I7], Hahm, Lee & Brizard
[19], Parra & Catto [30, 31} 32]) making up the Gyro-Kinetic Approzimation Theory, which
is the basis of all kinetic codes used to simulate Plasma Turbulence emergence and evolution
in Tokamak and Stellarators (see for instance Brizard [2], Quin et al [33] B4], Kawamura &
Fukuyama [22], Hahm [I8], Hahm, Wang & Madsen [20], Grandgirard et al. [I15} [16], and
the review of Garbet et al. [11]).

Yet, the resulting Geometrical Gyro-Kinetic Approximation Theory remains a physical the-
ory which is formal from the mathematical point of view and not directly affordable for
mathematicians. The present paper is a first step towards providing a mathematical afford-
able theory, particularly for the analysis, the applied mathematics and computer sciences
communities.



Notice that, beside this Geometrical Gyro-Kinetic Approximation Theory, an alternative
approach, based on Asymptotic Analysis and Homogenization Methods was developed by
Frénod & Sonnendriicker [7, 8, 9], Frénod, Raviart & Sonnendriicker [6], Golse & Saint-
Raymond [14] and Ghendrih, Hauray & Nouri [13].

Summarizing, the Geometrical Gyro-Kinetic Approximation Theory consists in building
a change of coordinates in order to make two components of a dynamical system disappear.
The method to achieve this goal involves, in a intricate way, elements of Hamiltonian Dy-
namical System Theory, Symplectic Geometry, Non-Linear Hyperbolic PDE, Hilbert Theory
of Operators and Asymptotic Analysis.

In order to clarify the purpose and put things in context, notice that the domain of
validity of the Gyro-Kinetic Approximation Theory is that of charged particles under the
action of a strong magnetic field. Hence, we begin by considering a non-relativistic charged
particle moving in a static magnetic field. It is well known that, in usual coordinates
(x,v) = (1,22, x3,v1, V2, v3), where x stands for the position variable and v for the velocity
variable, the position X(¢;x,v) and the velocity V(¢;x,v) at time ¢ of the particle which is
in x with velocity v at time ¢ = 0 are solutions to

8;: v, X(0) = x, (1.1)
aa‘; - v xB(X), V(0) =v. (1.2)

In this dynamical system, X has three components (X1, Xq,X3), as V: (V1,Vy, V3).
For the purpose of this paper, we restrict to magnetic fields of the form
B (x) = (0,0, B(z1, 72)), (1.3)

and furthermore, we consider only the projection of the particle motion onto the x1, zo-plan.
So writing x = (x1,z2) and v = (v, v2), the bi-dimensional dynamical system for X (¢;x, v)
(X =(Xy,X2)) and V(t;x,v) (V = (V1, Va)) resulting from ((1.1)) and (1.2) reads

%’f =V, X(0) = x, (1.4)
%‘t’ = %B(X) v, V(0) =v, (1.5)

where, for any u = (uy,u2) in R2, the notation +u stands for (ug, —ui). Throughout the
rest of this paper, we will be interested in trajectory (X, V) and in dynamical system (1.4))

and .

Finally, we suppose that the sign of B remains constant and that B is nowhere close to 0.

Now we make precise the context of strong magnetic field we work within. It is well
known that the norm [V| of the velocity V solution to (1.5 is constant and that if the



magnetic field B is uniform, the trajectory X of the considered charged particle is a circle.
The radius aj, of the circle, which is called the Larmor radius in the context of Tokamak
and Stellarator plasma, equals the norm of the velocity times the particle charge divided by
the particle mass times the norm of the magnetic field, i.e.

B\

We

B
where w, = M,

ar, (1.6)

is the cyclotron frequency. The center of the circle, which is called the guiding center, equals

C=X(t)-p(t), (1.7)
where
i
p(t)=—ar ’\;(’t) (1.8)

Here, we do not consider a uniform B. Nevertheless, at any time tg when the position
of the particle is X(tp), we can consider the local values of the Larmor radius, the cyclotron
frequency and the guiding center

ar(to) = welto)’ (1.9)
we(to) = 2B(X {fo) ’, (1.10)
Cto) =X (togn— p(to), (1.11)
p (1) = —a (1) L0 (112

With the help of those quantities, we can say that considering a small Larmor Radius consists
in considering that the magnetic field applied to the particle position X (¢) is close to the
magnetic field applied to the guiding center position C (tp). Now, as the magnetic field is
strong, the local value of the period of rotation

Te(to) = (27 /we(to)) = (2mrm/q|B(C (to) |), (1.13)

is small. Considering that a(t) and T,(¢) have the same magnitude and that they are both
small implies that (ar(t))%w. () is small and hence that

oc LV (1) VB (X (1) - (V (t) /|V])
E (t) = (aL(t))2Wc (t) |V| B (X (t))
is small. As
~_mvl
ar(t) = qdB(C )] o

the fact that C(t) vary slowly has for consequence that the Larmor Radius vary slowly. To
summarize, for any time ¢ belonging to a time interval of length of order (27rm/q|B(C (to) |)



the values of ar,(t) and of C(¢) remain almost constant, so that the particle trajectory is
close to a circle of radius m |V|/qB (C (ty)) traveled in a time close to (2rm/q|B(C (to) |).

To reexplain this within a rigorous modeling procedure, called scaling, and to introduce
rigorously the small and large quantities, we need to define some characteristic scales: ¢
stands for a characteristic time, L for a characteristic length and © for a characteristic
velocity. We now define new variables ¢/, x’ and v/ by t = #t/, x = Lx/, and v = oV,
making the characteristic scales the units. In the same way, we define the scaling factor B
for the magnetic field:

B (Lx') = BB (¥). (1.15)

Using those dimensionless variables and magnetic field, we obtain from dynamical system
(1.4)—(1.5) that dimensionless trajectory (X', V') defined by

X(t#'; Lx',ov') = LX/(t'; %', V'), (1.16)
V(' Lx', ov') = oV'(t; %', V'), (1.17)
is solution to
L oX!
faé)t’ =oV/, X'(0) = x/, (1.18)
vOV'  ¢Bv n
o7 = m B(X') -V, V'(0) =V, (1.19)

We introduce the characteristic cyclotron frequency and Larmor radius:

5 i
Ge=L and ap=—. (1.20)

m @e

Using those physical characteristic quantities, system (1.18)—(1.19) becomes

2.4 7 QL / /
— oLy, X'(0) = %/, 1.21
5y — Weg vV (0)=x (1.21)
!
aa‘t[, =tw.B (X') +V/, V'(0)=v. (1.22)

Once this dimensionless system written, saying that the magnetic field is strong means that
the characteristic time ¢ is large when compared to the characteristic period T, = 27/@.
Introducing a small parameter ¢, this can be translated into:

te = —. (1.23)

Now, saying that the Larmor radius is small when compared to the characteristic scale length
consists in considering that

—¢, (1.24)



Hence, the dimensionless dynamical system is rewritten as:

/
8;:, =V X'(0) = x/, (1.25)
/!
1
%‘tfl = gB (X) v, V'(0) =V (1.26)

Yet, we have enough material to precise, within this framework, our intuition that, with
accuracy of the order of €, for any time ¢’ belonging to a time interval [¢(, #]] of length of the
order ¢, X’ draws a circle of radius ¢ |v/| /B (X' (t,)) over a time 27e/B(X' ()). We let,

X {#)y=C{)+p(t), (1.27)
o) =gy V) (128
P (¥) = [p (t)] (cos (&/ (1)), —sin (&/ (1)) (1.29)

where ©' (') is the angle between the z1-axis and p’ (') mesured in the clockwise sense.

Using the usual mobile orthonormal frame (¢(0) , a(f)), where ¢(8) = (—sin(f), — cos(#))
and a (#) = (cos (6), —sin (#)), equations and yield the expression of V” in this
frame and the ODE it satisfies:

V() =|V'|e(© (1), (1.30)
8V’ 0 00/ X
N v Deer ) - - v 2 ¢ya e (1)), (L
Injecting in and using the fact that, in frame (& (6),a(6)), LV’ (') writes:
RAGEEIALICAGIE

we obtain the equation satisfied by ©’ (¢').
In the case of a constant magnetic field, we have:

oC’

at/ (t) =0, (1.32)
g \p (t)] =0, (1.33)
00’ 1

(1) = -8, (1.34)

and the particle draws a circle of center C’, of radius |p’| over a time 27e/B.
When the magnetic field is not constant the ODEs satisfied by C’, |p’|, and ©" are

oc’ i Vi B (X' () - V' ()

o (1) =—="V'(1) BR W (1.35)
| DB (1) -V (t)

00’ , ,

(1) = IB(X' (1) ~, 2B(C (1)), (1.37)



Hence, for any time ¢ belonging to a time interval [, #]] of length of the order of e, the

usual Taylor inequality leads to |B (C’ (¢')) — B(C' (t))| = O (¢?) and hence
00’ / 1 2me 1l s
57 (t) ol gB (C'(ty)) and © (t + m —©' (t') is close to 2. (1.38)

Moreover, for any time t belonging to [t{, #;], from (1.35)—(1.37) we obtain
(1) = € ()| = 0 (). 16/ ()] - o/ ()| =0 (). (139)

Writing X' (') = C' (¢') + p' (¢'), (1.39)) and (1.38]) say nothing but that X’ draws a circle of
radius € |V'|/B (C' (t;)) around C'(t()) over a time 2me/B (C'(t;,)) with accuracy of the order
of e.

The regime in which dynamical system ([1.25)—(1.26)) is written is called the drift-kinetic
regime.

Subsequently, we will work exclusively with dimensionless variables. Since no confu-
sion is possible, to simplify the notations, we will remove the ’ and replace B by B
Hence, for xg = (719,720) € R? and v = (v1g,v29) € R? we consider X (¢,x0,vo) =
(X1 (t,x0,v0) , X2 (t,x%0,Vp)) and V (t,x0,vo) = (V1 (t,%0, Vo), Va (t, X0, Vo)) solutions to
the following dynamical system

0X

5=V X(0) = xo, (1.40)
oV _1 . -

and we make the following assumptions on B:

04, 0A;
B = — - —. 1.42
)= 50 ~ 9m (1.42)

with A = (A1, A2) an analytic function on R? and

inf B > 1. 1.43
inf B(x) (143

Remark 1.1. In his remark, we will evoke issues related to the mumerical simulation of
system f. What we learn from is that the solution of f 15
made of two parts: a strongly oscillating one, related to the strong oscillations of ©, and, the
guiding center motion, i.e. the motion of C. Because of the oscillation part, direct numerical
stmulation of f requires a very small time step, and then is not considered. One
could think that a good option to compute an approximate solution of — would
be to compute C. Yet, the resolution of EDO C is solution to, requires the knowledge

7



of trajectory X and consequently the resolution of (1.40)-(1.41). This option seems then to
be a dead end. The interest of the Gyro-Kinetic Approximation is that it yields a dynamical
system for something which is close to X and C, but which can be solved as a stand-alone
system.

Now, we give a detailed summarize of what the present paper contains. In the geometric
formalism, in any system of coordinates on a manifold M, a Hamiltonian dynamical system,
which solution is R = R(¢,rp) in the considered system of coordinates, can be written in
the following form

X PR)H(R), R(O,r0)=ro, (1.44)

where P(r) is a skew-symmetric matrix called the matrix of the Poisson Bracket (or Poisson
Matrix in short), and H(r) is called the Hamiltonian function. Moreover, a sufficient con-
dition for a dynamical system to be Hamiltonian is that the dynamical system writes in the
form in one system of coordinates which is global on M. Roughly speaking, the goal
of the Geometrical Gyro-Kinetic Theory is to make a succession of change of coordinates in
order to satisfy the assumptions of the following theorem.

Theorem 1.2. If, in a given coordinate system r = (r1,r2,73,74), the Poisson Matriz has
the following form.:

M 0 0
(r) 0 0
P(r) = 00 0 1 ) (1.45)
00 | -1 O
and if the Hamiltonian function does not depend on the penultimate variable, i.e.
OH
— =0, 1.46
87“3 ( )
then, submatrix M does not depend on the two last variables, i.e.
oM oM
— =0 and — = 0. 1.47
87’3 an 87’4 ( )

Consequently, the time-evolution of the two first components Ry, Reo is independent of the
penultimate component Ra; and, the last component Ry of the trajectory in not time-evolving,
1.e.

OR;

Proof. When the Poisson Matrix has the form given by ([1.45)), the last line of (1.44]) reads

P _ I g
ot N 67’3 '



Hence, if the Hamiltonian function does not depend on the penultimate variable, then, the
last component R4 of the trajectory is not time-evolving. Now, introducing the Poisson
Bracket of two functions f = f (r) and g = g (r) defined by

{£,9% () = %S ()] P (r) Vg (1), (1.49)
where P (r) is the Poisson Matrix, we have
Pij = {ri,rj}. fori,j =1,2,3,4, (1.50)

where r; is the i-th coordinate function r — r; and a direct computation leads to

(framh ol (0= =212 (1) and {framhord (0= 22 @), (16

Using the Jacobi identity saying that for any regular function f, g, h,

{Ffr gk by +{{h. fl 9% + o ke F1 =0, (1.52)

and the facts that P31 = Pa3 = Ps1 = P24 = 0, we obtain

{{ri, v}, r3}, = — {{r3,r1}, , v}, — {{ra,r3}, , 11}, =0, (1.53)

{{ri, vl raf, = —{{ra,vify rod, — {{re,rafy mi}, = 0. (1.54)
and consequently, since P11 = Pao = 0, (L.51) brings (1.47), ending the proof of the
theorem. O

Theorem is the Key Result that brings the understanding of the Geometrical Gyro-
Kinetic Theory. Skipping most of the details, we can say that the Gyro-Kinetic Approxima-
tion of dynamical system — consists in writing it within a system of coordinates
that satisfies the assumptions of Theorem [I.2] and which is close to the Historic Guiding-
Center Coordinates which is such that:

hgc v
Y7 =m —fg %) cos (0), (1.55)
hge __ v .
Yy =T+ EB(X) sin (0) , (1.56)
ghae = g, (1.57)
2
hge _ v
TIER (1.58)

where v = |v| and where 6 is such that (v,0) is a Polar Coordinate System for the velocity
variable and is defined precisely by formula .

Once this done, our attempts will be satisfied : the two first components of the resulting
dynamical system will give raise to a good approximation of the evolution of the Guiding
Center motion and hence of the evolution of the particle in the physical space, and, the
dynamical system that needs to be solved will be easier. In particular, it will not involve
the strong oscillations. Moreover, the last component of the solution will be constant and
the evolution of the two firsts will not depend on the third component. As a consequence,



( Usual Coordinates ] Usual Coordinates
(x,v) (x,v)
Hix,v), P-(x,V) s.t:
87X -V 0X
ot ot R N
— PV L
N _lpxitv v | e
L ot e ) { ot )
1: Hamiltonian?l / 3l
. . 2 Polar Coordinates
Canonical Coordinates (x,6,v)
(a,p) | (v), P.(x,0,v) )
i, p), B (q, p)=S 4: Darboux Algorithml
s.t: ( )
aQ Darboux Almost
ot Sl Canonical Coordinates
oP P (y,0,k)
E - Y, )
\ J L He(y,0,k), Pe(y) )
5: Lie Transforml
Lie Coordinates
(2,7,])
Hy(z,j), P-(z)
L -Pe

Figure 1: A schematic description of the method leading the Gyro-Kinetic Approximation.

10



if we are just interested in the motion of the particle in the physical space, i.e. just in the
evolution of the two first components, solving the dynamical system in the new system of
coordinates, reduces to find a trajectory in R2, in place of a trajectory in R* when it is
solved in the original system of coordinates.

To be more precise writing dynamical system f in a form satisfying the assump-
tions of Theorem [I.2] can only be done in a formal way using formal series expansion. Then,
in fact, we will use a variant of Theorem which result is the same, up to any order of
e. This variant is given in Theorem [£.I] From this variant, we can set dynamical system
f in a form from which we can, for instance, prove the following theorem.

Theorem 1.3. Assume that the magnetic field B satisfies assumptions (1.42) and (|1.43)
and that all its derivatives are bounded. Let N be a positive integer. Then, for any couple of
open subsets ((’) (%0, Rx,;a,b),0 (XO,R’ ;C, d)) (see formula (1.69)) such that Ry > Rx,

X0?

and [ﬁ, %} C (c¢,d), there exists a positive real number n, such that for any e € (—n,n),
there exists a map GG., one to one from O (XO,R’ i, d) onto GG.(O (XO,R’ i, d)); a

X0 X0

system of coordinates (z,7,j) = GG.(x,v) on GG (O (Xo, R :c, d)); and for any e € (0,n)

X0?
a real tg, with tg > 2, where ayg is a positive real number depending only on R;O — Ry, and
B, such that the solution

(ZTy FT7 jT) == (ZT(t) Zo, 70, ]0) ) FT(ta Zy, ’YO?jO) ) jT(tv Zp, 70, ]O)) (159)
of the following dynamical system, written within system of coordinates (z,7,7),

OH.

T .

VAR € W (Z 7]0) .

T ; Z" (0;20, jo) = 1.60
ot B(zZT) | 9H.r @ o) ; (0; 20, jo) = 2o, (1.60)

62’1 »JO

ort 10H.7 , 7 ,
I B I (0; 20, jo,0) = 1.61
815 15 aj ( 7‘70)7 (07 ZO)]OafYO) Y0, ( 6 )
a T . .
% =9 I (0520, jo) = jo, (1.62)

where H. 1 is the function obtained by Algorithm [5.11], satisfies
1(z.7) - (ZT7~7T)HOO,'mit < eV (1.63)
for any t € (—tZ,t2). In (1.63), [|9]lo init Stands for
||g||oo,init = sup |g(Z07’707j0)‘; (164)
(20,70,J0) EFGe (O (%0, Rxq30,b) )
(Z(tu Zy, 707]‘0)7 F(t7 Zo, 70, jO)? j(ta Zy, 707]‘0)) = @'OGa (X(t7 X0, VO)’ V(t7 X0, VO)) ’ (165>
with (X, V) the solution of dynamical system (1.40)—(1.41)) and (xo,vo) = GG (2o, 0, jo);
and, C only depends on B and R} — Rx, (and not on ).
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The map GG, giving coordinate system (z,7,7) is a composition of several ones. A de-
tailed summarize of these maps is given in the beginning of section[f in Theorem [6.1]

When N = 2, system (1.60) —(1.62) reads

T T
agt =— BE{ZT) tvB(z"), Z7(0) = zg, (1.66)
orT B (Z") a ) -
= e Ty (B(z") V2B (27) -3 (VB (27))"), T7(0) =7, (167)
T
Lgt ~o, T7(0) = jo. (1.68)

In this theorem and in the sequel, O (xq, Rx,; a,b) stands for the open subset defined by:
O (%0, Rxo; 0, b) = b(x0, Ry, ) X € (as;b), (1.69)

where bQ(Xo,RXO) C R? is the open Euclidian ball of radius Ry, and of center xo, and
€ (a; b) is the open crown of R? defined by

€ (a;b0) = {v eR? |v| € (a,b)}, (1.70)

where [a,b] C (0,+00).
If we are not interested in the evolution of T'; since (|1.62)) is obviously solved, in this
system of coordinates solving dynamical system ([1.40)—(1.41)) reduces to compute a bidi-

mensionnal trajectory by solving (|1.60)).

Remark 1.4. After having obtained the coordinate system given by Theorem|[1.5, if, to make
numerical simulations of the evolution of the particle, we compute Z* in place of the particle
trajectory X, then the global error is given by:

global error = Series Truncation Error + Numerical Error . (1.71)

The Series Truncation Error is made of two parts. As regard to the first part which is the
error done when approzimating Z by ZT, inequality of Theorem claims that it
can be pushed up to any order of €. As regard to its second part which is related to the fact
that the change of coordinates giving Z from X is not exactly known, the method for its
construction allows also us to also push this expression to any order of €. As a consequence,
and because the numerical method (which is the one induced by the numerical scheme used
to compute approximatted solution to ) can be as accurate as needed, our result claims
that from the Geometrical Gyro-Kinetic Approximation numerical methods with any desired

accuracy can be built to solve dynamical system ([1.40)—(1.41)).

As illustrated in Figure [I] the method to build the desired change of coordinates is
made of 5 steps. The first one consists in checking that dynamical system f
is well Hamiltonian. This is symbolized by arrow 1 in the top of the figure. Once this is
done, we can go back into the Usual Coordinate System but knowing that the dynamical
system writes as in the square which is in the top-right of the figure, i.e., involving the

12



Poisson Matrix 755 and the gradient VX,VI:IE of Hamiltonian function He. It may be written
in that form in any coordinates system, and formulas give how to transform the Hamiltonian
function and the Poisson Matrix while changing of coordinates. The goal of the third step
is to introduce a Polar in velocity Coordinate System. In the fourth step, we make another
change of coordinates, based on a Darboux Algorithm, in order to get the form of the
Poisson Matrix allowing the application of the Key Result. This step consists essentially in
solving a hyperbolic non-linear system of Partial Differential Equations (PDEs) for which a
specific well adapted method of characteristics, in a spirit inspired by Abraham [I], is set out.
We obtain a coordinate system close to the Historical Guiding-Center Coordinates of [24],
[12], [28] and [29] involving the magnetic moment and the gyro-angle around the magnetic
direction. In the fifth step, we make a last change of coordinates based on a Partial Lie
Transform Method that we introduce in the present paper, leaving the form of the Poisson
Matrix unchanged up to any desired order N of € and bringing the Hamiltonian function
independent of the last variable up to order NV + 1, allowing the proof of Theorem

Remark 1.5. The method in itself is complex and call upon concepts coming from several
mathematical theories. Besides, as the method consists in building a succession of changes
of coordinates, each of them being defined via a complex protocol, we have to check that what
we build are well changes of coordinates, i.e. that they are well one to one, that they have the
required reqularity to be real changes of coordinates and that their inverse transformations
have also the required reqularity. Since moreover some of the domains on which those changes
of coordinates are built are not straightforwardly comprehensible, those checks add a level of
technical complexity.

The motivation for introducing the Polar in velocity Coordinates (x,6,v) in the third
step is not obvious. Indeed, whatever the system of coordinates chosen as point-of-departure,
the resolution of the non-linear set of hyperbolic PDEs involved in the Darboux Algorithm is
possible. Hence, we may wonder why taking this specific one. On another hand, the change
of coordinates based on the Partial Lie Transform, which is a perturbation method, gives
a system of coordinates close to the Historical Guiding Center-Coordinate System (|{1.55])—
(1.58]). Hence, we may also wonder if there is an a priori argument suggesting that method,
starting from the Polar in velocity Coordinates and leading to a coordinate system close to
the Historical Guiding-Center Coordinate System, generates a coordinate system satisfying
the assumptions of Theorem As a mater of fact, a few words are needed to attempt at
providing some answers to those questions and, as a by-product, to explain this motivation.

Helping to provide some answers calls upon geometrical arguments put into the perspec-
tive of the regime under consideration. In a first place, the Darboux Algorithm needs to
select a component of the coordinates which is left unchanged while doing the change of
coordinates. This component plays the role of a pivot on which the change of coordinates
leans to be defined.

If we look at what happens in the case of a constant magnetic field, we observe that the
particle trajectory is a circle and obviously rotations of angle 6 are its associated symmetries.
Invoking the Noether’s Theorem, which relates symmetries and invariants of the particle tra-
jectory, yields that the magnetic moment, which is the product of the Larmor Radius by the
norm of the velocity, is the invariant associated with those symmetries. Hence, a well adapted
coordinate system to study the motion of a particle is such that its two first components
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give the position of the center of the circle and its two lasts are related to the symmetries
and the invariant linked by the Noether’s Theorem. This coordinate system is exactly the
Historical Guiding-Center Coordinate System. Notice that, in the mathematical literature,
the coordinate related to the invariant is called "action" and the coordinate related to the
symmetries is called "angle". Consequently, the best order 0 change of coordinate, before
a method leading to a coordinate system close to the Historical Guiding-Center Coordinate
System, is the one leading to the Polar in velocity Coordinates. With this point-of-departure,
and with 6 as pivot, the Darboux Algorithm gives the Historical Guiding-Center Coordinate
System. Moreover the Hamiltonian function is independent of 8, bringing the conditions of
application of the Key Result.

Going back to our concerns where the magnetic field B = B(x) depends on the position, but
under the assumptions of the drift-kinetic regime, in view of what we said while explaining
this regime and in particular that the particle’s trajectory is close to a circle, rotations of
angles 6 are close to symmetries, the Noether’s Theorem allows us to hope that there exists
a coordinate system close to the Historical Guiding-Center Coordinate System with a com-
ponent related to an invariant close to the magnetic moment. Hence, the Polar in velocity
Coordinate System is the best choice as point-of-departure. As we will see, with the Polar in
velocity Coordinates System as point-of-departure, and with 6 as pivot, the Darboux Algo-
rithm gives a coordinate system close to the Historical Guiding-Center Coordinate System.
This helps to provide answers to the two above questions: since the sought system of coor-
dinates is, with accuracy of the order of &, the Historical Guiding-Center Coordinates, and
since the result of the Darboux algorithm is, with accuracy of the order of €, the Historical
Guiding-Center Coordinates, it can be obtained from the Darboux Algorithm result using
a perturbation method like a Lie Transform Method.

Another remarkable fact is that in the Polar in velocity Coordinate System the Hamil-
tonian function does not depend on 8. As the Darboux algorithm gives a coordinate system
close to the Historical Guiding-Center Coordinate System, and the Lie algorithm is close
to the identity, this fact is indispensable. Indeed, this leads that the 6-dependency of the
Hamiltonian function in the Darboux Coordinates System, appears only at the first order in
€. Consequently the Partial Lie Transform method has finally the ability to eliminate this
f-dependency up to any order NN.

The context of the Gyro-Kinetic Approximation is Tokamak and Stellarator Plasma
Physics. An artist vision of ITER, which is a Tokamak, is given in figure 1. The Vessel of
a Tokamak is the interior of a torus with vertical axis of symmetry which, along the torus,
electromagnets can generate a large magnetic field. At first sight, a Stellarator is similar
but with a more complicated shape.

Clearly, dynamical system f is too simplified to be consider in a Tokamak or
a Stellarator. Nevertheless, this model is simple enough to well understand the method and
contains enough complexity to convince that it may be generalized to the genuine Dynamical
System involved for particles in a Tokamak or a Stellarator.

The paper is organized as fallows: in section [2, we will construct a symplectic structure
well adapted to the study of ((1.40)—(1.41)) and we will give the mathematical tools necessary
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Figure 2: Artist vision of Iter.

for the comprehension of the Geometrical Gyro-Kinetic Theory we develop then. As a by-
product of this section we obtain that the dynamical system we work with is a Hamiltonian
one. In the third section, we will set out the method of characteristics and we will use it
in order to derive the Darboux Coordinate System. In the fourth and fifth section, we will
introduce the concept of Partial Lie Sum and develop the Partial Lie Transform Method in
the case of a Poisson Matrix that depends on €. This method is a mathematically rigorous
version of the Lie Transform Method developed by Littlejohn [25, 26, 27]. In this new
framework, we do not use formal Lie Series, we use Partial Lie Sums and we control the
rests all along the method development. Then in section [6] we will derive the Gyro-Kinetic
Coordinate System and prove Theorem

2 Construction of the symplectic structure

We start by recalling the manifold that is used in order to study the motion of a charged
particle. To avoid confusions, we will introduce the notation M for R* endowed with its
usual Cartesian coordinate system and with its usual Euclidian topology. As M is flat the
first chart we choose is the global chart (M,7) where 7 : M — R% 7(x,v) = (x, V).
Afterwards, we choose the maximal atlas containing this coordinate chart.

The first step of the construction of the symplectic structure consists in defining the
Symplectic Two-Form. In the non-dimensionless case and within the general framework, the
electromagnetic Lagrangian reads:

2
vt g

L(x,v.t) =55 Eqﬁ(x,t)+%v-A(x,zt), (2.1)

where ¢ is the usual scalar potential and A is the usual vector potential. In the context
of the present paper, where ¢ = 0 and where the drift-kinetic regime is considered, the
dimensionless electromagnetic Lagrangian reads

2
1
L. (x,v) = |v2| +-v-A(x), (2.2)
€
where A is given by (1.42)). The Canonical Coordinates (q, p) are given by
oL
qzxandpza—va(x,v); (2.3)
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ie. :
1
q:xandp:v—i—gA(x). (2.4)

The Symplectic Two-Form €. on M that is considered is the unique Two-Form which
expression in the Canonical Coordinate chart is given by

We = dq A dp. (2.5)
Now, a Poisson Matrix P on an open subset is a skew-symmetric matrix satisfying:

Vi,j, k ¢ {1, e ,4} , {{I‘Z‘,I‘j} , I‘k} =+ {{I‘k,l‘i} ,I‘j} + {{I‘j, I‘k} ,I‘i} = 0, (26)

where for smooth functions f and ¢ the Poisson Bracket {f, g} is defined by , and
in the case of a symplectic manifold, the Poisson Matrix in a given coordinate system is
defined as follow: it is the inverse of the transpose of the matrix of the expression of the
Symplectic Two-Form in this coordinate system. Notice that the Jacoby identities are
direct consequences of the closure of the Symplectic Two-Form.

For our purpose, in the Canonical Coordinates, the matrix associated with the Symplectic
Two-Form is given by

- e 02 I
lCE (q7p) - S - ( _-[2 02 > ) (27>
and then the Poisson Matrix is given by

B(ap) = (K (ap) =5 2.9

We now turn to the change-of-coordinates rule for the Poisson Matrix. Firstly, if in a

given coordinate chart f‘, the matrix associated with the Symplectic Two-Form €. reads
*

K. (f‘), then, according to the previous definition, the Poisson Matrix is given by

P = () 29

If we make the change of coordinates o : T ID‘, then the usual change-of-coordinates rule
for the expression of the Symplectic Two-Form leads to the following change of coordinates
rule for the Poisson Matrix

Pl )R O @) eo

Using the Poisson Bracket defined in formula ([1.49), the change-of-coordinates rule for the

Poisson Matrix reads
(), 6~ fri) (1 () o)
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A Hamiltonian function is a smooth function on M and the Hamiltonian vector field
associated with Hamiltonian function G is the unique vector field XG satisfying

i2; A9 = dG, (2.12)

where i x5 d€Q is the interior product of differential two-form d€2. by vector field Xg.
The expression of the Hamiltonian vector field associated with the Hamiltonian function G,

in the coordinate system f', is the vector field which reads:
*E oy L x [
X (r) ~P. (r) V.G <r) : (2.13)

where é is the representative of G in this coordinate system. In fact, we can consider
Hamiltonian vector fields on M, which requires that the Hamiltonian functions are smooth
functions on M, or just Hamiltonian vector fields on an open subset of M, which requires
that the Hamiltonian functions are defined on this open subset.

The Hamiltonian dynamical system associated with Hamiltonian function G on M is the
dynamical system which reads

oR
ot

or equivalently as said in the introduction, the dynamical system whose expression in every

(1) = X5 (R (1)), (2.14)

coordinate system T is given by
*
R * * *x [ *
R (1) v (). o5

In particular, if we check that on a global coordinate chart, a dynamical system is Hamilto-
nian, then the dynamical system is Hamiltonian on M and its expression in every coordinate

chart T is given by (2.15)).

Going back to dynamical system ([1.40)—(1.41)), we can easily check that in coordinate
system (q, p) defined by (2.4) trajectory (Q,P) defined by

Q(s) = X (s) and P (s) = V (5) + éA (X (s)), (2.16)
is solution to
Q
A | =S Vap (Q.P), (2.17)
ot

where S is defined by (2.7]) and H (q,p) = ‘p — %A (q)‘Q, insuring that it is Hamiltonian.
And, using (2.10)) or (2.11)), we obtain the expression of the Poisson Matrix in the Cartesian
Coordinate System:

0 0 1 0

X 0 0 0 1

P-xv)=1| | 0 Bx | (2.18)
0 -1 _EW




and of the Hamiltonian function:

2
H. (x,v) = |"2| (2.19)

Since the above coordinate charts are both global, dynamical system ((1.40)—(1.41)) is Hamil-
tonian on M. We will denote by H. : M — R the Hamiltonian function on the manifold.

Now, we will perform the third step (see Figure|[l)) which consists in setting the dynamical
system (1.40)-(|1.41)) in a Polar in velocity Coordinate System (x, 0, v = |v|). To be consistent

with the physical literature, we define 0 as the angle between the x1-axis and the gyro-radius

vector p, (x,v) = —%J‘w measured in a clockwise sense; i.e.

P (X7V> = ’pe (X’V)’ ( _Ccs)lsn(?z) ) . (2'20)

The change of coordinates leading to the Polar in velocity Coordinate System is then given

X3

Figure 3: Polar coordinates for the velocity variable.

by:

Pol: R2xR> = R’ (R/(2nZ)) x (0,+00) .0 ( —sin()
(x,v) (x,6,v) with v = v < — cos (6) ) . (2.21)

Using the change-of-coordinates formula we deduce from ([2.19) that the expression of Hamil-
tonian function H. in the Polar in velocity Coordinate System is:

~ 1)2
H. (x,0,v) = oL (2.22)
and, using (2.11]), the expression of the Poisson Matrix in this system is
0 0 - Cosv(e) —sin (0)
~ 0 0 sin®)  _ cos (0)
Pe (X, 0, ’U) = cos(d) _ sin(f) 8 B(x) : (223>
v v EV
sin (6) cos(0) —%;‘) 0



According to formula ([2.15)), in this system, the characteristic (Xg;,(, ©%,V)(t; x, 0, v) laying
on R? x (R/(27Z)) x (0,+00) and satisfying initial condition (X1 0%, V) (05,0, v) =
(x,0,v) € R? x (R/(27Z)) x (0, +00) is defined by

Xpor (%, 0,v) = X° (t;ﬂ:?o[fl (x, 0,1})) , (2.24)
©° (t;x,0,v) = Poly (X° (15;‘}30[_1 (x,0,v)),V® (15;’}30[_1 (x,0,v))), (2.25)
VE (%, 0,0) = 1/ (X (B0l L (x,0,0)))> + (X5 (1Pl (x,0,0)))7, (2.26)
and is solution to
a‘X‘fpol,l . e <
5 (t;x,0,v) = —sin (©° (;x,60,v)) V° (;x,6,v), (2.27)
6‘)(‘51301 2
o = (t;x,0,v) = —cos (©° (t;x,0,v)) V° (t;x,6,v), (2.28)
00° B (Xaso[ (t;%,0, U))
2 (4 - 2.2
y (t;x,0,v) . , (2.29)
ove
7 (¢ =0. 2.
5 (t;x,0,v) =0 (2.30)

In particular, for any ¢t € (0,400) and for any (x,6,v), the characteristic V¢ satisfies
Ve (t;x,0,v) = v.

In the next subsection we will rather consider that the range of Pol is R? x R x (0, +00)
instead of R? x (R/(27Z)) x (0, +00). This is not a big issue, nevertheless, for purposes linked
to what we will do in the fifth step, we need to define properly the periodic extensions of
the characteristics expressed in the Polar in Velocity coordinate system as follows:

Definition 2.1. Function (X;’;ﬁfl, O57%, Vo) ranging in R? x R x (0, +00), solution of dy-
namical system (2.27)—(2.30) and satisfying initial conditions

X;gf[ (0,x,0,v) =x, ©7 (0,x,0,v) =0, Vo7 (0,x,6,v) = v, (2.31)

where (x,0,v) € R? x R x (0, +00), is called the periodic extension of characteristic (Xo1: O
Ve).

Lemma 2.2. Let p : R?2 x R x (0,+00) — R? x (R/(27Z)) x (0,+00) be the canonical
projection. Then, the periodic extension (X;}fl,@‘f’#,V&#) of (X;i,o[,@f,w) satisfies

po (X;;f[a @&‘7#’ V67#> (t’ ) = (X%}olv @87 Va) (t7 ) op, (232)
for any t € R.

Proof. Let <X;’3f[ (t;x,0,v) ,65\% (t;x,0,v) ,1;;»;* (t;%,0, v)) be the function defined by

(X;’;ZE[, 6;% @) (t;x,0,v) = (X;’;f[, 5% — QW,VE’#) (t;x,0 +2m,v). (2.33)
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Then, (X‘;ﬁ:[,@,@> (t;x,0,v) satisfies (2.27)—(2.30]) and satisfies

<X€‘§ZE[7 éz’_%, ﬂ) (0; x, 0, U) = (Xv 0, v) : (2'34)

Consequently, the Cauchy-Lipschitz Theorem yields that
(X;’;ﬁl, o057, VE’#> (t;x,0 4 2m,v) = (ngfl, 0% + 2, VE’#) (t;x,0,v). (2.35)

This ends the proof of Lemma [2.2 O

Having this geometrical material on hand, we end this section by clarifying our comments
about the Noether’s Theorem done in the introduction. For this we first make precise the
Noether’s Theorem statement. Consider the following definitions:

Definition 2.3. Let F' be a Hamiltonian function on R* and 1, be the flow associated with
the Hamiltonian vector field of F'. Let H be another Hamiltonian function, we say that i,
is a symplectic symmetry for H if

Vt e R,Vr € RY, H (r) = H (¢ (r)). (2.36)

Definition 2.4. Let ; be the flow of the Hamiltonian system with Hamiltonian H. We say
that a function G is an invariant of the Hamiltonian system with Hamiltonian H if

Vt e R,Vr e RY G (r) = G (¢ (). (2.37)
The Noether’s Theorem links symmetry and invariants in the following way:

Theorem 2.5. If the flow vy associated with Hamiltonian function F' is a symplectic sym-
metry of H, then F is an invariant of the Hamiltonian system of Hamiltonian H.

Now, turning to dynamical system (1.40)—(1.41) assuming that the magnetic field is

constant, if we make the Historical Guiding-Center change of coordinates; i.e. if we apply

(1.55)— (1.58)), using (2.11]), we obtain the following expression of the Poisson Matrix in this
Historical Guiding-Center Coordinate System

|

o O O

P. <yhgc7 ghoc, khgc) _ (2.38)

o OoOWe ©
ool O O

o O O
o)

_1
€

and the Hamiltonian function (2.22)) becomes H. (yhgc,é?hgc,khgc) = kMcB. The vector

field 89296 is clearly hamiltonian. Indeed, its related Hamiltonian function is ek"¢. As
H. does not depend on 6"9¢, the flow of % is a symplectic symmetry. The Noether’s

Theorem ensures us that ek9¢ is an invariant for the Hamiltonian system with Hamiltonian
H.. Notice also that this coordinate system satisfies the assumptions of Theorem Now,
if the magnetic field is not constant, the trajectory of a particle is close to a circle. Hence,
the flow of % is close to a symmetry and k"9¢ defined by (1.58)) is close to an invariant.
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3 The Darboux algorithm

3.1 Objectives

The fourth step (see Figure [1)) on the way to build the Gyro-Kinetic Approximation is
the application of the mathematical algorithm, so called the Darboux Algorithm, to build
a global Coordinate System (y1,y2,6, k) close to the Historic Guiding-Center Coordinate
System 7, and in which the Poisson Matrix has the required form to
apply the Key Result (Theorem . In fact, in order to manage the small parameter €, we
will build the Coordinate System (y1, 2,0, k) in order to have P (y, 6, k) with the following
form:

. My |y ¢
P (y,0,k) = 00 0 I ) (3.1)
00 | -1 o0

An important and constitutive fact in the Darboux Algorithm is that the 6-variable is
left unchanged.

We first introduce the following notations: we will denote by
Y (x,0,v) = (Y1 (x,0,v), Y (x,0,v),Y5(x,0,v), Yy (x,0,v)), (3.2)

the mapping, defined on a subset of R? x R x (0,400), (which will be built) giving the
coordinates (y, 0, k) and by

k=""1 (3.3)

its inverse map (which existence will be set out). Then, the change of coordinates write
(y,0,k) =7 (x,0,v) and (x,0,v) =k (y,0,k).

Applying formula (2.11)), the matrix entries of (3.1)) can be rewritten fori =1,...,4 and j
1,...,4 as

(Pe(y,0.k))iy ={Xi, X5}, 9, (6(y, 0,K), {Xi. i}y, = (V) - (R(VY)),  (34)
with P, given by (2.23)). Hence, the bottom-right of matrix form given in (3.1)), results from:
1
{Ya, Y5} = ——. (3.5)
In the sequel, we will use the following notations:
Tl = Tyu TQ = TyQ, T3 = Tg and T4 = Tk (36)

Remark 3.1. If we use those notations, (3.5) may be also read {Xy, Yo} = —%. In papers
of physicists, this last equation reads {k,0} = —%.
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In the same way, the fact that the two last lines (or columns) contain only zeros results
from:

{1, Y3} =0, (3.7)
{1, X4} =0, (3.8)
{2, X3} =0, (3.9)
(X2, X1} = 0. (3.10)
Remark 3.2. Using notations ({3.6)), 1D may also Tead
{Tylv Tk} = 0’ (OT {y17 k} = 0)7 {TZJl?T@} = 07 (OT {ylv 9} = O)a
(3.11)
{Ty?.?Tk} =0, (07" {y27 k} = 0)7 {Tyz’TQ} =0, (OT {y27 9} = 0)

Equations and f make a non linear hyperbolic system of PDEs that needs
to be solved to build mapping Y and consequently the desired change of coordinates. In
the perspective of the fifth step (see Figure , mapping Y needs to be close to the Historic
Guiding-Center Coordinate System 71.58.

The non-linear nature of and — is balanced by the fact that 0 is left
unchanged by Y and then that Y3 = Yy is known. As a consequence, , and
may be solved by an ad-hoc method of characteristics.

Besides, the choice of the boundary conditions, that need to be set to make system
and f to be well-posed, makes that and are consequences of and
(3.9). This choice is compatible with the constraint to get a system of coordinates close
to the Historic Guiding-Center System which requires, among others, k to be close to the
magnetic moment. As the magnetic moment is 0 when velocity v is 0, we choose to set the
boundary conditions in v = 0, and for X, =Y, we set

Y}, (x,6,0) = 0. (3.12)

This choice to set the boundary condition in v = 0 generates a small difficulty because

P- (x,0,v) has a singularity in v = 0. To overcome this difficulty, we use that entry (3,4)
of matrix P, satisfies:

Bx)

EV

(Pe(x,0,0))34 = (Pe(x,0,0))g.0 = >0, (3.13)

for all (x,6,v) belonging to R? x R x (0, 4+00) because of (1.43). We will denote:

o we (%, v). (3.14)

That allows us to introduce the matrix O, (x,0,v) defined by
P. (x,0,v) = w. (x,0) Qe (x,6,0) (3.15)

Using this matrix, (3.5) and (3.7)-(3.10) are equivalent, for v # 0, to equations involving
Q.:
v

(V) (Q:(V ) = 5

7 (3.16)
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and

(VYy,) - (Qe(VYp)) =0, (3.17)
(V) - (Qe(V X)) =0, (3.18)
(V) - (Q:(Vy)) =0, (3.19)
(VYy,) - (Q=(VYy)) = 0. (3.20)

that have no singularity in v = 0. Consequently in place of solving ({3.5)) and (3.7)—(3.10) we
will solve (3.16)—(3.20)) which is provided with boundary condition (3.12)) and, with regard

to (3.17)—(3.20), with:
Y, (x,0,0) =z, (3.21)
Yy, (x,0,0) = . (3.22)
Obviously in these PDEs the variable v belongs to (0,+o00). Nevertheless, in subsections
to we will solve PDEs (3.17)(3.20) on R*. Afterwards, in subsection we will

take the restriction of Y to R? x R x (0, +oc) and we will show that this restriction is a
diffeomorphisms from R? x R x (0, +00) onto itself.

3.2 First equation processing

In this subsection we deduce Y}, from equation (3.16)). Since the #-variable is left unchanged
by T,

VY, = (0,0,1,0)%, (3.23)

we deduce Q.(VYy) is the penultimate column of Q.. Hence, in view of (3.16), (3.15) and
(2.23)), we have the following lemma

Lemma 3.3. The last component X4 = Xy, of mapping Y that gives the Darboux Coordinates
in terms of the Polar in velocity Coordinates is the unique solution to

cos (0) 0Yy, sin (0) 0,  O0Yy v
- S0k 24
“Bx) o  "B(x) 0ms v BXx) (3:24)
Y, (x,6,0) = 0. (3.25)

Moreover, when e = 0, Xy, (x,0,v) = v?/(2B (x)) is the rescaled magnetic moment associated

with the trajectory solution to (1.40)—(1.41)).

Proof. As already said the boundary value problem Yj is solution to is a consequence of

(3.16)) and of the choice concerning the boundary condition. Problem (3.24])—(3.25|) is clearly
well-posed as a consequence of the linearity of (3.24)) and of the regularity of its coefficients.

Uniqueness of the solution is obvious. The remark concerning the case when ¢ = 0 is easily

obtained by solving (3.24)—(3.25)) with ¢ = 0. O
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We now turn to the resolution of (3.24)—(3.25). And, as already mentioned, we will solve
this equation on R%. Defining vector field A of R3 as

cos(f) 0  sin(f) O

A = — — 2
0 = B0 0 ~ B(x) 92’ (3:26)
A" its iterated application acting on regular functions f as
0) of sin(0) Of
A f = Al pocs® O] aL 3.27
f=1 / B(x) 01  B(x) 0x2’ (3:27)
A" f=A- (A" ) Vn > 2. (3.28)

and Gy = G, (x,6) its flow, we obtain the following expansion of Y.

Theorem 3.4. Under assumptions (1.42)) and (1.43), for any n > 0, for any € € R, and
for any (x,0,v) € R4,

(=)
Tk (X7 97 U) = 27 A — (X, 0)

o n+1 v
( 5) / (’U B u)n+2 (An+1 . ;) 0G (X, 9) du,
0

)
with A" defined by (3.28). Moreover, for anyl € N, (Al : %) is in C3° (]R4); for anyn € N,
(e.x,0,0v) = [; (v— u)"? (A" LYoG oy (x,0) du is in (G (R?); for anyl €N, (A'- %)
is in C3° (R3); and, for any v € R and for anyn € N, (g,x,0) — [ (v— u)" 2 (A"t LYo

G—cu (x,0) du is bounded by CYr (v) = ‘1;1‘::))3 |A™FL

1
B Hoo :

Here and hereafter, C;° (R™) (where m € N) stands of the space of functions be-
ing in C*°(R™) and with their derivatives at any order which are bounded. For a 27-
periodic set I# included in R, Coor (I#) stands of the space of functions being in C*°(I#)

and 2m-periodic. For a set 97 included in R™ (where m € N and m > 2) which
is 2m-periodic with respect to the I-th variable (I < m); meaning that there exists a

set 3° C {(r,. .. P10 Tip1s -5 Tm) € R™Y and, for any (r1,...,7—1, 741, Tm) €
jb, another 2mw-periodic set ’Jﬁ(rl, ey TI—1,T 141, - -, m) included in R, such that Mm* =
{r,(ri, .., 111,141y -, Tm) € 3 e jﬁ(rl, ce s TI=1y Ti4+1y - - > Tm) }; We denote

Gng) <9ﬁ#) = {f eC™ 93'(#> such that r; — f(r)

€ C;;(jﬁ(rl, e T Tl - o5 Tm))y V(T e ooy TI—1, T4 1y - o Tm) € jb}.
(3.30)

Since the case when the variable with respect to which periodicity occurs is the penultimate
happens very often in the following, we define

e (MF) = CF sy (07) (3.31)

The proof of Theorem is based on a method of characteristics that we will develop
now.
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3.3 The method of Characteristics

In this subsection we will set out a method of characteristics which brings the capability of
building solution to a PDE, related to , and , on which the resolution of
(3.24), (3.17) and (3.19) themselves will be based in the next subsection. This method of
characteristics is in the same spirit as the method developed in Abraham [I, page 233].

In a first place, we give the regularity property of the flow Gy of vector field A defined by
(13.26]).

Lemma 3.5. Flow Gy = Gx(x,0) of vector field A defined by (3.26)) is complete, in C(R3),
(G4, G3) is in CF4(R®) and G3(x,0) = 0.

Proof. The fact that Gy is complete is obvious. The regularity of Gy comes from the assumed

regularity of B (see (1.42)) and (1.43))). Integrating %(X, §) = 0 with initial condition
G (x,0) = 0 yields G3(x, 0) = 0. Finally, let Gy be defined by Gy (x,6) = Ga(x, 0+ 27). Then,
the two first components of G, and G, satisfy the same dynamical system. Furthermore,
since

(G3(x.0).G3(x.0)) = x = (G3(x.0), G (x.9)) .
the Cauchy-Lipschitz Theorem allows us to conclude that
(GA(x,0), G3(x.0)) = (GA(x,0), G3(x.0)
and consequently that the two first components of Gy are 2w-periodic. O

Secondly, we define vector field € on R® by:

0 =—cA(x,0) — — 3.32
é (X7 ) 1'5) € (X> ) (%’ ( )
with A given by (3.26]), and its flow F) = F) (x,0,v,x5) which is such that
dFy (x,0,v,x
2 ( - 5) ¢ (Fx (x,0,0,75)), (3.33)
Fo (x,0,v,25) = (x,0,v,5) . (3.34)

Since the function

(x,0,v,x5) — <5COS (0) sin (0),0, 1,0) ,

B(x) " B(x)

is Lipschitz continuous on R, the flow is complete and we can consider the manifolds

1
I'= {(X,G,U,$5) GRE)) UZO) xBZ-B(X)}’

dP= ).
ond P = U7 (0)

The following lemma holds true.
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Lemma 3.6. If there exists a function ¢ = ¢ (x,0,v), from R* to R, which is in C* (R4)
such that P writes

P={(x,0,v,25), 5 = ¢ (x,0,v)}, (3.35)

then ¢ s solution to the following PDE

_5A1.¢_%:0, (3.36)
v (x,0,0) = B L{) (3.37)

Proof. By construction, £ is a vector field tangent to manifold P. On another hand, if P
writes as in formula (3.35)), then the vector field

_Op 9 Op 0 09D 0pd O
n(0,0) = 5 et 9ua 00y T 9000 T 9000 9 (3.38)

is orthogonal to P in every point of P. Then, using & (x,0,v,25) - n(x,0,v) = 0 yields
(3.36). Moreover the boundary condition of (3.37)) is obviously satisfied by . O

Using this lemma we obtain the following theorem.

Theorem 3.7. The unique solution ¢ to (3.36)—(3.37) is given by

1
B(GL., (x,0),G2,, (x,0))

where Gy = G (x,0) is the flow of A. Moreover, ¢ is in C;O(R‘l) and is bounded (see (3.31))
for notation).

(p(X,@,’U) = (339)

Proof. By definition, the flow Gy of A is solution to:

dgy (Xv 0)
——— 2 =A 0
gO (X7 ‘9) = (X7 0) .
As
dg (G-
B 0 =TT ) - e (@ 0. (3.41)
we deduce that the flow of & writes:
F (Xa 07 v, $5) = (g—a)\ (Xv 9) ) A+ v, 335) . (342)
Now, using the following parametric representation of I':
r= =t =ty, 0 =13, v = = ————; (t1,t,13) €R? 4
{Z’l 1, L2 2 3, U 07 Ts B(tl,tQ)’ ( 1,02, 3)6 }’ (3 3)
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for any z (= (21, 22, 23, 24, 25)) € P, there exists A € R and m <: (tl,tz,t?), 0, m)) el
such that

z=F)\(m) orm=F_) (z). (3.44)

This last equality reads also
(t1,t2,t3) = Gex (21, 22, 23) , (3.45)
A+24=0, (3.46)

1
=5 3.47
= Bty to) (3.47)
Hence,
A= —zy, (3.48)
(tla t2) = (glsm (Zla 22, 23) s g%sz4 (Zl’ 22, 23)) ’ (3'49)
1

Z5 = (3.50)

B (g£524 (zla 22, 23) ) gzez4 (Zl, 29, 23)) '

In view of the expression of z5 in this formula, applying Lemma [3.6] the solution ¢ =

v (x,0,v) of (3.36)—(3.37) is given by (3.39). Uniqueness of the solution of problem (3.36[)—

(3.37) is obvious. Since the regularity and periodicity of ¢ is a direct consequence of Lemma
and of assumptions (1.42) and (|1.43)), this ends the proof of Theorem O

Now, we will look for an asymptotic expansion, with respect to €, of the solution ¢ to
(3.36)—(3.37). This will be based on a Lie expansion of the flow G,.

Definition 3.8. If A is a vector field of R? with coefficients which are in Cgo(Ri)’), then we
define the Lie Series S7° (A) - associated with A by

oo A L
St (A)-ZZ( “) : (3.51)
1>0
where (A)! is defined by [3.27) and (3.28)), and the partial Lie Sum of order n:
SE(A)-=>" T (3.52)
1=0

It is known that, formally, the flow G, associated with A may be expressed in terms of
the Lie Series of A:

l
Gy =S (AA)- =) Wl‘!) - (3.53)

>0

More rigorously, as the flow is complete, using its partial Lie Sum we have

LAY/ . A )"
fogi=3" (ﬁ = */0 (Anl) (A" f) 0 Gudu, (3.54)
=0 ) ’
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for any function f : R?® — R being C*(R3). Taking now % as function f in 1) we
obtain

0 (x,0,v) = an(_;”)l (A’ : ;) (x,0) + /O e owt (A"+1 ~ ;) © Gu (x,0) du.

n!
1=0

(3.55)
Hence we have proven the following lemma

Lemma 3.9. Function ¢, solution to (3.36)—(3.37), admits for any n € N, for any e € R

and for any (x,0,v) € R* the following expansion in power of &

no v l
sO(XJ%v):Z( ;) (A’é) (x,6)
=0 (3.56)

N (—e)" ! /Ov (v ;L!u)" <An+1 ' 1> 0 G- eu (%, ) du.

n! B

Moreover, for anyl € N, (Al . %) s in C;fjg(]RE}) N Cgo(R3),' for any n € N, (g,%,0,v) —

7'71 P2 0 Ggy (X, U 1S in ; and for any v € and any n € N,

S’(”;f) AL é g 0)d C;;EC’]R5 d f R and N
v (v—u)" . vt

(e,x,0) — [y % (A™ LYo G .y (x,0) du is bounded by CF (v) = }n‘-l—l)! | AL %HOO.

This ends this subsection. We will now use these results to solve (3.24])—(3.25) and
consequently prove Theorem [3.4]

3.4 Proof of Theorem [3.4]
For ¢ being given by (3.39)), let

Y (x,0,v) = /Ov ¢ (x,0,s)ds. (3.57)

Integrating (3.36]) between 0 and v, using (3.37)) and expression (3.27)) of Al-, we obtain that
1 satisfies —eAl - (x,0,v) — ¢ (x,0,v) = —p (x,6,0) and then is the unique solution to

cos (0) O sin(0) 9y OY 1
B 0 B 0w v BX) (3:58)
W (x,6,0) = 0. (3.59)

Integrating now (3.58) between 0 and v and using (3.59) we obtain that [ ¢ (x,6,s)ds is
the unique solution of (3.24)—(3.25)), from which we deduce that

Yy (x,0,v) = /Ov ¥ (x,0,s)ds. (3.60)

Moreover, integrating between 0 and v the expansion of ¢ given by Lemma [3.9] we obtain

(=)t
w(x,H,v)zzi A — ) (x,0)
= ¢+ ( B> (3.61)

. n+1 v
(—¢) / (v— u)n—‘rl (An+l . ;) 0G cu (X, 9) du,
0

HRCEEY]
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and integrating the expansion of ¢ given by (3.61) we obtain the expansion (3.29). This
ends the proof of Theorem [3.4] O

3.5 The other equations

Equation was processed and gave expression of Y. Equations (3.17)), (3.18), (3.19)
and will be processed using results of the previous sections. Here, there is an additional
difficulty which is that X, and X, are simultaneously solutions of two PDEs; one involving
Yy and another one involving Y.

We have the following theorem.

Theorem 3.10. The first component X1 = X, of mapping X which is solution to (3.18)

and (3.17) and which satisfies (3.21)) is given by
Yy, (x,0,v) =21 —ecos(0)y(x,0,v), (3.62)

where v is defined by formula (3.57). For anyn > 1, for any e € R, and for any (x,0,v) € R*

we have the following expansion for Xy,

n Ul o l
Y, (x,0,v) =1 + cos (6) Z (l' ) (All . ;) (x,0)+
=1 (3.63)

cos (9) C [ o=wr (A" - ;) (G-eu (x,6)) .

n!

Moreover, (¢,x,0,v) — Y, (x,0,v) and (g,%,6,v) — ¥ (x,0,v) are in C;E(R5); Y 1s bounded

by C¥(v) = |v]? ‘ i for any I € N, (A" L) s in C3° (R3) NCyF (RY); (e,x,0,v) —
fé’v—u ( . )( —en (%,0)) duismC;ﬁo(Rﬂ,cmdforcmyveRand(myneN,itz’s
bounded by C (v) = lill::l HAn B”oo

Proof. In a first place, by definition, % (x,6,0) = 0 and hence Y,, given by (3.62) satisfies

Yy, (x,6,0) = z1. Moreover 1 satisfies ( eA — —) Y = —5 and hence by hneamty Xy,
given by (13.62)) is solution of (3.17)). On another hand from expanmon of ¥ we deduce
expansion (3.63)) of Xy,.

Secondly we show that {Yy,, Yi}, which is defined (with worth 0) for v # 0 because of
the singularity of P., can be extended smoothly by 0 in v = 0. Using expansion (3.63]) of
Y,, for n =1 we obtain

B ecos (f)v v 1
Y, (x,0,v) =z — B + 22 cos (6)/0 (v—u) (A- B) (G—cu (x,0))du.  (3.64)

In the same way, applying formula ((3.29) with n = 0 we obtain:

2

Y (x,0,v) = QBU( - ;/Ov (v —u) <A : ;) (G—cu (x,0)) du. (3.65)
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Differentiating (3.64) with respect to x; yields

o e = 1= =eos 00 (- () ) 9

+ 22 cos (6) /0 Co—u) K 8‘21 <A ;)) (G—cu (x,0)) 85;5“ (x.6)

(o (8 5)) @) 22 )] o 00

As & % and all its derivatives are bounded and as gg* and 6% are continuous with respect to
A we obtain the following estimate:

Y
‘80;1” (x,0,v)| <1+¢v] H
e2 |vf? U 0 ( 1 > H dG! 0 9G>
it ) [ (o e
2 10z X B llocuel-pol o | 971 2 oo uel—lolJul) | 071
Hence 88 L (x,0,v) = el (x,0,v) with ;! (x,0,v) such that for any (x,6), v+ €} (x,0,0)
is smooth and is bounded in the neighborhood of v = 0. In the same way we can show that
oY, oY, 0
8:621 (x,0,v) = vey? (x,0,v), 891 (x,0,v) = vey, (x,0,v),
Y Y
oLy, (x,0,v) =€ (x,0,v), Ay (x,0,v) = v}t (x,0,v),
Ov v1 0z
57 oY (3.67)
W: (x,0,v) = U26£2 (x,0,v), a—ek (x,0,v) = v3eg (x,0,v),
Y
a@vk (x,0,v) =vep (x,0,v) .

with €2 (x,0,v), ezl (x,0,v), e, (x,0,v), € (X,H, v), €2 (x,0,v), € (x,0,v), € (x,0,v)

such that for any (x,6), the functions v — €2 (x,60,v) are smooth, and are bounded in
the neighborhood of v = 0. Injecting these expressions in {X,,, X;} (x,60,v) = (VY,,) -

(735VTk) we obtain {X,, i} (x,0,v) = vey, i (x,0,v) with €, 1 (x,6,v) such that v —

€y, k (X, 0,v) is smooth, and is bounded in the neighborhood of v = 0 leading that {X,,, X} }
can be smoothly extended by 0 in v = 0.
As the last step of this proof, because of the Jacobi identity we have

Vo #0, {{¥y, X}, Yo} + {{¥o, Ty}, i} + {{ L, Yo}, X, } = 0, (3.68)

Wthh reads, because the gradient of a constant is zero, because, according to (3.5), { ¥, X9} =
1 and, as we just saw, because Yy, given by (3.62) satisfies {Yy, X}, } =0,

{{ yuTk} Yo} =0. (3.69)

Dividing (3.69) by we (x, 6) defined by (3.14)), we obtain that for v # 0, {Xy,, X} is solution
to

(V% X)) - (2 (VX)) = 0. (3.70)
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By continuity of the left hand side of ([3.70) on R*, we deduce that equality (3.70) is valid on
R%. As {Y,,, i} may be smoothly extended by 0 in v = 0, and as (3.70)) admits an unique
solution satisfying the boundary condition {Xy,, X} (x,6,0) = 0, we deduce that Y, given
by (3.62) satisfies {X,,, X} = 0 for all (x,60,v). Hence (3.18) follows and we deduce that
Y,, given by (3.62) is well X,,. This ends the proof of Theorem O

In the same way we can prove:

Theorem 3.11. The second component Xy = X, of mapping X that gives the Darboux
Coordinates in terms of the Polar in velocity Coordinates is given by

Yy, (x,0,v) = x2 + esin(0) ¢ (x,0,v), (3.71)
where v is defined by formula (3.57)). For anyn > 1, for any e € R, and for any (x,0,v) € R*

we have the following expansion for X,

. =0 (—5)l -1 1
Yy, (x,0,v) = z2 —sin (0) AN — ) (x,0)
2 ;;l! ( B> (3.72)
‘ (_6)n+1
— sin (0)

o "o — <A” ' ;) (Geu (x,0)) d.

Moreover, (e,x,0,v) — Yy, (x,0,v) is CF (R%).

3.6 The Darboux Coordinates System
In subsection and we solved equations (3.5) and (3.7)—(3.10) on R*. Now, we need

to check that the restriction of X to R? x R x (0, +00), also denoted by Y, is a diffeomor-
phism (onto R? x R x (0, 4+00)) and hence that (y, #, k) makes a true coordinate system on
R? x R x (0,400). We will also prove that function  defined by x = Y1 is smooth with
respect to the small parameter € and we will give its expansion in power of €.

Firstly, using expressions (3.62) and (3.71) of Y, and X,,, formula (3.39)) that gives the
expression of ¢ = 0,1, expression (3.26) of A and the definition (3.40) of its flow G\, we
deduce that

o, 0

S (x,0,0) = 501, (x.0), (3.73)
oYy, 0

8’3 (X, 97 U) = %g%sv (Xa 9) ) (374)
oY, 0

Sl x,0,0) = 52, (x,0). (3.75)

Hence, since Y, (x,6,0) = z1, Xy, (x,60,0) = z2 and Yy (x,6,0) = 0 we obtain that
(X, (x,6,v), Xy, (x,6,0), Xy (x,0,v)) =G_cp (x,0). (3.76)

From this, it is clear that (y, 6, v) makes a coordinate system and that the reciprocal change
of coordinates is given by (x,0,v) = (Gey, (y,0) ,v).
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In order to show that (y, 6, k) makes also a coordinate system we will proceed as follows:
we will express Yy in the (y,0,v)-coordinate system and using this expression, we will
express v in terms of y and # and the yielding expression of Y in the (y,#, v)-coordinate
system.

Lemma 3.12. The representative of Xy, in the (y,0,v)-coordinate system is given by

T (y.0.0 = [ B(GL, (v.0).0% (v, 0) ™" (8.77)

Proof. Using function ¢ involved in the expression of Yy (see (3.60|) and (3.57))), we obtain:

Tk(x,H,v):/ov (/jgp(x,ﬁ,u)du) ds
—/OU (/uvgo(x,e,u)ds> du (3.78)

:/Ov(v—u)go(xﬁ,u)du.

Now, using expressions (3.39)) of ¢ and (3.76) of (¥X,,, Xy,, Xy), we obtain

B v (’U — u)
Yy (x,0,v) = /0 B(Gl,, (x,0),G2., (x,0)) du

_ /v (v—u) du
0 B (gl ) (G—ev (%,0)) 7g52(v—u) (G—ev (x, 9)))

e(v—u (379)
— [ 0= ) 90 (x.0) u = )
0
= / up (L, (x,0,v), Yy, (x,0,v), Yy (x,0,v), —u)du,
0
implying (3.77) and consequently proving the lemma. O

Having expression (3.77)) of Y}, on hand, for all (y,0) € R? we can define the parametrized
smooth function n = [ (y, )] of v by

[ (y,0)] (v) = Tk (y,0,v). (3.80)

Lemma 3.13. For any (y,0) € R? x R, function [n(y,0)] is a C®-diffeomorphism from
(0, +00) onto itself and function 7 =17 (y,0,k) defined by:

i(y,0,k) = [n(y,0)]" (k) (3.81)
which gives the expression of v, is C;;f(]R2 x R x (0, +00)).
Proof. As

> 0,

A0 v
B(0L (5,0). 62, (v.0))
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n(y,0)] is a C°*-diffeomorphism from (0, +00) onto

@mmmmwmlm[Mmmwﬂ (3.82)

v—0 v—>+00

for all (y,#). Moreover, according to formula (3.77) we have for any v > 0 the following
estimates:

v? v?

STHT. <0 < 5 (389)

and consequently for any (y,6) € R?
[ (y,0)] (0, +00)) = (0, +00). (3.84)

Particularly, for any v € (0, +00) there exists k € (0, +00) such that

v=n(y.0)] " (k). (3.85)

The regularity of 7 with respect to k is easily obtained from the fact that [ (y,#)] is a
C°diffeomorphism. The C®*nature of 77 with respect to y and 6 is obtained by computing
the successive derivatives of [ (y,6)] o [ (y,0)] ' = id and using the regularity of 7 that
comes from the regularity of Y and then from the regularity of B and flow G\. Moreover,
the periodicity of 1 with respect to 6 comes from the fact that 6 — (g}\(x, 0),G3(x, 9)) is in

C%:(R) for any x € R? as set out in Lemma O
Hence we have proven the following theorem.

Theorem 3.14. (y, 0, k) makes a coordinate system on R? x R x (0,+00) and function k

defined by (3.3)) is given by
K (Y7 07 k) = (gsﬁ(yﬁ,k) (Y7 0) ) ﬁ (Y7 07 k)) ) (386)

where 7 is defined by (3.81)).

Now, we will focus on the e-dependency of k. For this purpose, we will introduce the
functions o = [a (y, 8)](v), which is defined for v € Ry, 8 =[5 (y, 0, k)](g), which is defined
for e € (0,4+00), and v = [y (y, 0, k)](€), which is defined for ¢ € R by

(o (v.9) (”):/o B(G! wigg 5.0 (3.87)
[B(y.0,k)] (e) = [ (y,0)] " (e%F), (3.88)

[ (3,0.1)(0) = ) L), (5.50

With their help, we can state the following lemma.
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Lemma 3.15. Function ( defined by formula (3.88|) admits a smooth continuation to R
such that

[8(y,0,k)] (0) =0, (3.90)

Moreover, for any € > 0 we have
B (y.0,K)) () =

where 7 is defined by (3.89).
Proof. By definition, function € — [8(y, 6, k)] () is in C*°(R%) for every (y, 0, k) € R? x R x
(0, +00). Moreover function = is such that

Ve >0, [y (v.6. b)) = [B(y,0,k)] 7 (e) - (3.92)

Hence, in order to show that 8 admits a smooth continuation on Ry we just have to show
that v admits a smooth inverse function in the neighborhood of 0 in R;. And yet, for all
e > 0, we have

1
[ (v, 0, B)]' ([8 (y,0,k)](e))

(3.91)

1 [t U
[y (y,0,k)]() = 6\/k/o G 50 ) (3.93)
This function is in C*°(R ) and

[d’y (y,0, k‘)} (0) = 1
i NoEy

Hence, there exists a neighborhood I of 0 and a smooth function § = [0 (y, 0, k)] (¢) defined
on J = [y(y,0,k)] (I NRy) such that [y (y,0,k)] o [0 (y,0,k)] = id. Hence we have shown
that the smooth function 3 defined on R’ admits a smooth continuation to R, . Then, since

(3.91)) follows directly (3.92)), Lemma is proven O

Lemma 3.16. Function

£ 0. (3.94)

(v,0,k,€) = [B(y,0,k)l(e) (3.95)
is in C3y (R? x R x (0,400) x Ry) (see (3.30) for the definition of this space).

The proof of the periodicity with respect to the third variable is similar to the one of
Lemma

We will now use Lemmas [3.15] and [3.16] to deduce an expression of the expansion with
respect to € of the v-component of kK = X1,

Lemma 3.17. For anyn € N*, there exists P, € R,—1 [ X1, ..., Xy] (where Ry [ X1, ..., X,
stands for the space of the homogeneous polynomial of degree n — 1 in n variables) such that

P (b (3. 0.0)7 (B (). [y (v,0.K) ) (8 (€))

8 (y,0,k)]"™ (e) = . : (3.96)
(I v,0. 01V (8 (eD)
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Proof. For n = 1 it is just formula (3.91). For n > 2, we will prove formula (3.96)) by
induction.

Differentiating we obtain
Py (b (3,0, 01 (B () [y (3.0 0)] P (8(2)))

: (3.97)
(h 00D (B))’

18 (y.0. k)] (c) =

where P2 (Xl,XQ) = —X2.
Now, assume that formula (3.96]) is true for some given n > 2. Differentiating (3.96))
yields:

Pt (03,000 (B () I (3. 0,00) " (8 (2)))

B(y.0. 0"V (o) = , Tt !
(I (v 0.0 (8(e)))

where
= P,
Poyr (X1, Xng1) = = (20— 1) XoPo (X1, ., Xo) 4+ X1 Xpi1 50 (X150, Xn)
k=1 OX
This ends the proof of Lemma [3.17] O
Lemma 3.18. For any [ € N*, there exists a; € O%,}b such that
l
15(y,6.)] (0) = VE ai(y. ). (3.98)

Here and hereafter, O%‘fb stands of the algebra of functions spanned by the functions of
the form

(v,0) = f1(y)cos (0) + fa (y) sin (0) , (3.99)
where f1, fo € C;° (Rz) .
Proof. On the one hand, for any (y,#,k) and for any n € N, [y (y, 0, k)] admits a Taylor-

MacLaurin expansion of order n.

n

by (v 0.0)) (&) = [y (3,0, k)] (0) + e [7 (v, 0, k)] (0) + ... + % [y (v, 6, )™ (0)

+/E [y (v, 0, k)] (¢) t—orar (3.100)
0

n!
On the other hand, applying formula (3.54]) with %, multiplying by A and integrating
between 0 and ¢ yields:

n

! 1
0, 01(e) = (Y gy (A5 ) 30)
(l_o (I+2)0! ( B) (3.101)

+€n+1/1(1— )" (n+ 1+ ) A1) og d>
1))y =" B B) 7

35



Injecting formula (3.101)) in (3.89) yields:
[v (y.0,k)] (e) =

5 N 1 gntl ! n i1 1
\/EJ <;W (AZ-B> (v.0) + (n+1)!/0 (1—w)"" (n+1+uw) <A + -B> o(]eudu>.

(3.102)

Expanding formula with respect to €, up to order n, by using the usual expansion
of s = /14 s, and identifying with formula yields that for any [ € {0,...,n},
V[ (v,6.8))0 (0) € OF,.

Finally, using formula we obtain formula . This ends the proof of Lemma
3. 18| 0

Theorem 3.19. The v-component K, of k = X! admits the following expansion in power

of e:

i

z+1 I3
Y70k Z\f A;+1 Y70)( _|_1)

8n—l—l

1
_ — )"t ("2 (eq)) du .
o 0 BRI e du, (309

where the terms a; of the expansion are defined in Lemma [3.18 and are easily obtained by
using formulas (3.90) and (3.91). Moreover,

(v,0,k ) — / W) B (v, 0, k)" (cu) du € CF5(R? x R x (0, +00) x Ry),
(3.104)

(see (3.30) for the definition of this space).

Proof. We just have to notice that, because of expression (3.79)) of Y%, or more precisey of

expression (3.77) of Y}, and of (3.87), we have
. 1 o
Y (,0,0) = = [o (,0)] (ev) or ev =[a(y, )] (*Yuly, 0,v)), (3.105)

and consequently, in view of (3.88]), function k, expresses as

Ve >0, ko (y, 0, k) = % 18 (v, 0, k)] (c) . (3.106)

Hence equality ([3.103) follows directly from a Taylor expansion and using (3.98) and (3.90)).
Property (3.104]) is a direct consequence of the regularity of function 8. Hence, the theorem
is proven. O
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Applying Theorem [3.19] up to order 2, we obtain

ko (y.08) = VIRB () + <22 W (6) - v, (y)
~ T ~
— &% kB2(Y) T B7(y)3 (@) - VxB(y))* - 4 (6) 27;]?;;/2)0,(6) + (3.107)
3 1
S5 [ =0’ 80.0.0)] (eu) du
- Jo
where a = a (), already used in the introduction, is defined by
a(0) = < Czlsn(?g) ) (3.108)

and where Hp is the Hessian Matrix of B.

3.7 Expression of the Poisson Matrix

We have solved Equations and f and obtained the change-of-coordinates
mapping Y. Furthermore, by construction, from formula , we know all the Poisson
Matrix entries, except its entry number (1,2): {Xy,, Xy} , (x,0,0). Its expression is
given by the following theorem.

Theorem 3.20. The Poisson Bracket between the two first components X, and X, of
mapping Y is given by

€
B (Tyl (X’ 07 ’U) ’ Tyz (X7 97 U)) .

{Tylv Tyz }X,G,v (X7 9, U) = - (3109)

Proof. The proof consists in identifying the Poisson Bracket between Y,, and Y, as the
unique solution of the PDE of unknown w

—eAlu—— =0, (3.110)

X,0,0) = ———. (3.111)

In a first place, as function ¢ defined by (3.39) is the unique solution of (3.36))—(3.37)), the
unique solution of (3.110)—(3.111)) is given by

u (Xa 07 ’U) = —&p (X’ 07 U) )

i.e. by (3.109).
On an another hand as for any v # 0, {YXy, Xy, }, 4, = 0 and {X,,, Xy}

Jacobi identity ensures that

= 0, the

x,0,v

Vo # 0, {{Xy,, Xy}, T9}x,9,v =0. (3.112)
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Hence, dividing (3.112) by w-(x,v), we obtain that for v # 0, { v1» Xy, } is solution of
(3.110). Using now the same method as when proving Theorem we obtain

£
{ Xy, Yytip, (x0,0) = "B + vey, 4o (X, 0,0), (3.113)

with €y, 4, (X,0,v) such that for any (x,0), v €, 4, (x,0,0v) is bounded in the neighbor-
hood of v = 0 and consequently that {7, 2}x 60 (x,0,0) = B(x)

As a conclusion, {Y,,, Yy,}, o, = u, and u is given by (3.109). Hence the theorem is
proven. O

Since the entries (Pa) ~of P, are given by (775) = {Y;,Y;} and since we used the
convention (3.6) we have enough information to state the following Corollary.

Corollary 3.21. The Poisson Matriz in the Darbouz Coordinate System is given by

13
' TEm VY
P (y,0,k) = Béy) 8 8 (;) (3.114)
€
0 o -1

3.8 Expression of the Hamiltonian in the Darboux Coordinate System

In the Darboux Coordinate System, the Hamiltonian is given by H. (y,6,k) = H. (k (y, 6, k)).

Since H. (x,0,v) = %, we have

2 )

k2 (y,0,k)

Hs (Y7 0, k) = 9

(3.115)

Hence, according to Theorem Hamiltonian function H, is regular with respect to € on
R, and it admits an expansion in power of €. More precisely, using expansion (3.103), we
obtain the following corollaries.

Corollary 3.22. The Hamiltonian function in the Darbouxr Coordinate System admits the
following expansion in power of €:

H.(y,0,k)=Ho(y, k +Ze"H (v,0,k) + eV iy (e,y,60,k), (3.116)

n=1

where function 41 is in C3 (R4 x R? x R x (0,4+00)). Moreover, for anyn € {1,...,N}
there exists a function b, € OF, such that

o (y,0,k) = VE b, (3.117)

with OF, defined by (13.99).
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Here and hereafter, Q%‘fb stands of the space of functions

Q%‘jb:{fecoo(R3x(0,+oo)) (y,0,k) = ch v, 0
(3.118)
where I; C Z is finite and Vn € Iy, ¢, € (’)%f’b}.

Corollary 3.23. The Hamiltonian function in the Darboux Coordinate System admits, up
to order two, the following expansion in power of :

a(f)-VxB(y)
3B (y)?

~a(6)- VB (y) + 3B (y)a(0) Hp (y)a (0)] +

gs(Yaeak):B(Y)k+€ (2B(y)k;)%+

2 (2B (y) k)°
24B (y)?
313 (y,0,k,e),

where a is defined by (3.108)), function i3 is in C;&)(RQ x R x (0,+00) xRy), and where Hp
stands for the Hessian matrix associated with B.

(3.119)

In expression (3.116f), there is an important fact for the setting out of the to come Lie
Transform based Method: the first term is independent of 6.

3.9 Characteristics in the Darboux Coordinate System

We denote by (Y®(t;y,0,k),0%4.(t;y,0,k), Kyac(t;y,0,k)) the characteristics expressed
in the Darboux coordinate system. According to formula (2.15)), these characteristics satisfy

YE
0 @‘Z@at
TR L P (V) VAL (Y, O K. (3.120)
equipped with (Y¢(0;y,0, k), 054, (0;y,0, k), Koae (05,0, k) = (y,0,k), where P. is the
Poisson matrix expressed in the Darboux coordinate system and given by formula (3.114]),
and H, is the Hamiltonian function expressed in the Darboux Coordinate System and given
by (3.115)). The characteristic expressed in the Darboux Coordinate System is related with

the periodic extension of the characteristic expressed in the Polar in velocity Coordinate
System (see Definition and Lemma by

YE (ty,0,k) = X, (X (t,&(y,@,k)),@s’#(t,n(y,@,k)),VE’#(t,fc(y,O,k:))), (3.121)

Pol
Y5 (ty,0,k) =X, (X%o[ (t,k (y,0,k), 057 (t,k (y,0,k)), Vo7 (t, Kk (y, 0, k‘))) , (3.122)
O (1Y, 0,k) = 057 (t, Kk (y,0,k)), (3.123)
e (55,0, 5) = Lo (X, (15 (v,0,8)), 0% (8,1 (.0, 1)) VoH (4, (y,0, ) )
(3.124)

The purpose of this subsection is the two following theorems:
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Theorem 3.24. Let [a,b] be an interval such that [a,b] C (0,+00). Then, for any (y,0) €

2

R? and for any v € [a,b], Yi(x,0,v) € [QH%H —} And, for any (y,0,k) € T( X [a, b]),

2

b2
for any € € (0,+00), and for any t € R, K5, (t;y,0.k) € [QW‘;T, 7} .

Theorem 3.25. Let [a,b] be an interval such that [a,b] C (0,+00), Xo € R?, and Ry, and
Rl —Rx, Rl —Rx
R be two real numbers satisfying 0 < Ry, < R . Then, for anye € (— e 0) ,

(3.125)

2 2
T <b2(x0,RxO) x R x [a,b]) C b*(x0, Ry,) x R x [ @ b ]

2[Bl 2

Moreover, there exists two positive real numbers g and n, such that for any € € (0,n),
there exists a real number t7 > %2, such that for any t € (—t,t%) and for any (y,0,k) €

Y (52 (x0, Rxg) % R % [a, b]),
Y© (t;y,0,k) € b*(x0, R,) - (3.126)

We will prove Theorems [3.24] and [3:25] in subsection [3.10}

3.10 Proof of Theorems [3.24] and [3.25|

By definition Tk (x,0,v) fo (x,0,s)ds, and 9 (x,0,s) fO (x,0,u) du where 1 is
defined by (3.57)) and where ¢ is given by Theorem [3.7] . Hence,

S S 1 s
vt = [Cotxowa= [ G, (0 0).0%, o) 2Bl A

and consequently, for any v € [a,b] and for any (x,6) € R? x R, we obtain

2 (12

v
> (3.128)
2|Blloe ~ 2Bl

Yi(x,0,v) = /va(x,ﬁ,s) ds >

On another hand, since inf B( ) > 1, we obtain ¥ (x,6,s) < s, and consequently for any
x€R2

v € [a,b] and for any (x,0), we obtain

2

2

According to Lemma and formula (2.30), for any (x,6,v) € R? x R x (0, +0c0) and
for any t € R, V=7 (t;x,0,v) = v, and consequently for any (y,6,k) € R? x R x (0, +00)
and for any ¢t € R, formula (3.124)) can be rewritten:

2
Yi(x,0,v) < — < % (3.129)

Ko (£:7,0, k) = (XW (t,k (y,0,k)),05% (t,k (v,0,k)) , Ko (y,@,k)). (3.130)

Now, for any (y,0,k) € X (R? x R x [a,b]) , ky (y,0,k) € [a,b] and estimates (3.128) and

(3.129) yield that IC5,, (t;y,0.k) € [2”%2” , } This ends the proof of Theorem [3.24, [
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Concerning Theorem firstly, for any (x,6) € R? x R and for any v € [a, b], function
Y satisfies [ (x,0,v)| < b. Consequently, for any (x,0,v) € b?(x0, Ry,) X R x [a,b] and for
any € € R we have:

[(Cy, (x,0,0), Xy, (%, 6,0)) —Xo| < Rx, + ] . (3.131)

Eventually, since for any € € R, X}, satisfies (3.128]) and (3.129)), and since (Y, , X,,) satis-
fies ((3.131]), we obtain (|3.125)).

Applying formula (3.63) with n = 1 yields:

Yy, (x,0,v) =X, (x,0,v) + Té’l (x,0,v), (3.132)
where
s B cos (6)
Y, (x,0,v) =21 —¢ev Blx)’
; X (3.133)
Té’l (x,0,v) = —* cos (0)/0 (v—u) (A : B> (G—cu (x,0)) du.
For any (x,60) € R? x R, for any v € [a, b] and for any € € R we have:
2p? 1
( xﬁv’_Ez A-BHOO, (3.134)

and consequently for any (x,0) € R? x R, for any v € [a,b], for any ¢ € R* and for any
teR

2b2

f—:,# i £
‘ (Xmo[ (t,x,0,v),0° (t,x,@,v),v))g 5

A-;Hw. (3.135)

On another hand, evaluating Y] in (X‘nol (t,x,0,v),05% (t,x,0,) ,v) and differenti-
ating with respect to ¢ yields:

&(0°#) - ViB (X &)

0 s &,# € # 2 e,# Pol
5 (0 (X35, 07%.,0) ) = ev?cos (0°7) B<X€7#) , (3.136)
Pol
where
oo [ —sin(0)
¢(9) = (_ cos(@)) , (3.137)
was already used in the introduction, and consequently
9 (s (xot o 2 ¢(0) - VB (x)
< —_— .
o ('er1 (Xmo[,(% ))‘ < |e|b B e (3.138)
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Combining estimates (3.134)), (3.135) and ([3.138)) yields that for any (x, ) € R? x R, for

any v € [a,b], for any ¢ € R* and for any t € R

‘Tyl (Xg‘f, (t,x,0,v),05% (t,%,0,v) ,v> -, (x,0, v)‘

¢(0) - VxB(x)

X 2 A=
B (x)

272
b
+¢€ B

< [t] |5 sup

1 H (3.139)
(x,0)€ER3 00

The same estimate holds true by replacing Y, by X,,.

Using estimates (3.139) and (3.131)), we obtain for any (x,6,v) € b*(xq, Rx,) X R x [a, D] ,
for any t € R and for any € € R*

(2 (X5 (1x,0,0), 05 (1,%,0,0) ,v) Xy (X500 (8.%,6,0), 05 (£,%,0,0) ,0) ) = xq
<V2 ([t| || B*ar + €%b*az) + (Rx, + || D),

¢(0)-VxB(x)
B(x)?

and ap = HA . The right hand side of the above

where a; = sup %HOO
(x,0)€R3

estimate is smaller than R} if and only if ¢ satisfies
R/ - RXO 1 a2

< X0 — — le| ==. 3.140
\/§|€‘ b2041 ﬂbal | ’ aq ( )

i

Let n € (0,400) be such that

R/xo - Rxo Ui 2 (2
— —n“— > 0. 3.141
V2b2a V2bay K a1 ( )

Hence, setting

R/XO - Rxo n 202
ap = — —-—n°—= 3.142
0 ﬂb2a1 \/Eboq 7 aq ( )
yields that for any € in (—n,n) \ {0},
/
xo — Ax 1
a0 _ Hx — Bxg a2 (3.143)

el T V2le|b2ar  V2bay | ‘011

and consequently formulas (3.121)) and (3.122)) yield (3.126]). This ends the proof of Theorem
3. 20 ]

3.11 Consistency with the Torus

The change of coordinate map Y = (X, Xy,, Xp, Y}) is such that components 1, 2 and 4 are
27m-periodic with respect to 6, and the penultimate component is given by Yy (x,6,v) = 6.
Hence the map p o X, where p is the canonical projection on the torus, induces a C°-
diffeomorphism

YT°: R? x (R/27Z) x R — R? x (R/27Z) x R, (3.144)
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such that poX = Y °op. We denote by Y&°, @%’Oat and KZ%OM the expression of the characteris-
tics solution to (1.40)—(L.41) and expressed in the coordinate system (y,6,v) = X° (x,6,v).
Then, these characteristics are solutions to the dynamical system f (viewed
as a dynamical system on R% x R |2,z x (0, 4+00)), and they satisfy

po (YE’ EDatv E@at) (tv ) = (Y&ov @%Outa K%c;t) (t’ ) op. (3'145)

4 The Partial Lie Sums

4.1 Objectives

As a result of the Darboux Algorithm, we obtained a Poisson Matrix P (y, 0, k) (see (3.114))
with the required form to apply the Key Result (Theorem , but the resulting Hamiltonian
Function given by depends on f. In order to be under the assumptions of the Key
Result, we would need to make this dependency to vanish. Since Hj does not depend
on 6, it seems to be possible to make the penultimate coordinate vanish using a mapping
parametrized by ¢ and close to the identity map for small e.

Moreover, we would like to build this mapping in such a way that it does not change the
Poisson Matrix expression. This means that, as regarded as functions, P. and the expression
P. of the Poisson Matrix in the sought coordinate system would need to be the same; i.e.:

75& (z7 77.7) = 755 (Z7 '77.7) or 755 (Y7 0, k) = 755 (Y7 0, k) . (4°1)

for any (z,7,j) or (y, 0, k). Changes of variables having this property are called symplectic.
It is well-known that, in the case of a Poisson Matrix that does not depend on e, flows
of Hamiltonian vector fields, parametrized by ¢, are symplectic and moreover close to the
identity map for small values of their parameter.
In the case we are dealing with, the Poisson Matrix depends on ¢. In general, as illustrated
by the example of Appendix [A] flows of Hamiltonian vector fields are no longer symplectic.
In order to avoid this problem, in Littlejohn [25, 26, 27|, H. is formally expanded as a
series. Then a Lie Transform method based on the use of Lie Series

S (eX5) - = Z% (x5)" (4.2)

n>0

where f = f (y,0,k) is a smooth function and where Xif is the smooth Hamiltonian vector
field defined by

X:;=eP:Vf, (4.3)

is developed. Notice that XZ 7 is the Hamiltonian vector field associated with Hamilto-

nian Function €f. Formally, i.e. if convergence of the series are not considered, the map

(yv,0,k) — S¢° <£X§ f) - (y,0, k) is symplectic and from this Lie Series, a symplectic and
close-to-identity change-of-coordinates mapping may be built such that, in the resulting co-
ordinate system, the Hamiltonian function, which is expressed as a series, does not depend

on the penultimate variable. The drawback of using such a formal Lie Series method is that
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its convergence is neither ensured nor controlled.

Unfortunately, building a coordinate system that satisfies the assumptions of the Key
Theorem can only be led in a formal way and not in a mathematical rigorous way. Hence,
in order to insure its existence, we will rather build a coordinate system satisfying the
assumption of the following variant of Theorem [I.2}

Theorem 4.1. Let zy € R? and bQ(zo,RZO) C R? be the open ball of radius Ryy; O be the
open subset of RY defined by O = b*(zg, Ry,) x R x (a,b), where [a,b] C (0,+00); O be an
open subset such that O’ C bQ(Zo, R, ) xR x (c,d), where 0 < R}, < Ry, and [c,d] C (a,b);
and v = (r1,7r9,73,74) be a coordinate system on O. If, there exists a real number n such

that for any € € (0,m) the Poisson Matrix, expressed in the coordinate system r, has the
following form for N € N*:

P(r) = P.(r) + ¥ Py (e, ), (4.4)
where
€
0 —=—— | 0 0
e B (Tla ?”2)
_ 0 0 0
7)5(1') = B (7‘1, 7“2) T y (4 5)
0 0 0 B
0 0 —1 0
€

and where PY is in C([0,m) xO) (see (3.31)) ); if for any e € [0,n) the Hamiltonian function

H_, expressed in the coordinate system r, writes
H.(r) = Hep(ry,ra,74) + VT pp(e,r), (4.6)
where Py is in CE([0,n) x O); if
H.r(ri,re,ra) = Ho(r1,72,74) + ... + 5NHN(T'1, T9,T4) (4.7)
where H;, i=0...N —1 are in QF, (see ); if

IVHe |l

RZO>1+R;O+\/§ sup 5 ;
1Bl

56[_77777}

(4.8)

@0

and if for any € € (0,n) there exists a time t; > 22, where ag € (0,+00) depends only on
the difference between Ry, and R, , such that for any t € (—t,t5) and for any r € O/, the

Zg) er’e
trajectory RE (t;r) solution to dynamical system:

OR*
5 = P.(R°)VH.(R?), R°(0)=r, (4.9)
belongs to O; then, the following truncated dynamical system
6R‘% D € 5 €
L = P.(R)VH.1 (R7), Ry(0)=r. (110
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is Hamiltonian of Hamiltonian function H.r (r1,r2,74) and satisfies the assumptions of
Theorem@ so that R% satisﬁes the conclusions of this same Theorem .

Moreover, R® = (R}, R5,R]) a priori defined for e € (0,n) is extensible to [0,n) and
this extension, also denoted by RE, belongs to CN=1([0,n)) for any v € O'; and, for any

e € (0,n), for any t € (— min (al’ao), min (61,040)> and for any r € O', L¢ = (L5, L5, L3) defined
by

g
= €N—1

(4.11)

is extensible to [0,m) and this extension, also denoted by L, is smooth and continuous
with respect to €. Eventually, for any o € (0,n), we have, for any € € [0,a] and for any
te (_min(l,ao) min(l,a0)>

€ ’ €

|R-R:

< sup Lz (1.12)
00,0 e€(0,a]

where R = (R%)1, (RT)2, (R%)4) and where ||g||, o stands for

19/l 0,0 = sup |g(r)]. (4.13)
re(Q’

Proof. In a first place, since P is a Poisson Matrix and since H. 7 is smooth, dynamical
system (4.10) is Hamiltonian of Hamiltonian function H, .

Setting
N o (((PRED)T (pper)” ) (N i
pp(g’r)_<(0g(6,r))m (pp(e.r))™ = ((p3em) >i,j=1,...4’ (4.14)
and using the skew-symmetry of P in (4.4]) yields:
P-(r) =
T R o e (2 A - N
pi N ()t 0o et e |
Nt 0 LNy
e R A R

The second part of the proof consists essentially in checking that R is in CV =1 ([0,7)).

In order to check this, we define for any € € (0,7) , for any ¢t € ( —e, %) ,and for any r € 0/,

R: = Re(t,r) by

Re(t,r) = R(et,r) . (4.16)
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It satisfies
OR®
ot

Since € — ePe(r) is in C* ([0,7)) for any r € O, the solution of (4.17) depends smoothly

on the parameter €. In particular function R?, defined by (4.16]), is smoothly extensible at
€ = 0. Notice that for € = 0, we obtain

(t) = eP.(RE(t))V H. (fis(t)) : (4.17)

~ OH,
RO (t,r) = (7“1, ro,T3 + tWO (ri,72,74) ,7“4) ) (4.18)
4

On another hand, for any € € (0,7), for any r € O’, and for any t € (—t,5), RE(t,r) =
(Rf,R5,R7)(t, r) is solution to

T
2 _ € € or 5
S owmim) | |0
87"2
0Py OH. 0H.
€ PE R t €

Nlem | S| (o3| SR | (PR )™ Sr ( L 2’R3(5’r>734>’

ary Ory ory

ot - (pg(g"» ory +(p¥(a, ) Ors +(pg(€")) Ors Ors c

~ [t
i) ).

14 OH, 2.4 OH, 34 OH: n 0Py )}

(4.19)
where
TR .
Mc(ry,m2) = € (61, r2) | (4.20)
B (r1,72)
Notice that, in this system, ﬁé is known and then considered as given. Beside this,
0Py OH. OH.
0 N T QO N TR| O
eM, 815;{ +(Pp()) | 61 [+ Pp () | 55 | (4.21)
87“2 87"2 87"4
and
N 1,4 OH, N 2,4 OH. N 34 0H. 0Py
(Pp(e,.)) o + (pp(e,.)) 7 + (pp(e,.) Ors + Ors (g,.) (4.22)

are 2m-periodic and smooth, and consequently C;°(R) with respect to the third variable
r3. Hence, computing the successive derivatives of (4.19)) with respect to €, we obtain that
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e — RE(t) is V=1 in the neighborhood of € = 0.
Moreover, as RS = ((R7)1, (R%)2, (R%)4) is solution to

3< (R7)1 > OH.r

(R7) e £ T 7
a—tT’Z:ME((RT)l,(RT)z) a?*—l;T ( T)’ (4.23)
ory
ORT)s _ 0

ot

R7% is smooth with respect to ¢, for any t € R and for any r € R3 x (0, 400) . Moreover, for
any r = (z,73,74), we have

(i ) en -

Consequently, assumption (4.8) yields that for any € € (—n,7n), for any t € < L1 ) (By

T Tel Tel

IVH: 1

oo
< V2el [t] T (4.24)

o0

el Tel

convention if € = 0, ( L1 > =R) and for any r € O/,

13
(1)) () € Bo(an. P, (1.25)
and consequently, R%, remains in O.

Now, we will show that L* defined for € € (0,7n) by is extensible to [0,7) and that
the yielding extension is continuous with respect to €. By definition for any ¢ € (0,7), for
any t € (—t5,t), and for any r € O/, L¢ is smooth on @’ and CV~1((0,7)) with respect to
e. So, we just have to show that ¢ — L€ is extensible as a continuous function on [0,7), and
particularly, that € = 0 is not a singularity.

In a first place, for any € € (0,7) , we will explicit the dynamical system L€ satisfies. Injecting

R (t,r) = Re® (t,r) + V'L (4,1) (4.26)

47



in (4.19) gives

b (Rg“)l + gN_lLi
(R%)2 + V'L

ot
aHe,T
= M- ((Rp): + L, (Re)o +6V7'L) | o001 | (R + ')
ory
Py OH. OH.
+ &N |eM, 885;] —i—(pg(a,.))TL (‘()9;115 +(pg(5,.))TR (%7;]38
(97"2 87’2 87’4
—~ [t
((RET)l +eNILE (RS, + aNng,R§<€,r> ,(RS)4 + 5N1L3> ,
OR%)s | n-10Lj
ot ot
_ N N 1,4 OH, N 2,4 OH, N 34 0H, 0py
— e | (PN G+ (e G (e ) G+ e
~ [t
(R -+ ¥ L8 (R + =L, R (Lr ) (RE)s+ V1),

(4.27)

According to formula (4.25)), and by assumption, for any € € (0,7) , for any t € (—M

I3 )
M) and for any r € O, R5 and R® are both in O, which is a convex set. This allows

us to use a Taylor expansion in

OH. T
M (RE)s+ eV LE R+ VL) | G0, | (R o+ L)
ory
leading to
OH. 1
M (RE)1 + VL (R + eV 'Eg) | | (RG o+ 1Le)
87“2
OH. 1 (4.28)
= W(Ro)L (RD):) | o5, | (BE) + 61 (=R L7)

87‘2
where 81 = f1(e, r,1) belongs to COO(Z/{%), with
Z/{% = { (Euial) € ]R'i‘ X ]RB X Rga

(4.29)
st.e€[0,n) and r + VN7 € b (29, Ryy) X (a,b) }
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Injecting (4.28) in (4.27)) and using (4.23)) yields
L
6( L5 ) c pe e ne neft
T :ﬁ1<57L7&> +552 EaLaiaRg 271‘ ) (430)

and

0Lj ~ [t
5 (e (L)), wm

where By and B3 are in COO(Z/{%), with

Ug = { (e,r,1,r3) € Ry x R3 x R® x R,
(4.32)
st.e€[0,m), and r+ eV € b (zg, Ry,) % (a,b) }

Moreover, 32 and B3 are smooth and 2m-periodic with respect to r3. Besides, the solutions
of this dynamical system are continuous with respect to €. Clearly the initial data for L is
L#(0) = 0. Hence, L is continuous with respect to €. Since R® — R%, = eNV=1LE, estimate
follows. This ends the proof of Theorem O

Theorem [4.1f means that we can approximate with accuracy eV~! dynamical system

(4.9) by dynamical system ({4.10]).

Let us fix
N € N*. (4.33)

In order to find a coordinate system satisfying the assumptions of Theorem [£.1] with this
given N, we will introduce and develop a Partial Lie Transform Method of order N based
on the use of the partial Lie Sums of order (i, j)

i . ¢ gj” _ n
0

where ¢ and j are non-negative integers and where Xz 7 is defined by . For any positive
integer N, the partial Lie Transform of order N will allow us to build a coordinate system
satisfying at this order the assumptions of Theorem [{.1] The resulting coordinate system
will be the Gyro-Kinetic Coordinate System (z, 7, j) .

In the forthcoming subsections, we will introduce the Partial Lie Sums of order (¢,j) and
set out their properties. In the next section we will develop for any N € N* the Partial
Lie Transform Method of order N. This method will then be applied in section [] to deduce
Theorem [I.3] from Theorem [£.11
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4.2 The partial Lie Sums: definitions and properties
Firstly, to simplify notations to come, we introduce

t = (71,...,74) defined on R? x R x (0, 400), (4.35)
as the Darboux Coordinates and the domain on which they are defined (notice that with
this notation 73 = ) and we also introduce the set b#(f'o, Ry,) C R* defined by:

b* (50, R,) = {F € R, £~ Tol, 5.4 < Rr, | - (4.36)

Here and hereafter, ||, , stands for |(71,72,74)|, where || corresponds to the Euclidian

norm on R3. We call such sets: open periodic balls. We then consider rj in R2 xR x (0, +00)
and Rj > 0 such that

b¥ (55, R) C R? x R x (0, 400). (4.37)
We also recall properties of real analytic functions. For a positive integer p, let

S(Z)=> aZ (4.38)

leNP

where 1 = (I1,...,l,) e NP, Z = (Z,...,Z,) € RP and Z! = Zil ...Zzl,”, be a formal power
series of p variables. We can associate with this formal power series the numerical series

> Ja 2, (4.39)
leNP

where r = (r1,...,rp) € R, We denote by I's the set

I'g= {r € RY such that Z lay| ! < —|—oo} , (4.40)
1eNP

(o]
and the set I'g is called the "set of convergence" of this series. By abuse of language,

Yg= {x € RP? such that Z || ’xl‘ < oo} . (4.41)
leNP

is also called "set of convergence". We recall that on Xg, the series S(r) is infinitely
differentiable, that the set of convergence of the partial derivatives is the same as of S
and that the derivatives are obtained by permuting sum and derivatives. Notice also that if
the closure of a non-empty open ball is included in the set of convergence, then, the series
converges normally on this ball.

Definition 4.2. We say that a function f is a real analytic function on the open subset
U C RP if, for all rog € U, there exists a formal power series Sy, and a real number Ry, > 0
such that the n-dimensional open ball b™(ro, Ry,) is included in U, such that 6" (0, Ry,) s
mcluded in Xg and such that

Vr € b"(ro, Ry,), f(r) =S (r—rp). (4.42)
We denote by A (U) the space of real analytic functions on U.
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We recall the two following theorems.

Theorem 4.3. Let Q C RP and Q' C R? be two open subsets. Let f: Q — RZ in (A(Q))?
and g: ' — RP in (A(Q))P be such that g(¥) C Q. Then, fog is in (A(Q))%.

Theorem 4.4. Let f be a real analytic function in a neighborhood of a = (ai,...,ap,). If
the differential (df), of f in a is non-singular, then f=1 is defined and real analytic in a
neighborhood of f(a).

For more details about the real analytic functions, or for the proofs of the two previous
theorems, see Cartan [4] or Krantz & Park [23].

We also recall the following version of the global inversion Theorem:

Theorem 4.5. Let E¥ be a Banach space and F a normed vector space. Let A: E — F be
a linear, continuous and invertible map such that A=' is continuous. Let p: E — F be a
Lipshitz continuous map such that its Lipshitz constant Lip(p) satisfies Lip(p) < HA_1 H_l .
Then,

e h= A+ ¢ is invertible.
e h~ 1 is Lipschitz continuous.

e IfU C E is an open subset, if h € CL(U) and if for any x € U, (dh), is an isomorphism
from E onto F, then h=' is CY(h(U)), and for any z € U, (dh_l)h(w) = (dh);".

We will use the results just recalled. The Poisson Matrix P. = P (¥) in the coordinate
system r satisfies:

Lemma 4.6. The Poisson matriz P- = P. (t) given by formula and defined by con-
struction on R? x R x (0, +00), is extensible, with the same expression, as a Poisson Matriz
to R4, the extension being also denoted P.. Moreover, all entries of P. are independent of
73 and 74 and they can be viewed as functions in A (RQ) Nneye (Rz).

Proof. The symplectic Two-Form associated with P,

€ 1

We (¥) = =————dry Ndre — —drg A dr 4.43

() = gy A2 — s A, (443

on the Darboux Coordinate chart is clearly extensible with the same expression to R* and
the yielding extension is clearly closed and non-degenerate. Hence the extension is a Poisson
Matrix on R%. Moreover, as the magnetic field is defined on R? and since it is by assumption
bounded, larger than 1, and analytic on R? so is %. Hence, all entries of P, are analytic and

in Cp° (RQ). This ends the proof of Lemma O
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In addition, P. can be rewritten as
_ 1
€

Pe(¥) = ~7:(¥), (4.44)

which define matrix 7; (T).
We will now introduce the Partial Lie Sum of order (,j) and the Partial Lie Sum
Function as follows:

Definition 4.7. Let ¢ be a convex subset of R*. For any f = f (%) in C>(¢), let 192]]; be the
differential operator acting on functions g = g (T) of C*°(€) in the following way:

i g i <53X€ ) .3, (4.45)

where St is defined b(y' 1 Aand X;; by (4.3)). From operator 1926‘3; we define, with the same
notation, function 192?; = ﬁijf (T) from € to R by

90 =99 (1) = (9211 ) (1), (92 14) () (4.46)
where t; stands for t — ;.

Definition 4.8. Viewed as a differential operator, 192]]; is called the Partial Lie Sum of

order (i,7) generated by f, and view as a function ﬂi’j— 1s called the Partial Lie Sum map
generated by f.

The first property that we will prove is the following theorem.

Theorem 4.9. Let i,j be two positive integers, € be a convex subset of R® and ¢# defined
by:

# = {reR* (7f,72,74) € C and 73 € R}, (4.47)

and let f = f(T) be in C;ﬁ (C#) NCe (C#) Then, there exists a real number 7y > 0 such
that for any € € [—m, M), function 192’?/; defined by is a diffeomorphism from ¢# onto
its range. We denote by E.W the inverse function of 192’]

Remark 4.10. Thanks to Theorem@ we will be able to consider change of coordinates
P = 19”] (F) for T in b¥ (55, R) and f defined on b¥ (5%, RS), where b (£5, R3) is defined

by - We will denote by t = ”Z’]f (r) the reciprocal change of coordinates. In view of
the Partial Lie Transform method, that we will construct in the next section, we need to

erpress = ]f in terms of 19Z e The problem to reach this goal, is that function f is not

necessarily defined on 19 . (b#( ry, RO)) In order to overcome this difficulty, we can choose

among two options. The first option consists in restricting the method to an open subset
0 C b¥ (55, RY) such that ﬂl’jf () C b¥ (55, RE). But this option implies a restriction of the
domain, and consequently, we do not choose it. The second option, which is the one we opt
for, consists in taking an open subset Y containing b#(fg,R{S) and 192’?; (b#(ro,R0)> and
defining an extension of function f to this set. Of course this option requires the Poisson
Matriz to be extensible to U, which is the case because of Lemma[{.6
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Remark 4.11. Another restriction regarding the class of functions f generating the Partial
Lie Sum of order N (see Definition @ required by the Partial Lie Transform Method, is

that their restriction to ﬂijf <b#(f'§, RS)) will depend on the N first terms of the expansion
in power of € of the Hamiltonian function (see (3.116))). This implies that those N first
terms need to be extensible to set 192]]; (b#(f‘zﬁ,RS) . Hence, we could think that the best

choice for U is an open subset on which both the Poisson Matrix and the N first terms
of the expansion in power of € of the Hamiltonian function can be extended and such that

90 (0% (x5, B)) < ut

Remark 4.12. In the context of the application of the Partial Lie Transform Method to the
Gyro-Kinetic Coordinates, b#(fé,RE) (see ([4.36)) is a set on which function K is defined
(see , and ), the Hamiltonian function is function H. defined by @
and expanded in and the Poisson Matriz is the matriz P. defined by @-D As
already noticed, the Poisson matriz is clearly extensible to R*. The mazimal open subset
on which the N first terms of the Hamiltonian expansion in power of € (see ) can be

smoothly extended is R? x R x (0, +00). Hence, one could think that a good choice for i\ is
R? x R x (0,400). Notice that b¥ (£5, R5) C R2 x R x (0,+00). Yet with this choice, there
is no reason for the requirement 192]]; (b#(f'(’;, RS)) C R? x R x (0,400) to be satisfied.

Nevertheless, according to the expression of the N first terms of the expansion in power of €
of the Hamiltonian function (see (3.116)) ) we will be able to proceed as follows. We will choose
functions f in ¥ (R? X R x (0, +00)) . We will show that if b#(f'f;, R%) C RZxRx (0, +00),
then, for any vo in R? x R x (0,4+00) and any Ry > 0 such that b#(f(’;,Ré) c b%(xo, Ro)
and 6% (vg, Ry) C R x R x (0,+00), there exists a real number n > 0 such that for any
e€[-nn], ﬂi’j, <b#(f'(’§, RS)) C b (vo, Ro). Consequently, we will choose for $1: b7 (v, Ro)

f
with vg and Rg properly chosen.

Theorem 4.13. Let i, be two positive integers, f € C%E(RQ xR x (0,4+00)), tg € R?2 x R x

(0,400), Ry be such that b¥ (g, Ry) € R2 x R x (0, +00) and R} be such that 0 < R{ < Ry.
Then, there exists a real number n > 0 such, that for any e € [—n,n|, function "97;])‘ s a

diffeomorphism from b#(to, R{) onto its range and such that
9, (b#(to,R6)> C b#(vo, Ro). (4.48)
The two following theorems are consequences of the previous one.

Theorem 4.14. Let vy € R2xRx (0, +00) and Ry > 0 be such that b#(fg, R§) C 6% (vo, Ro),
where ¥, Rj and b#(fa,RS) are set by ([(@.37). Let f € A(R? x R x (0,+00)) N O, (see
definition of Qﬁ}"’b) and i,j € N be such that ij > N, where N is fized by .
Then, there ezists a real number 7z > 0 such that for any € € [—72; 2]

92 (0% (55, 15) ) © % (v0, Ro). (4.49)
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— =1,]

=" f is well defined and analytic on b7 (vo, Ro), the components 1, 2 and 4 o B are in
( (vo, Ro) ) and its penultimate component satisfies for any ¥ € b (vo, Ro):
<Ei’f})3(f1, Ty, T3 + 27, T4) = (Ei’f})s(ﬁ, ¥, €3, 4) + 27. (4.50)
Moreover, for any t € b#(to,Rg) the following equality holds true:

B (e) =00 L (0) + N pLi (e ), (4.51)

where pgm- is in C;f([—ﬁg;ﬁg] X b#(to,R0)> (see (3.31))).

Theorem 4.15. Let vy € R2 x R x (0,+00) and Ry > 0 be such that b% (vo, Rg) C ]RQ X
R x (0,+00). Let f € A(R* x R x (0,400)) N QT 4,J € N be such that ij > N and P be
the matriz whose entries are given, for k,l € {1,...,4}, by

10 ={(02),-(09) ), (25 45

Then, for any b (¢}, R%,) such that b#(tg, R%,) C b%(vo, Ry,), there exists a real number
73 > 0 such that for any e € [—73, 73]

99 (0% (5, R%,) ) © 0% (v0, Ro), (4.53)
and for any v € b#(tg, Ry) the following equality holds true:
V1€ {1,2,3,4}, T2 (x) = T (v) + N pYHl e v), (4.54)

where pg’k’l 8 in C;?([—T_]g,ﬁg] X b#(to,R0)> and where T, stands for the matriz which

satisfies

>
m\r—l

= 7. (4.55)

Remark 4.16. Formula 18 written in terms of T: because P. has a singularity in
e = 0. Considering 7- instead of P. allows us to avoid having to distinguish between the
cases € = 0 and € # 0. In formula , we have rather written the formula using that
P. is the Poisson Matriz in the coordinate system t. This allows to understand why P. is

defined on a subset larger than 19;]f <b#(r0, RO))

The proof of these theorems are given in subsections [£.4] [£.5|and [£.6] They are essentially
based on the basic properties of the Partial Lie Sums we will expose in the next subsection.
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4.3 Basic Properties of the Partial Lie Sums

We will start this subsection with some topological properties.

Lemma 4.17. Let 20 C R* be an open set, f = f(x) € C;°(20) and X¢ be the Hamiltonian
vector field associated with ef. Then for any p € {1,...,4} and any k > 1, (X;c)k Ty €
Cy° (20), where ry is the p-th coordinate function and <X§f)k 1s the iterated application of
ng as a differential operator acting on functions.

Proof. By definition, X, = P.V(ef) and (ng)l o (7_;Vf)p. Hence, as all entries of

_ 1
Te are in Cp° (R4) and as f is in C;°(20), so is (ng) -Tp. An easy induction gives then the
result. This ends the proof of Lemma [£.17] O

Lemma 4.18. Let b#(to, Ry) be an open periodic ball defined by (4.36), f be a function in
(G (b#(to,RO)) and i,j be two positive integers. Then, for every R, > Ry, there exists a
real number ng > 0 such that

ve € (=], 9% (6% (v, Ro)) < 6% (xo, Rp). (4.56)

Proof. From definitions (4.45) and (4.46)), for any v € b#(to, Ry):

o~ (E2 ) (£2 ) )
° k! k! (4.57)

k=0
where

o i _jk—1 i k-1
vey(®) = ((ng! ( gf)k'“) (), (ng! ( if)k'r4> (t)> : (4.58)

k=1 k=1

According to Lemma [4.17] as f is in C;° (b#(to,R0)>, szf is in Cp° (b#(to,Ro)), we can
define

i7j 1@ <
Va’fHoo is smooth, 5‘

i?j
Ver

—_— Z’?j
LO = iup ’V&f(t)’ . (4.59)
tEb (to,Ro)

Since € +—» ‘

VZE’ij — 0 when € — 0 and for all ¢ > 0 there exists
’ o0

a real number 74 such that for any € € [—ng, 4],

e‘uzij ‘ < e¢. Let ¢ > 0 such that
’ o0

¢ < R{, — Ry, for any ¢ € [—n,n] and for any v € b7 (vo, Ro) we have

9% (v) — %o L

14y

< e — ol 04 + ‘eugff (r)\l < Ry+c<R) (4.60)

34y

This proves that '192’]]'0 <b#(t0, Rg)) C b#(vg, R}) and ends the proof of Lemma [4.18| O
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Lemma 4.19. Let b#(to, Ry) be an open periodic ball defined by (4.36), f be a function in
Gy (b#(to,RO)) and i,j be two positive integers. Then, for any real number Ry, such that
0 < R, < Ry, there ezists a real number n such that for any e € [—n,n]

1933}(5#@0,}20)) > b#(vo, R)). (4.61)
Proof. Here again, we will use expression (4.57)) of 192]]0 The proof of Lemma is based
on the Brouwer Theorem (see Brouwer [3] or Istratescu [21]). Let Réz), R(()S), 04(()2) and 04(()3)

be real numbers satisfying R}, < Réz) < R(()3) < Rpand 0 < aéQ) < aég), [ be an integer, and

let & 2 (2 and g 3 be the compact and convex subsets of R* defined by
vo, Ry ap T Q)

(3)
0 0,Ry

s, o= {t ERY |r— ol 94 < R((]2) and v3 € [(l -1 - oz((f), (I+1)m+ a((]2)]}

vo,Ry 0
(4.62)
and
g = {t ERY, |t —voly oy < R(()g) and t3 € [(l -7 - oz(()S), (l+1)m+ a(()g)] } .
vo, Ry 0 4

(4.63)

Since ¢ ‘ I/lJfH — 0 when ¢ — 0, we can define > 0 such that for any ¢ € [—n,n] and for
> oo

any v/ € &
to

,R(()2>,a(()2)7
¥ —vof, 5t ‘ szHoo < Ry, (4.64)
and
¢ —ln| +e || <al? (4.65)
3 —lm| +e vy LS ay’. )

Now, for all v/ € &! ) (2, we define the function F, by
to,RO e

. l 4. ‘? j
S ﬁm’Ré@’aé@ =Ry v —evl (v). (4.66)

By construction and because of the properties of uz’jf, F; is continuous on s RE) ®) and
’ to, Ly T,

for any € € [-n,7] and any v € &

0,5 )

ij 3
7o (8) = ol o0 < [ = ol + el ol (0)] | < R, (4.67)
and
ij 3
(F5 () — In < |t — 1| + o] \(usff (t))g\ <al, (4.68)
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meaning F ]! @ @ | C s 3 (3. Hence, invoking the Brouwer Theorem and more
to,RO eny to,RO &g

precisely its convex compact version, function Fj; has a fixed point in R RONCE So we
To, Ly T,

have proven that

/ l l 4,J _
EIT] > 0, \V/g, |€’ <n, Vv € ﬁto,R(<)2>,a(<)2)7 Je e ﬁtmR(()S) 83)7 7937]0 (t) =1, (469)

Ne?

. ij [ &l 1 .
proving 19&7f <ﬁ ég)’a53)> D ﬁtO’Rég)’aéQ) and consequently that

o, R,
99 ( U & o UK . 4.70
a7 R0 9 0 | 2 R B o (4.70)
Since b#(t R(g)) = U g and b#<t R(Z)) = U g 4.70)) can be rewrit-
0. Fo" ) = YR R o 0. ") = YR R o G0

ten as ﬂljf (b#(to,R83)>> 5 b#<1’0,R(()2)>' Finally, since b#(to,R/o) C b#<t0,RéQ)) and

b#(to, R(()g)) C b#(xy, Ry) we obtain (4.61)). This ends the proof of Lemma [4.19] O

Lemmald.19|ensures that, if ﬁ;jf is invertible with E;Jf as inverse function, for sufficiently
small € we have

=27 (6% (v0, R)) € b (x0, Ro). (4.71)

Now, we will focus on more algebraic properties. In definition [£.7] we used Hamiltonian
vector fields. The reason why chosing this class of vector fields is related to the following
lemma and its consequences.

Lemma 4.20. Let f = f(v), g = g (x) and h = h(r) be three smooth functions defined on
an open subset M C R, Then, for all n > 1, the following equality holds true on I:

(Xp)" - {g.hh = o Ch{(X5)" 9, (X5)" "} (4.72)
k=0

n
where Xif s the Hamiltonian vector field associated with e f, (X%) - its iterated application

as a differential operator and {g, h} the Poisson Bracket between functions g and h.

Proof. This proof is easily obtained by induction. The key point of the proof is the following
equality

which is a direct consequence of the Jacoby identity and which is specific to Hamiltonian
vector fields. O
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Another result which does not require the Hamiltonian nature of the vector field, is the
following lemma.

Lemma 4.21. Let g = g(¢) and h = h(r) be two smooth functions defined on an open subset
M C R* and X be a smooth vector field defined on 9. Then, for all p > 0, the following
equality holds true on IN:

= Zp:Cff <<3€>k ' 9) ((%)p_k : h) : (4.74)
k=0

As consequence of the previous lemmas, we will now see that operator ﬁzjf almost
commutes with the Poisson Bracket and the product between two functions. More precisely,
we have

Property 4.22. Let M C R* be an open subset, f = f(v), g = g(t) and h = h(x) be three
functions in C*°(M) and i,j be two positive integers. If ij > N, then the following equality
holds true for every v in 9N:

(92 9. n}) (®) = {92 - 9. 9% - n}(0) + ¥ P& (e, v), (4.75)
where operator 192”} is defined by and where pg’é’j is in C°(R x IM).
Proof. Firstly, we will define on 9% the function {g, h}ﬁ = {9, h}ﬁ (v) by
{9.h*(6) = (T:(¥) VA(x)) - (Vg(x) (4.76)

and we notice that € — {g, h}ﬁ (v) is in C*°(R) for any v € M.
Now, expanding ﬁZf -{g, h} using Lemma [4.20, expanding {1916]]0 - g, 1923]0 . h} , and mak-
ing the difference between these two expansions yields (4.75)) with

P () = 30 S 3 )™ g (X2) ()

m!p!
k=i+1 (m,p)e{l,...,i}2 s.t. m+p=~k

(4.77)

Asij > N, all k > i+ 1 satisfy jk > N + 1. Hence ¢ — ppg’(e,¢) is in C*(R) for any
v € M. In addition, v — ,ON’Z’j (e,v) is clearly in C*°(9) for any € € R. This ends the proof
of Property [4.22] O

Property 4.23. Let M C R* be an open subset, f = f(v), g = g(¢) and h = h(x) be three
functions in C*°(9M) and i, j be two positive integers. Then, if ij > N, the following equality
holds true on IN:

(929 - (o) () = (92 9) () (0 - 0) (0) + N pNF ), (@T)
where pg}i’j is in C°(R x M).
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We will now end this subsection by giving the following important property claiming
that 19” and o 92’ s almost commute.

Theorem 4.24. Let N € R3 be an open subset such that N is a compact subset of R? x
(0, 4+00); M# be the open subset of RZ x R x (0, +00) defined by

M* = {r € R? x R x (0,400), (v1,t2,t4) € N and v € R} ; (4.79)

O C R? x (0,+00) be an open subset such that W C O and OF be the open subset of
R? x R x (0, +00) defined by

0% = {r e R* x R x (0,400), (v1,t2,14) € O and t5 € R} ; (4.80)

f=f(x)e COO(O#) (see (3.31))); g- = g=(v) € A(R? x (0,+00)) N OF, (see Deﬁmtwn
and (B.118)) for every e in some znterval I containing 0 and € — g(x) be in C>°(I) for any
v € M*; and i,j be two positive integers such that ij > N. Then, there exists a real number
5 > 0 such that for any € € [—7s5,75] N I the following equality holds true for any v in ¥ :

(9: 002 ) (®) = (9% - 9. ) (¥) + N1 P2 (e ), (4.81)

where 19?73]'0 stands for the function defined by (4.46) in the left hand §ide of the equality and
for operator defined by (4.45) in the right hand side and where pggﬂ 5 1N C;f (I X E)ﬁ#).

Proof. Since g. € QF), there exists a finite set I, C Z and (c] )ne]l € (O%b)ﬂgs <uch
that ge (v) = > 1, cn(v1,t2,13) VT4 Moreover, for each n € I, ¢ corresponds to a
finite sum of terms of the form cos™ (v3)sin"™ (v3) dj, (v1,v2), where d;, € C;° (R?). Now,
as ge € A(R2 x R x (0,+oo)), the d;, belong to A(RQ). Consequently, by linearity, the
proof of the theorem reduces to prove formula with function g. of the form g.(v) =
cos! (v3) sin™ (v3) d° (1, v2) \/t1", where d° = d(v1,t2) € A(R?) NCp° (R?). This is what we
will do.

Let vg € O%. As d° € A(R?), and as (rs— /ts") € A((0,+00)), there exists a real
number R, > 0 and a formal power series Tt of three variables which set of convergence
contains the closure b(0, Ry,) of the Buclidian ball of dimension 3, which is such that
6(((0), + (x0)a» (¥0),) + Bry) € O and such that ¥ (¢4, t2, 1) € b(((t0), - (t0), + (f0))» Foy)

d(v1,v2) v/ta =T, ((v1,v2,t4) — ((v0)1, (t0)g, (v0)4)) (4.82)
= "al® ((v1,v2,t4) — ((v0)y » (o) » (v0),))' (4.83)
1eN3

In addition, since (tg > cos!(t3) sinm(tg)) is a power series of radius +oo with respect to ts,

there exists a formal power series S, such that b% (0, R,) C s, (see (4.41)), b7 (vo, Re,) C
O7 and such that

Ve € b7 (vg, Rey), gelt) = Sep(t — o) = Y _ gb™ (x— o). (4.84)
leN4
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Let Ry, € (0, Ry,). According to Lemma , there exists a real number ng, g, > 0 such
that for any ¢ € [—nRrO,RQO,nRrO,RQO} ) (b# (to, )) C b#(tO,Rto). Hence, for any
veb” (vo, Ry, ), we have
o 1
0: (97 ®) = 3 o= (9% (6) —wo) - (4.85)
leN4

On another hand, let O = O:(t) = (Ocm(¥))peni 54 jmj<i P the smooth function satisfy-
ing for all smooth functions h,, -

(ﬂi’f} : h5>(t) =Y Omlr) gﬁ; (v). (4.86)

Im|<i

We have, for any © € b#(tg, R,),

; 9 9
(85 0) ) = 3 Oem (525 0) = | 3 Oum(®) 5oy | | Soobvorh, (1), (487

Im|<i Im|<i 1eN4

where Il stand for the function v+ (t1 — (t0);)" (t2 — (v0),)2(ts — (v0)3)" (ta — (x0)y)".
Since b#(O, R.,) C 3., we can permute sum and derivatives and we obtain:

(05 2)0= 3 0umt i e = S (0 )0 (a5

Im|<i leN4

Besides, using Property and the link (4.46) between function 192”]} and operator 192’7]},
we obtain that, for any 1 € N*,

(99914, ) (0 = (857 1 = (o)u), .9 (4 = (00)0)) (6) VP )
= (95w 8 ) ()~ w0) NN ) (4:89)
= (92 (5) —x0) + N plli e ).
As both 3 gk*o (ﬂ;’?f (v) — to) and Y g™ ('192”]]c . I‘lt0> (t) converge normally on sub-

leN4 leN4
set b? (o, Ry,) NIR? x [a,b] x R for any compact set [a,b] C R, their difference

=D 0P’ (1) (4.90)

1eN4

also converges normally on this subset and we can deduce that, for any v € b7 (to, RQO),

(9092 ) (®) = (92 - 9:) @+ | =D gkplid () | (49D)

leN4
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Finally, as

N C U 6% (((t0);» (v0)g» (v0)y) , Riy) (4.92)
((¥0)15(x0)2,(v0)4 ) €D
and as N is compact, there exists v}, ..., v} such that
N O6°(((<h), 5 (xh),+ (x0),) Ry ) - (4.93)
Setting 75 = nlnn NRey,RYyr WO obtain equality (4.81] - for all © € 97 and for all € €
[—75,75) N 1. This ends the proof of Theorem m O]

4.4 Proof of Theorems [4.9] and [4.13]
The proof of Theorem [4.9] consists in checking that there exists a real number 7; such that
for any € € [—71,71], the map T 192’?]; (r), defined by (4.46)), satisfies the assumptions of

the global inversion Theorem (see Theorem on ¢*.
In the first place, function VZ’]];, defined by (4.58]), is differentiable and, according to

Lemma |4.17] its differential is bounded. Moreover, according to formula (4.58), & — v (r)

&f
is clearly in C>°(R) for any ¥ € ¢*#. Hence, we can define
2,7 _ ()
il = e () (49

FeC#

where, here, |.|o, stands for norm infinity in R**4, is clearly in

‘1,00

C>®([—m1,m]). Now, since & ‘ st’le — 0 when ¢ — 0, there exists a real number 7; > 0
k) ’m
such that
Ve € [—m, ], |e } v J,H ‘ < 1. (4.95)
Evf ]_700

Hence, since ¢# is convex, we deduce that evh f is Lipschitz continuous on ¢#.

The second step consists in checking that for any ¥ € ¢#, (dﬁg?)_ is an isomorphism.
As

r

(a02%) =id+e () . (4.96)

the Jacobian Matrix of 19211; in ¥ € ¢# can be rewritten as

)

Jauc(ﬁz"7 ) (T) =1+4ex(e, 1), (4.97)

where x is bounded with respect to T € ¢# and € — x(e,T) is in C*°(R) for any T € ¢,

Hence, there exists a real number 75 > 0 such that for any e € [—n2,m2] | ||x(€, .)|lo] < 1.
Hence, for |e| < min (11, 72) the assumptions of the global inversion Theorem are satis-

fied leading to the conclusion that 19;”]— is a diffeomorphism on ¢#. This ends the proof of

Theorem [£.9 O
Theorem [£.13]is a direct consequence of Theorem [£.9] and Lemma [£.18| a
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4.5 Proof of Theorem [4.14]

Once 1§, R§, vo and Ry are set, let R}, R and Rj be three real numbers satisfying
0 < Rt < R} < Ry < R < R} and such that b*(¥%, R%) C b*(vo, RS) and b*(vg, R]) C
R2 x R x (0, +00).

]
. f
Theorem requires that szf— € A(R* xR x (0, +oo)) N QF, and that & — v is smooth

In this proof, we will apply Theorem [¥.24| with f = —f and ¢g. = v Using this

on some interval I containing 0. Obviously € — v Jf is in C*°(R). On another hand, as

f and all entries of the Poisson Matrix P. are real analytic functions and as product and

partial derivatives of real analytic functions are real analytic functions, function v Jf is real

analytic on R? x R x (0, +-00). In addition, since Q7 is an algebra, it is stable by addition,
multiplication by a scalar and by product. Moreover, QF, is clearly stable by derivation.

Consequently, ui’j’; € QT

In a first place, we will show that there exists a real number n > 0 such that for any
€ [-nml:

99, (0% (55, R5) ) © 6% (x0, Ro), (4.98)
a’]— is well defined and analytic on b™ (g, Ry). (4.99)

According to Lemma there exists a real number 7g such that, for any e € [—ng, 16],
19?]; <b#(t0, Ra)) C b (v, Ro) and hence such that, for any & € [—ng, 7], (£.98) holds true.
According to Lemma there exists a real number 77 such that, for any € € [—n7, n7],

9, <b#(to,R6’)> 5 b%(xo, R)). (4.100)
Applying Theorem as in the proof of Theorem and applying Theorem [£.4] yields
that there exists a real number ng such that for any ¢ € [—ng,ng], = f is well defined and

7]
o F is well

defined and analytic on b¥ (v, Rg). Setting 7 = min(ns, 77, 78) yields (£.99) and the first
part of the theorem.

analytic on 1926’]]F (b#(to,R()’)). Hence, for any € € [—min(ny,ns), min(nz,ng)], 2

Secondly, we will show that there exists a real number 7’ > 0 such that Ve € [—7/, ?7]
and for any v € b#(t(), Ro) equality (4.51) holds true. Applying Theoremvvlth f=-r
= p3 ((v0)1» (vo)y, (vo)3, Ro) C R (the closure of N is clearly compact) and g. = sua’Jf,
we deduce that there exists a real number 7jg such that for any ¢ € [—7s,7s] and a[ny

v € b (o, Ro):
v (925 00) = (9L vy ) )+ ). (4.101)

)

Moreover, by definition of 19 i
id (ﬂgj_ ; (t)) - (ﬂgf_ . z’d) (v), (4.102)
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and consequently
2 isJ b,J ] N
0 (925 9) = (921015 ) )+ 7 P ) (4,103
An easy computation leads to

i _gjl - i gjk -
(‘92’7—?192’?)?) (v) = <Z( z!) (Xif)l) (k (k!) (Xif)k't> (x) (4.104)

=tv+ N PN (g ),

where PN is in (G <R x b7 (v, Ro)).

Hence, we have shown that for any ¢ € [—7g, 77s] and for any v € b#(to, Ry) we have

) ) 7'7‘ N7'7‘
19fo (1923 (v )) =v+eVt! <pé\72] (e,¢) + i (E’t)> _ (4.105)
Now, there exists a real number 19 > 0 such that for any ¢ € [—ng, 7] ,

9, (19;]’_ ; (b#(to,Ro)>) C 6% (vo, R)). (4.106)

Let ' = min (7s,n9,n) . Then, for any ¢ € [—1/,7/], =7 is well defined and analytic

. 57f
on b#(to,R6) and applying E;Jf to both sides of formula (4.105)), we obtain for any v €

b#(t07R0):
ﬁiﬂf (v) = Ezjf (t 4 N+ (piv’i’j (e,v) + P]}[’é’j (67t))) . (4.107)

As EL; is well defined on both 9.7; (0;3'_ ; (b#(m, Ro))) and b* (vg, Rg) and as for small

€, they are both included in b (vo, Rg), which is convex, we can make a Taylor expansion of
the right hand side of formula (4.107)). Hence we obtain formula (4.51)) for sufficiently small
¢ and for any t € b¥ (v, Ry).

Thirdly, we will show that the components 1, 2 and 4 of E_ s are in ¥ (b#(to, R0)> and

that the penultimate coordinate satisfies ([1.50). Let © € b#(to, Rp). As ﬂ;’ff— (b#(to, RS)) D
6% (vo, Ro), there exists ¥ € b#(to,R{)’) satisfying v = 192’] (t'). We also define t# ¢
b#(to,Ro) and v% ¢ b#(to,R{)') by 1‘:#. (tq,T2, T3 + 2m,T4) and v = (¢¥],7), T + 27, T)).
Since the components 1, 2 and 4 of 192’jf are in C3° <b#(t0, R0)> and since the penultimate

component satisfy

(92), (¥%) = (92), (¥) +2m. (4.108)
we obtain:

¥ = 9 (E'#) , (4.109)
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and consequently

=, () =&l (o2 (¥7)) = v, (4.110)

Eventually, to end this proof we need to show that pgm' isin Cp° ([—772; 7ia] x b7 (xo, Ro)> .

The components 1, 2 and 4 of E ”i’j and ﬁi’j are 2m-periodic with respect to t3. Conse-
quently, the components 1, 2 and 4 of p_z ; are 2m-periodic with respect to t3. Moreover,

the penultimate component of Z! ’J and 97" i 7 satisfy

':‘ZJ — ':'Z’-]
(“'e,f)g(tl’ to,t3 + 27, ty) = <_.€7f)3(t1, to, t3, ’C4) + 2m,

(19277]'—f)3(t1’ T2, 13 + 27['; t4) = (01,,]'_f>3(t17 2,13, t4) + 2.

Consequently, the penultimate component of pﬁm is 2m-periodic. This ends the proof of
Theorem [.14] O

4.6 Proof of Theorem [4.15]

Since (4.53)) is a consequence of Theorem , for any k,1 € {1,...,4}, ones 755 L is set by
(4.52) the only thing to prove is (4.54)). For this, let Ry and R be two real numbers such

that 0 < Ry < Rl, < R/ and b¥ (v, R) C R? x R x (0, +00).

Applying Property with 9 = b#(to, R!), f=f, 9=r) and h = T; we obtain for
any t € b* (vo, RY)

[ﬂiﬁ?'{fkafl}f}( ) = {19” rk,f«?’”f-‘} (v) + N ppditer), (4.111)

where p;g’l is C°(R x b (vo, RY)). Moreover, from expression (4 of the remainder

ngl we obviously see that it is 27-periodic with respect to v3 = 0 and in QT b

Applying Theorem with f = f, = b? ((r0);,(x0)y, (v0)s, Ri,) C R? (the closure
of M is clearly compact) and ge = ’72 , there exists a real number 7g > 0 such that for any
€ [—17s, 78] and any v € b (to, RLO):
= i,j ij Tk, Nkl
(7;k’l o 19€ff) (v) = [ﬂajf T l] (x) + NN o v (4.112)
where ppa! is in Cx (R x b7 (vo, R.,)).

Combining equations (4.111)) and (4.112)) yields for any ¢ € [—7s,7js] and any v €
b#(to,Rgo):

6{192’%-@,192’%-?1}?@) T (wf( ))—eN“ [p%”(s )+ p¥E ] (4113)
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Now, according to Theorem there exists a real number g > 0 such that for any

e € [—n9, 9], 192]]; is invertible on b7 (to, R;O), and a real number 7719 > 0 such that for any

e € [~1o, Mol

97, (b#(ro,Rgo)) > 6% (vo, Ro) . (4.114)
Formula also means that for any € € [— min(ng, n10), min(ng, n10)], E.ij (b#(to, Ro)) C
b#(to, RQO) and hence that 192]]; is well defined on E;Jf (b#(to, Rg)).

Let 711 = min (7s, 779, 710), then for any € € [—711,711] and any v € b#(to, Ry), we have

S el k1 Nt1 [ Nkl [ mini Nl ([ misj
Thi(e) = TR (x) — N [Ppc (s,zyf(t)) + ik (5,.:23;@))}. (4.115)
Nk, Nkl . # 2%
Now, as ppi" and pPps are smooth with respect to v € b (vg, Rg) and as Eris smooth

with respect to v € b#(to, Ry) and with respect to ¢, formula (4.115)) can be rewritten for
any t € b¥ (vo, Ry) as

TH () = T (0) + N pg e ), (4.116)
where pg’k’l(gvt) = — ( g’éf’l + pg’(jf’l) (5,52; (t)) is in C®(R x b¥ (v, Ry)). Moreover,

=]

since the 1, 2 and 4 components of E_ ¥ are 2m-periodic with respect to tg, the penultimate
= : N,k,l N,k,l Co
component of & f satisfies formula (4.50)) and P+ and P are 2m-periodic with respect

to t3, the remainder pg’k’l is 2m-periodic with respect to t3. This ends the proof of Theorem
4.15] O

4.7 Extension of Lemmas and Properties [4.22] and [4.23], and
Theorem [4.24]

The purpose of this subsection is to extend Lemmas[£.18 and Properties [£.22| and [.23]
and Theorem to ... 9"k Notice also that viewed as a function 927t .. .. 9"%7%
. Eyfl E’fk E»fl Emfk:
is defined by:

(w0l ) ) = (0002 ) e (W0 90 ) ), (4017)
Lemma 4.25. Letk € N*, fi, fa,..., fy € C¥ (R? x R x (0,400)), i1, ..., ik and ji, . . ., ji

be positive integers, vg € R? x R x (0,400), and R}, Ro and Ry, be three real numbers

satisfying R < Ry < Ry, and such that b7 (xo, R}) CR?2 xR x (0,+00). Then, there exists
a real number n > 0 such that for any € € (—n,n) :

b (o, RE) C 9IF -9 (b#(r0,30)> c b7 (v, Ry) . (4.118)

Proof. The proof of Lemma is very similar to the proofs of Lemmas [£.18] and In
fact, we just have to replace in these proofs uzjf by v*, where v¥ is such that

OUF O () =+ ev (). (4.119)
This ends the proof of Lemma [£.25] =
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Lemma 4.26. Letk € N*, f1, fo,..., fr € CF (R? xR x (0,400)), i1, ..., ik and ji,..., jk

be positive integers such that for any k € {1,...,N}, ixji > N, and b#(to,RO) such that
6% (vo, Ro) € R2xRx (0,+00). Then, for any functions h and g in (&g (R? x R x (0,400)),

the following equality holds true on b#(to,RO)
(917 o0 (0] 0

= {0l g o () + N e ),

(4.120)

where pgg is C° (R X b#(to,Ro)).

Proof. For k = 1, formula (4.120) is given by Property Moreover, since f1, g and h are
in C (R? x R x (0,400)), and according to formula (4.77), the remainder is clearly 27-
periodic with respect to the penultimate variable. The rest of the proof is an easy induction.
This ends the proof of Lemma [4.26] O
Lemma 4.27. Letk € N*, f1, fo,..., fr € CF¥ (R? x R x (0,400)) , i1, ..., ik and j1, . .., ji

be positive integers such that for any k € {1,...,N}, ixji > N, and b#(to,Ro) such that
6% (v, Ry) C R2xRx (0, +00) . Then, for any functions h and g in Cy (R? x R x (0,400)),

the following equality holds true on b#(to,RO)

(O 0 (g)) ) =

(192;3 L -g) (v) (ﬂg}{l SRR AR h) (v) + N PN vy, (4.121)

where pg}f 15 in C;f <R X b#(tg,R0)>.

Proof. For k = 1, formula (4.121) is given by Property Moreover, since fi, g and
h are in C%° (R2 x R x (0, +oo)), the remainder is clearly 27-periodic with respect to the

penultimate variable. The rest of the proof is an easy induction. This ends the proof of
Lemma [4.27] 0

Lemma 4.28. Let M C R? be an open set such that N is a compact subset of R? x (0, +00);
MM the open subset of R* defined by

gﬁ# = {t € R47 (t17t27t4) €N and 3 € R}7 (4122)

O C R? x (0, +00) be an open subset such that W C O; OF the be open subset of R defined
by

O# = {t € R4, (tl,tg,t4) €0 and 3 € R} ; (4.123)

keN* fi, fo,.... fu €CF ((’)#) 1,y ig and J1, ..., jk be positive integers such that for
any k € {1,...,N},ixj; > N; and g = g-(¢) € A(R2 x R x (0, +oo)) N QF, for every € in
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some interval I containing 0 and € — ge(¢) be in C®(I) for any v € M*. Then, there exists
a real number 15 > 0 such that for any € € [—7s5,75] N I the following equality holds true for
any ¢ in M# :

(900 (907 o020 ) )0 = (D20 00 ) ) N PPN e) (120

where ,Ogc]f is in CyF (I x Mm#).

Proof. In order to prove Lemma , we only have to check that all the steps of the proof
of Theorem are valid with 19“ AR 19“?}”“ instead of 19”f

Firstly, a Wlth the same argumentb as in the proof of Theorem @, we have only to
show formula 4) with functions g. of the form g. (r) = cos’ (r3) sin™ (v3) d* (v1,t2) /t1",
where d° = d° (tl,tg) € AR*) NCpe (]R2)

Since Lemma is extended by Lemma formula is also valid with 192}{1 .

) ﬁzkfi’“ instead of 9. ’J

)

Eventually, since Property is extended by Lemma and since 19“’] t. 192"}1’“

is defined by (4.117] m formula is also valid with 19“}]11 . 19““}1’“ 1nstead of 19Z’J
The rest of the proof is strlcto sensu the same. This ends the proof of Lemma [4. 28 O

5 The Partial Lie Transform Method

In the previous section we introduced the partial Lie Sum functions and the Partial Lie Sums
of order (i, j) and we have set out their properties. In this section, from these Sums, we will
build for N € N* fixed by , whatever its worth, a change of coordinates such that in
the yielding coordinate system, the Hamiltonian function does not depend on 6 up to order
N in e. Moreover, thanks to Theorem we will construct this change of coordinates
such that the Poisson Matrix (regarded as a function) remains unchanged, up to order N —1
in €, under this change of coordinates. More precisely, we will prove that such a coordinate
system exists and give a constructive algorithm (Algorithm in order to build it. In the
first subsection, we will introduce the general Partial Lie Transform change of coordinates of
order N (see formula ([5.2))), and set out its properties. In the second subsection, we will give
an algorithm to find the g;, for i € {0,..., N} such that the Hamiltonian becomes under its
partial normal form (see subsection for a definition of the partial normal forms).

5.1 The Partial Lie Transform Change of Coordinates of order N
Let N € N* be set by (4.33)). Fori € {1,..., N}, we define the positive integer a; by

ci = min{k € Ns.t. ki > N} (= E <N> ) (5.1)

)

where E stands for the integer part, and let us state the following lemma which will allow
us to define the change of coordinates.
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Lemma 5.1. Let vy € R? x R x (0,+00), Ry, be a positive real number; b#(to,Rro) be
defined by and satisfying b% (o, Rp,) C R2 x R x (0, 400); Ry, be a real number such
that 0 < R;O < Ryy; and g1,...,gN € Cgf (RQ X R x (0,—1—00)). Then, there exists a real
number n such that for any ¢ € [—n,n|, the function x~ defined by:

N _ go1,l az,2 an,N
Xe =025 0025000915, (5.2)

with the ﬁgffgi defined by ([4.46)), is well defined on b#(to, Ry,), and satisfies
xgv(b#(to,R;o)) c 6% (vo, Ry, (5.3)
and
b (v, R, C ng(b#(to, Rr0)> . (5.4)

Proof. We will prove this lemma by induction on N. More precisely, we will show by
induction on N, that for any b#(to,RrO) C R?2 x R x (0,+00), for any f1, fo,..., fn €
C;f (]R2 x R x (O,+oo)), for any positive integers f1,..., 8y and y1,...,vn, for any Ry
and Ry such that 0 < R, < Rp < Ry,, there exists a real number 7 > 0 such that for
all € € [-7n, 7n] the function

ﬂfffvjl o 1953;;2 0...0 05}}5& (5.5)

is well defined on b (to, R:O) and is such that

O 00T 0 09I (% (v, By,) ) € b (v0, Ry) (5.6)
and
b (x0, Ry,) © 007 0 922 0 0 00N (6% (0, R2,)) (5.7)

For N =1 it is simply Lemmas and |4.19,

Now, we assume the result for some N > 1. Let b¥(vg, Ry,) C R2 x R x (0, +00),

f17 f27 ceey fN+1 € C;éo (R2 X R x (07 +OO)) ) ﬁl? s 7BN+1 and Yiy- -5 YN+1 be positive in-
tegers and R, , Ry be such that 0 < R, < Ry, < Ry,.
Let Ry € (Ry,,Ry,) and RY € (R, Ry, ). Then according to Lemmas and

there exists a real number 7 > 0 such that for all £ € [—n, 7]

b* (vo, Re,) < 027 (0% (v0, RY,) ) (5.8)
92T (6% (x0, B3, ) © 6% (v, B2, ) (5.9)
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By induction hypothesis (applied with the triplet of periodic balls of radius (Ry,, Ry, Rx,)
and (R, Ry, Rj)), there exists a real number " > 0 such that for all € € [—7',7/]
B, B2, BN,
1957}171 o 195,2f;2 0...0 1957]}N7N (5.10)
is well defined on b7 (vo, R},) and such that
02T 00 oo 0 (% (v, By,) ) € b (x0, Ry (5.11)
and
b (x0, Ryy) © 9777 0 970 0.0 000N (6% (vo, RY,)) (5.12)
Let 741 = min (n,7) . For any & € [~7n41, v +41];
B, B2, BN+1,Y
ﬂa’lfjl o "95,2)”;2 o...0 1957];;11 N (5.13)
is well defined on b* (to, R:O) ,
O 09 0 o9 (0 (v, RY,) ) € 6 (x0, Bey) (5.14)
and
# ﬁ ? ﬁ I /8 Y. # L]
b (v0, BY) € 0037 0 057 00 971 (6% (v, Y, ) ) (5.15)

Since b#(to,R;O) C b#(to,Rzo), (5.14) implies ([5.3) and since b#(to,RZO) c b (vo, R},),
(5.15) implies (5.7]). This ends the proof of Lemma O

In particular, Lemma ensures that, if x2V is invertible with )\év as inverse function,
for sufficiently small £ we have: )\év(b# (vo, Rt’o)) C b7 (vo, Ry, ) -

Definition 5.2. Function x is called the Partial Lie Transform map of order N.

The reason to choose 1,2,..., N as the indexes in ﬂzi;igi will be clarified in the next sub-
section. The first reason for the choice of «; is that they satisfy ia; > N for i € {1,...,N}.
Hence, the theorems of the previous subsection may apply to functions ﬂgf_’%i. The second
reason for this choice is that with this definition the number of terms in the sum that defines

19?,ijgi is minimal.
We now give a theorem concerning the inverse of the Partial Lie Transform map.
Theorem 5.3. Let §1,G2,...,JN € C;EO(R2 X R x (0,+00)), vg € R* x R x (0, +00) and

Ry, > 0 be a real number such that b¥ (vg, Ry,) € RZ X R x (0, +00) . Then, for any R, >0

such that 0 < Ry, < Ry, and such that b#(to, R, ) CR? x R x (0,400), there exists a real
number n > 0 such that for any e € [—n,n|, the restriction Xévlb#(to Ruy) of xN defined by
k) PO
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m to b# (v0, Rr,) 1s a diffeomorphism, Xév(b#(to,Rro)) C b#(to,R;O) , and the inverse
function AN = (Xa ) ! of x¥ is well defined on b#(to, Ry,) and expresses as

N _ =an,N =al,l
Ap =B N oo B (5.16)
where for i = 1,..., N, E?i_’zgi s the inverse function of ﬂa“lg, given by Theorem

Moreover, the components 1, 2 and 4 of AN are in (g (b#(tg, )) and the penultimate

component satisfies for any v € b#(to, Ry,) and for any € € [—n,n] :

()\év)g(tl,%t?) +27m,1y) = (Aév)3(t1’t2at3at4) + 2. (5.17)

Proof. Firstly, we will prove by induction that for any N € N*, any f1,..., fy € Cy (]R2 X
R x (0,+oo)>, any B1,...,06n8 € N* any 7,...,yv € N* any b#(to,RtO) such that

6% (vg, Re,) C R2xRx (0, +00) and for any Ry, > Osuch that b#(to, R, ) C R?xRx (0, +00)
and such that 0 < Ry, < Ry, there exists a real number ny > 0 such that, for any

e € [—nn, 1N, (19?1}1\71\7 o ﬁfflv‘z;l:jNJ 0...0 19?’11531>|b#(r073v0) is a diffeomorphism, such that
(9255 0 05, o 0 92 ) (6% (v0, Rey) ) © 67 (0, Rl (5.18)
and such that (95NN o 9PN-1IN=1 o gt - expresses
&, fN g, fN-1 &,f1 p
BN, N 4 BN-1,7N-1 B1.71 1 _ =Bm | =B2,72 =BNIN
(19 SN 195,fo1 o9 & f1 > =Sefi e f, O 9%y (5.19)

and is well defined on b¥ (v, Ry,) .

For N = 1 : Let R > 0 be such that 0 < Ry, < R{ < R',. Applying Theorem

and Lemma yield that there exists a real number 7 > 0 such that Ve € [—n, 7],
B1,m1

efi [6*(x0.RE) is a diffeomorphism and such that

b (v0, Reg) < 0277 (6% (v0, RY,) ) © 6% (v0, RY,)

Consequently, 1951];171([1#(1’0, )) cb* (vo, R},) , and 2 61’71 is well defined on b7 (vg, R Ry,).

Now, we assume that the result is true for some N > 1. Let fi,..., fny1 € C%f (]R2 X
R x (O,+oo)>, Biy.sBN+1 €EN* yq, o yve1 € NF b#(to,RtO) satisfying b#(to,RtO) C

R? x R x (0, +00), and Ry, > 0 a real number such that b#(to,RQO) C R? xR x (0, 4+00)
and such that 0 < Ry, < Ry,

Let RY, RE) and R be such that 0 < Re, < Rl < RY) < Rl < RY and b¥ (vo, RY) C

To?

R? x R x (0, 4+00). By induction hypothesis (apphed successwely with the couples of ball of
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radius (R,

To’

R&l)), (Reo, Ry,), and again with (R, R&l))), there exists a real number ny > 0

To’
19?1};\71\1 o ,'95N717'YN71 o.. .o 1951,71

such that for any ¢ € [—nn,nn], function ( e vy o )\b#( ") is
N ’ o,

a diffeomorphism,

, BN 17N~ ,
(9255 0 05 o002y ) (6% (v0, Bay) ) © 6% (v0, RY,) (5.20)
and
—1
(ﬂf};]’]N o 9N 1INt o o 05;]1) — i om0 o EY (5.21)

is well defined on b* (v, R} ) .
Applying Lemma there exists a real number n > 0 such that for any € € [—n, 7],

9NN <b#(t0,R¥0)> c b (ro,R&;’)) .

&, fN+1

Let ' = min(ny,n), then for any ¢ € [—/, /],

NN ((gﬁmw o 9PN N1 195}};171) (b#(tO,Rm))) c b#(tO,Rﬁi’)) . (5.22)

E7fN+1 E7fN €7fN71

Applying Lemma [£.19 and Theorem [£.9] there exists a real number 712 > 0 such that
Ve € [~in2, M2l ,

b (v0, BE)) < 925207 (6% (w0, ) ) (5.23)

yWJN+1
and such that 1951;;1’17N *1 is invertible on b% (vo, Rt,) . Consequently,

=5m 5627’72 o.. .o E,BN,’YN o =ON+1,YN+1 (5'24>

=ef1 e, fa &, fN e, fN4t
is well defined on b# (ro, RE‘Z’)) .
Let ny4+1 = min (nn,n,m12), then for any € € [—fn41,Tv+1], the following equalities
hold true on b (vg, Ry, ):

[(:-,317"{1 -—~5N:’YN> o :BN+17'YN+1i| o (05N+1,’YN+1 o ﬂf]};\jl\l 0. o 19/31771)

d O ... O E o
e, f1 e fn &, fN+1 &, fN+1 e, f1
=B1,7 =B8N TN =BN+1, YN +1 BN+1,YN+1 BN YN B1.m
= (= ... 0= o | = (e} o O0...0
( E7f1 © © €7fN E7f]\7+1 Ilgeny"'l ,'987fN 1967f1

— ’:/87 ':67 ﬁ s B?’Y
= <_. ?Vlo...o._.ef;l;]")o(ﬂaf}’NNo...oﬂ ! 1)

e,f1 &,f1

) (5.25)

= Zdlb#(fO,RtO) .

Starting with the 27-periodicity of the components 1, 2 and 4 of Ezjf and formula (4.50)),

the proofs of the 2m-periodicity of the components 1, 2 and 4 of )\év and formula (5.17) are
easily obtained by induction. This ends the proof of Theorem [5.3] O
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Theorem 5.4. Let gi,...,gy € QF N A(R? x R x (0,400)) (see Definition and
B118)), to € R2 x R x (0,+00) and Ry, > 0 be a real number such that 6% (v, Re,) C

R? x R x (0,400). Then, for any b#(ta,R:O) such that [’#(t67R¥0) - b#(to,RtO) there
exists a real number T3 > 0 such that for any e € [—713; 3]

(b#(to, )) C b#(vo, Ry,) (5.26)

(where XN is defined by .) and such that the inverse function )\N (Xg ) ! of xN
well defined and analytic on b#(to, R.,) and expresses as

ANy =025t 9022 9t Ny + N pY (e, r) (5.27)

&,91 €,92 &,9N

where Py is in C;o([—nm,ﬁm] X b#(to,Rm)).

Proof. We will start the proof of Theorem [5.4|by proving formula (5.26)). Since b¥ (v3. Ry,) C

67 (xo, Rto), there exists a real number R, > 0 such that 0 < R, < Ry, and b#(tg, R:)) C
b#(to, ) Applying Theorem there exists a real number 7 > 0 such that for any

e [-mnl, (b# (vo, R, )) C b#(vo, Ry,) , and consequently such that formula is
satisfied.
The fact that there exists a real number 7/ > 0 such that for any ¢ € [—7;7], AY is
well defined on b#(to, R.,) is also obtained by applying Theorem

Consequently, to end the proof of Theorem [5.4] we need to check that there exists a real
number 7 > 0 such that for any € € [—nn;nn], AY is analytic and satisfies formula (5.27))
on b#(to, R.,). Consequently, we will prove by induction on p € N* that for any b#(tg, Ry,)
such that b” (vo, Rey) C R X R x (0, 400); for any By, ..., 3, € N*, for any v, ...,7, € N¥,

such that for any i € {1,...,p}, Biv; = N; forany f1, fo,..., fp € A(R® x (0, +oo)) NOFy;
=07 =h22 =501

there exists a real number 7, > 0 such that for any € € [—n,,n,], E. S OB o 0B
is well defined and analytic on b#(to, R.,) and for any v € b (vo, Ryy)
—=bB1, =052, =Bp; Bps ; N N,
(B2 omliro omlyr) @) = (927 - 027 ) () + VPN (). (5.28)

where PV is in C;f([—np,np] X b#(to,RtO)).

The initialization of the induction is given by Theorem [£.14]

Now, we assume that the result is true for some fixed p > 1. Let b#(to, R.,) be such
that b7 (vo, Rey) C R? x R x (0,400); B1,--+,Bp+1 € Nand v, ...,7p+1 € N such that for
any i € {1,...,p+ 1}, Bivi > N; and f1, fo,..., fp+1 € A(]R2 x R x (O,—|—oo)) N OF.

Let Ry, be a positive real numbers such that 0 < R, < Ry and b#(to,RQO) C R? x
R x (0,+00). In a first place we will show that there exists a real number n > 0 such

that for any € € [-n,7], Eflﬁl o 552];;2 0...0 Ef‘};i’jp“ is well defined and analytic on

b#(to,Rto). According to Theorem there exists a real number 77 > 0 such that
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for any € € [—m,m], Ef”ﬁij‘” ! is well defined and analytic on b¥ (v, Ry,). Moreover,

according to Lemma [4.19] there exists a real number 72 > 0 such that for any € € [—n2, n2],
1955;;’17“1 <b#(to,R£0)) D b#(to,RtO). Let 3 = min(ny,72), then for any ¢ € [—ns3,n3],

Eff’f;:]”“ is well defined and analytic on b¥ (tg, Re,) and

201 (6% (x0, Rey) ) © 0% (v0, ) (5.29)
By the induction hypothesis, there exists a real number 14 > 0 such that for any ¢ €

[—74,14] ._.flf’jl o Efogz o0...0 :f”];:p is well defined and analytic on b7 (vo, Ry,) - Now, let

7 = min(ns, n4). According to Theorem for any € € [—n,n], :flf’;“ -—Bzf,wo oﬂff;j;i’jp“

is well defined and analytic on b7 (to, Ry,) .
On another hand, according to Lemma there exists a real number 1’ such that for

any € € [—n/, 7]

=052,72
=

cf, ©---0E =Bp+1:p+1 (b#(to, )) C b#(tO;RLO) ’ (5.30)

e, fp+1

and such that E° 1]6171 is well defined on b#(to, R. ) Moreover, according to Lemma [4.25

there exists a real number 7” > 0 such that for any e € [—n", "]

€,~fp+1 e,—f2

(195P+1’“’P+1 : 1952’”2) (b#(to,Rt0)> c b (v, R,,). (5.31)

Let 73 = min(n,n’,1"). Then for any ¢ € [—77(3),77(3)] and for any v € b#(to, Ry,),

':‘B ] ':B ’:ﬁ )Y,
Bop 0B o 0B T ()
_ =B (=B ,vz o =P o =Bt
=l (B8 o 0Bl o=l )
— =01, 9P B N+1 N
=S (o202 ) )+ NP (e 0) -
— -.:,317’71 5p+177p+1. .19/32,72 (¥) 4 N+ pN (e,) ’ )
e, f1 S—fp+1 - Pint (€,
; Bp+1; . N+1 N
Qc}fljfll ((1957}7+}p1171+1 : ’952—,}22)&)) +et Pinia(€,%)
_ Bp+1,7, Be, B, N+1 N
- ((19;_*;17;;“ O ) 9l )(t) +eNHp (ev).

In this formula, the second equality is obtained from the induction hypothesis, and the
third equality is obtained using a Taylor expansion. Notice that this expansion is valid
because of formulas (| - and - and since :6 ! ’171 is well defined on the convex subset

b7 (to, ) . The fourth equality is obtained by applylng the case p = 1, and the last equality

by applying the generalization of Theorem [4.24] given by Lemma |4.28] with g. = VP 1’3}1 and
Bp+1:¥p+1 | 1952,’72
&,—fp+1 —fa*

The proof that pﬂﬁ isin C3F ([ 7B, n ] X b#(to, Rt0)> is very similar to the proof that

1%

P_i; isin CF ([—ﬁg, 2] x b7 (o, Rt0)> in Theorem |4.14] This ends the proof of Theorem

»J
»f
]

@4
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Now, we can consider the change of coordinate # = x () from b¥ (v, Re,) onto its
range and formula allows us to compute easily an expansion of the inverse change of
coordinates. In order to obtain the expression of the Hamiltonian dynamical system in the
Partial Lie Transform Coordinate System of order N, we need both the expressions of the
Poisson Matrix and of the Hamiltonian function in this coordinate system.

Theorem 5.5. Let tg € R2 X R x (0, +00) and Ry, > 0 be such that b¥ (vg, Re,) C R? x
R X (0,+00); g1, 92, --., g8 € A(R? x (0,+00)) N OFy; and Pe be the Matriz which entries
are given by:

PEL ) = { (), (X)), 1, (A (1) . (5.33)

Then, for any b#(tS,R*to) such that b™ (tg,R;:O) - b#(tO,RtO), there exists a real number
14 > 0, such that for any € € [—714; T4,

X (6% (x5, Bz,) ) © 6 (vo, Rey) (5.34)
and for any v € b7 (v, Ry,) the following equality holds true:
Vi, j€{1,2,3,4}, T (v) = T (v) + Vo, (e v), (5.35)
where p%d s in C?([—ﬁM; M14] X b#(to, R0)>, and T2 stands for the matriz satisfying:

P.=-T.. (5.36)

™ | =

Proof. In a first place, we will show by induction on p € N* that for any b#(to, R.,) such

that b#(to,RtO) C R? x R x (0,+00); for any B1,...,B, € N, for any v1,...,7, € N, such
that Vi € {1,...,p},Bivi > N; for any fi, fo,..., fp € A(R2 x R x (0,—1—00)) N QF; there

exists a real number 7, > 0 such that for any € € [—n,, 1], 19? lf;ﬂ o.. .oﬁf’}’lp is well defined

and analytic on b#(to, Ry,) and the k—th component of 195 112171 o 195211’272 0...0 195’}’:” is given
by

€7fl €7f2 E7fp E’fpfl €7fl

+ €N+1pN’p(€,t) ,

<1961,71 o ,19/32772 o...0 ,195’1}:17) (t) — <196p7’7p . ﬂﬁp*lv"/?*l . ,0517% . f'k) (t)

K (5.37)

where pVP is in C;f([—np;np] X b#(to,R0)>.

For, p = 1, equality (5.37) is direct consequence of definition and the analyticity is
obvious (Notice that for p = 1 the remainder is zero).

Now, we assume the result for some fixed p > 1. Let b (to, Ry, ) be such that b% (vg, Re,) C

R? x R x (0,400), B1,.--,Bpt1 €N, Y1,..., Y41 € N, such that for any i € {1,...,p+ 1},
/87,'77, ZNv and fla f27"'>fp+1 EA(RQ X R % (0,+OO)) mg%cjb
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Let R, and R/ be two real numbers such that 0 < R, < R, and b# (vo, RL,) C
R? x R x (0,+00). We will show that there exists a real number n > 0 such that for

any £ € [—n,n], ﬁflf’l% o 1953;;2 ...0 195’}1’7”“ is well defined and analytic on b% (v, Ry, ).

According to Lemma there exists 171 > 0 such that for any € € [—ny,m],

67f}7<‘rl

95 (b (10, Ruy)) © % (0, L)

is analytic on b#(tO,RtO). According to the induction assumption,

Obviously, 195’}“ an

there exists 72 > 0 such that for any & € [—na, 2], 195 }171 o 1952];272 0...0 196’8”];:” is well defined

and analytic on b7 (tg, tho)~ Setting 7 = min(ny,72), and according to Theorem E for

oy < € o), OO 09 o9l

To end this induction, we will show that there exists a real number 7’ > 0 such that for
any € € [—1/,7/] and for any t € b¥ (vq, Ry, ):

is well defined and analytic on b7 (o, Ry,).

, , Bp+1,7, Bp+1,7, Bp—1,Yp— , =
(0257 00257 o o0 ) (6) = (92T 0 2 ) () +
€N+1pN,p+1(6’ t) ’

(5.38)

where pVPFL is is in C;f([fn’;n’] X b#(to,Ro)).

According to the induction step, there exists a real number 7 such that for any ¢ €
[—72, 2], 19571];171 o ﬁfzf;m 0...0 1957”]2:" is well defined and analytic on b (v, R} ) and the
k—th component of 195 1]c;’1 oﬁffjézz o.. .0195 pf:” is given by (5.37). According to Lemma [4.18
there exists a real number 73 such that for any € € [—n3, 93],

9P (b#(to,Rto)) c b% (xo, R, . (5.39)

57fp+1

Setting 7' = min (12, 73) we obtain for any e € [—1/,7/] and for any © € b (vo, Ry,) :

B1,71 B2,72 Bp+1,Yp+1
(19 S AT )k(t)

57f1 87fp+1
— ﬁ Y 6 )Y B 1,Yp+1 B 1,Yp+1
= (927 00757000l ) (927 (o)
_ (9Bt . gBim Bp+1,7p+1 N+1 HN,p Bp+17p+1
= (ﬁef’fmp O )k (%ffpﬂ” (t)) +e" T p (s, O (t)) (5.40)
_gPpt1pr1 [ gBpt1vpt1 . a9B1m N+1 HN,p+1
=97 (ﬂsfpr NP )k (v)+e" ' p (g,¢)
_ (29Bp+10p41  gBpt1pt1 . 98m N+1 oN,p+1
- (ﬁef’fp+1p 198ffp+1p T ﬂe,fl >k‘ (t) +e p (€7t) .
In the third equality we have used Theorem 4.24| with g. = (195 f’f;:;“’*l A 1951/‘31)k — v
Since for £k =1, 2, and 4,
B B2,v2 Bp+1,1p+1 Bp+1:¥p+1  9Bp+1:Yp+1 Br,m
<0€vf1 oy, ©-n0 1953[)fzo+1p )k and (ﬂﬁypfpﬂp ' ﬂE?prrlp SRR S )k (541)
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are 2m-periodic, so is the remainder. Since for k = 3

k] El B I bl ] B El
(02 o0 o o0l ) (%) = (9257 002 o0 0020 ) () 2,

&.fp+1 f1 &,fp+1
(5.42)
Bp+1,Tp+1 _ gBp+1,Vp+1 L .9B8m #\ _ (2981741 | gBpt1Vpt1 9B
<0€,fp+1 196,fp+1 T 1987f1 >3 (t ) - <Q9€,fp+1 ﬂafpﬂ e 196,f1 >3 (x) + 2,
(5.43)
the reminder is also 27-periodic. This ends this first proof by induction.
Beside this, Lemma [£.26] yields:
Bp Y Bp—1,Yp—1 Bim | % Bp Y, Bp—1,7p—1 B1,Y1 | =
{1957pfpp ' 19eapfp71p T 1j}s,fl Tk ﬁe,pfpp ’ ﬁaf}pﬂp T ﬁe,ﬁ ’ rl}f' (®) (5.44)
_ ,ﬂﬁpﬁp . ,,9&1’71:'71771 . . 19,31,71 . {f‘ F } (t) + N N,p(8 t) .
=\YVet, Yespr o Ven Uk Ty Py (&),

with pév’p 2m-periodic with respect to the penultimate variable.

Afterwards, the bilinearity of the Poisson Bracket, formulas (5.37) and (5.44)) yield for
any € € [-1/,7/] and for all v € b% (v, Ry, ):

,1951,’71 1952,'72 195m“/p> (1951,71 19527’72 ﬂﬁpﬂp)}
{( efi CVefs © © B\ e °Vef © © I r(t) (5-45>

Evfp E7fp
=00 T (o () + VY (e )

57fp71

with pN 2m-periodic with respect to the penultimate variable.

Lastly formula (5.37)), a Taylor expansion, and Lemma [4.28 yield that for any p € N*
there exists a real number 74 > 0 such that for any e € [—n4, n4], and for all v € b#(to, R.,):

Tk, ) > Bps
TR (9277 007 o o0 (1)

5 . (5.46)
- (ﬁefjgzp S -7;’“>(t) +eV Pl (e, x)

where p;v is 2m-periodic with respect to the penultimate variable. Combining ((5.45) and
(5.46) yields the result. This ends the proof of Theorem O

The way that map )\év , which expression is given by ([5.16)), transforms functions is now
tackled.

Theorem 5.6. Let tg € R xR x (0, +00) , and Ry, > 0 be such that b¥ (v, R,) C R2 xR x
(0,+00); g1, 92, - - -, gn € QFNA(R*XxRx (0, +00)); G = G(e,v) € CF (I xR* xR x (0, +00))
where I is an interval containing 0; and G be defined by G(E,t) =G (E,)\év (t)) Assume
that G admits the following decomposition

G=GN +N Ny, (5.47)
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where Ly41 € CF (I xR?2xRx (0,+00)), GN € Q%‘jbﬁA(RQ x R x (0,+00)) for anye € R
and € — GY (g,¢) is in C°(R) for any v € R? x R x (0,4+00). Then, there exists a real
number Tjag > 0 such that for any e € [—20;7720) N I, and for any v € b#(to, Ry,):

&,91 &;9N

Gle,v) = (19% S GN)( ©) + NN (e ), (5.48)
where pg S C;ﬁo (([ 7]20,7]20] N I) X b (t07 ))

Proof. Let vg € R*xXRx (0, +00), Ry, > 0 and R be a real number such that 0 < Ry, < R},

and b#(to, R{O) C R? x R x (0,+00) . According to Lemma , there exists a real number
n’ > 0 such that Ve € [—7/,7/]

AN (b#(to,Rr0)> C b% (xo, RL,) - (5.49)
According to Lemma there exists a real number 7" > 0 such that Ve € [—7/, 7]

9oLt 922 goNnN <b#(t0, ))cb#(tO,R;O). (5.50)

€,91 £,92 &,9N
Consequently, both AY (b#(to,Rro)) and 19?}]’1 19?29’2 . 19?19% (b#(to, )) are included
in b7 (to, R;O) which is convex, and consequently, applying a Taylor Theorem we obtain:

£,91 €,92 &;9N

GN( ,19041,1 19042, . ﬂaN’ ( )+5N+1pg(€,t)>
el (g PoLL 9022 o N(r)) +eNHpN (cv). (5.51)

eg1 " Vego €.9N
Eventually, applying formula (5.27) of Theorem and the extension, given in Lemma
of Theorem with g. = GV (¢,-) and ﬁal 9922 9N nstead of 19€Jf,

€,g1 €,92 €,gN
obtailn:

G (e,v) =G (e, A (v))

=G (e0250 057 - ﬂé"zu)mwp%r))
el qa o (5.52)
=GN (2,005 0052 92N ) + NP ()

£,91 £,92 &,9N

(190‘1’ L902T L 9o N) LGN (e, v) + N pE (e ).
Since G € Cy (([—1720; fi20] N 1) x b7 (xo, Rto)), and since

(went 022202 -GN € 5 (103 o] X b (x0, Rey) )

the remainder pg is also 2m-periodic with respect to the penultimate variable. This ends
the proof of Theorem [5.6] O
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To end this subsection, we will give an useful expression of @(6,1‘) that we will use in
the next subsection. For p € N, we define the subset U, C NP by

p
U, = {(ml, ...,my) € NP st Zk‘mk = p} . (5.53)

k=1

Proposition 5.7. With the same notations and under the same assumptions as in Theorem
if GN' can be written as
GN(e,v) =) Gilr) e, (5.54)

then, there exists a real number 721 > 0 such that for any € € [—721;721) N I and for any
v e b¥ (o, Ry,):

G Z(ZV Y Gk> (v)e" + N TR0 e, r) (5.55)

where, for anyl € {0,...,N},

<o mi < my
! m!.. .ml! '
(ma,...;mp) €U,
Proof. The proof is obvious. We just have to expand formula (5.48]). O

5.2 The Partial Lie Transform Method

The results we set out in the former subsection will be used to set out what we call the
Partial Lie Transform Method of order N. This method applies to Hamiltonian Function
H_, since its first term does not depend on the penultimate coordinate; i.e. Hy € K, where

_ o oF
]C:{fo(I_‘)ECOO(]RZXRX (0,+00)) s.t. 8!}0:0}‘ (5.57)
T3
The goal of the Partial Lie Transform Method is to find gl, G2,---,JN € QTb N A(]R x Rx
(0, +00)) such that under the change of coordinates ) the Hamiltonian Function does
not depend up to order N, on the penultlmate Coordlnate i.e. such that the first terms
HO,Hl, .. HN of the expansion of Hs, are in

= {f € C®(R* x R x (0, +00)) s.t. gf

T3

= o}. (5.58)

In this case, we will say that the Hamiltonian function is under its partial normal form of
order NV
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We will start the construction of the algorithm. The matrix 7;, defined by P, = %7;, is
given by:

Tz (t1,v2) = To + €275 (t1, t0) (5.59)
where
00 0 0 0 e 00
_ 00 0 0 _ S 0 0 0
— — | Bl
To=1g o o 1| 720w 0 0 00 (5.60)
00 —1 0 0 0 0 0

Hence Hamiltonian vector fields ngi defined by (4.3) are given by:

Xe, = ToVgi + 2 T2V, (5.61)
or equivalently by
ngi = Mz + €2N¢+2, (562)
where
;= — — and N ;9o = ———— _— = — . 5.63
8t4 8t3 6t3 at4 an +2 B (tl, t2) <8t2 8t1 8t1 8t2 ( )

The first result on which the method is based is the following theorem.
Theorem 5.8. Let MoCpg, be the space defined by

2w
MoCpe, = {u €Cy (R? x R x (0, +00)) such that / u(t)deg = O} , (5.64)
0

and Hy be the function defined by Hg (v1,t2,t4) = B (t1,v2) t4 (see formula (3.119) of corol-
lary . Then, for any @ € A(R2 x R x (0, +oo)) N QF, N MoCpe,., the function

— 1 " ' /
) =——"—"— u(v') dv 5.65
g( ) B (tla t2) /0 ( ) 3 ( )
1s solution of the PDE
(ToVg) - VHy =, (5.66)

and g € A(R2 x R x (0, +oo)) N oF, (see Deﬁm’tz’on and (3.118]) ).

Proof. On the one hand, PDE ([5.66) can be rewritten

B (t1,t2) g—g (v) =u(r). (5.67)

t3
Consequently, the function g defined by formula is solution of . Now, we need to
check that this function is in A(R? x R x (0, —I—OO))ﬁQ%fb. Firstly, since A(R? x R x (0, +00))
is stable by integration, function g is clearly in A(R2 x R x (0, +oo)) . On the other hand,
since w € Qi’f’)b N MOC(;ST function g is in Q%‘ib. O
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Theorem 5.9. Let H. be the Hamiltonian function expressed in the Darbous coordinate
system and whose expansion of order N is given by Corollary [3.24  Then, there exists
Hy,...,Hy € KNAR? xR x (0,+00)) N QF, and i, ...,gn € A(R? x R x (0,+00)) N
Q7 such that for any vo € R? x R x (0, +00), for any Ry, and Ry, such that 0 < R, < Ry,

and b7 (vo, RL)) C R* X R x (0,+00) there exists a real number 14 > 0, such that for any
€ € [~M14;M4), function xN defined by (5.2) is well defined on b#(tg, R.,),

Xév(b#(to,Rto)) c b (v, R, ), (5.68)

function )\év defined by (5.16)) is well defined on b7 (tg, Rio),

AN (b#(to, Rgo)) CR2 xR x (0, +00), (5.69)

and for any € € [—Ma; M4) N Ry function ﬁév defined by flév(t) =H. (Aév(t)) writes:
Ne) = Zﬁk(t) eh+ NN (e r), (5.70)

where Lg eCcy ([0;7714] x R? x R x (0, +00)) (see (3.30))).

Remark 5.10. In order to be precise, if we work on the Darboux Coordinate chart or on the
Partial Lie Transform Coordinate chart we will write T, instead of v, for v in the Darboux
coordinate chart; and t, instead of v, for v in the Partial Lie Transform coordinate chart. In
Theorem the periodic ball b#(to, Ry,) is viewed as a subset of the open subset on which
the Darboux Coordinate System is defined (precisely R? x R x (0,400)), and b#(to,R’rO) is
viewed as a subset of the open subset on which the Partial Lie Transform Coordinate System

1s defined.

Proof. Let gi,...,gn € A(R? x R x (0, —|—oo))ﬁQTb According to Lemma and Theorem
[5.3] there exists a real number 79 > 0 such that for any & € [—j0; 7j20], formulas and
- 5.69) hold true. Moreover, according to Proposition u 5.7 there exists a real number 21 >0
such that for any e € [—7j21;721] "R and for any ¥ € b#(to, R/O)

H Z (ZV - Hk> ()" + NN (e, 1), (5.71)

n=0

where L €Cy [—721; 7721]) N R4+ x b? (to, R’to)>, and for any [ € {0,..., N}, V7 is defined

by formula |D

The only possible values that m; can have in formula are 0 and 1. If m; = 1, then
mp = mg = ... = my_1 = 0. Hence, the only term in the sum of the right hand side of

- that involves function g; is X . Consequently the only term of

> Vi - Hy (5.72)
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that involves function gn is X - - Hy.
Injecting formula in the right hand side of - gathermg terms of the same
power of €, and comparing the result with the desired form of H N(#):

HY(8) = Ho(1, 72, 7a) + eH1 (1,72, 74) + ... + N Hy(F1, 2, 70) + ¥y (e,8), (5.73)
we obtain that g; must be such that
Hy = Hi + (ToVar) - VHo, (5.74)

and, for any i € {2,..., N}, that g; must satisfy

H; = (ToVag) - VHo =V (g1, gi1). (5.75)
with V (g1, ...,gi—1) depending only on g,...,gi—1 and their derivatives (and of course of

the entries of the Poisson Matrix) and, consequently, is in .A(R2 x R x (0, —|—oo)) N Q%‘jb.

Now, to end the proof, we need to check that using and (5.75) we can build
recursively Hy,...,Hy and gi,...,g9n € A(R? xR x (0, —|—oo)) N Q7 such that for any
ie{l,...,N}, Hyisin KN A(R? x R x (0,400)) N Q7. We will prove it by induction on
ie{l,...,N}.

For ¢ = 1, setting

R 1 2r B 2r
Hy = — Hidrs and w =-Hi+ — H drs, (5.76)
2 0 2 0

yields that H; € ICOA(RQ X R x (0, +oo)) N QF, and u; € A(RQ x R x (0, +oo)) NoF,N
MoCpe,- Hence, equation ((5.74)) yields

(7_6Vg1) . VFIO = Ui, (5.77)

and Theorem [5.8| gives g as a solution to this PDE.
Let i € {1,...,N —1}. Assume the result for all k& € {1,...,i}. H;41 is given by
Hit1 = (ToVGi+1) - VHo — Vig1 (G1, - - -, i) - Setting

1 [ .
Aoy = _277/ Vier @1,--.g0) dis € KN AR xR x (0,400)) N OF,.  (5.78)
0

and

1 27
uz‘+1=Vi+1(§17---7§i)—/ V(1,---,0i)dr3
0

27
€ A(R?* x R x (0,+00)) N Q% N MoCpe,, (5.79)
transform this equation into
(%ngq_l) -VHy = Ujt1 - (5.80)

Here again Theorem [5.8|gives g; 11 as a solution to this PDE. This ends the proof of Theorem
2.9 0
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Theorem[5.9and its proof makes up the Partial Lie Transform Algorithm. This algorithm
can be summarized as follow:

Algorithm 5.11.
o step 1: Inject formula (5.62)) in the right hand side of

H Z (ZV e Hk> )5”+5N+1Lg’°(5,f‘), (5.81)

where for any 1 € {0,..., N}, V7 is defined by formula (5.56]).

o step 2: Gather terms according to their power of € and compare the result with the
following desired expression:

AN (2) = HYp (1,7, 70) + N0 (1) (5.82)
with

HY (P1,72,74) = Ho(1, P2, 74) + eH1 (F1, 72, 74) + ... + eV Hy(F1,72,74),  (5.83)

to obtain
and, for any i € {1,...,N}:
= (ToVgi) - VHo = Vi(g1, - - -, Gi-1) - (5.85)
o step 3: Set
. 1 [ _
H = —% Hy drs, (5.86)
and get g1 by solving
_ _ _ 1 [27 _
(ToVa1) - VHy = Hy — > H drs. (5.87)
0

Then fori € {1,...,N}, set

. 1 2w .
Hi:—% Vi (gl,...,gi,l)drg,
5 (5.88)
1 g R
w; = Vi (915 -+, Gi-1) — o Vi(g1,---,8i-1) drs,
and get g; and by solving:
(ToVgs) - VHy = u;, (5.89)

with the help of formula (5.65)).
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This Algorithm is given in detail up to N =5 in Appendix [B]

Applying this algorithm, we obtain functions g; and hence the change of coordinates

= (1), (5.90)
where x is defined by (5.2) and (4.46). Moreover, in the yielding coordinate system the
Hamiltonian function writes

N
AN (£) = Ho(i1,79,74) + Y _"Hy (P17, 74) + eV THN(B), (5.91)
and the Poisson Matrix is given by formulas ) and -

6 The Gyro-Kinetic Coordinate System - Proof of Theorem
1]

In the present section, we begin by giving the following Theorem from which the part
of Theorem that concerns any value of N is then deducted. In the next subsection,
we prove Theorem and finally, we consider the case when N = 2 to end the proof of
Theorem [L.3

Theorem 6.1. Assume that the magnetic field B satisfies assumptions (|1.42) - and (|1.43) and
that all its derivatives are bounded. Let Pol be the polar in velocity change of coordmate
defined by ; Y be the diffeomorphism of R? x R x (0,+00), whose components are
solutions to the system of PDEs , whose third component is given by Y3 (x,0,v) = 6
and which expansions of its components 1, 2 and 4 are given by Theorems[5.4), [3.10 and[3.11]
Let N be a positive integer; and gi, ..., gy and H. 7 be the maps defined on RZ xR x (0, +00)
and obtained by Algorithm [5.11, Then, for any open subset O (xq, Rx,;a,b) (see formula

(1.69)), for any Ry such that Ry > Rx,, and for any (c,d) such that {2IIBII bﬂ C (¢, d),

there exists a real number n € (0,—|—c>o), such that for any € € (0,m), there ezists a real

number t > 22, where ag depends only on B and the difference between Ry, and Rj

X0’
such that for any (yo, 6o, ko) € T(bZ(xo, Ryx,) xR x (a,b)), and for any t € (—t5,t5), the

er’e

characteristic (Y°, KSqes O%qr) (t; Y0, 60, ko) expressed in the Darboux Coordinate System
(v,0,k) =Y (x,60,v) satisfies

a? b?
(Ys 9&1’7 669(11:) (t§}’07 907 kO) € b2 (XOa R;(o) X R x |:7 :| ; (61)
2||Blls " 2
and such that the map x, defined by
XY =900L 0922 ootV (6.2)

where foranyi e {1,...,N}, the function 92" Z-Z_ is defined on R? x R x (0, +00) by formula
and where the a; are defined by (5.1} ., 1s a diffeomorphism from

Opar = b”(x0, RY)) x R x (c,d), (6.3)
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onto its range.

Moreover, for anye € (0,n), for anyt € (—t5,t%), for any (2o, Y0, jo) € XévoT(EQ(XO, Ry, ) %
R x (a,b)), the solution (ZT’#,FT’#,jT’#) = (ZT’#,FT’#,jT’#)(t,zo,'yo,jo) of the fol-
lowing dynamical system, written within system of coordinates (z,v,7) = x~ (y,0,k) on
Xi‘V(OQQY):

OHN,,
T, —=2 (2T o
0z = - gT# 6{2}\7 ( > ) ZT7# (07 ZO)jO) = 2, (64)
ot B@#) | oHY 4.
~ (2)
21
orT# 1 9HN,
Ey c 0 ( Jo) , (0; 20, Jo, Y0) = "0, (6.5)
oJL# ) .
T 0, T (0520, o) = jo, (6.6)

where fIéYT is defined by formula(5.83)), satisfies

H(z#, TH) = (ZTH#, ij#)H < CeN-1, (6.7)

co,init#

where C'is a constant depending only on B and the difference between Ry, and Ry (and
not on €), where

190l oo imier = Sup |9 (z0, jo, Y0)] , (6.8)
(20,J0,70) EXN 0 X (b7 (x0,Rx ) xR X (a,b))

and where (Z#, I, J#) = xM(Y%, Koaes O%ae) corresponds to the expression of (Y, K.,
oar) In the coordinate system (z,7, ).

6.1 Proof of Theorem for any fixed N

Once N is fixed, in view of definitions of O (x¢, Rx,;a,b) and O (Xo, R, ;c, d) and having

X0’
in mind that Y and x are the Darboux change of coordinate map and the Lie change

of coordinate map, the proof of the first part of Theorem is a direct consequence of
Theorem [6.1], as soon as there exists a diffeomorphism

x° 0 0% (x0, RY,) % (R/27Z) x (c,d) — x2°(b%(x0, Rl,) % (R/27Z) x (c,d))  (6.9)

such that pox (¢,-) = Xf_-v’o (t,) op.
Since the components 1, 2 and 4 of x¥ are 27-periodic with respect to #, and since the
penultimate components satisfies

(Xév)g (y,0 +2m, k) = (Xév)3 (y,0,k) + 2m, (6.10)

it is obviously the case.
Notice also that map GG is given by

GG, = xY° oY o Pol. (6.11)
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6.2 Proof of Theorem [6.1]

The proof of Theorem consists essentially in showing that we are under the conditions
of application of Theorem [4.1] and to apply it.

Once N is fixed, let Hy,...,Hy € KN AR? x R x (0,400)) N QFp and gi,...,gn €
A(R? x R x (0, +00)) N Q7 (see Definition and (3.118])) be the functions obtained by
applying Algorithm [5.11; O(xg, Rx,; a,b) be the open subset defined by (1.69)); Ogor =
b°(x0, Rx,) X R x (a,b); and Opae = b*(x0, Ry,) x R x (c,d), where Ry > Ry, and

a? b2
[ma 7} C (¢, d).

Let Oi: = b? (x0, R%,) x R x (c¢*,d*), and (’)?n’: = bQ(xo,R;O) x R x (¢*,d®), where
Ry, and Ry are positive real numbers satisfying 0 < R, < R} < Ry, and

X0 X0

le,d] C (c¢*,d*) C [¢*,d*] C (c*,d*) C [c*,d®] C (0, +00). (6.12)

Firstly, we will show that the Lie change of coordinates of order IV is well defined on (’)?1:
and that the inverse map A is well defined on O%t
Applying Theorem with ¢ = bQ(xo,R;o) x (c*,d®) and ¢# = ?n,: yields that for any

positive integers ¢, j and for any function f in C;f (O%:) NCye ((9?‘;:), there exists a real

number 7; such that for any € € (—ny,7:) function ﬂi’jf defined by (4.46)) is a diffeomorphism

from (9?‘{: onto its range. Afterwards, a direct induction yields that there exists a real
number 7y such that for any € € (—ny,nn) the Partial Lie Transform map of order N is a
diffeomorphism from O?‘l’: onto its range.

Now, by compacity, we can cover (’)?l{f by a finite number p* of periodic balls:

p*

Out = U b7 (t’é, R:’a') , (6.13)

such that for any k € {1,...,p*}, there exists R, such that R}, < RY, and b7 (tlg, R:k> C
0 0 0 0

D0
Oﬁnt'

According to Lemma for each k € {1,...,p*}, there exists a real number 7} such
that for any e € (—ng,nj)

b# (tlg’R:IS) C xév(b# (tS,R:éc)) : (6.14)
Consequently, for sufficiently small &, )\év is well defined on ng

According to Theorems and for any k € {1,...,p*}, there exists a real
number 7, such that for any € € [—j, 7], the inverse function AY = (xy )_1 of xV is

analytic on b (t’é , R:k> and expresses as
0

ANy =000l 9022 9eN M) 4 NPT (e ) (6.15)

€ €,91 €,92 &,9N
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where pf’k is in C;f([fﬁk,ﬁk] x b (tlg,R:g)); the matrix P., defined by (5.33), is well
defined on b* (tlg, R:k> and
0

Vi,j€ {1,2,3,4), T2 (v) = T2 (v) + VT 2 (e v) (6.16)

where p%kj isin C3 ([—ﬁk; k) ¥ b7 (tlg, R:k)> and where 7 stands for the matrix satisfying
? 0
(5-36); and, for any ¢ € [0, 7] the function HY defined by HY (v) = H (£, AY (), is well
defined on b* (tlg, R:k>, and expresses
0

N
AN = Hy+ Y e"Hy+NTUply, (6.17)

n=0

-----

1 2,2 an,N
AN — 9oLt gozs. 9oy
€ £,91 €,92 g,9N (618)

7A?7j _ti’ja Zv] € {1>2)374}7

are in C3° <[717; 7] X (9?‘{:) and since the function

N
H.— Ho— Y "H,, (6.19)
n=0

is in 37 ([0; 7] X (’)?&L), functions pg , ,O%’j and L]F\f 17> defined on (’)?n’f, and whose restric-

tions to each b (tlg,Rtk) are given by pf’k, p%kj and Lng, are in Cj;([—ﬁ;ﬁ] X (’)?,3‘1:)
k :

for the two firsts and Lg}fH €Cy ([0; ] X O?n’:)

According to Theorems and there exists a real number 1’ > 0 and a real
number o > 0, depending only to the difference between Ry, and R;O, b and B (and not
g), such that for any € € (—n/,7'),

2

- a b2
T (O&po[) C bQ (XO’R;U) X R X |:2HBHOO, 2:| 5 (620)

and such that for any ¢ € (0,7) there exists a real number t; > %2 such that for any

t € (—t5,t) and for any (y,0,k) € X (Oqgg[) ,

er’e

(6.21)

a? b2
wwW@mxawmameﬁmﬂwx[ ]

2|Blly" 2

Let ' =xNoY (Ogo1), and O = (’)i: Then, there exists a real number 7", such that for
any € € (—n",n"),

X2 (X (Ogar)) € Opar, (6.22)
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and

2 b2
N (b%(x0, Rl ) xRx |—2— 2| ) co. 6.23

Xe < (XOa xo) 2 ||BH007 2 ( )
This last equality implies that the range by x~ of the characteristics expressed in the
Darboux coordinate system and provided with initial conditions in Y (0‘130[)7 or equivalently
that the characteristics expressed in the Lie Coordinate System and provided with initial
conditions in @', belongs to O for any ¢ € (—t¢,t¢). Let

erre
n=min (NN, 07, - Wy, s - - T, 151" ) - (6.24)
Choosing
VH
R, >1+R, + V2 sup w, (6.25)
- B
celnml 1Bl

yields that we are under the conditions of application of Theorem[£.I] Applying this theorem
yields the main part of Theorem [I.3]

6.3 Application with N =2

Applying Algorithm [5.11] with N = 2, using results of Appendix [B] yields
¢(0) - VyB(y)

3
G1(y,0,k) = 2B(y) k)2, 6.26
a1(y,0,k) 3B(y)° (2B(y) k) (6.26)
2B(y)k)? . .
aaly. 0.k) = POV G0y i0) . 3B(y) - VVB(y) — VBVB(y),  (6.27)
12B(y)
where
9%’B 9B
2B(x) = —— g 92
V.B(x) 027 (x) + 022 (x), (6.28)
(VxB(x))* = Vi B(x) - Vi B(x), (6.29)
2B B (@)2 OB 9B
VVB:( T ) and VBVB = | A"/ 000 (6.30)
Ox10x2 81‘% D1 Oxa (Tﬂcz)

(Notice that, if u,v are two vectors and if A is a matrix, the notation uv : A stands for
u” Av), and

Hy (2,5) =0, (6.31)
A~ 2
i (2, ) = ﬁ) |B(2) V2B (2) - 3(VxB (2))°] - (6.32)

Consequently, the dynamical system (1.66), (1.68), (1.67) approximates, with accu-
racy &, the characteristics (Z,1", J) = (Z(t, zs, Vs, Js» S), L(t, Zs, Vs, Jss S) T (s Zs, Vs, Jsy S)) =
OG(X(t, x5, Vs, ), V(t,Xs, Vs, 5)), with (X, V) the solution of dynamical system ({1.40[)—
(1.41). This ends the proof of the part of Theorem concerning the application when
N =2. O
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A Appendix : Example of non-symplectic Hamiltonian vector
field flow

In this Appendix, we exhibit an example of a flow - of parameter € - of Hamiltonian vector
field, which - since the Poisson Matrix does depend on ¢ - is not symplectic.

Let € € — 1, +oo[. Consider on R* endowed with coordinate system x = (z1, 72, 73, 74)
the symplectic two-form w, € Q2 (R4), given by

1 1
= . Al
we (%) 1+6d:1:1/\d:c2+2+8dx3/\d:x4 (A.1)
The associated Poisson Matrix is given by

0 1+¢ 0 0

| -1+ O 0 0
Te () = 0 0 0  2+4e (A.2)

0 0 —2+4+¢ O

Now, let G (x) = x123. The Hamiltonian vector field generated by G is given by

0
Xe () = . () VG (x) = | T (A.3)
—2+¢)m
The flow of this Hamiltonian vector field, denoted by ., is given by
g2 g2
e (x) = <x1,:c2 — <5 + 2) €T3,23, T4 — <2€ + 2) 1:1> . (A.4)
Now, if we make the change of coordinate x — z = . (x), the Poisson Matrix in the
coordinate system z reads
0 1+e¢ 0 0
—(14¢) 0 0 =
0 0 0 2+¢ (A-5)
0 2 —(2+4¢) 0

Thus, although ¢, is the flow of an Hamiltonian vector field, ¢, is not symplectic.

B Algorithm detailed up to N =5

In this Appendix, we apply Algorithm for N =1, 2, 3, 4 and 5. The computations
are led using Sage software. We first need to compute V§, Vi, V5, V5, V] and Vi with
formula (5.56|). The first step consists in expressing U1, Uz, Us, Us and Us.
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(m1,mz) € N2 s.t. my + 2mg = 2} ={(0,1);(2,0)},

(m1,ma,m3) € N3 s.t. my + 2mg + 3msz = 3}

(0,0,1);(1,1,0);(3,0,0)},

(my,ma,mz,my) € N* s.t. my + 2mg + 3ms + dmy = 4}
(0,0,0,1);(1,0,1,0);(0,2,0,0);(2,1,0,0); (4,0,0,0)}, (B.1)
(mq, ma, mg, my, ms) € N° s.t. mq + 2ma + 3mg + 4my + 5my = 5}

(07 07 07 0’ 1) ; (17 07 07 17 0) ; (07 17 1707 O) ; (2’ 0’ 17 07 0) ;

||
A P A P A

(1,2,0,0,0);(3,1,0,0,0);(5,0,0,0,0) }
Then, applying formula (5.56) yields:

=id,
VE X§g1

- Ml + €2N33
V2 (Xg_th) +X292

_ _ S P 1
M, + Mf) + €2 (N4 + 5 MiNG + 2N3M1) + 54§N3

b 4K, X, +X§q3 (B.2)

€91 €92
<N5 +M;N, + N3M, + M 1NsM; + M N3+ N3M1>

g <N3N4 +IMLNG TNV + 6N§M1>

1 =3
+ 6€6N3
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L 1. 1 g L%
K Kegg (K5)" 45 (K5)" X4 (K"

Vi:xg@ €g1 €393
— [ 1—o— 1—2 1 —4
= My +M,M; + -M,;M, + =M, + —M,
2 2 24
gl el 1 12 1 1
+e (NG + M;N; + §M2N4 +N3M;3 + §N4M2 + §M1N4 + §M1N3M2 + §N3M1M2
1 —3_— 12— — 1 — — —2 1 - —3
+ 57 M N3 + - M;NM, + M NgM, + ﬂNg,Ml)
S TP (R DR J
4t (N3N5 i §Ni + 3 MiNaNy + SN M N, + 5N§M2
1 —2_2 1l — — — 1 — 2 1l — —2— 1l - — — — 1 —2-_2
— M N; + — M NgM, Ny + — M NaM,; + — NaM; N3 + — N3M,; N3 M —NM)
gq s+ g MaNs VLN 4 5 M N M+ o s ML Ns A o Ns VLNV 4 5 NV
1o 1-— —3 1 —— 2 j [ R — 1 3
6
NN, + — MG NG 4+ — N M N + — N°M; N. —N;M)
+€(2 34+24 13+245 13+243 13+243 1

+

1 —4
+ &8 =N,

24
(B.3)
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VE=XE, XS X +XE, X+ (XE,) XS

€g1 €94 €92 €gs’ €91 €gs

1 1
+ 2X:g1 (Xigz) 6 (ngl) X:g2 + XE ) :

1
120 (Xen

<M5+M M, + M,M; + M. M + M M.+ M M2+mM1)

+e Nng 20M1N3M1 + 1720M1N3M1 + N7 + M1N6 + M2N5

(120
R R R
+ N3M, + NyM; + M?N5 +M;N3M;3 + §M1M2N4 + §M1N4M2

2\

o 1 9 lese 1o —
s M, M; + §N3M§ + 6Mj”N4 + 6MfN3M2

M, N3 M, My + 2Ny MM, + —— L
1R T g P 120 120

N3N + NyN5 + M;N3N5 + M N4N3M N;5 + N3M2N4 + N M3

M,N; + M?le)

[N

+

4

>—‘/_\

+ §ﬁ3ﬁ4mz + EM N3N, + 6M1N3M2 + gﬁiimlNZL + EN‘leN‘sﬁz
S SV Y +—M N L MEN, ML N
6 3T T 190 37 120 BT

1
MNMN M;N;M;N;M MNM
+120 1N3 3+10 1N3M;1IN3 1+120 3Vl

—2——2 1 3 1 —
—MNM —N;M;N —NMNM
+120 11Ng 1+120 3Vl 3+120 3Vl N3Vl

1l— — — — 1l — — — —=2 1 —2_3
M, NsM; N, + — N3 M,; NsM —NM)
+6 1N3 14+1203 1N3 1+1203 1
o 1o 1o 1 lea 13
6 (N§N5 i §N3NZ T 6M1N§N4 + NaMINGN, 8N§1\/11N4 + 6N§M2
1og 1 — — 9 1 — 9
+ —MZNg + —M1N3M1N§ + —MlNQMlNg

12 — M N.M; + +—N3M N; + —NgM N3 M, N;

+ mNSMlNng +

€ (EN N, +

— N.M'N; + 20N3M1N3M1 + N3M1)

20

1 o
—OMlNg + —ONngNg

— NoM,N+ —0N3M1N3 n 70N Ml)

120

120

10
R
T 190

Hence, the expansions in power of € of Vi, V5, V5, V7 and Vi and the dependency
with respect to the differential operators M; and N of each term of these expansions can
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be summarized by:
EQV% (N3) 5
2) +e2V3 (M, N3, Ny) +£*V3 (N3),

S

I

<
FEE
2 2l +

+ ESVg (Ml,ﬁ?)’NLI) + 610Vé0 (Nz;) .

B.1 Formulas for N =1

(B.5)

In the present subsection we will apply algorithm with N = 1. The first step of the

algorithm consists in injecting the expression of V7 in

1 n
HGOESY (va : Hk> ()" + % (e, 1) .

n=0 \k=0

Applying the second step of the algorithm, we obtain:

(B.6)

I:[El(f') = Ho(f') + ¢ (ﬁl(f‘) + V?(Ml) . f_fo(f‘)) + E3V% (Ml) . f_fo(f‘) + €2L}-{(€,f') s (B?)

that have to be compared with the desired expression:

to get
Hi(#) = (ToVa1) - VHo(®) + Hi(F).

Eventually, applying the last step of the algorithm, we set

R 1 [27 _
Hy(r) = o J, Hy(z) drs,
_ 1 27 _
Ul(f') = _Hl(f') + % Hl(f') drs,

0

and then we solve equation (%Vgl) - VHy (%) = uy by setting

1

73
q1(r) = —)/0 w1 (71,72, S,74) ds.

B(71, 72
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(B.10)

(B.11)

(B.12)



B.2 Formulas for N =2

In this subsection we will apply algorithm with N = 2. The first step of the algorithm
consists in injecting expressions of V§ and V3§ in

H(#) Z (ZV ) £)e" + %% (e, 1). (B.13)

Ordering terms according to their power of € (second step of the algorithm) we obtain:

HZ(#) = Ho(f) + e (Hi() + V(M) - Ho(f))

et (V%(Ml) ﬁo(f)) (B.14)
+¢e* (V3(My, N3, Ny) - Hy+ Vi(N3) - Hy)
+ 28 (VA(N3) - Ho)
+elif(e, 1),
that we compare to
H2(#) = Ho(f) + eHy(F) + 2 Ha(£) + %3 (e, 1) (B.15)
to deduce
I?l(f) = (7:6V§1) Vi (F) + Hi(1) (B.16)
Hy(#) = (ToVg2) - VHo(t) + Va(g1)(F)
with
Valor) = 5N, - Ho+ V{(NEL) -y + (B.17)

The last step of the algorithm consists in solving iteratively equations (B.16]) with g1, go, H,
and Hy as unknowns. The first equation was tackled in subsection in which we obtain

g1 and Hi. So the job is reduced to solve the second equation of (B.16)). Setting

~ 1 2w . X

o) = 5 | Vol dis. (5.15)

we just have to solve

where us is given by

1 2
uz(t) = Va(g1)(F) — o Va(g1)(E) drs. (B.20)
0
Hence we obtain
1 &
G2(T) = “BG A fz)/ ug (71, 72, S, 74) ds. (B.21)
) 0
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B.3 Formulas for N =3

In this subsection we will apply algorithm with N = 3. The first step of the algorithm
consists in injecting expressions of V§, V§ and V§ in

H3(¢) Z(Zva " Hk> £)e" +etid (e, ). (B.22)

Ordering terms according to their power of e (second step of the algorithm) we obtain:
H2(¥) = Ho(¥) + ¢ (Hi(¥) + V] (M) - Ho(F))
te (Vg(Ml,Mg) o(F) + VO (M) ~H1(f~)+H2(f~))
+*(VE(ML) - Ho(f) + V3 (M, My, M) - Ho(i)
+ V(ML My) - i (5) + VI (ML) - B (f) + Fs(5) )
o) + VI(N3) - Hi(#)) (B.23)

that is compared to
H3(#) = Ho(f) + eHy(F) + 2 Ha () + €2 H3(£) + %03, (e, 1) , (B.24)

so that Hy and H, are given by formulas (B.16) and Hj is given by:

Hs(#) = (ToVgs) - VHo(F) + Va(g1, 92)(F) , (B.25)
with
o 1a L
V3(91,92) = MiMy - Ho(f) + BM? - Ho(f) + Vi (M) - Hy (B.26)
+ V3 (M, My) - Hy + V(M) - Hy + Hs. (B.27)

Eventually the last step of the algorithm consists in solving iteratively the equations (B
and (| - The two firsts were tackled in subsection and n in which we obtaln g1,
go, H1 and H,. So the job is reduced to solve equation (B.25]). Setting

~ 1 2m . .
Hg(I‘) = _% V3(gl,92)(1‘) dTg, (B28)
we just have to solve PDE
(ToVgs) - VHo(t) = us, (B.29)
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where ug is given by

. 1 27 . .
u3(t) = V3(g1, 92)(F) — o V3(g1, 92)(T) di3. (B.30)
0
Hence we obtain
1 T3
g3(Tr = —— Uu F,F,s,f ds. B.31
gs(t) B(Tlﬂ’g)/o 3(71,72,5,74) (B.31)

B.4 Formulas for N =4

Now we will apply algorithm with NV = 4. The first step of the algorithm consists to
inject the expression of V{, V5, V5 and V] in

HA(#) = Z(ZV Y Hk.> (£) " + 5 (e, 1) (B.32)

According to the second step of the algorithm we order the terms according to their power
of € and we obtain:

HA(t) :ﬁo( )+ e (Hi(#) + V(M) - Ho(t))
+ 22 (VH(M1, M) - Ho(®) + V(ML) - 1 (7) + (i) )
& (VE(ML) - Ho(F) + V§ (M, Mz, M) - Ho(F)
+ V(M M) - Hy (f) + V(M) - ﬁg(f)+ﬁ3(f-))
et (vg (M, N3, Ny) - Hy () + V2(Ny) - Hy(£)
+V§(M;, M2, M;) - Hy () + V§(M;, Mo, M5, My) - Ho(t)
+ V(M1 M) - Ha(F) + V(M) - Hy(F) + Ha(F) )

(V3(M17M27N37N47N5) ( )+V§(M13N37ﬁ4) I:Il(f.)

+v%<ﬁ3>-ffz<f>)
NN, N N . B (B.33)

+V3(M1,M2,N3,N4,N5) (¢ )+V2(M1,N3,N4) - Hy (%)
+V3(Ng) - () )
&7 (vg(mhmm) CHo(£) + VA(N3) - Hl(f))
+ &8 (VA (M1, M, Ny, Ny, Ns) - Ho (§) + V3 (M1, Ny, Ny) - 3(7)
+V3(N) - (7))
& (VS(N) - Ho(s) )
+ &' (V§ (M, N3, Ny) - Ho(#) + V§(N3) - Hi(#))
+¢7 (VI(Na) - Ho(f))
+ &% (e, ).
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We compare this expansion with the following desired form

HX(#) = Ho(f) + eHy(F) + 2 Ha(f) + € Hs(£) + e Hy () + %1%, (e, F)
+ & (Hi(2) + My- Ho (1))
+ 22 (VO(M, M) - Ho(#) + VI (M) - i (3) + Fa(8) )
(Vf (&) + VO (M,, My, Ms) - Ho(#)

+v2(M1,M2) iy (8) + V9 (M) - o (8) + Hy (7))
o _ (B.34)
54(V§(M1,N3,N4) Ho(#) + VI(N3) - Hi(F)

+VO(M1,M2,M3) H1( )+M4 Ho( )+M Ms; - HO( )

1— 1— 1
+2M M, - Ho(¢ )+2M2 HO()+24M1 Hy(¢)

+ VB (M, M) - Ho(i) + VI (M) - Ho(§) + Ha(F) )
+ &% (e,1).
Hence, we obtain that H, and Hs are given by formulas (B.16), H3 by formula (B.25) and
Hy by:
Hy(#) = (ToVgs) - VHo (%) + Va(g1, 92, 93) (F) (B.35)
with
Vi(g1,92,93) = V3 (M1, N3,Ny) - Hy + V3 (N3) - Hy
+ Vg(M17M27M3) : FI1 +M1M3 . HO
4 MM - Hy+ (M - Ho + oM - Hy (5:50)

+ V(M M) - Hy + V(M) - H + )

Now, the last step of the algorithm consists in solving equations (B.16), (B.25) and (B.35)
wit g1, go, g3, 4 H3 and Hy as unknowns. The three first equations were processed
in subsection and 3 in which we obtaln the expressions of g1, go, g3, H 1, Hg, and
Hs. So we just have to solve equation (B.35)). Setting

. 1 2 . .
Hy(r) = “or Va(g1, 92, 93) (F) dr3 (B.37)
the job is reduced to solve PDE
(ToVga) - VHo(t) = ua, (B.38)
with g4 as unknown, where u4 is given by
) R o
us(t) = Va(g1, 92, 93) (%) — %/ Vi(g1, 92, g3)(F) di'3. (B.39)
0
Hence we obtain:
1 &
gi(ft) = ————— r1,72,8,74)d B.40
50 =~ [ ) ds (B.40)
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B.5 Formulas for N =5

Presently we will apply algorithm with N = 5. The first step of the algorithm consists
to inject the expression of V§, V5, V§, V] and Vg in

H(t) Z(Zvn 5 Hk> £) ™ + 505 (e, 1) (B.41)

According to the second step of the algorithm we order the terms according to their power
of € and we obtain:
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H2(8) = i( Ve, ~Hk> (#)e" + %05 (e, B)
k
e (Hi(¥) + Vi (M) - Ho())
(VML M) - Ho () + VI (ML) - H (5) + Ha(5) )
& (VE(M) - Ho(&) + V8 (M, Mz, M) - o (F)
+ V(M M) - Hy(7) + V(ML) - o (F) + Hs () )
(V3L NG N - Ho(s) + VE(NG) - ()
+ V§(Mi, M, M3) - Hi(£) + V§(M;, My, M3, My) - Hy ()
+ V(M M) - Ha(f) + V(ML) - H(8) + Ha(§) )
(VS(Ml,M27N3,N4,N5) Ho(f) + V3 (M, N3, Ny) - Hy(#) + V2(N3) - Ha(F)
V2 (M1, Ms, M3, My, M) Hy(£) + V§ (M1, My, M3, My) - H;(£)
V3 (M, M, M;) - Ho(£) + V9(My, M) - Hs(f)
V(M) - Ha(F) + Hs(r))
+ 8 (VA(Ns) - Ho(#) + V3 (M, Mo, M, Ny, Ny, N, No) - Ho(F)
+ V3(M;,M;,N3,Ny,N5) - H,(£) + V3(M;,N3,Ny) - Ho(f)
+ V3(N) - 3 (F) )
& (nghm,m Ho(f) + VH(Na) - F (1)

+ V3(M, N3 Ny) - Hy(8) +V%(N3> ~ 4<r>)

(V4(M1,M27N3,ﬁ47ﬁ5) Ho(f“) +V§(M1,ﬁ37ﬁ4) - Hy (%) +V§(N3) 'ﬁ2(f‘)>

+V4<M1,M2,N3,N47N5) ( )
+ V(M N3, Ny) - Hy(3) + VA(NG) - A, )
+€10(VE(M17N3,N4) Hy( )+V6(ﬁ,) -Hl(r))

+6“(V6(M1,M2,N3,N4,N5) Ho(#) + VS (M, N3, Ny) - Hy (£)
+ V§(No) - Hy(f) )

+e?(VE(N3) - Ho (1))

et V(M Ny, Na) - Ho(®) + VE(Ns) - Fi(8) )

+ e (VIO(Ny) - o (F) )

+ 95 (e, 1),

(B.42)
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that is compared with

H2(#) = Ho() + eHy(F) + 2 Ha () + €2 Ha(8) + e Hy(7) + e Hs () + €55, (e, 1) (B.43)

so that H, and H, are given by formulas (B.16), Hj by formula (B.25)), Hy by formula
(B35) and A by:

H;(8) = (ToV3s) - VHo(%) + Vs (g1, 92, 93, 94) () , (B.44)

with

Vs(91, 92, 93, 94) = V3(M1,M3,N3,Ny,N;) - Hy + V3 (M, N3, Ny) - Hy
+Vi(N;) - Hy + M1M4 -Hy + Mzmz), - Ho + M?Mz’, - Hy

11— —2

+ MM, - Hy + MM2 Ho+ —M° -

120 (B.45)

+V4(M17M2,M37M4) - Hy

+ V3 (M, M2, M;) - Hy + VI (M, M) - H;
+VY(M,) - Hy + Hs.

Finally the last step of the algorithm consists to solve 1terat1vely the equations ,

(B.25), (B.35) and (B.44)) of unknowns g1, g2, g3, 94, G5, Hl, HQ, Hg, H4, and H5 The
fourth first equations were tackled in subsection [B.1] [B.2] [B.3] and @ in Wthh we obtain

31, G2, g3, 04, Hl, Hg, Hjs and Hy. So we just have to solve equation ([B.44)). Setting

A 1 2m A R
Hs(t) = _277/0 Vs(91, 92, 93, 94) (F) dF3, (B.46)

the job is reduced to solve the PDE
(ToVgs) - VHo(E) = us, (B.A7)

with g5 as unknown, where us is given by

27
us(t) = Vs(91, 92, 93, 94) () — 7 Vs(91, 92, 93, 94)(T) drs. (B.48)
0
We obtain
1 5
Jg5(T) = ———F——— T, T r4)ds. B.49
B0 =~ [ ) ds (B.49)
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