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∂f

∂t
+ v · ∇xf = σ(x) (f̄ − f), (t, x, v) ∈ R+ × T

d × V

f(0, x, v) = f0(x, v) (x, v) ∈ T
d × V,+/,$, T

d := R
d/Zd* Ld ∈ N* d ≥ 2M: A/, (!B!.+! f $,"$,0,!%0 %/, -,!0&%9.3 ".&!% "#$%&),0 L(0(#))9 !,(%$.!0 .$ "/.%.!0M +/&/ #% %&2, t ∈ R

+ #!-".&!% x ∈ T
d 2.H, #% 0",,- v ∈ V :N,$, V #! -,!.%, ,&%/,$ %/, (!&% 0"/,$, &! R

d L+/,! -,#)&!6 +&%/ #2.!.B&!,%& 6#0M .$ %/, 0"/,$&#) 0/,)) &!-&H&-(#%,- 89 %/, %+. $#-&& 0 <
vm < vM O %/#% &0 V = S

d−1 .$ V = {v ∈ R
d : vm ≤ |v| ≤ vM}:P.$,.H,$*

f̄(t, x) =
1

|V |

∫

V
f(t, x, v) dv,+/,$, |V | &0 %/, %.%#) 2,#0($, .3 V : ! +/#% .!,$!0 %/, &!&%&#) .!-&%&.!0* +, #00(2, %/#% f0 ∈ L∞(Td ×V )#!- %/#% f0 ≥ 0 3.$ #:,: (x, v) ∈ T

d × V :A/, !.!!,6#%&H, 3(!%&.! σ(x) -,0&6!#%,0 %/, $.00 0,%&.!: Q, +&)) #)4+#90 0("".0, %/#%L?M σ ∈ L∞(Td) #!- σ(x) ≥ 0 3.$ #:,: x ∈ T
dRL@M ‖σ‖L1(Td) > 0: % &0 ,#09 %. "$.H, %/#% .!0%#!%0 #$, 0%,#-9 0.)(%&.!0 .3 S7(#%&.! L@:?M#!- %/#%

f∞ =
1

|V |

∫

Td×V
f0(x, v) dxdv&0 %/, (!&7(, .!0%#!% 0.)(%&.! +&%/ %/, 0#2, %.%#) 2#00 L&:,: "#$%&), !(248,$M #0 %/, &!&%&#) -#%#: ! +/#% 3.)).+0* +, +&)) .3%,! (0, # 0",&#) 3#2&)9 .3 $.00 0,%&.!0* +/&/#$, +,)) 0(&%#8), +/,! 0%(-9&!6 -,6,!,$#%, $.00 0,%&.!: F.$ %/&0 $,#0.!*3.$ #)) r ∈ (0, 1/2) +, &!%$.-(, %/, ",$&.-& .",! 0,%

Zr = {x ∈ R
d : -&0%(x,Zd) > r}%.6,%/,$ +&%/ %/, #00.&#%,- 3(!-#2,!%#) -.2#&! Yr = Zr/Z

d:



 !" #$ %&'() *+# !" (*,%*-*+. ! "#℄ %&' '()*!'!%+,- *!/'01'!' +! %+2' %* '34+-+50+42 6 7*0 1'!'0,-0*88 8'%+*!8 8,%+879+!1 %&' )0'/+*48 ,8842)%+*!8 6 &,8 5''! '(-4:':; ,88%,%': +! %&' 7*--*<+!1 %&'*0'2= !"#$"% &'(' )*"$+,$-. /,01,$,+23'  !" V = S
d−1# $%& '(( r ∈ (0, 1/2))"*!&! !+,-"- '. ,.,",'( %.0,",%. f0 ∈ L∞(Td × V ) -'",-12,.3 f0(x, v) ≥ 01%& '#!# (x, v) ∈ T

d × V '.0 -4* "*'") 1%& !'* &%-- -!",%. σ ∈ L∞(Td)-'",-12,.3 σ(x) ≥ 0 1%& '#!# x ∈ T
d '.0 σ(x) = 0 1%& '#!# x ∈ Yr) "*!-%(4",%. f %1 "*! 5'4*2 6&%7(!8 (2.1) -'",-9!-

E(t) := ‖f − f∞‖L2(Td×V ) ≥
C√
t1%& !'* t > r1−d) :*!&! C ,- ' 6%-,",;! %.-"'."#>*<'/'0; %&'0' '(+8%8 , -,88 *7 0*88 8'%+*!8 %&,% &,/' , !+'0 5'&,/+*40+! <&,% *!'0!8 %&' 0'-,(,%+*! %* '34+-+50+42?@&' )0*)'0%+'8 8,%+8A': 59 σ %&,% -',: %* ,! '()*!'!%+,- *!/'01'!' 0,%'+! %+2' %* %&' 8%,%+*!,09 8*-4%+*! &,/' 5''! +!:+/+:4,%': 59 B'0!,0: ,!:C,-/,0,!+ +! "D℄?4"5+262#+ &'&' <*! &%-- -!",%. σ ≡ σ(x) ,- -',0 "% ;!&,12 "*! 3!%8!"&,'(%.0,",%. ,1 '.0 %.(2 ,1 "*!&! !+,-" T0 '.0 C > 0 -4* "*'"ED?DF ∫ T0

0
σ (φx,v(s)) ds ≥ C '#!# ,. (x, v) ∈ T

d × V,:*!&! φx,v 0!-,3.'"!- "*! (,.!'& =%: -"'&",.3 '" x ∈ T
d ,. "*! 0,&!",%.

−v ∈ V >
φx,v : t 7→ x− tv.@&' 2,+! 0'84-% *7 "D℄ +8 %&' )0**7 %&,% %&' '()*!'!%+,- *!/'01'!' +8 ,:+0'% *!8'34'!' *7 %&' 1'*2'%0+,- *!:+%+*!= !"#$"% &'7' )*"$+,$-. /,01,$,+23'  !" σ ∈ L∞

(

T
d
) 7! ' .%.?.!3'",;!&%-- -!",%. -'",-12,.3 "*! 3!%8!"&,'( %.0,",%. (2.2)# <*!. "*!&! !+,-" ":%%.-"'."- M > 0 '.0 α > 0 -4* "*'" "*! -%(4",%. f %1 "*! 5'4*2 6&%7(!8

(2.1) -'",-9!- "*! ,.!@4'(,"2ED?GF ∥

∥

∥

∥

f −
∫

Td×V
f0 (x, v) dxdv

∥

∥

∥

∥

L1(Td×V )
≤ Me−αt

∥

∥f0
∥

∥

L1(Td×V )1%& '(( t ∈ R+# 5%.;!&-!(2) ,1 "*! -%(4",%. %1 "*! 5'4*2 6&%7(!8 (2.1)%.;!&3!- 4.,1%&8(2 ,. L1 "% ,"- !@4,(,7&,48 -"'"! '" '. !+6%.!.",'( &'"! A,#!#-'",-9!- (2.3)B) "*!. σ 84-" -'",-12 "*! 3!%8!"&,'( %.0,",%. (2.2)#G?  !" #$%"&')* +',&"-'.)-'/# ! <&,% 7*--*<8; <' <+-- 0'8%0+% *408'-/'8 %* %&' 2D E+! 8),'F 2*!*H+!'%+,8'; +?'? <' <+-- 84))*8' %&,% x ∈ T
2 = (0, 1)2; v ∈ S

1 ,!: %&,% f 8,%+8A'8%&' '34,%+*!EG?#F
∂f

∂t
+ v · ∇xf = σ(x)

[
∫ 2π

0
f(t, x, ω)

dω

2π
− f

]

x ∈ T
2, ω ∈ [0, 2π), t > 0,



 !"#$%&'( )%"!('*%+ ) +, -#.# #$'*# *$' )/+$* /$+0(#") 1 !"#" v = v(ω) = (cosω, sinω)$ %&'(')**+, (!" -'.(#'/0('1& '. 2&1 &3 f =
f0 ∈ L∞(T2 × S

1), 4"#'1-' '& (!" 4!)." .4)",  '(! ‖f0‖L1(T2×S1) = 1$6"  '** )..07" 4"#'1-' /10&-)#+ 1&-'('1&. 81# /1(! .4)(')* )&- )&9*":)#')/*".$ ;"&1('&9 /+
ρ(x, t) =

1

2π

∫ 2π

0
f(t, x, ω) dω(!" 7)#9'&)* 4#1/)/'*'(+ -"&.'(+ 80&('1& 81# (!" .4)" :)#')/*", (!" 81**1 '&91&."#:)(':" "<0)('1& !1*-.

∂tρ+∇ ·
[

1

2π

∫ 2π

0
f(t, x, ω)v(ω) dω

]

= 0.=!"& '( '. ">4"("- (!)( ‖f(t, · , · )‖L1(T2×S1) = 1 81# )** ('7" t$6" ?#.( 1&.'-"# (!" ('7" -'.#"('@)('1&$ A"( 0. -"&1(" fn(x, ω) )& )4B4#1>'7)(" :)*0" 18 f(t = tn, x, ω)$ C1&.'-"# ) 1&.()&( ('7" .("4 ∆t > 0)&- *"( tn+1 = tn + ∆t$ D1# ('7" )-:)&", '( '. 1&:"&'"&( (1 1&.'-"# !"#") 8#)('1&)* .("4 )44#1)!, /+ !)&-*'&9 (#)&.41#( )&- #")('1& ."4)#)("*+)&- ."<0"&(')**+$ 6" .!)** 0." (!"  "**B2&1 & ."1&-B1#-"# E(#)&9 .4*'(('&9.!"7"$A"( R∆t -"&1(" (!" 14"#)(1# .0! (!)( (!" -'.(#'/0('1& f = R∆tf0 '. (!"">)( .1*0('1& )( ('7" ∆t 18 (!" 40#" #")('1& 4#1/*"7  '(! f0 ). '&'(')*-)()3
∂f

∂t
= σ(x)

[
∫ 2π

0
f(t, x, ω)

dω

2π
− f

]

x ∈ T
2, ω ∈ [0, 2π), t > 0,FG$HI

f(t = 0, x, ω) = f0(x, ω).FG$GIA"( T ∆t (!" (#)&.41#( 14"#)(1# 1:"# ) ('7" .("4 ∆t3
T

∆tf0(x, ω) = f0(x+ v(ω)∆t, ω).=!"& ) ."1&- 1#-"# )0#)(" .1*0('1& F'& ∆tI 18 (!" .1*0('1& 18 (!"  !1*".)(("#'&9 4#1/*"7 '. 9':"& /+ (!" E(#)&9 .4*'(('&9 )44#1>'7)('1&3FG$JI f(∆t, · ) ≈ R
∆t/2

T
∆t

R
∆t/2f0.=!'. *")-. (1 (!" -'.#"(" ('7" )-:)&" .!"7"FG$KI fn+1 = R

∆t/2
T

∆t
R

∆t/2fn.D1# #"1:"#'&9 (!" 80** -'.#"('@)('1&,  " &1 !):" (1 )44#1>'7)(" /1(!(#)&.41#( )&- #")('1& 14"#)(1#.$%&  !)( 81**1 .,  "  '** &""-  1#2'&9  '(! (!" 1741&"&(. 18 (!" :"(1#. x)&- v$ 6"  '** !"&" -"&1(" x = (x̄, ȳ) ∈ T
2$L1#"1:"#,  "  '** -"&1(" /+ fn

ijk F1# fn
i,j,k 81# #")-)/'*'(+ 40#41.".I )&)44#1>'7)(" :)*0" 18 f(tn, x̄i, ȳj , ωk) 1&.'-"#'&9 ) C)#(".')& .4)(')* 9#'- 181&.()&( 7".! .'@" h,

x̄i = ih, ȳj = jh, ωk =
2π

K

(

k − 1

2

)

, k ∈ {1, . . . ,K}.6"  '** )*.1 0." (!" &1()('1&.
xij = (x̄i, ȳj), σij = σ(xij), vk = v(ωk) = (cos(ωk), sin(ωk)).



 !" #$ %&'() *+# !" (*,%*-*+. !"!  !"$%&' ($!)* #$% &'( )*++ ,-.%(&-01&-$2 $) &'( 3*%( %(1&-$2 3%$4+(567( '18( &$ $2.-,(% 1 9*1,%1&*%( )$%5*+1 $) &'( -2&(:%1+ &(%5 12, 1 .($2,$%,(% 1*%1&( &-5( 1,812( .'(5(! ;& '1. 4((2 .'$72 4< =*%:12$8 12,>1*' ?@℄ &'1& &'( &%13(0$-,1+ %*+( 1&*1++< 3%$8-,(. .3(&%1+ 1*%1<! #$%&'( -2&(%(.&(, %(1,(%6 -2 &'( .'$%& B33(2,-C B 7( %(1++ .$5( $) &'( %(.*+&.3%$8(, -2 ?@℄! D'( &%13(0$-,1+ %*+( $2 3(%-$,- )*2&-$2. :-8(.E !FG 1

2π

∫ 2π

0
f(tn, xij , ω) dω ≈ 1

K

K
∑

k=1

f(tn, xij , ωk).D'-. 9*1,%1&*%( )$%5*+1 -. &'(2 *.(, -2&$ &'( .($2, $%,(% 3%(,-&$%H$%%(&$%&-5( 1,812( .'(5(I
f
n+1/2,⋆
ijk = fn

ijk +
∆t

4
σij

[

1

K

K
∑

ℓ=1

fn
i,j,ℓ − fn

ijk

]

,E !JG
f
n+1/2
ijk = fn

ijk +
∆t

2
σij

[

1

K

K
∑

ℓ=1

f
n+1/2,⋆
i,j,ℓ − f

n+1/2,⋆
ijk

]

.E !@GK( 21&*%1++< )*+L+ &'( $2.(%81&-$2 3%$3(%&< 1& &'( ,-.%(&( +(8(+E !MG K
∑

k=1

f
n+1/2
ijk =

K
∑

k=1

fn
ijk. !N! +,"'()&,$ ($!)* K( 3%$3$.( 1 .-53+( .($2, $%,(% 1*%1&( E-2 4$&'.31( 12, &-5(G $2.(%81&-8( O*+(%-12 .$+8(% )$% &'( K 3*%( &%12.3$%& 3%$4H+(5.

∂tfk + vk · ∇xfk = 0,E !"PG
fk(t = 0) = f0

k .E !""GK( '18( &$ &1Q( 1%( $) 3$..-4+( .3*%-$*. $.-++1&-$2. )$% +$7H%(:*+1%-&<.$+*&-$2. 1,,-2: 2*5(%-1+ 8-.$.-&< 12,6 1& &'( .15( &-5(6 &$ 18$-, 1%&-L-1+,-R*.-8( (R(&. -2 &'( +1%:(H&-5( 4('18-$*%! K( 3%$3$.( &$ *.( 1 $2.(%81&-8(L2-&(H8$+*5( .'(5( $54-2-2: 1 S1CHK(2,%$R .($2,H$%,(% 8-.$.-&< &(%5E)$% .($2,H$%,(% &-5( 1*%1<G 12, 12 1%&-L-1+ 8-.$.-&< &(%5 -28$+8-2:.+$3( %($2.&%*&-$2. 12, .+$3( +-5-&(%.!D'( $2.(%81&-8( .'(5( %(1,.
fn+1
ijk = fn

ijk −
∆t

h

[

Φ
n+1/2
i+1/2,j,k − Φ

n+1/2
i−1/2,j,k

]

− ∆t

h

[

Φ
n+1/2
i,j+1/2,k − Φ

n+1/2
i,j−1/2,k

]7-&' $28(&-8( T*C(. Φ
n+1/2
i+1/2,j,k 12, Φ

n+1/2
i,j+1/2,k -2 &'( x̄ 12, ȳ ,-%(&-$2.6%(.3(&-8(+<! D'( 2*5(%-1+ T*C -2 &'( x̄H,-%(&-$2 -. :-8(2 4<E !"NG

Φ
n+1/2
i+1/2,j,k =

fn
i,j,k + fn

i+1,j,k

2
cos(ωk)

−1

2

∆t

h
| cos(ωk)|(fn

i+1,j,k − fn
i,j,k)−

1

2
| cos(ωk)|(f̃−,n

i+1,j,k − f̃+,n
i,j,k)
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 !"#$% &'  !"## #$&'"(# σ1 )*$+&,- σ2 )$(&!$, .(/ σ3 )!'01&,231$ 41'&$ !$0'"( #1"4# &1$ 5"'(&# "+ T2 41$!$ &1$ !"## #$6&'"(# 7.('#124'&1 &1$ '(&$!5"*.&$/ #&.&$# .& &1$ x̄6'(&$!+.$#)8298, f̃±,n
i,j,k = fn

i,j,k ±
1

2
minmod(fn

i+1,j,k − fn
i,j,k, f

n
i,j,k − fn

i−1,j,k),41$!$ &1$ *.#& &$!: '( &1$ !'01&61.(/6#'/$ "+ )8298, '# &1$ *.##'.*  !" #$#*"5$ *':'&$! +;(&'"(<
minmod(a, b) = sign (a)1(ab>0) min(|a|, |b|).31$ (;:$!'.* =;>$# '( &1$ ȳ /'!$&'"( .!$ "(#&!;&$/ '( &1$ #.:$ 4.?2@$.;#$ "+ '&# $>5*''& +$.&;!$- &1$ A('&$67"*;:$ #1$:$ '# "(/'&'"(.**?#&.B*$- #;BC$& &" .  ";!.(&6D!'$/!'1#6E$4? ) DE, "(/'&'"(2 F'($ &1$ /'#6!$&$ 7$*"'&'$# vk .!$ .** ;('& 7$&"!#- 4$ 4'** ;#$ &1$ &':$ #&$5 "!!$#5"(/'(0&"  DE (;:B$! G"($61.*+H)829I, ∆t

h
=

1

2#$&&'(0 &1$ &':$ #&$5 7.*;$2 @? "(#&!;&'"(- &1$ 41"*$ (;:$!'.* #1$:$ '##$"(/6"!/$! .;!.&$ "( B"&1 #5.$ .(/ &':$2 31$ J;./!.&;!$ +"!:;*. ;#$/+"! &1$ .(0*$ '(&$0!.*# '(&" &1$ #.&&$!'(0 &$!: 1.# &1$ #5$&!.* .;!.? )#$$.55$(/'> K, .(/ #" '& 4'** B$ .;!.&$ +"! #;L'$(&*? #:""&1 #"*;&'"(#2I2 (#)%$!+, %-!.%/% 01 ,+$"%23!)% 4%5+-!0#$ "(#'/$! &1$ 5!"B*$: "( &1$ ;('& #5.&'.* #J;.!$ /":.'( T
2 = [0, 1]2- 4'&15$!'"/' #5.&'.* B";(/.!? "(/'&'"(# .(/ 4'&1 '('&'.* "(/'&'"( f0 #;1 &1.&

‖f0‖L1(T2×S1) = 12 @? &1$ :.## "(#$!7.&'"(- 4$ 1.7$ &1.& &1$ #&$./? #&.&$'# f∞ = 12 M$ 4'** $7.*;.&$ &1$ &':$ $7"*;&'"( +"! &1$ #J;.!$/ L26("!: "+&1$ /$7'.&'"( &" &1$ #&$./? #&.&$ f∞- '2$2 &1$ &':$ $7"*;&'"( "+ &1$ J;.(&'&?)I29, E2(t) := ‖f(t, · , · )− f∞‖2L2(T2×S1),+"! /'N$!$(& &?5$# "+ !"## #$&'"(#2D"! &1$ (;:$!'.* /'#!$&'O.&'"(- 4$ "(#'/$! . h6;('+"!:  .!&$#'.( #5.&'.*0!'/ ":5"#$/ "+ 256× 256 5"'(&#2 D"! &1$ .(0*$ 7.!'.B*$ /'#!$&'O.&'"(- 4$.*#" ;#$ . ;('+"!: 0!'/ ωk = 2π(k−1/2)/K- k = 1, . . . ,K 4'&1 K = 2562 F"&1'# /'#!$&$ 5!"B*$: '# ":5"#$/ "+ 2563 = 16, 777, 216 0!'/ 5"'(&#2 M$ ;#$. A>$/ &':$ #&$5- .# 5!$#!'B$/ B? )829I,2 31$ ":5;&.&'"(.* &':$ 4'(/"4'# t ∈ [0, T ] 4'&1 T = 122



 !" #$ %&'() *+# !" (*,%*-*+. !"!  "#$%&# '()(*(#&+( #,-- -(+",*. #$ &'()*$+ ,$+$ -,$ (.$)/+&(( ($-)&' σ : T2 → R *$/'$*0 )' -,$ 12'*34$'-35 *&43)' T
20 67

σ = σ1 := 20× 1T2\Y1/4
,8($$ 9):2+$ "0 5$1-;0 3'* -,$ )')-)35 &'*)-)&' )(

f0(x, ω) =
1

2π

1− 1T2\Y1/4

‖1− 1T2\Y1/4
‖L1

∀x ∈ T
2, ω ∈ [0, 2π].<7 &'(-+2-)&'0 ‖f0‖L1(T2×S1) = 1! =&-$ -,3- -,$ +&(( ($-)&' 8>,), *&$('&- (3-)(17 -,$ :$&4$-+)35 &'*)-)&'; 3'* -,$ )')-)35 &'*)-)&' 3+$0 2. -& 3'&+435)?3-)&' 13-&+0 -,$ (34$ 2($* 1&+ .+&@)': A,$&+$4 B!" )' C"℄! E$'$0>$ 3' &4.3+$ -,$ '24$+)35 ()4253-)&'( -& 3 -,$&+$-)35 +$(25- -,3- :)@$(3' 2..$+ 6&2'* &' -,$ L2F*)(-3'$ 6$->$$' -,$ (&52-)&' 3- -)4$ t 3'* -,$$G2)5)6+)24!
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 !"#$% &' A)4$ $@&52-)&' &1 1/E2(t)0 >)-, +&(( ($-)&' σ1!A,$ 6$,3@)&2+ )( 5)'$3+ )' -)4$!H2+ '24$+)35 $I.$+)4$'-( (,&> -,3- 1/E2(t) )'+$3($( )' -)4$ 5)J$ t13)-,12557! K- /+(- )'(-3'-(0 6$->$$' -,$ )')-)35 -)4$ 3'* +&2:,57 -)4$ t = 30-,$ *)(+$.3'7 *$+$3($( 3- 3 5&>$+ +3-$0 -,$' -,$ 5)'$3+ /- 6$&4$( 354&(-.$+1$- 31-$+ -)4$ t = 3! L- )( &6($+@$* &' 9):2+$ B -,3-
E2(t) ≃ C

t
, t ≥ 31&+ 3 &'(-3'- C > 0!M&+$&@$+0 1&+ )'1&+43-)&' .2+.&($(0 >$ 35(& .5&- &' 9):2+$( N 3'*  -,$&'-&2+ &1 -,$ *)(+$-$ 43+:)'35 *)(-+)62-)&'

x 7→
∫ 2π

0
f(tn, x, ω) dω.3- t0 = 0 3'* 3- *)O$+$'- *)(+$-$ )'(-3'-( tn +$(.$-)@$57!
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 !"#$% &'  !"#!$% !& #'( )*%+,"*- ./*#,*- 0,.#%,1$#,!" 23,#'%!.. .(#,!" σ156 ,",#,*- !"0,#,!"78( "!#( #'*# #'( 0,.%(#( .!-$#,!" 0!(. "!# -(*0 #! .#%!"+ '*"+(. !&+%*0,("# *"0 #'*# #'( .-!/( -,),#(% !& #'( #%*"./!%# .!-9(% 0!(. "!# +("(%*#(:%.#;!%0(% "$)(%,*- 0,<$.,!" *"0 O(h) (%%!%.7=$% "$)(%,*- .,)$-*#,!". '("( .$++(.# #'*# #'( #'(!%(#,*- -*%+(;#,)(-!3(% 1!$"0 1('*9,!$% !" E !& !%0(% t−1/2 ,. #'( (>*# 0(*? %*#(7@7A7  !"#$%&' '&(&)&%$*& %,!! !&*-,). B(# (x̄, ȳ) ∈ T
27 8( !".,0(%'(%( #'( ./(,: %!.. .(#,!" σ : T

2 → R 0(:"(0C ," #'( &$"0*)("#*-0!)*," T
2C 1?

σ = σ2 :=

{

20 0.1 ≤ x̄ ≤ 0.9 *"0 0.1 ≤ ȳ ≤ 0.9
0 !#'(%3,.(2.(( D,+$%( EC ("#%(57 F',. %!.. .(#,!" 0!(. "!# .*#,.&? (,#'(% #'( +(!;)(#%,*- !"0,#,!"C '("( 3( *""!# (>/(#C 1? F'(!%() A7GC *" (>/!"("#,*-!"9(%+("( #! (H$,-,1%,$)7 I!%(!9(%C ,# 0!(. "!# (>,.# *"? 1*-- !& %*0,$.

r < 1/2 .$' #'*# #'( .$//!%# !& σ2 ,. ()1(00(0 ,"#! #'( 1*--7 J("(C #'((.#,)*#( !& F'(!%() A7E K 1*.(0 !" #'( +(!)(#%,*- /%!/(%#,(. !& * ,%$-*%.$//!%# !& #'( .*##(%,"+ %(+,!" K *""!# 1( *//-,(0 '(%(7F'( ,",#,*- !"0,#,!" '(%( ,. +,9(" 1?
f0(x, ω) =

1

2π

1− 1{(x̄,ȳ)∈T2, 0.1≤x̄≤0.9 234 0.1≤ȳ≤0.9}

‖1− 1{(x̄,ȳ)∈T2, 0.1≤x̄≤0.9 234 0.1≤ȳ≤0.9}‖L1

,

x ∈ T
2C ω ∈ [0, 2π]7 L? !".#%$#,!" ‖f0‖L1(T2×S1) = 17=$% "$)(%,*- (>/(%,)("# .'!3. #'*# 1/E2(t) ,"%(*.(. ," #,)( -,M( t $/#! t = 10C *"0 #'(" #'( !"9(%+("( ./((0 #! (H$,-,1%,$) .-,+'#-? 0(+%*0(.&!% 10 ≤ t ≤ 12 2.(( D,+$%( N57O &$%#'(% #'(!%(#,*- *"*-?.,. !" #'( 0,.#%,1$#,!" !& &!%3*%0 (>,# #,)(,. '("( "((..*%? ," !%0(% #! 1(##(% $"0(%.#*"0 #'( "$)(%,*- 1('*9,!$%!1#*,"(0 ," #',. *.(7@7G7  '&(&)&%$*& %,!! !&*-,) !$*-!/0-)( *1& (&,2&*%-$3 ,)'-4*-,). 8( :"*--? #(.#(0 #'( .,#$*#,!" !& * %!.. .(#,!" #'*# .*#,.:(. #'( +(;!)(#%,*- !"0,#,!"7 P" #',. *.(C F'(!%() A7G +,9(. * %(.$-# !& !"9(%+("(#! (H$,-,1%,$) !& (>/!"("#,*- #?/( 3,#' %(./(# #! #'( L1;"!%)7



 ! "# $% &'()* +,$ "# )+-&+.+,/
 ! "!
! $!
%! &! !"#$% &' '()*(+,- (& *.% / ,01) 2 -3 *1 2 $1-*,1"+*1()451*. ,(-- -%*1() σ14 &(, -16 $17%,%)* 1)-* )*-8  ! t = 0.084"! t = 0.624 ! t = 1.004 $! t = 1.504 %! t = 1.80  )$ &!

t = 3.509:%* (x̄, ȳ) ∈ T
29 ;% ()-1$%, *.% ,(-- -%*1()- σ3 : T2 → R $%<)%$  -=>9?! σ = σ3 :=

{

20 0.45 ≤ x̄ ≤ 0.55, (, 0.45 ≤ ȳ ≤ 0.55
0 (*.%,51-%=-%% @10+,% A4 ,10.*!9B.% 1)1*1 2 ()$1*1() .%,% 1- 01C%) "D

f0(x, ω) =
1

2π

1− 1{(x̄,ȳ)∈T2, 0.45≤x̄≤0.55 01 0.45≤ȳ≤0.55}

‖1− 1{(x̄,ȳ)∈T2, 0.45≤x̄≤0.55 01 0.45≤ȳ≤0.55}‖L1

,

x ∈ T
24 ω ∈ [0, 2π] !" $%&'()'*$% ‖f0‖L1(T2×S1) = 1 +,- %).-(*/0 &*.)0/'*$% /1(--& 2*', ',- ',-$(-'*/0 (-&)0'3 /%4 /% -56$7%-%'*/0 $%8-(1-%- *% L17%$(. ,/& 9--% %).-(*/00" $9&-(8-4 :&-- ;*1)(-<= >- ?%/00" &,$23 *% ;*1)(- @3 ',- '*.- 4-/" $A E B%4--43 2- /(- *%7'-(-&'-4 *% $.6/(*%13 2*', (-&6-' '$ ',- &/.- .-'(*&3 ',- 4*C-(-%' '*.-
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 !"#$% &'  !"# $!%&'() '* 1/E2(t)+ ,!&$ ('%% %#&!'. σ2/

 !"#$% ('  !"# #0'12&!'. '* log10 (‖f − f∞‖L1(T×S1)

) ,!&$('%% %#&!'. σ3/  $# 3#$40!'2( !% #56'.#.&!41 !. &!"#/7#4)% '3&4!.#7 ,!&$ 7!8#(#.& ('%% %#&!'.%/ 9:4!. !. &$!% 4%#+ ,# '3&4!.#56'.#.&!41 '.0#(:#.# &' #;2!1!3(!2"/ $!% (#%21& '.<("% &$4& &$# :#'"#&(!41 '.7!&!'. !% .##%%4() 4.7 %2=>!#.& *'( '3&4!.!.: 4. #56'.#.&!41 7#4) &' #;2!1!3(!2"/)**%+,!- 9/ .#/,$/0#$% 12$3#4/ 12$ *%$!2,! 1#+0!2+6?# :!0# $#(# %'"# '""#.&% 43'2& &$# $'!# '* &$# ;247(4&2(# *'("214*'( &$# 4.:1# 04(!431# !.&#:(4&!'. 4.7 ,# "4!.1) (#*#( &' 4 .'&# 3) @2(:4.'04.7 A42$ BC℄/ E#.'&# 3) W r,p
per &$# F4.4$ %64# '* 6#(!'7! *2.&!'.% '. R
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 !"#$% &'  !"# #$%&'(!%) %* 2 log10(E(t)) +!(, .%// /#(!%)
σ30  ,# 1#,2$!%'. %* E(t) !/ #34%)#)(!2& !) (!"#0+,%/# 5#.!$2(!$#/ '4 (% %.5#. r 1#&%)6/ (% Lp

per(R)0  ,# (.24#7%!52& .'&#
∫ 2π

0
f(ω) dω ≈ TK(f) :=

2π

K

K
∑

k=1

f(ωk), ωk =
2π

K

(

k − 1

2

)

, k = 1, . . . ,K,244#2./ (% 1# .#&#$2)( 1#2'/# %* (,# 4#.!%5!!(8 2)5 (,# !)$2.!2)# 18 (.2)/9&2(!%)0  ,# :'25.2('.# #..%. !/ #:'2& (%
EN (f) = TN (f)−

∫ 2π

0
f(ω) dω.;!)# f !/ 4#.!%5! !) ω< !( 2) 1# +.!((#) 2/ 2 =%'.!#. /#.!#/>

f(x) =
∑

n∈Z

cne
inω, cn =

1

2π

∫ 2π

0
f(ω)e−inω dω.?#( P(m) 1# (,# /#( %* 2&& (.!6%)%"#(.! 4%&8)%"!2&/ %* 5#6.## 2( "%/( m0;'""!)6 @)!(# 6#%"#(.! /#.!#/ /,%+/ (,2( TK(einω) = 0 *%. 0 < |n| < K>,#)# TK !/ 2) #32( :'25.2('.# *%."'&2 *%. (.!6%)%"#(.! 4%&8)%"!2&/ %*5#6.## K − 10 =%. 2)8 P ∈ P(K − 1)< +# (,#) ,2$#

EK(f) = EK(f − P ) = TN (f − P )−
∫ 2π

0
(f(ω)− P (ω)) dω2)5 +# 6#( (,# #/(!"2(#

|EK(f)| ≤ 4π inf
P∈P(K−1)

‖f − P‖L∞ . ,# (.24#7%!52& .'&# (,'/ 4.%$!5#/ /4#(.2& 2'.28 1#2'/# %* (,# .24!55#28 %* (,# =%'.!#. %#A!#)(/ *%. !)@)!(#&8 /"%%(, *')(!%)/ f 0 B'.62)%$2)5 C2', DE℄ +#.# 21&# (% /,%+ (,2(< *%. f ∈ W r,1
per 2)5 1 < r< (,# #..%. %*



 !"#$%&'( )%"!('*%+ ) +, -#.# #$'*# *$' )/+$* /$+0(#") 12 !"  #$%"&'()$* +,$)#$ ,#" #,*" -$ (-."-
|EK(f)| ≤ C

Kr
‖f (r)‖L1([0,2π]), C := 2

∞
∑

k=1

1

kr
. !"!#!$!& !℄ #$%&''& (&)'*)+ *'+ ,)*'&./ 0*12*)*'%3 4' $5& 6/'2&)7&'& $/ 89:%1%;)%:< =/)>&7&'&)*$& ?)*'.@/)$ A)/;1&<.3  !#$ %&'()*$ +,#$  *&-$B CDEFGHIJKKLJEMB CD!G3 C℄ #$%&''& (&)'*)+ *'+ ,)*'&./ 0*12*)*'%3 4' $5& &N@/'&'$%*1 +&*O $/ &9:%1%;)%:</= $5& +&7&'&)*$& 1%'&*) ;/1$P<*'' &9:*$%/'3 .$ /0*'$  *&-$B F%' @)&..HB CD!G3 G℄ #$%&''& (&)'*)+ *'+ ,)*'&./ 0*12*)*'%3 4@$%<*1 &.$%<*$& /= $5& .@&$)*1 7*@ =/)$5& +&7&'&)*$& 7/1+.$&%'Q$*O1/) </+&1B CD!G3 M℄ R&''&$5 S3 6*.& *'+ A*:1 ,3 TU&%=&13 1(*,&! '!&*23)!' '#,)!43 V++%./'QW&.1&O A:;Q1%.5%'7 6/3B X&*+%'7B S*..3QY/'+/'Q>/' S%11.B 4'$3B !JZK3 [℄ ,1/)%*' >& \:O.$ *'+ ,)*'&./ 0*12*)*'%3 ]@:Q*&1&)*$&+ ':<&)%*1 .%<:1*$%/'. /=$5& ^':+.&' 7*. /' $%<&Q+&@&'+&'$ +/<*%'.3 5)630'$ 7#42$ 5)66$B !EMFGHI[GCL[GZBCD!G3 Z℄ Y*:)&'$ >&.2%11&$$&. *'+ ,)*'&./ 0*12*)*'%3 V.O<@$/$% ;&5*2%/) /= +&7&'&)*$&1%'&*) $)*'.@/)$ &9:*$%/'.3 80--$ 9($ +&'#$B !GGFEHIEMELE[EB CDDJ3 K℄ 03 ]/1+.$&%'3 4' +%_:.%/' ;O +%./'$%':/:. </2&<&'$.B *'+ /' $5& $&1&7)*@5 &9:*Q$%/'3 :0&!'$ .$ +,#$  33-$ +&'#$B MI!CJL![ZB !J[!3 E℄ V1&N*'+&) R:)7*'/2 *'+ `&_)&O X*:53 ?5& /)+&) /= *:)*O /= 9:*+)*$:)& =/)<:Q1*& =/) @&)%/+% =:'$%/'.3 a'  ;<&*,2 (* 3#&2, 23&, &*&-42(2 )= 3&!'(&- ;(>,!,*'(&-,?0&'()*2B 2/1:<& KE /= 7!)@!$ A)*-(*,&! B(>,!,*'(&- C?0&'()*2  33-$B @*7&. ![[L![J3(%)^5b:.&) (/.$/' a'3B (/.$/'B SVB CDDJ3 J℄ 83 83 Y&U%. *'+ W3 ,3 S%11&)3 5)630'&'()*&- 6,'#);2 )= *,0'!)* '!&*23)!'3 `/5'W%1&O *'+ 0/'.B a'3Bc&U d/)^B cdB !JEM3 !D℄ S3 S/^5$*)QR5*))/:;%3+&'#,6&'(&- ')3(2 (* *,0'!)* '!&*23)!' '#,)!4B 2/1:<& MZ /=9,!(,2 )*  ;<&*,2 (* +&'#,6&'(2 =)!  33-(,; 9(,*,23 W/)1+ 0%&'$%e A:;1%.5%'76/3 a'3B X%2&) 8+7&B c`B !JJK3 c&U *.@&$.B W%$5 * 5*@$&) ;O S3 65/:11% *'+ A30$&=*'/23 !!℄ 61f<&'$ S/:5/$ *'+ Y:^*. c&:<*''3 g:*'$%$*$%2& @&)$:);*$%2& .$:+O /= /'Q2&)7&'& $/ &9:%1%;)%:< =/) /11%.%/'*1 ^%'&$% </+&1. %' $5& $/):.3 A)*-(*,&!('4B!JFMHIJZJLJJEB CDDZ3 !C℄ ,)*'&./ 0*12*)*'%3 4' $5& 1%'&*) ;/1$P<*'' &9:*$%/' %' &2/1:$%/'*)O +/<*%'. U%$5*;./);%'7 ;/:'+*)OB CD!G3 !G℄ ]3 a3 ?*O1/)3 >%_:.%/' ;O 6/'$%':/:. S/2&<&'$.3 7!)$ 1)*;)* +&'#$ 9)$B 0CQCDF!HI!JZ3 !M℄ 0&%h% i^*%B c&11O A/%'$B *'+ j*<%+ ]5%+/:5&3 0:) 1* ./1:$%/' 71/;*1& +: @)/;1k<&<%N$& +& 1lf9:*$%/' +& (/1$P<*'' '/'1%'f*%)&3 .$ +&'#$ 70!,2  33-$ DEFB [KFGHICDGLCCJB !JKE3 !"!#$ %&'()& *& +,(-./,(012&3 &( *& 4&2)3 56640,(08'39 %+:5 ;+<=>?@9 A84& B8)/,4& C26.)0&2)& *& %,-,'9 @D ,E&'2& *2 F).30*&'( G0438'9HIJ?> %,-,'  ),'&CG6&(- &;;!,22I  !"#$%&�)*+,!-%.+/+-,01 !C!$ "06,)(0/&'(8 *0 +,(&/,(0,  ! %,38),(09 ;'0E&)30(K *&L40 C(2*0 *0F,E0,9 #0,  &)),(, D9 MNJODPP F,E0,9 M(,4QCG6&(- &;;!,22I 01+-!%2,%+*"+1+-3�#-34",3&


